3. Cnenvep
AJITEBPAUTYECKAS TOIIOJIOTUSA

Knura u3BecTHOro aMepHKaHCKOTO MaTeMaTHKa, COJepialnas BechMa IIOHOE U
HOCNIEeIOBAaTENbHOE U3JIO0KECHHUE WJEeH, METOMOB U pe3ylIbTaTOB COBPEMEHHOM
anreOpanyeckoi TOIOIIOTHY, BKJIIOYAs TEOPHUI0 TOMOTONHN, TOMOJOTMH, TEOPHIO
mpensaTcTBUA W T. A. Ilocme kaxaoW TI7aBel NPUBOAATCA YIPAKHEHUSA, YAAIHO
JIOTIONHAIOMKE OCHOBHOW TekcT. Ot uurarens He TpeOyercs NOYTH HUKAKUX
Tpe/IBapUTEIIFHBIX 3HAaHUH B 3TON o0nacTy.

Knura MoxeT cIyXUTh KaKk YISOHHUKOM, TaK U CIPaBOYHUKOM I10 alrebpandeckoit
TOTIONOTUU M OyJeT mojie3Ha BechMa IMUPOKOMY KpPYTy MaTeMaTHKOB, HauWHas CO
CTYJICHTOB MIIAJIIMNX KypPCOB.
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NNPEAVCJIOBHUE

Arta KHHUra TpeAcTaBaseT co6OH H3MOXKeHHe OCHOBHLIX Hjel ajre-
6panueckoil Tonosorud. OHa npejHa3HavaeTcs AJst HCIOJb30BAHUS KaK
B KauecTBe yyeOHMKa, Tak M aasa cceliok. Ocoboe BHMManue obpa-
IAeTCsl Ha UJICI0 eCTeCTBEHHOCTU, TAK UTO 3Ty KHHTY MOXKHO ObIIO Obl
na3Batb «®yHKTOpHAdbHAst TomoJorusiy. OT unratenst He Tpeyercd
HUKAKUX T[ipe/BapUTeNbHLIX 3HaHUH mo ajrebpanueckoll TOMOJOrHH,
O/IHAKO TpejmnoJaraercs, YTO OH 3HAKOM ¢ 3JjeMeHTaMu obuleH rTono-
JOTHY ¥ anrebGpbl H J0CTATOYHO HCKYILIeH B MaTeMaTHKe. HeoGxonumble
npelBapuTebHbIE CBEEHHS KPAaTKO U3J0XKeHbl BO BBEAEHHH.

Tak kKak 3Ta KHHra — yueGHHK, H3J0XKeHHe B HauaJbHbIX TJjaBax
ropasjio noapoGHee, ueM B nocaegHux. Ilpeanonaraercs, urto no sepe
H3YUeHUs TMpeaMeTa uuTaTenb IpHoOpereT ONpeAe]eHHYI0 CBOGOLY
06pAalleHus ¢ H3JIaraeMblM MaTepHaaoM H B CBSI3H C 3TUM BO3bMeET Ha
ce6s1 (M ueM JaJjblie, TeM B GOJblLICH CTeNeHH) BOCHOJHEHHE [eTaJel
nckazatenbcTB. [lockonbKy MBI HMeJAH B BHAY M HCHNOJb30BaHWE 3TOH
KHUTH JJs CCbLIOK, Oblja cllelaHa MONbITKA BKJIYUTbL B Hee OCHOB-
Hble MOHSATHSI He3aBHCHMO OT TOTO, HCIOJb3YIOTCS JH OHH B KHHUTe HJH
HeT. B peaysabraTe B Hell oxBaueH OosbIIMA MaTepHaJ, 4eM OOGBIYHO B
Kypcax aare0pauuecKOH TOMOJOTHH.

CoGpaHHbIl B KHUTe MaTepHaJ MOXKXHO pa3fUTb Ha TPH OCHOBHbIE
YacTH, Ka){as 13 KOTOPBIX COCTOHT H3 Tpex ruap. IyiaBa nenntcss Ha
HECKOJIbKO naparpadoB, B KOTOPHIX ¢ TOH HJH HHOH CTeneHbio nojapos-
HOCTH pa3palaTbiBAlOTCS OTHebHble TeMbl H KOTOpble ABJSIOTCS CBSI3-
HbiMH uacTsiMu Tekcra. OcHOBHasi TeMa NepBLIX Tpex raae — (hyHaa-
MeHTaJbHas rpynna. B raase 1 naeTca ee onpefeneHue, B riaBe 2 OHa
NpUMeHAETCs NPU M3yUeHHH HaxpLIBAIOLIMX IIPOCTPAHCTB H B raBe 3
(rme BBOAATCS NOMU3IPH) ONUCHIBA€TCA B TepMHHAX 0O0pasyoLIUuX
H cootHomeHnd. B aToil yactd KBUTH 0co60e BHMMaHHE yIA&IAETCS [0-
HATHIO (PYHKTOPA M €ro NPHMEHeHHSAM C TeM, YTOOb BO3OYAHTL HHTEpEC
K ApyruM (yHKTOpaM anre6paHueckoil TONOJOTHH.



6 MNPEAUCIAOBHE

TnaBbi 4, 5 1 6 NOCBSIIEHbl TeOPHH TOMOJOTHE. [aBa 4 colepKHT
nepBOHAUaJbHble ONpe/eJeHHsl 3TOH Teopun, TiaBa 5— lasipHeHuIne
agreGpauuecKHe IOHATHS, TAKHE, KaK KOrOMOJIOrHH, \v-IPOH3Be/eHHe,
KOrOMOJIOTHYECKHE Onepaliy, a B IiaBe 6 H3yyaloTCsl TONMOJOTHYECKHE
muoroo6pasusi. BMecre ¢ KaX/blM HOBLIM MOHATHEM YKa3BBaIOTCs MpH-
JIOXKEHHU ST, WJIOCTPHPYIOILHE €ro 10Je3HOCTh.

B nocnefyomux Tpex raaBax HayuaeTcsl TeOpus roMotonHil. B raa-
Be 7 pAccMOTpeHbl OCHOBHbiE (DaKThl O rOMOTONMYECKHX TPyNIax, B
raape 8 colepKUTCS HX NPHJOKEHHE K TeOpPHH NPENATCTBUN M, HAKO-
Hen,, B ryase 9 BBINHCASIOTCS HEKOTOPbLIE T[OMOTONMHUECKHE TPYyHIbl
cep. [1aBHOe BHUMaHHEe Mbl yAeJAEM NPHUJOKEHHAM BBEAEHHOTO pa-
Hee ajqreGpaHyeckoro amnmapara K I€OMETPHH.

B kuure cojepKutcs, BeposiTHO, 6o/ablle MaTepraJa, yeM MOXKHO
H3JI0KHTh B TOROBOM kKypce. OCHOBOH NepBOHAYaJbHOTO Kypca asnre-
Opanueckod TOMOJOTHH MOXKeT CIYXKHTb raaBa 4. OHa COIEpKHUT 3Je-
MeHTapHble CBEACHHS O TOMOJOFHSIX M HEKOTOpble HaHGoJgee BariHble
HX npumeHenus. Hemnoxoll 0fHOCEMECTPOBHIH KypC MOXKHO HOCTPOHUTD
Ha 6a3e nepBbIX YeTbipeX [JaB, OMyCKas (H/JAH OTPAHHMUMBAACH GEr/IBIM
o63opom) §5ub6ra. 1, §7u8ra 2, § 8 ra 34, nakonen, § 8 ra. 4.
BTopo#i 07HOCeMeCTPOBbIA KyPC MOXKHO MOCTPOMTb Ha /1. 5—8 wmiu
ria. 5, 7—9. lns CTyLEHTOB, yXke 3HAKOMBIX ¢ TeOpHeH TOMOJOTHH 1
CBA3aHABIMH ¢ Hell anareOpanyeCKMMH NOHATUAMH, BIOJHE IOCTYIEH
KypDC TGODHH TOMOTOINHH, OCHOBAHHBIA Ha NOCJEIHHX TpeX IIaBax.

Bce raaBbt 3akaHuUMBaloTCS ynpaxneHusaMu. OHu OOGLEIHHEHLI B
IPYNNbI, Ka)Xaas u3 KOTOPbIX MOCBSIIIEHA OAHOH UK HECKOJbKHM OJH3-
KHM TeMaM. 3a HeCKOJIbKHMH HCKJIOUEHHSIMH Mbl He CChljjaeMCcs HY Ha
KAKHE ylpaXXHeHHsI HH B OCHOBHOM TEKCTe, HH B NMOCJAENYIOLIHX yIpax-
nennsix. Mimeerca HeckosbKO THIOB ynpaxkHeHu#. B HeKoTOpbIX u3 Hux
AAI0TCs NPUMEPD!, WINIOCTPUPYIOWHe O0IYI0 TOPHIO, PAa3BUTYIO pasee,
B IPYrux pasoGpaHbl yacThble CAydyaH, B MOJHOH OOILIHOCTH 06Cyxaae-
Mble MO3/lHEE, 4 HEKOTOPBIE MOCBALIEHH TeMaM, BOOGIIe He MpejcTa-
BJICHHLIM B OCHOBHOM Tekcte, Cpelan ynpaxKHeHWH ecTb Kak L1aBJaodH-
Hbie, Tak 4 60jee TPyAHBIC; NOCIELHHE YacTO CHAGXKEHB YKA3aHUSIMH.
Muorpa tema, cBsi3anHasi ¢ OCHOBHBLIM TEKCTOM, Pa3BHBAeTCsl B CepHH
yIpaKHeHuH, ell MOCBSIIIEHKOM.
~ Tlpumepnl B TekcTe OGBIMHO NpHBEAeHH JUGO 5e3 MOSACHeHMil, G0
C KPAaTKUMH ONHCAHUSIMH HYXKHBIX CBOHCTB. DTO OTHOCHTCSI KaK K NpH-
MepaM, HJMIOCTPHPYIOUIHM HOBble NMOHATHA, TaK W K KOHTPHIpHMepaM.
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PRSI

B KaxJA0M ciyyae MpOBepPKa TOTO, 4TO NpHMep 0O0JafaeT HYXKHBIMH
cBOMCTBaMH, OCTaBJicHA UHTATENI0 B KauecTBe YIpaXKHEHHA,

CumBos1 @ O3Hauaer KOHell JoKaszaTeabCTBa. OH CTaBUTCA TaKxKe
B KOHIE TeX YTBepxKJeHHH, KoTopble JUOO ObliM JMOKA3aHbl Mepej HX
(GopMyJHPOBKOH, JHOO JErKO MOAYUAOTCs H3 MpeAbIAYIINX pe3ynabra-
ToB. Dubauorpaduueckue CCbIIKH [aiOTCSl B HOACTPOUHLIX NpHMeua-
HUsIX 10 Mepe HagoOHOCTH. Bee yrBepxkpenus B jroGom maparpade
B Jato0o#l rpynne ynpaKHeHHH HYMepylOTCS NOCJAe/0BAaTeNbHO B €l1H-
Hom nopsiike. CcblKa Ha HEKOTOPOE VTBEpK/AeHHE 3aNHCHLIBAGTCS
¢ NOMOWBbI0 Tpex upp (cpeAHsss MOKeT 3aMeHsSIThesi OyKBOil), H3 KO-
TOpLIX IepBad O3HauaeT NOMep rAaBbl, BTopas — HOMEp naparpada
HIH HHAEKC TPYNNbl YOpakHeHHH, a TpeTbsl — HOMED YTBEPKIACHH:
BHyTpH naparpacga. Tak, nomep 3.2.2 oTchiaeT K yTBEPKACHUIO 2 U3
§2ra 3.

WMpes HamucaTb 3Ty KHUTY BO3HHKJIA IIPH MPOCMOTPE 3amucell jex-
guil Mo JBYM KypcaM, OPOUYHTaHHBIM MHOH B YHKArcKOM YHHBepCHTeTe
B 1955 ropxy. MHe oueHb NPHSATHO BbIPa3UTb 3/eChb CBOIO TAYVOOKYIO
npusHatebocTs I'Bufio Beficy u Dasapay XasbnepHy, 3anucaBLInM
5TH JIEeKUHH. 3a NOCAeAYIOHIHE rofbl ajrefpandyeckas TOMNOJMOTHS CHJIb-
HO M3MEHHJach; B COOTBETCTBUM C 3TUM MEHSAUCH ¥ MOU IJIaHBl OTHO-
CHTEJbHO KHHIH, B pe3yJbTate yero HacTosiulasi KHUra BO MHOTOM OT-
JIMYAeTCsl OT MepBOHaUaJbHbBIX 3amucell.

OxonyaTesbHbI# BapHAHT DPYKOMHCH H KOppekTypbl mpouutan [lep
Xoam. OH clenan psj TOJME3HBIX 3aMeuaHuH, YJAYYIIMBIIHX TeKCT.
SI uckpenne GJjarozapeH eMy 3a 3TO K 3a APYKECKYIO IOLJEPKKY B

TPyAHble MHHYTHI.
Bdsun Cnenvep
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Mbl npenmosiaraeM, YTO UMTATEdb BJIaJieeT OCHOBHBIMH TOHSITHSIMU
TEOPHH MHOXKeCTB, OOLIeH TONOJOTHMH M anare6pnl. Huxe npusoamtes
KpaTkas CBOAKA NOHATHH M Pe3yabTaTOB H3 3THX oO6JjacTefl, KOTOpbLIe
UCMIONMB3YIOTCS B HacToslel Kuure. Bosee noxpobuo chopmyaupoBansl
Te W3 HHUX, KOTOpble JUOO He BHOJHE OOUIeNpHHATH, JHG0 0cO0eHHO
BAXKHBI A5 JaJibHeHlUIero HaJjoXKeHnd.,

§ 1. Teopust mHOxKecTB ')

TepMuHBl «MHOXKECTBO®, «CeMEHCTBO» H «COBOKYHHOCTL» SIBJSIIOTCA
cunonuMamu. TepMUH «KJacC» HCHOJb3yeTcs TOTAA, KOorja He Ipeaio-
JaraeTcsl, 4TO peub HAET O MHOMKeCTBe (HampHMeEp, KJgacC BCeX MHO-
xectB). Ecam X — MHOxkecTBO, a P(X)— yTBep:kaeHHe, KOTOpoe NJd
kaxa0ro x & X au60 HCTHHHO, JHG0 JOXKHO, TO CHMBOJOM

{xsX|P ()}

0603HauaeTCcsl MOAMHOXKECTBO BCEX Te€X 3JeMeHTOB X & X, AJafA KOTO-
puix P(X) HCTHHHO.

Ecau J = {j} — nekotopoe MHOxkecTBO, a {A;} — cemeiictBO MHO-
KeCTB, 3aHyMEPOBAHHLIX MHJAEKCAMH U3 J, TO 06Bedunente MHOKECTB
storo cemeiicTBa o6osHauaetca cuMsoaoMm {J 4; (wan _Ul A,-), nepe-

ie

ceterue — cumBoJoM [ A; (I/IJII/I n A,), npamoe npoussederue —
jel

cumsoaoM | A; (HJm H A,) H, HaKOHeH, cymma [HaspiBaeMas HUHO-
=R

ra Ou3BIOHKTHOIM 06Bedunenuem U onpefesseMas Kak oOBbefuHeHUe
U (j X A;)]1 — cumBosom V 4; (HJH/I \V4 A1>. B cnyuae korpa J =
s

={l,...,n}, Mbl Takxe ucnoabdyem o6osnauenus A; UA,U... UA4,,
ANAN ... NA,, A, XA X ... XA, u AVANV ... VA, co-
OTBETCTBEHHO AJs OGBbeNUHEeHHs], epeceueHns, NPsIMOTO MPOU3BELeHHS
H CyMMBI.

!} Bosee nmogpo6uoe usgoxenne cM. B Kuure: Halmos P. R, Naive set theo-
Ty, Princeton, 1960. [CM. Takxke Anexkcauapos Il. C, Beelenne B 06uyio Teo-
PHio MuOKecTB M dynKuui, M., 1948. — ITpum. nepes.]
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Orobpanenue (nan Qyukyus) [ muoxkectsa A B mHOKecTBO B 060-
3Hauaercsl cumBosioM [: A — B. MHOXecTBO BceX OTOGpPaXKeHHH MHO-
skectBa A B MHOXkecTBO B o6o3nauaercs B4, Eciu A’ < A, 10 onpe-
neneno orobpascenue aodcerus i: A’ — A, 1st KOTOPOrO MBI UCHOJb-
gyem oGosHauenne i: A’ A, yto6p nomuepknyTh, uto A’ aBjsercs
[OJAMHOXKECTBOM MHoxkecTBa A, a {-— oTo6paxkeHHeM BJOXKeHus (erc
Ha3bLIBAIOT TaKkKe NpocTo saodceruem). Orobpaxenrne BJAOKEHHS MHO-
xectBa A B ceBsl HasbiBaeTcs TOMOeCTBEHHbIM OTOOpAdCeHlemM MHOXKe-
ctBa A u obo3pauvaerca cuMmBoaoM la. Ecin J/ < J, T0 MBI uMeeM B.o-

KeHue
i VA<V A,
je =1
OTHOweHUeM IK8UBAACHTHOCTY Ha MHOXecTBe A HasblBaeTcsl OTHO-
LleHWe ~ MeXIy 3JMeMeHTaMH MHOXKecTBa A, apasiollleecs pedhrexcus-
Houm (T, e. @ ~ a aas Beex a = A), cummerputnoisn (1. e. ecan a ~ &,
o @ ~ a nas a, a’ = A) u TpansurusHey {T. e. eclH a ~ a’ n
a’ ~a’, 10 a~a” nas a, o, a" = A). Kraccosm 3K6UBAACHTHOCTU
3JeMeHTa @ & A 110 OTHOUIEHHIO JKBUBAJIEHTHOCTH ~ HasbBaeTcs MOJ-
MHoxecTBo {a’ = A|a’ ~ a}. MHOKeCTBO BCex K/J1aCCOB 3IKBUBAJEHT-
HOCTH 3JIEMEHTOB MHOXKeCTBA A [0 OTHOIIEHHIO 3KBHBANEHTHOCTH ~
0603HauaeTcs cHMBOJIOM A/ ~ W HasblBaeTca (PAKTOPMHONCECTBOM MHO-
xecrBa A. Onpenenena npoexyus A-—A[~, nepeBofsiias 3JeMeHT
asA B ero kaacc 3kBuBaseHTHOCTH. Ecin J'— HenycToe moamMHoKe-
CTBO MHOXKecTBa J, TO ompefiesieHa NPOeKUus

(KoTopasi fiBJsieTcs NpoekluHell # B CMblCJAe TAHHOTO BhIlIe ONpeaese-
HAA).

Iycts samansl aBa oroGpaxenust f: A—B u g: B— C. Ux Kon-
nosuuyuedl gof (mam mpocto gf) HaspiBaercs oTOGparkKeHue MHOXKe-
ctea A B C, onpesenennoe paseHcTBoM (g¢f) (a) = g(f(a)) (a = A).
Oepanuyenuen orobpascenus f: A — B na nogmuoxectso A’ < A Ha-
smiBaetcs  otoGpaxenne f[|A”: A”— B, onpemenennoe paBeHCTBOM
(flA) (@')=f(d"), a’ = A" (raxum obpasom, f[[A" =f-i, rxe
i: A’ < A —Bjaoxenue). B cBolo ouepennp otofpaxenne [ HasbiBaercs
npodoscenuem otobpancenus f|A’ na nuoscecrso A.

Oro6paxenne f: A— B Ha3blBaeTCd UMBEKTUBHbLAM, €CJIH U3 DaBed-
ctBa f(ai) = f(az) caenyer, uro a; = a; (a,ac = A). Orobparkenue
: A — B naspiBaeTcs CIOPBEKTUBHLIM, €CIU JJs1 BCAKOTO b & B cye-
cTByer 3jeMent a & A, takoii, uto b = f(a). Hakoueu, 6uextusnoin
WIH 83QUMHO OOHO3HQUHbIM Ha3BIBaeTcsd OTOOpaXKeHHe, ABJALIIeecs
OMHOBPEMEHHO HHBEKTHBHBIM K CIOPBHEKTHBHBIM.

Mioxecteo A RaspiBaeTcs 4aCTUHHO YROPAOOHEHHbLIM, €CIH B HeM
IJsl HEKOTOPBIX [ap 3JEMEHTOB YCTAHOBJNCHO PedJIecKCHBHOE M TPaH3HU-
THBHOE OTHOUIEHHe MOPsSIKa, 0G03HAuaeMOe CHMBOJIOM < (mpH 3TOM
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ge mpeanosaraercs, uto otHoireHns a < a’ n a’ < a Biekyr 3a co6oi
paBeHCcTBO a = a’). JIuHetino ynopadouenHoin Ha3bIBaeTCsl Takoe da-
CTHUHO YIOPSIIOUGHHOE MHOXKecTBO A, 4TO mJs1 JIOGHIX 3/1€MEHTOB
a, @ =A uMeer Mecto JAu60 OTHOWEHHME a < a’, JuBO OTHOUIEHHE
o’ < @; Upd 3TOM INPENOoSaraercsi, UTo OTHOLIEHHe MOPSIKA yI0BJe-
TBOPSIET yCcJa0BHIO: ecan a < a' v a’ La, 10 a =a’.

1. Jlemma HopHa. Yactuuno ynopsadouerHoe MHOXCECTB80, 8 KOTO-
pom Kaxcdoe AuHelno ynopadouenHnoe nOOMHONCECTBO UMEET 8ePXHION
2pansb, co0epiUT MAKCUMAAbHOLL 348 MEHT.

HacTHYHO YHOpPAAOUEHHOe MHOXKeCTBO A, B KOTOPOM MJsi JIIOGBIX
JBYX 9JI€MEHTOB «, B & A CyLIeCTBYET TaKO# 3jeMeHT y & A, uto o <y
1 B <y, HasblBaeTca Hanpasientoim. IIpsamoin cneKTpom MHOMECT8
Hal HalpaBJeHHBIM MHOXKecTBOM A = {a} Ha3bIBaeTcsi COBOKYMHOCTb
{a°, fﬁ} mMHoxecTB A% ¥ oroGpaxenuit fhe A% — AP onpeeseHHbIX
aas Kaxpaodl mapel a,p A (rme a < B), Takas, uTo

(a) fo=1,a1 A* A% ana Bcex a & A,

N o

(0) fi=flofl: A"> A" pia a <Py (0, B, YEA.

[Ipedeson lim {A% npamoeo cnexktpa MHOJNCecT8 nasbiBaercs (hakTop-
—

muoxectso V A% ~ cymMmmp V A% 10 OTHOLIEHHIO 3KBUBAJEHTHOCTH,

npH KOTOPOM Q% ~ aB, ecau cymectByer Takoe ye A, uyto o<y,

B<Lyn faa" =1’ Ina kammoro o & A MOXHO OnpeienHTh 0TOGpA-

KEHHE [y Aaal_h}n{/—l“}, Takoe, 4TO ecau o< P, TO ia=iBof§.

2. [Tycro 3adansl npamnoll cnekTp MHOMecTa {Aa, fg}, MHOXCecT80 B
u orobpanenus g, A*—B Jan kKawdoeo o & A, Takue, uTo
ga=gpo B, ecau a < B. Toeda cyujecrsyer edurcreennoe oTobpadce-
Hue g: lim {A% — B, raxoe, 410 goi, = g, 045 8cex a = A.
—>

3. B o6osnatenusx npedaoscerus 2 otobpanmerue g OuexkTusHo
T020aQ U TOALKO Toeda, KOeOda 8bINOAHANTCA CAedyroujue Yycaosusi:

(a) B=Ug,(4%;
(b) g,(a%) = gp(aP) r0eda u rosvko T020a, KO2OA cywecTsyer Ta-

koe ye A, uto a<y, p<y u l3(a®)=Fi(").

ITycts {A;} — COBOKYyNIHOCTb MHOMKECTB ¢ HHIEKCAMH H3 MHOYKECTBA
J={j}, aA = {a}— coBOKyNHOCTL KOHEUHLIX TOAMHOXKECTB MHOYKECTBA J.
IMosoxkum no ompegenennio o <P (a, p= A), ecin acp. Torma A
CTaHOBUTCS HanpaBJeHHBIM MHOKecTBOM. OnpenesuM npsMoil clekTp
{A%, 8} muoxects A% nosaras Aa=]V Ap'm cunras i A% — AP

(=414

BJOKeHHeM, ecad a <P. Ilycm g4: A*— V A, — Bioxenue (aEA).
iss
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4. B yxasaunbix geliie 0603navenusx orobpascenue  g: lim{Aa} —
—

—->jVJA,- GueKTUBHO U goi, = g, (T. e. ar0bas cymma MHOXCECT8 8-
=
AAeTCcs npedesom NpAMO20 CNeKTPA KOHEUHOLX NPAMbIX CYMM).

Obparnslil cnextp MHOXCECT8 {A,, 15} naxn HAMpaBJeHHbIM MHOMKe-
ctBoM A = {a} npeacraBaser co6oil COBOKYNHOCTh MHOXKeCTB A, H 0TO-
Y .
Gpaxennit fu: Ag— Ag, oOnNpelesNeHHBIX Miasi KaxIod mapul a, e A
(rae o < ), Takyo, uTo
(a) fe=14, A, < A, A7 Bcex a & A;

(b) fi=fG°f: Ay— Au pan a <Py (o, B, Y= A).
IIpedeson lim{A,} obparHozo cnekTpa MHOJNCECT8 HA3HIBAETCS TIOJAMHO-
-

XecTBO npoussemenus || A,, cocrosllee u3 Bcex TaKux HaGOpOB
(@), uto npu o << HMeeT MeCTO paBeHcTBO a,= fBas. Jlna kaxmoro

o & A MOXHO ONpefetuts oTo6paxenune p,: lim{A,} — A,, Takoe, uro
<«
Po=180ps ecmn a<f.

5. Tycrs 3adanser 06paTHoLl CHEKTP MHONCECT8 {Aa, fﬁ}, MHO-
scectso0 B u orobpascenusn gu: B—> A, 0as kancdoeo a= A, raxue,
uro g, =f8o gg, ecau a << P. Toeda cywecrsyer edurcreennoe orobpa-

Jcenue g: B—>li£1{f1a}, TaKOe, 4T0 G, =P, g 041 8cex a=A.

6. B obosnauenusx npedaoocenuss 5 oTobpascenue g 6GueKTUBHO
T020a U TOALKO T020@, KO20a BOLUNOAHAIOTCA cAedyowue Ycao8us:

(a) ecau g, (b) = g,(b") 0aa scex a A, 10 b =10,

(b) nycro nabop (ag)e I] Ay taxos, uro ag=fhap npu o< p.
Toeda cywecrsyer rakoe b & B, 4ro g,(b) = a, 041 scex o= A.

Mycte {A7} — COBOKYNHOCTh MHOXKECTB ¢ HHIEKCAMH H3 MHOXKECTBA
J ={j}. Mlycte A = {&} — COBOKYNHOCTb KOHEUHBIX HENYCTHIX MOAMHO-
xkecTB Muoxectsa J. [TosoxuM mno onpexetenuio a << B (a,p = A),
ecid o< f. Torma A CcTaHOBHTCS HaNpaB/JeHHBIM MHOXKECTBOM H Mbi

nojyuaeM ofpaTHBIl CHEKTp {Aa, fﬁ} MHOXKecTB A, nosaras mo ompe-

peaenuio Aq= | A’ u cunrasn Jif Ag— A, npoekuueil, ecan a < p.
isa )
g kaxjgoro o & A uepes gt ]E A’ — A, 0603HaYNM €CTECTBEHHYIO

HPOEKIHIO.

7. B ykasannoix 0603Hauerusx orobpascenue g: || AT 1im {4}
i’ <—

OUEKTUBHO U Gy=Py o g (T. e. Kaxdoe npsamoe npousgederue 16845eTCA
npedesom 06paTHO20 CHeKTPa KOHeUHbIXx npamvlx npoudeederull).
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§ 2. O6wmasa Tonoaorus ')

T'oBopst 0 TOMOJOTHUECKOM HpOCTpPaHcTBe (B GOJBIIHHCTBE CaAyuaes
MBI HasblBaeM ero NpocTo NPOCTPAHCTBOM), Mbl He OyaeM Mpeanonaa-
rath, 4TO B HeM BLINIOJIHAIOTCA Te HJAHM MHble aKCHOMBI OTAEIMMOCTH,
332 HCKJIOUeHHEM CJyuyaes, KOTJa 3TO cHelnajbHO orosopeHo. Ilapa-
KOMIIAKTHble, HOPMaJbHBIE H pPeryasipHbie TPOCTPAHCTBA BCErAa mpel-
nosaratored xaycnopdhoseivu. HenpepoiBHoe oToGpaKenne ofHOro To-
TOJJOTHUECKOTO HPOCTPAHCTBA B APyroe GyAeT HA3LIBATHCA TaKke NPO-
CTO OTOOpaKeHHEeM.

IMycte sananbl MHOMXKecTBO X, coBOKynHocTb {X;};e; TOmOMIOTHYE-
CKHX mpocTpancTB u otobpaxennd f;: X — X ;. Tonoaozuell, undyyupo-
sanHol Ha mHOxcecTge X ceMelicTBOM oroOpaxkenuit {f;}, naswiBaercs
cinabefiias (camas rpybas) TONOJOTHA, B KOTOPOH Bce oTofpaxe-
HUS [; HenpepbIBHEL

1. Tonoaoeus, undyyuposannan Ha MHoxcecrse X cemelict60M OTO-
bpascenuti {f;: X — X}, xapaxrepusyerca caedyrowum ceolicreom: 0is
NpoOU3BOALHOSO TONOAORUNECKO20 npocTparncrsa Y orobpasxcenue g: Y —
— X HenpepuisHo Toe0a u TCALKO Toeda, Koeda orobpascenus
fiog: Y > X, nenpepoisnol 0aa scex j<J.

ITodnpoctparcraom TonoJOTHUECKOTO MpocTpaHcTBa X HasblBaeTcs
noAMHOKecTBo A MHOXKecTBa X, TOMOJOTHA KOTOPOrO WHAYLHPOBAHA
paoxenneM Ac X, Juckperroim nOOMHONECTBOM TONOIOTHUECKOTO
npocTpaHcTBa X Ha3bIB2Z€TCA TAKOE ero MOANPOCTPAHCTBO, Ka XK 10€e NoA-
MHOKECTBO KoToporo 3aMkuyto B X. Tonoaoceuueckum npousgedenuen
cemeiictBa {X;}, o, TONONOrMUECKHX NPOCTPAHCTB Ha3bIBAETCA NPAMOE

Ipou3BeJeHne HX]- C TONOJIOTHEH, HHAYIHPOBAHHON CeMEliCTBOM MpOeK-

uni pj IIX,—»X,- (j=7). Ecin {Xolae s — 06partblii crekTp TOMO-

JOTHUECKHX npocTpaHcTB (T. e. X, NpH KaKaAoM & &€ A ecTb TONOJIOTH-
8

yeckoe MPOCTPaHCTBO, a oroGpaxenus [q@ Xp—>Xq, oOnpelencHHble

IAs Kaxaod napsl o, B & A, CBA3aHHOH OTHOWeHHEM & < P, HENpepbIB-

HBl), TO Opedes obpatHoro crnektpa lim {X,} Hazensercs TomoJoruef,

MHIYUHPOBaHHON ceMelcTBOM oTobpaxkenull p,: lim{X,} — X, (. = A).
e—

[Tycth samannt MHOXkecTBO X, COBOKYymHOCTb {X;}; < TOmOJMOTMUE-
cKHX TpocTpancTs u otobpaxenuns g;; X;— X. Tonoaoeuetl, xoundyuyu-
posarnoll Ha MHodcecTee X ceMelcTBOM OTOGpaxKenui {g;}, HaspiBaercs
cuspHefitiass (camasi TOHKasl) TONOJOTHS, B KOTOPOU Bce OTOGparkeHHd
g; HenpepbIBHEL

1} Boaee moapobroe u3noxenve cM. B Kuurax: Keaawu [Ixk., O6was Tonono-
rus, M., 1968, u Hu S. T., Elements of General Topology, San Francisco, 1964,
[CM. Takxke Kypartoscxuii K, Tomomorus, 1. 1, M, 1967, r. 2, M, 1969, —
MTpun. nepes.)
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2. Tonoaoeusn, KOuHOyyuposauHas Ha mHoxecTse X cemelicT80M
orobpancenuti {g;; X;— X}, xapaxrepusyercs caeyrouwum c8cLcTEOM:
049 nPOU3BOABHO20 TONOAO2UHECKO2O RPOCTpancT8a Y oTo6pancerue
f: X— Y nenpepvisno t020a u roavko To0eda, K0eda oTO6paNceHue
[og;: X;— Y nenpepoisno daa kawcdoeo j<J.

DakropnpocTparcTEOM TOMOJOTHUECKOTO TpocTpancTBa X Hasbl-
Baercsl hakropMmuoxkecTso X’ MHoxKecTBa X ¢ TOMOJOTHEH, KOHHAYUHU-
posanuoil npoekuueit X — X’ Ecin A< X, to cumBosaom X/A Gymer
0603Ha4aTbCAd PAKTOPIPOCTPAHCTBO NpocTpaHcTBa X, MOJyUeHHOE OTO-
JKIECTBJIEHHEM BCeX TOueK MHoxKectBa A ¢ oanofi Toukol. Tono.sozu-
yecrkoil cymmoti (nau Heceasnoti cymmoll) coBokynnocty {X;}; = ; TOHO-
JOTHUYECKHMX IPOCTPAHCTB HasbiBaercst cymma V X; ¢ tonosorne#t, Koun-
AyunpoBanHoH cemedcTBoM BaoxeHult i;; X;—VX; (je=J). Ecau
{X%¢ &« A — npAMOH CHEeKTP TONOJOrHUecKHX HpocTpaHcTs (1. e. X¢ npu
KaXJIOM o & A ecThb TONOJOTHMUECKOe NPOCTPAHCTBO, & OToOpaxKeHud
fﬁ: X*— x® onpeJenennble Aas KaxAol napel o, & A, cBsi3aHHOM
oTHOWIeHHeM o < [, HCHPEepPLIBHEI), TO Ipelel HOPAMOro ChekTpa
h;r)n{Xa} HajleJsieTcs TOMOJOrHel, KOMHAYIHPOBAHHOA ceMelicTBOM OTO-

Opawennti f,: X“aliE{X“} (= A).

Mycte U = {A} — HexoTOpPasA COBOKYNHOCTb NOANPOCTPAHCTB TOTO-
noruueckoro npocrparcrBa X. [oBopst, uto Tonosoeus Ha X coeraco-
sana ¢ U, ecam TOMOJOTHS Ha MHOXKecTBe X KOMHAYUMPOBAHA BJIOXKe-
auamp A < X, (Hacto roBopAT, 4TO TONOJOTrHA mpocTpaHcTBa X caa-
6ee, yem 9U.) -

3. Haa toco urobet tonoaoceus Ha X 6Geiaa coesacosana ¢ N, He-
06x00umo u JocTarouHo, 4T06bl NOOMHO%NcecT80 B mHomecrsa X 66110
SaMKHYTOIM (UAl OTKpbITOIM) 68 X TO2da u TOAbKO TOE0a, Koeda B A
samrnyro (uau orkpuito) 8 A Odas kamdoeo A < U,

4. Ecau W — npoussoasbroe OTKpbLITOE NOKPHITUE UAU LOKAALHO KO-
HetyHoe 3aMKHYTOe NOKpbiTUue npoctpancrsa X, 10 tonoaoeus Ha X co-
eaacosana ¢ .

5. ITycro X — nexotopoe muomxcecrso, u nycro {A;}; = ; — cosoryn-
HOCTb TONOAO2UHECKUX RPOCTPAHCTB, Kanc0oe u3 KOTOpPbiX npuradie-
swur X. Hpednosoocum, uto 0aa awboix j, |’ & J mnoxecrso Aj nA,
ABAAETCA 3AMKHYToIM (UAL OTKPHITHIM) NOOMHONECTBOM MHONECTS
A, u Aj, U TONOAO2US HA A]. N AJ.,, uHdYyuposannas mHoxecTeom A;,
cosnadaer ¢ tonoaoeued, undyyuposannoi mroxecreon A,. Tozda
TOn0AO2US, KOuHOYyuposannaa Ha X cemedcreom saroxcenuil {A; < X},
xapaxkrepudyerca caedyroujumu ceolctsanmy: 041 Kaxcodoeo uHderca
j & J mHoocecteo Aj asaserca samxHyToim (Uiu OTKpbiToIM) 8 X, U TO-
noaozua npocrpancréa X coeaacosana ¢ cemelcrsom muoxcecrs {A;).

.
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Tonosoruss npocrpancrsa X, paccMoTpenHass B MNpPeAJOXKEHHH 5,
OyZeT HasblBaThCsl TonoAoeuell, coeAaco8annoll ¢ cemeticrsom nodnpo-
crparcrs {Aj}. KoMnaxTHO nopoxcdeHHbim RpOCTPAHCTBOM HA3LIBACTCS
Xaycaop@oBo npocTPaHCTBO, TOMOJOTHSA KOTOPOTO COTJlacOBaHa ¢ ce-
MEHACTBOM €r0 KOMIIaKTHbIX {IOAMHOXKeCTB (Takoe NpOCTPAHCTBO HHOMAA
HA3BIBAIOT xaycdopgosoim k-npocTpancraos).

6. Xaycdopghoso npocrpancrso, Koropoe Aub0O A0KAALHO KOMAAKT-
HO, aubo yoosieTeopsaer nepsoli aKcuome CUETHOCTU, ABAAETCA KOM-
NAKTHO HOPOHOCHHbIM.

7. Ecau X — kosnaxtHo nopoocdennoe, a Y — A0KAALHO KOMAAKT-
HOe xaycdophoso npocTpancTso, 1O npocrparcreo X X Y ssaserca
KOMNAKTHO ROPONCIEHHBLM.

Ecau X u Y — HekoTopele TonoJoriueckue npocrpancrsa, A < X u
B Y, to cumBogom (A; B) o6o3nauaercs MHOKECTBO BCeX HEMPephiB-
HBIX oToGpawkenuit f: X - Y, npu koropeix [(A)c B. Cumsosom Y¥
0603HayaeTcd MNPOCTPAHCTBO BCEX HEMPEPLIBHBIX OTOGpPaxeHuill mnpo-
crpaHcTBa X B NPOCTPAHCTBO Y, cHAGMKEHHOE KOMUQAKTHO-OTKPLITOL TO-
noaoeuerl (T. e. TONOJOTHeH, 6230l OTKPBITBIX MHOMECTB KOTOPOH fB-
asercst cemefictBo {(K; U)}, rie K — KoMIaKTHOe NMOAMHOMKECTBO MPO-
crpanctBa X, a U — oTKpriToe nmoaMHO:KecTBO npoctpancrtsa Y). Ecau
Ac X u BcY, 1o uepes (Y, B)X> 4 o6o3nayaercs NOANPOCTPaHCTBO
npocrpanctsa Y¥, cocrosiniee U3 Bcex oro6paxkeHudt f: X — Y, ynosie-
tTRopawmux yeaosnio [(A)c B. Onpepenum orto6paxenue E: Y¥ X
X X —Y pasenctBom E(f,x)={f(x). Hdas Bcakoro orobpaxKeHus
g: Z — YX goMnosuuus

ZXX 2yt x x-Esy
oro6pazkaer npoctpaHcTBo Z X X B npoctpascTso Y.

8. TeopeMa 006 OKCIOHEHUHAJLHOM COOTBeTCTBHH. Ecau X — a0-
KaabHo KomnaxkrtHoe xaycdopgoso npoctpancrso, a Y u Z — npous-
B0AbHBLIE TONOAOUYECKUE NPOCTPAHCTBA, TO oTOOpascenue g. Z > YX
HenpepoieHo TO20A t TOAbLKO TO20a, K020a HenpepuisrHo oTobpadierue
Eo(gX1): ZXX—-Y.

9. IkcnoneHuuaashbiii 3akou. Lcau X — aokaasro KomnaxTHOe
xaycdopgoso npocrpancrso, Z — xaycdopgposo npocrpancreo, a Y —
APOU3BOALHOE — TONOAOZUHECKOE  NPOCTPAHCTBO, TO  0TObpaceHue
Pp: (YX)Z— YZXX | onpedenennoe pasencreon $p(g)= Eo (g X 1), as-
ASETCA 20MEOMOPHUIMOM.

10. Ecau X — xomnaxrHoe xayc0opdoso ApoCTpancrso, a Y — me-
TputecKoe npoct pancT8o ¢ meTpurol d, To na npocrpancrae YX mooicHo
8gecTu Mmerpuxy d’, noraeas

d' (f, g =sup{d(f (x), g(x))lx=X}.
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§ 3. Teopus rpynn')

[omoMOp)hU3M HA3BIBARTCS MOHOMOPPUIMOM, INUMOPHUIMOM HIH
U30MOPHUIMOM, eCsIi OH SBJAETCS COOTBETCTBEHHO MHBLEKTHBHBIM,
CIOPEKTHBHLIM HJM OHEKTHBHBIM oroGpaxenueM. Ecaun {G}; <7 — ne-
KOTOpOe CeMeHCTBO TpyNm, TO ApAsMbiMm npoussedenuem 2pynn 3Toro

ceMelCTBA HA3BIBAETCS MHOKECTBO | | G; ¢ rpynnosoil onepauuei, onpe-
Aenennofl coornowennem (g,)(g))=(g,g)- Eecm {G,}— obparuuii
cnektp rpynn (T. e. ecan (, NP KaxKAOM o & A ecTb rpynma, a
fe: GB-—> G, ecTb roMoMOpdH3IM AJa Kax[Io# mnapel o, & A, cBA3aH-
HOM oTHOWEHHeM o < B), TO npejes] 06paTHOTO CIEKTpa l(iE{Ga} (npexn-

cTaBJIsoLMi cOGOl MHOMKECTBO) ecTh noarpynmna rpynmsl | [ G,
[Tycts A — nopmuoxectBo rpynusl G. ToBopsrt, uto rpynna G ceo-
600H0 nopoocdena muoxkectBoM A, a A — mnooscecrso c60600HbIx 06pa-
syrowux rpynnsl G, uan ceobodusii 6asuc, ecan s J060ro oro6pa-
xeuns f: A—H, rie H — HekoTOpas rpyima, CylecTByeT e INHCTBEHHbIH
romoMopdusmM ¢: G— H, aBJAAOMMACT NPOAOJNKEHHEeM OToGpaxKe-
uust f. T'pynna HaswiBaercs ¢80600HOL, eciH OHa CBOGOAHO MOPO-
JKIeHa HEKOTOPBIM CBOMM HOAMHOXKecTBOM. s Jgro6oro MHoxkecrBa A
c80600H0I epynnoti, nopoidennoli mHoxcectsom A, Ha3biBaeTcs rpynna
F(A), copepxaman A B kauectBe cBoGoaHOro 6asuca. Takue rpynmnsl
F(A) cyumecTtByior, 1 J06ble Be H3 HHX KaHOHHYECKH H30MOP(QHEL

1. Beakas epynna usomopgra harropepynne HekoTopoii c80600-
Hotl epynnbl.

Konpedcrasaenue rpynunet G toctout u3 MuHoxkectBa A 06pasyro-
wux, muoxectsa B < F(A) cootnowenuii u orobpaxenus f: A > G,
TaKoTO, UTO NpPOJOJKeHue ero go romomopdusma ¢: F(A) - G sas-
asieTcst 3MAMOPPUIMOM, SIIPO KOTOPOTO ~— HOPMAaJbHBIH 1eJHTeNb IPyi-
nel F(A), nopoxennbiii Muoxecrsom B. Ecan A u B — xoHeyHble MHO-
JKeCTBa, TO KONpPEeACTaBJeHHe Ha3blBaeTCsl KOHeuHbiM, a rpyrmmna U Ha-
3bIBAETCA KOHEUHO KORPeOCTABACHHOL.

§ 4. Monyanu ?)

Hac 6yayr B 0CHOBHOM HHTepecOBaTb R-MOAYJAHU B cayuae, Korga R
aBJsiercsd 06/1aCTbI0 TJaBUbIX Haea oB. OIHAKO MBI HAUHEM C OMHCAHAA

1) [MoapoBHoe H3JoKeHHe JeMeHTapHON TeOpUd TPYNN YHTATedb HaljeT B KHH-
re: Birkhoff G, MacLane S, A Survey of Modern Algebra, New York,
1953. CpoGoaHbie rpymnbi paccmarpuBatorest B kuure Kpoyaaa P, doxce P,
Beenenue B Teopuio ysaos, M., 1967. [Cm. takxke Jlenr C, Amre6pa, M. 1968. —
Ipun. nepes.

. 2) Bonee noppo6uoe Hajokenue HMeeTcss B Kuwrax: Kaprawm A, Qfaen-
6epr C., Tomosoruueckas anarefpa, M. 1960; Maxuaefin C, Tomosorus, M,
1966. [CM. Takxe Byp6axu H., Aare6pa. Mogymu, koabua, ¢opmmel, M., 1966. —
Hpun. nepes.]
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cBOHCTB R-MoayJjell HaJl NPOU3BOJIBHLIM KOMMYTATHBHBIM KOJbUOM R
c eIMHUUeH, AeHCTByIOLIeH TOXKAECTBEHHBIM 06pa3oM Ha KaXKIOM
paccmarpuBaeMoM MonyJel!). s Bcsixoro romomopdusma ¢: A > B
R-MopyJell onpenenuM cienylouine R-MOLYJH:
kergp={a = Alp(a) =0} = 4;
imp={b = B|b=g(a) 219 HekoTOpOrO 0 = A} < B;
coker @ = B/im ¢.

1. Teopema Hérep o6 usomopdusme. [Iycte A u B-— HexoTopbie
nodmodyau mooyas C, u nycre A + B —nodmodyass, nopoxdenuoii
suoscecreom AU B. Toeda saoxcerue A= A + B nepesodur AN B a
B u undyuyupyer usomopgussn R-modyaetl

AI(ANB) u (A+ B)/B.

Ecin {Aj}; « ;1 — HexoTOpOE ceMeficTBO R-Mmomyaed, 10 npaiuoe npo-

ussedenue || A; aBaserca R-Momyiem; npamas cymma P A; Takxke
npencrasiaser co6oit R-momayin (mpaMmod cymmolt (DA; HaseiBaercs

NOAMOAYAb MOIYJA HAj, COCTOALIWH M3 BCeX HAGOPOB, B KOTOPBIX
JYIIb KOHEeYHOe 4MCJI0 KOOpAMHAT OTJAHuHO OT Hysad). [Tpenen lim{4,}
obpatHoro crekrpa R-momyaeid (u romomopdusmos f&: Ay— A, npn
o < B) ects R-MOAYyADL: Npeien npsAMoro cnekrpa R-moayaed (i roMo-
MOP(H3MOB). TakK:Ke ABJIAETC R-MOIyJeM.

2. Beakuit R-modyav usomopghen npedeiy npamoeo CnekTpa ceoux
KOHEUHO nopoxcOerHbix noOmModyieti, YynopadoueHHbIX N0 BKAIOHEHUIO.

Ecan A u B — Hexkoropole R-MOAYJ/IH, TO UX TEH30pHOE npoussede-
Hue A @ B (unn A @ B) asasiercs R-monyiem. Diaementam a = A u
R

b = B coorBerctByeT aneMent a ® b= A ® B. Moayis A ® B nopo-
xaeH 3saementamn {a ®bla=A, b= B} n cootHomennaMH  (rie
a,a’=A, bb=Bur i eR)

(ra+rd)@b=r(@® b)+r' (a ® b),

a@(b+r'b)y=r@®@b+r (a®b).
Ecnu na oguom ua Moxynefl A nan B onpenenena crpykrypa R’-Mo-
ayas, 10 A ® B rakxe sBasercs R’-mopyJem.

R

3. Haa ar06o20 R-modyrn A comomoppuzmsi a—->a®lua->1Quq
onpedesftor U3OMOphu3MbL Mexcdy modysem A U COOTBETCTBEHHO MO-
Oyaamu AR u R ® A.

4. Has aoboix R-modyreid A u B onpedesen uzomopgusm modyaets
A®B uB®A, npu xoropom a @ b nepexodur 8 b ® a.

!) Taxue mopynn oGuuno HasbBaloTC yruraptoimu. — lpus. nepes,
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5. [Tycte A u B cyro R-modyau, a B u C cyre R'-modysu. Toeda

onpedesen u30MOpphuUIM MeH oYy Mody/t;let(A ® B‘) RCuAR(BR C)

R R R\ K
(koTopeie paccmatpusarorcs Kak R- u R’-modyau), nepesodauyuil
(a®6)®c 8 a®(b®c).

Modyren eomomoppusmose Hom(A, B) (nmu Homg(A4, B)) asyx
R-monyneit A u B uaswiBaeTcs R-MOIY./b, 3jeMeHTAMH KOTOPOTO CJAY-
xat R-romomopduamsl A — B. Ecan oaun us moaysaeit A uau B sas-
adetcs Takxe R’-momysem, 10 1 Homg(A, B) sBisercs R’-mMomyneM,

6. Iycto A u B cyrv R-modyau, a B u C cyro R’-modyau. Toeda
onpedesen  u3OMOpPU3M  MeHOy MOQYAANU HomR,(A ® B, C) u
\ R

Hom, (A4, Hom,, (B, C)) (koropsie paccnarpusarorcs kax R- u R’-mno-
OJyau), nepesodaujuti R’-eomomopguszsn ¢. AQB—C 8 R-zomomop-

R
¢pusm ¢’ A—Hom,, (B, C), rarod, uro ¢'(a) (b) = ¢ (a ® b).

[TogmuosxkectBo S R-moayaa A HaswviBaerca 6asucom modysa A
(1 momyab A HaseBaercd ¢80600H0O noposcdenHoim waa R MHOMKe-
ctBom S), ecan J11060e orobpaxenue [: S— B, rie B — HekoTopblii
R-Mony/b, 1ONYCKaeT eIHHCTBEHHOE IPOAOJMNKEHHE 10 R-roMomMopdus-
Mma ¢: A-— B. Mony/p HasbiBaetcsi ¢60600KbLAM, eCIM OH HMeeT GasHuc.
Jlasa qo6oro MHoKecTBa S C80600HbIAL MOOYACM, HOPOHNCOCHHBIM MHO-
mecteonm S, nasbiBaercs MOAYAb Fgr(S) Bcex HeHyJseBblX (UHHTHBIX !)
¢dyukunit S — R (C NOTOUYEUHBIM CJAOXKEHHEM H yMHOXKEHMeM Ha cKajf-
pbl); IPH 3TOM 3J1eMeHT § & S OTOKAECTBAALTCS C XaPaAKTEPHCTHUECKOH
pyukuueir storo anementa. Moayap Fr(S) coldepxut MHOKecTBO S
B KauecTBe Gasuca, U J0G0OH MOAYJb, coaepxaumiuil S B xauecTBe Ga-
suca, KaHoHWueckd n3omopden Fr(S).

7. Beaxuid R-modyas usomopdhern @axtopmolyiio HeKOTOpO20 c60-
6001020 R-m00yAA.

8. Ecau A’ —rtarkod nodmodyasv modyas A, uro ¢akropmodyis
AJA’ asanerca c80600nbIM, TO #00yav A usomopgen npamoli cymme
AT DAJA

[TpeanosoKuM Temepb, 4TO KOAbLO R ABAdgeTcd 06/1aCTbIO [JIABHBIX
uaeanoB (T. e. 06JacTbI0 LETOCTHOCTH, B KOTOPOH KaxKIblH wujeans —
raaBubii). [Hodmodyrem rpywenus Tor A R-momyiss A wHasbiBaercs
MOIyJib

TorA ={a=A|ra =0 111 HeKOTOPOIO HEHYNEBOro r & R}.

Ecau Tor A = 0, 10 rosopaT, uto Moayib A He umeer kpyuerus.

1) Qunurnoit pynukyueli B maHHOM cJyuae HasbiBaercsl (YHKUHA, HPHHHMAIOMIAs
HeHyJieBble 3HAUeHMs JMUIb Ha KOHEUHOM MIlOXKecrse 3jeMeHTOB, JIpyruMu ci1oBamy,
¢unnTHan GYHKUHMA ecTh QopmadbHas JuHeHHan KOMOMHALMSA KOHEYHOro uHcaa
3JeMEHTOB MHOXeCTBa S ¢ KoadoHuuuentamu H3 Koibla R. — Ipun. nepes.
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9. Had obaactero eaasHbix udearos 8carull nodmodyars cso0b00-
HO20 MOQYyast c80000¢eH.

10. Had ob6racToio eaasHblx UOCAN08 KOHEUHO NOPONOCHHBLE MO-
Oyab c80600eH TO20A U TOALKO TO20Q, K020Q Y HE20 HeT KpyteHus.

11. Had o6aacreio eaasneix udeasros modyav AjTor A we umeer
Kpytuenus.

Ecnu A — KOHEUHO NMOPOXKAeHHbII MOAYJb Hal OGJACTBIO TJaBHBIX
naeanos R, to ero paneom p(A) naspiBaeTcst 4icI0 3/1eMeHTOB Gasuca
pakropmonyas A/Tor A.

12. Ecau A’ — nodnodyasb KoHeuro nopoxcdennoeo nmodyars A (Had
06.1GCTO10 2.408HbLX UGearos), TO

o (A)=p(A) +p (4] ).

IMyets ¢ A — A —3u10MOpHHU3M KOHEUHO NOPOXKJAEHHOTO MOy
(nag oGaacrbio raaBublx uaeanoB R). Ero ciedom Tr ¢ nasbiBaercd
aJeMenT Koablla R, aBisioumiics ciaefoM sggomopduaMa ¢, HHAyIHPO-
BaHHOrO 3HAOMOPdU3IMOM ¢ Ha cBoBoxHOM Moaysie A/TorA (apyrumu
caoBaMu, ecan Moayabp A/Tor A umeer 6asuc ai,...,a, u ¢ (a;) =

= Drya;, 10 Tro = 2ri). ’

13. [Tycre @ — andomopdusm KonedHo nopoxcdennozo modyasa A,
u nycre A’ —nodmodyav modyas A, raxoi, uro ¢(A’Yy= A’. Tozda
ozparuterue ¢|A’ asaserca sndomopguamom modyia A’ u ¢ undy-
yupyer andomopguszm @” modyas A[A’. Caedor 3sTux sndomopgus-
MO8 CBA3QAHbL COOTHOWIEHUEM

Tro=Tr(e|A)+ Tre”.

Monayab ¢ ofHOH obpasytoulell HashiBaerca yukaudeckusm. Han o6-
JAacThIO TJIaBHBIX MAeatoB R takod Moayab A 3amaerca ¢ TOUHOCTBIO
10 H30MOp(M3Ma IJEMEHTOM 74 € R, KOTOpbIi NOPOXKAeT HIeast, aH-
HyJNUpyOUHi Moayab A (31eMeHT r4 onpeje/en ¢ TOYHOCTLIO A0 YMHO-
KeHHsl Ha o6paTHMBle 3JeMEHTBl Koublua R).

14. CtpykTypHasi teopeMa /5 KOHEYHO MOPOKAEHHBLIX MOJyJieH.
Had ob6aacreio eaasubvix udearos KaxcOoili KOHEYHO NOpONIeHHbIL
MOOYAb ABASLETCA NPAMOL CYMMOL HEKOTOpo20 c80000HO20 MOOYAs U

yukauveckux modyaeli A, ..., A, 048 KOTOpbIx COOT8ETCT8YIOUUE
BAEMEHTOL Iy, ..., g R 0baadaror Tem colict80M, 4TO r; OAUT riyy
(1<i<qg—1). SaenmentoL ry,...,r, onpedeserbt 0OHOZHAYHO € TOH-

HOCTbIO D0 YMHOYCEHUS HQ 0OpaTumvie INEMEHTbL KOAbya R u amecre
€ paneom MOOYAL XQpAKTEPU3YHOT 3TOT MOOYAb C TOYHOCT6HO 00 U30-
mopusma.
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§ 5. EBkauposp npoctpaHcTBa

Mbul ncnonb3yem ciemnyioline 0603HAYEHYS:

) — iycTOE MHOKECTBO;

Z — KOJIbUO UEJLIX YUCEJ;
Z,, — KOJIbIIO BBIYETOB MO MOAYJIO M,

R — noJsie JeHCTBUTENBHBIX YHCET;

C — 1oJie KOMILIEKCHBIX YHCEJI;

Q — TeJI0 KBATePHHOHOB;

R" — n-MepHOe eBKJHZOBO NPOCTPAHCTBO HAaj MOJEM JeHCTBHTENb-

HBIX yHCes ¢ MeTpHKoil || x|l= \/Zx% 1 CKaJsIpHBIM APOH3-

BefenueM (X, y) = D X4y
0 —navano koopauHat B8 R7;
[ — 3aMKHYTLIHl e MHUYHBLIA HHTEPBAJ,
I1—-{0, 1} 1
1" —n-mepumit ky6 {xr & R?|0 <L x; <1, 1 Ki K nly
I"—{reI"|x; =0 uan x; = | Aasa HEKOTOPOTO i};
E" —n-mepumit wap {x = R*| ||x|| L1};
~1
8" — (n—1)-mepuas cdepa {x =R} |lxl| = 1};
P" — n-MepHOe TNPOEKTHBHOE  MPOCTPAHCTBO — (hAKTOPIPOCTpaH-
CTBO chepbl S™ OTHOCHTENBHO OTOMXKIAECTBJEHHS AHAMETPAb-
HO MPOTHBOMOMOKHBIX TOUEK X U —X.

SaMKHYTOLM OTPe3KOM JEeHCTBUTENBHOTO BEKTOPHOTO MPOCTPAaHCTBA,
COeIMHAIONIMM TOUKH X U y (oGosnauaercs [x, y]), HaspiBaeTcss MHOXKe-
ctBO ToueK Buaa ix + (1—1¢)y npn 0<t<1 (caemomarennho, | =
=1[0,1]). Ecau x #* y, T0 npanoti, oupegeneHsol ToukaMu X H Y, Ha-
spiBaeTca MuoxectBo {/x + (1 —1)y|t = R}. TIoamuoxectso C pefi-
CTBHTEJILHOTO BeKTOPHOTO NPOCTPAHCTBA HA3bIBACTCS AUHEUHbIM MHO20-
obpasuem, ecnu 17151 1OGHIX Touek X, y & C onpegejeHHas UMK npsiMas
rakxe npuHapiexdr C. [MoaMuoxecteo C HasbiBaeTcs BulNYKAbLAM,
ecqIM A JI0OBIX TOueK X, y & C mMeeT Mecto BkJAouenue [x, ylc C.
Botnykavim tesom') B R™ HasbiBaercst BbIYKJIOE MOAMHOMKECTBO MPO-
crpanctBa R®, comepxaiiee oTkKphitoe B R™ Hemycroe NMOAMHOMXKECTBO
(takum o6pasom, [ u E" — uinykitie Tes1a B RY).

1. Ecau C — soinykaoe teao 8 R”, a C'— soinykaoe teao 8 R™, 10
C X C' — soinykaoe teso 8 R* X R™ = R"*™.

2. J1o6ble 08a KOMNAKTHbIX BulnyKavlx TeAa 8 R™ eomeomophHel.

[ToagmuO)ecTBO S NeldCTBHTENBHOTO BEKTOPHOTO HPOCTPAHCTBA Ha-
3BIBAETCH A(PUHHO HE3ABUCUMbIM, €CTH I J11060T0 KOHedHOTo Rabopa
PA3JHMYHBIX 3JIEMEHTOB Xg, X1, ..., Xm &S 1 JAI06BIX uyncen fo, fy,. ..

1) O6wHe cBOMCTBA BHITYKABIX MHOXKECTB U3JIOXKeHB B KHure: Valenti-
ne F. A, Convex Sets, New York, 1964,
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... tne= R, Taxux, uto X t; =0, paseHcTBO Xfix; =0 HMeeT MecTO
ToIbKO Toraa, Korga f; =0 npu 0<i<m (370 3KBHBAJEHTHO YCJO-
BUIO, YTO BEKTOPBI X| — Xo, X2 — Xo, . . . , Xmf— Xo JHHEHHO He3aBUCHUMbI).

3. B npocrparncrée R™ cyuwectsyer aghgunHo He3asucumoe nod-
MHONCECTB0, codepocawjee n -+ 1 34eMeHTO8, U He cyuiecTsyeT apOuHHO
He3a68UCUMDIX NOOMHOXMCECT8, codepaaujux 6osee n + 1 94eMEHTOB.

4. Botnykavim MHONCECTBOM, NOPONCOCHHbIM 3ACAHHbBIMU TOUKAMU
4
Xo, X1, . .., Xm & R™, Ha3biBaeTCA MHOXNCECTBO BCex Towexk suda Ztix,-,

ede 0 t; <1, 2ty =1. Muowmecrao {xo, X1, ..., Xm} appunno Hesa-
BucuUMO T020a U TOAbKO To20a, KO2da Kandas TOYKaA X 8bINYKAOE0 MHO-
HECTBA, NOPONCTEHHOLO ITUM MHONECTBOM, umeeT eduUHCT8EHHOe npes-

crasaenue 8 gude x = X tixy, 20e 0 < t; <1 npu 0 <iL<m; 2ty = 1.
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I'masa 1

roMoToIImAd
N OYHIAMEHTAJBHAA TPYIIIA

Tonosoruss — 3T0 HayKa O TONOJOTHYECKHX MPOCTPAHCTBAX H HX
HenpepbIBHEIX oTOOpaxcenusax. CTanpapTHas 3ajauya TONOJOTHH — KJac-
cuUKanns TAKUX NPOCTPAHCTB M OTOOPaxKeHMil ¢ TOYHOCTBIO JO TO-
meomopdusma. Bosee caaboe OTHOIIeHHe 3KBHBAJEHTHOCTH, HCHOJb-
3yiolilce MNOHATHe HemMpepbIBHOH AedopMauuu, NPUBOIMT K JIpyroil 3a-
Aauve KaaccuHKaluuu, DTa M0c/elHAd 3agadya HCKIIOUHTENbHO BaxKHa
15 anrebpamnueckoll TOMOJIOTHH, TaK KakK MMEHHO 31eCh ee MeTO[bl
oKa3kBatoTcs Haubontee 3hHeKTHBHBIMH,

Jl1s Hawux uesell BOJHe NOILXOIUT ONpefenenne airebpanueckod
TOMOJIOTHH Kak HayKy, KOTOpas 3aHUMAaeTcs H3YUYeHHEeM TONOJOorHye-
CKHX NPOCTPAHCTB ¥ WX HENpPepHBEBIX OTOGPaKeHHH ¢ MOMOIbLIO aJre-
OpanuecKnx 0O6BEKTOB — Tpynm, KoJel, romomopdusmon. [lepexon ot
TOMOJIOTHH K aJjrefpe OCYHIeCTBJAETCS APH MOMOIIH OTOGpaXKeHHI,
naspiBaeMbix pynkropamu. Ilo stofi npuunne § 1.1 n 1.2 mocssuenn
¢dyHIaMeHTaABbHBIM MOHATHAM KaTeropun U (pyHKTOpA.

B § 1.3 u 1.4 BBOAKUTCA NOHATHE HeNPepBIBHON HedhopManuu, H3BECT-
HO# moj Ha3BanWeM roMortonuu. Jlalee Mbl OnpedeNsieM KaTEropUIO
rOMOTONMHYECKHX THNOB H HEKoTOpble (YHKTOPBEI Ha 3TOHl KaTeropu,
BaxkHble I nagbHeitiiero. B § 1.5 u 1.6 uayuarorea ycaoBust, IpH Ko-
TOPBIX 3TH (YHKTOPBHl HA KATerOPHH TOMOTONHUYECKHX THIIOB MpPUHII-
MaioT 3HaueHusi B Kareropuu rpynn. Kpartko ynomunaemble yHKTOpbHI
rOMOTONMUYECKHX TPYON INPEACTaB/IAIOT NpUMepbl (YHKTOPOB TaKoTo
poxa.

ITepoiM (QYHKTOpPOM, KOTOPLIi MBI paccMarpuBaeM NOIAPOGHO, AB-
aAsercs GyHKTOp QyHAAMeHTAJIbHON TPYNIE!, YKAa3bIBAMOIMI HA TO, Ka-
Koro pola (yHKTOpLl H3yuarorcs B ajrebpamueckoil Tonosorun. OH
onpeneiserca u dccaeayerca B § 1.7 u 1.8, Hekotopnie npumenenus
3TOT0 (PYHKTOPA NPEACTABJEHH B YHPaXKHEHHSX, NOMEUIeHHHX B KOHIlE
riaasbl. B TJ. 2 3TOT (DYHKTOp HCIOJb3yeTCd IS CHCTEMATHUECKOTO
H3yueHns M KaAacCH@HKanyy HAKPLIBAIOIIUX NPOCTPAHCTB.

§ 1. Kareropuu

Aunre6pandeckoe npeAcTaBjdeHHe TONOJAOTHH — 3TO HEKOTOpPOE OTO-
6paxenne TOonOJOrMKH B aare6py. Taxkoe mnpeacraB/aeHHe NO3BOJAET
npeBpaTHTb TOMOIOTHUECKYIO 3a4aYy B COOTBETCTBYIOULYIO eii anreGpau-
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YeCKYI0, eC/IM IPH ITOM HMeeTcsl JOCTATOUHO MHOTO MNpeACTaBJEHHI
TAKoOro poja, TO TOIOJOTHYecKas 3ajgaya paspelinMa TOTAa (U TOJbKO
TOrla), KOrjia paspellMMbl BCe COOTBETCTBYIOIlME aJjreGpanyeckue
3ajayn.

Omnpegesenye TaKoTO MNpeICcTaBReHHs, (HOPMaJbHO HA3LIBAEMOTO
(hyHKTOpOM, Jaercs B cjaelylolllem naparpade. Dtor naparpad nocss-
LleH IOHATHIO KATerOPHH, MOCKOJIbLKY (YHKTOPH SBJAIOTCA €CTeCTBeH-
HbIMH OTOOpa*KeHUsSIMH KaTeropui,

VIHTYHTHBHO MOXKHO MpPEACTaBAATL ceGe KAaTErOPHIO KaK COBOKYI-
HOCTb MHOXeCTB (BO3MOXKHO, HMEIOIHX MONOJHHTENLHYI0 CTPYKTYDY)
H oroOpaxenuii (COXpaHAIOWHUX 3Ty AONOJHHTENbHYIO CTPYKTYpY).
Bosee TouHO, KaTeeopus € COCTOUT M3

(a) Hekoroporo kmacca 06LEKTOB;

(b) muoxkectB hom (X, ¥) mopgusmos ¢ obaacteio onpedeaenus X
i 00.4acToi0 3Haterull Y a8 KaXK10H YIOPANOUEHHOH Maphbl 06beKTOB
X uY;ecnn fhom(X, Y), 1o Mol muteM f: X — Y uau X -1 ¥

(c) dyHKOMH, COMOCTABJsIOULEl KaXKAOH YNOPANOUEHHOH TpOiiKe
o6nektoB X, Y u Z u nape mopdusmos f: X >Y u g1 Y >Z ux kom-
no3uyuro

gf=gof: X—> 2.

[Tpu 3TOM N0AXKHBI BEIIOJHATHECA JIBE CJACAYIOUIHE aKCHOMDBI:

Accounarussocte. Ecau f: X->Y, g. Y>Z uh: Z > W—
HEeKOTOpble MOPGHU3MBL, TO

high=0g)[: X—>W.

CyumiecTBoBaHHe e ANHUUB. [aa 8cakozo o6vexta Y cyuye-
crayer taxot moppusm ly: Y — Y, uro 0aa npoussoavroix moppusmos
[: X=>Yuh Y—>Zunot umeen Ivf=fuhly =h.

Eciu x/1acc 06bEKTOB fIBJASETCA MHOXKECTBOM, TO KaTEropHA Hasbi-
Baercsi Ma.ofi. B GOJbIIMHCTBE CJY4aeB MBI MOXKeM OTPAHHUMTLCSH Ma-
JBIMH KaTeropHaMu, HO Obio Obl Hey106HO KaKblfl pas, mpexje uyew
paccMaTpHBATh KAaTErOPHIO, BbIAEJNATb HEKOTOPOe MHOMKEeCTBO O6beK-
T0B. Hanpumep, korfia Ham npuaeTcs HMeTb HeJO C KaTeropHIMH,
06BbeKTAMH KOTOPBIX ABJAIOTCA MHOXKECTBA WJIH IPYNNLI, MBI NpelROyH-
TaeM paccMaTpPHBaTh KJacc BceX MHOXKECTB WJIH TPYII, a He NOAGHPATh
B KaX/JOM NpuUMepe NOAXOAALLIee MHOXKECTBO MHOMKECTB HJIH MHOMKECTBO
rpynm.

W3 naByx chOPMYJUPOBAHHBIX AKCHOM BbITEKAET eAUHCTBEHHOCTH
mopdusma ly (cM. memMy 1 HuKe), KOTOpHI HasblBaeTcs ToxcdecTse-
How Mopgpusmom o6vexta Y. Ecnn pasg aByx mopdusmoB f: X — VY u
g: Y— X Buinosnnsiercd paBeHCcTBO gf = lx, TO g HasbiBaercsl Aesvim
obparnowm ¥ f, a f— npaseim o6parnein x g. Jsycroponre o6parHois
(naiu mpocTo 06parHbim) K MopduaMy f HasplBaeTcss MOpGu3M, SBJIAL-
Wuics OJHOBPEeMEHHQ JIeBHIM M MpaBeiM o6paTtHbiM K f. Mopdusy
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[: X— Y wuasuiBaercsi 3keusasentHocrvio (o6osnauaercs [ X = Y),
eC/lH CYILeCTBYyeT MABYCTOPOHHe oOOpaTHeIi K MopdusMmy [ mopdhusm
g: Y—> X Ecmn g’ Y —> X —anesnfl obpatunisi x [, a g7t ¥ > X —
npasblil 06paTHLIA K [, TO paBeHCTBA

¢ =gly=g (g = gD’ = 1"~ ¢"

nokaseisaioT, uto g’ = g”. Takum oGpasoM, nojgydaeMm clrepywouiee yT-
BepKAeHHe:

1. Jlemma. Ecau mopgpusm [: X — Y umeer npasoil obparueii u se-
sblll 00paTublil, T0 OHU c08NA0AIOT U [ A844€TCA IKBUBAACHTHOCTbIO. B

B uwacTHOCTH, OTCWJa BbITEKAeT, 4TO 3SKBHBaJeHTHOCcTh [: X &~ Y
uMeeT eAMHCTBeHHBbIH o6paTHLIl Mopduam [ ¥V — X u f! rakxe sB-
JeTCst SKBHUBAJEHTHOCThbIO. ECIH cyliecrByer kakaf-HHOyAb 3KBHBa-
JAeHTHocTh f: X =~ Y, ro mbt 6yaeM HaselBaTbh o6bekTel X u Y sxsusa-
aenTHoimu: X =~ Y. SIcHo, 4TO KOMIIO3HIIHA SKBHBAJEHTHOCTEH ABJAETCA
5KBHBAJEHTHOCTBIO; M03TOMY OTHOWerne X = Y npeacrasaser coolr
OTHOUIEHHe 3KBHBAJEHTHOCTH HA BCAKOM MHOMKecTBe OOBEKTOB KaTero-

pun %.
[TpuBeaem HeCKOJAbKO MPHMEPOB KaTeropHi.

2. Kareropus MHOXecTB i QyHKUMI (KJaccoM 00bEKTOB 3TOH Kare-
rOPUM SBJASETCS KJacc BCeX MHOXKECTB, H I JABYX MHOXecTB X u Y
MuoxecTBo hom (X, Y) ects MHOXKecTBO Becex ¢yHkuuii u3 X B V).

3. Kateropus TOnOJOrHYECKHX NPOCTPAHCTB M HEIPEPBIBHBIX OTO-
GpakeHuH.

4. Kareropus rpynn u roMmoMopdu3mMos.
5. Kateropus R-monyneil u R-romoMopdHu3mMoB.

6. Kareropusi HOpMHPOBaHHEIX KoJell (Hag R) n HenpeprulBHBIX T0-
MOMOP(H3MOB.

7. Kateropus MHOMKeCTB H HMHBEKTHBHBIX (HJH CIOPBEKTHBHBIX HJIH
OMeKTUBHBIX) 0TOOpasKeHHH.

8. Kateropus mroscects ¢ ormeuennod Toukoli (MHOXKECTBOM C OT-
MeUeHHOH TOUKOH Ha3blBaeTCsi HeENyCcToe MHOXKEeCTBO C BhlJeJeHHBIM
3JIeMEHTOM) U $YHKUHH, COXPARAIOUMX OTMEUEHHYIO TOUKY.

9. Kareropust Tonoaoeuseckux ApOCTPAHCTE ¢ OTMEHEHHOU TOUKOU
(TOmOMIOTHYECKMM TIPOCTPAHCTBOM C OTMEUEHHOH TOUKOH Ha3blBaercs
HEIyCTOe TOMOJIOTHUECKOe [IPOCTPAHCTBO, B KOTOPOM BhlJeseHa HeKO-
TOpasl TOUKa) W HeNPepbIBHBIX 0TOOparKeHHH, COXpaHAIOUMX OTMeuer-
HYIO TOUKY.

10. Kareropus KOHEUHBIX MHOXKECTB N QYHKIUUH.
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11. Ilycrs Ha X YCTaHOBJEHO HacTHUHOe ynopsjaouedue <. Torga
MOYKHO ONpPEIeNHThL KATEropuio, 0ObeKTH KOTOPOH MPeACTaBJAAIT CO-
6ol 3JeMeHTH MHOXKecTBa X, a MHO:KecTBO hom(x, x’) nn6o cocTOMUT
U3 eIHHCTBEHHOrO 3JeMeHTa — yNOpsAo4YeHHONH mapel (x,x’), aubo
NyCcTO, B 3aBHCHMOCTH OT TOrO, KaKoe H3 COOTHOLIEHHH HMeeT MecTo:
x << X" wim x<L X,

12. Kateropus rpynmnm H KJacCOB CONpPSMKEeHHBIX TOMOMOD(U3MOB
(1. e. mopdusm G — G’ 5TOft KaTeropuu — 3TO KJacC 3KBHBAJEHTHOCTH
romomopdusmMoB G — G’, npuueM ABa ToMoMOP(HU3Ma CUMTAIOTCS IKBH-
BAJNEHTHBIMH, €CJAM OHM OTJAHYAIOTCA Ha BHYTPEHHHI aBTOMOpPGhH3M
rpynnsl G').

ITodrareeopueil ¥’ — % HasblBaeTCsl Takasl KaTteropus, uTo

(a) o6DbexTbl Kateropun %’ ABAsIIOTCH OOBEKTAMU KaTeropuu %

(b) maa ob6bektoB X u Y’ kareropum %’ mMeeT MecTO BKJ/IOUEHHE
hom,,, (X, Y’) = homg (X', Y');

(c) ecott f: X' Y u g’t Y —>Z'— mopdusMel kKateropun &7, 10
HX KOMNO3HUMs B ¥’ COBMAfaeT ¢ KOMIO3Huue# B %.

Kareropusi %’ nasvizaerc 104HO{ nodkarezopuell kateropuu %,
ecau s 06bekToB X', Y/&& ameer mMecto paBenctso homy, (X', V)=
= hom, (X', ¥’). Kareropusi us npumepa 7 fABJseTCs MOAKaTeropueil
KaTeropuu U3 npuMepa 2, a Kareropuf u3 npuMepa 10 — nosano#i nox-
Kareropuefl kateropuu u3 npumepa 2. Kareropun us npumepos 3, 4, 5,
6 1 8 He ABJAAIOTCS TNOAKATETOPHSMH KaTeTOPHH MHOXKECTB, TaK Kak
Kax bl 00BEKT 3THX KaTerOPHH COCTOHT W3 MHOXKECTBA U HEKOTOPOH
JOTOJMHUTENBHON CTPYKTYpPbl H2 HEM H, CJAeA0BATeNbHO, OJHO M TO XKe
MHOYKECTBO MOXKET COOTBETCTBOBAThL Pas3HbBIM OOBEKTAM 3THX KaTero-
puit. B npumepax 11 # 12 MOpPGHU3MBI COOTBETCTBYIOLIHX KATErOPHi He
ABJAIOTCS (DYHKUMAMH, H, CJeI0BATeJNbHO, HH OJHA U3 3THX KaTeropHii
He MOXeT OblTb NOJKaTeropued KaTeropuu MHOXKECTB.

Jluarpamma Mop¢U3MOB BH/A

X sy
d I
v,V
X/__f__)yr

HA3bIBACTCS KOMMYTATUBHOL, eclu JI0Oble ABE KOMNO3HUMH MOpPQHS3-
MOB ¢ OJHOH K TOH Ke 00/aCThio onpeleleHus U OJHOH M TOI XKe 06-
JacTbiO 3HayeHuid coBnajgamT. Takum o6pa3oM, aTa AM4arpaMma KOM-
MyTaTHBHA TOT/d U TOJNbKO TOTAA, Koraa Aof = [ og.

Cefizac Mbl ONKIUEM HEKOTOPBbIe KATETOPHH, CBA3AHHLIE C 3aJaHHON
kaTeropuell. Ecau 3anana karteropusi €, T0 MOXKHO NOCTPOHTh KATE20-
puio mopguamos karteropnd %. Le obbexraMu caykKaT MOPGHHIMEL

X157, a Mopq)n31>10M o6bekTa X ~I>Y B 06bekr X’ —L> X’ Hasw-
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BaeTcs Takas napa MopdusMoB g: X—X' u h: Y—Y’, uyro nuar-
pamma

X —Isy
d b
Yoy
X,—‘f‘—)Y/

KOMMYyTaTHBHa. AHAJOTrHYHBIM 06pa3oM, jauarpammbl Gougee OOULMX,
yem X -IsvY, Mopu3MOB M3 & ABIATCS 00LEKTAMU COOTBETCTBYIO-
LMX KAaTeropui, CBA3aHHbIX ¢ &.

[lycts % — KaTeropus, 06beKTaMH KOTOPOH fABJAICTCH MHOXKECTBA
¢ JIONOJIHHTEABHBIME CTPYKTypaMu (TAKMMH, HANDHMep, KAK BBIICJEH-
Hbifi 3JeMeHT WK TONOJOrHs), a Mopthu3Mamu — HYHKIUH, cCOXpaHsiio-
[IMe 3TH JONOJHHUTENbHble CTPYKTYpbl. Hanpunep, € moxer 6ulTh Jl0-
Goit u3 Kareropuil npuMepos 2—10. MoKHo onpeaeauTb acCOUHPOBAH-
HYIO ¢ & KaTeropHio, Ha3blBaeMylo Karezopueli nap karezopuu €. Ee
06beKTaMH CJYKAaT UHbeKTHBHBIe Mopdusmsl i A—+X (10CKONBKY
MopQu3MBI TaKo# KaTeropun % dABAATCS OTOOpaKERHSIMH, MOMXKHO
paccMOTpeTb Te M3 HHX, KOTOpble MHBEKTHBHHI), a MOp(hU3MaMu —
KOMMYTaTHBHblE qHATPaMMBbl

A-lsX
g' ,h
v v
B-1lsYy

Taxum 06pasoM, KaTeropus nap Kateropuu € sBAdeTCS TOJIHOH NOA-
KaTeropuedl kareropnm wmopdusamonB Kateropun . OfosHauenue
(X, A) mpl Gyfem HCNO/BL30BATh s Napel, coctosiledl u3 o6bekTa X
u Bioxenns i A< X, a o6osnauenne [ (X, A)—(Y,B) — gaa mop-
¢usma f: X — Y xareropun &, takoro, yto f(i(A))=j(B). Cienosa-
TeJbHO, OOGBbEeKTaMH KAaTeropuu Mnap Karteropun @ ABJAAIOTCH Tapbl
(X,A4), a vopdusmamu — mopousmel nap f: (X, ) - (Y, B).

Eciu %, n %, — KaTeropuu, To HX npousgedenuen F; X €
Ha3bIBAETCH KAaTeropus, 00bLEKTaMK KOTOPOIl ABJSIOTCS YHOPSI0UeHHble
napel (Y, Y3) 06bektoB Y1 =€, n Yy = €2, a Mopdusmamu (Xy, Xo)—
— (Y, Yo) — ynopsinouennrie napuot mMopbuamoB (fi, fo), rne fi: X —
— Yy — Mmopdusm u3 kateropuu &y, a f2: Xz — Y, — u3 &2 Ananornuno
MOXKHO OTpeJfe/uTh NpOu3BeleHHe JI0O0r0 ceMeHCTBA KaTeropui ¢ Hu-
IeKCaMHy M3 HeKOTOPOTO MHOXKeCTBa.

[o mannoi xateropum & MOKHO HOCTPOUTb OYAAbAYIO KATETOPHIO
€*, 06beKThl KOTOPOH Y* HaxomaTcsl B GHEKTHBHOM COOTBETCTBHH ¢ O6T-
ekramu Y xareropun €, a mopduamst [*: ¥Y* — X* — B0 B3aUMHO OjiHO-
3HAUHOM COOTBeTCTBHM ¢ Mopduamamu f: X — V (npm 3TOM KOMNO3H-

wist f*g* no onpenenentio pasra (gf)*, rae X -L> ¥ £>Z — xomnosuuus
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B KaTteropun %). Ml oTOXKIecTBJAAEM KATeropuud (F*)* u €; 3uauur,
(X *=Xu (%) = 1.

[Tokaxkem Tenepb, KaK HYKHO MOHUMATb CYMMBl U MPOH3BEICHMS,
npeaesbl MPAMBIX B OOpPATHBLIX CIEKTPOB B HNPOH3BOJBHBIX KaTETOPHSX.
O6mnext X KaTeropust % HaA3BIBAGTCH UHULUAAbHLIM, eCJH JJs1 J06oTo
obbekra Y xateropun € muoxectso hom (X, ¥) cocTouT B TOUHOCTH H3
oJHOro 3JjeMeHTa. AHasoruyHo, oObekT Z KaTeropun € HasuiBaercs
TepMURAAbHbLM, el 1JIs JI060r0 00bekTa ¥ KaTeropuu % MHOXKECTBO
hom(Y, Z) cocToUT B TOUHOCTH M3 OJHOTO JeMeHTd, 3aMeTHM, 4YTO JI0-
Oble IBa HHUIKAJIBHBIX O0BEKTA KATErOPHH % SKBHBAJIEHTHBI, aHAJO-
THYHO, 5KBHBAJeHTHB! JIOOLle JBa TePMHHAJbHBIX OOBEKTa KaTeropuu
%. B npumepax 2 U 3 nycTOe MHOXKECTBO SBJAETCS MHHUIHAJABHBIM 00b-
€KTOM, a OAHOTOYEYHOEe MHOXKECTBO — TepMHHAJIbHBIM 06beKTOM. B npu-
Mepe 4 TpuBHAJbHAS TPYHHA SBJAETCS OJHOBPEMEHHO HHHUIMAJBLHLIM H
TepMHHAJBHLIM 00bekTOM. B mpuMepe 7 KaTeropua MHOXKECTB K GHEK-
THBHBIX OTOOpakKeHHH He HMeeT HH HHHIHAJBLHOTO, HH TepMHHAJBHOTO
00'BEKTOB.

ITyers {Y;}; = s — HekoTOpoe MHOKecTBO O0OBEKTOB KaTteropun %.
MMycte P#{Y;} — xateropus, obObekTaMH KOTOPOH cJyXKaT ceMelcTBa
MopdusmoB {fj};= s KaTeropuu ¥ ¢ OJHON H TOH Ke 06/1ACTHIO 3HAUCHUH.
B aroit karteropunm Mopduamom ob6wexta {f;r Y;—>Z} B o08bEKT
Iy, —> Z'} nasviBaercs Mopdusm g: Z— Z' us €, rakoit, uro gf, =]
ans Kaxjoro jeJ. Mauunaneueii o6bekt kateropuu F{Y;} nazw-
Baetcs cymmoii ceMeiictBa {Y;}. Jlannoe ceMeHCTBO MOMKeT MMETb WJIH
He HMEeTb CYMMY B KaTeropun €. JIn3bIOHKTHOE 00belnHEHHE ABJAETCS
CYMMO# B KaTerOpHH MHOXKECTB, HeCBsSI3HAsl CyMMa-— B KATETOPHH TO-
IOJIOTHUYECKHX TPOCTPAHCTB, CBOOOIHOE MNPOHM3BEJEHHE — B KaTErODHH
Tpymm, npsMas cyMMa — B KaTeropuu K-MoxayJsell. B kaTeropuu KoHeu-
HBIX MHOXKeCTB, B0OGIe TOBOpPs, JHIIb KOHEUHOE CEeMEHCTBO HMeeT
CyMMYy. AHaJOTHUHO, B KaTerOPUH KOHEYHO MNOPOKJAEHHBIX R-MOmysefl,
BooGIIe TOBOPS, JHIIL KOHEYHOE CEMEHCTBO HMEET CyMMYy.,

JlBoiicTBeHHBIM 08pasoM, Ajis3aganHoro ceMeicrBa {Y;};=s o6mbek-
TOB Kateropun % onpenenum Kateropuio P{Y}, cunras ee o6bekramu
ceMeiictBa MOpdusMoB {g€}j=s KaTercpuum % ¢ OAHOH U TOH Ke 06-
JacTelo onpeleneHns; Mopdusamom o6wekta {g;; X >V} B ob6bekr
{g;: X’ —Y,) nasbiBaerca Takolt Mop¢usm f: X — X" kateropnu &, uto

g}f:gi ang Beex je J. TepmunanabHolit 00beKT Kateropun &P {Y;}

HasbiBaercst npousdeedenuesm cemefictsa {Y;}. B KaTeropuu MHOXKeCTB
NPOU3BELEHHEM SBJASIETCS NMPSIMOe [POU3BEJCHHE MHOXKECTB, B KaTero-
pH¥  TOMOJOTHYECKMX TNPOCTPAHCTB — TOMNOJOTHUECKOE TPOH3BeAeHHe,
B KaTEropHH Ipynm WiaH R-MoAy/ell — npsiMoe IpousBeleHHe. B karte-
FOPHH KOHEUHBIX MHOMKECTB (MJH KOHEUHO NMOPOXKAEHHBIX R-MomayJed),
BoOOllle roBops, JHIIL KOHEYHOEe CEMEeHCTBO MMeeT NIPOU3BeeHHe.
Hpamoin cnexrpom {Y®, fi} B kateropun @ Haspiaercsi ceMeicTBo
o6bexroB {Y°} c mmgexcamn u3 HampaBJeHHOTO MHOxecTBa A = {a} u
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ceMelicTBO MOp(H3MOB {5 Ya—>Yﬁ} u3 & (ompenesieHHBIX npH o < PB),
JJISL KOTOPBIX

(@) fo= 1,0 YO Y9, a& A
(b) fa=fgef: Y'Y mpn a <Py (@, B, YEA).

MOXKHO omnpege/uTb KaTeropHIO dir {¥*, fﬁ}, 006 BEKTaAMH KOTOpPO#
cayXkar ceMelictBa MoppHuaMOB {ga: Y“»Z}aeA, TaKHX, 4TO gq =
=gﬁof§, ectn a<(f (a,p=A). B oroil kateropuu MopduIMOM

7 14 o
obmekTalge: Y Z) B oombekt {ga: Y*—> Z'} masmBaercs Takoi Mop-
duam h: Z-—> 7' kareropun €, uro hg,=g, (e = A). Uuuunanbubtit
o6bexkT Kareropuu dir {Y"l, fﬁ} Ha3bIBACTCA npedesom NPAMO20 CREKTPA

(Y%, /). Tpemeasl OpsiMBIX CIEKTPOB MHOXKECTB, TOIOJOFHYECKHX
NPOCTPAHCTB, TPYNI M R-MOAyJeil SBJISIOTCH NPAMEpaMH NpPeesos
NPAMBIX CIEKTPOB B COOTBETCTBYIOIIHX KATErOpHSX.

JloiicTBennbiM o6pasoM, obparuoit cnexrpon (Y, [8) B xa-

Teropuu % HasbBaercs cemMeHCTBO oObekToB {Y,} ¢ HHIEKCAMH H3
nanpasJensoro Muoxecrsa A ={a} u cemeiicreo Mopdusmos {ff: ¥, —

—»YU} Kateropuu ¥ (ompeneseHHbIX, ecad a <l f), MIsg KOTOPLIX
(a) &= lya: Y, =Y, 11a as A;
(b) [i=78ef§: Y, =Y, mpu e <<y (o, B, vEA).

MoOHO oOmpegeuTh KaTeropuwo inv {Ya, }"’2}, 00bEeKTAMH KOTODO#
SIBJISIOTCA 3aHyMePOBaHHbIe CeMelCcTBA Takux MopdusMoB (g, X —
> Y Jaenr UT0 &, =] 0 g4, ecan a <P (o, BEA), a mopPusMoM o6bekTa
(g0 X =Y.} B odpexr (g2 X' =Y} aBaserca Mopduam h: X — X’

KaTeropuu €, takoit, uro gih =g, npu o EA. TepMuHaabHbIH 06BEKT
xareropun inv [Y,, 8} HaswmBaercs npedesom 06parHozo cnexrpa
{Yo f8). Tlpeneabt 06paTHLIX CHEKTPOB MHOXKECTB, TONONOTHYECKHX
IPOCTPAHCTR, TPYULN H R-MOIy/Iefl AB/IAIOTCA NPUMEPAMH IIPENEIOB 06-
paTHBIX CIEKTPOB B COOTBETCTBYIOMIHX KaTeropusX.

AnanornuubiM 00pasoM MOXKHO ONpPEeTHTh NPEIeJa NPAMOLO HJIH
06paTHOTO CHEKTPa s IPOH3BOJBLHOTO ceMelicTBa OOBEKTOB KaTero-
pun % u BLIOpaHHOro ceMedcrBa MOPQH3MOB KaTeropud € Mexay
5TuMH oObekramu. IloapoGHOCTH MBI onycKaew.

§ 2. dyHkTOPH

Ilpu Hu3yueHuH KaTeropuii Mbl HHTEpecyeMcsl [VIaBHLIM 06pasom
oTo0pa)keHHsAMH OAHOIl KaTeropun B Apyryto. Orobpaxkenus, obnagato-
Ulve €CTECTBEHHBIMM CBOMCTBAMH COXPAHEHHS €IHHHL M KOMIO3HILHI,
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HasbiBaloTcss dyHKTOpamH. B sTom naparpade ussaraercs omnpenesne-
HHe (QYHKTOPOB OJHOro HJH OoJiee NMepeMeHHBIX, HEKOTOpble HNPHUMEpHI
W NPHJIONKEHHS W JdeTcsi ONpefeICHHE eCTECTBEHHOrO NpeobpasoBaHus
(YHKTOPOB.

[ycte & u 2D — nexorophble KaTeropun. KosapuauTHeism (cOOTRET-
CTBEHHO KOHTpasapuautHoim) ¢ynxropom T w3z ¥ B P HasbiBaercs
thyHkiua, KoTopaa Kaxaomy o0wbekty X w3 % comocrasiser 00beKT
T(X) us D u xaxaomMy wmoppusMy f: X—Y nus % — Mopodusm
T(f): T(X)>T(Y) (coorsercrBenno T(f): T(Y)—>T(X)) us D ta-
KAM 06pasoM, uTO HMEIOT MeCTO CJHEAYIOLHe COOTHOILUEHHUS:

(a) T(ly)= 1 (x)’
(b) T(gf)=T(g)T (f) (coorBetctrenno T {gf)=T ()T (g)).

[TpuBeneM HeCKOJIBKO NPHMePOB QYHKTGPOB:

1. KoBapuaurubiéi (yHKTOp M3 KaTeropuH TOMOJOTHUECKHX TPOCT-
PAHCTB U HENpPEepPBLIBHBLIX OTOOpayKeHHH B KATeTOPHIC MHOKECTB H PyHK-
UMM, COIOCTABJAIOIMII TONOJOTHUECKOMY MpPOCTPAHCTBY MHOMKECTBO
COCTABJSIOIINX ero ToueK. DToT (YHKTOp HAsblBaeTcs npexebpezaro-
UM QYHKTOPOM, TOCKOJLKY OH «IpeneGperaers CTPYKTYDPOH TOMOJO-
THYECKOro NPOCTPAHCTBA.

2. KoBapuaurtuslii (GYHKTOp M3 KATETOPHH MHOXKecTB W (QYHKUHMII
B KaTeropuio R-moaysefi ¥ R-roMoMop(dU3MOB, CONOCTABAAIOINHE KaxK-
JIOMY MHOXECTBY CcBOOOIHBI R-MOIY/b, NOPOXKAEHHBIH 3THM MHOXECT-
BOM.

3. 3aduxcuporar R-MoAyab Mo, MBI MOJIYYHM KOBApHaHTHLIA (co-
OTBETCIBCHHO KOHTPaBAPHAFTHBIN) (yHKTOP U3 KarTeropu# R-Monyunel
u roMoMOpPGU3MOB B Ty K€ CaMyl0 KAaTErOpHIO, eC/IH MOCTABHM B COOT-
serctBHe R-moayaio M R-momynb Hompg (Mg, M) (coorBerTcTBeHHO
Homg (M, Mo)).

4. a5 nmo6oit kateropun € u o6vekra ¥ U3 € MOKHO ONpeAesHTh
KOBAPHAHTHLI QYHKTCD sty (MIM KOHTpaBapHAHTHLIA QyHKTOp nt¥) H3
KaTeropuu € B KaTEropHIo MHOXKECTB W (YHKUHH, NOCTABHB B COQTBET-
crBue 06bekTy Z (mau X) us € muoxectso mny(Z)=hom (Y, Z) (uam
a¥ (X)=hom (X, Y)), a mopdusmy h: Z— 7' (uau f: X —X’) — dyuruuio

hy: hom (Y, Z)—hom (Y, Z’) (unu f#: hom(X’, ¥)—>hom (X, ¥)),
rae hy(g)=hog naa g: Y —>Z (uiu f¥(g’)=g of nas g+ X' —Y).

5. KonrpasapuanTtublii Gyukrtop C U3 KaTeropuu KOMIIAKTHLEIX Xayc-
J0p(OBLIX TPOCTPAHCTB M HENPEpPLIBHBIX OTOOpAXKEHHH B KaTeropuio
HOPMHUPOBAHHHIX Kojel Hal R B HempepbIBHBLIX roMOMOPdH3IMOB, CONO-
CTaBJAIOIMHA NPOCTPaHCTBY X HOPMHPOBAHHOE KOJILIO HeNPEepbiBHBIX
BEUIeCTBEHHO3HAYHbIX QYHKUMI Ha HeM.
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6. MoKHO omnpegeinTb KOBapHaHTHHH (yHkTOp Hy M3 KaTeropuu
TOTIOJIOTHUECKHX HPOCTPAHCTE M HENDEPLIBHBIX OTOOpaKeHHI B KaTero-
puto aGeJieBBIX TPynl u roMoMOpdu3MoB, Takol, uto Ho(X) — cBoboa-
Haa abeseBa rpyina, NopoxKAE€HHAA MHOXKECTBOM KOMIOHEHT CBA3HOCTH
npocrpanctBa X, a romomopdusM Ho(f): Ho(X) = Ho(Y) momyuaercs
caeqyomum o6pasom: ecan C — KOMIOHEHTA CBA3HOCTH NPOCTPAHCTBA
X, a C’ — KOMIIOHeHTa CBSI3HOCTH mpocTpaHcTea Y, cogepxamas f(C),
10 Ho(f) (C) = C".

7. [Ipsamoit cnektp (cooTBeTCTBEHHO OOPATHLIA CNEKTp) B KaTero-
puu % eCTb KOBAPHAHTHBIH (COOTBETCTBEHHO KOHTPABAPHAHTHBIN) PyHK-
TOP M3 KAaTeropHH HANPaBJEHHBIX MHOXKeCTB (OMpelesleHHbIX, Kak
B npuMepe 1.1.11) B xarteropuio %.

8. st Bcaxoil KaTeropuu @ onpele/ieH KOHTpaBapHAHTHLIN QyHK-
T0p U3 ¥ B Aya/abHYIO KaTeroputo € *, comocras/siolliuii o6bekTy X u3
% ob6bekr X* uz ¥*, a wmoppusmy f: X—Y u3z ¥ — mopdusm
f¥: Y*—> X* us @*.

3ameTuM, UTO KaKJAOMYy KOHTpaBapuaHTHOMY ¢yukropy Ha & coort-
BETCTBYeT KOBapHaH1HBIH (GYyHKTOp Ha ¥ *, u obparHo. CienoBarenbHo,
KaxKAbiH (YyHKTOp MOMKHO paccMaTpHBaTbh KaK KOBADHAHTHLIA (PyHK-
TOD Ha COOTBeTcTBYlomleH KaTeropuu. HecMorpa na 310, HaM yaoOHee
paccMaTpHBATh KaK KOBADHAHTHLIE, TaK M KOHTpaBapHAHTHbIE (PyHK-
TOpHl HA OXHOH M 7TO#l Xe KaTeropuu %, UeM TOJNLKO KOBapHAHTHbIE
GYHKTOPHl HA IBYX Da3HbIX KaTeropuax.

KaKnplii QYHKTOP M3 KATETOPHUH TONOJOTHUYECKUX MPOCTPAHCTB H
HenpephIBHLIX OTOGPAaKEeHHH B HEKOTOPYIO ajdrefpanyeckyio KaTeropHio
(Taxylo, Kak xareropus abejeBblX Tpynn M roMoMop®du3MOB) 3aMeHseT
TOTIOJIOTHUECKYIO KaTeropuio Ha anarefpauueckyio. AnreGpanueckasi To-
TMOJIOTHST M 3aHHMaercsd HM3yueHHeM TaKuX (DYHKTOPOB;, Mbl MOKaxKeM,
KaK TMpPOCTble 3aMEUaHusl O TAKHX (PYHKTOpax MOTYT OBITh HCIOJb30-
BaHbl JJIs1 MOJYYeHH HEOOXOAUMBIX YCJAOBHH pas3pellHMOCTH TONOJIOrH-
YeCKHX NMpoOGJaeM. ‘

9. Teopema. [Tycro T — ¢pynxrop uz xarezopuu € 6 xareeopuro P.
Toeda T nepesodur 3K8UBAANEHTHOCTL 8 KaTezopuu ¥ 6 3KBUBANEHT-
HOCTb 8 Karezopuu P,

HokaszarteabctBo. Ilpenmosoxum, uro T — koBapuaHTHBIN
GYyHKTOp (0Ka3aTesNbCcTBO B CJyyae KOHTpaBapHAHTHOrO GyHKTOpa CO-
BeplueHHo anaJjoruuno). Ilyerte f: X —> Y — skBuBasientHocts B .
Torga f~!f = 1x. CaenosartenbHo,

lrao=T (L) =T ()T ().
Ananoruuno, T(f)T(f-')= lywy) Tarum ob6pasom, mopbusm T (f-!)

ABnasieTcss ABycToponne obpatHbM K T(f) u, cnegosaressHo, T (f)—
3KBIiBAJIEHTHOCT B 2. &
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B wuwacrnocrn, ecam T — aarefGpamnueckufi (yHKTOp Ha KaTeropuH
TOHOJIOTHYECKUX [POCTPAHCTB M HeNPEpHIBHHIX OTOOpa)KeHud, TO He-
00XOZHMBIM YCIOBHEM IOMEOMOP(HOCTH npocTpaHCTB X H Y sBJAsercs
9KBHBaJEHTHOCTh 00BbekTOB T(X) u T(Y). Takum o6pasom, Giraronaps
¢dyuxropy Hy 3 npuMepa 6 Mmbl BUAMM, UTO nIpsAMas JuHua R u mjo-
ckocTh R? ne roMeomopdHbl (ecan Obl oud Oblau roMeoMopdHBE, TO
R — 0 6buio 661 romeomopdro R?2— p nasi mekoTopoit Touku p = R?;
H0 Hy(R —0)— cBo6ognas aGeneBa rpynna ¢ AByMA 00DPasyIOLHMH,
B TO BpeMd Kak rpynna fo(R?— p) umeer suub oxny oGpasyomyio).
3toT npuMep TpuBHadeH. OaHAKO B /1. 4 MBl BBeZeM IOMOJIOTHUECKHE
¢dyuxropn H,, saBasiiomuecss oGobiueHuem ¢yHkTOopa Hy, KOTOpHIE
MOXHO (PaKTHUECKH TeM 3Ke CIOCOOOM HCHOJb30BATb M1 A0Ka3aTelb-
cTBa HeroMeoMopdHOCTH npoctpaHcts R” m R™ npu n =+ m.

Ilpr npuMeHeHHH anreGpaunuecKuX (YHKTOPOB K TONOJOTHUECKHUM
3ajgauam aarebpanueckasi CTpyKTypa 4acTo OyAerT MrpaThb CYILecTBeH-
Hylo poab. Hanpumep, nyerb QyHktop Ty noaydeH KOMIO3HLHeH
tyHkropa Hy n npeHeGperawlero QpyHKTOpa, KOTOPEUl CONOCTaBJISIET
Kax 10l abeleBoll rpynlie MHOXeCTBO ee siaeMeHTOB. PyHKTOp T HO-
CTaBJisieT MeHblle HHQOPMALUHN M HE aeT JOCTATOUHO CHJILHOIO Heol-
XOAMMOro ycCjoBHst roMeoMopdHoeTn (Hanpumep, To(R—0) wu
To(R%— p)— cueTHble GeCKOHeUHble MHOXKECTBA, SKBUBAJIEHTHLIE B Ka-
TerOpHH MHOXKecTB M (yHkumi). [To sTolt npHuNHEe BaXKHO paccMaTpH-
BaTb (DYHKTODHl, HCHOJbL3YIONIME KAK MOXKHO 00Jblie pasHooOpasHbIX
anreGpanueckux cTpykTyp. B manpHefimnem MBI 6ymeMm paccMaTpuBaTh
($YHKTOPLI, 3aBHCAIIHE OT AAHHOTO TOMOJOTHUECKOTO MpPOCTPAHCTBA.
D711 QYHKTOPE MPUHUMAIOT 3HAUEHHA B KATETOPHH MHOXKECTB H (pyHK-
IHH, HO HEKOTOpble H3 HHUX, 3aBHUCSIILHE OT CIELHAJAbHBIX CBOHCTB ompe-
LeJsIOlIMX  HX INPOCTPAHCTB, ABJASIOTCA (PYHKTOPAMH B KaTErOpHIO
rpynn u romoMopduaMoB. Dylder mokasaHO, 4TO 3Ta HONOJHMTEeNbHAS
ajgrefpanueckasi CTPYKTypa BO MHOTHX CJIyuasix BecbMa MoJie3Ha.

[TokaxkeM, KaK MOXKHO NPHMEHATb (DYHKTOPBl K 3ajadyaM OPyroro
poxa. [Tycte A — noanpocTpaHCTBO TONOJOTHYECKOrO NMPOCTpaHCTBa X,
u nycrb f: A — Y — HenpepniBHOe oToGpaxkenue. 3adaua npodosxeHus
COCTOMT B TOM, 4TOGBI BBHISICHHTb, UMEET JIH OoToOparkeHHe [ HeNpepbiB-
HO€ NpOojoJiKeHHe Ha Bce X; APYTMMH CJIOBAMH, MOMKHO JIH TMOCTPOUTH
HelpepblBEOE OTOOpaXKEeHHe, NOKAa3aHHOEe MYHKTHPHOH CTpeaKOH:

A < X
\ Il(
™\
Y

y1o6Hl 3Ta AHArpaMMa ¢Taja KOMMYTATHBHOI.

10. Teopema. [Tycro T — xosapuanTrblll (UAL KOHTPABAPUAHTHUIL)
(bYHKTOP U3 KaTezopuu TONOAOSUYECKUX NPOCTPAHCTE U HENnpepoleHbLx
0T06pamenut;/ 8 Hekoropyio Kareeopuro €. Heobxodumoim ycrosuem
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1020, 4T066l OTOOpaNcerue f: A—Y (ede it A < X) mosxno 66110 npo-
doaxcuty Ha sce X, aeaserca cywecrgosauue moppusma ¢: T(X)—
= T(Y) (uru @ T(Y)—>T(X)), raxceo, uro ¢ o T(i)=T(f) (uru
T(H=T@) -9).

Hokasateawctso. [lpegnonoxum, uro f/: X—Y— nponon—
wenne oroGpaxennst f. Torna ['i = f. Caegosarensuo, T(f') o T(i)=
=T(f) (mau T(i)o T(f)— (fy) 4, smauur, B KauectBe Mopdusma @
MOxHO B3ATb T (f).

OTOT pe3yJbTaT MOXKHO HCIOJNb30BATH MJIA JOKA3aTedbCTBa TOTO,
UTO TOXKIECTBEHHOEe OTOOpaXKeHHe NpocTpaHcTBa [ Hesab3s NPOAOJ-

XHTb 1O BenpepblBHOro ortobpaxenus [ —[. Ucnonwsya ¢yuktop Ho,
nojyyaeM, 4TO HeOOXOAMMBLIM YCJOBHEM SIBJSETCS CYIIECTBOBAHHE ro-
MOMOpqmsMa ¢ Ho(l)—>H0(1) Taxoro, urto @ o Ho(i)= Ho(l;) (rae
i: < 1). Hockosbky Ho(f)— cBoGoanasi aGeseBa rpymna ¢ AByMs
o6pasylomumu, a Ho(l) — cBoGonnas aGemesa rpynna ¢ ogHoil o6pa-
3yloilel, TaKOro romMoMopduaMa He CyHIeCTBYeT. JTOT [pHMED TOKe
TpHBHAJEH, HO HA HeEM XOpOuIO BHJAHO, Kak paboraer merct Obuine
roMoJiornueckne QyHkropsl H, onpeneseHHe KOTOPHIX OyIeT LaHO
MO3/1Hee, MOXKHO aHAaJOTHUHLIM OOPa3oM HCMNOJb30BATh IJs A0KAa3a-
TeAbCTBA TOFO, YTO HE CYILIECTBYeT HEeNPepLIBHOLO OTOGpaXKeHus
Entl — 87 toxaecTBeHHOro Ha chepe S«

Hrak, QyHKTOPB! NO3BOAAIOT MOJAYUUTL HEOOXOAUMBIE YCJAOBHA pas-
pellMMOCTH TOlOJOrHuecknx 3agay. MHoraa BosHuKaer cHTyaumus,
KOraa 5TH HeOOXOLHMBIE YCIOBHSI ABJSIOTCA TAKXKE H LOCTATOUHBIMHU.
Hanpumep, ¢yukrop € u3 npuMepa 5 gaer HeoOGXOAMMBIE H JOCTATOY-
Hble yCJIOBHA TroMeoMOpdHOCTH: J[Ba KOMOAKTHBIX XaycaopdoBbIx
npocTpaHcTBa roMeoMOpdHL TOTAa M TOJBKO TOrAa, KOrga KOJbIa
C(X) u C(Y) uzomopdunt!). ITOT pe3ysbTaT He OCOGEHHO NOJE3eH,
NOCKOJIbKY YCTAHOBHTh M30MOpP(hHOCTb HMJIM HeH30MOP(dHOCTh ABYX HOP-
MHPOBAHHBIX KOJel Bpsil JH IpPOILLEe, YeM ONpeneauTh, roMeoMop QHb!
HJIH HeT ABa KOMOAaKTHBIX XaycaopdoBbix npocrpaHcTBa. Mel Hulem
(YHKTOpPBI B TaKHe KaTeropHH, KOTOpbie YCTPOEHB IO HEKOTOPOH cre-
EHH TpOIle, YeM KaTeropus TONOJOTHUECKHX NMPOCTPAHCTB, TAK UTOOL!
aare6Gpanyeckue npo6/aeMbl, BOSHHKAWILNE B TAKHX KATETOPHSIX, MOFJH
6biTh ¢ dekTuBHO paspewrenst. OXHOH H3 OCHOBHBIX npolbsem adred-
panueckoH TOMOJIOTHH fABJAETCA HAXOXKAeHHe IOCTATOYHO GOJbLIOTO
KOJIMUeCTBa TaKHX QyYHKTOPOB, uTOOLI Pas3pelIuMOCTb YACTHOH TOMOJIO-
ruyeckoff 3a7a4H Gbliia KBUBAJEHTHA pPa3pellUMOCTH COOTBETCIBYIO-
mux (6oJee mMpocThix) anre6panyeckux 3apad.

1y Cm. Teopemy D ua crp. 330 kuuru: Simmons G. F., Introduction to
Topology and Modern Analysis, New York, 1963. {[Cm. Takxke Teabdaung U M,
Pafixos O. A 'u Wuaos I E, KoMmyratusHble HOpMHpOBaHHble Koabia, M.,
1960. — [Tpum. nepes.)
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Ins toro yrofbl UMETb BO3MOKHOCTbL CPaBHHBATL QYHKTOPH OUH
¢ ApyraM, yao6Ho maTh NOAXOAsiIlee onpeaeseHue oToGparkednsa Qysk-
topoB. [Iycth Ty u T — PyHKTOPH ORHOrO M TOro ke THHa (T. €. 06a
KOBApHAHTHble WM KOHTPABAaPUAHTHBIE) M3 Kareropuu % B KaTero-
puto D. Ecrecrsennvin npeobpasosanuerm ¢ ¢yuxkropa T; B yHK-
rop T Ha3piBaeTCq COOTBETCTBHE MekKny OOBEKTaMH KaTeropuu € u
mophusMaMH KaTeropun 9, Takoe, 4To MJas Kaxkaoro mopdusMa
f: X — Y xareropun % omHa H3 IBYX CJAeAYIOLIMX LHATPAMM:

T (X) L85 7, () T, (X) <27 (Y)
w(X)l |fP ) (P(X)l lfP Y)
v v v
Ty (X) 225 T, (v) To(X) <20 Ty ()
Ty u Ty KosapuanrHot, T, u Ty konrpasapuaHnTHbl

COOTBETCTBYIONIAA PACCMATPHUBAEMOMY CJIyualo, KOMMYTaTHBHA.

Ecnu @ — ecrectBeHHOe npeobpasoBanue ¢yukropa T; B QyHK-
top Ts, Takoe, uto Moppu3M @(X) aBJAEeTCS 3KBHBAJEHTHOCTbIO B D
I KaxKaoro oowekra X W3 @, TO ¢ HA3LIBAETCS eCTeCTREeHHOU IKBU-
BAAEHTHOCTHIO.

PaccmorpuM, HanpuMmep, o6bekThl Y u Yo Kateropun % u HEKOTO-
pblit Mmopduam g: Yy — Y, B sToM clyuae HMeeTCs eCTeCTBEHHOe INpe-
oGpasosaune g* KoBApHAHTHOTO (QyHKTOpA 7, B KOBAPHAHTHBI (yHK-

TOp :I'I',Yl H €eCTeCTBEHHOE ﬂpeO6PHBOBaHI/Ie g# KOHTpaBapHuaHTHOro

¢yHKTOpa nt¥1 B KOHTpaBapuaHTHHHA (yukTOop nt’:, LEcin g-— 3KBUBa-
MEHTHOCTh B &, TO 06a 5TH NpeolpazoBaAHUA SBJSIOTCS eCTECTBEHHBIMH
3KBUBANEHTHOCTAMH,

VHTepecHo Takike paccMaTpuBaTh (QYHKTOPHI OT MHOFHMX MepeMeH-
ublx. [lyctb @, €2 u 2 — KaTeropuu; KOBADHAHTHBI (yHKTOpP H3
%1 X ¥2 B D HasviBaeTcss QPYHKTOPOM OT O08Yyx RepemenHviX, KO8a-
PUAHTHOLM TI0 KaXKAOMY U3 HHX. KoBapuaHTHBII QyHKTOp M3 KaTero-
pun €, X ¥, B Karteropuw 2, paccMaTPHBaeMblii KakK (yHKIHA,
onmpeiesieHHad Ha ynopsapoueHHnx napax (Xi, Xg), rae X;— o6bekr
13 %1, a Xo— 00beKkT M3 ¥», Ha3bIBAETCS PYHKTOpOM OT J8yx nepe-
MEHHbLX, KOBAPUAHTHRM TO TEPBOMY H KOHTPABAPUAHTHOIM TO BTO-
poOMy TepeMeHHOMy. AHAJ/OTHUHBIM O00pa3oM MOXKHO OIpefeHTh
(GYHKTOpbl MHOTHX IlepeMeHHBIX, KOBADHAHTHLIE [0 OJHHM H KOHTpa-
BapHAHTHbIE 110 APYrUM MepPeMeHHbIM.

s npousBOJIBHOR KaTeropuu % MOXKHO MOCTPOUTL (yHKTOpD OT
IBYX MepeMeHHbIX U3 % B KaTErOPHIO MHOMKECTB M (YHKUMI, KOHTpa-
BapHAHTHBIH NO NEPBOMY apryMeHTy H KOBAPHAHTHHIA 1O BTOPOMY.
3T0T QYHKTOD CTAaBUT B COOTBETCTBUE YMOPSIACUEHHON mape OOBEK-
toB X 1 Y n3s % muoxectso hom (X, Y), a ynopanodyeuno#i nape mop-
dusmos j: X' —>X u g: Y-V dynkumio f¥g, =g, f#* hom(X,Y)—
— hom(X’, Y).
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§ 3. I'omoronus

[Mpo6aemy kaaccuduKanny TONONOrHYECKUX NPOCTPAHCTB M Helpe-
PBIBHEIX OTOOpa:KEHHH C TOUHOCTHIO JO TONOJIOTHUECKOH SKBHBAJEHT-
HOCTH HEBO3MOKHO, [10-BUAHMOMY, DELINTb, HENOCPEACTBEHHO HCIOJb-
3y BblUNCAMMBble ajre6panueckie QyHKTOPH, MOZ0GHLIE TEM, KOTOphiE
Oblin onpenednensl B § 1.21). BoOJbWHHCTEO BHUHCINMBIX (QYHKTOPOB
HMEHHO B CHJAY CBOEH BLIUHCJIHMOCTH MHBAPHAHTHO OTHOCHTEJbHO He-
npepoiBHbIX gedopMaunit. Takum o6pasoM, 3T# (QyHKTOPL He pasJi-
yamT TpocTPaHcTB (H OTOGpaxeHwuil), KOTOpble MOMKHO HeNpepblBHO
AedopMupoOBaTh APYr B Apyra; camMoe GoJbliiee, Ha YTO MOXHO Ha-
AeAThCA, — UTO TaKue PYHKTOPH XapaKTepH3yOT MPOCTPAHCTBA U OTO-
OpazKeHus ¢ TOYHOCTbIO A0 HelpepbiBHOH HedopMalHy.

VIHTYHTHBHOE MpEJACTABJAEHHe O HelNPEePhIBHOH aedopMaLnu Mbl
YTOUHHM B 3TOM naparpade ¢ MOMOHIbK MOHATHH TOMOTONHH. ITO
IpHUBEAET HAC K KaTerOpHH rOMOTONMYECKHX THIOB, HMelollefl BarkHOe
3HaueHue s aJredbpanueckoll romnosiornu. Ee oObeKTaMu cayKar
TOIOJIOTHYECKHE NPOCTPAHCTBA, a8 MOPHHU3IMaMH — KJACChl SKBRBAJIEHT-
HOCTY HEeNpepbLiBHBIX oTOoGpameHndt (ABa 0TOOPAKEHHA CUMTAIOTCS
5KBUBAJIEHTHLIMH, €CJIH HX MOXKHO npoaedopMHPOBATH APYr B Apyra).
U3 Texuumueckux coobpaxkenuil mbl OyfeM paccMaTpHBaThb HE TOJBKO
KaTeropuio TFOMOTOMHYECKHX THIIOB TONOJOTHYECKHX IPOCTPAHCTB, HO
H 60Jiee WIUPOKYIO KATETOPHIO FOMOTONHYECKHX THIIOB Map.

Hapoii tonoaoeuueckux npocrpancrs (X, A) Hasbieaercs napa,
COCTOSIILAA M3 TOMOJOTHYECKOTO NMPOCTPaHCTBA X M €ro moAnpocTpaH-
ctBa A < X. Ecam noanpocrparerso A nycto (A = &), 1o Mbl He Oy-
aem pasanuate napy (X,A4) u npocrpancrBo X. [lodnapod (X', A=
(X, A) uaswiBaercs napa, ans koropoit X' < X u A" < A. Orobpa-
aceruem nap f: (X, A)— (Y, B) naspiBacTCcA HenpepbiBHOE OTOOpaXKe-
nie f: X — Y, rakoe, uro f(A)< B. TakuMm o6pasoM, Kak u B § 1.1,
MBl [IOJly4yaeM KaTeropuio Nap TOMNOJOrHMYECKHX TNPOCTPAHCTB M He-
NIpepHIBHLIX OTOOpaXKEHHH map, coAepiKallyio B KauecTBe HOJHBIX MOA-
KaTeropuil KaTeropuid TOMOJOTHYECKUX MPOCTPAHCTB MW HelpepblBHLIX
oTOo6paiKeHHH U KATEeropHio NMPOCTPAHCTB C OTMEYEHHOH TOUKOH W He-
MpEePLIBHBIX OTOOpPaKeHHH, COXpaHAIINX OTMEUCHHYIO TOUKY.

Ona napot (X, A) uepes (X, A) X[ Mul 6ynem oGosHauath napy
(XX 1,Ax1I). llycte X’ < X; npeanoJioxkuMm, 4to ABa OToGpake-
uust fo, fii (X, A)—(Y, B) cosnamator na X' (1. e folX' =fi|X).

') 3nech, Mo-BHAHMOMY, HeGeCNONe3HO CNPOCHTb, HACKOJbKO OMpaBaana cama
NOCTAaHOBKA BOMpoca O ToroJornueckoli kJaaccudukauun. Ha paw B3rasg, npobaema
TOMOJIOTHUeCKOll KJaaccHdukauuy npocto OGeccMblCaeHHa A/ TOMOJOMHUYECKHX HPO-
CTPAHCTB LOCTAaTOYHO OOUIeH NMpPUPOABI, HO €€ MOCTAHOBKA HMeaa TPOMajHOe 3Haue-
HHe, TaK Kak B pe3yJbTaTe CTajO fACHO, KaKie npolJjeMbl 3TOrO HanpaBJ/eHHA nel-
CTBUTENBLHO MMEIOT CMBICA. B 4acTHOCTH, 3TO MpHBeNO K MONMMAHHIO TOTO, UTO BbiUMC-
JuMoctb aarebpanueckux (HDYHKTOPOB €CThb CJEACTBHE HX MPHCNOCOOAEHHOCTH [LJA
perieHus ropasnc 6ojee «rpyObiXx» 3aJday H YTO [OITOMY HMEHHO Takde 3afaid K
Hajgo pemarts, — [Ipunm. ped.
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B Takowm cayuae oro6pakeHue fo HasbIBaeTcsl 2OMOTORHbIM OTOOpAdCE-
nuto f; orHocureavno X’ (oGosHauaercs fo=<firel X’), ecam cyme-
CTBYeT 0TOOpakeHHe

F: (X, A XI—>(Y, B),

paa koroporo F(x,0) = fo(x), F(x,l)=f(x) npu x=X u F(x, )=
=fo(x) mpu x= X’ u { = I. Takoe oroGpaxenne F Ha3blBaeTcs 20MO-
Tonuet ortHocutesvHo X' Memay orobpaxkeHusaMmu fo m f; (oGosHa-
yaetcss F: fo=firel X’). Ecan X' = J, 10 MBI GyfeMm OmNycKaTh CJOBa
«oTHOCHTeNnbHO Iy, fcyo, uto ecnn fo~firel X/, 1o fo==f rel X” nas
aiob6oro X” < X’. Oro6paxenne npocTpaHcTea X B NpOCTPAHCTBO Y
Ha3LIBAETCS COMOTONHBIM HYAIO, WU HECYWECTBEHHbIM, €CIH OHO TO-
MOTOITHO HEKOTOPOMY HOCTOSIHHOMY OTOGPaXKeHHUIo.

s seaxkoro fe 1 dopmyna h;(x) = (x,!) onpexensier ortobpa-
Kenue hy (X, A)—(X,A)X 1. Ecan F: fo=firelX’, 10 Fho = fo,
Fhy =fi u Fh|X =fo|X’ mas Bcex te /. 3HAUUT, COBOKYMHOCTb
orobpaxennii {FA}i=; ABASIETCS OAHOMAPAMETPHYECKHM CEMEHCTBOM
orobpaxenuii ') mape (X, A) B (Y, B), copnagaromux Ha X’ u nepe-
BOASAIINX OTOOpawkenne fo = Fhy B orofpaxenne [, = Fh;. CunenoBa-
TesibHO, roMoronusi foo<firel X/ cooTBeTcTBYeT MHTYHTHBHOMY INpex-
CTABJEHHIO O HEnpephiBHON AepopMauuu oTOOGpaxkeHHus fo B oTOGpa-
;KeHde [, ¢ noMombio oroOpaxkeHu#l, coBnaaamommx Ha X/, 3amerim,
uto ecan fo=firel X', T0o oObIUHO CyllecTByeT MHOTO OoTOGpaxkeHul F,
OCYUIECTBJAAIINX FOMOTONHIO MeXAY fo M fi oTHocuTembno X' (cM.
npHMep 3 HHXKe). "

1. Mpumep. Ilyctb X = Y = R?, u nycrb fo(x)=x, fi(x)=0 npu
x&R" (1.e. fy=1p,, a [i—nocrosHHOE OTOGpAXKeHHE MPOCTPAH-
crBa R™ B ero Havyaso koopauHar). Ecau omnpemesnTb oro6parkenue
F: R* X I —R" 1o ¢popmyae

F(x, )=(1-08x,
10 F: fo~firel0.

2. Mpumep. Ilycte X =Y =1, u nycrb fo(t)=1, fi(f)=0 npu

te= 1. Ecau orobpaxenne F: [ X [ — [ onpenenurs no dopmyie
Ft, t)=(1—)t,
To F: fo~f rel0,

!} Opnonapamerpuueckoe cemefictBo otobpaxennii fi: (X,4) > (Y,B) ({e1)
HasbIBAETCHA Henpepotsubis, ecan (PyHKuust f,(x) HenpepelBHA Kak (QYHKIHSA mepeMeH-
HBIX X M f, U B 3TOM cayuae oToOpaxenme (x,7)— f,(x) sBanetcs romoronuefl, ces-
spiBaiomteil fo u fi. CooTBercTRywomee orTobpaxeune ! —>f; orpeska [ B npocrpan-
creo (Y, B)(X» 4)Y pcerpa HempephiBHO (mpocrpaderBo (Y, B}(X. 4) ={g: (X, 4) >
— (Y, B)} vajeneHo KOMNaxKTHO-OTKPHITON Tonosorneft), O6patho, ecan X — Jjo-
KaJbHO KOMMAaKTHOE XaycLop(OBO MpOCTPAHCTBO, TO, KaK BHITEKAeT U3 TeopeMbl 2.8
BBeJCHHA, 14 M0o60oro HenpephiBHOro orobpaxeHus ¢: [ — (Y, B)(X. 4) gnuonapa-
MeTpHueckKoe ceMeilcTBO ((fj HeNpepLIBHO U ompefe/ifieT TOMOTOIHIO, CBSI3LIBAIOLLYIO
orobpaxenus @{0) n @(1).
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3. Mpumep. [lyerb X=V=E={z=Clz=re?®, 0<r< 1}, u
nyctb A=B=S8'! = {z= C|z =¢%}. [Ipexnonoxum, 410 fo: (E2 SH—
—(E?, S')— toxpectpennoe orobpaxkenume, © nycry [ (E% S') —
—(E?, S') — antunogajibuoe otobpaxenue (1. e. fi(rei®) = rei®+m),
Onpenenum romoronuio F: fo==firel0 dopmynoin F(rei®, {) = rei®+tm,
HOpyryio romoronuio F’: fo=firel0 MoxHO onpeneauts dopmyiok
F/(re®®, t) = rei6-tm, .

4. Mpumep. [Tycts X — npou3BOILEOE NPOCTPAHCTBO, 4 Y —BbINYK-
Jloe TMONMHOXKeCTBo npocrpaHcTsa R». Ilyctb aBa oro6pazkenust
fo.f1: X—>Y cosnagaior Ha wuekoTopoM noanpocrpanctee X' < X.
Torma fo=~f;rel X/, rak xak oroGpaxentne F: X X [ » Y, onpeneneHn-

Hoe (GopMyJIoH
Fx, ) =tf1 (%) + (L =D o (x),
ABJIsIeTCA rOMOTONUeH MeXay fo u fi oTHOcHTenbHO X',

[Tpumep 4 sBaserca obGobiieHneMm npuMepoB | u 2. B npumepe 3
npoctpaHcTBo E? BhINyKJIO, OJHAKO 3TOT NpPHMEpP HeJNb3s paccMaTpH-
BaTh KaK 4YacTHBIA ciayuafi nmpuMepa 4, HOCKOJNbKY MHOxXecTBO S! Ha
KayKIOM Ilare JOJKHO OTOoOpaxKaTbes B ce6f, a OHO He SIBJIAETCS Bbi-
MyKAbLIM MHOYKECTBOM.

Hna onpenefenus KaTeropHH TOMOTONHYECKHX THIIOB HaM IIOHa-
J06aTCcA caeyIolHe MPOCThIe Pe3yJbTaTHl.

5. Teopema. lomoronus ortHocutessHo X' ABAAETCA OTHOUIEHUEM
3IKBUBANEGHTHOCTU Ha MHodNtecT8e oToGpasceHud napor (X, A) e napy
(Y, B).

HDoxasarteabcTBo. Pegpaexcusnocre. Oas [: (X, A)—~ (Y, B)
onpenenum ortobpaxenue F: f~=frel X', nonaras F(x,{)= f(x).

Cummerpuunocre. Ecan F: fo=~ f,rel X’, to onpeneaum otobpaxe-
e F’: fi==forel X/, nonarasi F'(x, t) = F(x [ —1).

Tpansurusrocre, Ecnn F: fo~firel X" u G: [y~ [, rel X’, 10 onpe-
nenum H: foc<farel X’ topmynoft

H t {F(x) 2t)1 O<t<l/21
D=\ G 21, Y<t<l.

3ameruM, uTo oToOpaxkeHne H HeNmpepbIBHO, MOCKOJbKY €r0 OrpaHuye-
HHEe Ha Kaxxjgoe M3 3aMkHyTbix MHOmxecTB X X([0, Vo] u X X[!/s, 1] ne-
npepsIBHO. B

Orciofa BhITEKaeT, uTo MHOXecTBO otobpaxennii (X,A) s (Y, B)
pas6uBaeTcs Ha HelepeceKalollHecs KJaCChl SKBHBAJEHTHOCTH 11O OT-
HOUIEHH!0O TOMOTONHOCTH OTHOCHTENbHO X’. DTH KJIAacCH 3KBHBAJEHT-
HOCTH HA3bIBAIOTCS 2OMOTORUMECKUMY KAaccamu OTHocuTesvrno X't
MHOK€eCTBO 3THX KJaccob obosnaumm [X,; A; Y, Blx,. Ecansanano oto-
6pakenne f: (X, A)y—(Y, B), 1o uepes [f],, Mbl 0603HauuM s7eMeHT

MHOKecTBa [X, 4; Y, B]y,, onpeneneHubil otoGpaxenuem f. [Ipn
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0603HaYeHHH FOMOTONMHYECKHX KJIACCOB OTHOCHTEJBHO MYCTOIO MHOXKe-
cTBa MHAEKC & Oyner omycKaTbes.

6. Teopema. Komnosuyuu comoTONHBLX OTOBPANCEHIUL 20MOTONHDL.

HDoxaszarteabcTBo. [lycre orobpaxenus fo, fi: (X, A)—(Y, B)
TOMOTONHBl OTHOCHTeNbHO X/, ¥ MycTh oTo6GpaxkeHus go, gi: (Y, B)—
—»(Z,C) romoronHsl oTHOCHTeNbHO Y/, mpuuem fi(X’)= V. Ilycrs
F: fo~firel X’ u G: go= g, rel ¥/ — coorBercTByOnle TOMOTOINH.
TToxaxem, urto orobpaxkeHusi gofo, &i1f1: (X, A)—(Z, C) romoromuhn
oTtHocuresnsHo X', Komnosuuua

(X, A X 1-E (Y, B)-&>(z, C)

SIBJAETCS TOMOTOMHEH MexXAy OTOGparKeHHAMH Zofo M gof1 OTHOCHTEND-
HO X', a KOMIIO3HLKS

X, A) x I 25y, Byx 1-85(z, C)

npeacTaBasier coGolf FoMOTONHIO MEXKAY OTOOparkeHUsiMu gof1 U gifi
~1 ’ ’ —1 4
OTHOCHMTEJILHO || (v". [Mockoseky X <=, (v ), MBI noJayuaeM, uTO

gofo== gof1rel X' n gofi = g\fi rel X’. YTBepxneHue rtenepnh BhITEKAeT
W3 TeopeMbl 5. @

Teopema 6 moxasbiBaer, UTO MOXHO OHPEAECIHTh KATE2OPUID 20MO-
TORUYECKUX Tunos nap, oOLEKTaMH KOTODOH CJYKAT Maphl TOHOJOTH-
YeCKHUX NPOCTPAHCTB, a MOP(HUIMAMH — FOMOTONHYECKHE KJACChl OTO-
OpakeHu#i (OTHOCHTEJBHO MYCTOrO MHOXECTBA). DTa KATEropHs co-
JAEPXKHUT B KauecTBe MOJHON IIOIKATETOPHH KQATE2OPUI0 20MOTONULECKUX
TUNO8 TONOAOSUMECKUX RPOCTPAHCTE (COKPAlleHHO — KATe20PU0 20MO-
TONUYECKUX TUNOB8) W KATE2OPUI0 2OMOTORUHYECKUX TUNO8 TONoso2u4e-
CKUX NPOCTPAHCTE ¢ OTMedeHHOU TOo4Koi. MOXKHO ONpefesuThb KOBa-
pHaHTHBIH (QYHKTOP M3 KaTeropuH Nap H HeNpepriBHBIX oToOpakesHH
B KaTEropuio TOMOTONNYECKHUX THIIOB Nap, NepPeBOASMKN KaxKAy0 napy
B ce6s ¥ CTaBAlMH B COOTBETCTBHE KaXKAOMY OTOOpaXeHHIO [ ero
romoronnuecknt xaacc [f]. Kak 6bio 3aMeueHo B HauaJie 3TOro napa-
rpacda, GONBIIHHCTBO paccMaTPUBaeMBX HaMu anare6pauueckux ¢Qyux-
TOpPOB OyZeT ONpefedeHO B COOTBETCTBYIOLLEHl KATErOPHH FOMOTONRYe-
ckux Tunos. JuarpamMma map TOMOJOTHUECKHX NPOCTPAHCTR M oToGpa-
JKEHHH HA3LIBACTCS 20MOTORUUECKY KOMMYTATUBHOU, €C/IK €€ MOKHO
OPEBPATHTL B KOMMYTATHBHYIO AMAarpaMMy B KaTeropu roMoTONHYe-
CKHX THIOB (T. €. KOTJa KaXjoe OTOSpaKeHHe 3aMeHSIeTCs ero roMo-
TOTIHUECKHM KJI2CCOM).

Kak u B mnpumepe 1.2.4, mas Jawo6oft nmapu (P, Q) cylectByer
KOBAPHAHTHEIH (QYHKTOD M, o (HIHM  KOBTpaBapHaHTHBH ¢yHK-
Top n” Q) H3 KaTeropuu TOMOTOMHUECKHX THIOB NMap B KaTeropuio
MHOKeCTB H QyHKUMi: mp o (X, A) =[P, Q X, A] (unu x> (X, A) =
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=[X, 4 P, QD u ny o ([[]) =T, (nau a® O([f]) =[¥) xna orobpa-
wenna [: (X, A)—>(Y, B), rme f lel=Ifg] naa g: (P, Q)—>(X, 4)
(mau ¥ [A]=[Af] nna h: (Y, B)— (P, Q)). Hdaa Bcaroro orobpaxe-
aust a: (P, Q)— (P’, Q) MOXHO ONpEeNeNHTh eCTecTBEHHOE Mpeodpa-
soBanue ¥ QyHKTOpPA T o) B PYHKTOD T, o) M €CTECTBEHHOE Ipe-
obpasosanue a, ¢ynkropa a'>§ B pynkrop af .

OroGpaxkeHnue [ (X,A)-—»(Y,B) HA3bIBAETCS 20MOTONUMECKOL 3K-
BUBANEHTHOCTO!0, eCau [f] ABJIsSeTCS SKBUBAJIEHTHOCTHIC B KATETOPUH
roMoTonuveckux THNOB mnap. OroGpaxenue g: (Y, B)—(X,4) nasw-
BAETCA 20MOTONRUYECKU 00pAaTHbIM K [, €CIM B KaTeropHu roMOTONHYe-
CKUX THOOB map uMeet MecTo pasencTso [g] = [fI-!. ToBopsar, uro naper
(X, A) u (Y, B) umetor o0un u TOT sice 20MOTONUUECKUL TUN, €CIA OHH
SKBUBAJIEHTHDBI B KATCTOPHH rOMOTONHUYECKHUX THIOB Tap.

Camoe mpocToe HEMmyCTOe NPOCTPAHCTBO COCTOHT M3 OAHOH TOUKH.
OxapakTepuayeM TOMOTONHYECKHH THM TaKOro NPOCTPAHCTBA CJAELYIO-
uwM o6paszoM. Tomojornueckoe npocTpaHcTBO X HAasbiBaeTes cCTA2U-
saembiM, €CJIM TOXKIECTBEHHOE OTofpameHue mpoctpaHcTBa X roMo-
TOIMHO HEKOTOPOMY INOCTOAHHOMY OTOOpakeHH0 NpocTpaHctBa X B
ce6si. [omoronusa orobpaxenus lx B NOCTOSIHHOE OTOGpaXKeHHe Mpo-
crpancTBa X B TOUKY Xo & X Ha3biBaeTcs CTAeUBAHUEM TPOCTPAHCTBA
X B Touky xo. IIpumepni 1 u 2 noxasbiBaior, uto npocrpancrea R™ u [
CTATHBAEMbI; NpuMep 4 NOKA3BIBAET, UTO JI0G0E BBHIMYKJIOE MOAMHOMNKE-
ctBo npoctpancrBa R™ craruBaemo. Chedyioulyio JeMMy MOXKHO pac-
cMaTpuBaTh Kak 0600meHue npuMepa 4.

7. Jlemma. Jliobvie Osa orobpascerus npou3BoabHO2O NPOCTPAH-
CT8aQ 8 CTACUBAEMOE NPOCTPAHCTBO 20MOTONHDL,

HDokasarteabcrtro. [lycts Y — crsiruBaeMoe HPOCTPAHCTRO, H
nycTb ly =~ ¢, TIe ¢ — HEKOTOPOE MOCTOAHHOE OTOOpaKEH e NPOCTPaH-
crBa Y B ce6s. Ilycrs fo, fi: X — Y — npousBosbuble oToGpakenns. U3
Teopembl 6 mojyuaem, uto fo = lyfo™= cfo n anagoruuno f; > ¢f;. Ho-
CKOJIbKY Cfo = cf;, U3 TeopeMbl 5 cjeayer, 4to fo = fi.

8. Caencreue. Ecau npocrpancreo Y craeusacmo, 10 Aobole 08a
noCcToAHMbIX OTOGpadscenus Y 8 ceba eoMOTONHbL, a TOXOeCTBEHHOE
oroGpascenue 20MOTONHO At060MYy ROCTOAHHOMY OTOGpadcenuro Y
8 ce6sa. M

uTepecHo 3aMeTHTD, UTO JieMMY 7 Hesb3fl PacnpOCTPAHHTb HA CAy-
yali OTHOCHTEJbHLIX roMoronuil. JIpyruMu cjosamu, ecau fo u [ — He-
KoTOphie oToGpaxeHns X B cTATHBaeMoe NPOCTPAHCTBO Y, coBmajaro-
e Ha X’ < X, to ue Bceraa fo~~f, rel X’ (xorsa mpumep 4 noxashr-
BAeT, uTO AJs BBIIYKJIBIX NOAMHOXKECTB IpOCTpPaHcTBa R™ 3TO BepHO).
Caenywouuii npuMep uamoctpupyer 3toT dakr. [lodxe MB K HeMmy
elle BepHeMcH.
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9. Mpumep. [pebeuxord Y (puc. 1) HaspiBaercs NPOCTPAHCTBO
Y={(x, ) €R0O<y<l, x=0,2n=1,2,. .., n y=0, 0<x < 1}.

ITycrs orobpaxenune F: Y XI—Y onpeneneno dopmynolt F((x,y),t)=
= (x, (1 —1£)y). Torna F ecTb roMOTONHUSI TOXKJECTBEHHOTO OTOOpAaKe-
nus 1y B mpoekumio npocTpascTBa Y Ha ocb abenuce. Tlockoasky mno-
clelqHee OTO0OpazKeHue TOMOTOIMHO MOCTOSHHOMY OTOOpAaKEHHIO, NPO-
cTpaHcrBo Y craruBaemo. Ilycrs ¢ ¥ — Y — nmocrosinHOe oToGpakeHHe

0.1 (1/n.D) (%.1) (K1)

(0.0) (1/n.0 (2,0 1,0

Puc. 1. I'peGenka.

B touky (0,1). CornacHo ciaenctBuio 8, HMeeT MeCTO COOTHOILIEHKe
ly=c, HO, XOTHl 3TH OTOGpaxKeHHs1 W coBmagaiT B Touke (0,1), He
CYIIECTBYET COeHHHsIIOLIEH HX roMOTONHH OTHocuTesdbHO (0, 1).

Cnenywmaﬁ TeopeMa NOKasblBaeT, UTO CTArHBaeMble POCTPAHCTBa
ABJAAKTCA FOMOTONKMYECKH HpOCTeﬁ[HHMH npocrpancTBaMu.

10. Teopema. Ilpocrpanctso cTaeusaemo To20a u ToAbKo TO20Q,
K020a OHO UMeeT 2OMOTORUYECKUL TUN OOHOTOHEHHO20 RPOCTPAMCTAA.

HoxasaTenabcTso. [IpeanoyoxnM, uto X CTArHBAEMO, U MYCTh
F. X X I— X-—craruBansie X B HeKoTOpyi TOUYKy Xo& X. Ilycts
P — oanoTOUEYHOE MPOCTPAHCTBO, COCTOALLEe H3 TOUKH Xy, H TYCThb
[: X>P uj PcX Torna fj=1p u F: 1x==jf. CaegoBartesbHo,
[i1=1[f1"! u [ sBAserca roMoTONMHYeCKOH SKBHBAJEHTHOCTHIO MEXKIY
XuP.
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O6patHo, ecan X uMeeT TOT K€ FOMOTONHMYECKHH THM, YTO H OLHO-
TOYe4HOe MpocTpancTBo P, 1o nycth f: X — P — HeKoTopasi TOMOTOMH-
yecKasf 3KBHWBaJeHTHOCTb, a g: P - X —roMoTonvuecku ob6paThHoe K
Hell oToOpaxieHue. B Takom cayuae 1x == gf. Tlockoabky oToGpaxenue
gf mocrosinno, npocTpancTBo X cTAruBaeMo. M

11. CuencrBue. JIwbvie 08a cTA2UBAeMbIX NPOCTPAHCTEA UMEIOT
00UH U TOT 9ie 2OMOTONUMECKULl Tun, a 8CAKOe HenpepouisHoe 0TO0pa-
oerue OOHO20 CTASUBAEMO20 NPOCTPAHCT8A 8 Opyz0e A8AAeTCA 20MO-
TORUYECKOL 9KBUBALCHTHOCTHH).

HoxasareabcrBo. Ilepeas uacte BhITekaer H3 Teopembl 10
H TPAH3UTHUBHOCTH CBOHCTBA MMeTb OJMH U TOT Ke TOMOTOMHUECKHH
THI. BTopas uacrb BbITeKaeT M3 HepBOH YacTH H JeMMHl 7 (a TakKkKe
W3 OUEBHIHOro Qaxra, 4T0 Ji06oe orobpaxeHre, rOMOTONHOE [OMO-
TONMHYECKOH! 3KBHBAJeHTHOCTH, CAMO fABJIAETCA TOMOTONHYECKOH SKBH-
BaJeHTHOCThIO). W

Caenyomuii pesysnbTaT yCTaHABJHBAET BaXKHYIO CBA3b MeXAy To-
MOTOTIHEH H IPOLOJXKHMOCTLIO OTOOpaXKeHN .

12. Teopema. [Tycre po= S, u nycro f: S® — Y — nexoropoe oro-
6pancerue. Toeda caedyroujue ycaosus 3K8UBALCHTHYL:

(a) f eomoronno nocroanHomy oTobpancenuro;

(b) [ moocro Henpepotero npodoascurs Ha seco wap Entt;

(c) | eomoronHo nocroaHHOMY OTOGPANCERUID OTHOCUTEABHO Dy,

HNoxasareanbctBo. (a)=(b). Ilycrs F: f=~¢, rome ¢ — Heko-
TOpO€e NocTostHHOe oToGpaKeHue chepbl S™ B yo = Y. Onpenennm npo-
posxene [ oro6paxenusa [ Ha Em*l nojaras

b

![ Yo <
Po={
| Pl 2—21x), 5 <ixl
[Mockoabky F(x, 1) = y, ana Bcex x & S, oro6paxkeHue [/ onpenesieno
kKoppekTHO. OHO HeNMpepbhlBHO, TaK KaK €ro orpaHHueHHe Ha KaxIo€e U3
3aMKHYTHIX MHOXKecTB {x = E"1 [0 < x|l <o} v {xe E"!|1p<
L lxll < 1} nenpepuisno. IMTockosbky F(x,0)=f(x) npu xS"*, M
nmeem [/|S™ =f, u, cregoBaresibHo, [/ ABJSETCS HENpEpBIBHBIM IpO-
nosKeHHeM orobpaxenust f na Ent,

(b) = (c). Ecam | umeer uenpepsiBHoe npojonkenue f: Entl— Y,
To onpelennM otob6paxkenne F: S" X I— Y popmyJioi

F(x, ) =F ((1 —1t) x + tpy).

Torga F(x,0) =f(x) =f(x) u F(x,1) =F(p) npu x=S8". Ilo-
ckonbKy F(po,t)=['(po) npu {e&1l, orobpaxenne F spasercs
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roMOTONHEH OTHOCHTEJNbHO Po MEXKAY [ H TMOCTOAHHBHIM OTOOpaXKeHHeM

B TOuKy f'(po).
(¢c) = (a). D10 oueBngHO. M

Teopema 12 B coueTaHuu ¢ JdeMMOH 7 gaer TaKoH pe3yJbrar:

13. Caencrue. Bcakoe nenpepoisnoe orobpasicernue cgepor S"
8 CTAeUBaEMOe NPOCTPAHCTBO MONCHO HENnPepul8HO NPOGOAIUT HA BECh
wap Entt, A

§ 4. Perpakuus u nedopmauns

Jror naparpad B OCHOBHOM INOCBSILLEH OTOOpa)KeHHAM BJOKEHHS.
Mbl BBHISICHHM, HMeeT JIH TaKoe oToOpaKeHHe JeBoe obpaTHoe, NpaBoe
o0paTHOe WJIH IBYCTOPOHHE O0O6paTHOe OTOOpaXieHHEe B KAaTeropHH TOMNO-
JIOTHYECKHX HPOCTPAHCTB H HENpephIBHBIX OTOOpaXeHHi HJIH B KaTero-
pHH TOMOTOMHYECKHX THMOB!).

[NoanpocrpanctBo A TOMOJOTHYECKOTO MPOCTpaHCTBa X HasblBaeTcs
perpaxkTom npoctpanctBa X, ecau Ais BlIoxkeHus i: A < X cymecrsyer
JeBblii 06paTHBI B KaTErOPHH TOIOJOIHYECKHX MPOCTPAHCTB M HEmpe-
pbiBHBIX oTOOpaxenuit. CiaenoBaTtesbHo, A Torga H TOBLKO TOrAa sB-
JsileTcss PeTpakTom IpocTpancrBa X, KOrga CYLIECTBYeT HenpepbiBHOe
oro6paxenue r: X — A, raxkoe, uto ri =1, (1. e. r(x)= x npu x = A).
Takoe orobpaxkenne r HasbBaeTcs perpaxyued X Ha A.

[oxnpocrpancrBo A npocrpaHcTBa X HasbBaercs caabolm peTpax-
Tom mpoctpancrBa X, ecau BiaoxeHue i A < X HMeeT JieBblii rOMOTO-
nuyecKH oOpaTHLI (T. €. JeBblil 0OpPATHEDLIA 3/71eMeHT B KATerOpHH roMo-
tonuueckux Tunos).CienoBatenbro, A Torga H TOJbKO TOTAA fABJseTCA
csiabbIM peTpakToM npocTpaHcTBa X, KOrAa CyIIeCTBYeT HempepbIBHOe
orobpaxkenne r: X — A, Takoe, uTo ri~=la. 10 orobpaxenue Hashl-
Baerca caaboli perpaxyuet X na A.

OpnHOTOUEUHOE NPOCTPAHCTBO ABJAETCA PETPAKTOM JI06Oro comep-
JKallero ero npocTpaHctTsa. IMCKpeTHOe MPOCTPAHCTBO, cocrosaliee Go-
Jiee UeM H3 ONHOH TOUKH, He MOXKET fABJATbCA cJabBIM PETPAKTOM HHU-
KaKOTO COJepIKalllero ero CBA3HOro nmpocrpancrsa. Ecau noanpocrpan-
crBo A ecTb perpakTt NpocTpaHcTBa X, TO OHO fBJSETCS U cJabbIM
perpaktoMm X. O6paTHOe HEBEPHO, KaK BHIHO U3 CJeLYIOLLEro npumMepa:

1. Mpumep. [Tycrs X — 3aMKHYTHI! €IUHHYHBIE KBagpaT /2 Ha mJo-
ckoctu R? u nycte A — rpe6Genka u3 npumepa 1.3.9. Torxa o6a mnpo-

') MHorue pesyabrathl 3TOTO naparpada MOMXHO HaiTH B cratee: Fox R. H,
On homotopy type and deformation retracts, Ann. Math., 44 (1943), 40—50 [cm,
TakxkKe Samelson H., Remark on a paper by R. H. Fox, Ann. Math., 45 (1944),
448—449]. [Ha pycckoM s3biKe H3JIOXKEHHE 3THX BONPOCOB MOXKHO HallTH B KHHre:
X y Cui-ussin, Teopus romoronui, ri1. 1, M., 1964. — [Tpun. nepes.]
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cTpaHcTBa X u A cTaruBaeMsl, K, corjacHo chleiactsir 1.3.11, Bioxke-
Hue i: A « X asjaserca roMOTONMUECKOH sKBHBaJeHTHOcThIO, ClegoBa-
TenbHo, A — cnabwiii perpakt X. OxmHako MOKHO fokasath, uto A He
siBJasieTcA perpakroMm X.

Hecmotpa na o uro, Boobuie rosops, cjaabbiil peTpaKT He sIBJSAETCH
peTpakToM, A HEKOTOpbX Noanpocrpascte A mpocrpancrsa X a1d
IABa MOHATHS coBnazaloT. Tak Kak 3Ta CHTyalHs BCTpeuaeTcss LTOBOJIBLHO
4acTo, eCTECTBEHHO paccMoTperb ee ocobo. ITycth (X, A) — Hexkoropas
napa, a Y — HekoTopoe mnpocrpaucTo. ['oBopar, yro napa (X, A) o06-
JALAET CBOLCTBOM NPOOOANCEHUR cOMOTONUL OTHOCUTEAbHO Y, eca s
mo0bix orobpaxenuit g0 X—Y u G: A X I—Y, rakux, urto g(x) =
= G(x,0) m1a x <= A, cywectsyer orobpaxenne F: X X [— Y, Takoe,
yro F(x,0) = g(x) niss x= X u F|A X [ = G. Ecau paccmatpusarh g
Kak oro6paxenue X X 0— Y, To cymectBoBanue F DaBHOCHJLHO Cyllie-
CTBOBAHHIO 0TOOPaXKEHHsl, COOTBETCTBYIOILEr0 NyHKTHPHON CTpeJKe:

AX0 <« AXxI
e/
N Y ]
g/ ™
/ N
XX0 < XXI

TAKOro, UTO 3Ta AMarpaMma KOMMYTaTHBHA.

Ecnu napa (X,A) obaagaer cBOHCTBOM INIPOAOJIKEHHA TOMOTOIHH
orHocuTenbHo Y u oroGpaxenus fo, f11 A— Y romoronusl, npuuem fo
MOZKHO MPOLOJIKHTbL Ha Bce X, TO H fy MOXKHO NPOIOJKHTb Ha Bce X.
HefictButesbuo, nyerb g: X — Y — nponoskeHne orolpakenus [o,
a G: A X[—Y—romoronusa Mexay fo u fi. Torga u3 cBodicTBa npo-
JOJIKEHHsT TOMOTONHK BLITEKAeT CyllecTBoBaHHe oTobpaxenus F: X X
X I— Y, Koropoe cayxkur nponosKeHuem G, H, CJeIOBaTeNbHO,
F (x, 1) — npomoskenue orobpaxenus fi. Orciofa BLITEKaer, uToO BO3-
MOKHOCTb NPOAOJKeHHs1 otobpaxkenuss A — Y Ha Bce X 3aBHCHT TOJIBKO
OT TOMOTOMHUYECKOro Kaacca storo oro6paxenus. CieloBaTelbHO, 3a-
Jady TpOROJIKeHHsi oToOpaxkenuss A— Y ecrecTBeHHO paccMaTpuBath
B KATEropHM rOMOTONHYECKHX THUIIOB,

Oco6eHHo BaxeHn cayyaii, koria napa (X, A) ynoBaersopsieT ycJo-
BHIO TPOIOJKEHHsI TOMOTONHHM OTHOCHTEJNbHO JI0GOTO NpOCTPaHCTBA.
Bosee 06mo, nasosem otobpazxkenne f: X' — X Kopaccaoenuem, eciu
a7 Jo6bix orobpaxkenuil g: X >Y u G: X’ X I—~>Y (roe Y npous-
BOJIbHO), TakHX, uTo g (f(x)) = G(x’,0) npu x' = X’, cyuecrsyer oto-
Gpaxenune F: X X /—Y, naa koroporo F(x,0) =g(x) npu x=X u
F(f(x),t) =G(«,t) upu ¥ = X', t = 1. Ecaiu g paccmatpuBath Kak
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orobpakenue X X 0— Y, to cylllecTBoBaHHe F PaBHOCHJIBLHO CYILECTBO-
BAHMIO OTOOpaYKeHHs, NPeICTABIEHHOIO IYHKTHPHON CTpeKoi:

X'xX0 < X' XI

FX 1, 4 FX1y

g
v 7 Ny
XX0 < X X1

TAaKOro, 4To 3Ta AMarpaMMma KOMMYyTaTuBHA. TakuM o6pasoM, BJoXKe-
aue i A — X rToraa v roJibKo TOria sBJAgeTCd KOPAacCJoeHHeM, KOria
nmapa (X, A) ob.1agaer CBOHCTBOM NPOJO/IXKEHHA FOMOTONIHH OTHOCH-
TeJBLHO JM1060T0 NPOCTPAHCTBA.

2. Teopema. Ecau napa (X, A) obaadaer caoldcreom npodosxcenus
20MOTONUYU OTHOCUTEAbHO A, TO A T020a U TOALKO TO20A A8AAETCA CAG-
Goim peTpakTom npocrpancrsa X, koeda A asaserca perpaxrom X.

HDoxasateabcrBo. ITokaxen, uyro Kaxnas caabasd perpaxuus
r: X— A romoronna perpaknmu. Ilycry ir A< X; rorma rimla.
[Tyers G: A X I > A —romotonus or ri x la; 3navnr, G(x,0)=r(x)
npu ¥ = A. IMockospky napa (X, A) yLoBaeTBOpAET CBOHCTBY MPOLOJ-
JKeHUdA TOMOTONUM OTHOCHTeNbHO A, cyllecTByer orobpamenue F: X X
X [— A, dBadAwoieecd Opoao/KeHHEM oToOpaxenHs (G, Takoe, 4TO
F(x,0)=r(x) npu x < X. Ecan oroSpaxensie r’: X > A onpegenursb
dopmynoit r'(x) = F(x, 1), o r’ 6yner perpakuueii X Ha A, a F—ro-
MOTONHel OT r K /. A

Hapsiny ¢ Baoxennsmu, o6/agatoliuMy JeBLIM FOMOTOIHYECKH 00-
paTHHIM, MOXHO DaccMaTpPHBATH BJIOXKEHHA, 00Jafaiolliue NPaBbIM Io-
MOTOIHYECKH OOpaTHbIM. JTO NPUBOAUT K CJAEAYIIIHM ONpeAeseHHIM,
Ecaun X" < X, 10 dedpopmayueii D nognpocrpasctsa X' B X HasbiBaer-
c rOMOTONHA

D: X' xXI1—->X,

nas koropoft D(x’,0) = x’ npn x’ & X’. Ecan, Gosee T0ro, MHOKECTBO
D (X’ X 1) npuHafjeXuT HEKOTOpPOMy NoAnpocTpancTsy A mpocrpan-
crBa X, to D nasbiBaerca degopmayueil X' 6 A, a X’ nasnBaercs Oe-
gopmupyemoim 8 A 8 npocrpancrse X. IlpocrpascrBo X HasniBaercs
degpopmupyemoin 8 noonpocrpancreo A, eciu oHo AehOPMUPYEMO 1O
cebe B A. CienoBatenbHo, npocTpaHcTBO X CTArMBaeMO TOTAZ H TOJb-
KO TOTZa, KOTla OHO AedOopMHPYyeMO B OJHY H3 CBOHX TOUEK.

3. Jlemma. [Ipoctpancreo X deghopmupyemo 8 nodnpocrpancrso A
T020a u ToAbKO T020a, Kneda saomenue i: A < X umeer npasoil 20mo-
Tonu4ecKky 06 parHoLll.
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JdokaszartenbctBo. Ecian { uMeer npasbiii FOMOTONHYECKH 00-
patHbil f: X = A, 1o if =~ 1x. lyets F: X X [ > X —romoronns ot lx
K if; snaunr, F(x,0)=x u F— gedopmanus X, npuuem F(X X )=
= if (X) < A; caenosaresnbio, X gedopmupyemo B A.

O6parHo, ecan X medopmupyemo B A, to myetsh D X X [ X —
takasi nedopmanms, uto D (X X 1) < A. Hycrb orobpaxenne f: X — A
ofpefe/JeHO paBeHCTBOM

if(x)=D(x, 1) (x = X).

Torna D: lx~if, 1. e. f —upasulil roMoTONHYeCcKH 06paTHLIH K i. M

3ameruM, uro Baoxkende i1 A X B KarTeropud TONOJOTHYECKHX
MPOCTPAHCTB il HENPEPBIBHLIX 0TOOPAKeHH I HHKOIAA He HMeeT MPaBOro
06PATHOrO, 3a MCKJIOUEHHEeM TPHUBHAAbHOTO cayuas A = X.

PaccMoTpuM Teneph BJOXKEHHS, ABASIONIMECH TOMOTONHYECKHMU
skBUBaJjgeHTHOCTAMH. Tloampocrpancerso A — X naseisaercs caabbiy Oe-
popmayuonnbin perpakTom nipocTpanctsa X, eciu BaoXKenue it A X
ABJSIETCST TOMOTONMUYECKOH 9KBUBaJMeHTHOCTbIO. M3 semmbl 1.1.1 1 sem-
MBI 3 MBI [OJy4aeM C/AedYIOILHHA pe3y./bTaT:

4. Jlemma. [Todnpocrparncreo A 10200 4 TOAbKO TO20Q ABAAETCA
craboim OehopmMayUOHHLIM PETPAKTOM npocTpancTea X, xKoeda 00HO-
spemerro A ectv caabwii perpaxr npoctparcrea X u X degopmu-
pyeno 8 A. A

Kak # B cayuae caaGoro peTpakrta, CYmeCTByeT MOHATHe GoJee
yao6uoe, yem nomuaTHe ciaaforo aedopMalHOHHOro perpakra. IlToanpo-
ctpaucTBo A Ha3bIBAETCS CUAbHBIM 0ePOPMAYUOHHBIM PETPAKTOM TIPO-
crpancrsa X, ecau cyllecTByer perpakuus r mnpocrpascrsa X Ha A,
takas, uro lyx=~irrelA, rae i: Ac X. Tomoromua F: lx=~irrelA
HasbiBaeTca cuabHoll deghopmayuonnoid perpakyueil X ua A.

MoO2KHO BBeCTM TaKiKe NPOMEXKYTOUHOE NOHSTHE, MOJE3HOE MJIs
cpaBHeHHs1 cjaaboil M cuabHOH (popM, ompedeneHHbx Bolue. Iloamnpo-
cTpaHcTBO A HasbiBaerca O0epopmayuoHHbIM  PeTpaKTOM NPOCTPaH-
crea X, ecam cymecrsyer perpakuua X ua A, rakas, uro lxoxir, rie
i: Ac X. Ecau F: lx=~ir, to F uasbiBaercsi degopmayuorroil pe-
rpaxyueidd X na A. Tomoromus F: X X I— X Torza um 1onpKo TOTAA
apagercsa gedopMaluHoBHON perpakuuell, korza F(x,0)=x npu x = X,
F(XX 1) Awu F(x,1)=x npu x = A. D12 roMoTONHS TOTAA U TOJb-
KO TOTHA SIBJSETCH CHJbHON neopMaLHOHHON peTpakiuuel, KOraa oHa
yAOBJETBOPsACT ente ycoBuio F(x, {)=xnpu x4, tel.

5. MIpumep. Kax BuiTekaer us npumepa 1.3.4, Bcikoe omHOoTOUEY-
HO€ MOAMHOXKECTBO HEKOTOPOTO BBLINYKJIOILO MOJMHOXKECTBA MPOCTPaH-
crBa R™ aBasercs cuyibHBIM feOpPMALlMOHHBIM PETPAKTOM 3STOI'O Bbl-
IYKJIOr0 MHOXKECTBa.
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6. Mpumep. Chepa S™ asagerca cuabHbIM AeOPMALUUOHHBIM pe-
TpakTom mpoctpaHctea R»*! — 0. Ortobpamxenne F: (R —0)y X [ >
— R+ — 0, onpenenennoe ¢opmy.ioi '

Flx, f)=(1—f)x+-2-

n+l 0
=i’

x=R , tel,

SIBJIsieTCA CHJBHON HedopmaumumonHoll perpakuueii R+ —0 pa S*,

Scuo, uTo cuibHbIll HeopMalUMOHHBIA peTpakT sBaAeTcs gedopma-
HHOHHEIM PETPaKTOM, a Ae(OPMAIHOHHLI PETPAKT B CBOIO oUepesb —
caa6elM aecopMaunOHHBIM perpakToM. CienyiolliHe npuMephbl MOKAa3LI-
BAIOT, YTO HU OJHA M3 9THX UMIJIMKAIHH He 06pATHMA.

7. Mpumep. Kax u B npuMepe 1 storo naparpada, nycrb X — 3aMK-
HYTHIH ¢JMHHYHbIH KBAJApaT Ha MJIOCKOCTH, a A — rpebenka. Kak 6vu10
3aMeueHo B npuMepe 1, Baoxenne A< X daBasercsd roMOTONHYECKOH
3KBHBAJEHTHOCTbIO, HO A He siBasercs perpakToM X. Takum ofpasom,
A — cnaGult gepopManHOHHBIA peTpakT HpocTpancTBa X, He SBJAA-
mufics ero gebopMalHOHHBIM PETPaKTOM.

8. Mpumep. Ilycrs X —rpeGenka, a A — opHoTOYeuHOE MOANpPO-
crpaHctso B X, cocrosiuiee u3 Touku (0, 1). [Tockosmsky X crsruBaemo,
cyllecTByeT roMoronua F or lxy kK HocToAHHOMY otofpaxenuio X — A.
Takoe oto6paxenne F sipasierca aebopmanuontofi perpaknueit X B A.
Onnako, xak 6bl0 3aMeueHo B npumepe 1.3.9, He cymecTByeT roMoro-
nuu OTHOcHTENAbHO A Mexay lx u mocrosuHeiM otobpaxKeHueM B A;
cienoBarensqo, A — neopManHOHHBI peTpakT npocrpanctsa X, He
IBAAIOUIKICS €ro CUAbHBIM AehOpPMALHOHHLIM PETPAKTOM.

[Tpy BBINONHEHUH HEKOTOPHIX CBOHCTB MPOJAOJMKEHHS] TOMOTONHNH BCe
TPH Pa3HOBHAHOCTH AeOPMAIHOHHLIX PEeTPaKTOB, KaK Mbl cefuac n0-
KaxeM, COBNAAaloT.

9. Jlemma. Ecau X degpopmupyenmo e perpaxr A, 1o A — degpopma-
yuounoli perpaxt X.

HoxasateabctBo. Ilycts r: X -—>A — perpakuus, a i: AcX —
BiaoxKenne, Torma r aBjsieTcsl JeBbIM TOMOTONHUeCKH OOpaTHbIM K 1.
[Tockoabkry X nedbopmupyemo B A, u3 JeMMbl 3 BhITEKAeT, 4TO { HMeEET
npapbiil romoronuyecku obparsslil. [lo semme 1.1.1, r aBasercsa takxke
M npaBbiM romMoronuyecku o6patHbeiM K I Ilockoabky 1y 2=ir, Mbl 3a-
kawuaeM, uto A — nedopmaunroHHb perpakT npocrpaHctsa X.W

JleMMa 9 B coueTaBuu ¢ TeOpeMOfl 2 NPUBOAHT K TAKOMY YTBep-
X IEHHIO:

10. Caencreue. Ecau napa (X, A) yOosaergopser csoiicrsy npodoa-
HeHUus 20MoTONUL OTHOCUTeAvHo A, To A To2da u TOAbKO To2da A8-
AfeTca caabom OehopmayuoHHbiM peTpaKTom npocTpancraa X, koeda
A — Oeghopmayuonnvil perpaxr X. ®
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11. Teopema. Ecau napa (X X I, (X X 0)U(A X HU(X X 1)) ydo-
BACTBOPAET CBOLUCT8Y NPOOOANCEHUA 20MOTONUL OTHOCUTEAbHO X U
samkryTo 8 X, T0 A T020Q U TOABKO TO20a S6AAETCA 0eOpMAYUOHHBIM
perpakTom npocrpancrea X, xoeda A — cunvroill OegopmayuorHolil
perpakr X.

HokasareabcrBo. Ecmu A — nedopmManHouHbll perpakr fipo-
crpancrsa X, 1o nyerb F: X X [-- X —romoronus or lx x ir, rae
ri X — A —perpaxnus, a i A< X — Bnoxeune., Onpegesum romo-

TOIHIO
G: [X XOUAXDNDUA X DIXI—>X

CAEAYVIOIUMH DABCHCTBAMHU:

G((x,0), )=z, xeX, el
G((x, ), t)=F(x, (1=1)1), xe At Vel
G((x, ), N=F(r(x), 1 —=1), x=X, tel.

Tomortonust G onpegeseHa KOPPEKTHO, MOCKOMLKY MpU X €A
G((x,0), )=x=F{(x,0)

(mo mepBLHIM ABYM DaBEHCTBAM) H
G({x, ), t)=F(x, 1 =t)=F(r(x), L =1

(mo mocnennuM EByM paBencTBaM). Orto6paxkenve G HenpepblBHO, IMO-
CKOJIBKY €ro OrpaHHYeHHe Ha KaXKAO0e M3 3aMKHYTBIX MHOXECTB
(Xx0)x1I, (AXI)XIT n (XX 1)x I munenpepusro. [lpn (x, )
(X X0)UAXNHUX X 1) umeer Mecro paserctso G((x,{),0)=
= F(x,t) (noroMy, uto F(x,0)=x u F(r(x),)=ir(r{x))=r(x)=
= F(x, 1), nockoabky r— perpakuus). CaenosarTesbHO, OrpaHuueHHe
G na [(AXOUMAXNHUMAX X1)] X0 MOXKHO NpPOROMKHUTL HA
(X X T)x 0. Tax kak 1o npeanoJOXKeHHIO BHITOJHACTCI CBOHCTBO 1IPO-
JIOJIKEHHs TOMOTONMH, To orpaHudenne G ua [(XX0)U(AXI)U
UX X 1)]X 1 MOXHO  NpONO/XKHTB HA (X X )X 1. TIlycrs
G’ (X X I} X1 — X —rakoe npogo/mKenne. Onpeneaum orobpakeHue
H: X X I— X dopmyaoit H(x,{)= G'((x,1),1). B pesyabrare noay-
4yaeM cJeAyIollfe paBeHcTBa:

H(x,0)=G((x,0), )=G((x,0), 1)=x, reX,
Hx, )=G((x, 1), )=F(r(x), 0)=r(x), xeX,
H(x, )=G ((x, t), ) =F(x, 0)=1x, xei tel.

CiaegorarenbHo, H —roMoronus otHocHreabuo A ot lx K ir, U, 3Ha-
yut, A — cHIABHEI ZeopManHOHHBIE perpakT npoctpancrsa X. M

Tenepb Mbl JdOKaxKeM, 4TO BCAKOe 0T06pax<eHHe B KaTeropuu
FOMOTONHUECKHX THIOB SKBHBAJeHTHO HEKOTOPOMY BJIOK €HHIO,
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aBJsolIeMycst KopaccioenneM. Ilycts 3anano orobpamenne f: X — Y,
O603HaunM uepe3 Zy (akToOpNpOCTPAHCTBO TOIOJOTHYECKOH CYyMMBI
npoctpanct8 X X [ w Y, mn0odyueHHOE OTOXKIECTBAEHHEM TOUKH
(x, )&= X X I ¢ toukoit f(x)=Y nas scex x < X. [IpoctpaHctBo Z;
Ha3blBAeTCH YUAUHGPOM OTOGpascenus | (puc. 2).

X X
I -
: : ) Y
I R Z,
Y

Pue. 20 Huaunap otobpaxkenus,

Mbl ucnoabsyem o0osnauenue [x,{] s Touex NpocTpaHcTBa Zf,
COOTBETCTBYIOIMX Toukam (x,#)e X X ] npu yKasaHHOM OTOXAECT-
BAEHNH, W O0O3HaueHHe [y] AJAsT ToueK MOpOCTpaHCTBa Z; COOTBET-
CTBYIOIIHX TOUKAM y & Y (raxum obpasom, [x, 1] = {[(x)] npu v = X).
Dopmyaa i(x)=[x, 0] onpeneaser Baowenue i: X —2Z; a ¢popmyaa
i(y) =[y]l — Buoxenue j. Y — Z;. ITH BJOKEHHS MO3BOJSIOT paccMart-
puBatb X u Y kKak moampocTpaHcTBa IMpoctpaHcTBa Z; Perpaxuwud
r. Zy—Y onpepeaserca dopmyaamu rlx, {]=[f(x)] nmpu x= X n
lelnryl=ylupu ys Y.

12. Teopema. [Tycrs 3a0ano orobpascenue f: X — Y. Toeda onpede-
AGHA KOMMYTATUBHAA Ouaepamma

X > Zf
N

/
N
Y

TAKAasn, 4To
(a) lzfef_ jrrel Y,
(b) orobpascenue i a8ageTca KOpaccioeHuem.

HoxasatenbctBOo. [lo ONpefeneHH0 UMEET MeCTO PABEHCTBO
ri = f, W, 3HaUAT, QUATPaMMa KOMMYTATHBHA.
(a) Onpenenaum romoronunio F: Z; X I —Z; dopmynamu

F(lx, 1], 'y =[x, (1 =)t + ], Xt Vel
F({y], )=y, yev; el
Torpa F: szzjr relY.
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(b) IMyctp g: Z;>W u G: X X I > W — rakue orobpaxKeHus,
yto g([x,0]) = G(x,0) npu x=X. Eciu onpemeautTb TIOMOTONHIO
H: Zy x I - W dopmyramu

H(ly], ) =glyl, yev, el
, gx, t+(E—12]), t+@E-1Dt >0,
H (Ix, tl’”={ Glx,(l=8)' —1), t+({—1)F<0,

0 H([x, t}, 0)=g([x, t]), H(yl, 0)=g(y}) u HIXXI=G. &

M3 a0l TeopeMbl BhITEKAeT, UTO OTOOpaxKenue {1 X < Z;, sBASIO-
nmeecss KOpaccJAOeHHeM, 3KBHBAJEHTHO B KATETOPHH TOMOTONHYECKHX
Tuno orobpaxenuio f: X-—Y. Hunuagp orobGpazkeHHsT MOXKHO HC-
[M0Jb30BaTh NPH AOKA3aTeJdbCTBE CaAEAYIOULero Ji060NBITHOTO pPe3yJb-
Tarta:

13. Teopema. [sa npocrparcrsa X u Y 1020a 1 1046K0 TO20Q UMe-
10T 00UH U TOT dee eoMOTonudecKull Tun, Koeda oHu moeyr OuiTo 8.40-
meHbl Kak caabole dedpopmayuonrbie PeTPAKTo, 8 OOHO U TO e npo-
CTPaHCcT80 Z.

JlokaszateabcTBo. Ecau X u Y MOXHO BJOXKHTh Kak ciaalbie
neopMalMOHHble DETpPakThl B OAHO M TO Ke INPOCTPAHCTBO Z, TO
o6a mpocrpaHctBa X H Y MMeIOT TOT Ke TOMOTONHYECKHH THI, YTO
M TPOCTPaHCTBO Z, M, CJIEAOBATENbHO, CPOPMYJHUPOBAHHOE YCJIOBHE
ABJISETCS JOCTATOUHBIM.

O6partHo, ecau f: X—*Y—FOMOTOHH‘{GCKaH 3KBHBAJIEHTHOCTb, TO
no TeopeMme 12 KOMMOO3HLHA X——'»Zf —>Y, rme Z;— WMJIHHAD OTO-
OpakeHua f, TaK:Ke sBJIACTCH POMOTONMHUECKOH IKBHBAJEHTHOCTBIO, [10-
CKOJIbKY f — FOMOTONIHYECKAas 3KBHBAJEHTHOCTh, OTCIOA CJEIYeT, 4TO
[ — TOKe TOMOTONHKYECKas SKBUBAJeHTHOCThb. [To Teopeme 12(a) mJjo-
KeHue J: Y — Z; siBjsieTcs MOMOTONHYECKOH 3KBHBajeHTHOCTbIO. Cie
JoBaTeabHo, X B Y MOXKHO BJOXKHTb Kak cjalble gedopMalHOHHbIE pe-
TpakThl B Z;. W

Bce paccMmoTpeHHble NOHATHS MOXKHO ONpeneduTh aas nap. Ha-
npumep, napa (X', A’)=(X,A) uHasbiBaeTcs cusvHoim Oehopmayuon-
HblM PETPAKTOM, ecau cyllecTByeT ortobpaxenne F: (X,A) X[ —
—(X,A), rtakoe, uro F(x,0)=x mpnu x=X, FA X=X,
FAX YA u F(x',t)y=x" npu ¥ = X', { 1. Huaundpom orobpa-
acenus [ (X, Ay—(Y,B), rne A szamxuyro B X, HasniBaercsa napa
(Z;., Zy,), thae Z; — umanHap otoOpaxkenus fi: X — Y, onpepenednoro
otoGpaxeHnneM [, a Z; —uuauHAp otobpaxkeHus fo: A — B, onpene-
JdeHHoro otoOpaxenuem f. OtoGpaxenne f: (X', A)—(X,A) nasb-
BaeTca Kopaccaoeruem, ecau gnast orobpaxennit g: (X, A)—(Y, B)
u G (X, A)X I —=(Y,B) (3necy napa (Y, B) npoussosnna), Takux,
yro  G(x', 0) = gf(x’) npn x’<X’, cyuecrtByer oroGpakeHue
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F. (X, A)X I— (Y,B), nns koroporo F(x,0)=f(x) npu x=X u -
G(x',t)y= F(f(x), ) npu x' = X', t = 1. Bce peayabraThl 3TOT0 Hapa-
rpada ocraHyTcd BEDHBIMH, eCJd UX NMOAXOAsUM 06GpasoM chopmy-
JIHPOBATL AJA nap.

§ 5. H-npoctpancrsa

B HekoTOphIX C/ly4asX Ha MHOMECTBE TFOMOTOMHUYECKHX KJAacCCOB
oToGpaKeHuil 0AHOTO NMPOCTpaHCTBA (HJAH Mapel) B APYroe MOMXKHO Of-
peleNnTh eCTeCTBeHHYIO CTPYKTYpY Ipynnbl. B sTtom naparpadge Mol
paccCMOTPHM TaKHE NPOCTpaHcTBa P, uto Ha MHOxkecTBe [X; P] MOXKHO
onpeneHTh CTPYKTYpPY TPynnbl AJsi Bcex npocrpancts X. Heyausn-
TeJBHO, UTO CVINECTBYeT TECHAas CBA3b MEXKAY eCTEeCTBEHHBIMH CTPYK-
Typamu Tpynnsl Ha MHOXKecTBe [X; P] miasi Bcex X u «Tpynnomnopo6-
HBIMH» CTPYKTYpaMH Ha npocTpaHcTBe P.

Mbl GygeM TpOBOIMTbL BCE DACCYyXAEHHS IJI5i KATETOPHM TOMOTO-
NHYECKHX THIMOB TONOJOTHYECKHX MPOCTPAHCTB C OTMEUYEHHOH TOUYKOM,
XOTs MHOTHe pe3yJbTaTbl BepHbl H IS KaTerOPHH TOMOTOMHYECKHX
THIIOB TOMOJAOTHYECKHX TpocTpaHcTB. Ecan X u Y — tonoJorudeckue
mpocTpaHCTBA ¢ OTMeUYeHHOH Toukoi, To uepes [X; ¥] mbt Gyuem oGo-
3HAYyaTb MHOMKECTBO TOMOTONHYCCKHX KJIaCcCOB HeNpepblBHBIX OTOOpa-
JKeHHH, COXPaHAIOUIHX OTMEHUEHHYIO TOUKY (IPH 3TOM paccMatpH-
BaloTCsl JIMIUbL TOMOTOTIHH OTHOCHTENBHO OTMedeHHOH Touku). Takum
o6pasom, [X; Y]— mHoxkecTBo Mop¢dH3MOB oObekTa X B 06BbekT Y B
KaTeropHH TOMOTONMUYECKHX THIIOB TOMOJIOFHYECKHX NMPOCTPAHCTB ¢ OT-
MEUEHHOH TOUYKOH.

Oxnum u3 crnoco60B BBEAEHHS] CTPYKTYPhl TPYIIBl HA MHOXKECTBE
[X; P] siBasiercst 3ajlaHie CTPYKTYpH rpynnel Ha P. [Ipeanosoxum mno-
3TOMy, 4TO P — TOnoJoruyeckasi rpynna c CAHHHYHBIM 3JEMEHTOM B
KayecTBe OTMeueHHOH TOYKH. Torja Ha MHOMXKECTBE BCEX COXPAaHSIOLIMX
OTMEUEHHYIO TOUKY HENpepblBHBEIX oToOpamennit X — P umeercs 3a-
KOH KOMIIO3HIHH, ONPee/eHHbI I0TOYEYHBIM TIePEMHOKEHHEM 0TOOpa-
KeHuil, [IpyruMu CJIOBAMH, ecJH 3afasbl 0TOOpaKeHHs gy, g9 X — P,
10 oroGpaenne g8z X — P omnpeneasiercs GopMyaolt gige(x) =
= g(x)ga(x), re B MpaBO¥ YaCTH CTOHT LIpOH3BejeHHEe B rpynne P.
MHOKeCcTBO COXPaHSIOUMX OTME@UEHHYI0O TOYKY HeNpephIBHbIX 0TOGpa-
seHuil X — P ¢ 3TUM 3aKOHOM KOMIIO3HLHH SBJsieTcsi rpynmnoit (abe-
JeBofi, ecau rpynma P abesesa). DTOT 3aKOH KOMIO3HLHH TepeHO-
CHTCSl HA TOMOTOMHYECKHE KJacchl H onpeledsieT onepauuio [g][gs]=
=[g1g2], 0TKyaa MBI IOJMyUAEM CJAeLYIOLLYIO TeopeMy:

1. Teopema. Ecau P — TOnOAO2U"ECKGA epynna, TO mP a8AfeTCA
KOHTPGBAPUAHTHOIM PYHKTOPOM U3 KATE20PUL SOMOTONUHECKUX TUNOS
TONOAC2UHECKUX NPOCTPAHCTE ¢ OTMEHEHHOU TOUKOU B8 KaTezopuro
apynn u eomomopgusnos. M

Paccmorpum jBa IpuMepa,
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2. OxpyxHocTh S! saBafercst aGeneBOH TONOJOrHUECKOHR rpynmok
(MyJbTHIIMKATHBHASE TPYNNa KOMIJIEKCHBIX UYHCeJ, TO MOAYJI0 pas-
uplx eguunne). CregoBaTenbHo, MHOMxecTBO [X; S'] aBasierca abeseBod
rpynmnofl, u 1as Joboro orobpaxkenus f: X — Y unayuuposannoe um
orobpaxenne [#* [Y;S!]—[X;S] aBasercs romoMopdu3MOM.

3. Cdepa S® apastercs TONOJOrHYEeCKOH Tpynnof (MyJbTHIIHKA-
THBHAs I'pyNa KBaTEPHHOHOB, IO MOJYJIO paBHbIX eaunuue). Ciaeno-
sateabuo, [X; 83 —rpynna, ¥ i moboro orobpamernusa f: X —7Y
HHJAYLUpOBaHHOe HM oToOpaxenue [¥*: [Y; §%] —[X; §°] aBasiercst romo-
MOp (PHU3MOM.

Paccmorpennasi cTpykTypa Tpymnbl Ha MHOXKecTse [X; P] 6viia no-
JiyueHa U3 CTPYKTYpHl IpYNOBl HAa MHOYKECTBe HeNpephiBHEIX oTofpa-
x)eHuft X B P, CoXpaHAIOIHUX OTMedeHHVI0 TOouky. Ho OnBaior cay-
yaM, KOTJa MHOXeCTBO [X; P] HOMycKaeT ecTeCTBEHHYIO CTPYKTYpPY
rPYMNBl, B TO BpeMs KaK MHOXKECTBO HENPEPBIBHBIX OTOOpamkKeHHH X
B P, cOXpaHAWIIMX" OTMEUEHHYIO TOUYKY, TAKOH CTPYKTYpbl He HUMeer.
Hanpumep, ecin P — npocTpaHCTBO ¢ OTMeYEHHOH TOYKOH, HMeromiee
TOT K€ TOMOTOMHYECKHH THH, YTO M HEKOTOpasi TONOJOrHYecKas rpyn-
na P’, to dbyHkrop n¥ ecTecTBeHHO 3KBUBaJeHTeH PynKTOpy nfs . Cue-
J0BaTebHO, P MOXXHO paccMaTpHBATh Kak (VHKTOD B KaTeTOPHIO
rpynn. [IpuBogMMble HH3Ke ONpele/]eHHs GyIyT HCHOJIb30BAHBL AJs
ONHCAHHA AOTOJHUTEIRHON CipPYKTYPbl HAa MPOCTPAHCTBAX C OTMEUEH-
HOH TOYKOMH, HEOOXOAUMOH A/ TOro, 4ToOn (GyHKTOp nif mpHHUMA
3HAaYeHHUS B KATETOPHH TPYNN H roMOMOpP(hH3IMOB.

[Tycrs 3ajanbt otoGpaxenus f: X —VY u g: X—Z. Oupepenum
oTobpaxeHue

F, @ X >Y X Z,

noaaras (f, g) (x) = (f(x), g(x)) mna x = X.

[To onpeneneuuto H-npocTpancr8o COCTOUT H3 TOMOJOTHYECKOTO
npocrpaHcrtsa P ¢ OTMEYCHHOH TOUKOH H HenpephlBHOTO OTOGpPAaKeHHs
(yMHOXKeHua)

w: PX PP,

I4s1  KOTOPOTO NOCTOSHHOe OTOGpaXKeHHe B OTMEUeHHYIO TOYKY
¢: P— P cayRur eomoronuueckol edunuyel. 310 03Havaer, 4To KaK-
Jast ©3 KOMMOO3HIHH

pel.pwp t.p W pLd.pswpt,p

rOMOTOMHA TOXKAEGCTBEHHOMY OTOOpaeHHI0 lp. YMHOXKeHHE W Ha3bl-
BAETCs 2OMOTORUHECKIL QCCOUYUATUBHBLM, €CJTH HarpaMMa

PXPXP-E,pxp
Ixu’ Iu
N4 v

PxP —*—> P
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FOMOTONMHYECKH KOMMYTAaTHBHA, T. € ecdn peo (u X 1)==pe (1 X u).
HenpepoisHoe oTtoOpaxkeHnne ¢: P-— P HasblBaeTca 20MOTONUYECKU

o6parneim 1ias P u p, ecin o6e KOMIO3HUHK
p-LBspx pt,p n P&l pxpt,p

FTOMOTOINHEI NOCTOSTHHOMY OTOOpaKeHwuio ¢: P — P,

T'oMoTonuueckH accouHaTHBHOe H-MPOCTPAHCTBO € FOMOTOMHYECKH
oGpaTHbIM OTOOpa)KeHHeM YIOBJETBOPSCT aKCHOMaM TIpYHObl C TOU-
HOCTbIO J10 TOMOTONWHU. Takoe MPOCTPAHCTBO ¢ OTMEUEHHOH TOUKOH Ha-
sniBaetcs H-epynnod. $IcHo, 4TO BCAKasd TOMOJOTHYecKass Tpynna ss-
qstercst H-rpynnoit.

YMHOMXKEHHe | B HEeKOTOpOM H-NpOoCTpaHcTBe HA3BIBAETCS 20MOTO-
nu1ecKky KOMMYTATUBHbLM, €CIU [HArpaMMa

\E\ L/u/
P

rae T(pi, ps) = (p2, p1), TOMOTONHUECKH KOMMYyTaTupHa. H-rpynma ¢
rOMOTOMHYECKH KOMMYTATHBHBIM YMHOXKEHHeM HasbiBaercst abesesod.

Ilyets P u P/ cyTb H-NPOCTPAHCTBA € YMHOXKEHUAMH COOTBETCTBEH-
HO p H u'; HenpephiBHOe oToOpakeHHe a: P — P’ HasblBaeTcsi 20MO-
MOPGU3MOM, eCTH HATPAMMA

PXP —t>p
U.X(ll ’ l{l
P'XP'-iap'

TFOMOTONHYCCKH KOMMYTAaTHUBHA.

4. Teopema. Tonoaozuteckoe APOCTPAHCTBO € OTMEHUEHHOL TOUKOL,
umeroujee TOT Jite 2OMOTORUYECKUL Tun, 4T0 U HekoTopoe H-npoctpan-
creo (uau H-epynna), camo asaserca H-npocrpancrson (uauw H-epyn-
not), u npu ITOM 20MOTONUHECKAS IKBUBAAEHTHOCTb SABAAETCA 20MO-

MOpusmon.
JlokasaTenbCTBO. IMyetb  orobpaxenus f: P— P/ n
g: P’ — P romoronuuecku 06paTHBl OJHO APYTOMY, H NMyCTb P ABJfeT-

csi H-mpocrpaucrsom ¢ ymHOxenHeM p: P X P— P. Ecau oto6paxe-
e u’: P’ X P'— P’ onpefeJuTh KaK KOMIO3HUHIO

P X prEXE,px p-tsp Lip
10 W cTaHer HereprBHbIM yMmHoxenneM B P’. TIpu 3TOM KOMIO3H-
1, .
nus P prx pr¥s PY o copnagaeT ¢ kommosunuei P’ —£»
1,
—»p L2 px ptspLip KOTOpast B CBOIO ouepelb TOMOTOINHA
Kommosuuun P’ —£sp L5 p7, ITockosbky fgo<1,, oTo6paxeHne
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p o (l, ¢’) romoronno lp. Anajoruuro otoGpaxenue p’eo(c¢’, 1) romo-
tonHo 1p.. CienosartesbHo, P’ siBiisietcs H-npoctpancTBoM. [TockoabKy
puarpamMmma

P/XP/_M'_>PI
gXé’J !g

Y Y
PXP —tsp

TOMOTOMHYECKH KOMMYTaTHBHA, oToGpaxeHne g (a Takxe H f) aB-
Jasiercsi  romoMopdusmoM. Leam p  roMOTOMHYeCKH AcCOUHATHBHO
HJ¥ [OMOTOMHYECKH KOMMYTATHBHO, TO TeM € cBoiicrBom obja-
naer u p'. Ecau orobpaxkenue ¢: P— P —TOMOTONHYECKH OGpaTHOE
ana P, 1o otobpasenue fog: P’ — P’ sBasieTcs roMoToliHuecku ofpar-
HoIM s P/, W

Ecau P saBagercss H-mpocrpancTBOM, TO AJS Ka)KJI0ro NpoCTpaH-
crBa X ¢ orMeueHHall TOYKO#l Ha MHOXKecTBe [X; P] MOKHO ONpenennTdb
3aKOH KOMMO3ULUH, MOA0KUB [g1]lg2] = [u ° (g1, g2)]- Ecan P sBaserca
H-rpynnoii, 10 MHOxKecTBO [X; P] craner rpymnnoii OTHOCHTENBHO 3TOTO
3aKOHA KOMIIO3HUHMH H AN BCAKOro oToOpaxkenus f: X — Y uHgynupo-
BaHHOe HMm oToOGpawkenue [*: [Y; P]—[X; P] Gyaer roMoMopdhHAMOM.
Takum o6pasom, Mbl TOMYURIH CAEAYIOUIYIO TEOPEMY:

5. Teopema. Ecau P — nexoropaa H-epynna, To af — KouTpasa-
PUQHTHOLL PYHKTOP U3 KaTeeopuu 20OMOTONUYECKUX TUNO8 TONOAO2UYE-
CKUX NPOCTPAHCTB € OTMEHEHHOL TOUKOU 8 KATe2opuro 2pynh u eomo-
mopgpuszmos. Ecau H-epynna P abeaesa, 10 3TOT (yHKTOp npuHumaer
3Hauenusn & kareeopuu abeaegolx epynn. M

HHTepecHo, 4To BepHo TaxiKe cjelyollee ofpauieHHe TeopeMnpl 5:

6. Teopema. Ecau P — ronoasozuucckoe npocTPanHcT8o ¢ OTMEHeH-
Hoti TO4YKOU, Taxkoe, 410 GyHKTOP AF nPUHUMAET 3HAYEHUS 8 KaTezo-
puu epynn, 10 P asaserca H-epynnoid (abeaesod, ecau pynktop nP
RpuHLUMaeT 3HAYeRus 8 xareeopuu abeaesoix epynn). Boaee To20, 045
kancdoeo npocrpancTéa X ¢ OTMEHEHHOU TOUKOU CTPYKTYpa epynnsl
na mHoxecrae aP(X) cosnadaer €O CTPpYKTYpOL epynnvl, paccmor-
peHHOU 8 Teopeme 5.

HoxasareasbcTBo. [lycts pi: PXP—P u py: PXP—>P —
npoekunu, M nyctb u: P X P— P-—rtakoe orobpa)keHue, uto [u]=
=[m]=[p2], roe cUMBOJIOM # MBI O0O3HAUWJAH 3aKOH KOMIIO3HIUK B
rpynne [PXP; P]. na mobeix otobpaxenuit f, g¢ X — P unayuupo-
Baunoe umu orobpawxenune (f, g)*: [P X P; P]—|[X; P] sieisieTcst roMo-
MOP(hH3MOM W HMEIOT MeCTO DaBeHCTBA

[we, @)= @¥lul=(¢, ¥ (pl+Ip.D) =
=, @*[p)=(F, g)¥[p) =11+1g].
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Otcioga BHjHO, UTO yMHOXeHHe B [X; P] uHaynupoBaHO oTOGpaxKe-
HUEM .

[Tycts X — opHoToueunoe npocrpaHcTso. Oto6paxenne X—>c(P)=P
NOpoKAAeT eAHHAUHBIHA 3/1eMenT rpynnsl {X; Pl. [TockonbKy eAuHCTBEH-
Hoe oroGpamenue P — X wuuiayuupyer romomopdusm [X; P]—[P; P],
OTCIOJla BHITEKAeT, YTO KOMMo3uu#s P - X —» P, cosnapalouas ¢ no-
CTOSIHHBIM oTO6paKkeHHeMm c¢: P — P, npejicrasasier coGOH eJlHHHYHBIH
snement rpynmnel [P; P]. CiregoBatenbHo, wo(lp, ¢)=~1pH pno (¢, Ip)><Ip.
[Tostomy P siBasietcss f-mpocTpaHCTBOM.

JloxkaxeM, 4TO P FOMOTONHYECKH accouHaTuBHO. IlycTh oTOGpare-
HUSL §1, g2, 30 P X P X P— P — npoekuuu. Toraa

e (X W= X pF{p]= (1 X w#p]=(1 X p#(p]=

= [g,] = [ o (g2, g3)] =1g:] * ([ga] * [g3)).
Ananoruyso

[we(u X D] =(lg.] * [g2]) #ga).

[TockoabKy yMHOXKeHHe B rpymnne [PXP X P; P} accounaTHBHO, UMeeM
po (IXu)==pe (nX1).

loKkazkeM, 4T0 TOXKIeCTBeHHOe 0ToOpaKeHHe mpocTpaHcTsa P obja-
apaer romotonuuecku obpartnniM. [lyers ¢ P — P — takoe oToGpake-
uue, uto [l1p] =+ [p] = [c]. Torma w(lp, ¢)==c. Kpome Toro, [¢]«[lp] =
= [c], u nostomy p (g, I1p)==c. CrenoBaresabHo, oToGpaxKeHne ¢ roMo-
TOMIHYECKH 00paTHO K P.

Bce aTo gokaswiBaer, uTo P ABasercs H-rpynnoii u 4to yMHOKe-
HHe B TPyNNax, onpelefeHHBIX (YHKTOPOM n”, MHAYUHPOBAHO YMHO-
KeHneMm B npocTpanctBe P. Ecau rpynna [P X P; P] aGejepa, To aHa-
AOTHYHBIE pACCYXKJEHHS MNOKA3BBAaWT, 4T0 P siBasiercss abejeBofl
H-rpynmno#i. W

CJIeJ.Iy}OLL[e@ JONOJHCHHE K TeopeMaM 5 u 6 Jerko NOJIYUHTL aHaJo-
THYHBIMH METOAaMH:

7. Teopema. [Tycro a: P — P’ — oro6pascenue odnoii H-zpynnot
6 Opyeyro. Orobpadcerue o, TO20G U TOAbKO TO20Q AGAAETCA ecTe-

cTeenHbiM npeobpasosanuem Pynktopa nP 6 nf’ (Kax ¢yukTOpOs 8 Ka-
Teeopuro epynn), Koeda o, — eomomoppusm. B

Onuwem oauH 0ocofeHHO MoJe3Hbli npumep H-rpynnwi. Ilycrs
Y — TonosoruyecKoe NPOCTPAHCTBO € OTMEUEHHOH TOUKOH yo. [Ipo-
CTPAHCTBOM neTeny MPOCTPAHCTBA Y ¢ oTmeueHHOL TouKod Yo (0603Ha-
yaerca QY nan Q(Y, g/o)) Ha3bIBAETCst MPOCTPAHCTBO HeNpepbIBHBIX
orobpaxennii o: (I,1)—>(Y,yo), HajgenreHHOE KOMIAKTHO-OTKPHITOM
ronoJsiorneit. OTMeueHHON TOYKOH o mpoctpaHcTBa QY GyneM cuutaTh
nocrosiHHoe otobGpaxkenue [ — yo. OnpenenuM oTobpaxeHue

u: QY X QY - QY,
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TOJIOXKHUB
Nt { o (22), 0<E<T
m, V0= 1), 1,<t<l.

IoxaxeM, yTo p HempepbiBHO. ITycets E: QY X [ — Y — oro6paxenne,
onpejeneHHoe B KoHuue § 2 spenenus. [lo teopeme 2.8 BBemeHHs no-
CTATOYHO NOKAa3aTh, YTO KOMIO3HIHS

QY X QY X | X150y x 1 -£5y

nenpepriBHa. ®Popmyaa, onpegeasiomas oTobpaKeHue ), NOKa3biBaeT,
YTO 3Ta KOMIIO3HLHSI HeNpephiBHA Ha KAaKIOM H3 3aMKHYTBIX MHO-
JKECTB

QY X QY X [0, ] u QY X QY X[, 1].

[TocTpouM HECKOJbKO OMOTONHE, 4TOGBl MOKAa3aTh, 4TO MPOCTpaH-
cTBo QY sBasercsi f-rpynnofi. AHasornunpe GOpMyan GYIAYT HCMOAb-
soBanbl B § 1.7 npu ompepeseHHH TOMOTONHHA (HE3aMKHYTBHIX) mMyTef
Ha TOTMOJIOTHYECKOM MPOCTPaHCTBE.

UTo6rl 10Ka3aTh, UTO OTOOpaxKeHue o — u(w®, o) FOMOTONHO TOK-
[eCTBEHHOMY oTOOpakeHH10 npocTpancTea QY, onpegennm otobpaxe-
e F: QY X I — QY, nonaras

o ,

o(77)  osr<t

F(o, t){t') =1
{ Yo, - <

O1a dopmysaa nokassisaer, 4to otobpaxcenue E(FX1):(QYX/) X I >
— Y senpepnBHo. CregoBartesnibHo, oToOpaxkeHHe F HempepblBHO W
npencraasier co6ofl ToMOTONHIO OT w — w(®, @) K ley. AHasoruyHo,
orofpaxeHne ® — p(wo, ®) romoronHo loy. 3Haumt, QY sBasercs
H-npocTpaHCTBOM C YMHOMXKEHHEM (L.

JlAs J0oKa3aTeNbCTBA TOMOTONHYECKOH acCONMaTHBHOCTH oTobpa-
Kenus g onpeneauM oTodparxeHHe

G: QY X QY X QY X I —->QY

4¢
m(t+l>’ 0
E(GX1;)(0, o, ", t, )= o (4’ =t —1), ——

3
4 —2—1¢ 42
142
® ( 91 )’ 4

tdhopmysoi

¥
NN
NN

Torpa G: po(p X loy )=p- (lgy X u) H, 3HAYUT, g TOMOTOMHYECKH
accoLMaTHBHO.
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Onpegesum romoTonudecku obpaTHoe orobpaikenne ¢: QY —QY
(popMyJIou ¢(0) (!)=o(l—1). Onperennm, pganee, 0ToOpaKeHHEe
. QY X 1 —QY, noaaras

¥or 0<t <+,

0 (2 —1), F<t<+,
E(HX1) (o, t, t')= , t

©(2—2t —1), U< -,

Yo» l-+<t'<L.

Otobpaxkenne H cay:xHT roMoTronmHeH  Mexay  oToOpaKeHHeM
o —u(0,9(w)) M MOCTOAHHBIM OTOGpaKeHHeM MpocrpancTea QY
B cels. AHAJOTHYHO, CYLlecTBYeT TOMOTONHSI MeXAy OTOOpaKeHHeM
o— u(p(w), ®) H NOCTOSHHBLIM OTOGpa)keHHeM mnpocTpaHcTBa QY
B ceGa. CnenoBaTenbHO, ¢ SIBJASETCH TOMOTONHYeCKH OOpAaTHBIM AJsi
QY, u, takum o6pasom, npoctpaHctBo Y npefcTaBiaseT coGofi
H-rpynny.

Ecan orobpaxenue h: Y — Y’ coxpaHseT OTMEYEHHYIO TOUYKY, TO
MOIKHO OTpejpeNnTh 0TOOpaKeHHe

Qh: QY - QY7

nosoxuB Qi (o) ()= h(w(f)). ScHo, uto Qh — romomopduam. [Togw-
TOXKHM TMOJIydeHHble pe3yJdbTaThl O MPOCTPAHCTBE MeTedb B CJAedylo-
mefl Teopeme:

8. Teopema. Pynxrop Q aA841€TCA KOBAPULHTHLIM (PYHKTOPOM U3
KaTecoput TONOAOSUYECKUX NPOCTPAHCTE € OTMEUEHHOU TOUKOU U He-
npepoisHblx 0TOOpamenutt 8 xarezopur H-zpynn u nenpepoigHbix 20-
momoppusnosg. B

GyuxTop Q TakKe coxpaHsier roMoTonHu. boJsee TOYHO, ecan oTO-
Gpaxennsi ko, Ay;: Y —>Y’ cBasanbl romoronuell A;, TO oTOOpaxKeHHs
Qhy, Qh: QY — QY cBsasanbl roMoTonuell QA,;, Kotopas sBJASETCS He-
NpephIBHEIM TOMOMOP(PHU3MOM TpPH KaxKiaoM { e /.

§ 6. Hancrpoiika

Dtor naparpad MOCBSIL[EH B OCHOBHOM pe3yJbTaTaM, ABOHCTBEH-
HBIM pesyJibTaTaM npeapyayulero naparpaga. Mel 6yzem pacemarpu-
BaTh MPOCTPAHCTBA () ¢ OTMEUEHHON TOUKOH, IJSi KOTODBIX Mg SIB-
JsieTcsli KOBAPHAHTHBIM (YHKTOPDOM H3 KaTErOPUH TOMOTOMHYECKHX
THIIOB TIPOCTPAHCTB C OTMEUEHHON TOUKOH B KATErOpHIO TPYNI U TOMO-
MOPGH3MOB. DTO MPHBOJAHMT K MOHSATHIO H-KOrpynnbl, ABOHCTBEHHOMY
nousiTaio f-rpynnbl. BaxkHbIM npaMepoM H-KOTPYNNsl siBJsieTCsi Haj-
CTpo#iKa Haj NPOCTPAHCIBOM C OTMEUEHHOH TOYKOH — NoHATHE, ABOH-
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CTBEHHOe MOHATHIO IPOCTpPAHCTBA NeTeqab. [OMOTONMUEeCKHE TPYIMIbl
NpOCTpPaHCTBa, ONpesesaseMble B 3ToM mnaparpade, siBAAIOTCI MpH-
MepaMH TIpyNOn TOMOTOMHYECKHX KJIaccoB OTOOpa)KeHHd HaACTpOeK
B paccMaTpHBaeMoe IPOCTPAHCTBO.

[Tyerb X u Y — rTonosoruueckne NPOCTPAHCTBA ¢ OTMEUEHHOH TOU-
KOH. FIX cyMMy B KaTeropHH TONOJOTHYECKHUX HPOCTPAHCTB C OTMEUEH-
HOll Touko#l o6o3naunm X VY. Ecan X HMeer OTMEUEHHYIO TOUKY X,
a Y -— OTMeUeHHYIO TOUKY Yo, TO NpocTpancTBo X V Y MOXKHO paccMar-
puBaTh Kak noAnpoctpaHcTtso X X yo U xo X Y mpocrpanctea X X Y.
Jns saganupix otobpaxennii f: X—Z u g: Y —Z o6o3naunM uepes
(f,g): XVY—>Z orobGpaxenue, onpejge/eHHOe XapaKTepHUCTHUECKHM
ceoiictBoM cymMbl (T.e. (f,@)|X=f n (f,g)|Y = g).

Tononoruyeckoe NpoCTPancTBO { ¢ OTMeueHHOH TOUKOH Ha3biBaeT-
ca H-koepynnod, ecan onpepeseHO HellpepblBHOE OTOOpakehhe (KO-
YMHOXKeHHe)

. v: Q—>QV4Q,
Al KOTOPOFO BBIMOJHAIOTCA CJAefyIOUIHe yCIOBHA:

Cywecrsosanue eomoronuueckoidl edunuyvi. Ecau ¢ Q — Q — no-
CTOSIHHOE 0TOOparkeHHe B OTMEUEHHYIO TOUKY, TO 00€ KOMMO3HIIHH

v € v (1,9
Q—QRQVQQ—/—>Q 1 Q—QVQR—/—>Q
TOMOTONHEI TOX/AECTBEHHOMY OTOOpazKeHHIO 1o.
Tomoronuueckaa accoyuarusrocts. Jluarpamma

Q —> QVQ

Vl ler'v

v v
vy 1
QVQR—>QVQVe
FOMOTOTHYECKH KOMMYTAaTHBHA.
Cywecrsosarue eomoronusecky o6parsoeo. CyuecTsyeT oto6pa-
xenne §p: Q@ — Q, Takoe, uTo 06e KOMIO3UILHH

Q>QVQLt>Q u Q-»QvQEisQ
TOMOTOIHEl TOCTOSHHOMY OTOGpaskeHHo ¢: Q — Q.
Eciun X — npoH3BOZbHOE TPOCTPAHCTBO C OTMEUYeHHOH TOUKOH,
a Q — nekotopas H-xorpynna, To Ha Muoxectse [Q; X] MmoxHO omnpe-
neauTh koMnosuuuio, noaoxus [fi [fo] = [(fi, f2) o v]; npu atom MHOXKE-
ctBo [Q; X] cranoBuTCs rpynnofi.
ToBopArT, uto Q ectb abesesa H-korpynna, eciu AnarpaMma

Q
v/ v
VRN
QVQR—QVQ

rae 77(q1, 92) = (92, q1) 1pu g1, g2 = Q, FOMOTOIHYUECKH KOMMYTATHBHA.
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[Mycts Q 1 Q' cyTb H-KOTpynnbl ¢ KOYMHOMKEHHSIMH COOTBETCTBEH-
HO v U Vv/; HelpepreIBHOE oToOpaxkeHde B: @ - Q' HasblBaeTCss 20MO-
MOPPUIMOM, eC/TH THuarpamMma

Q —=>QVeQ
|
Ql‘l‘)QIVQI

TOMOTONAYECKH KOMMYTATHBHA.

JlokasatenbcTBa CAGAYIOWMX TeOpeM JBOHCTBEHHBEI [JOKA3aTelb-
CTBaM COOTBETCTBYIOLIMX TeopeM 06 H-rpymnax (CM. TeopeMbl
1.5.4—1.5.7) u noaToMy omyujeHbl.

1. Teopema. [IpocTparcT80 ¢ OTMEHEHHOU TOUKOL, uMmeroujee TOT
JHe 20MOTONUHECKUL Tun, 410 U wHexoropas H-koepynna, camo 8-
aaerca H-koepynnoil, u npu 310M 20MOTONUHECCKAS 3KBUBAAEHTHOCTSH
A8AAETCA 20MOMOpPusMOon. B

2. Teopema. Ecau Q — nekotopas H-xoepynna, 10 mq¢ npedcras-
a8eT cobOl KOBAPUGHTHOLL GYHKTOP U3 KATeeOpuu 20MOTONUHECKIUN
TUNO8 NPOCTPAHCTS C OTMEUCHHOU TOYKOU 8 Karecopuio epynn u 2oMo-
mopgusmos. Ecau H-koepynna Q abeaesa, 10 3T0T GyHKTOp npunu-
MaeT 3Hauenusa 8 kareeopuu abesesolx epynn. M

3. Teopema. [Tycts Q — nNPOCTPAHCTBO ¢ OTME4EHHOL TOuKOU, Ta-
KoOe, 4T0 (YHKTOP Mg npunuMmaer 3Hadenrus 8 Kareeopuu epynn. Tozda
Q sasaserca H-koepynnoil (abenresoil, ecau mgo npunumaer sHadenus
8 KaTecopuu abeaegoix epynn). boaee To20, cTpykTYpA epynnsr Ha
mHoocecree ng(X) cosnadaer co cTPykTypol, onpedeseHHOd 8 Teope-
Mme 2, Koropasa uwdyyupyerca cTpyxktypold H-xoepynnot Ha Q. W

4. Teopema. [Tycto p: Q — Q' — orobpadsicerue 0dnoit H-koepynnot
8 Opyeyro. Orobpamenue ﬁ# 10200 U TOABKO TO20Q ABAAETCA ecTe-
CTBEHHbIM Npeobpasosanuen GYHKTOPa m, 6 GYRKTOP mg (KaK pyHk-

TOpPO8 8 KATE20pUI0 2pynn), Ko2oa B — comomoppusm. B

Ilpusenem npumep H-xorpynmnel, ABOHCTBEHHBIH YyXKe PaCCMOTpPEH-
HOMY HaMu npumepy H-rpynnel — I1pocTpaHcTBy neteab. I[lycrs
Z — TONOJOTHYeCKOe TNPOCTPAHCTBO C OTMEUeHHOH TOUKOH 2y Had-
crpotixod nap Z (o6o3Hadaercst SZ) nasniBaercs GpakTOpPNPOCTPAHCTBO
npocTpanctBa  Z X/, 1No/JyueHHOe  CTATHBAHUEM  ITOAMHOXKEecTBa
(Z X 0)U (2o X YU(Z X 1) B oy 1ouky. Onpenenentoe Takum ogpa-
30M INPOCTPAHCTBO HMHOTIA HA3bIBAOT ApuUsedenHol HadcTpolixod, a
TePMUH <«HAACTPOHKa» HCIHOJb3YIOT AJdA COOTBETCTBYIOLIErO MOHATHS
B KaTeTOPHUH NpocTpaHCTB 6e3 oTMeueHHOH Toukd. Hajctpoiika B aToi
flc/IeHe KaTeropHu TnoJyuaeTcss M3 MHpocTpaHctBa Z X I crarusa-
HueM Z X 0 B omHy TOuky, 8 Z X | —B Apyrymo.
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Ecmn (2, t)es Z X I, 1o uepes [z, f] 0603HAUHM COOTBETCTBYIOLLYIO
TOUYKY npocrpadctBa SZ nipu npoekunu Z X I —SZ. ChaenosaTenbHo,
{z,0]=[z0, f]=[2’, 1] mna Bcex 2z, 2’=Z, te=1. Touxka [2,0l=S8Z
0003HauaeTcs TaKkKe uepes zp, H SZ paccMaTpHBaercss Kak NpOCTpaH-
CTBO ¢ OTMedeHHOH TOukoH 2p. Eciu 3agano otobpaxenue f: Z—2Z’,
To dopmyaa Sflz, f]=[f(z), {] onpenensier orobpamenne Sf: SZ — SZ’.
Takum o6paszoM, S-— koBapHaHTHBIH (GYHKTOD Ha KaTeropuH Mpo-
CTPAHCTB C OTMe4eHHOH TOUKOHl M HempcpbelBHEIX 0TOOpaxeHHH. Mubl

Puc. 3

JIOKaxKeM, 4T0 3TOT (HYHKTOp MpHHHMAaeT 3HAUEHHs B KaTeropuu H-xo-
rpynn u romoMmopdusmos. Has 3TOro onpeneauM otobpazeHHe

v: SZ—>82V SZ
tbopmyJaoit 1)
([2’ 2t]3 20)9 O<t<l/2,

v(lz t])z{(zo, [z, 2t —1]), "<t

Kak 310 oToOparkeHue HeficTByeT, MOKA3aHO Ha pHC. 3 (NYHKTHPHBIE
JIHHUH HA CAMOM jeJie CTSIHYTHl B OJHY TOUKY).

OroGpaxenue v onpenenaser Ha SZ cTpyKTypy H-Korpynmel, Ta-
Kylo, uTo /sl otobpaxenus f: Z—Z’ orob6paxenne Sf ectb romomop-
¢bH3M. DTO MOXKHO IIPOBEPHTh HEMOCPEACTBEHHO MJH BLIBECTH M3 J10Ka-
3aHHBIX BbIlIE CBOWCTB MPOCTpaHcTBA meTenab, Mol OyjieM neficTBOBATH
BTOPBIM clOCOBOM.

Oyukropel Q@ u S, onpenesennble Ha KaTeTOPHU NPOCTPAHCTB C OT-
MeYyeHHOH TOUYKOH M HeNmpephiBHbIX OTOOparkKeHHH, ABJIAIOTCH NpHMe-
pPaAMU CONPANCEHHBIX QYHKTOPOS. DTO 03HAUAET, UTO JJA JIOOLIX 1pO-
CTpaHcTB Z ¥ Y UMeeT MEeCTO 3KBHBAJEHTHOCThb

hom (S8Z, Y) ~ hom (Z, QY),

rae ofe yacTH clefyeT paccMaTpHBaTh KAk MHOXKECTBA MOP(QH3MOB
B KATeropuH NPOCTPAHCTB € OTMEUEHHOH TOUKOA U HempepbiBHbIX

'} 3necp npeanodaraetesi, yto0 SZ V SZ OTOMRAECTBAACTCA C COOTBETCTBYIIUIUM
noAnpocTpancTeoM mpoussenenns SZ X SZ. — Mpum. ped.
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oToOpaxeHnil, ITa IKBUBAJEHTHOCTb €CTh CJEACTBHE TeopeMnl 2.8 BBe-
IeHHs; ecJH 3ajaHo orobpakeHHe g: Z-—-QY, TO COOTBeTCTBYIOIIEE
oTtoGpaxenue g': SZ - Y onpenpensieTcsi paBeHcTBoM g'[z, f] = g(2) (f)
(ze=Z,t<1). OueBupno, uto ecau h: Y —>Y, 10 (Qhog) =hog’,
u e f: Z2—2Z, 10 (geof) = g’-Sf. 3HauuT, IKBHUBAJECHTHOCTDL
g <> g’ ecTb ClejCTBHe eCTecTBeHHO{l 3KBHUBAJIEHTHOCTH (PYHKTOPOB
hom(S-, ) u hom(-, Q-).

DTa ecrecTBeHHAs 3KBHBAJEHTHOCTb COXpaHsieTCst [DH TNepexoje
B KaTeropHio FOMOTOMHYECKHX THIOB NPOCTPAHCTB C OTME4eHHOH TOU-
Ko, J[11 mpocTpaHCTB ¢ OTMEUEHHOH TOYKOH romoTonus G: ZX[—Y
IOJIKHA OToOpa)kaTb MHOKeCTBO Zg X I B TOUKY Yo CJlegoBaTennHO,
oHa omnpejenasier otobpaxenue F: Z X I/z2o X T—Y. TlpocrpaHcTBo
S(Z X Ijzo X I) moxkHno oroxkpuectButb ¢ SZ X I/zg X I npn nomoun
roMeoMopgusma

[z, 8), ']<—=([2, V'], 1), z=Z; ¢, ']

Orcioga BbiTekaer, uTo toMotonuu F: Z X I]zq X [ — QY Haxonmsarcs
BO B3aHMHO OJHO3HAUYHOM COOTBETCTBHM c¢ romortonusimu F’: SZ X
X1/zgX I — Y. CaefoBare/bHO, YCTAHOB/JEHHAS BbIIe 3KBUBAJCHTHOCTD
laeT 3KBHBAJEHTHOCTD

[SZ; Y]~ [Z; o],

TaKylo, 4TO ecJH oto0paxenust g: Z—QY u g”: SZ— Y cBsizanbl pa-
serctBoM g'[z, 1= g(2) (¢), To [g'] coorBercTByer [g]. [ToaTomy nmeer
MeCTO eCTeCTBEHHAs SKBHBAJEHTHOCTh QYHKTOPOB [S-; - Jul-; Q -1

W3 31ux 3ameuanuil BeITEKAeT, 4TO JJIA J0GOro (HDHKCHPOBAHHOIO
MpoCTpaHcTBa Z C OTMEUEeHHOH TOYKOH (PYHKTOD fisz €CTECTBEHHO
SKBHUBAJIEHTEH KOMMO3UUMH (DYHKTOPOB mz o Q. 3aece Q cjegyer pac-
CMATPHBATb KaK (DYHKTOP B KATETOPUIO TOMOTOMHYECKHX THIOB
H-rpynn u romomopdu3MoB. B TakoM ciyyae KOMNO3HUHUS Ttz o Q Npu-
HUMaeT 3HAUEHHs B KaTeropHu rpynn H roMmomop¢pusmon. Ilo Teope-
me 3 npoctpaHcTBo SZ aBasieTcst H-KOTPYNNOH, M ONpejle/IeHHOE Bhilie
oto6paxenue v: SZ—SZVSZ apasercss KOyMHOKeHHeM H-KOrpymmbl
SZ (uau TOMOTOMHO eMy). AHAJOrM4HO, eCaU HMeeTcsi OToOpaiKeHHe

[: Z—Z’, 10 ecTecTBenHoe mnpeo6pasosanue (Sf)#* dynkropa mg,

B ()YHKTOpP sz COOTBETCTBYET €CTECTBEHHOMY IpPeoGpa30BaHUD ¥
KOMIMOSHIHH T, ° L B KOMIOSHUHIO 7izo Q. [lockonbky mocsennee sis-
JISETCSA eCTEeCTBEHHbIM Npeo6pa30BaAHHEM B KATETOPHH TPYIN, TO TaKUM
e spasercs u (Sf)*. 3nauut, no Teopeme 4, Sf ecrb roMoMopdHu3M

H-xorpynnbl SZ B H-xkorpynny SZ’.
TloablTOKUM 3TH yTBEpPK/AEHUA B cleAylollell Teopeme:

5. Teopema. DyYxKTOp HAOCTPOiUKU S ABAAETCA KOBAPUAHTHLLM
yHKTOPOM U3 KaTe2opuuw NPOCTPAHCTE ¢ OTMEHEHHOU TO4KOU 8 KaTe-
eopuro H-xoepynn u nenpepuigrolx eomomopdpuanos. B
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OyHgTOop S TakKe coXpaHsieT roMoTonuu. TouHee, ec/H oToOpaXKe-
ausa fo, f11 Z—Z’ cBs3annl roMmotonHe f;, 10 orobpaxenus Sfo u Sf;
cBA3anbl romoromnued Sf;, siBAAIOWIENCT HeNpPepbIBHBIM TOMOMOp(H3-
MOM TIpH KaxjoM (/.

[Mokaxem Temepb, uto npu 12> 1 chepst S” romeomopdub HaL-
cTpofikaM, W MNOJyUYHM TakuM o00pa3oM OJHO HHTepecHOe ceMeHcTBO
H-xorpynn. CoorBeTcTByloIIMe (PYHKTOPbl M3BeCTHH MOJ Ha3BaHHEM
(GYHKTODOB TOMOTONMYECKHX TpylnH H ocO0eHHO BaxkHbl B ajreGpan-
yeCcKOH TOMOJOTHH.

6. Jlemma. [Tpu n 2 0 npocrparcrso S(S™) eomeomnoppro S+,

HdoxaszateancTBo. [lyctb po=(1, 0, ..., 0) — oTMeueHHas
touka cdepor S*. Pacemorpum R™*! kak nopmpoctpancrtso B R
cocrosiiiee U3 Touek, (1 + 2)-1 KOOpjAHHATA KOTOPBIX paBHa Hy/o. To-
rna cdepa S” aBaseTcs 3KkBAaTOPOM B S7HI:

s =z =R™[I21=1 1 2,,,=0).
[ap En+! Takxke OyAeM CUMTAThb BJOKEHHBIM B En+2:
B ={e =R []2I<1 0 2,0 =0},

[Mycts Hy u H_ — aBe 3aMKHYyTBle noaycdepbl B S+l orpanuuenssle
skBatopom S™

Hy={ze8"""2,,>0] n H_={ze5""z,,,<0],

npuuem S™+ =H,UH_ n S"=H, N H_. Bonee Toro, mnpoekuus
R7+2 — R+l onpenedsier mpoekuuu py: Hy—Entl u p_. H_— En+l
apJsiiolHecss roMeoMopdusmMaMu. Onpegenum otobpaxente f: S(S")—
— §n+! dopmyaoit

Pl 2z (1= 20) py), 0< <
M=\ i@zt @ —Dp), h<t<l.

Jlerko TNpOBEpHTb, 4YTO MLl MHOJYYHJIH roMeoMopdpusm f[: S(S") =
= Sntl M|

[pu n 21 ¢yskTop n-it eomoronuueckoti epynnot m, ABIAETCH KO-
BapHaHTHBIM (YHKTOPOM Ha KATerOPHH TOMOTONHYECKHX THIOB MpO-
CTPAHCTB C OTMEYeHHOH TOuKOH; n, =nS". V3 Teopem 6 u 5 BhiTekaer,
470 3TH (QYHKTODPLI NPHHAMAIOT 3HAMEHHS B KaTeropuu IPynn H roMo-
\Op(PH3MOB.

B mnocnexnux AByx maparpacdax 3ToH TJaBel MBI JajuM APYroe
onpejenerdne QyHKTOpa 5y H H3Y4YHM ero 0oJiee geTajibHO. B 1. 7 Mul
RepHEMCH K M3YYEHHIO BBICIIHX TOMOTONHYECKHX TPYII Il

Caenymouiee HeoOXOAMMOE H JAOCTATOYHOE YCJIOBHE TOro, UTOGH
oto6paxenne S"-—>X TNpeACTABAANO eIAMHHUHBIH 3JIEMEHT TpyIMIILL
7, (X), BbITEKaeT HENMOCPEACTBEHHO H3 TeopeMbl 1.3.12
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7. Teopema. Orobpascenue a: S*— X 102da u roavko T020a nped-
cTasager eQunuyHbll aaement epynnot m,(X) (n2> 1), koeda oro do-
nyckaer HenpepoigHoe npodoascerue wa En+l. A ‘

[Mpexge yeM 3aKOHYHTEL 3TOT naparpad, paccCMOTPHM CBA3b MeXJIy
JABYMSsi BO3MOXKHBIMH CTPYKTypaMHu TpyHnbl Ha MHomxectBe [X; Y] mis
IByX (DHKCHPOBAHHBIX npocTpadcTB X U Y ¢ OTMeueHHOU TOUKOH (Ha-
npumep, ecu X ects H-korpynmna, a Y ects H-rpynna, To MHOXKECTBO
[X; Y] moxno nagenuTh CTPYKTYpPOH TPYNNBl ABYMs Pa3jiUUHBIMH CIIO-
cob6amu). OkaspiBaeTcs, 4TO MPH JAOBOJbHO OOCHIHX NPELNOJOKEHHAX
JBa 3aKOHa KOMMO3HIHK Ha mMHOXKecTBe hom (X, ¥) B Hekoropoil kate-
ropuu cosnazalor, JlokakeM 3TO yTBepiKICHHUE.

8. Teopema. [lycro X u Y —o06vexiol HekoTOpOU KaTezopuu, u
nycre = u + —dsa 3akoHa Komnosuyuu Ha mHoxcectse hom(X, V),
Takue, 4T0

(a) = u +" umeror 06uiYy0 0BYCTOPORAIOIO EOURLLY;

(b) = u «" s3aumno QucTpubyrusHot. )

Tozda 3aKoHblL + 4 = co8radalor u Kawoblil U3 HUX KOMMYTATUBEH U
accoyuaTuseH.

HoxaszateancTBO. ¥YciaoBHe (a) o03HauaeT CylilecTBOBaHHe
otoGpazxkenns fo: X — ¥, takoro, uro miasi mioboro orobpaxenus f:
X —~ Y HMeIoT MecTO paBeHCTBA

fefo=Fosl=F=F+fy=F+F[

Yceaosre (b) osHauaer, uTo aas oto6pamenuil f(, g, fo got X =Y
MBI HMEEM

(Fiafo)+ (g =g =+ g)= (2% go)
Ecnu f, g2 X =Y, To
feg=F+f)=(For" Q=T +[)+ (=g =F+g,
grf=Fo+" @)+ (" o)==+ (g+f)=[+"g.

CaenoBatesnHo, f+g=Ff+"g=g=f. AccounaTHBHOCTb A0Ka3HIBAETCH
TakK:

(Feg)xh=(F+g)+" (foxh)=(+"[o)+(g+ B)=F=+(g+h). A

9. Caenpcreue. [aa scakoeo H-npocrpancrea P u scaxol H-xo-
epynnsl Q mroxcecrso [Q; P] npedcrasaner coboii abeaesy epynny, u
CTPYKTYpQ epynnvl onpedernerca ymuoocenuen 8 P.

HJokxaszaTeabcTBO. YrBepxKIeHHe BhITEKAaeT U3 TOrO, 4TO JABA
3aKoHAa KOMIIO3HIIHM Ha MHOXKecTBe [Q; P], onpejescHHble KOyMHOMXKe-
HieM B Q W yMHOXKeHHeM B P, YyIOBJETBOPSIOT YCJOBHAM T€O-
pembl 8. W
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3ameTHM, UT0 ecau P sABasercst npocto H-npoctpaHcTBOM (HO He
H-rpynnoii), To 3aKOH KOMMNO3WIHK HA MHoxecTBe [X; P, onpenessie-
MBIH YMHOXeHHeM B P, BooGlie roBopsi, He OYIET CTPYKTYpPOH TpyMIbl
ua [X; P]. Onnako ecan X sipasierca H-xkorpynnoii (HampuMep, Han-
CTPOHKOMH), To U3 clelCTBHsA 9 BHITEKAET, UTO 3TOT 3aKOH KOMIO3HUUH
apexacrasasier cobofi cTpykTypy rpymnel Ha [X; Pl. B stoM cayuae
CcTpyKTypa rpynnel Ha [X; P] He 3aBucHT oT Bhribopa oTOGpaKeHHS,
3ajaouero yMHoxKeue B P (kak B fl-nipocTpaHcTBe).

10. Caencrsue. Ecau P ecto H-npocrparcrso, 10 epynnol g, (P)
abeaesol npu scex n = 1, u crpykrypa epynnol 8 n, (P} onpedesrsnercs
ymHoxceruem 6 P. B

Hasi npofitiof mangcTpoiiku S(SZ), TOUKH KOTOPOU OpeacTaBisioTes
B Buze [[z,1],¢], rne 2= Z u t, ' =1, cyulecTBYIOT ABa 3aKOHA KOM-
MO3UIHK Ha MHOMXKecTBe oToOpakenuil S(SZ)— X. DBoaee Touno, ecnn
naHbl 1Ba otobpaxenns [, g1 S(SZ)-— X, 10 noa0KUM

, f[[z? 2t]7 Z,]’ O<t<1/27

deatte 1= i 5, e
’ , f[[z) t]’ 2t,]1 0\<\1/<1/27
(f* g)[[2, t]vt]:{g[[z’ t], 2t,‘—1], l/2<t,<1.

CoortBercTByIOliHe KOMIO3HUHH B [S(SZ); X] yaOBAeTBOPSIOT npenno-
Joxenusim 1eopeMnl 8. CaefoBaTeqbHo, OHU coBnajgalor, u [S(SZ); X]—
abejseBa rpymna. B uacTHOCTH, Mbl NOJydaeM TaKoe YTBEpIKIAEHHE:

11. Caepcreue. Lcan n 2, 10 m, A844eTCA (YHKTOPOM 8 KaTe-
eopur abenesoix epynn. B

AHaJorduHble paccyxIeHHss MOXKHO TNPHMEHHTb K TNPOCTPAHCTBY
neresib QP, rae P camo saBasercs H-npoctpancrsoM. B npocrpan-
crBe P CyllecTByeT YMHOXKEHHe, MOCKOJDbKY 3TO TNMPOCTPAHCTBO me-
TeNb, W [APYroe YMHOMEHHe, NMOJYYeHHOe H3 MepPBOHAUAJbHOrO yMHO-
skenus Ha P. CoOTBeTCTByOIIHME 3aKOHBI KOMIIO3HLHH Ha MHOMKECTBe
[X; QP] yroBJeTBOpAIOT NpeAnofoxeHusaM TeopeMbl 8. CaenoBaTelbHO,
ecnd P ecrb H-npoctpancTBo, 10 fi®F — KOHTpaBapHaHTHRIH (yHKTOD
B KaTeropuioo abeneBblXx Pynn.

§ 7. ®yHpamMeHTaAbHbIi IPyONoOus

B srom naparpacde paccMaTpHBaIOTCA NYTH B TONOJOTHUECKOM NPO-
cTpaHcTBe. DTO NMPHBOAMT K APyroMy onucanuio (cM. § 1.8) mepsoil ro-
MoTonuuyeckoll rpynmet sy, onpegesednor B § 1.6. Mbl OGynem crpouts
TOMOTONHH MeXJy MyTAMH B TNPOH3BOJLHOM TONOJOTHUECKOM HPO-
CTPAHCTBE, KOTOPble sIBAAIOTC 0000UICHHsAMH (Ha HE3aMKHYTbe MYTH)
rOMOTONHHA, HCNOAB30BaHHBIX B § 1.5 anasi goKasaTeabcTBa TOTO, UTO
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IIPOCTPAHCTBO MeTeNb ABMAAeTcd [H-rpynnol, U onpegensioTcss TEMH XKe
dopmysamu (3a UCKJAIOYEHHEM TOTO, YTO apryMeHTHl { u & MeHsoTCs
MecTaMH). $ICHO, 4TO 3TOTO NMepenHCHBaHUA (OPMYA MOXKHO GBLIO Obl
n3bexarb, ecid, He odpamiasch K IPOCTPAHCTBY MeTeNb, H0KA3aTh
COOTBETCTBYIOIIHE OOllHe pe3yabTaThl O npocTpaHcTBax nyrtell. On-
HAKO eCcTb HAjekK[Ad, YTO TaKOe MOBTOPEHHE NOMOXKET Jydyllle MOHSATh
3TH (POPMYJIHL.

I'pynnoudom na3mpiBaeTcst Majiafi KaTeTOpHs, KaxKAbli MOpGH3IM KO-
Topoll ABJsieTcs 9KBUBAJEHTHOCTHIO. [lepeuncauM 6e3 nokasaTelhCTBa
HEKOTOpble CBEJeHHS O IpyNNouAax, HeNOCPeACTBEHHO C/AeAYIoLlHe U3
061IMX CBONCTB KaTeropui.

1. Ornowenue mescdy obvexramu A u B Hexoropoeo epynnouda,
onpedeasemoe ycaosuem hom(A, B) + J, asasercs oTHoweHuen 3K8u-
B8ANCHTHOCTU. B

Koacchl 9KBUBAJIEHTHOCTH NO 3TOMY OTHOIUEHMIO HA3bIBAIOTCS KOM-
noHenTamu rpynmoupa. I'pynnouj HaswBaeTcs C8A3HbIM, €CJIH OH
HMeeT POBHO OJHY KOMIIOHEHTY.

2. Hasn awboeo o6vekTa A HeKOTOPO20 epynnouda 3aKGH KOMNO-
auyuu, conocragaarowuld  mopgpusman f, g A—A mopuszm
fog: A=A, asaserca epynnosoli onepayueli HA  MHONCECT8E
hom(4, A). m

3. Ha scakom epynnoude onpedeien KOBGPUAHTHOUL (DYHKTOD 8
KaTecopuio epynn u 20MOMOpPudmos, conocrasaanouul obsesty A
epynny hom(A,A), a noppusny f: A — B—comomoppusn

hs: hom (A, A)— hom (B, B),
onpedesennoll pasencteom hi(g)=fogof! das gt A—A m

Tlockonbky Kaxabil Mopduam f: A — B rpynmnonpia mnpeictapisier
coboii 3KkBHBaJeHTHOCTb, Ay hom (A, A)—hom(B, B) — usomopdusm.
Caenyoliee yTBep:KJeHHe OMHCHIBACT COBOKYIHOCTh H30MOP(HU3MOB,
NOJYYEHHBIX ¢ NOMOIIbIO BCEBO3MOXKHBIX Mopduamos f: A — B.

4. Ecau A u B npunaOaesncar 00HOL u TOU sice KOMNOHEHTe epyh-
nouda, o cosoxynHocts uzonopguanos {hs|f: A — B} asaserca kaac-
com conpasgenrocty usomopgpusmos hom(A, A)—hom(B, B). &

5. I[Tycte F— kosapuanthoul ¢ysxrop us epyanouda € 8 epyn-
noud €. Toeda F nepesodur randyi KOMROHeHTYy epynnouda €
8 HeKOTOpYr KOMNOHEHTY epynnouda €', u CYwecT8yeT ecrecT6eHHOe
npeobpasosanue F,(A) rosapuantrozo ¢yuktopa homg (A, Ay Ha @
8 KosapuantHoltl ¢yrxrop homy, (F (A), F(A)) Ha &'

F (AR =F({f): F(A)—F(A) i A>A m
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Vmes B BHAy 3T oOlHe 3aMeuyaHHs O TPYNNOHAAX, HPHUCTYINHM
K omnpejesendio QyHZaMeHTaJbHOro rpynmnouga. [lyrem o B TOMOJO-
THUeCKOM mnpocTpaHcTBe X Has3blBaeTCs HENpEepblBHOE OTOOpamkeHHe
o: I — X (s3ameTnM, 4TO TNyTeM Ha3bIBaeTCs HMMEHHO OTOOparkeHue,
a He ero o6pas o(/)). Havasom nytn HaspiBaercss Touka ®(0) (obo-
3HauaeTcss orig ), a Konyom — touka (1) (oGosnauaercsa end o).
MbI Takxke GyleM roBOpHTb, UTO ® sABAseTCA nyTem oT o (0) do o (l).
3amMKRyToLM nyTem, WIH netieli, 8 To4Ke Xo & X Has3piBaeTcss NMyTh ©,
114 kotoporo w(0)=xp=w(l). Eciu © u o’ —uyru B X, Takue,
4TO KOHEll o COBMNAajaeT ¢ HAYaJIoM o', TO MOXKHO ONpeLeJHTb Hpo-
uzeedenue nyteli o + o’ B X, mojarasi

) {w(zt), 0<<t<<Ys,
(e =\ yrar—1), y<t<l.

[Ipu srom Havano nyT™ o+ COBNAAdeT C HAYAJOM ®, a KOHEN —
C KOHUOM o,

Ham xoresnoch OBl NOCTPOUTL KaTeropHIo, 00beKTaMi KOTOpo# Oblin
6bl Touku npocTpanctsa X, MopduamMaMu oObEKTa Xg B X1 — MYTH OT Xp
JO X1, 4 KOMIO3HUHEH MOP(H3IMOB — npoH3BeaeHue nyTeil, OqHako Tak
onpefieNieHHble 00BEKTh B MOD(U3MBL He YIOBJETBOPSIOT HH ONHOH M3
aKCHOM TeOpHH KaTeropuil. B camom nese, He /st BCAKOH TOUKH CYlie-
CTBYET TOXKJECTBEHHbIl MOPDH3M, U AN NpPOHU3BeleHHs nyTefl, BooGIle
TOBOpS, He BBIIOJHAETCH 34KOH acCOUHATHBHOCTH (T. e. MOYTh
o# (0’ * ®’), KaKk NpaBuo, OTJIHYaeTcs OT nyTH (o *o’) = w”). TeM
He MeHee KaTeropuio MOMKHO HOJYUHTh, €CJH MOP(H3MBI ONpeleHTh He
KakK MyTH, & KaK TOMOTOMHYECKHE KJacchl MyTed.

[Ba nyty © 1 ©’ B X LISt KPATKOCTH Ha3bIBAIOT 20MOTONHbIMU (06O~

jgayaercd o~ ®’), ec/id OHH TOMOTONHBI OTHOocHTeabHO /. Takum 06-
pa3oM, HeoOXOAUMBIM YCJAOBHEM TFOMOTONHOCTH ® =2 ¢’ sIBJSETCH YCJI0-
e 0(0) = 0'(0) u o(l) = o’(l). dna a0bbix ToUEK Xy, X3 & X OT-
HOLIEHHe o~ @’ SABJISAETCS OTHOLIEHHeM 3KBHBAJEHTHOCTH Ha MHOXKe-
cTBe NyTe# OT Xo A0 ¥i. COOTBeTCTByIOLME KJacchl 3KBHBAJEHTHOCTH
Ha3bIBAIOTCA Kaaccamu nyreld, 1 eCiM ® — IyTh B X, TO colepxkauini
ero KJacc oBosnadaercst cHMBosoM [o]. [Tockosabky nBa myTH, mpHHan-
Jexaine OZHOMY H TOMY Xe KJaccy, HMeT o0liue Ha4yalo H KOHel,
MOXHO TOBOPHTH O Hauajie M KOHIE KJaacca MyTed.

Mpbl TOCTpPOMM KaTeropuio, 060beKTaMu KOTOpPOH SABJAIOTCS TOYKH
npocrpaictea X, a MopduaMamu 0OGBLEKTa Xp B Xy — KJacchl NyTel
¢ HauaJoM Xo 1 KouloM x;. Caeaymoiias JeMMa NOKa3blBaeT, 4TO KJaacc
NpoH3BefeHHst ABYX NyTell 3aBHCHT TOJbKO OT KJacCOB COMHOXKHTEJeH,
yto OyleT HCMOJNB30BAHO TPH ONpeAeseHHM KOMIO3HIMH B 5TOH KaTe-
TOpHH.

6. Jlemma. [MTycre [0] u [0']— kraccwr nyreii & X, Takue, 4To
end[o] = orig[w’]. Toeda cyuwecrsyer koppexTHo onpedesennsiii Kaace
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nyrei [0]#*[0] = [0+ '], 041 koropoeo orig ([o]+[w’]) = origlw] u
end ([o] # [0’]) = end[o’].

Hoxasartenbcrro. JlokaxeMm, uTo H3 w1 0 o >~ @] cie-
ayer o # @ =~ @, * &) Ilyets F:I X [ — X — roMotonus oTHOCHTENbHO |
OT ® K o1, # nyctb F’: I X [ —X —romMoronusi 0THOCHTE/IbHO I ot o
k of, [omoronus F + F: I X I— X onpegensiercst no ¢opmy.Je

F(2t, t), 0t << VYs,
w*ﬁnnfk% eLn, DD
F (21"_1’ t)) I/2 <t<],

KakK II0Ka3aHo Ha auarpaMme

wi wi
F F
w w’
F=+F

CnenoBatenbto, F+F': o *o' >~ o +o{rell. &

7. Teopema. /aa kasdoeo Tonoaozuueckoeo npoctparcrea X onpe-
Oeaena Katecopus P(X), o6veKTamu KOTOPOU ABAAOTCA TOYKU NPO-
crpanctea X, moppuamany ob6BEKTa Xo 8 X1 — KAaccol AYyTel ¢ Ha4a-
AOM Xo U KOHYOM Xy, a KOomnosuyueld — npoussedenue Kiaccos nyreil.

HdorkasaTteabctBo. JloKaxeM CylIECTBOBAHUE TOKIECTBEHHBIX
mopdusmos, Ilycte ex: [— X anas mwboro x e X — MOCTOSIHHOE 0OTO-
6paxenne I B Touky x. [Tokaxkem, uro [ex] = 5. Ecin o — taxkoft nyTh,
uyTo ® (1) = x, T0 Mbl JOJI)KHBl JOKAa3aTbh, UTO ® * &x 2 (M aHaJOTHY-
HOe CBOHCTBO Mg myTell ¢ Havastom B x). Takas romoronust F: [ X [ —
—- X onpejensierca no ¢popmyie

ol47),  o<t<H,
F(t, 1) = T 2
| s <<y,

KaK MOoKa3aHo Ha pHarpamme

w

//x

w .
F

AHaJjioTHUHAs TOMOTONHA TOKasbiBaer, uTo ecin o (0) = X, TO &x * 0.
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JlokaxkeM acconHaTHBHOCTb KoMioauuuu Mopousmos. Ilyeth o, o’

# o —Takue nytH, uto end e = origew’ u end o = orig®”. Mu
JOJIXKHBI 10Ka3aTh, 4To (®* ') 2 0” =+ (0’ # ©”’). CoorBercTBylO-
mas romoronus G: I X I - X onpeznenserca ¢popmMynoi

41 t+1
o). osra it
Git, )= o' (t—r -1, Tl<i<E2,
g (=2t v2
o (55555), Py,

KakK MoKa3aHo Ha guarpamme

Karteropust # (X) HasbiBaercs Karezopueil Kaaccos nyted npocTpas-
ctBa X, uiau Qynoamentarvroim epynnoudon npocrpancrsa X. Iloka-

keM, uto P (X) — rpynnoum.
8. Teopema. Kareeopusa P (X) asaserca epynnoudon.

JokasatedbcTBO, JlJg AaHHOTO NYTH & B X ONpeneJuM MYThb
o™t J— X no dopmyne o™ (f) = o (l —¢) u nokaxewm, uro[o™!] = [o]?
B #(X). Aas 3Toro Mbl JOJUKHBL I0Ka3aTh, YTO ® # 01 =2 g, (OTKyZAa
GyleT CJAefOBATh, UTO H 0! % ® == €uq), MOCKOJIBKY ®@ = (©71)~1). Hyx-
nHaa HaMm romortonust H: I X I — X onpegensiercd no ¢gopmyne

o (0), 0t <H)2,
RPN LG rR<ts,
&)=Y go—o—m, 1y <t 1= (F)2),

L ), - <i<l,
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KaK NnOKa3aHO Ha Auarpamme

wl(0) «(0)
/I
VA I
/ \\
/
¥ A
w w™?
H

Hrtak, Mpl DOCTpOM/IH PyHIAaMeHTaJbHBIH Ipynmoui. Ero xommo-
HEeHThl Ha3bIBAIOTCS KOMNOHEHTAMU AUHEHHOL C8A3HOCTY MPOCTPAHCTBA
X. Slero, 4TO TOUKH Xp M Xy TOTAA H TO/AbKO TOTAA NpHHAZJEkKAT OJHOH
U TOo¥ Ke KOMIOHeHTe JHHENHOH CBA3HOCTH npocrtpaHcTBa X, Korfa
cyuiecTByeT nyTh ® B X u3 Xo B x1. [IpocTpanctso X naswiBaercs Au-
HeliHO ¢B8A3HbIM, ecaid ero (yHAaMeHTaJbHbiH rpynnona cesizeH. Cie-
Ayiolllee NpelJioKeHue HaeT ApPyroe ONHcaHHe KOMIOHEHT JHHeHHOH
CBSI3HOCTH.

9. Teopema. KomnoHneuTol AuHelHOL €8A3HOCTYU npocTpaHcTéa X
ABAAIOTCA MAKCUMGALHOIMU AUHEHHO CEA3HbIMU NOONPOCTPRHCTEAMY
8 X.

HoxaszatreabctBo. [lycth A — KOMIOHEHTa JIMHEHHON CBSA3HO-
CTH TpoCTpaHcTBa X, H MyCTh ® — Takol nyTh B X, uto @ (0) == A. Tlo-
KaxeM, uTo o fABAsercss nyTeM B A. Jlas Kaxjgoro t e/ onpenenum
nyTh oy [—X, nonaraa o;(#') = o () (' =1). Torna w; ssisercs
nyreM B X u3 o(0) B 0(?). CiaenoBarenpno, w(f) NpuHaINeRKUT TOH XKe
KOMIIOHEHTe JHHeHHO! CBA3HOCTH, UTO H Xo, @ UMeHHo A. D10 BepHO
s kaxporo ¢ & 1, noatomy @ — nyTth B A.

Komnonenta A JHHefiHO CBA3HA: eClH Xo, X1 A, TO cyllecTByer
nyTe ® B X U3 Xo B X;. Kax MBI TOJNBKO 4TO ROKa3a/H, ® — NyTb B A.
CriegoBarenbHO, JI06ble 1B TOUKH H3 A MOXKHO COeIUHUTb myTeM B A,
u, 3HauuT, A nuHeiHo cBa3Ha. [TockoabKy Kax b nyTh B X, HaupHalo-
wuiics B A, ocraercss B A, A siBIsieTcst MAKCHMAJbHLIM JIMHEHHO CBSI3-
HbIM MOAMHOXecTBOM B X. W

10. Jlemma. Junetino c8a3H0e nPOCTPAHCTBO CBASHO.

HoxaszateabctBo. Ecin @ —nyts B X, 10 o(/), Oyayun ne-
NpepsiBHLIM 06pa3oM CBS3HOTO NMPOCTPAaHCTBA, cBsi3HO. CllefoBaTeNbHO,
Toukd ®(0) u o(l) npHHaAMeKAT OAHOH M TOH 2Ke KOMIIOHEHTe CBfA3-
Hocru mpoctpancrBa X. Ecou X nuHefiHO cBA3HO, TO J0Gble ABE era
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TOUKH NMPHHAJJEXKAT OZHOH U TOM Xe KOMIIOHEHTE CBSA3HOCTH H, 3HAYHT,
X cBs3HO. M

O6paulenne seMmbl 10 HeBepHO, KaK MOKa3blBaeT CJAeLYIOWHAN MpH-
mep:

11. NMpumep. [Tycts X — moampocTpaHcTBO npocrpancTea R?, ompe-
JeJIeHHO€ COOTHOIIeHHEM

X={(x, PER x>0, y=sint wim x=0, -—1<y<1}.

[TognmpocrpancTBo X CBSI3HO, HO He fBJSAETCH JHHEHHO CBSI3HBIM,

Iast 3anannoro oto6paxkenust f: X — Y onpeme/iiM KOBapHaHTHBIf
dyrkrop f, us P(X) B P(Y), nepeponsumit 06beKT X KaTeropuu
P(X) B o0bekT [(x) Karteropun P(Y), a mopdusm [w] kateropuu
P (X) B mopdusm fylo] =[f o o] kareropun #(Y). Jlerko Bumers, uro
oro0paxeHue [ AeHCTBHTeNBHO sBJAAeTcss ¢yHKTOpoM. C momourbio
MEePBOIl YaCTH YTBEPXKAEHHS 5 HAH HEMOCPEACTBEHHO JErKO YCTAHOBUTH,
yro f oTobpazkaer KaxKayl0 KOMMOHEHTY JIHHeHHOH CBSI3HOCTH MPOCT-
paHcTBa X B HEKOTOPYIO KOMIIOHEHTY JIHHEHHOH CBSI3HOCTH NPOCTpaH-
ctBa Y. CienoBare/bHO, ONpene/ieH KOBAPHAHTHEI (GYHKTOD 7o H3 Ka-
TErOpWHM TONOJIOTHUECKHX NMPOCTPAHCTB W HENpPEpHIBHBIX 0TOGpaKeHHii
B KAaTerOPHIO MHOXKECTB H QYHKUHE, TAKOH, 4TO mo(X) €cTb MHOXKECTBO
KOMIIOHEHT JIMHeHHOH CBA3HOCTH NpocTpaHcTBa X, a oTo6pakeHne

o (f) =Py 716 (X) = (¥)

NepeBOJUT KOMIOHEHTY JHHEHHOH CBA3HOCTH mpoctpaHcTBa X, comep-
XKalUlylo TOYKY X, B KOMIIOHEHTY JIHHeHHON CBSI3HOCTH NPOCTPAHCTBA Y,
comepxkaiyio To4ry f(x). Ecnu F: fo=f,, To pas kaxmoit tTourn x = X
cyulecTByer nyTh @x B Y u3 fo(x) B [1(X), ONpenesieHHbIl paBeHCTBOM
ox(f) = F(x,t) (t=1). Cregoatenpno, Toukd fo(x¥) u fi(x) npunaz-
Jle’KaT OHOH u ToH Ke KOMIIOHeHTe JIMHEHHOH CBA3HOCTH NPOCTPaHCTBA
Y u fo,=F,. Ortciona BhiTekaer, 4To My MOXKHO pacCMaTpHBaTb KakK
KOBapHaHTHBIH (YHKTOD M3 KaTeropu# roMOTONHYECKHX THIOB B Karte-
TOPHIO MHOXKeCTB M QYyHKIHA. DTOT QYHKTOD clexyiomiuM obpasoM xa-
pakTepusyer GyHKTOp 7x AJIsl CTATHBAEMBIX MPOCTPAHCTB X:

12, Teopema. Ecau X — craeusaemoe npocTpancrso, T0 QYHKTOPbL
Mx U Tl HQ KQTe2opuu 20MOTONUYECKUX Tunos ecTecT8eHHO 3K8U8q-
AEHTHDL.

HokazateawrctBo. Ecan X u X/ uMeloT OqHH ¥ TOT XKe rOMO-
TONMHYECKUH THI, TO (QYHKTOPH 7ix H T, €CTECTBEHHO IKBHUBAJIEHTHHL
M3 caexcrBusa 1.3.11 BhITeKaer, yTo ANs1 OJHOTOYEUHOI'O NPOCTPAHCTBA
P OYHKTOpPBI ix U Tp €CTECTBEHHO 3KBHBaJjieHTHH, CJjie10BaTe/bHO, AO-
CTATOYHO I0Ka3aTh, YTO (PYHKTOPHI sip H 7o €CTECTBEHHO IKBHBAJEHTHBL.
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MHOX)ecTBO mo(P) COCTOUT M3 €QMHCTBEHHOH KOMIIOHEHTBbI JHHEHHOH
CBSI3HOCTH NpOCTpaHCTBA P, H ecTecTBenHOe npeodpasoBaHue

P np— 1
onpeneasiercs pasencteom Ylf] = f,. (P) mpu [fl[P; X]. Tockoabky
MHOXecTBO XP HaxOguTCs BO B3aUMHO OJHO3HAYHOM COOTBETCTBHH

¢ TOYKaMu mpocTpaHctBa X Takum o6pasom, uto romoronuu P X [—X
coOTBeTCcTBYIOT NyTsaM [ — X, TO P — ecTecTBeHHAA SKBHBAJEHTHOCTL. B

DyHKTOp My TECHO CBSI3aH ¢ ¢yHKTOpOM f1y U3 mpumepa 1.2.6. [lei-
CTBHUTE/bHO, AJs1 TPOCTpaHCTBA X, KOMMOHEHTb CBSI3HOCTH KOTOPOTO
COBMAZaloT ¢ KOMNOHEeHTaMu JHHeliHo# cBsisHOcTH, QyHKTOP /) mpen-
cTapisieT co60fl KOMNO3HUHIO Ty ¥ QYHKTOPA, CTABSAIIEr0 B COOTBETCT-
BHe KaxJ0OMy MHOXecCTBy aleseBy IpyNNy, NOPOXKIEHHYIO 3THM MHO-
KecTBOM. B uacTHOCTH, mp MOMKHO HCIOJb30BaTh A1 NOJNydYeHus pe-
3yabTaToB § 1.2, KoTopble GbLIN BHIBeJeHH NpH MOMOLH GyHKTOpa ).

§ 8. dynpamenrasbHast rpynna

BriGupas (HKCHPOBAHHYIO TOUKY Xo & A M paccMaTpHBas KJaacch!
nyteil B X, HMeWIiHe TOUKY Xo CBOMM HavaJjoM ¥ KOHLOM, Mbl NMOJYYHM
rpynny, HaselaeMyio ¢GyHAaMeHTaJabHOH Tpynnoi. Mbl dokaxewm, 4YTO
3Ta TPyNNa eCTECTBEHHO H30MOop¢HA NepBOH IOMOTONHYECKO! TpyHIe
my, onpenenennoil B § 1.6. B 3akaiouenue 3toro naparpada Mbl BbIYHC-
JuM QyHAaMeHTaNbHYIO [PYINY OKPYXKHOCTH.

[Tyctb X — HekoTOpOE TOMOJIOTHYECKOE NPOCTPAHCTBO, H TYCTh
xo = X. Pyndamenrarvroii epynnoti npoctpanctea X B Touke X (060-
anavaercss ®(X, xp)) HaabiBaercs TIpyNma KJaccoB MyTeH, HauHHAIO-
HIMXCS ¥ KOHUAWOUMXCsH B TOUKe Xo. V13 reopembt 1.7.8 u npensoxenus
1.7.2 BHITEKART, UTO 3TO AEHCTBUTENBHO TPYNNa U YTO AJf JI06OT0 OTO-
6paxenus f: (X, xo) = (¥, yo) mopduswm f, sBasercs romomopduamonm
rpynnsl (X, xo) B rpynny n(Y, yo). Ecnu otoGpaxenus f, f': (X, xo)—
— (Y, yp) TOMOTOIHEI, TO

f#=f%: :rn(X, xo)—>n(Y, yo).
Takum o6pasom, Mbl JOKasadu CJedyIONLYIO TeoPeMY:

1. Teopema. Moscro onpedeauts kKosapuantHolll GYHRKTOp U3 Karte-
20puUL 20MOTONUHUECKUX TUNO8 NPOCTPAHCTE € OTMEUeHHOl TOUKOL 8 Ka-
Te20puto epynn, CONOCTABARIOWUL KancOOMY NPOCTPARCTEY ¢ OTMedeH-
HOLl TOUKOU e20 yHOAMEHTANbHYIO epynny, a KAXcOOMY OTOBpaxceHu
[ eomomopusm [y ®

[Tokaxewm Tenepsn, 4yto GYHKTOpP QyHAAMEHTANBHON TPYNNbI 7 ecTe-
CTBEHHO 3KBUBaJieHTeH QYHKTOpY mi, onpemesenHoMy B § 1.6. Ilycrs
orobpaxenue A: [—S(S% onpeneseno dopmydoit A(f) = [—1, ], rae
SO cocrout u3 mBYx Touek —l u 1, mpuuem | — OTMeUeHHAa Touka.
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Torpa A uaayuupyeT OMEKTHBHOE COOTBETCTBUE ¥ MeXKAy roMOTOnHue-
CKHMH kjaaccamu oroOpamennit  (S(S%, 1) >(X,x)) © KJa1accaMH
3aMKHYTHIX myTell B X B TOUKe Xo, ONpege’eHHoe GOPMYJIOH

k#[g]=[g7»], rae g: (S(S9, )= (X, xp).
M3 onpenesenns 3akoHa KOMOoO3uuuMu Ha MHO:KectBe [5(S°); X] u Ha
MHOKeCTBe (X, Xp) BHJHO, 4TO A saBasiercs msomopguaMoM Tpymm.

Ina Besikoro otobpaxendn f: (X, xo)— (Y, yo) orobpaxkenue A Kom-
mytupyer c f,. Kpowme toro, no senme 1.6.6 npocrpancrso S(S% ro-

MeoMopdHo St

2. Teopema. Orobpascenue 2 ¥ seaserca ecrecreennod sxeusanent-
HOCTb10 (PYHKTOpQ T NEepsoll eOMOTORUYECKOU epynnbl u (PYHKTOPA N
GpyrndamenrTarvHol epynnsl. &

Hnorpa 6yner ynoGHee paccMaTpuBaTh JeMeHTHl rpynmel m (X, Xo)
KaK TOMOTOIHYECKHe Kaaccel otob6paxenuii (S, po)— (X, x0), a He Kak
KJacchl IyTei.

[TockonbKy BCSIKHME 3aMKHYTBIH MyTh B TOUKE X (M BCSIKAst TOMOTO-
must MEXKAY TAKUMU ITYTAMH) JOJIZKeH JleXaTb B KOMIOHEHTe JHHEeNHO
csisHoctu A mpocTpanctBa X, coiepikallefl TOYKY Xo, MBI HMeeM
(A, x0) =~ n(X, x). Cnenoare/nbHo, (GyHZaMeHTaAbHasi TpPynma Mo-
Xer AaTh MHQOpMAUUIO TOJAbKO O TOH KOMIIOHEHTe JHHEHHOH CBSI3HO-
CTH mpocTpaHcTBa X, KOTOpas CONEpPHHUT TOUKY Xo. 3 o6wux cBoiicTs
TPYHIOU/IO0B MBI 3akJjiouaeM (cM. npeanioxenus 1.7.3 u 1.7.4), uto ecnu
[o] — knace nyreit B X ¢ HavaJoM Xo H KOHIOM X;, TO A} ABJSIETCS
usomopdusmom (X, x1) Ha n(X, x¢).

3. Teopema. DynOamenTasbHbIE epynnbl AUHEHO CBA3HOZO APO-
CTPAHCTBA 8 PASAUYHBIX TOUKAX UBOMOPHHLL NpU NOMOULL USOMOPHUS-
MO8, ONpedeseHHolx OOHO3HAUHO € TOUHOCTbHIO 00 conpascernus. B

Xors ¢yHAaMeHTadbHBlE TPYNNbl B PasjJUUHBIX TOUYKaX JHHEHHO
CBSI3HOT'O MPOCTPAHCTBA M30MOP(HEI, MBI BCE-TAKH He MOXKEM OTOXKJe-
CTBHTb KX, NOCKOJIBKY 3TOT H30MOp(du3M He SBJSETCS e€IUHCTBEHHBIM.
Ecan dyHaaMeHTanbHAs TPyNNa B HEKOTOPOH TOuKe (a cjeaoBaTeb-
HO, U B JI000l apyroli tTouke) abeseBa, TO Bce M30MOPGHUIMEL coBIa-
npator. Boo6iie rosops, ¢yHAiaMeHTa/bHasg Cpynma He 0053aTeJbHO
abesieBa; TeM He MeHee MMeeT MecTo OOIIMi.pe3y/bTaT O KOMMYTATHB-
HOCTH (GQYHAAMEHTAJbHOH TPYNIbI, BHITEKAIOUIUN H3 TEOPEMbl 2 H cJael-
creus 1.6.10.

4, Teopema. DyndameHTaroHasa epynna 8 NPOU3BOALHOL TOHKe Au-
Hetino csaanoeo H-npoctpancrsa abeaesa, u ecau o u o' — 3amMKHyToLE
NYTU € HAYAAOM U KOHYOM 8 3TOI TOUKE, TO

[o0]  [0'] = [y ° (0, o)),
ede p-— ymHoocenue e arom H-npocrpancree. &
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[TpoctpanctBo X HasbiBaercs n-c8a3Hbim (n == 0), ecliu Besikoe He-
npepbiBHOe oTtoGpaxkenue f: Sk — X (k < n) MOXKHO HempephLIBHO NpoO-
J0XKuTh Ha ERY, Ecanm n = 1, Takoe MpOCTPAHCTBO HA3bIBAETCA OOHO-
ceasnoim, 3ametuM, uto ecan 0 << m < 1, TO n-cBA3HOE MPOCTPAHCTBO
ABJISIETCSl TaKXKe M m-cBA3HbIM. M3 Teopemm 1.6.7 BriTexkaer, uto npo-
cTpancTBo X TOrfa M TOJBLKO TOTHAA SIBJSETCS A-CBSIBHHIM, KOTAA OHO
auHeHHO CBA3HO M Korga Bce rpynnsl my (X, x) (x = X, 1 <1< n) Tpu-
suaJjbHbl. C noMouibio cieacteus 1.3.13 monyyaem Takoil pes3y/abrar:

5. Jlemma. Crseusaemoe npoCTPAHCTBO ABALLTCA N-C8ASHLIM OAL
Kascdozo n 0. A

3ameTnMm, uTO NPOCTPAHCTBO TOTAA H TOJBKO TOTAA siBasiercst 0-cpaAs-
HBIM, KOTJa OHO JIMHEHHO CBSI3HO, a OJHOCBSI3HBIM — TOTAA H TOJbKO
TOTJa, KOTla OHO JHHeHHO CBA3HO H m(X, Xo) = 0 M5 HeKoTOpO# (M
TeM CaMbIM AJIfl BCAKOM) TOUKH X = X.

W3 rteopembl 1 Mbl 3HAEM, UTO ABA MPOCTPAHCTBA C OTMEYEHHOH TOY-
KO ORHOIO W TOTO e TOMOTOMMYECKOr0 THNA HMEIOT H30MOpP(HHe
¢dyngamenranpHble rpynnbl. Uto6bl 10Ka3aTh aHAJOTHUHBIH pe3yJbTar
/s OBYX JIHHEHHO CBSI3HBIX NPOCTPAHCTB, HMEWINMX OJHMH H TOT XKe
TOMOTONHYECKHH THN Kax NPOCTpaHCTBa 0e3 OTMEYEHHOH TOUKH, HAM
NOHaxO0sITCA HEKOTOpble NpeaBapUTENbHbE CBeLeHH S

6. Jlemma, ITycre 3adano orobpasmenue h: I X1—X, u nycrs
nyTu @, oy, B u Py 8 X onpedersrorca oepanuvenuem h Ha CTOPOHOL
keadpara I X1 [r. e. a;(ty="h(i, t), B;(t)y=h(t, ))]. Toeda (a,+p;) *

-1 -1 . u
*(al *fy )—sammyrbm nyre 8 X e rouke h(0, 0), npedcrasrsrouuii
TpusuasbHell ssement epynnot m (X, A(0Q, 0)).

Hoxasateanctso. Ilyers af, af, B, u p;—nytu B /X,
o} (8)=(i, t) n p; (t)=({, i). Torna samruyTH# NyTH (af + B) + (arl ¢ ﬁg_l)
B I X[ oroSpaxkenneM /i NepeBOAMTCA B HyTb (0 #f,)* (afl * ﬁ:).

IMockonbKy [ X [ — BHIYKJOe MNOAMHOXKECTBO HpocTpaHcTBa R2, oHO
CTATHBAEMO H, cJefoBaTeJpHO (MO JieMMe 5), OMHOCBSI3HO. 3HAYUHT,

A AR G A LI
(0% By)* (“1--I * Bo—]) =ho ( (“(,) * ﬁ;) * (“;_I * ﬁf)_l)) > hoeg g =2,0q B
7. Teopema. I1ycro orobpanmcenus f: (X, xo)—(Y, yo) u g: (X, x0)—
(Y, y1) eomoronnot kax orobpaxcenus X e Y. Toeda 8 Y cyujecreyer
nyTe ® U3 Yo 8 Y1, TAKOU, 4TO
fp="hg o gy n(X, x)>n(Y, y)

Hoxkazareascrso. Ilyers F: X X I— Y —romoronus Mexmy
orolpaxeHusMH [ u g, ¥ NycTb NyTb @: /— Y onpenesnen paseHcTBOM
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o (f) = F(x,1t). Torra @ —nyts B Y u3 yo 8 y1. Eciu o’ ~— Kakoi-uu-
6ysbh 3aMKHYTBI yTh B X B TOUYKe X, TO HycTb roMoTonus A: [ X [—
- Y onpenenena paseHctBoM h(f, )= F(w’(f),%’). Torna A(0,¢)=
= F(x, V)= o(t), h(t,1)=go'(t), AL )=o) n h(0)=
= fo’(¢). U3 nemmb 6 mosyyaem, 4To

(@ go’) s (0" (o)) 2 gy,

Orerona BuTekaer, 4to (o] g, [o]° [0]™ =f o], 1. e (B, c gy)[0']=
= fu [0]. TTockoabky [®'] — npousBobHBIH 3eMenT rpynnbl 7t (X, Xg),
umeeM b og,=f,. B

8. TeopeMma. []sa AuUHEIHO CBA3HLIX RPOCTPAHCTBA O00HO20 U TO20
He 20MOTONUHMECKO20 TUNA UMEOT U30MopgHble (PYHOAMEHTANbHbLE
epynnao.

Hoxasarteascrso. Ilyers f: X - Y —romoronnyeckas 3KBH-
BAJEHTHOCTh ¢ Tomoroindecku obpartuniM g: Y — X. Ilyerte X, = X;
monoxuM Yo = f(x0), X1 =4g(yo) u ys=f(x1). Myctp for (X, x0) >
— (Y, yo) u f1: (X, x1) = (Y, y;) — oro6paxenus, onpeaeseHHble 0TO-
G6paxkennem [ (1. e. fo u [ coBnagmalr ¢ f, HO paccMaTpUBalOTCH Kak
otoGpaxeHus nap), u nyerb gt (Y, yo)—(X, x1) — otobpaxkenue, on-
penenenHoe otobOpaxenueM g. Torma g’ ofer (X, x0) > (X, x1) Kak
orto6paxenne X B X TOMOTONHO BJOXKeHHIW [k, xi (X, x0) =(X, Xo),
afiog” (Y,y)—(Y,y1) kak orobpaxenue Y B Y romortonHo BjOXe-
oo g, gt (Y, yo) = (Y, yo). U3 Teopembl 7 BbITeKaeT CyllecTBOBaHHE
nyTd o B X M3 X; B Xo H IyTH o’ B ¥ U3 Y, B Yo, TAKUX, UTO

’ — — 4 —
h[m]':(g °fo)#—g%:°fo# 4 h[m']“(f1°g)#—f1#°g;g-
CJ/ie[oBaTeNbHO, Mbl HMeeM KOMMYTATHBHYIO QHarpaMmy

(X, %) —9s 5 (X, x,)

v 7

Fou & ‘ Fle
{ v

n (Y: yO) [0 ]_) T (Yy yl)

ie g — oMUMOPQU3M, TaK Kak 3MHMOPPH3IMOM BJIseTCH A, H
uoHOMOPOHU3M, Tak Kak MOHOMOpdH3MOM sBisierca f,,. Caenosa-
'eJIbHO, gl — H3oMophu3M. W

3aKoHYHM 3TOT naparpad NpuMepoM NMPOCTPAHCTBA C HETPHBHAJb-

HO#l ¢ynaamenraspHoll rpynnoit, Huas aroro BbiuucanM m(St, po), rae
St = {e®}, po=1, crepya meromy, Hcnonb3osaHHOMYy Takepom !).

'y Cm. Tucker A W, Some topological properties of disk and sphere, Pro-
ceedings of the Canadian Mathematical Congress, 1945, pp. 285—309.
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Ircnonenyuarsroe orobpancenue ex: R—- St onpenensiercst dopmy-
70k ex(f) = e*™it, D10 oTOGpasKeHUe HeNPephLBHO, ex(f) + fo) = ex(f) X
Xex(f;) (rme B mpapofl HaCTH CTOMT YMHOMXEHHE KOMIJIEKCHBIX YHCEN),
H paBeHCTBO ex (f;) = ex(f2) HMeeT MeCTO TOTAa ¥ TOJbKO TOTAA, KOTHA
pasHoCTb fy — fp ABAgeTcs UeabiM YhcaoM. OTclofa BeITEKaeT, 4TO Orpa-
HuueHHe ex|(—!/s, 1/2) npeacrasJser coboii roMeoMOphH3IM OTKPBLITOTO
uHTepBana (—'/z, '/s) Ha S!'—{e™}. Onpenenum oroGpacenue

lg: S'—{e™}—> (=1, '5)

Kak 06paTHOe K 0TOOpa)eHuio ex| (—1/s, /).

IoamuoxectBo X & R* nasbiBaetcs 38e30HbiM OTHOCHTENbHO TOUKH
xo € X, ecan gisi J11000H TOUKM X & X 3aMKHYTBI OTpe3oK [xo, x] mpu-
HAJEXHUT MHOMKeCTBY X.

. Jlemma. [Tycro muoocecT80 X KOMNAKTHO 4 38€30HO OTHOCUTEAb-
Ho Touku xoe= X. [dan aoboeo Henpepovigroeo orobpascenus [: X — S!
u awboii Touky tye R, Tarkod, uro ex(t) = [(x), cywecreyer Henpe-
puteroe orobpascernue [': X — R, Taroe, uro ['(x) =ty u ex(f'(x)) =
= f(x) Oas scex Touer x = X.

HoxaszateabcTBO. SICHO, YTO MpH MOMOLIX NapaJjje]bHOTO Me-
peHoca MOXKHO A06HTbesi TOTO, 4TOOLI X CTa/o 3Be3HBIM OTHOCHTENbHO
Havajda KOOPJMHAT, MO3TOMY Bea OTPaHHYeHHsT OOLIHOCTH MOXKHO CYH-
taThb, uT0 Xo = 0. ITockoabKy X KOMMakTHO, QyHKuHs [ paBHOMEpHO
HelpephiBHA, U, 3HAYUT, CyllecTBYeT Takoe ¢ = 0, yto npu llx — x’|| <<
< & HMeeT MecTo HepapeHcTBO IIf (x) — f(x')]| < 2 (T. e. TOURH f(x)
¥ f(x’) He ABAAIOTCA AUAaMeTPAJILHO NPOTHBOMONIOKHEIMH B St). [lo-
CKOJILKY X oTpaHHueHO, cylllecTBYeT Takoe HaTypaJbHoe n, uto |[x|l/n <<
< e gaqa Beex xe= X. Torpa nast Beex 0<j<n u Bcex x &= X HMeeM

” G+Dx _ jx|_ Hxll

n n <8
e

Orciofa BHITEKaeT, YTO YACTHOE f( (it 1)x>/f(
KectBy S!—{e™}. ITycts oToGpaxenne g;: X

NPUHALNEKHT MHO-
—{e"} (0<j<n)
onpe —f (LD ix
peneseHo paBeHCTBOM g;(x)=f P 7 =) Toraa paasi Beex
TOUEK X € X uMmeeM

F)=F(0)go(x) g1 (x) ... gu-r(x).
Onpenenum ortoGpaxenue f: X — R, nonaras
) =to+1g(g(x))+1lgg(x))+ ... +lg(gn1(®)).

)
— St —
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Sengsce cymmoll n + | HenpepbiBHbX oToGpaxkenuii X B R, oTo-
6paxkenue [’ camo HempepuiBHO. SIcHO, uto [f/(0)="ty u ex(f’ (x))=
= f(x). m

10. Jlemma. [Tycro X — c853HOe npoOCTPAHCT80, U NYcTo OTOG pace-
nua [/, g’: X— R raxosol, 410 exof =exog’ u ['(x))= g’(xo) 041
HekoTopoti touku xo = X. Toeda [/ = g’.

Hokaszareasbcrro. [loaoxkum A =f — gt X —R. TTockoabKky
exof = exog’, exoh siBasieTca mocrosiHHbIM oTOGpaxenneM X B po.
Cnenosaresibho, i — HenpepbiBHoe oroGpaxenne X B R, npunumaro-
llee JHIIb Heable 3HayeHus. Tak Kak npoctpaHcTBO X CBSI3HO, TO OTO-
6pa>;<(em1e h moctoaHHO, a MOCKOJBKY fA{Xe) =0, 0 A(x) =0 gna Bcex
XA M

[Tycte o [ > S'— 3amMkHYTHIH OyTh B TOUKe po. [TOCKOMBKY OTpe-
30K | — 3Be3HOe MHOMXKECTBO OTHOCHTEeNABHO TOuku 0 U @ (0) = po =
= ex(0), w3 JjeMMB 9 BbITEeKaeT CylIeCTBOBaHHEe OTOOpaXkKeHHUs
a’: I > R, takoro, uro a’(0)=0 u exoa’ = a. [To neMmme 10 otobpa-
JKeHHe o OAHOSHAYHO ONpefessiercsl 3TUMH YCJIOBHAMH. [locKosbky
ex(a’ (1)) = po, orciona BbiTeKaer, uro a’(1)— unenoe uucno. Omnpene-
UM creners otobpamenus o pasBencTBoM dego = o' (1).

11. Jlemma. [Hycro o u P— 3amkuyTrole eomorcnHole nyru 8 St
8 TouKe po. Toeda deg a = deg .

Hoxkasareawcrso. Ilyers F: [ X[~ S!— romoronusi OTHOCH-
tenbno I or o go B. Ilockonbky / X [ — 3Be3/HOe MOAMHOXKECTBO MPO-
crpancrea R? ornocutennsHo Toukd (0, 0), u3 semmbl 9 BhITEKaer cy-
mecTBoBanue orob6paxcuus F’: [ X I —R, takoro, uto F’(0,0)=0 u
exoF’ = F. Tlockoabky F —romoronusi OTHOCHTeNbHO [, uUMeeM
F(0,¢)= F(1,¢) = po(t' =1). CegoBaresnnHo, otobpaxenusa F’(0,1")
u F/(1,¢) npuHHMAlOT TOJLKO Lenble 3HaueHus aas Beex ¢ /1. Or-
ciona Beitekaer, uto F/(0,¢) u F/(1,#)— nocrosinHble 0TOGPaKeHHA.
Tax xak F’(0,0)=0, To F/(0,¢)=0 ana Bcex ¢’ = /. Onpenenum oro-
6paxenus o', B’: [ >R, nonaras a'(f)=F({,0) u p'(f)=F'( 1).
CnenoBatenbno, o' (0)=0 u exoq = a. 3uauut, dega =a'(l)=
= F’(1,0). Ananornuso ' (0) =0 u exo p’'= p, Tak uro deg p= p’(1) =
= F’(1,1). Tlockoabky oroGpaxkenne F’(1,!") mocTosiHHO, uMeeM
F'(1,0)=F'(1,1) u dega=degp. @

Orcioaa BBITEKAET, UTO CYIIECTBYET KOPPEKTHO ONpeaenenHas QyHK-
uus deg us n(S!, po) B Z, 3afanHasi paBeHCTBOM

deg ([a]) = dega,
rae o — 3aMKHyTelfl nyth B S! B TOUKe po.
12. Teopema. Dynxyus deg ocyujecTsaser usomoppuam
deg: w(S', py) ~ L.
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HoxasateanbcTno. [Tokaxem, yro deg —romomopdusm. Ilycre
o W B-—[OBa 3aMKHYTBIX NyTH B S! B TOUKe pg, U NyCcTb &:B — NOTO-
4yeyHOe MPOH3BeNeHHe 3THX MNyTell OTHOCHTENbHO YMHOXKeHus B Sl
Ham nsBectHo (Teopema 4), uto [ee]#[B] = [oc-B]. [lyctb oTOGparkeHus
o/, p’: I— R TakoBwl, uto o' (0) =0, exca’' =a, B'(0) =0 n ex-p =
=f. Torma oroGpaxenne o’ + B’: I-—-R ob6nagaer cBolicTBaMu
(" +pB)(0)=0wuexo(a + p’)= a-p. CexoBarenbuo,

deg (la] = [p]) = degla - p] = (o +§) (1) =
= dega + degp=deg([a]) + deg ([B]).
910 nokasbiBaer, uTo deg — roMoMopdu3sM.

Oyukuusa deg apjseTcs 3NUMOPGUIMOM: A Ka)aoro LeJIoTo #
onpeneanM nytb a, B R, noaaras o, (f) = in. Ilycts a, =exca/. Torga
scuo, uto deg ([e,])=a; (1) =n.

Oyukuusa deg Asaserca MoHoMopbusmom. B camom gene, ecan
deg([a]) = 0, T0 cymectByer 3aMkHyTHIH nytb o’ B R B Touke 0, Takof,
yto exoo’ = a. [Tockonbky R ogHOCBA3HO (Tak Kak R cTsrupaemMo H
MOKHO TMPHMEHHTb JieMMY 5), o’ == go. 3uaunr, ex oo’ ~g,. Cienosa-
TEeJNbHO, O 22 85, U [o] — exunuuHbli 31eMeHT rpynnbl mt(S1, po). B

Meron, KOTOpBIH MBI HCHNOJAB30BAJH AJS BbIUHCAEHHS TPYIIIbL
7 (SY, po), Gyner 06061en B r1. 2 1451 BHISICHEHUs ¢Bsized Mexnay ¢yH-
LaMeHTaJbHOH Tpynnofl mpocTpaHcTBa M QyHIAMeHTAABHBIMH Tpyrma-
Md ero HaKPLIBAIOUHX MPOCTPAHCTB.

M3 rteopembl 2 BuiTekaet, uto nt (S, po) = [S), po; S, pol. [Tockoabky
S!— ronosoruueckast rpynna, Muoxectso [S!; S11 (6es ucnosbsoBaHUs
OTMeUeHHBIX TOYEK) TaKXKe sBJseTcsl TPYNMOH OTHOCHTENbHO HOTOYeY-
HOI'O YMHOXEHHs OTOOpa)KeHH#l, M CyHIecTBYeT OYEeBHAHBIH TOMO-
Mopdusm

v: [SY pos SY po)—1SY S').

13. Jlemma. l'onomopgusm
v: [Sh pos ' po]—1Sh S
ABAAETCA UBOMOPPUIMOM.
HokasatenbctBo. [llokaxkem, uto vy-—anuMopdusm. [lycTb

3agano orobpaxenue f: S!'—>S!, u mycrb f(po) = e®® gns Hekoroporo
0 <0 < 2n. Onpeneanm romoronuio F: S! X [ — S!, nonaras

F(z, t)y=[(2) -e¥®,

Torna F sBasiercs roMmoronueil ot f 1o Takoro oroGpaxenus [’, uto
[" (po) = po. Canenosarensno, v[f'], =[F"]1=If].

[Mokaxewm, yto y—Mmonomopdusm. Ilycts otobpaxkenue f: (S, po) —
— (S',po) rakoso, uro vIfl, =I[f]— TpuBuanvubiii snement. Torza



YIIPAXKHEHUS 77

otro6paxenue f: S'—>S! romoronHo mocrosiHHOMYy ortoGpaxenuio. [To
teopeMe 1.3.12 orobpaxenue [ roMoTonHO TMOCTOSHHOMY OTOGpazKeHHIO
oTHOCHTebHO po. CaepoBatenbho, [f], —Tpusnanbhblil snevment. W

U3 teopembl 12 u nemmbt 13 BoiTekaer, uto [SY; S~ Z. lna ka-
JKJIOTO 11eJIOT0 1 oToGpa)KeHHe z—> 2™ oKpyxHOocTH S! B ce6Gs npeacra-
BJISIET TOMOTONMMYECKUH KJacc, COOTBETCTBYIOUIMH YHCIy # NpU  MO-
CTPOGHHOM HaMH M30MOpdH3Me.

YIOIPAXHEHUSI

A. CrsarupaeMble NPOCTPAHCTBA

1. Konycom wajm TOMOJOTHYECKHM MPOCTpaHCTBOM X ¢ 8epuiuxold v HasbpiBaeTcsl
UWJIHHADP NOCTOsIHHOrO oTobpaxenus X — v. Jlokaxure, 4To mpocTpasctBo X CTArH-
BaeMoO TOrZa H TOJbKO TOrAa, KOTAa OHO fABJAETCS DETPAKTOM BCAKOrO KOHyca
Hang X.

2. Jdokaxure, 4to ctepa S® Torga u TOJBKO TOTAa fABJSETCS PETPAaKTOM iapa
En+l gorga ona crarupaeMa.

3. Jdoxaxute, uto ecaH CX —xoHyc Han X, to mapa (CX, X) oGaamaer cBo#-
CTBOM MNPOJOJIKEHHA TOMOTOMHH OTHOCHTENBHO JIOGOTO MPOCTPAHCTBA.

4. JJokaxXMTe, Yr0 NDPOCTPAHCTBO Y CTATHBaeMo TOoria M TOJBKO TOFja, Koraa
nast Besikoi mapel (X, A), ob6majaomeil cBOACTBOM NPOXOJ/IKEHHS [OMOTOINHH OTHO-
cutesbio Y, moGoe orobpaxenue A-—>Y MOXKHO mpoponXutk Ha Bce X.

5. [Tycts Y —rpefenka u3 npuMepa 1.3.9, u mycts yo— touka (0, 1) Y. Ilycrb
7 o . o 4
Y/ — npyroii sk3emmsip mpocTpaHcTBa Y ¢ cooTBeTcTBylomel Touko# y,. Ilycrs mpo-
CTpaHCTBO X MOJNYYeHO M3 HeCBS3HOH CyMMHl IPOCTPaHCTB Y H Y/ OTOXKZAeCTBJeHHeM

/

TOYEK Y, ¥ Y, JlOKaXHTe, 4T0 MPOCTPAHCTBO X n-CBA3HO AJa BCeX A, HO He CTA-
ruBaemo. [Yxasanue. JTiwob6oe craruBanue X mo cefe AOMKHO GblTh I'OMOTONHEH OTHO-
CHTEJBHO Yo.]

B. Tpuknenpanue IPOCTPAHCTE

1. ITyctb A — noAnpocrpancTso mpocrpanctBa X, u nyertek fi A — Y — Henpe-
pHIBHOE oOTOGpaxceHue. ['0BOPAT, 4TO NPOCTPAHCTBO Z €CTh DE3YJbTAT npuUKAieusa-
Husa npoctpancTBa X K mpoctpaHCTBY Y mo 0TOGpAaKeHHIO f, €C/H OHO MOJYYEHO K3
HecBAsHOM cyMMH X ¥ Y oToxzaecTBieHHeM Touek x € A ¢ Toukamu f(x) €Y pas
Beex x e A. Jokaxute, 4To eci X KW Y — HOpMaJsbHEle NpoCTpaHcTBA ¥ A 3aMK-
HyTO B X, TO Z — HODMAaJ/IbHOE NMPOCTPAHCTBO.

2, TpocrpancTtBo X HasniBaeTcst GunopmaabHbim, ecnmu X X I — HopMaJbHOe mpo-
crpatcrBo. JokaxwuTe, uTO ecqH X — GHHOpMaJbHOE MPOCTPAHCTBO, Y — HOpMasbHOE
mpocTpaHCTBO, a orobpaxenne f: X -—> Y HenpepniBHO, TO UWAHHAP OToGpaxenus f
€cTh HOpMaJbHOE IPOCTPAHCTBO.

3. ITycry samano HempepbiBHOe oToGpaxenne f: A— Y, rne A — noampocrpaH-
crBo mpocrpanctsa X. JloKaxHTe, uTo oroGpaxeHHe [ Torga ¥ TOJbKO TOTAa MOXK-
HO TPOLO/KHTb Ha Bee X, KOrja mpocTpascTBO Y fBAsieTcst perpakToM pesyanaTa
npuKJIeHBaHUA npocrpaHcTBa X K Y no otroGpaxeHuio f. -



78 IJ. 1. TOMOTOIHS U ®YHIOAMEHTAJIbHAS TPYIIIA

4. Ilycte Z — pe3y/bTaT mpukJAeHBaHHS npocTpaHctBa X K mpocTpaHcTBy Y 1o
HeKoTopoMy oTtobpaxkenuio [: A—» Y. JJokaxure, uto mapa (Z,Y) Torpa u TOMNBKO
TOTAa 06/MafaeT CBOMCTBOM MPOAOJMMKEHHS FOMOTONHH OTHOCHTEJNLHO HEKOTOPOro INpo-
crpaHerBa W, korpa mapa (X, A) o6aamaer aTHM cBOHCTBOM oTHOcHTenbHO W.

C. AGconioTHble PeTPaKThl H aGCOMIOTHBIE OKPECTHOCTHBIE PETPAKTDI

IMpocTtpanctBo Y HasmiBaeTcss aO6COAOTHBM peTpaxkToM (COOTBETCTBEHHO afco-
AOTHOIM OKPECTHOCTHbIM PETPAKTOM), eCau AJI1 BCSIKOTO HOPMaJbHOTO IPOCTPaH-
ctBa X, ero 3aMkHyToro mnoAMHoxkectBa A < X u HempepHBHOro oTOGpaKeHHs
f:A—Y cymecrByer npopomxende f Ha Bce X (COOTBETCTBEHHO Ha HEKOTOPYIO
OKpecTHOCTh MHOKecTBa A B X).

1. JlokaxuTte, 4yTO HOPMaJbHOoE NpPOCTPaHCTBO Y sABJAeTCs a0COIOTHBIM pPeTpak-
TOM (COOTBETCTBEHHO 46COMIOTHEIM OKPECTHOCTHHIM DeTPAKTOM) TOT4a K TOJBKO TO-
r1a, KOria mpu JIo60oM BJOXKEHHH Y KaK 3aMKHYTOro NMOXMHOXKeCTBA B HODMaJsbHOE
MPOCTPAHCTBO Z NMPOCTPAHCTBO Y sBJsETCS DeTpakToM Z (COOTBETCTBEHHO PETPAKTOM
HEKOTOpOH okpecTHOoCTH Y B Z).

2. JokaxHuTe, uTO MNpOH3BeleHHe JIOGOro dHCAa abCOMIOTHBIX DPETPAKTOB (COOT-
BETCTBEHHO KOHEYHOTO uHCsJa abCOJIOTHBIX OKPECTHOCTHBIX pPeTpaxkToB) TaKxke $B-
Jasercsi  abCOMIOTHBIM  PETPAKTOM  (COOTBETCTBEHHO aO0COJIOTHHIM — OKPECTHOCTHHIM
pPeTPaKTOM).

3. Jokaxute, uto mpoctpaHcTBa R” aBisOTCA a6COMIOTHEIMH PETPAKTAMH IIPH
BCEX A.

4. JlokaxXuTe, 4T0 peTPakT abCCJIOTHOIO peTPaKTa TakKKe ABJAsgeTcd abCcoJIoT-
HEIM peTPakTOM H YTO DeTPAKT BCAKOrO OTKDPHITOrO MOAMHOXKeCTBAa aBCOJIOTHOTO
OKPECTHOCTHOTO peTpakTa TakxKe ABASeTcs aGCOMIOTHBIM OKPECTHOCTHHIM PETPaKTOM.

5. Jlokaxute, uro npu Bcex n wiap E™ saBasiercs abCOMOTHEIM DeTPAKTOM, a
cdepa S™ — abCcoOMOTHBIM OKPECTHOCTHEIM PETPAKTOM.

6. [lokaxurte, 4r0 OHHOPMAJbHEN a0COJIOTHBIN OKPECTHOCTHBIH pETPaKT 40-
KaAbHO cTA2ueaer (1. e. Aas J0GOR TOUKH ¥ Kaxpas ee oxkpectHocth U comepxutr
okpecTHOCTL V Toukn x, nedopmupyemyio B x suytpu U).

7. Jokaxure, 4To GHHOPMAJbHBIA a6COMIOTHBI! OKPECTHOCTHBIH DeTpaKT ABAAET-
¢t abCOJIIOTHBIM DETPAKTOM TOrAa M TOJbKO TOTAA, KOrJa OH CTATHBAeM.

D. Mpoponkenne roMoTonuH

1. ITycte A — 3aMKHYTO® NOAMHOXKECTBO HOPMaJbHOro mpocrpaucrea X, oTo-
G6paxernue f: X —Y wuenpepniBHO (3fech MPOCTPaHCTBO Y IPOH3BOJNBHO), H MOYCTh
G:A X I - Y —romoronust orpanuuenus fl4. TlokamHre, 4YTO €CAH CYILECTBYer
roMotonusi G2 U X I->Y otob6paxenus f|U, nponomkatomtass G, rae U — nexo-
topasi oTKpmiTast okpectHocth A, To cymectsyer romoromua F: X X /- Y oro6pa-
skenus f, npogoaxkapmas G.

2. Teopema Bopcyxa o npodoamenuu zomoronuy. Ilycte A — 3aMKHYTOe NOA-
fpocTpancTBo GHHOpMasbHoro mpoctpanctBa X. Torpa mapa (X, A) o6nanaer cpoi-
CTBOM NPOLOJIKEHHS TOMOTONHH OTHOCHTEJbHO JI0GOr0 ab6CONIOTHOIO OKPECTHOCTHOrO
perpakra Y.

3. Ilycte A — 3aMKHYTOE NOAMHOXKECTBO OHHODMAJNbBHOrO NPOCTPaHCTBA X, H
nycth nomnpocrpaetso A X I U X X 0 < X X I mpeacrasasier co60H abCOMIOTHBIR
OKPECTHOCTHHIA perpakT. Torma mapa (X,A) o6gagaer cBOACTBOM NPOJO/IKEHHS
FOMOTOINHH OTHOCHTEJNLHO JM060ro mpocrpadcrsa Y.
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4. TTycts A — 3aMKHyTPe mOJMHOXKecTBO mpoctpaHcrsa X, a B — Hexoropoe
noaMHoXecTso npoctpanctsa Y. Ilpexmosoxum, 4To mapa (X,A) oGrapaer cBoft-

CTBOM MPOAOJIKEHHS TOMOTONMH OTHOCHTeNbHO B, a mapa (X X I, X X fvAaxn—
OTHOCHTeNBHO Y. JloKaXKHTe, UTO eC/]H omﬁpax{ex—me Fo (X, A)——)(Y B) romoTtonHo
(kak oTo6paxkeHne map) HEKOTOPOMY oTo6paxeHnHIo, nepeBofsmeMy X B B, T0o 0HO
TOMOTOMHO TAKOMY OTOODAMKEHHIO YXKe OTHOCHTENLHO A.

E. Kopaccaoenus
1. JloKaxuTe, 4TO BCSKOE KOPACCJIOEHHE SBJIAETCS HHBEKTHBHBIM OTOGDAXKEHHEM.
2, JloKa)kuTe, YTO KOMIO3HIHS KOPACCIOEHHH fIBJSETC KOPACCAOSHHEM.

3. Jlokaxure, uto g Jw6oro mpocTpanctBa X W ero moampocrpaucrsa A
BJoxenne A < X Torja M TOJbKO TOTAA fBJAAETCS KopaccjoeHneM, korza X X 0 U
U A4 X I —perpaktr X X I.

4, Tlycte A — moanpocTpancTso Xaycaopdosa npocrpanctBa X. Jlokaxure, 410
ect A < X — kopacesoenne, T0 A 3aMKHYTO B

5. IlpeanosoxuM, 9ro npocrpancTBo X aABIsercs oObelHHEHHEM 3aMKHYTHIX
nogMHOXKeCcTB X; M Xp, M myctb noaMHoxectBo A < X rtakoBo, uto X[l Xa < A.
Hoxaxcute, uto ecan saoxenua A ) Xy < Xy u A N X, < X, aBasiorest Kopaccsoe-
HHSIMH, TO STUM cBOHCTBOM obsazaer u Bioxenue 4 < X,

6. ITycts A — 3aMKHYTOe l'IOlIl'IpOCTpaHCTBO npocrpanerBa X. JlokaXuTre 3KBH-
BaJIeHTHOCTb CJAEYIOUHX YCAOBHA !):

(a) Broxenue A < X ABJseTcss KopaccaoeHHEM;

(b) cywecrsytor aepopmauust D: X X /- XrelA (1. e. D(x,0) =x u D(a,t) =
=anpu x=X, a=sd u t=l) u orobpaxenne ¢: X[, takue, uro A = ¢~1(1)
n D(g (0, 11X 1) @ 4;

(c) cywectsylor okpectHocts U mnoampoctpancrBa A, nedopMmupyemasi BHYTPH
X B A otnocuteanho A (1. e. cywecrByer romoromus H: U X [—> X, Takas, 4TO
H(x,0)=x, H(a,f)=a u H(x,1)€A tpn x=U, a= A un tl), u orobpaxenne
@: X > 1, takoe, uto A = @71 (1) u @o(x) =0, ectt x = X — UL

7. Jlokaxute, uto ecqu Baoxenuss A < X u B Y sBasioTca KOpaccioeHHAMH,
rne A u B samknyte coorBerctBenHo B X n Y, To Baoxenus A X B X X B U
UAXY u XXBUAXYcX XY Takke gBJSIOTCA KOPACCAOSHHAMH.

F. Jloka/ibHble cHCTEMbI 2)

1. Jokaabnoill cucremotf na mpocrpascTBe X HA3HIBAETCS KOBADPHAHTHBIA (yHK-
TOp M3 (YHIaMEHTANbHOrO TPYNNOHAA NPOCTpancTBa X B HEKOTOPYIO KAaTeropHIo.
Tlokaxurte, uTo AJS BCAKOH KaTeropuH € CYWECTBYET KAaTeropHs JOKAJbLHEIX CH-
creM Ha X co sHaueHHsiMH B %. [[lBe JoKa/NbHBlE CHCTeMBl Ha X HA3HIBAIOTCH IK6U-
BAACHTHOLIMU, €C/IH OHH MPEeACTABJAEHb KBHBAJNEHTHBIME OODBEKTaMH 3TOH KaTeropHu.]

2. Tlycte 3azano HekoTopoe oto6pamsenue [: X —> Y, Tlokaxure, uto [ uagy-
LHPYeT KOBapHAaHTHHI (YHKTOD H3 KATErOpHH JIOKAJbHBIX cHCTeM Ha Y co 3Haue-
HHSIMH B % B KaTeropHIO JOKAJbHEIX cHcTeM Ha X co 3HaueHusiMu B &

3. Ecii A — o6bekT kaTeropiH &, to nyctb Aut A—rpynna ero camosksHBaJeHT-
Hocrell, TTokaxure, uto ecan ¢: A =~ B — sKBHBaJ€HTHOCTL B %, TO OTOOpa)keHHe

) Oas xHopMaJbHOro mpocTparctBa X SKBHBa/leHTHOoCTh yeaosuit (a) u (¢) go-
KasaHa B crathe: Young G. S, A condition for the absolute homotopy extension
property, Am. Math. Monthly, 71 (1964), 896—897.

Cu. Steenrod N. E, Homology with local coefficients, Ann. Math., 44
(1943), 610—627.
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¢ AutA— Aut B, onpenenenHoe dopmyaolt ¢ () = @oac !, sBAserca H3o0-
MopdusMoM.

4. Tokaxure, yro ecau [ — Jnokanpuas cucremMa Ha X u xpo= X, 1o I' unpyuu-
pyeT roMoMophH3M

Tyt w(X, xg) > Aut T (x,).

5. JlokaxuTe, 4To I JHHefHO CBA3HOro mpocTpancTBa X 1Be JOKaJbHBIE CH-
creMpl ' u TV na X co 3waueHUAMH B ¥ SKBHBAMEHTHBl TOrJa H TOMABKO TOrAa, KO-
ria CylWecTByeT SKBHBadeHTHOCTh ¢ I'(xo) = IV(xo), Takas, 4TO0 TOMOMOpP(hH3MBI

- 4
q>°I‘xn u I‘xo ABJASIOTCA conpskeHHBIMU B Aut 1V (x).

6. ITycrp 3apanbl aunefiHo €BSI3HOE NpOCTpPaHcTBO X, 06bekT A € @ u Hekoro-
peiit romomopdusm o (X, xp) > Aut A. Jlokaxure, 4TO CYLIECTBYET JOKaJbHast

cuctema I' na X co snauennsamu B &, Taxas, uto I'(x)) =4 1 I'y = 0.

G. dynpamenrtanbHas rpymnna

1. Joxaxure, uto QyHKTOp GYHLAMEHTANbHOH TPYINE KOMMYTHPYET ¢ OpSIMBIMH
MPOH3BENEHHIMH.

2. Jokaxure, 4ro ecii ® U o' —nyth B X U3 x9 B x;, TO 0~ ' TOrZa M
-1
TOJBKO TOTAd, KOTJa ® * @' 2 €y

3. Tlycrp mpocrpanctBo X daBasiercs ofbeqUHEHHEM ABYX OTKPHITHIX OJHOCBS3-
HbiX moamuoxects U u V, mepecevenne kotopeix U (] V Hemycto u JuHefiHO cBsi3-
Ho. JlokaxuTe, 4To B 3TOM cayvyae X OLHOCBA3HO,

4. Joxaxure, 910 chepa S™ oxnocesisHa npu n == 2.

5. Jlokaxute, 9TO €CJaH CYLIECTBYET NMPOCTPAHCTBO ¢ HealeseBolt byHmaMeHTAJb-
HONl rpynmoH, 1o «BocbMepka» (T. e. NPOCTPAHCTBO, MOJyuCHHOE OOBEJHHEHHEM ABYX
OKDYXKHOCTeH ¢ ojHoll oO6I(ell TO4KOH) HMeeT HeabeseBy (pyHAaMeHTaJbHYIO rpynmy
(cp. ynpaxuenne 2.B.4).

6. ITycts f: I — R?— BenpepuiBHO pudrdeperuupyeMas npocras 3aMKHYTas KpH-
Basi H4 IUIOCKOCTH C He 0O0pamaiolUMcs B HYJAb KacaTeJbHBIM BeKTOpoM (T. e.
FO)=Ff(), FO)=Ff() u F/(£)50 mpn 0<< ¢ << 1). Myctb o: I —> S'— 3amkny-
THl myTb, onpelenerHeli gopmynoit o (t) = [ (O)/If (©). Hokaxure, uro [w]— ob-
pasylomas rpynmst 7t(S!) 1),

7. IlycTs X — MOAMHOMKECTBO IMJOCKOCTH, MPEACTaBJsiomee cOGON 06belHHEHHe
oxpyxHocrelt C, paanyca 1/n ¢ uenarpom (1/n,0) aaa Bcex natypanbBhIX 7. Ilyerhb
Y — noamuoxecTBo npocrpaHetBa R3 (B xkotopoe R? BJIoXKeHa KaK MJIOCKOCTD
x3 = 0), cocTosimiee M3 3aMKHYTHIX OTPe3KoB, coenuHsomux Touky (0,0,1) ¢ X,
a Y/ — oTpaKeHHe MHOXKeCTBa Y OTHOCHTEJNBHO Hauasna Koopauuat. Torma Y u Y/ —
3aMKHYTHE OJHOCBsI3HbIE MOAMHOXECTBa HpocTpancTBa R3, TakHe, 4TO mepeceveHme
Y NY cocrour u3 opHoil ToukH. Jloxaxure, uro npoctpanctso Y U Y/ He oaHo-
CBfI3HO 2).

) Cm. Hopf H. Uber die Drehung der Tangenten und Sehnen ebener Kur-
ven, Compositio Math., 2 (1935), 50—62. I[lo noBogy oGoGweHaft cv. Whit-
ney H., On regular closed curves in the plane, Compositio Math., 4 (1937), 276—
284, n Smale S, Regular curves on Riemannian manifolds, Trans. Amer. Math.
Soc., 87 (1958), 495—512.

%) Cm. Griffiths H. B, The fundamental group of two spaces with a
common point, Quarterly J. Math., 5 (1954), 175—190.
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H. Hexoropsie npunoxenus $yHaaMeHTaAbHON rpynnbl
1. Nokaxute, uto S! ne apagerca perpaktom E2

2. Iokaxute, uto S' u S™ (nmpu # == 2) He MOTYT UMeTb OJHH H TOT e FOMO-
TONHYECKHHA THIL

3. Hokaxmure, uTo R2 1 R (n > 2) He romMeoMopdHHL.

4. Tlycts p(2) = 2" + @n-12"~1 + ... +a12 + @y — NOJMHOM CTENEHH 7 C KOM-
J1eKCHBIMU K03 duilHeHTaMH, HMEIOIHA KO3 dHIHEHT | npu cTaplieM ujleHe, H NyCTh
g(z)=2" Tlpu r >0 moaoxum C,={re=RZ||| x|l =r}. Hdoxkaxure, 4T0 €CJIH r
nocratouno seawko, 10 p|C, u g|Cr — romoronusle ortobpaxkernus C, B R2—0.

5. OcHosran Teopema aicebpel. JlokaxkHTe, 49TO BCAKHHA INOJMHOM C KOMILJIEKC-
HbiMH Kos(duuuenTaMH uMeeT KopeHb, [¥Ykasanue. das moboro r > 0 oToGpaxeHHe
gl C.:Cr—> R?>—0 1ie roMOTONHO HYJI0, HOO OHO HHAYLHPYET HETPUBHAJbHBLIA rO-
mMoMopdu3M (QyHAaMeHTa bHbIX [PY.]
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HAKPLIBAIOHINE
IIPOCTPAHCTBA 1N PACCJIOEHIA

Teopuss HAaKPHBAKINKX NPOCTPAHCTB BAXKHA HE TOJBKO B TOINOJO-
rud, HO U B AubdepeHUHATbHOH TeOMEeTPUH, TeopHH (YHKUHH KOM-
IUIEKCHOTO TepeMeHHOro, Teopuu rpynm Jlu. dra Teopus us/naraercs
3fech NO TOH NpHYHHe, YTO GYHKTOP (QYHAAMeHTaNbHOH Fpymnnbl mo-
3BOJISIET TOJHOCTBHIO CBECTH 3aJaYl TEOPHH HAaKPBITHH K COOTBETCTBYIO-
UM anreGpavueckiM 3agadaM. JT0 OGCTOSITENBCTBO ONpaBAHIBaeT H
Hall uHTepec K QYHKTOPY (yHIAMEHTAaJIbHOH TPYMIbL

B sro#l riaBe HApSAY C H3J0XKEHHEM TEOPHH HaKPBIBAIOUIUX MPO-
CTPaHCTB BBOASITCSH TECHO CBA3aHHble C HeH NOHATHS PacCI0€HHOTO Ipo-
cTpaHcTBa l) u paccaoeHds. DTH NOHATHSA OYAYT pacCMOTpPEHB! MO3qHEe
B HHOM acHekTe, a MOKa Mbl GygeM mpHAep:KHBaTbcs B3rJAAa, UTO He-
KOTOpble paccyaoeHnsl (a8 MMeHHO oGJajgaloliie CBOHCTBOM eIUHCTBEH-
HOCTH HAKPBIBAIOLIETO NYTH) SIBJAAIOTCS 06061eHHBMH HaKpbIBAIOHIAMHU
npoctpancteaMu. [To sToll mpHYMHE TaKHe paccsioeHHsi OyZyT paccMo-
TPEeHb! NOAPOGHO.

HaxpeiBalome npocrpanctea onpepensioorcest B § 2.1, a paccaoe-
Hus — B § 2.2, rie mOKa3bIBaeTCs, YTO KaxK[Ioe HaKpbIBalolllee Npo-
CTPAHCTBO sBJIseTcsl paccaoeHHeM. B § 2.3 ucenenyrotes cooTHOLIEHHS
Mexay ¢yHIaMeHTaNbHBIMU TPYNNaMH IPOCTPAHCTBA PAaCCIOCHUS H
6asnl g1 pacc/oeHHH, YNOBJAETBOPSIOLIUX CBOACTBY eIUHCTBEHHOCTH
HaxpbIBaKOUIero nytu; § 2.4 cOmep:KUT pellleHHe 3a1aYd MOZHSATHS AJS
TaKUX pacc/oeHudl B TepMHHax (yHKTOpa QyHAAMEHTAJbHOH TPYIILI,

Teopema o nogusartuu npuMensiercsl B8 § 2.5 K 3agave Kaaccuduka-
HA HaKPHIBAWOIIUX MPOCTPAHCTB HAA CBA3HBIM JIOKAJbHO JMHEHHO
CBA3HBIM MPOCTPAHCTBOM B TePMHHAX NOATPYHN €ro ¢yHAAMEHTATbHOM
rpynmbl. DTO MO3BOJsET [IOCTPOMTb HaKpbIBawilee NPOCTPAHCTBO MO
JLAHHOMY TIPOCTPAHCTBY U 10 AaHHOH MOArpymne ero QyHIaMeHTalbHOH
rpynnot, B § 2.6 paccmarpusaercs ofparHas 3ajaua, T. €. HCXOJHOE
IPOCTPAHCTBO CTPOMTCHA IO JAHHOMY HaKDHIBAIOLIEMY NMPOCTPAHCTBY H
noaxoxsillefl rpynme npeobpas3oBaHuil, LeHCTBYIOLIed Ha 3TOM MpO-
CTpaHCTBe.

B § 2.7 onpenensiioTcsi paccioeHHBIE NPOCTPAHCTBA KAK eCTeCTBEeH-
HOe 0000lieHHe HAKPLIBAIOLIMX NPOCTPAHCTB. [V1aBHBIM pe3ysbTaToOM

) Tak Mu nepesogmm Tepmun fiber bundle. Huorpga fiber bundle nepeBoasT
Kocoe npoussedenue. — [Tpum. peod.
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5TOTO maparpada sBjasercsl TeopeMa O TOM, YTO JIOKaJbHbiE paccsoe-
HHsl SIBJASIOTCS paccjioeHussMH. M3 3TOro BbITeKaeT, YTO pPacclOeHHOe
NPOCTPAHCTBO HAJ MapakoMIAKTHOH 06a30H SABJISETCH pPacCAOEHHEM.
B § 2.8 paccMmarpuBaloTcs cBOHCTBAa OGHIMX pacc/loeHHH, a TakkKe MO-
HATHE TOCJ0HHOH rOMOTONMHYECKOH 3KBUBAJEHTHOCTH. DTO NOHAH00UTCH
HaM HpH gajbHeHIleM H3y4YeHUH TeOPHU FOMOTONHUH.

§ 1. HakpoiBaloiline oToGpaKeHHst

Haxkpeisaiomee otofparkeHne — 3T0 HeNpepbIBHOE OTOOGpaxeHue,
SBJSIIOIEeCs JIOKAIbHLIM romeoMopbusMom. B nacrosmem naparpade
OTIpeleNsIIOTCS 3TO M CBSI3aHHBIE ¢ HUM [OHSATHS, NPUBOISTCH HX 3Je-
MEHTapPHbIE CBOICTBA U HeKOTOphie NMpPUMepHL.

[Myers p: X — X — nenpeprisHoe oroGpakenue. I'oBopsaT, uto oO7-
Kpbitoe MHOXKecTBO U < X npocro Haxkpuito OToGpazkeHHeM p, eClH
p~'(U) npemcrapasieT coGOH HeCBSI3HYIO CYMMY OTKPBITHIX MOAMHO-
XKecTB mpoctpaHcTBa X, TakKHX, YTO OrpaHHueHde oToOpakeHHS p Ha
KaxKa0€e U3 HHX ecTb romeoMopdusm Ha MHOXKecTBO U. flcHo, uto ecnu
U nmpocto HakpbITo oTOOpaXKeHHEM P, TO M KaxK/J0e OTKpPLITO€ MOAMHO-
JKecTBO MHOXecTBa U npocTo HaKpbITO 0TOoOpazkenueM p. HenpepoisHoe
oro6paxenue p: X — X HasbiBaercsl Hakpbvisarowum orobpasceruen,
eCcJH Kaxpuast Touka X & X HMeeT OKPecTHOCTb, IPOCTO HAKDBITYIO OTO-
GpakenneM p. B 3ToM ciyuae X HasblBAeTCH HAKPOIBAIOUUM NPOCTPAM-
cTeoMm, a X — 6a30fi HakpbiBawulero otobpaxeHus p.

[TpuBegeM HeCKONBKO NMPUMEPOB HaKpbIBAIOUWIHMX OTOOpaxeHHH.

1. Besikuit romeomopdusm ecTb HakphuiBalolllee OTOOpaKeHHe.

2. Ecan X ectb mpoussegeHue X U AHCKPETHOTO MPOCTPAHCTBA, TO
ectecTBeHHasn npoekuus X — X spasercs HakpbBalOIUM OTOOpaXKe-
HUEM.

3. Oro6paxkenue ex: R —~>S!, onpenenennoe opmyJoi ex(t) = e?mit
(cm. § 1.8), aBasieTcss HAKPHBAIOUIHM OTOGPaXKeHHEM.

4. Ias mo6oro HaTypasbHOro n otobpaxenue p: S!'— S onpene-
JIEHHOe DPaBeHCTBOM p(2) = 2", aBjsercsl HaKpbBaKIUM OTOGpaxe-
HUEM.

5. llna mwo6oro neaoro n>> 1 oro6paxenue p: S" — RP", nomy-
yamoleecss OTOXKAECTBJACHHEM IHAMETPAJbHO NMPOTHBOMOMOKHBIX TOUEK,
IBJSIETCS] HAKPHIBAIOLIUM OTOGPaKeHHEM.

6. Eciu G — nekotopasi Tonosoriueckas rpynna, H — ee muckper-
Hasi noarpymnna, a G/H — npocTpaHCcTBO JIeBbIX (HJH MPaBbiX) CMexK-
HBIX KsaccoB, T0 npoekuus G — G/H sipasiercst HaKpHIBAIOWKM 0TOGpa-
MEHHEM.
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HenpepuiBroe oro6paxenue f: Y — X naswiBaercsi 40KQAbHbIM 20-
MEOMOPHUIMOM, eCY KaXKTas TOYKA ¥ & Y WMeeT OTKPHITYIO OKpecT-
HOCTb, KOTOPYIO | roMeoMopdHO oTOGpaKaeT Ha HEKOTOPOE OTKPHITOR
HOAMHOXKeCTBO NpocTpaHcTBa X. Eciu 910 Tak, 10 Kaxjgas TOYKa mpo-
cTpaHcTBa Y MMeeT CKOJb YIOQHO Majble OKpecTHocTH, o6jajaloliiye
yKa3aHHBIM CBOHCTBOM, H MBI NOJyuYaeM Cjenylollee yTBepXKIeHHE:

7. Jlemma. JlokaroHbill 2omeoMopPuam A8A8€TCA OTKPOITOLM OTOG-
paciceruem. M

8. Jlemma. Hakpoigarouee orobpancerue s643eTCS AOKAABHBIM 20-
MEOMOPPUBMOM.

Hdokasateabctro. Ilyctb p: X — X —HakpbiBalolilee otobpa-
xKenue, d nyctb ¥ = X. Ilyerb U — kakasi-nu6yap OTKpbITasi OKpecT-
HOCTb TOUKH p (%), mpocTo Hakpeitas otobpamentieM p. Torma p~1(U)
ABJISieTCS] HECBSI3HON CYMMOH OTKPBITBIX MHOXKECTB, KaxJI0€ U3 KOTO-
puix p romeoMopdHo orobpaxaer Ha U. Ilycrb U —To U3 3TUX MHO-
JKECTB, KOTOpOe cofep:RUT Touky Z. Torpa U asasiercst OTKphITOfi OKpe-
CTHOCTbIO TOUKH &, Aas Kotopoit p|U — romeomopdusm muoxecrBa U
Ha OTKPBITOe TNoAMHOXecTBO U mpocrpaHcrBa X. M

Kak BUAHO W3 cjaefyioulero NpUMEepa, JOKaAbHBIH romeoMopdusM
MOXeT H He OBITb HaKpHIBAIOLUM OTOOpazxKeHueM.

9. flpumep. Ilyctes p: (0,3)—>S! — orpanudeHue otofpakeHus
ex: R > S! npumepa 3 na orxpbitoii untepsan (0, 3). Slsnsasce orpanu-
YeHHEM JIOKAJBHOTO roMeoMop(dU3Ma HA OTKPLITOE NOAMHOXKECTBO, OTO-
OpaxkeHHe p TakKe NpeLcTaBJjseT cob0H JOKaJbHBIH TOMeoMOphH3M.
Kpowme TOro, 0HO CIOPBEKTHBHO, OHAKO HE MOXKeT ObITb HaKPbIBAIOIIUM
otofpazKeHueM, NOCKOIbKY KOMIJIEKCHOe uncao | & 8! ne uMeeT okpe-
CTHOCTH, IPOCTO HAKPBITOH OTOOpaXKeHHeM p.

Canepyiollee npeAsoKeHHe BHITCKaeT U3 JeMM 7, 8 U CIODPBHEeKTHB-
HOCTH HaKpblBalilero oto0paxkeHus (mociejgHee cjaefyeT HemOCpen-
CTBEHHO U3 ONpemeseHus).

10. Cnepcreue. Haxposaroujee orobpascenue npedcragaser 6aay 8
KauecTse (AKTOPNPOCTPAHCTBA C€B0E20 HAKPLIBAIOWe20 NPOCTPAH-
crea. @

Kak mnokaselBaer caeaylonias Teopema, a5 JIOKAJAbHO CBSI3HOTO
NPOCTPAHCTBA HaKpbIiBalollee OT06pa}KeHI/Ie CBOAHUTCA K OrpaHH4YCHUAM
Ha KOMIIOHEHTbl CBA3HOCTH.

11. Teopema. Ecau X A0KaAbHO €8A3HO, TO Henpepvidroe 0TO6pQ-
scerue p: X— X to2da u TOoAbKO TO20A ABAALTCA HAKPLIBAIQUUM OTO-
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6pasicenuem, Koeda Oan Kawdoli KomnonenTol cgasnocru C npocrpan-
craa X orobpascenue

plp~H(C): p~ 1 (C)—~>C
ecTo Hakpovigarouwee oTobpadcerue.

HoxaszarteancrtBo. [Ilycrs p— HakpbiBalolllee oToOpakenue,
C — kommonenTa cBsisHocTH npoctpanctBa X, xe C u U — oTkphiTas
OKPECTHOCTh TOYKH X, IPOCTO HakpbiTas otobpaxkennem p. [lycth V —
KOMIIOHEHTa CBA3HOCTH MHOXKectBa U, comepskamas Touky x. [lo-
CKOJIbKY X JIOKa/lbHO cBSI3HO, V OTKpPHITO B X, a c/le0BATENbHO, TaKXKe
u B C. SIcho, uro V mpocro HakphiTo otoGpaxkenuem p|p~'(C) u, 3na-
ugt, p|p~!(C)— HaKpbBaOUIee 0TOGpaXKeHHE.

O6patno, npeanoaoxkuM, urto p|p~(C): p~'(C)~ C sBasercs ua-
KpBIBalOmKUM 0TOOpaXKeHdeM Ha KaxKaoH KoMnoHeHnrte cBsi3HoctH C mpo-
crpanctBa X. [Tycrb x & C, v nyctb U — OTKpbITasi OKPECTHOCTb TOY-
ku £ B C, npocro Hakpbitasi oroGpaxenuem p|p~1(C). [Nockosbky X
noxkaiabHO ¢Bs13HO, C otkpwiTo B X. 3nauut, U oTkpbiTo Takxe u B X H
npocTo HaKphiTo oToGpaxKenueM p. ClenoBaTelbHO, p — HaKpbIBaloIllece
otobpazkenue. M

Boo6uie rosops, npepcrasienne npootpasa NMpoCTO HAKPBITOTO OT-
KpPBLITOrO MHOXKeCTBA B BUJEe HECBA3HOH CYMMBI OTKDBITBIX MOAMHO-
JKEeCTB, KaxK/10e U3 KOTOPbIX roMeoMop¢Ho oToGparkaercsl Ha Hero, He
eIUHCTBeHHO (paccMOTPHTE ciay4yall NPOCTO HAKPBITOrO AMCKPETHOTO
MHOKECTBa); OJHAKO B CJyuae CBSI3HBIX NPOCTU HAKPBITBIX OTKPBITLIX
MHOXKECTB CYLIECTBYET CJAEAYIOLIee OMHCAHUE ITHX OTKPLITBIX MOIMHO-
JKECTB!

12. Jlemma. [Jycre U — oTkpoiToe c813HO0€ NOOMHONCECTEO NpPOCT-
pauncraa X, npocro HaxkpeiToe HenpepbigHom oTobpascenuenm p:. X — X.
Toezda p ecomeomopdHo 0TOOPANCAET KANCOYHD KOMNOKEHTY CBAZHOCTU
muoocecrsa p~t(U) na U

HdokaszateabcTBo. [lo npexnonoxenuto p~1(U) sapaserca He-
CBSI3HOH CyMMOH OTKPHITBIX NMOAMHOIKECTB, KaXXJ0e U3 KOTOpBIX p To-
meomopduo orobpaxaer Ha U. Ilockonbky U cBsi3HO, Kaxjpoe U3 5THX
OTKPBITBIX MOJMHOXECTB TOXKE CBSI3HO. [TOCKOJNBKY BCe OHHM OTKPHITHI H
He nepeceKalTcs, KaxAoe M3 HUX SIBASeTCH KOMIOHEHTOH CBSI3HOCTH
mHoxectBa p~1(U). m

13. Caencreue. PaccmoTpunm KOMMYTATUBHYO Ouazpammy

X~l_£’—) X2
AN /
Py /P2

X

efe X 10KGALHO CBABHO, @ Py U Pg—- HAKPLIBAIOWUE OTOOPAXCEHUS.
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Ecau p cropwekTusro, TO OHO TOMe A8AA€TCA HaKpoblgarowum orTobpa-
HCeHUueM.

HNokasateabctBo. Eciu U — cBsisHOE OTKPHITOE MOIMHOKECTBO
npoctpaHcTBa X, NPOCTO HAKPHITOe OTOGDAXKEHUSAMH pP; H P2, TO H3
7AeMMHE 12 Jlerko moJlyudThb, UTO KaxkAasi KOMIOHEHTa CB3HOCTH MHO-
xectBa py ! (U)npocto HakphTa otob6paxkenuem p.1M

14. Teopema. Ecau p: X - X — Hakpwisarowee oTobpaxcenue ¢ a0-
KaAbHO €843HO0U 6a3od, TO 045 410600 KOMROHEHToL c8A3HOCTU C npo-
cTpancrea X o106pancenue

piC: € —p(0)

SABAAETCA HOKPLIBAIOWUM OTOOpANCeHUEeM HA HEKOTOPYIO KOMIOHEHTY
CBABHOCTU NPOCTPAHCTEA X.

HoxkaszateanctBo. Ilyctb € — HekoTopasi KOMIOHEHTa CBAI3-
HocTu npocTpaHcTBa X. Mbl nokaxem, uto p(C)— KOMIIOHEHTa CBAa-
noctu npoctpancrea X. [Ipexage Bcero muoxkecrso p(C) cwssno. [lo-
KasKeM, UYTO OHO OTKpHITO U 3aMKHyTo B X. [IycTh Touka x mpuHamie-
KUT 3aMmblKaHu©o MHOXKectBa p(C), u nycrb U— oTKpbiTass CBsI3HAs
OKPECTHOCTb TOYKH X, IIPOCTO HakpbiTast otTob6paxenneM p. [Tockoabky
U nepecekaercst ¢ p(C), p~'(U) nepecekaercss ¢ €. CaegoBaresbHo,
HEKOTOpas KOMNoHeHTa cBsAsHocTH U muoxecrsa p~!(U) mepecekaercs
¢ C. Tockoabky € — xomnonenra cBsisHoctd X, umeem U < C. Orcioza
no JjemMe 12 noayuaeM, uto p(C) > p(U) = U. CnenosaTenbHo, 3aMbl-
kanue MHOXecTBa p(C) cOmepKUTCSA B €ro BHYTPEHHOCTH, OTKY/1a BbITe-
kaet, yto p(C) OTKpeITO U 3aMKHYTO. Te Ke camble pacCy:KAeHHS TO-
Ka3biBaioT, uto ecad X & p(C) u U — oTkpbiTasi cBsiI3HAsh OKPeCTHOCTD
touku x B X, mpocro HakpbiTas oto6paxeHuem p, 0 Uc p(C) u
(p|C)~"(U)— necBsianasi cyMMa TeX KOMIOHEHT CBSI3HOCTH MHOXKECTBA
p~1(U), xotopeie nepeceraiorcs ¢ €. M3 nemmnl 12 caenyer, yro U
npocto Hakpbito oro6paxkenuem p|C. CaenoBatensuo, p|C: C—p(C)—
HagpeiBaoliee otobpakeHue. M

Caenyomuit npuMep moxkasbiBaeT, uTo oGpalleHHe TeopeMbl 14 ne-
BEPHO.

15. IMpamep. [Iycts X = 8! X S! X ...— npousBegeHne cyeTHOrO
yHcsIa OKPYXKHOCTEH, U s 12> 1 nonoxum X, = R* X S' X S X ... .
Oupenennm orobpaxenue p,: X, - X, nonaras

Pulty, -0, by, 2y, 2o, o )=(ex(ty), ..., ex(ty), 21, 25, ... ).

[lycts X = V X,,; onpenenum oro6paxenue p: X— X takum o6pasom,
yToGn! p| X, = pn. KOMNOHEHTAMH CBSI3HOCTH MPOCTpaHcTBa X SIBJASIOT-
csl mpoctpancTBa X,, W otobpaxenune pl|X, = p,: X, —X npexcra-
BJasieT co60il HakpelBallee otoopaxenne. OxHaKoO p He siBJfeTcs Ha-
KPBIBAIOIIHM OTOOpakeHHeM, MOCKOJbKY HHK2aKOE€ OTKPHITOE I[OJIMHO-
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KecTBo mpocTpaHceTBa X He MOXeT OblTb IPOCTO HAKPBHITO OTOOpake-
HHEM p.

s manbHeflllero HaM XoTeJoch Obl WMeThb aHasord teopeMm 11 u
14, B KOTOpBIX CI0BAa «KOMIIOHEHTa CBSI3HOCTH» ObIJIH Obl 3aMeHeHBH
CJIOBAMH «KOMIIOHEHTA JIMHeHHOH cBsizHOCTH>, JlNs 3TOTO nMoHamoOuTCs
cleaviolliee OMpegeneHHe: TONOJOTHUECKOE MPOCTPAHCTBO HasLIBaercs
AOKAALHO AUHEUHO C8A3HbIM, €CJIH KOMIIOHEHTH! JHHEHHOH CBA3HOCTH
€ro OTKPHITHIX IIOAMHOXKECTB TaKkKe OTKpHTHl. Cileaylolide NpemoxKe-
HUSI BHITEKAKT HENOCPEACTBEHHO U3 3TOTO ONpELENEeHHUs .

16. JI1060e OTKpbITOE NOOMHOMECTBO AOKAALHO AUHEHHO C8A3HO20
HNPOCTPAHCTBA CAMO AOKAAOHO AUHEHHO C8A3HO. M

17. JloxaarbRo AUHelHO CBA3HOE RPOCTPAHCTBO ABAAETCA AOKAALHO
c8a3HuM. B

18. B 10KQAbHO AUHEHHO CBA3HOM NPOCTPAHCTBE KOMNOHEHTbL €853~
HOCTU U KOMNOHEHTbL AUHEUHOU c8A3HOCTU co8hradaroT. B

19. (8:a3HOE AOKQAALHO AUHELHO CBA3HOE NPOCTPAHCTBO ABAAETCA
AuHelHo caasHoim. B

N3 yreepxaenuit 17 u 18 Mbl mosayyaeM ciaeaylomuid anajor Teo-
pem 11 u 14.

20. Teopema. Ecau X A0KQAbHO AUHELHO CBA3HO, TO HenpepsiBHOE
orobpancenue p. X — X Toeda u 10A0KO To2Oa A8AAETCA HAKPOLIBAIO-
wium orobpasiceruem, K0e0a 0aa KaucOol KOMNOHEHTol AUHeHOU c853-
Hoctu A npocrpancrea X orobpasicerue

plp~t(A): p7(A)— A

npedcrasager co6oi Hakpuisarowee orobpascenue. Ecau 8 arom cay-
yae A — HeKOTOPAS KOMIOHEHTA AUHeUHOL c8A3HOCTU npocTpancTea X,
10 p|A — Hakpoisarowee oTobpascerue A HA HeKOTOPYH KOMNOHEHTY
Aunelinod c8asHocTu npocrparcrea X. M

§ 2. CoilcTBo HaKpbIBalOllell TOMOTONHK

CgoiicTBO HAKpbIBAKOLIEH TOMOTONUM JBOHCTBEHHO CBOHCTBY MpO-
IoaxKenus: romotonuu. OHO NPUBOAHT K NMOHATHIO PACCIOEHUA, KOTOpOe
IBONCTBEHHO MOHSTHIO KopaccjoeHus, BBemeHHoMy B § 1.4. B stom
nmaparpade Mbl OnpefesseM NOHATHe PAacCAOEHHS H JOKa3biBaeM, 4TO
HaKpbhIBawllee OTOOPaXKeHUe ABAAETC YACTHBIM CJIY4deM PacC/IOeHUs.
DTOT crelHanbHBIA KJacc paccjoeHHH Oyner paccMaTpHBAThLCS Kak
060061IeHne HaKPBIBAIOIIUX OTOOpaXKeHHH, U Halle nanbHelllee U3yde-
HHe HakpblBalUmMX orobGpazkeHHH OyleT OCHOBAHO Ha HCCJIEIOBaHUH
sToro Gosee obuiero nonatusa. B kKoHie raasbl MB BepHeMmcH K obuieMy
H3YyYCHHIO Dacc/OoeHuH.
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Mbl HaynHaeM c BaXKHOH 3ajauyd anre6panueckoll TOMOJOrHH, HA3H-
BaeMOH 3ajauell NOAHATUSA, KOTOPas ABOHCTBeHHA 3agayue IPOLOKEHHS,
[lyets p: E > B u f: X > B — HekoTophle otoGpaxennsa. 3ada4a noo-
HATUS OTOGPaXKeHUa [ COCTOUT B TOM, YyTOGH ONpPENENHThb, CYLIECTBYET
JU HenpepblBHOe otoOpaxkenue f: X — E, aast kotoporo f = pof’, 1. e.
CYLIECTBYET JIH HelpephlBHOE 0TOOpaxeHne, 0603HaUeHHOe NYHKTHPHOM
CTPeJKOH Ha guarpamme £

77 1o
e v
xX-1sB

IJIsT KOTOPOTO 3Ta auarpaMma KoMMmyratuBHa. Ecau Takoe oro6pake-
Hue [/ cyliecTByer, TO FOBOPAT, UTO f MOXKHO noOHATo B E, ¥ HasbiBaloT
J nodnaruem oroGpaxenus f. JIas toro uto6el 3apaya nogHATHA Gblaa
3ajauell B KaTeropuu FOMOTONHYECKHX THUIIOB, HAM HEOGXOAHM aHaJsor
CBOMCTBA MPOMOJKEHHS] TOMOTONMH, HA3LIBAEMBIH CBOWCTBOM HAKpHI-
Batoulell TOMOTOMWH M OTpelensieMblil caeayomwum o6pasoM. [osopsr,
yto oto6Gpaxenue p: E— B obnanaer csoicT8om Haxpoiearoweli eomo-
TORUL OTHOCUTEAbHO NpOCTpancTéa X, ecau s JMO6bIX oToGpaXKeHui
f'* X—E u F. X X I — B, taxux, uto F(x,0)=pf'(x), x= X, cyue-
ctByer oroGpaxenne It X X I—E, ansi koroporo F/(x,0)=['(x)
npu xX u poF' =F. Ecau {/ paccmarpupaTh Kak orolpazkeHue
X X0 B E, 10 cymecrBoBande F’ paBHOCHIBHO CyLIECTBOBAHHIO OTO-
OpayKeHHUs, H30OPAXKEHHOrO NyHKTHPHOH CTPeJKOH Ha gHarpaMme

U IeJaloLiero ee KOMMYTaTHBHOM.

Ecnu oto6pamenne p: E— B o6nagaer cBoOHCTBOM HakphIBaioLlel
rOMOTOIMH OTHOCHTeNbHO X, a oroOpaxenus fo, f: X ~ B romoronus,
TO QYEBHJHO, UTO OTOGpaxkenHe fo MOXKHO MOAHATL B £ TOrga U TOJBKO
torjga, Korna f; moxuo nomHsaTb B £. CiemoBaTeslbHO, BO3MOMKHOCTb
nopnATHA oroGpaxenuss X — B B E sBasercss cBOHCTBOM FOMOTONHYE-
CKOro kKjacca 3toro orobpakenusi, [lostoMy cBoficTBO HakphIBalolleH
FOMOTOIYH MEPEBOUT 3a7auy NOAHATHS 0ToOpaxenus X— B B 3amauy
Ha KaTeropuH roOMOTONHYECKUX THIOB.

Oro6paxenne p: E— B HasbiBaeTcst paccaoenuem (UNd HHOTHA
POCCAOCHHOLM NPOCTPAHCT8OM 8 cmbicae Typesuua), ecnn p obaamaer
CBOHCTBOM HaKpBHIBaOlieHl rOMOTONHE OTHOCHTENBHO J11I060r0 NpOCTpaH-
ctBa. [TpocTpancTBo E HA3BIBAETCS NpOCTPAHCTEOM pAcCAOeHUs, a B —
6asoti storo paccaoenus. [las b e B muoxectso p~!(b) naspiBaercs
cA0eMm HAO TOUKOL b.

Ecnu p: E -~ B — paccaoenune, 10 Jo6oll nyrb @ B B, Tako#, yTo
®(0)e= p(E), moxno momHaTh g0 nytH B E. B caMmom nene, nyTh o
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MOXKHO paccMaTpuBaTh Kak romoronuio o: P X [— B, rgpe P— ogHo-
TOUEYHOE TPOCTPAHCTBO, a TOUka € < E, Takas, uto p(eo) = (0), co-
oTBeTcTBYeT oToGpaxentio f: P— E, aaa koroporo pf(P)= w(P X 0).
M3z roro, uto p obsagaer CBOHCTBOM HaprIBa}omeH FOMOTOMNWH, BBITE-
Kaer cylllecTBoBanue nytd & B E, naa koroporo & (0) =e 1 po & = o.
Torpa & — noaHsiTHe MYTH ©.

1. Mpumep. Ilycts F — npousBoibHOE NPOCTPAHCTBO, M MYCTh
p: BX F— B —npoexuns Ha nepBnlil cOMHOXHTeJp. Toraa p— pac-
cJloeHHe M CJ0H Haj NpOU3BOMBHOH TOuKOH b & B romeomopden F.

[ns AokasaredbCcTBa TOrO, UTO HAKPHIBAIOLHe OTOOpaXKeHHS sB-
NSIOTCS PAcCHOeHUsIMH, MBI NPEXKJAe BCEr0 YCTAHOBUM CBOUCTB0 eQuH-
CTBEHHOCTY NOOHATUA HAKPBIBAIOIIHX OTOOpakeHMil AAsA CBA3HBIX MpPO-
CTPAHCTB.

2. Teopema. [Tycro p: X— X — Hakpotsarowee oTobpascenue, U
nycto f, g: Y — X —noduarus o0Hozo u Toeo sce otobpascenus (1. e.
pof=pog) Ecau npocrpancrso Y ¢s8a3no, @ orobpasenus f u g
cosnadaror 8 HexkoTopol Touke uz Y, 70 f=g

HoxaszateabcrBo. [lyets Vi ={ysY|f(y)=g(y)}. Iloxa-
xeM, uyTo Y, otkpnito B Y. Ecau ye Yy, 10 nycte U — oTKphiTas
OKPecTHOCTb TOUKH pf(y), npocto Hakpeitas orobpaxenueM p. IlycTb
oTKpbiTOe noamuoxecrso U npocrpanctsa X, cogepikaiiee Touky f(y),
TaKoOBO, 4TO p romeoMopdHo oto6paxaer U na U. Torma f~1(T)0
N g=1 () — oTkpbiToe NOIMHONKECTBO H3 Y, comepikaiuee y M COOep-
xaunleecs B Y.

Mycere Yo={y=Y|f(y)+g(y)}. TToxkaxem, uto MHOXKecTBO VY,
rake OTKpPBITO B Y (ecau Obl MBI mpeAnoJioxuiay, uto X — xaycmpop-
(hOoBO NPOCTPAHCTBO, 3TO CJefoBajto Obl K3 OOIUX CBOHCTB Xaycaop-
doBuix npoctpancTs). Ilycth y & Vs, ¥ nycts U -— OTKpEITas OKpecT-
HocTh TOukH pf(y), mpocTo HakphiTas orobpaxkenueM p. ITockoabky
f(y) # g(y), CyILECTBYIOT OTKpPBITble HeNepPeceKaioluecs NOAMHOXKe-
crBa U, n U, npocrpancrea X, takue, uro f(y)<U, g(y)=0. n p
roMmeoMopdHo oToGpakaer Kaxjaoe u3 HHUX Ha U. Torma f~1(T))NN
Ng~!'(U2)— oTkpEITOe MOAMHOXKECTBO M3 Y, coaepsKailee y U COAEp-
xaueecst B Y.

[Tockoabky Y = Y, U Yy u oTkpbiThle MHOKecTBa Y1 u Yy He nepe-
CEeKaloTCs, U3 CBA3HOCTH NpOCTpaHcTBa Y BHiTekaer, uto qu6o Y=,
aubo Yy = Y. [1o npeanosioxennio Yy = &, snauur, Vi=Yuf=g N

Tenepb MBI B COCTOSIHMH [10Ka3aTb, UTO HaKpHIBAIOllee OTOGPaXKe-
Hue o6Jafaer cBOHCTBOM HaKphbIBalollell TOMOTOMNMHU.

3. Teopema. Hakpoisaroujee oTo6pascerie ABASETER PACCAOCHUEM.

HoxasareascrBo. Hyers p: X—»X—-Haprmaxomee otTo6pa-
}eHHe, H NycTb oTo6paxenus [’ Y>X u F: YXI—>X TaKORHI,
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uto F(y, 0)=pf’ (y) upu y =Y. Mnl nokamxeM, 4To AJs KaKA0H TOUKU
y =Y cywecTByIOT Takas OTKPHITas OKPEeCTHOCTb N, ToukH y B Y
u Takoe orobpaxenne Fi: Ny X [—X, uro F, , Oy=/ W)Y E—ENy)
u pFy=F|N, X I. TIpeanosoxuM, 4To Mbl yXe HMeeM TakHe OKPECT-
HoctH N, H otobpaxenus Fl. Ecau y”ENyﬂNy,, TO 0TOOpaKeHus
Fily" X1 a F|y" X
4To npu f{ &/ MMET MECTO PaBCHCTBA

peo (Fly" X D(y", h=Fy", )=p-(F,|y" X )", 1)

Mockonvky (F;,|y” X I){y”, 0)=["(y")=(F;|y” X I)(y”, 0), u3 reo-
pembl 2 BhITeKaer, uto Fi|y” X I= F, |y”X 1. Tak KaK 510 BepHO s
mobux Touek y” &N NN, 10 F;[(NyﬂNy,) X 1=F,, /) X{.
CaenoBaTe/ibHO, CYILECTBYET Hel pephiBHOe OToGpakenue F': ¥ X [—X,
1T KOTOPOTo F'[Ny X [ =F,, u F spasercs mogHsTHEM O0TO6pae-
uust F, takum, uto F'(y, 0)=f'(y) npu y=Y. Urak, teopema cge-
JeHa K MOCTPOEHHIO OTKPBITHIX OKpecTHOCTeH N, H oTOOpaKeHHH F;.

M3 toro uro p: X — X — nakpoiBaioijee oroOpakeHHe (a Tak:ke
M3 KOMNAKTHOCTH OTpeska [), BHITEKAeT, 4TO MJIA KaxJ0¥ TOUKH
y e Y CylllecTBYIOT ee OTKpLITas OKPEeCTHOCTb N, W [ocjefoBaTesb-
Hoete 0 =t <t <... <1ty =1 Touex oTpesKa l TakKHe, 4TO IIpPH
i=1, ..., m maoxectBo F(Ny, X [ti, ]) CO/LEPKHUTCS B HEKOTOPOM
OTKPBITOM MOJMHOMKECTBe NpOCTpaHcTBa X, MPOCTO HaKpPbITOM orobpa-
xkennem p. [lokaxeM, uTo cymecrByer oTobpaxenne F,: Ny X I—>X
C HYXHBIMU cBoiictBaMu. [ 3TOrO AOCTAaTOYHO OMNPeAeaHTb OTOOpa-
KEHUS

Gy Ny X [ty 1> X, i=1,..., m,
JLIS KOTOPBIX
poGy=F|N,X|[t;_y, t]],
Gy, 0=F (), yeN,
G (Y, ti-)=0C(¢, tiy), YN, i=2, ..., m,

TaK Kak Ha6op TaKux orofpaxenuit G; NO3BOJIAET OIMpeeJHTh OTO-
6paxenne Fy: Ny><1~>X 1o ¢)opMyﬂe FylNy X [tic, t]=G; n
TakKue OTO6pa}KeHH${ Fy 06/1a1a10T TpeGyeMbIMH CBONCTBAMH.
Orobpaxenus G; onpefeasiorcd HHAykUued mo i. [as ompenesne-
Hust Gy BO3bMeM OTKpBITOE noaMHOxkecTBOo U npoctpanctsa X, mpocto
HakphiToe oToOpakeHHeM p H Takoe, uto F(Ny X[t £]) = U. Tlycrp
{U;} — coBOKyNnHOCTL HenepeceKaiOUIHXCA OTKPBITHIX MOAMHOXKECTB
npoctpancrsa X, rakux, uro p~'(U)=U U; n p romeomopdHo oT06pa-
xkaer U; ua U pas Beex j. IHyers V; = f~1(U;). Torna {V;} — coso-
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KYNHOCTb HENEepeceKalonHXCcsl OTKPHITHIX MHOXECTB, NOKPHIBAIOIIKX
Ny Tlyctb G, — enuucTBeRHOe OTOGpakeHHe, KOTOpoe st Ka)kKaoro j
nepesoiut V; X[tp, #;] B U; u sBAseTcd NOAHATHEM OTOOpaXKeHUS
F|V; X [to, t;]. Tem cambiM () onpepneseHo.

IlpennonoxumM, uro G;_; yxe onpenenero aas 1 <i<{m. Ilyctp
U’ — OTKPHITOE NOAMHOXKECTBO NpPOCTPaHCTBAa X, INPOCTO HaKpPbITOE
oToGpaxenueM p u takoe, uro F (N, X [¢;-;, t;]) = U’. Ilyct (U} —
COBOKYMHOCTH  HEMEPECEKAIONUXCA OTKPLITBIX MHOMKECTB  TPOCTPAH-

-1
crBa X, rakux, uto p_ (U')=U Ué U p roMeoMopdHO 0T06pa>xaeT
g
Uy na U’ | IS KaUA0TO k. Tiyets Ve=1{y N, Gi_1(y, ti-)) = UL}.
Torpa {Vk} — COBOKYIHOCTb HelepeceKaloluXxcsi OTKPLITHIX MHOXKEeCTB,
nokpeiBaromux N, Onpeneaum G; Kak eIMHCTBEHHOE oro6pax<enne
KOTOPOE /sl KaxKAOoro k NepeBoguT Vi X [tizy, ti] B Us, monuumast
7
orobpaxenne F|Vy X [t;—;, t;]. D10 noanoctsio onpegenser G, B

T'oBopsiT, uto otobpaxkenue p: E— B obianaer csolicTeom edun-
CTBEHHOCTU RAKPBIGAIOUES0 NYTU, ECIU 1S JA1066IX nyTeld @ U o’ B £,
TaKHX, UT0 pow =pcw’ H o(0)= w’(0), WMeer MeCTO pPaBEHCTBO
o= Us TeopeMbl 2 BBITEKAeT, UTO HAaKpbiBalollee OTOOpaXkeHHe
obnanaer cBOHCTBOM €JMHCTBEHHOCTH HAKPBIBAIOLIEr0 NYTH.

4, Jlemma. Ecau orobpascenue 064a00eT C8OUCTBOM eC0UHCTBEH-
HOCTU HAKPLIBAIOWE20 NYTU, TO OHO Takse 06.4adaeT ce0lcTBOM eO0UH-
CTBEHHOCTU NOOHATUA 0an At00020 AUHEHO (B8A3HO20 NPOCTPAHCTAA.

Hoxaszartenbctso. Ilycts orobpaxenue p: E— B obmanaer
CBOICTBOM eAMHCTBEHHOCTH HaKpeiBawulero nyta. Ilyers Y — annelino
CBSI3HOE MPOCTPAHCTBO, H NycTb oTofpaxkenus f, g: Y —>E TakosH,
yto pof=pog u [(ys) = g(yo) MI9 HEeKOTOPOH TOUKU Yo Y. Mui
JOKHBL yO6enuThest 8 ToMm, uto [f=g. Ilycets ye=Y, v nyers o —
nyts B Y or yo no y. Toraa fow u gow—nyrtu B E, siBAsiomnecs
NOAHATHAMY OJHOrO M TOro Xe€ MyTH H3 B U uMemouue obiee HauaJo.
[Tockonbky p o6najaer CBOHCTBOM €IMHCTBEHHOCTH HAKpPbiBAIOLETO
nyTH, fowe = gow. CrexoBarenbHo,

g =Foo)(D)=(g-0)(1)=g(y). m

Crneayiomas TeopeMa XapakTepH3yeT pPaccJOeHHs cO CBOHCTBOM
eIMHCTBEHHOCTH HAKPHIBAIOLLErO MyTH.

5. Teopema. Paccaoenue obaadaer c80UCTBOM E0UHCTBEHHOCTU HA-
Kpolearoweeo nYTu 1020a U TOAbKO TO20Q, Ko2da 8 Kaxwdom ciaoe sce
nYTU NOCTOAHHOL.

JokaszarteabctBo. Ilycts paccmoenne p: E—B obaagaer
CBONCTBOM eIMHCTBEHHOCTH HakpblBalomero nyTtH. IlycTs o —nyTh
B caoe p~'(b), u nycTb »' -— NOCTOSAHEHIA NyTh B cJoe p~'(b), Takod,



99 IJl. 2. HAKPBIBAIOIME MPOCTPAHCTBA WM PACCJIOEHMS

uto 0’ (0) = 0(0). Toraa pow = pow’, OTKyAa BHTEKaET, 4T0 ® = @&'.
CaepoBatenbHO, @ — NOCTOSIHHBIA NYTh.

O6parHo, npeAnooxRuM, uto p. £ — B — paccioenue, B KaxaoM
¢J10e KOTOpPOro Bce MyTH moctosiuubl, [1ycTh MyTH © U o’ B £ TaxoBHI,
uTo pow =pow’ U w(0)=w'(0). Ipn t<I onperenuM nyTp o)
B E mo ¢opmyae

» {w((l—%')t), 0<t <,
=@t —nn, m<r<u.

Torza @) —nyts B E of o(f) go &' (f), a pow®; —3aMKHyTHH NyTb
B B, rOMOTONHEIH OTHOCHTE/IbHO ] TOCTOSTHHOMY TyTH B Touke p (o (f)).
ITockonbky p o6GiagaetT CBOHCTBOM HaKphIBamolledi TOMOTONHH, CYIle-
cTByer orobpaxenue F': [ X [ —E, takoe, uto ' (t', 0)=w] () u F’
nepeBogut MHOXectBO 0 X IUI X 1Ul X I B caoit p~tp(a(l))).
[Tockoabky caofi p~!(pw(f)) He MMeeT HeMOCTOSAHHHLIX nyTed, F’ oro-
Gpamxaer 0 X[, /X1 u 1 XI B onny u Ty ke TOuxky. [loaromy
F’(0,0) = F’(1,0). Crenosatenbno, o7 (0)=0) (1) n o(f)=o'(f).R

Ml yKe BUAENH, YTO HAKPHIBAIOIHE OTOOPAaKeHHS SABJAIOTCA pac-
C10€HHAMH €O CBOHCTBOM eAMHCTBEHHOCTH HAKpPLIBAIOILEIO [MYTH.
B § 2.4 mbl noxaxeM, YTO NPH HEKOTOPBHIX CJalblX OrpaHWYeHUsiK Ha
6asy Jo60e paccioeHHe €O CBOHCTBOM eAHHCTBEHHOCTH HAKpbIBAIO-
IET0 NYTH fBJsIETCS] HAKPLIBAOIUM oTOOpakennem. OgHa W3 NMPHUHH
H3yUeHHs pacclOeHHl cO CBOHCTBOM €IHHCTBEHHOCTH HaKPLIBAMOILETO
OyTH Kak OOGOOILEHHBIX HAKPbIBAKINUX OTOOPaKEHHH COCTOHT B TOM,
4TO AJS HHUX JIErKO J0KasaTb CJACYIOLHEe JBe TeopeMbl, KOTOpbie A5
HaKpLIBAIOWHNX OTOOpaKeHHH HeBepHbL:

6. Teopema. Komnosuyus paccaoenuii (co csoicreom eOuHCTaer-
HOCTU HAKPbIBAIOWEE0 NYyTH) ABAAETCS paccaceHuem (Co ¢8oLicT8oi
eOUHCTBEHHOCTY HAKpbLBaroweeo nytu). M

7. Teopema. lIpoussedenue paccaoexusl (co cgolicTeom eduncTsen-
HOCTY HAKPLIBAIOWCEO NYTU) ABAAETCA paccioeruem (cO c8oLcTeOM
eQuUHCTBeHHOCTY HaKkpblaatoweeo nyru). R

Cuoenytomiuil npumep HNOKAa3blBaeT, 4TO AJs HAaKpBIBAIOIIHMX oTOGpa-
sKenuil Teopema 6 HeBepHa.

8. Mpumep. [Iycts npocrpanctsa X u X, (n> 1) saBasiorcs cuer-
HbIMH Tpou3BefeHussMu okxpyxkHocTed. I[Tycte X, =R" X X; onpene-
JauM otobpaxenue p,: X, > X,, nonaras

Pulty ooy by 21, 29, . )=(ex(t), ..., ex(t,), 21, 22, ...).

Torna pn — HakpuiBawulee orobpaxenue (n2>>1). Ys teopems 2.1.11
BBITEKAET, 4TO Vpn: VX.— VX, Takxe sapasercd HaKpbIBAOIHM
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oto6paxendem. [lockosbky VX, — npousseienye mpoctpaHctBa X H
MHOXKECTBa LeJBIX MOJNOMKHUTENBHBIX YHCEJ, TO MOXKHO ONpele/qHTh Ha-
KpbeiBatomee otoGpaxenve V X, > X (cm. npumep 2.1.2), Komnosuuusa

VX, »VX,—>X

He ABJseTcsd HaKPHBAOIMUM ortobpaxkeHueMm (cp. mpumep 2.1.15).
Teopema 7 Takxke HeBepHA AJd HAKDPLIBAIOIIHX OTOOpaKeHUH.
9. Mpumep. Ilycts g1t n2> 1 HakpoiBamlee 0TOGparxeHue
pn: Xn— X, onpeneneso ortobpaxenuem ex: R-—S!. Torzaa

e ITx.-11x.

He SIBJIETCA HAKPLIBAIOIIUM OTOOpaKeHHEeM.

Wz Teopembl 6 BBITEKaeT, 4YTO MOMKHO ONpeJEeNIHTh KaTeropHio,
06BbEKTAMU KOTOPO#H SIBJSIOTCS TOMOJIOTHUECKHE MPOCTPAHCTBA, a MOp-
dbu3MaMH — PacCJOeHUsT €O CBOHCTBOM €JAHHCTBEHHOCTH HAaKpbIBAIO-
mero nyTd. 3 teopeMbl 7 BhiTekaer, UTO B 3TOH KaTeropuu cylle-
CTBYIOT TNpou3BeleHUsd. JIerKo NpOBepUTh, YTO B He#l CYyLIECTBYIOT
tak:ke ¥ cyMmbl. Cefiuac Mbl onpefenuM KaTeropuio, 3aBUCALLYIO OT
LanHoi 6a3pl, KOTOpas HaM OYeHb NOMOXKeT NPH H3yUYeHHH HaKpbIBaio-
mux orobpakeHuH wujad paccioeHuf. [ag 3alXaHHOTO NPOCTpPaHCTBA
X"TocTpouM kKaTeropHio, o6bekTaMH KOTOPOH ciayxkat orofparkeHus
p: X— X, aBasomwUecs paccIOeHHsIMH CO CBOMCTBOM €QMHCTBEHHOCTH
HAaKpbIBAIOLLero OyTH, a MOp(QH3MaMH — KOMMYTATHBHblE AUarpaMMbl

Xl—i‘*)?z

[Tycrs p;: X; — X — HEKOTOpPOe MHOXKECTBO OGBEKTOB 3TOHl KAaTEeropuH;
onpeznenum otobpaxenue p: VX;— X takum 06pasoM, 4TOGH BHINOJ-
HaJ0och ycaoBue p|X; = p;. Torga p TakXKe sB/IsieTcss 06BEKTOM 3TOMH
KaTeropuu ¥ Ipeacrasisier coGolt cymMy cemelctBa {pj}.

HoxkaxeM, 4uTO B 3TOH KaTeropuu MOKHO ONDPEACTIUTh TakxKe H
npousBeflenus. Paccmorpum oto6paxkenus pj: X;— X ¥ 10J0KUM

X = {(xf)e H X, Ip;(x;)=py(x;) nns Beex j, j’}.

Onpegenum orobpaxenune p: X—X pasenctsoM p((x;)) = p;(x;).
Ecam Kaxkaoe p; sABJIAETCS pacC]OeHHeM, TO U p— PACCIOCHHE, H eCliH
Kaxjoe p; objgasaer CBOHCTBOM €JHHCTBEHHOCTH HAKPBIBAIOILEro MyTH,
T0 p Toxe obsajaer 3TuM cpolictBoM. CiefoBaTenbHO, p eCTb MHpo-
usBefeHHe ceMeificTsa 06beXTOB {p;} B KaTeropuu paccroeHuft co csoii-
CTBOM e[MHCTBEHHOCTH HAKPbIBAWOLIETO NyTH. ITO orobpaxkeHue p
Ha3bIBACTCH PACCAOCHHbIM npoudgederuem otobpaxenuil {p;}. Mul pac-
CMOTPHM ero Gosee noapo6Ho B § 2.8.
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MoXHO onpefenuTh aHAJOTHUHYIO KATEropuio, 00 beKTaMH KOTOPOH
SIBNIAIOTCA HakpblBaoliue oTobpaxenus ¢ 6azof X, a MoppH3MaMu —
KOMMYTaTUBHbBIE AHarpaMMbl. JTa KaTeropus [AoNyckKaeT KOHEUHble
CYMMBbI U IPOM3BEJEHHSI; TPOH3BOJIbHBIE CYMMBl U IIPOH3BelleHHs B 9TOH
KaTeropuu, Boo6iie roBopf, He CYLUIECTBYIOT. [leHcTBHTenbHO, onpele-
UM AJ5 KaxXXJ0ro n otobparkeHnue

P RTX SIX ST X ...>8' XS X ...,
2t 2mif
nodgaras p,(t, ..., tyy 21, 22, ...)=(e Lo, e n 2, 2, ), Kak
B npumepe 8. J[1s9 COBOKymHOCTH {p,} B KaTerOPHU HAKPbIBAOLUX
oTobpakeruii ¢ Gadoii X He cyllecTByeT HH CYMMBLI, HH [pOU3Be-
JIEHHUS.

§ 3. Cesi3p c pyHIaMeHTANbHON rPyNNOi

Inst paccjoeHU#l €O CBOACTBOM eAMHCTBEHHOCTH HaKDLIBAIOILEIo
nyTH GyHAAMeHTa bHAS PYyNNa MPOCTPAHCTBA paccaoeHUsl u3oMopdHa
HEKOTOPO# NoArpynne GpyHiaMeHTa bHOA rpynnel 6a3bl. PaccMoTperue
COOTBETCTBYIOIIMX MOArpynn QysHiameHTaqbHOH TrpyNnnbel OPHBOAHT
K KJaccuduxauuu taxkux pacciaoenuii. bonee toro, B caenyiollem mna-
parpade Mbl yBHAMM, 4TO (QYHKTOp (yHAAMeHTAJbHOH TIPYNHBl NOJ-
HOCTBbIO pellilaer 3ajayy MNOAHATHA MIJAd paccjJoeHudll cO CBOUCTBOM
eIMHCTBEHHOCTH HAKpPLIBAIONIEro NMyTH. DTOT naparpad mocBsilueHd Bbl-
SICHEHHIO CBSI3H Mex1y (YHAAMEHTAaJbHbBIMH TFPyNEaMH INPOCTPAHCTBA
paccioenuss H 6asbl AJNA pacc/JoeHuil co CBOACTBOM €JHHCTBEHHOCTH
HAKPBIBAIOILLETO MyTH.

Ilpexkne Bcero orMeruM OJHO JOKaJbHOE CBOHCTBO pacc/Oenui,
aHaJloTHUHOEe QOKa3aHHOMYy B TeopeMe 2.1.14.

1. Jlemma. [Tycre p: E— B —nexoropoe paccacenue. Ecau A —
NpouU3BOALHAR KOMNOHEHTA AUKelHOU C¢8A3HOCTU npocTpancTsa E,
70 p(A)— KOMNOHEHTQ AuUHELHOI CB8A3HOCTU npocTpancrea B U
p|A: A— p(A)— paccroenue.

Hokaszareabctso. Mnuoxectso p(A), Gyayun obpasom mnpu
HellpepbIBHOM OTOOpa<eHUM JHHEHHO CBSI3HOIO HPOCTPAHCTBA, CaMo
JHHEHHO CBA3HO. DTO MaKCUMaJbHOe JHHEHHO CBA3HOE MOAMHOMKECTBO
B B. JlefictBUTCNbHO, €C1H @ — NyTh B B, Hauunamwowuiics 8 p(A), 10
CyLIeCTBYeT NOJAHATHE & NYTH ®, HauuHawueecs B A. ITockonbky A —
KOMMNOHEHTa JHMHEAHOH CBA3HOCTH NpOCTPaHcTBa E, myTh & mnpuHam-
aexur A. CrneioBaTeNbHo, © = po@—nuyTs B p(A), 1. e p(A)—
MaKCHMaJ/IbHOe JHHeHHO CBSI3HOE IIOAMHOXKECTBO NpocTpancTBa B u,
3gauut, no rteopeme 1.7.9, —KomnonenTa JMMHeHHOH CBSIBHOCTH HpoO-
crpaHcTBa B.

IToxaxem, uro otoGpaxenne plA: A—p(A) obaanaer cBoiicTBOM
HakpoBawomell romotonuH. Ilycte orobpaxenus [ Y—A
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F: YXI1-—>p(A) rakose, uro F(y,0)=p (f’(y)) TTockonbKky p—
paccaoenue, cyuiecTByeT oto6paxenne F’: Y X [I— E, aas koToporo
poF'=F u F'(y,0)=}(y). Hna mo6ol Toukn yEY oto6paxe-
Hue F’ 1o/XKHO mepeBoAuTb ¥ X [ B KOMNOHEHTY JHHEHHOH CBSI3HOCTH
npoctpaHctBa E, coxepxawyio F'(y, 0). Cnenosatennno, F/(yXI)— A
IJIs BCeX Y H F. Y X [ — A— nogusitne oto6paxenus F, Takoe, 4TO
Fl(9.0)=F(y). m

Jas JoxanbHO JAMHEHHO CBSA3HBLIX NPOCTPAHCTB HMEET MECTo cJje-
Ayowui asanor teopemn 2.1.20, cBoafmuil H3yuenMe paccroeHuii
K HM3yUeHHI0O paccAOeHHH ¢ JuHeHHO CBSI3HBIMM NPOCTPaHCTBOM pac-
cloeHua u 6asoft:

2. Teopema. [Iycro p: E — B — nexoropoe orobpascenue. Ecau E
AOKAABHO AUMELHO C8A3HO, TO p T020Q U TOABKO TO20Q S8ASE€TCA pac-
caoeruem, Koeda 0as Kaadol KOMNOHeHTu Aurelinot csasnocry A
npocrparcrea E muoscecrso p(A) npedcrasaser coboii KOMNOHEHTY
aunelinod cgagnocru npocrparcréa B u p|A: A — p(A)— paccaocenue.

HNokxaszarteanbcTBo. Ecmm p: E— B-—paccioenne, a A —
KOMTIOHEHTa JIMHeHAHOM CBA3HOCTH MpoCTpaHcTsa L, To u3 JeMMbl | BH-
TexaeT, uTo p(A)— KoMOOHeHTa JUHEHHOH CBSI3HOCTH NpocTpaHcTBa B
up|lA: A—p(A) — paccioenue.

Joxkaixkem ob6paTHoe yTBEP}KILeHHe Tlycre oroGpawxenus . Y —>E
u F: Y X I - B takosbl, uto F(y,0) = ['(y). [lycrs {A;} — MHOKecTBO
KOMTIOHEHT JHHeHHOll cBsisHOCTH mpocTpancrBa E. Torga A;— Hene-
pecekalollliecsi OTKpHITHie TNOAMHOXecTBa mnpoctpancrsa £. Ilycto
V;=f"1(A,). Copokynuoctb {V,;} Henepecekamwmunxcs MHOKeCTB 06pa-
ayeT OTKpHITOe MOKpbiTHe npocrpaHcrsa Y. CheoBatennbHo, AJd 1O-
crpoenus otobpaikenusi F/: Y XI— E, rakoro, 4t0o p o F'=F HF’(y, 0)=
= {’(y), KOCTATOUHO NOCTPOUTDL AN BeeX ] 0To6pa>KeHm{ F; ViXI—
— E, Takue, uto po Fj=F|V; X I u Fi(y, 0)=F ().

Muoxectso F(y X I) colep:KUTCS B KOMIIOHEHTe JUHelHO# cBf3-
HocTH npocrpanctsa B, cogepxkawell F(y,0)= p(f'(y)); nosatomy u3
toro, uto p(A;)-— KoOMIoOHeHTa JUHEHHOH CBJI3HOCTH HpOCTpaHCTBa B,
soitekaer, yto F(V; X I[)c p(4;) nns Bcex j. Hocxonbxy plA; A;—
- p(A;)— paccnoenne, CyLeCTByeT omépame}me Fi: VixX1— Ay,
IS KOTODOro p(F§)==FIV; X1 u Fi(y, 0)=f"(y) npu y< V;. Cne-
JloBaTeNbHO, p obJagaetr CBOWCTBOM HaKpbiBaioUieH rOMOTONHU. M

Tak Kak KaxAbld NyTh B TONOJOTHUECKOM IIPOCTPAHCTBE NMpHHaAJe-
®KHT HEKOTOpOH KOMIIOHEeHTe JHMHefHOH CBJ3HOCTH 3TOr0 NPOCTpaH-
CTBa, SICHO, YTO TeopeMa 2 OCTaHETCH BepHOH, €CIH B Hed CJIOBO
«pacc/ioeHne» BCIOAY 3aMEHHTb C/JI0OBaMH «DAcCJIOEHHE CO CBOMCTBOM
€IMHCTBEHHOCTH HAKpBIBAIOLIErO MYTHY, :

I'aBHbIf pe3yJbTAT O PACCIOEHHAX CO CBOHCTBOM €IMHCTBEHHOCTH
HAKPHIBAIOILEro NYTH CHOPMYNHPOBAH B CHACNAYIOWIEM NPETOMNKEHHH:
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3. Jlemma. [Tycro p: X—X — paccaoenue co cgolicTsom eduHcTaen-
HOoCTu Hakposaroueeo nytu. Ecau nytu o u o 8 X rTaxosel, 4ro
0(0)=0"(0) Hpoo=pen, TO =0

HNoxasareanctso. Ilycte F: I X/—X—romoronus oTHo-
CHTeNBHO [, coenunsiomas peo ¢ pow’ (1. e. F{,0)=pwu(f), F({,1)=
= po’(t), F(0,1)=pw(0) u F(1,{)=po(l)). Ilo ceolictBy Hakphl-
paiollefl TOMOTONMM [Js1 pacCc/JOeHUH cyllecTByeT OTOOpaKeHue
F': I X I—~ZX, pasi kotoporo F/(¢,0) = wf u po F" = F. Torga MHoXe-
ctBa F/(0 X ) u F/'(1 X I) comepxkartcst cooTBeTcTBeHHO B p~! (pw(0))
u pi(pw(l)). Io Teopeme 2.2.5 muoxectsa F'(0 X I) u F/(1 X 1) co-
CTOAT KaX[A0e U3 OJHON TOUKH. CaegoBareabdo, F/ — romoronus or-
HOCUTEJbHO / OT » A0 HEKOTOPOTO MYTH ®»”, Takoro, uto o”(0) =w(0)
H pow’ =pow’. Tlockonbky ©'(0)= ®(0), a p— paccroedne co
CBOHCTBOM EJHHCTBEHHOCTH HaKphBaWIero nyru, o’ = o” n F: o=
~w'rell. m

W3 nemmbl 3 BhiTeKkaert, uto eciH p: X — X — pacciioenne ¢o cBoi-
CTBOM €[UHCTBEHHOCTH HAKDPBIBAWOILEro NYTH, TO Mg JNIOOHIX ABYX
06beKkTOB Fp M I (yHAAMeHTAJIbHOro rpynmnouaa npocrpancrea X
0oTOOpaXKeHHe po IBJIACTCH HHBEKTHBHBIM OTOOpa)KeHHeM MHOMKECTBa
hom (%o, 1) B hom(p(%o), p(%1)). B wuactnocts, ecau Fo = %, Mbl
IPHXOAHM K Cledyiolleit Teopeme:

4, Teopema. [lycre p: X > X — paccaocerue co c80iicTeom eOun-
CTBEHHOCTY Hakpolsaroujeeo nyTu. Has scakoi Touku Fye X e2omo-
mopghusm

Pyt n(}?, ;0)~+n(X, o)

asasercs moHomoppusmon. R

dTtor nocjeanuii pedyiapTat ofpadyer OCHOBY peAyKLUMH 3ajad
O DAacCHOCHHAX CO CBOHCTBOM €QHHCTBEHHOCTH HAaKPBIBAIOILEro MyTH
K 3ajavaM, CBA3aHHBIM c (yHAaMeHTaAbHOH rpynnoit. Hasi Toro
uyroOpl (yHAaMeHTasbHAas Tpylla MNOJHOCTbIO 3aMeHsJa HPOCTpaH-
CTBO B paccMaTpuBaeMbiX HaM# BONPOCAX, Mbl OPEANOJNOKHM, UTO BCE
npocTpaHcTsa JUHeHHO CBA3HH. 13 TeopeMbl 2 BBITEKAET, 4TO AJIsI
KJlacca JOKaJbHO JIHHEHHO CBA3HBIX NPOCTPAHCTB 3TO NPEANOJOMNKEHHE
He OrpaHHuHBacT OGIHOCTH.

5. Jlemma. ITycto p: X — X — paccaoenue co csotictaom eduncraen-
HOCTY HAKPLLBAIOWE20 AYTU, Npudem ApOCTPaHcT80 X Henycro u au-
Heiino ceasno. Ecau %o, ¥ & X, 10 cyuwjectsyer nyro o 6 X or p(%o)
do p(Z,), 0a8 KoTOpO2O

Pyt (X, ) = hypun(X, &),



§ 3. CBSI3b C ®YHIAMEHTAJIbHOM TPYIIOM 97

Obparno, 0as aoboeo nytu @ 8 X or p(%,) do x, cywecrsyer To4Ka
= pt(x), 043 Koropoi

b (X, 2) = pyn (X, %)

Hokasareascrso. [lokaxem nepsyio uacts. ITycts & —nyThb
B X or % go %. Toraa n(X, %)= ham (X, %). CaenoBareabHo,

T (X’ Xo) =l o P uT (X' %)

U po®d— MCKOMBIH nyTh o1 p (%) 10 p (F)).
OGpatHo, ecau 3ajaH Nyt ® B X oT p (%) mo x;, TO nycTb & —
Takod 0yt B X, uto & (0)=%, u p&=o0. Ecan %, =& (1), 10

Pyt (X, %)= py (hgm (X, £))=pyn (X, %). B
OTciofa JIerKO NOJYYHTh CJIEAYIOUHH Pe3yJ/bTart:

6. Teopema. [Tycre p: X— X — paccaoenue co c80LcT80M e0UHCT-
BEHHOCTU HaKpblearouezo nyru, npuuesm X — Henycroe AUHetiHo c6a3-
Hoe npoctparcrgo. [lpu xo<=p(X) muooecrso {pan(X, %) |Fos=
e p'(xo0)} ABafETCA KAQCCOM  CONPANCEHHbIX nodepynn epynnol
(X, xo). Ecau o —nyte 8 p(X) or xo do X1, T0 hie] nepegoour coort-
seTcT8yOWuil Kaace conpancertoix nodepynn epynnst n{X, x|} 6 yxa-
BQHRbLL KAQCC CORpANncerHblx nodepynn epynns. (X, x). A

[Tycts p: X - X — paccsoenue, ¥ 0ycTb o — NyTb B X, HauHHAIO-
muicsa B Touke xo. Onpenenum otobpaxenue Fy: p~!(x) X I —X pa-
BeHcTBOM Fo (Z,1) = 0 (!); nycts it p Y (x)<= X. Torma pi(¥)=
= Fy(%,0) maa ¥e p'(x). N3 Toro uto p obsanaer cBOHCTBOM
HAKPBIBAIOLICH I'OMOTONHH, BHITEKAET CYILECTBOBAHHEe TaKoro orobpa-
Kenua Go: pl(x) X T—X, uto Gu(%,0)=i(8)=% u poGy = Fo.

[IpeanosoxuM Tenepb, uto p oOnajgaeT CBOHCTBOM €IMHCTBEHHO-
CTH HagphiBawulero nyrd. Mel  fokaxeM, uTO oTOOpa)KeHUHe
T—Gu(%, 1) cnos p—‘(xo) B croft p~'{(w(l)) 3aBHUCHT TOJBLKO OT
kjaacca nytd o. Ilycts o'~ u nycTh 0To6pax<e1me Gev: p~1(x0) X
X [ -~ X Ttakoso, uro G.(X, 0)=X% u poG,=F, Onperenum
aaa  nwboil  TOUYKH :?Ep () nyrw & u & B X, nojaras
& ()= Go(Z, 1) n & ()= G, (% 1). Torna nyty & u @' HauuHAOTCH
B TOuKe ¥ H

peh=0xa' =po@’.

M3 neMMbl 3 BbiTE€KaeT, 4T0 & =~ &’. 3HAuWT, A KaxA0H TOYKU
Fe p'(x) HMeeT MecTo paBeHCTBO Go (¥, 1)= Go (%, 1). Ciemosa-
TeJbHO, MOXKHO ONPeAeIUTh HelpephiBHOe 0TOOpaKeHHe

fopp P70 (0))—>p (@ (1)),
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nonaras fi,1(%) = G, (%, 1), roe G, onpeneiseHo Boilme. $IcHO, UTO
ecii 0 (1) = 0'(0), 10 [y 101 = For° For

7. Teopema. [ycto p: X - X — pacenoenue co csolicrgom eodun-
CTBeHHOCTL Hakpbigaroweeo nyrtu. Toeda onpedesern KOMTpasapuarrt-
Holll QyHKTOp U3 pyrdamenTarbro2o epynnouda npoctpancTeéa X 8 Ka-
Tecopuro TONOAOSUHECKUX NPOCTPAHCTE U 0TOBPAXCeHUl, CONOCTABALIO-
wud touke x =X caoli Hald Hed, a Kaacey nyted [w] oTobpaske-
Hue fi,). &

Tor ¢akr, uro [, — romeoMopdUsM AN KaxXAoro kjaacca [o],
NPHUBOJAUT K TAKOMY CJEACTBHIO:

8. Caencreue, Ecau p: X > X — paccaoenue co ceoiicTéom edun-
CTBEHHOCTH HAKPOLIBAOWE20 NYTU, Q@ APOCTPANRCTB0 X AUHEIHO €B8A3HO,
TO Ato0ble 08a A0S 3T020 PACCAOCHUS 20MeoMOpgHeL. R

Ecnn npocrpanctBo X sunelino cBsizHo, a p: X — X — paccioenue
CO CBOHCTBOM €IMHCTBEHHOCTH HAKDBIBAIOLLIErO MyTH, TO YUCAOM Al-
cTo8 (WU KpaTHOCTbIO) OTOOpaXKeHHsl p Ha3bIBAETCH MOILHOCTb MHO-
KeerBa p~l(x) (W0 caeacTBuio 8 3Ta MOIIHOCTL HE 3aBHCHUT OT BHI-
gopa Touku x & X). Eciu nmpocTpaHCTBO paccjoeHUs JHHeHHO CBS3HO,
TO KpaTHOCTb CJeAylolluM o0pa3oM onpejessieTcd KJAaccoM conpsi-
KEHHOCTH:

9. Teopema. [Tycro p: X —> X — paccaoenue co cgoiicTsom edun-
CTBEHHOCTU HaKpolgaroweeo nyru, npuvem X u X Henycrol U AUHeliHO
csasnol. Ecau Tp= X, 170 kpaTHOCcTe 0TOOpAQsKeHus p cosnadaer ¢ ut-
dexcon nodepynnot py 1 (X, To) 6 epynne n(X, p(Zo)).

Hoxasareabctso. CornacHo teopeme 7, m(X,p(Fo)) neil-
CTBYET KakK rpynna npasblx npeobpasosanuil cnos p~l(p (%)) no dop-
myde &elo] = flol(%) ann Fp- (p(F)). Upu &, T2 p-'(p(Z))
nycte ® — HekoTOPBIl myTh B X or X A0 Fo. Torpa [pe dle
en(X,p(Fo)) u % o[pd] = Fo. Caenosarensno, rpynna n(X, p(Zo))
TPaH3UTHBHO AcHcTByeT Ha MHOxKecTBe p~!(p(&F)). SlcHo, urto rpynna
H30TPONHU TOUKH &y (T. e. moarpynna rpynusl nt(X, p(%)), ocraBasio-
1asi HeNOABUXKHOH TOUKy o) coBmajaer ¢ rpymnof pymn (X, %). Us
061HX coofparkeHuil |) BBITEKAeT, YTO UMeeTCs] B3aUMHO OJHO3HAYHOE
COOTBETCTBHE MEXKJy MHOKECTBOM MPABbIX CMEXHBIX KJACCOB N[O MOJ-
rpynne pyn (X, &) rpynnel mu(X, p (%)) u mHOKecTBOM p~' (p(Fo)). W

10. Mpumep. [Tpu n > 2 nakpoitue p: S* —RP* u3 npumepa 2.1.5
nMeer kpatHocTb 2. ITockosbky chepa S™ oxnocssizna, m(RP") = Z
npu n 2> 2.

') Ona moGoit rpynmet G, TPaH3MTHBHO REHCTBYIONIEH CIpaBa Ha MHOXKecTBe S,
HMeeT MECTO eCTeCTBEHHOE€ B3aHMHO OAHO3HAUYHOe COOTBETCTBHe Me)Klly MHOZKECTBOM
npaBmxScmex(bex KNacCoB N0 MOATPYMNe U3oTponuu (M0G0l TOuKH s € S) U MHOXKe-
CTBOM .
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Paccnoenne p: X— X co CBOHCTBOM eAWHCTBCHHOCTH HaKPbIBAIO-
UIero MyTH Ha3bIBAGTCH PESYAAPHLIM, €CHH AAS JoOOro 3aMKHYTOrO
OyTH @ B X BCe ero MOAHSATHS & OAHOBPEMEHHO 3aMKHYTBI HJIH He
3aMKHYTHI.

11. Teopema. [Iycro p: X > X — paccaoerue co ceolicréom edur-
CTBEHHOCTU HAKPLIBAIOUL20 NYTU; P peeyaapHo T020a U TOAbKO To20q,
koeda u3 pasencrsa p(%o) == p(Z;) caepyer pun(X, %o) = pun(X, 71).

Hokasarteancrtso. [lpeanosoxum, yTo p peryaspHo; OyCThb
® — HekOTOpHI#H 3aMkHyTHl nyTh B X B Touke % Torma & — 3aMKHY-
TO€ mOAHATHE HYTH pd. CleaoBaTCJbHO, CYILCCTBYET 3aMKHYTOE MOI-
HATHe &, IyTH p® B Touke Z;. OTcloAa BLITEKAET, YTO p#[(?)]z[p&] =

=p,|6,]. Caerosateasho, p#n(f(, o) < pym ()?, %,). Tlockombky
3TO COMPsKEHHble MOArpynibi B rpynne w(X, p(¥)), OHH COBHAAAIOT.

O6paTtHo, nycTs p,.m (X, %) =pyn(X, %) Bcakuil pas, xoraa
p (%) = p (%)), ¥ 0yCTb ® — 3aMKHYTHIH NyTh B X B Touke p(Xp), UMel0-
IIMH 3aMKHYyTOe MOAHATHE & B TOuke Fo. Toraa

[m]=p#[6)]esp#n()?, 20)=p#n()?, z).

CiefoBaTesEHO, CYLIECTBYET 3aMKHYTHIH NyTh &; B X B Touke %), AJd
KOTOpOro p®; o~ . Ecnu noauatue &) nytn o Takoso, uro &) (0) =%,
To (HmockonbKy p o0O6JajaeT CBOHCTBOM EAHHCTBEHHOCTH HaKphbl-
BaIOLIETO NyTH) &, = ®]. 3BAUUT, & — 3aMKHYTOE MOAHATHE NYTH ©
B TOYKe ¥ U, CJeLOBATENBHO, paccjoeHHe p peryiasipHo. M

B cayuae Henycroro JIMHeHHO CBSI3HOTO NpocTpaHcTBa X TeopeMbl 6
u 11 pamor cienyownil pe3yasTar:

12. Teopema. ITyciv p: X > X — paccroerue co csoicteom edur-
CTBEHHOCTU HAKPbIBAIOWeeo nyru, nputesm X — Henycroe Aureino
CBA3HOE NPOCTPAHCTBO. B TaKOM caydae p pesyrsapHo 1020a U TOABKO
r0eda, Koeda 0aa nexkoropotl Tourku Foes X nodepynna pyn(X, %)

ecTb Hopmaavrbil Oeautens epynnot (X, p(Zo)). M

§ 4. 3agaya noaHATHA

B sTom maparpade Gyaer mokasaHo, 4To (PyHKTOp PyHAAMEHTAJb-
HOH rpyniel peulaer 3akadyy NOAHATHsI [Js1 PACC/JOCHHH CO CBOHCTBOM
eHHCTBEHHOCTH HaKpbipaionlero nytud. Kax ciaencrsue npu 3ToM Mo-
JAydaercs xJaccuUkKalus HAKPBIBAWIHUX 0TOOpAXKEHHH, KOTOPYIO MBI
paccMOTpPHM B caelylolleM naparpade.

Ham nepsulfi pesysapTaT COCTOMT B TOM, 4TO Jio6oe oToOpa)keHHe
CTATMBAEMOr0 MPOCTPAHCTBA B (a3y HEKOTOPOrO PacCHOEHHS MOKET
ObITH MOJHSATO.
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1. Jlemma. [lycte p: E— B —wuexoropoe paccaoenue. Jlwo6oe
oTObpancenue cTa2UBaemM020 npocTpancTsa 8 6asy B, obpas koropoeo
npuradaencur muoxcecrsy p(E), moono nodnare s E.

Hokxasarteabcrso. [lycrs mpocrpanctBo Y cTsiruBaemMo, H
nycts f: Y — B —rakoe orobpaxenue, uro f(Y)< p(E). IMockosab-
Ky Y crAruBaemo, [ roMOTONHO NOCTOSHHOMY OTOOPa)KeHHIO Y B He-
koropyto Touky muoxectBa [(Y). [lockoabky f(Y)= p(E), 310 U0-
CTOSIHHO® OTOOparkeHHe MOXKHO noAHsATh B E. B cuny cBolictBa Ha-
KPHIBAIOIeH TOMOTOIHH OTCIOJA CJIeLyeT, UTO [ MOXHO NOAHSThL B E. B

C ucnosn3osBanveM ¢yHKTOpa (QYHAAMEHTAJbHOH TIpYMNNbl TCXHH-
YecKM Tpolle paccMaTpuBaThb 3ajauvy MNOAHSTHA [JId MPOCTPAHCTB
C OTMeUYeHHOH TOUKOH.

2. Nlemma. [Tycre p: (X, %o)— (X, x0) — paccaoenue co csotcraon
eOUHCTBEHROCTU HakpblBaroweeo nyru. Ecau touxa y, asaseTca cuiv-
HbIM OehOPMAYUOHHBIM PETPAKTOM npocTparcrsa Y, To aw6oe 070-
bpascenue (Y, yo)— (X, x0) moowro noldnaTe 00 0TOOpadcerus
(Y, yo)— (X, To).

Hoxasarteasctso. Ilyets i (Y, yo)— (X, x0) — HexoTOpOR
oto6paxenne. OrofpaxkeHue | rOMOTOIIHO OTHOCUTEABHO Yo TOCTOAH-
HOMY oToOpaxeruio Y — xq. Ho 310 nocrositHHoe oTobpakeHHe MOKHO
NOAHSTL L0 oToOpaxkenuss Y — . CoryacHo cBOHCTBY HakpbiBamulell
roMOTONMH, [ MOXKHO NOAHATHL A0 oTo6paxenus f: Y — X, xotopoe
TOMOTONHO NOCTOSSHHOMY OTOOpaKeHHIo Y — Xy, NpHUYEM 3Ta rOMOTO-
nus nepeBoAHT Yo X I B p~!(xo). Ilockosbky Bce nyTH B caoe p—'(xo)
nocroseHbl (1eopema 2.2.5), ['(yo) = Zo. M

Mpl GyneM nmpHMEHSITb TeopeMy 2 K CTSIPMBAeMbIM NPOCTPaHCTBAM
A5 nogHsATHS HX ¢daxropnpoctpaHcTB. CraHaapTHBIA cnoco6 npe-
CTaBJEHUS HEKOTOPOro NPOCTPAHCTBA B BUAe (DAKTOPHPOCTpaHCTBA
HEKOTOPOrQ CTSTHBA€MOro IPOCTPAHCTBA COCTOMT B HCNOJNb30BAHHH
IJs 3TOH Leau ero mpoctpanctBa nyref. Ilyers yo= Y. Hpocrpan-
creom nyreti P(Y,yo) HaspiBaeTcss HPOCTPAHCTBO HENPEPHIBHBIX OTO-
6paxenut o: (/,0)— (Y, yo), HaJgecJeHHOe KOMNAKTHO-OTKPHITOH TO-
nosorueil. Oupenenum orobpaxenne ¢ P(Y,yy)—Y pasencrsom
g(w)=o0(l). Eciu U — oTKppITO® MNOAMHOXKECTBO HPOCTPaHCTBa Y,
TO MHOMECTBO

e (U)=(1; Uy={o =P, yo)lo(l) = U}

oTkpbito B mpocTtpanctse P (Y, yo). Caenosatenbho, otoGpaxeHue
HeNpepLIBHO,

3. Jlemma. [locroanHelli nyTo 6 TOUKE Yo ABAALTCA CUAbHUIM Oeghop-
MayuoHnbIM peTpakTom npocTpanctaa nyteti P(Y, yo).
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Hokazarteabctpo. CunpHag ngedopMalnHOHHAsT peTpakuus
F: P(Y,yo) X I— P(Y, yo) B NOCTOSIHHBI NYTh B TOUKE Yo ONpPeensier-
¢Sl PABEHCTBOM

Flo, Y= ((1=1¢t), o=P{,y); t <l ®

Mpur yKe moxasanH, UTO (p — HellpepblBHOe OTOOpaxKeHHe CTATHBae-
moro npocrpanctBa nyrefl P(Y, yo) B Y. Ecau Y nunefino cBfA3uo, TO
ICHO, UTO @ CIODBEKTHUBHO. Ecn BL06aBOK Y JIOKAJbHO JHHEHHO CBA3-
HO, TO, KaK MOKashlBaeT cjIefyiolllee NPeNJIOXKeHHe, @ ecTb 0ToOpaxKe-
prie Ha ($aKTOPNPOCTPAHCTBO.

4. Teopema. C8A3HOe AOKAALHO AUHELUHO C8A3HOE NPOCTpancTgo Y
npedcragaieTcs ¢ NOMOULIO OTOOPAXCERUS ¢ KAK (PAKTOPRPOCTPARCTBO
esoeeo npoerparcrga nyreti P(Y, yo).

HoxkaszarteabcrBo. Mpl 3HaeM, 4To OTOGpaKeHHe (p HElpPephiB-
no. Ilockonbky cBsi3HOE JIOKAJbHO JHHEHHO CBS3HOE INPOCTPAHCTBO
JUHEHHO CBfI3HO, 310 Orof0payKeHHEe clopbekTHBHO. Huis 3aBeplIenHs
IOKa3aTeJbCTBA JOCTATOUHO I0OKA3aTh, YTO ¢ — OTKPHITOE OTOOpaxKe-
gue. [yete 0 € P(Y, yo), umyers W= [] (K U,)— nexoropas

I<ign

OKPECTHOCTh MyTH ®, Tae K; — xomnakT B /, a Muoxecrso U; oTKpHITO
B Y. 3anymepyeM MHOXXecTBa K; Takum 06pa30M 4yTOGE! SIS HEKOTO-
poro 0<Lk<n pomomusnuch yeaoBuss 1= KN ...NK, u
1 Ki U ... UK, Tlockomsky o()e Ui ... N Uy, cymeCTByeT
JAMHEHHO CBsA3HAs1 oOkKpecTHocTh V. Toukd o(l), comepxamasics B
U1 n...N Uh BbxéepeM 0< <1 Tag, urobn [/, 11N (Ky U. ..

.U K'n)—‘ uo(t, 1)< V.

jloxameM BKAIOUEHHE cp(W):) v, 410 M sasepmm Jl0Ka3aTeJbCTRO.
[lycts ¥’ = V, u nyctb o — nyte B V ot 0(!’) no y'. Onpenenum nytsb
o[> Y dhopmyoit

(), o<y,

/

Ecnn i>k, 10 6 (K)=0(K)<U;. Tpu i<k
®(K)=a (K N0, ‘Hu e (K N[, 1) ce(KyUe (= U, UV =U,.
3naunur, d =W n ¢(®)=y". Caepopateavso, p(W)>DV. m

Co6pap BMecTe NOJyYeRHbIE Pe3yJbTAThI, MBI IPUAEM K CAELYIOILel
Teopeme O NOOHATUU:

5. Teopema. [Tycro p: (X, Fo) — (X, x0) — paccioenue co csoticraom
eOurcTeeHHocTy Hakpoisaroueeo nyru. [lycre Y — csa3noe 10KaabHO
AUHEUHO c8A3HOe npocTpancrgo. Heobxodumoim u  docrarouseim
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yeaosuem 1020, 4Tob6r orobpamenue [ (Y, yo) (X, x0) donyckaro
noduarue (Y, yo)—> (X, o), 2644ETCA BHINOAHEHUE COOTHOUWLEHUA

f#n(Y, Y) = p#n(f(, %)

Hoxkaszateabctso. Ecau {1 (Y, y0)—(X, &) — HeKOTOPOE NOJA-
HATHe oToOpaxenus f, To f = pof

f#n (Y, yo) = P#f;#ﬂ (Y’ yo) < py (/\7: io)’

T. €. YyCJOBHEe HeoOXOQUMO.
JloxkaxkeM ero gocrtaroutnocts. M3 jemMMm 2 u 3 pblTekaer, UTO ecJH
®o— IIOCTOSHHBIA NyTb B TOUKe Yo, TO KOMIIO3HIHIO

(P (Y, 90), (’)D) _(D_> (Y: yO) —_f—> (X» xO)

MOKHO NOAHATHL 10 orobpaxenus f: (P(Y,yo), wo)— (X, &). Mul no-
xaxeM, uto eciu fun (Y, y) < pyn(X, %) v nymn o, o’ & P(Y, yo) Ta-
KOBbI, uto @(w) = ¢(0’), T0 f(0)=7F (). Hycrb ® U & —muyTH B
P(Y,40) OT wo COOTBETCTBEHHO A0 ® H 1o ®’, onpejeseHHble paBeH-
cTBaMu ® (1) (t’)-— oty n &) ()=o0 (tt’). Torna nyru fo & u
Fe® B Xor i COOTBeTCTBeHHO 10 f (o) u 10 f(®’) TakoBbI, 4TO

ofod):fo(jpo&):fo@ " pofo(',")':fo(,)'.
[Tockonbky © # ©'~! — 3aMKHyTHIfl NyTh B NPOCTPAHCTBE Y B TOUKe Yo
1 fon(Y, y)< Pyt (X, X)), B npocTpancTe X CyILECTBYEeT 3aMKHYTbIH
nyTs ® B TOuKe o, A1 KOTOporo (fow)=(fo m’)"] ~ po&. Torna

cfed)=Feox(ped)s(fo)=po(@=(fod)).

Ilo snemme 2.3.3 cyuiectByer roMortonuss fod =~ & *(foad’). B uacr-
HOCTH, KOHel MyTH f o & (Touka f(w)) coBnajgaer ¢ KOHUOM nytu [ o @’
(Touko# f(w’)).

Otciona BHITGKAET, 4TO CYILECTBYeT HempepeiBHOe (CcM. Teope-
my 4) otobpaxenue [ (Y, yo) > (X, &), ans xoroporo f o = f. Ilo-
CKOJIBKY

peffog=pof=fop,

a @ — CIOpbeKTHBHOe oTrobpaxeHue, peof = f. Caenosarennho, [/ —
noansiThe otobpaxenus f. MW

[Tycts p: E — B — paccnoenue. Ceyernuenm paccioeHHsT p HA3bIBAET-
cs HenpephiBHoe oToOpaxeHue s: B— £, ajs K0oToporo pos = lp (ra-
KHM 06pasoM, ceqeﬂne——npasbm 06paTHbIH Mophu3M Aa8 oTobpame-
pusi p). V3 cBoiicTBa HakpblBaiollefl FOMOTONHH JErKO BBLIBECTH, YTO
ceuyeHHe pPaccJOeHHs P CyMIecTBYeT Torja M TOJNbKO TOrAa, KOrAa Kjaace
[p] umeer npasmiii 06paTHBIA B KaTerOpHH rOMOTONHYECKUX Tunos. [lo-
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CKOJIbKY ceueHHe sIBJIsieTCs HNOAHATHEM TOXK/[EeCTBeHHOrs OTOOpaxkKeHus
B B, u3 teopeMbl 5 BBITEKAeT Takoe yTBepiKIeHHE:

6. Caencreue. ITycre p: (X, o) — (X, xo)— paccaoenue co csoii-
CTBOM €OUHCTBEHHOCTU Hakpulgaroweeo nytu. Ecau npocrpancrso X
C8A3HO U AOKAALHO AUHElHO c8:a3HO, To ceuernue (X, xo)— (X, Xy) pac-
CAOEHUS P CyuiecTéyer 8 TOM WU TOAbKO 6 TOM CAydae, Ko2da

p#n()f, F)=mn(X, x5). &

7. Caencreue. [lycre p: X — X — paccaoernue co csolicTeom eouti-
CTBeHHOCTY Hakpolisaoue2o nytu. Ecau X — nenycroe aunelino cea3une
nPOCTPAHCTBO, 4 NPOCTPAHCTBO X CBA3HO U AOKANbHO AUHEUHO C8A3HO,
T0 p T020Q U TOALKO T020Q ABAAETCA eomeomophuamom, koeda 0as
nekoropotl rouku Foe=X usmeer mecto pasencréo pym(X, Io) =

= n{X, p(Zo)).

HoxasateabctBo. Ecan p—romeomopdusm, o p,n(XK, 7o) =
= a(X, p(&)). Obparno, ecnu pyn(X, To) = a(X, p(Z)), To, no Teo-
peme 2.3.9, p ecTb B3aHMHO OJHO3HauUHOE 0TOOpasxkenHe. CorslacHo cJae-

CTBHIO 6, OHO WMeeT HenpephiBHOE NpaBoe obparioe oro6paxenue. Cie-
JOBaTeJbHO, p— roMeoMopdpusm. B

Ecau p: X — X — HakpbolBawomee oro6paxeHne, a npocTpaHcTso X
JVHEHHO CBSI3HO, TO HeOOXOAUMBIM M AOCTATOUHBIM yCJAOBHEM TOTO, UTO-
bl p ObIO rOMeOMOPQHU3MOM, SBJASETCA BBINOAHEHHE PABEHCTBA
Py (X, o) = n(X, p(%)) Ans Hekoropoii Toukn Foe&X. Ma sroro
YCJIOBUS BBITEKAeT, 4YTO p OMeKTHBHO, a B cujy aemm 2.1.8 u 2.1.7 oro-
Gpaxenue p oTkpuiTo. CjefoBaTenbHO, LIS HAKPHIBAWOIIHX oTOOpaMe-
HUIl yTBepMKAeHUe CJAeACTBUS 7 BHIIOJHAETCSl U 63 NpeanoJoKeHHsI,
uyTo mpocTpaHctBo X JI0KadbHO JNHHeHHO cBfisHo. OQHAKO 3TO yTBEp-
XKIeHne HEeBepHO s PacCIOeHHH €O CBOHCTBOM eIMHCTBEHHOCTH Ha-
KpbIBaowiero nytu, ecid X He sBJSeTCA JOKAJbHO JIMHEHHO CBS3HBIM,
TaK Kax p HeobGs3aTeabHo oTkpbiTOo. Chaenymomuii OpuMep NoKasblBaeT
3TO.

8. Mpumep. Ilycts X — noanpoctpancTBo npocrpanctsa R2, ompe-
JelerHoe Kak o6belHHEHHE CAeAYIOWHX YeThpex MHOXKeCTB (pHc. 4):

Ar={x, y) lx=0, -2y <1},
Ay={{x, N10<x <1, y=—2},
Ay={x, »)lx=1, —2<y <0},
Ay={x, ) 10<x <1, y=sin(2n/x)}.

Iycts X — noayunrepsan [0,4). Onpenennm ortoGpamxense p: X — X
cnenywoimum obpasom: [0, 1] nuueitno oro6paxaercs na Ay, [1, 2] u [2, 3]
JHHEeHHO 0TOOpakaloTcss CooTBeTcTBeHHO Ha Ay u Az, a [3, 4] — romeo-
Mopdhro Ha A4 ¢ moMombo otobpaxenus t— (f— 3, sin(2n/(t—3))).
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Torpa o6a npocrpanctsa X u X suHefiHo cBAsHbl U p: X — X — pac-
CJI0EHHE CO CBOBCTBOM eNMHCTBEHHOCTH HaKpbiBatowero nytd. OgHako
p He siBasieTcsi romeoMopdu3MoM, XOTs npocrpaHctsa X # X opHO-
CBSI3HLL .

As

{0,1)

! (1,0

|

(0.-2 A, (1,-2)

Puc. 4.

Jng noxanpHO JHHeHHO CBA3HBIX NPOCTPAHCTB U3 TEOPEMBl O HOJ-
HATHA MOXKHO NOJTYUUTH CJAEAYIOUMA KpUTepui, No3BoJsSIONNN y3HATh,
KOT[a OTKDbITOE JIHHEHHO CBSI3HOE MOAMHOXKECTBO 6a3bl IPOCTO HaKpPhI-
TO PacCMaTPHUBAEMEIM PacCJOCHUEM:

9. Jlemma. fTycro p: X — X — paccaroenue co ¢8olcT80M €0UHCT-
genHoCTY Hakpolsaowezo nytu. Mpednoasoxcum, uto npocrpancrea X
u X 10kaabHO aunetino ceaswol; nycrs U — orkpsiToe c8A3H0e NOOMHO-
secrsao npocrparctea X. Mrosceerso U npocto raxkpsiTo orobpasice-
Huem p To20a U TOALKO To20n, Koeda scakoe noOHaTUe 8 X 3AMKHYTO-
eo nyru 8 U ecrto 3aMKHYyTOLL RYTb.

HoxazateabctBo. Eciu U nmpocro Hakpeto oToGpaxeHuem p,
a ® — Hekortopblit nyts B p~' (U), TO & —NyTb B HEKOTOPOH KOMIO-
HenTe JuHedHOH cBsianocTH U muoxecrsa p~!(U). ITo memme 2.1.12
p — romeomopduam I Ha U. ClenoBaTenbHO, eciit p o & — 3aMKHYTHIH
nyts B U, 10 & — 3aMkHyThl#l nyth B U. Urak, yciosie Heo6xoaumo.

OHo Taxkxe u jocrarouno. [eficTBuTeNnHo, ecau Xo= U u %=
e p~'(x0), TO NpeanosoxkKeHue, UYTO KaxKAOe MNOAHSITHE 3aMKHYTOTO
nyTd B U B TOuke X, sIBJAsieTCs] 3aMKHYTBIM NyTeM B X, BJeueT 3a Co-
Gon B rpynne m (X, xp) BKIIOUeRHE

i#n(U, xo)c p#n()?, )?0),

rae it (U, x) =(X, xo). Ilo Tteopeme 5 cymectsyer mnogusTue
iz (U, x))—(X, %;) oro6paxenus i. Copoxymnocts (i (U) [Fy&p™! (%0)}
COCTOMT 43 Hemepecekawomruxcs (no jgemMe 2.2.4) nuHefHO CBS3HBIX
MHOXKecTB. Mbl NoKa)keM, yTO HX oOberHHeHHe coBmagaer ¢ p~(U).
Ecan ¥ < p~1(U), 1o nycts @ —nyts B U ot p (%) 10 %y, a ® — Takoe
ero nogusartue, yro & (0) = %. Torga & (1) = p~1(xy), 4, clegoBaTeabHO,
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& —nyte B iy, (U). Buauwr, ¥<ip, (U) n {iL (UYIF,=p7 (%)} —
pas6uenue p~!(U) na quHe#HO CBs3HBIE MHOMKeCTBA. [TOCKOJNBKY MHO-
xectBo p~'(U) OTKPHITO, a MPOCTPAHCTBO X J0KaapHO JHHERHO
caano, i (U) otkpeito B X nas kaxmoh touku %, < p~'(x,). HcHo,
4YTO p — roMeoMop(pu3M MHOXKECTBa i;o(U) Ha U n1s KaxjaoH TOUKH
= p~t(x), u, sHauur, U npocTo HAaKpHTO oTOOpaxeHueM p. M

[TpocrpancTBO X Ha3biBaeTcs HOAYAOKAALHO OOHOCBA3HLIM, €CJH
ISt Kamao# TOUKH X, & X cyllecTByeT OKpecTHocTs N, Takas, 4TO
romoMopduam mt (N, xo) = 1 (X, x) TpuBHaseH.

10. Teopema. Bcskoe paccaoenue co c80LcTBOM eOUHCTBEHHOCTU
HaKpolawouie2o nyTu, 048 KOTOpo2o 6a3a AOKAAGHO AUHEIHO CBA3HA
U NOAYAOKAALHO OOHOCBA3HA, @ NPOCTPAHCTBO PACCAOEHUR AOKAABHO
AUHEHO CBABHO, SB8AAETCA HAKPHIBAIOUUM OTOGPadMEHUEeM.

HoxasarenbcTBo. M3 geMmb 9 1 onpegencHus MOJyM0KaIbHOR
OAHOCBSI3HOCTH BBITEKAeT, UTO Kax/Jas Touka 0a3bl UMeeT OTKPHITYIO
OKPECTHOCTb, NPOCTO HAKPHITYIO 3TUM pacciaoeuucm, B

§ 5. Knaccupukauns Hakpblpalomux 0To0paxkeHHH

B srom naparpacde npuBoauTcs KaaccHdHKaNUA HAKPLIBAIOLIMX
orobpakeHuit HajJ CBSI3HOH JOKaJbHO JHHEHNO CBA3HON 6a30il. DTa
KJaccHPUuKanua ONMpAaeTCcs HAa TEOPEMY O MOAHATHH H CBOAUT 3ajauy
00 3KBHMBAJIEHTHOCTH HAKDLIBAMOLIUX OTOOPaXKeHUH K 3aj1aue O cOmpf-
’KEHHOCTH COOTBETCTBYIOINX MNOArpYNN (QyHAaMeHTadpHOH TIpynmnsl
6a3el. Bosburasi vacrh 3Toro naparpada nocpflleHa NMOCTPOSHHIO Ha-
KpbIBAIOLIEro OTOOpaXKeHHusl, COOTBETCTBYIOLUErO JaHHOH NoArpymie
(GyHAaMEHTAJbHOH I'PYRNb 0a3bl.

[Tycrs X — cBsizHoe mpocrpaHcTBo. Kareeopueti c8:3HbLX HAKPOLTUE
najg X HasblBaeTcs KaTeropHs, 00beKTaMH KOTOPOH fABJSAIOTCS HAaKpbl-
Baiowue oroGpaxenus p: X— X, rae X cBaA3uo, a MopdHaMamu —
KOMMYTaTHBHbIE AHAarpaMMbl

Ecan X nokaabno Junefiso cBsizyo, a p: X —» X — 06BeKT 3TOH KaTero-
pud, To no gemMme 2.1.8 oro6paxieHue p SIBASETCS JOKAJABHBIM FOMEO-
MopcduamoM, a X ToxKe JA0KalbHO JHHeHHO cBsA3HO. [Tokaxem, uto B
3TOM cJydae KaXKAblll MOP(QH3M 3TOH KaTeropHU sIBJASETCS] HaKpbIBAlO-
IIUM OTOOpaKeHUeM.

1. Jlemma, B kaTeeopuu €8A3HbLX HAKPOITUL HAO CBA3HLIM AOKAAb-
HO AUHEHHO CBA3HLIM NDOCTPAHCTBOM KaxcOblli moppusm cam A6-
ARETCA HAKPLIBAIOWUM OTOOPANEHULM.



106 TJl. 2. HAKPBIBAIOIIHUE TTPOCTPAHCTBA U PACCJIOEHUS

ﬂ oKa3aTtTeJabCTBO. paCCMOTpI/IM KOMMYTaTHBHYIO AxHarpaMmmy
Xl '—f—> X2
AN /
Pl\l ,/pz
X

rle p; U pp— HaKpHIBAIOIME OTOOpaxeHusi, a NpOCTPaHCTBO X JIOKaJb-
HO JuHellHO cBsi3Ho. M3 caeacrsus 2.1.13 Bhirekaer, uTo f-— HaKphl-
Baollee oToOpaKenne, eCI¥ OHO CIOPHEKTHBHO.

ITockosbKy ApocTpaHcTBO Xp CBSI3HO U JIOKAJbHO JHHEHHO CBA3HO,
OHO JuBelHo cBA3HO. BriGepeM npousBosbHble TOUKH ¥ € X 1 %o = X,
M NycTh ®,—nyTb B Xy oT [(%1) A0 X2 IMockoabky py — paccaoenue,
cylllecTByeT Takod nyts &; B Xj, HauuHawoomwuilcs B Xy, 4TO pio @) =
= pgo @2. Tak xax pp objajgaer CBOACTBOM €JWHCTBEHHOCTH HaKphbl-
BaIOILEro NmyTH, T0 fo®; = &3 CieloBaTesbHO,

[(@:(1)=a,(1) =5,
4TO H J0K43biBAeT CIOPBEKTUBHOCTL OTOGpaxkenus [. M

Crenyiomasi TeopeMa ONMCHIBAET YCJAOBHs, NPH KOTOPHIX Omnpeje-
JieH Mop¢Hu3M ofHOro o6beKra B APYroHd B KaTeropuM CBSI3ZHBIX HAKPbI-
TH# Hal NpPOCTpancTBOM X.

2. Teopema. fIycrs p;: X1 — X u ps: Xo— X — 00Bextol kaTeeopuu
CBA3HBIX HAKPOITUL HAO CBA3HLIM AOKQALHO AUHEUHO CBA3HbIM HPO-
crpancreon X. Toeda caedyroujue ycao0BUs 3KBUBANEHTHbL:

(a) cywecrsyer Hakpoigaroujee orobpascenue f: X, — X, 0aa Ko-
TOPO2O poof = py;

(b) ecau touku ¥ = X u ¥ = Xp raxoset, 4ro p; (%) = p2(Fa), TO
nodepynna p,ym(X1, &) conpanena e epynne ni(X, pi(&))) ¢ HekoTopoll
nodepynnodl epynnot pwn(fzg, Z2);

(c) cywecrsytor Taxue Touku Fr X, u Fos X, uro pi(FH)=
= pa (&) u nodepynna p,,n (X, &) conpaxenas epynne a(X, py (%))
€ HeKOTOpol nodepynnoti epynnst p2#3'5(X2,.5$’2).

HoxasarteasctBo. (a)=>(b). Paccmorpum orobpaxenue
f: X1 — Xo, ana kotoporo pgeof = pi. Ecau toukn X, u Hr= X
TaKOBHI, uTo py(¥1) = pa2(&2), TO

Pt (X B =pyy o Fyn (X, B) S py (X, T(E))-
ITockonbky Toukn (%) u ¥y npuUHALNCKAT OJHOMY M TOMY Xe CJIOKO
paccioenust pg: Xo— X, ns rteopeMnl 2.3.6 BbITEKaeT, u4TO NOATPYMHNbI
Poy (Ko, [ (21)) m p2#ﬂi(X2, F9) compsixkennl B rpynne m(X, pi(%1)).

(b)=> (¢). loxaszaTenbCcTBO TPHBHAJBHO.

(¢)=>(a). Ilpeanonoxum, uto TOUKH % = X; U Fo < Xy TaKOBH,
uto p;(Z1) = p2(F2) u moarpynna pl#n(Xl,ﬁl) COnpsixKeHa B TPyNIe
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n(X, p1(%1)) ¢ HeKOTOpO#H NMOArpymno# rpynnsl p,, w(Xs, &2). [To Teo-
peme 2.3.6 cymecrsyer Touka £ € X,, 1Ja8 KOTOPo# p, (%)) = p,(%,) u

p (X B) S py (X, ).

IMockonbky X;— CBSI3HOE JIOKAJbHO JIHHEHHO CBSI3HOE HPOCTPaHCTBO,
H3 TeopeMbl O NOJHATHU BLITEKAeT CYILECTBOBAHHe OTOOparKeHud

f: ()?I’ )’ZI)_—)(XQ’ )’Z;)y AJIsA KOTOpOrO p2 Of = pl. [ ]

3. CaenpcrBue. [[sa 00%vekTa KaTeeopuu CBA3HLIX HAKpbITUL HAD
CBA3HLIM NOKAAGHO AUHEUHO CBA3HbIM NPOCTPAHCTEOM X IKBUBANEHT-
HbL T020a U TOAbKO TO20a, K020a ux yndamenTarvHble epynnvl (8 TOU-
Kax, aexcauux Had 00Ot u Toti sce TOuKkoU npocTpancrea X) orobpa-
AHCQAIOTCA 8 CONPAINCEHHbIE NOOepYnnbl (YHOAMEeHTAALHOL epynnol npo-
crpancrea X (8 rex oce TOukax). W

IlpnBenem gBa nmpumepa.

4, Kaxaas nerpuBHajbHas noarpynna rpyumsl m(S!) =~ Z apasier-
¢l GecKOHEUHON UMKJIMYECKOH, MO3TOMY, COTVIACHO CJeACTBHIO 3, BCS-
Koe cBsizgoe Hakpbitie X — S! skBuBasentHo ex: R— S! unu oro6pa-
xeHuto S! — S!, nepesojsuieMy z B 2" /151 HEKOTOPOro LEJIOro NoJ0-
WHTEJBHOTO 1.

5. IlockonbKy Tmpu # 2> 2 HMeeT MecTo H3oMopbusM m(RP") =~ Z,,
BesiKoe CBsI3HOe HakpoiTHe X — RP” 5KBHBaJIEHTHO ABY/IMCTHOMY Ha-
kppithio S” — RP" ynu TpuBHanbnoMy HakpoitHio RP" < RP".

YHugepcasorbiM HAKPLIBAIOWUM NPOCTPAHCTBOM CBSI3HOTO RPO-
ctpanctea X mnasbiBaercs 06bekT p: X —~ X KaTeropHM CBSI3HBIX HA-
KpbITHH Hax X, Takoi, 4To Aasg moboro o6vekra p’: X'~ X 310l Kare-
rOpUH CyHIeCTBYeT MOP(HU3M

X > x
AN /

N
X

aro#l kareropuu. Cnenylouuii pesyabTar JIerko BBIBOAMTCA W3 Teope-
Mbl 2 M ciefcTBHS 3.

6. CaencrBue. [[sa yrusepcasvHulx HAKPbIBAIOUUX RPOCTPAHCTBA
HOaO CB8A3HbIM AOKAABHO AUHCIHO CBA3BHbIM npOCTPAHCTBOM IKBUBA-
AeHTHb.. R

W3 TeopemMbl 2 BhITEKaeT elle TaKOH pe3y’abTat:

7. Cuaencreue. OO0HOCBA3HOe HAKPLIBAIOUEE NPOCTPAHCTEO HAO
CBABHBIM AOKAALHO AUREIHO C8ABHLIM NPOCTparcT8om X A6a3€TCA yHU-
BEPCANBHLIM HAKPLIBAIOWUM NPOCTPaHcT8OM Oaa X. B
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Cpeas 3ajavy cpaBHeHHsI HaKPLIBAIOWIMX MpoCcTpaucTB wajg X K 3a-
jJaye CpaBHEHHd COOTBETCTBYIOILMX UM MNOAIpynn ¢yHaaMeHTaabHOH
rpynnel npocTpaHcTBa X, Mbl 3alMeMcs ONpejie/leHHeM TOTO, Kakue
noarpynnel  GyHAaMEHTAJbHOH TPyNIbl COOTBETCTBYIOT HAKPBITHAM.
Jna 3T0r0 HeoGXOAHMO HAYUHMTHCS CTPOHTH HAKPLIBAWOIHE NPOCTpaH-
crBa. Ilycre X — HeKOTOPOe NPOCTPAHCTBO H 44— ero OTKpLITOE [I10-
KpeitHe. Ecan xp= X, 1o nverb ni(%¢, xo)— noAarpynna rpynnbl
ru(X, Xo), MOpOXKJeHHAsT TOMOTONMYECKHMMH KjaaccaMH 3aMKHYTHIX [Iy-
TeH, NPeACTaBUTEISIME KOTOPBIX BJSIOTCS NyTH BUAA (0 * o')+# 07!, rae
¢ — 3aMKHYTHIl NyTh, NpHHaAJeXKAMHl HEKOTOPOMY 3JIEMEHTY CH-
cTeMbl 2, a @ —IOyTh OT Xo A0 ’(0). Jlerko mpoBepuTh cJefylollle
YTBepKACHHS:

8. Ecau oTKpoLroe nokpoirue ¥° npocTpancrsa X A8AAETCA U3menb-
weruem noxkpoirus U, 10 n(P, xo) < n (U, x0). A

9. [Todepynna n (U, x) ecTo HOpmaavHblli OeAuTess epynnol
J'IZ(X, XO). -]

10. Ecau o —Hexoropoud  nyte 6 X, 10 A n(%U, o(l))=
= q1(%U, »(0)). A

Ceszb rpynn m(%¢, ¥9) ¢ HaKPbIBAOIUMH OTOOpaMKEHUSIMH OGbsic-
HSIETCS] CJIedYIOUIMM MpeJOKeHHeM:

11. Jlemma, [Tycto p: X —X — nakpoisaroujee oTobpancenue, u
nycro U — nokpoirue npocTpancTéa X OTKP6ITOLMU MHOMCECTEAMU, KQ-
scdoe U3 KOTOpbiX NPOCTO HAKPuITO 0ToOpaxcenuem p. Toeda Oasn aro-
6od Touru Fo = X umeer mecro 8KAKOHeHUE

n(%, p()?o)) < pyn (5(, )?0).

HokxaszatenbctBo. Eciu ® — 3aMKHYTHIH NyTh, HpHHALIEkKa-
Ui HEKOTOPOMY 3JEMEHTY COBOKYNHOCTH 44, To no jemme 2.4.9 ka-
JKJ10€ NMOAHATHE NyTH @ sIBAsSeTCs] 3aMKHYTHIM nyreM B X. 3HauuT, Ka-
KABIH NyTe BHAA (0 *©')% 07!, rie © — 3aMKHYTBIH NYyTb, NpHHALJe-
KAyl HeKOTOPOMY 3jeMeHTy H3 %4, MOXKHO NOJHATb A0 HEKOTOPOro
3aMKHYTOrO NyTH (2 UMeHHO, A0 NyTH (& + &')*@ !, rle ® n &’ — nox-
HATHA NyTed © U o  cooTBercTBeHHO). CienoBaresbHO, JMI060H 3Je-
MeHT rpynnbl 7t(24, p(&;)) UMeeT NpeacTaBUTe]b, KOTOPBIH MOXKHO NOA-
HAITb 0 3aMKHYTOrO HyTH B TOUKe Fo. B

Caepyioiiasl TeopeMa XapakTepH3yeT Te PACCIOCHHS €O CBOHCTBOM
eHHCTBEHHOCTH HAKPHIBAIOIero MyTH, KOTOPbI€ ABJFIOTCH HaKPBIBAIO-
HHMH OTOOp aKeHUSAMH.

12. Teopema. ITycro p: X — X — paccaoenue co c80icTaom eOUHET-
REHHOCTU HaKpbisaroweeo nyru, npudesm X u X — c6a3Hble AOKANLHO
AUHELHO ¢8A3Hble NPOCTparcTea. B arom cayuae p Toeda u TOALKO
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T020Q ABAAETCA HAKPOLIBAIOWUM OTODpadceHsueMm, Ko0eda CyuecTayor
oTkpbiToe nokpeirue U npocrpancrsa X u rouka ¥y < X, rakue, 410

n(U, p(E)) < pan(X, %)

HorasarteabctBo. Ecin p— HakphiBawiee orobpaxenue, TO
HY:KHBIH pe3y/bTar nosaydaercss u3 aemmbl 1. OGpartno, ecau cylie-
CTBYIOT TaKoe IOKpHTHE @4 U Takasi TOYKa Ig E~X, TC U3 IpeloNKe-
Hufi 9 u 10 BbITEKaeT, uTO 445 1I0GOH TOUKH ) & X HMeeT MeCTO BKJIO-

uenne 7 (2, p (%)) < pyn(X, Xj). Hcnoapsys nemmy 2.4.9, nonyuaem,
YTO KA¥KABIE 3JIeMEHT U3 @4 NMpPOCTO HAKPHIT oTo6paKkeHHeMm p. M

Jlemma 11 gaeT Heo6X0AHMOE YCJOBHE TOIO, UTOOBL NOACPyINa
rpynnsl (X, Xg) COOTBETCTBOBaNA HEKOTOPOMY HaKpbITHIO. B caeayio-
el TeopeMe MBl JOKAa3bIBAEM, YTO 3TO YCJOBHE TAaKXKe M AOCTATOUHO.

13. Teopema. [Iycre X -— cBs3HOE AOKQALHO AuHelHO C8s3HOE HpPO-
cTpanctso, u nycre xge X. Ilycre H — nexoropas nodepynna epynnot
nt(X, xo) u cywjecrsyer oTkpoviToe noxpuitue U npoctpancrea X, Taxoe,
4t0 (%, xo) < H. Toeda cyuwjectsyer Haxpuvisarowee oTobpadcerue p:
(X, &0) > (X, x0), n1st kotoporo p . n(X, &) = H.

JlokasateabcTBo. [lpeanonoxum, u4To Takoe HaxpblBalomee
orofipaskeHude CYLIECTBYET H, CBEPX TOTO, YTO NPOCTPAHCTBO X JHHEUHO
cesa3Ho. OroGpaxenue ¢: (P (X, X)), mg) = (X, xp) npocrpancrBa nyrel
MPOCTpAHCTBA X MOXHO HOAHATH A0 otobpaxenus ¢: (P (X, xo), wo) >
- (X, o), ABAAWIErOCA CIOPBEKTUBHBIM. ECIH o ¥ o — 3JeMenTH H3
P(X, x0), 10 ¢’ (0) =¢'(®") Toraa u toapko toraa, korga ¢(w)=¢ (o)
O = p#n(X, Fo) = H. CnegoBarennHo, Ajsi TUHEHHO CBA3HOIO
OpocTpaHCTBA X HMEeT MeCTO B3aMMHO OLHO3HAYHOE COOTBETCTBHE
MeKAYy TOYKAMH TpocTpaHcTBa X # KJaccaMu SKBHBAJEHTHOCTH mpoO-
crpadctBa P (X, Xp), MOAYYalOMUMHUCH TPH OTOXKIECTBJACHAH BCEX ITy-
el © 1 o, 118 KoTopeiXx o(l)= o (1) u [oxo0~'Y= H (nockoabky
H —rpynna, Mbpl Ha camoOM jefe MOJydaeM OTHOUIEHWe KBHBAJIEHTHO-
crn). CoeaoBaTesbHO, BIIOJHE €CTECTBEHHO MBITATLCS CTPOUTH IIpo-
crpaHcTBO X, Hajesssi MOAXOASILIEH TOMOJMOTHEH TaKHe KIacChl 9KBH-
BAJIEHTHOCTH mpocTpaHcTBa P (X, xg). Mbl Morau Gbl HauaTh ¢ KOM-
HaKTHO-OTKPBITOH Tonojorud Ha P (X, xo), a 3areM HCIOIb30BATh
(haKTOPTOMOJOrHIO [Jsi MHOMKECTBA KJACCOB 3KBUBAJEHTHOCTH, HO,
NO-BUANMOMY, 3TO He NPOIle, YeM OMNpPeLeIUTh TOMOJOTHIO Hemocpes-
CTBEHHO Ha MHOXKECTBE KJAaCCOB 3KBHUBAJNEHTHOCTH, Kak 370 H [Je-
JlaeTcsi HUXKe.

PaccMOTpPUM MHOXKECTBO BCeX NyTed B X, HAUMHAIOIIHXCA B TOUKE
xo. Ecan @ ¥ o —/Ba TakKWX OYTH, T0 TNOJNOXKHM ® ~ o, KOrja
o()=0'(l) 1 [0+~ J=H. TeM caMbIM ONpeleneH0 OTHOIUEHHE
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SKBHUBAJNeHTHOCTH. Ksacc 3KBHBajeHTHOCTH NyTH @ Oyder 0603HayaThb-
cs cumBosiom (). ITycrs X — MHOXKECTBO BCeX K/1acCOB 3KBUBAJIEHT-
noctu. OnpegenuM otoGpaxenue p: X — X, nonarad p({o)) = o(l).
Ecan U — HekoTOpOe OTKPHITOE MHOXKecTBO B X, a ®— myTh, HauH-
HAOMUUCA B TOUKE Xg M 3aKAHUABAIOUMUCH B HEKOTOPOH TOUKe MHO-
wectBa U, 1o uepes (w, U) Gyner o6o3HauaTbCs MOAMHOXKECTBO B X,
cOCTOsIII[ee H3 BCEX KJA4aCCOB 3KBUBAJEHTHOCTH, HUMEIOUIHX MpelCTaBH-
Tedb BUAA o %', rae o — 0oyt B U, Hauunalomuiicss B Touke o(l).

[Tokaxem, uTo coBoKymHocTb {{w, U)} npeacraBasier coGoii Gasy
nekotopoit Tonosorud Ha X. Ecan (o)=(o, U), 10 0’ ~ 0= 0" a11
HEKOTOporo nytd o”, jexauero B U. Ecin & — npou3sBOJbHBIA MYyTh
B U, Hauunamowu#cs B8 o’ (1), 10

0 xd~(@*0”)rd~ o (0 *d),

otkyna (o', U) = {w, U). [Tockonbky o ~ o ="}, 10 {(0) & (o', U).
Te e paccyxIenusi loKasbiBaior, uto (w, Uyc(w’, U), u, 3nauur,
o, U) = (o, U). Caeposateaso, ecan (o”) = (o, U) 1 (o, U"), 10
o”, UNUY < (0, U)yN (o, U, 1, Takum 06pa3oM, COBOKYIHOCTb
{(®, U)} npencrapasier coGoit Gasy HekoTOpoH Tonosoruu Ha X.

Hapenum muoxectBo X 3Toft tomosorueit. Toraa orobpaxenue p
HenmpepbisHO. B camom gene, ecau p (o)) = U, 10 p({0, U))= U. OTo-
OpaxeHue p Tak:ke OTKPBITO, [IOCKOJIbKY sICHO, 4TO p ({(w, U)) — kommo-
HEeHTa JHHeHHOH cBsi3HOCTH MHOXKectBa U, copepxamas Touky o (1),
a 3HAUMT, BCJECTBHE JOKAJAbHON JHHEHHOH CBSI3HOCTH MpPOCTPAHCTBA
X — OTKpLITOE MHOXKECTBO. )

Ilycts @ —Taxkoe OTKpPHITOEe MNOKPHITHE MPOCTpPAaHCTBA X, UTO
n(U, xg) = H, u nyctb V— OTKpHITOE JNUHEHHO CBSI3HOE MOAMHOXKE-
CTBO HpocTpancTBa X, colepiKalieecsi B HEKOTOPOM 3JI€MeHTE MOKpBI-
tust 2. TlokaxkeM, uro V NpocTo HAKpBHITO OTOOpaxeHUEM p, OTKyJa
OyLeT cael0BaTh, YTO p — HAKPLIBAION[Ee OTOOPAKEHHE.

Ecan oy p(V), 1o (o, VY < p (V).  MuoxecTsa
{{o, V)| (w)e= p~1(V)} orxpbiTel, #n ux oOBeAHHEHHE COBNAJaer
¢ p~H(V). Ecau (o, V){o’, V) 5= &, To Halizercsi Takolt nytb o”, 4TO
(o"ye=(w, V)N{(o’, V). Torna (o”, V)= (o, VP H (0 V)y=(o, V).
CnenoBarensho, MHoxkectBa {{o, V)|{w)= p~1(V)} coBnagaior wunu
He nepecekatorcst. Yro6H AoKasath, uro V mpocTo HAKpHITO OTOGpaNKe-
HHEM p, JOCTATOYHO NMOKA3aTh, YTO p GUEKTHBHO OTOOpazKaeTr KaKaoe
MHOXeCTBO (w, V) Ha V (HOCKOJMBKY YyiKe A0KA3aHO, 4TO p HelpephiB-
HO # OoTKphITO). Ecau x =V, 10 myctb o —nyte B V or (1) mo x.
Torna (o +*o)=(o, V) 1 p({o *0’)) = x, oTKyAa NoayuaeM, uTO p
clopbeKTHBHO. IlpeanonoxuM, uto plo = w1)= p(o *wz). Toraa
o1 (1) = w2(1), u, 3Hauut, (0 * 1) (0 * 02) "' —3aMKHYTHH 0yTh B X
B TOUKe xp. Jlanee,

(0% @) (0 % 0) ] = [(® (0 * @) )+ 0.
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[Tockoabky o #o;!'—nyts B V, a V comepxnurcs B HEKOTOPOM 3ie-

Mente u3 U, 10 [(0* (0 *0;)) 0~ |En (U, x) = H. Caeposarenn-
HO, @ sm; ~ @* w2 H (®#%m)=(0 *wz). OTCI0Aa BHITEKAET, YTO OTO-
OpaxkeHHe p UHDBEKTHBHO.

Wrak, Mbl noKasajiH, uto p: X — X — HakphiBatoliee oTo0paxenne.
[TycTb &o = (o), IAe ®g — MOCTOSIHHBIA NyTb B X B Touke Xo. Ocranoch
JHIIbL [POBEPHTH, YTO p#n(X, Fo)= H. ns storo nmam noHazo6urcs
IBHOE BblpaKeHHe IJsi NMyTH, ABJSIONIETOCH INOAHATHEM HEKOTOPOTo
nyty u3 X, HauHHAWIErocs B Xo. IlycTh NyTh @ B X HAauMHAeTCs B Xo.
Jas xaxpgoro {1 onpegenum nyTh o; B X, HaunmHAWOIKACA B TOH
Ke TOuKe Xg, paBeHCTBOM oy (!) = w(ft’), a nyts &: I — X — paren-
crBoM & (1) = (o). JloxaxeM, uto NyTb & HempepuBeH. Ecau @ (fp) =
(o, U), 10 pd(t)) = o(to)= U u (o', Uy=(a(t), U). Ilyctb N —
J1060H OTKPHITHI MHTEpBaa oTpeska [, coiepxkamuf TOYKy fg, INpH-
ueM o(N)c U. Ecm teN, 10 o,~0, +0,, e o ()=
=w(ty+ ¢ (t—t)). CaegoBareabno, npu t =N

& (1) =(oy=(8(t)* 0, yE(d(), U)y={(a", U),

¥, 3HauuT, OyTh @& Henpephised. Dosee Toro, P& (f) = w:(1)= w(f).
CaenoBaresbHO, & — HOAHSITHE NYTH , HAYMHAlOUlEeCS B TOYKE
® (0) = %o u koHuawweecs: B Touke & (1) =(w).

Ecan [o] = H, 10 © ~ wo 1t {(0) = & CiegoBare1bHo, NOAHATHE &
NyTH o, NMOCTPOEHHOE BHIIIE, SIBJASETCS 3aMKHYTbHIM [OyTeM MPOCTPaH-
ctBa X B Touke Fp; 3T0 HokaswBaer, uto f < p,n(X, ). C upyroi
CTOPOHBL, €cd &’ — 3aMKHYTHIE NyTh B X B TOuKe Fo, MpuueM p&’'= o,
T0 NyCTb & — NOCTpoeHHbl Bhillte NyTh B X. [ToCcKONbKY & — NOAHSITHE
NyTH », HAYHHAIOIIEeCH B TOYKE XFg, TO M3 CBONCTBA €NMHCTBEHHOCTH
HAKPHBAWIIEro NyTH JJsi p BbiTeKaeT paBeHCTBO & = &’. CuenoBa-
tenpio, & (1)= & (1)=& ITockoapky &(1)= (o), uMceM ® ~ wo,
OTKyJa CJAeyeT, UTO p#n(X, T H. &

[TpocrpanctBo X siBigercsl MNOJYJIOKAaJAbHO OJHOCBSI3HBIM  (CM.
§ 2.4) Torma W TOJNBKO TOrAa, KOTAa CYULECTBYET OTKPHITOE MOKPBI-
Te ¢ npocrpanctsa X, aast koroporo m(24, xo) = 0. Takum oGpasou,
MBl IPUXOAMM K CJACIYIOUIEMY Pe3yJbTaTy:

14. Caejacraue. CB8a3H0e A0KAALHO AUHELIHO CBA3HOE NPOCTPAHCTEO
X umeer 00HOCBA3HOE HAKPLIBAIOUWlEE MPOCTPAHCTEO T020a U TOABKO
T020a, Koeda X ROAYAOKQALHO OOHOCBA3HO. W

C nmoMomplo caeacTsuii 14, 6 u TeopeMsl 2 nomyuaeM TaKOH pe-
3yJbTAT:
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15. Caencreue. Beaxoe yrusepcaivHoe HAKpuiaarolyee npocTpPancr-
80 CBA3HO20 NOKAABHO AUHENHO C8A3HO20 U NOAYAOKAALHO OOHOCBA3-
HO20 NPOCTPAHCTBA OOHOC8A3HO. B

He Bcfikoe cBA3HOe JIOK4/JbHO JHMHEHHO CBSI3HOE NPOCTPAHCTBO
HUMeeT yHHMBepCalbHOe HaKphiBapoUlee mpocTpaHcTso. [lpuBezem aBa
npuMepa:

16. [TpousBedenue 6ecKOHEUHOTO MHOXECTBA OKPY’KHOCTeH He HMeeT
VHUBEPCaJbHOrO HAKPLIBAIOLIETO MPOCTPAHCTBA.

17. Ilyete X — noanmpoctpadcTBo TpocTpaHcTBa R2, saBasiomeecs
ob6beannennem okpyxuocteir C, ¢ uentpom (1/n,0) u paguycom l/n
npu 7 = 1. Toraa X ¢BsI3HO M JOKaJbHO JHHEHHO CBSI3HO, HO HE UMeEeT
YHHBEPCANbHOTO HAKPBIBAIOULETO NIPOCTPAHCTBA,

MozKeT CayuuThesl, UTO CBSA3HOE JIOKAJBHO JHHEHHO CBSI3HOE MPOCT-
pascTBo 00/1a7aeT YHHBEPCAAbHBIM HAaKpPBIBAIOIIHM MPOCTPAHCTBOM, HE
SIBJSIIOIIUMCS OJAHOCBSA3HBIM. [lpuBenem mpumep:

18. Mpumep. I[TycTb Y| — KoHyC, OCHOBaHHEe KOTOPOro X ecTb Ipo-
CTPAHCTBO, paccMoTperHoe B npuMepe 17. [Haraazuo npocrpancrso Yy
MOXKHO Npe/cTaB/iaTh cefe kakK MHOXKecTBo B R cocrosiiee us orpes-
KOB, COEIHHSIIOIIHX TOYKH MHOxectBa X ¢ Ttouxoil (0,0, 1).] Ilycts
Yi — TOUKa, B KOTOPOH BCe OKPYKHOCTH HpocTpaHcrBa X Kacamorcs
ogua npyro#, a (Y, ys)— apyrofi sxsemmasap mapel (Yy,y1). Ilycts
Z=Y VY, Toraa Z cBsA3HO H JIOKAJbLHO JHHEHHO CBS3HO, HO He OLHO-
cBsi3Ho (cM. ympaxkHeHue 1.G.7; 3aMKHYTHIA IyTh, oferawmnuii yMeHb-
amuecss OKPYKHOCTH B MpOCTpaHcTBax Y, H Y NoouepenHo, He
roMoToneH Hyadi0). B To ke BpeMss Y, U Yo — 3aMKHYThIe CTSITHBAeMble
nojnpocrpancTsa npocrpanctea Z. Ilo TeopeMe O NOAHSTHA KaKjoe
M3 HHX MOXKHO NOAHATH B M000e HAKPBITHE NPOCTPAHCTBA Z, NpHueM
A1060e MOAHSITHE TOUEK ) W Yo MOKHO peasH30BaTh TakuMm obpasowm.
Cile10BaTENbHO, BCSIKOE HAKPHIBAIOIEE TIPOCTPAHCTBO ¢ 6a30i Z UMeer
ceuenve. OTcioga BHITEKAeT, UTo Ji060e CBsi3HOE HAKpPLITHe Haj Z
romeoMopduo Z. B

B Kareropus pacc/ioeHH# CO CBOHUCTBOM €JAHHCTBEHHOCTH HAKpHI-
BAIOIIEro NyTH Haj (UKCHpPOBAHHOM JMHENHO CBS3HOH Gasoll (M ¢ Ju-
HefiHO CBA3HBIM NMPOCTPAHCTBOM PACC]OEHHs) Beerja CylecTByer yHH-
BepcasbHblil 00beKT (T. €. 00BEKT, AJ KOTOPOTO HMEIOTCS MOp(U3MBI
B M0G0d Apyrofi o6bekT 3ToR Kareropuu). HameTum AokaszatesbcTso
sroro ¢axra. Ilyctb X — nuHefiHO CBfI3HOe NPOCTPAHCTBO, W MYCTh
& (X)— COBOKYNIHOCTb TOIOJOTHYECKHX [POCTPAHCTB, KOTOPHIE KakK
MHOXKeCTBa COBNAJaloT ¢ OJHUM U3 NpSMBIX IPOH3BeNeHHU MHOXKECTBA
X Ha MHOXKeCTBO NMPaBBIX CMEXKHBIX KJIACCOB HEKOTOPOH MOATPYIIIE
(dyHIaMenTansHo# rpynnsl npocrpadctsa X. Us teopemmbr 2.3.9 Boite-
Kaet, 4to J106oe paccaoeHHe, 6a3a u IPOCTPAHCTBO PACCIOEHHS KOTO-
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pOTO JuHEIHO CBSI3HBl, SKBMBaJeHTHO paccioenuro X—X, rae X =
= & (X). HNockoabky & (X)— MHOxecTBO, Te pacciaoenus X - X co
CBOMCTBOM €JMHCTBEHHOCTH HAKPBIBAIOHIETO MYTH, /st KOTOPBIX X JIH-
HellHO CBS3HO, Takxke 00pasylor MHOXecTBO. Mp MoxKem o6pasoBatb
paccioenHoe TPOM3BeJEHHe H3 3JICMEHTOB 3TOTO0 MHOXKeCTBa (Kak
B § 2.2). D10 paccloeHHOe NMpoH3BedeHHe H OyleT HCKOMBIM YHHBep-
caJqbHBEIM PaccaoeHHeM €O CBOHCTBOM €IHHCTBEHHOCTH HAKpPHIBAIOHIETO
IyTH.

Ecau X — cBsi3HOe JIOKaNbHO JAMHEHHO CBSI3HOE NPOCTPAHCTBO, TO U3
Teopembl 13 BhITEKAeT, YTO 1151 J11000r0 OTKPHITOTO HOKPHITHSA 24 NMpocT-
paucTBa X cyllecTByeT JHHEHHO CBSi3HOE HaKpbiTHe Haa X, PyHIaMen-
TajdbHast Tpynna Koroporo H3omMopdHa mn(@(, xo). Orcioma BHTeKaer
TaKXKe, 4TO eCJu X — YHUBepCaJbHBIA OOBEKT KaTeropHd JHHEHHO
CBABHBIX pacciaoeHnil Hald X co CBOHCTBOM €JMHCTBEHHOCTH HAKpBIBAlO-
mero nytd, To rpynna n(X, %) wHzomopdHA HEKOTOpPOH MOATPYIiMe
rpynnul (] (2, xg). B uwactinocru, ecau [ n(2, x,) =0, To X umeer

U U

OJHOCBSI3HOE pacC/I0eHHe CO CBOHCTBOM €JHHCTBEHHOCTH HaKpLIBaio-
11eTO MYTH, SIBJIAIONIEECS YHHBEPCAIbHBIM OOGLeKTOM 3TOH KaTeropuu.
Taxum o6pa3om, npocTpalcTBa NpuMepos 16 u 17 o6a uMel0T yHUBEp-
caJibHple DACCJIOEHHS CO CBOMCTBOM €AMHCTBEHHOCTH HAKPHIBAMOIIENO
OyTH, NpHYeM 3TH paccaoenusi OJHOCBA3HBL. [lpocTpancrso Z npu-
mepa 18 sipasiercd CBOHM COOGCTBEIHBIM yHHBEPCAJbHBIM PacCaOeHHeA
CO CBOUCTBOM €JHHCTBCHHOCTH HAKPLIBAIOLIETO MYTH.

§ 6. HakpbiBatolue npeodpasoBanus

B srom maparpade MBI pacCMOTPHUM 3ajauy, oOpaTHYIO K H3yuen-
HOHl B mpejablaylleM naparpade, rie Mbl CTPOUJAH HAKPHIBAIOIIHE OTO-
GpaskeHns 110 3aalHBIM Ga3UCHBIM NPOCTpaHcTBaM. Temephb HaC HHTepe-
CyeT BONPOC, KAKHe HMEIOTCH HAaKphIBalOIHe 0TOGPaXKEHHs ¢ 3a{aHHBIM
HAKPHIBAIOIHM NPOCTPaHCTBOM. Mbl JOKaxeM, 4TO Ji06oe peryasip-
HOe HaKpblBalollee IPOCTPaHCTBO OOGJalaeT IPyMnoll HAaKPBIBAIOULUX
npeoGpasoBanuil. CooTBeTCTBYIOIee HAaKPbiBalollee oToBpaXKeHHe oKa-
3bIBaeTCsl SKBHBAJCHTHBIM MPOEKIHH HAaKPHIBAIONIEr0 MPOCTPaHCTBA
Ha OpocTpascTBO OpOMT TPYNNBl HAKPHIBAIOUX NMpeobpa3loBaHuil.

[Tycrr p: X— X — paccioenie co CBOHCTBOM €JMHCTBEHHOCTH Ha-
kpbiBaouiero nytd. OueBUAHO, ONpeNeNena epynna CamoIK8UBANEHTHO-
creil 3TOro paccnoeHust (CaMO3IKBUBAJEHTHOCTHIO HA3HIBAETCH TOMeo-
Mmopdusm f: X—X, Takolt, uto pof = p). OBosnauum 5Ty rpymmy
uepes G(X|X). B tom cayuae, koraa p: X — X — HakphiBaiouiee oro-
6paxenue, rpynna G (X|X) HasbiBaeTCsl TaKKe epynnoil HAKpuleaiouuy
npeobpaszosarnuii orobpaxenus p. CyuiecTByeT ma/jekKo HAyLIAs aHAJO-
rust Mexxpy G (X|X) u rpynnoiil aBTomMopQu3MOB HEeKOTOPOTO paciuupe-
Husl 3aJAHHOTO IIOJIS, OCTABJSIONIMX HEMOJBHXKHBIM KaMKABIH 3/JeMeHT
HCXOJHOTO I10Jisl,
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Ecau npocrpancrso X JiHHeiiHO CBSI3HO, TO M3 JeMMbl 2.2.4 BhiTe-
KaeT, 4TO JABeé CaMO3’KBHBaJEHTHOCTH HAKPHBAIOMIETO OTOOpAaXKeHHus
p: X— X, coBnajamoline B OJHOU TOYKe, coBnajaior Bciopy. Caenosa-
TeJbHO, Mbl IPHXOAHM K TAKOH JeMMe:

1. Jlemma. Mycro p: X - X — paccaoenue co c80licTeom eOUHCTBEH-
HOCTU Hakpolsaoweeo nyru. Ecau npocrparcreo X aunelino ceaswo
u ¥ e X, to orobpancenue f—f(Z) npedcrasaser coboi saoxcerue
mroocecrea G(X|X) 8 caol oroGpascenus p Hao Toukold p(Zo). W

Teopema 2.3.9 ycraHaB/HBaeT B3aUMHO O/JHO3HAYHOE COOTBETCTBHE
MeXKJAy MHOMKEeCTBOM IPABBIX CMEXHEIX KJaaccoB Tpymnbsl mt(X, p(%o))
o NMOArpyIme p#n(X, ¥;) M MHOXKECTBOM TOYEK CJ0fA OTOOpaKeHHS p

Hal Touko#l p(&,). OOpalieHde 3TOro COOTBETCTBHSI H OTOOpaKeHHe
JdeMMbl | TO3BOJSIIOT MOJYUHTh BJoxkende ¢ rpynnsl G(X|X) B mHo-
JKeCTBO MPaBbIX CMeXHBIX KaaccoB rpynnbl n(X, p(%;)) mo moarpynne
p#n(X, Zo). TouHoe ompelefelre 0TOOpakKeHHst P COCTOUT B CJAEAYIO-

uem. Jlis 3amasnoro aaemesra f & G(X|X) nyctb ® — nytb B X ot &
1o f(i). Torna p o & — 3aMKHyTHIl nyTb B X B Touke p(%o), u Opa-
BhUfl Kaace cMexkHocTH (py (X, o)) [p o ®] e sasucut ovBeIGopa myTH
®. OyHKUHS P CONOCTABISET HIEMEHTY [ 9TOT Kaacc.

Ecin % e X, 10 nycib N(p#n(ﬁ?, Fo))— HOPMAJU3ATOP MOArPYNIIH
pun(X, %) B rpynnme wu(X, p(&)). Takum obpasom, N(p,n(X, ¥)) —
noarpynna rpynnsl m(X, p(Z)), cocrosiuias H3 BCeX 3JMeMeHTOB [o] &
en (X, p(%)), orobpaxarowux noarpynny p, n(X, ¥)s cebst npu co-
npsukenun Ha saement [o]; N (p n(X, &) — MakcHManbHas NOATpyLna
B n(X, p(&)), coaepxkauias p#n(X, Zy) B KauecTBe HOpMaJbLHOTO [e-
JIHTEJISI.

2. Teopema. [Tycro p. X — X — paccioente co c801cT8OM eOuH-
CTBEHHOCTH Hakpouigaroweeo nyru. [lycrs npocTpancréo X aunetno
c8a3no, u nycro o= X. Toeda  — moHomopgusm epynnot G (X|X)
6 Qakropepynny N(p#n (X, fo))/p#n(X, o). EcauX taxuce asasercs
AOKQAABHO AUHELHO CEA3HbIM, TO | —UB0MOPPUIM.

HokasateabcTBo. Mu yxe 3HaeM, uTo P — BJ0oKeHHe. [Joka-
JKCM Telepb, uTo ¢ sBagerca ¢ynkureii u3 G(X|X) B MHOXKECTBO
MpaBbIX CMexubIX kaaccoB rpymmbl N{p,n(X, %)) no mourpymme

pu (X, &o). Insa Besikoro nytu & B X M3 ToukM &y B [(Fo) MMeeT MecTo
KOMMYTAaTHBHAsI fHArpaMMa

n (X, ) «— n (X, (%))
p#‘# A ¢p#
ﬂ(X, P(fo)) <—'LU—O—G_S]_'JE(X’ P (20))
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[Tockoabky f: (X, Fo)— (X, f (%)) — romeomopduam, nMeeM
fam(X, 2)=n(X, f(%));

HO pyfy = Py, NOSTOMY

iy o P70 (X [ (Fo)) =iy ar/’#l}“ (X, %)= Ay, o a4 (X, %)=

= Py (X, T (%)) = Pyt (X, Xy)-

Caenosarensno, [p o8l N(pyn(X, ¥o)). Tak kak (f) cosmanaer
¢ TpaBbiM CMEXHBIM KJIaCCOM (p#n(X, %o)) [p e ®], T0 p — BAOKEHUE
G (X|X) B MHOXKeCTBO NMPaBBIX CMeKHBIX KaAaccoB rpymnsl N(p_ n(X, ¥o))
o noarpymnne pn(X, &).

[IpoBepum Tenepb, uto P — romoMopusm. Ilycets f, fo & G(X]X),
a®; U ®,—nyTd B X OT TOUKH Ty A0 TOYeK [1(Zo) ® [2(Zo) cooTBeT-
crBeHHo. Toraa fio @, —nyth o [1 (%) mo fife(To), a®ix ([1 o &a) -—

nytb OT %o A0 fif2(Zo). CaenoBarteanno, P (fif2) coBnajgaer ¢ npasLim
CMEeXKHBIM KJIacCOM

(P (X, %)) [(po @) x(pofyo )] = (pyn (X, X)) [P o8] #[p o6y,
a anauut, ¢ kaaccoM P (f).c v (f2).

ITokaxkem, HaKoHer, 4TO ecaM HpocTpaHcTBo X JNOKAJAbHO JHAHEHHO
CBSI3HO, TO W SBJISIETCS SNUMOP(H3MOM Ha MHOXKECTBO NPABBIX CMEXK-
HbIX Kaaccos rpynmsl N(p,m(X, Zo)) no noxrpynue p,n(X, ¥o). [pen-
nonoKuM, uto 3aemMeHT [o]=a(X, p(F)) npuHALIEKHT Tpynne
N(p#ﬂ:(X, Zo)). Ilycte & — moznATHE NyTH ®, KOHualowleecss B o, H
nycts ¥ = &(0). Torna

Py (X, %o) = Iy (P (X, %)) = 1y (yg (X, %o) ) = py (X, £).
[Tockoabky X CBsi3HO W JOKAJLHO JHHENHO CBSI3HO, H3 TEOPEMBl O MOJ-
HATHH BBITEKaer cylilecTBoBaHHe orobpaxenudt [ (X, &) — (X, %) u

(X, &) = (X, To), Aast KOTOPHIX p o f=p u p o g = p. V3 cBoiicTBa
eJHHCTBEHHOCTH HakKpeBaiomied romortonuu (jgemma 2.2.4) BHITEKaer,
uro fo g=15 u g o[ =13. Crenosarensno, f< G(X|X) u ¢(f)

COBMNAJAeT C NPaBbIM CMEXKHBIM KIaCCOM (p#n(j(, 20))[(01—1. B

Teopema 2 B coueTannu c¢ Teopemoit 2.3.12 npusoauT K TakoMy pe-
3yJbTaTy:

3. Caencrue. [Tycro p: X — X — paccaoenue co csolictéom edun-
CT8EHHOCTU Hakpbisaroweeo nytu. Ecau npocrpancrso X c6a3no u ao-
KAAbHO AUHELHO CBA3HO, TO p peeyAfipHO TO2OA U TOAbKO To20a, Koz0a
epynna G(X|X) rtpansurusro OeiicTéyer Ha Kaxdom caoe paccioe-
Hua p. B arom cayuae

Y GX1X)~a(X, p(E))pun (X, x), HesX. g
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Ecan npoctpancrBo X oJHOCBA3HO, To JAioGoe paccaoenne p: X — X
peryJsipHo, ¥ Mbl [OJ1y4aeM TaKOH pe3yJibTaT:

4. Caepncreue. [Iycre p: X > X — paccaocenue co c80icTaom edun-
CTBEHHOCTU HAKpbLBAIOUe20 nYTu, npuiem X 00HOCBA3HO, AOKAABHO Ali-
Helino ¢8a3Ho u Henycro, Toeda epynna camoaxksusaienTHOCTel pac--
caoenus p uzomoppra pyndarenrarvroll epynne npocrpancrea X. M

Ecau p: X— X — peryaspHoe HaxkpbiBaollee oTo6pakeHHe, a Ipo-
CTpaHcTBO X CBSI3HO ¥ JIOKAJBbHO JHHEHHO CBsizHo, TO X romeoMopdHO
npocrpanctBy op6ur rpynns G (X|X) (opburoi rpynmel nipeoGpaso-
Bauuii G, AeficTeyoliefi Ha MHOXKeCTBe S, Ha3biBaeTcsd MHOKECTBO
KJACCOB 3KBHBAJICHTHOCTH MHOMXeCTBA S MO CJeAYIOLIEMY OTHOLICHHIO
IKBHBAJEHTHOCTH: §; ~ Sy, €CJH CYHLIECTBYeT daeMeHT g & G, 14 Ko-
TOpOTO gS; = 83). Hac unTepecyer obpaTHast 3ajgava: Kakue YCJOBHS
HeOo0XOZUMO HaJOXKUTL Ha rpynny G roMeoMOpgH3MOB TONOJOTHYE-
CKOr0 MNpoCTpaHcTBa Y, uToObl NpoeKuuss Y Ha IPOCTPAHCTBO OPOHT
Y/G Oblna peryasipHbIM HakpbIBaloOUiMM OTOOpakeHHeM, rpynma Ha-
KpBIBAIOLIKX [Ipeo6pasoBaHUi KOTOPOro coBriajasta 6el ¢ G?

[pynna G romeoMopdH3MOB TONOJOTHYECKOTO MpocTpaHcTBa Y Ha-
3BIBAETCSl pA3PLIBHOL, ecli Kaxkpaast ee opbura G B Y nIpeacraBiser
co0ofl AHMCKpeTHOe MOJAMHOXKecTBO npocrpanctBa Y. I'pynma G Hasbl-
BaeTCsl BMOAHE pa3puleHou, eCcal [Js KaxJIol TOUKH y& Y cyle-
CTBYET TaKas ee OTKpHTast oKpecTHocTh U, uro ecau mHoxectsa gU u
g’U nepecekaioreq, g, g’ = G, 1o g = g’. ToBopsr, uro rpyuna G ded-
cT8yer 0e3 HenoO8UNMCHLIX TOHEK, eCll eJUHCTBEHHBIM 3JeMeHTOM, HMEIo-
MM HEOJBHXKHbBIe TOUKH, BJAETCS eAHHUYHBIN 3JeMeHT. Cuaeayiouine
YTBEPKAEHUST OUCBUHBL,

5. Brnoane paspvisnas epynna eomeomopguamos 18418eTcS pa3pouis-
KOt u delicrayer 6e3 HenodsudcHolx Tovex, @

6. Koueunas epynna zomeomoppusamos, deidcrsyronian 6e3 Henoo-
BUNCHLIX TOYEK HA xaycOopdosom RpoCTparcTée, 8noine paspolsHa. B

Ecau G —rpynna HakpblBaloLMX npeoGpasoBaHUil HEKOTOPOTO Ha-
KpHIBaIOLLero oTOGpaXKeHUsA, TO HeCI0XKHas NPOBEpKa MOKA3LIBAET, 4TO
G BrnoJiHe paspeiBHA. MBbl MOKaxeM, UTO BCSKAasl BIIOJHE paspbiBHAS
rpynna roMeoMopdHu3NoB OnpelenseT HaKphBakoollee 0ToOp axkeHiie.

7. Teopema. [Iycre G -— 8HOAHE PA3pLIBHAR epynna 20MeomMopghus-
M08 HexkoTopoeo npoctpaucTga Y. Toeda orobpadcerue npocTpaHcTsa
Y na npocrparcrso opbur Y|G asaserca Hakpogarowum. Ecau npocr-
paucTéo Y €8A3HO, TO 3TO HaKpoisarowjee OTOOpaxcerue peeyiapHo U
G — eco epynna Harpwsaowux npeobpasosanull.

Hokasareabcrso. Ilycts p: Y — Y/G — ykasaunoe oroGpa-
xenne. OHo HempepbIBHO H, KPOME TOrO, OTKPBITO, TAK KaK €CJHH MHO-
xkecrBo U otkpuito B Y, 10 p~1(p(U)) =U{gU|g = G} orkpuito B ¥
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u, caegosaTeabno, p(U)orkpuito B Y/G. Ilycts U — orkpbiTOe NOAMHO-
JKeCTBO mpocTpaHcTBa Y, Takoe, uto ecau gU u g’U nepecexkatores, To
¢ = g’. Mpl nokaxem, uto MHOKecTBO p(U) mpocTo HakphTO 0TOGpA-
KenueMm p. M3 npeanosoxenudl o MHoxKecTBe U  BBITeKaeT, uTO
{gU|g = G} — coBOKYNHOCTb HeMepeceKalolnXcsl OTKPHIThIX MHOHECTB,
obbeunende KOTOphix coBnagaer ¢ p~'(p(U)). JLocTaTouno 1moKasarhb,
uro p|gU — Onekrusnoe orobpaxkenue gU na p(U). Ecin y= U, 10
p(gy) = p(y), u, suauur, p(gU) = p(U). Ecn p(gy:) = p(gyz) npu
yi, o= U, 1o cyuectByer Takoi 3ieMeHT g'e G, uto gy = g'gys.
3uauut, gU mnepecekaercs ¢ g’gl, otkyna g = g’g. Caenosarenbso,
g’ =1y u gy = gys. Mu poxasasau, utro p—romeomopduam gU Ha
p(U). Tlockoabky rpynma G BnonHe paspeiBHa, MuoxecrBa p(U),
IPOCTO HAKPHIThle OTOOpameHHeM p, 00pasyloT OTKPLITOE MOKPLITHE
npoctpancrea Y/G.

Iockoawky p(gy) = p(y), Mbl BHAMM, uTo Tpynna G comepKUTCH
B TpyNIe HAKpPLIBAIOUIUX IpeobpasoBanuil orobpaxenns p. Tak kak G
TPAH3UTHBHO AeHCTBYET Ha CJOsIX 0TOOpaKeHus p, TO U3 Teopembl 2.2.2
BBITEKAET, YTO €CJH NPOCTPaHcTBO Y CBSI3HO, To G coBHAZaeT ¢ IpyI-
noit Bcex HaKpblBalolinx npeo6pasoBaduit.-Ho sra rpynna HakpbiBaio-
ux npeoOpasoBaHUil TPAaH3UTHBHO AEHCTBYeT Ha KaxXAOM CJ0e, IO-
3TOMY paccMarpuBaeMoe HaKphBalollee oroOparkeHue peryasapso. @

8. Caepcteue. [Iycro G — 8noane paspulBras epynna 20Meomop-
Guzmos o00Hoceaznoeo npocrparcTea Y. Toeda ¢yndamenrasvrasn
epynna npoctpanctga opbur Y|/G usomopgna epynne G.

HoxasareabcrBo. CornacHo rteopeme 7, rpynna G coBrha-
JaeT ¢ TPYNNOH HaKPbIBAIOWUX NpeoGpa3oBaHuil PeryasipHOro HaKpLI-
pawomero oroGpaxenuss p: Y - Y/G. Tlo Teopeme 2 oroGpakenue
ABJAAeTCss MOHOMOpGu3aMoM rpynnkl G B (QyHAaMeHTaJbHYlO TIpynmy
npocrpancrea Y/G. Tak kak G TpaH3UTHBHO ZeHCTBYeT HA CJOSIX pac-
cl0eHust p, TO P — u3oMophuzm. @

9. Mpumep. [Tyctn S3 = {(2, 21) = C?||20]2 + |21|2 = 1}, u nyeThb p

H §—B3aHMHO NpOCThle Henable uuciaa, Onpenelum oTo6pakeHHe
h: 83— S popmynoin
: h (2o, 21) = (e2™¥/Pz, eMalpz,),

Torpa h —romeomopduam cheper S3 ¢ mepuogom p (1. e. AP =1) u
rpynna Z, geficrsyer Ha S° no caenyiomeil gopmyie:

n (ZOv 21) = hn (20: 21),

rae OykBoil n Mbl 0603HAUUIH KJacC BBLIYETOB YHCAA N 1O MOAYJIO p.
Ipynna Z, gefictByer Ha S® Ge3 HeNoJABHKHBIX Touek. [IpocTpaHcTBO
op6ur aroro neficteus rpyniel Z, Ha S® HaselBaeTCd AUHB08bLM npO-
crparcreom u o6Gospauaerca L(p,q). W3 npemnoxenus 6 u caen-
crBuA 8 Mbl 3aKJ/iouaeM, 4TO ¢yHAaMeHTaabHad TPyNna NpoCTPaHCTBA
L(p, q) usomopdua Zp,
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10. Npumep. Tlyere S ' ={(z), 21, ..., zm) C”“]E] zi =1},
H 0yCcTb §i, ..., §n— LeJble YHCJAA, B3aUMHO IPOCTblE C UYHCIOM p.
Ornpenenum oro6paxenue hA: S?ntl— S+l gopmyaoh

21§ p4194 2L
(€2, MNPz, .., &M/PZ,).

h(zg, 21, v ooy 20)= 2, €

e ey

3nech, Kak U B npumepe 9, orobpaxkeHue h onpenensier [JeHCTBHE
rpynnsl Z, Ha S?7+1 Ge3 HenmoABH:KHBIX ToueK. COOTBETCTBYIOLIEE TPO-
CTPAHCTBO OPOUT HA3LIBAETCS 000OUEHHbIM AUHBOBbIM NPOCTPAHCTEOM
u o6osnavaercs uepes L(p,qi, ..., gn). Ero dyHnamenranruas rpyn-
na usomopdua rpynne Z,. W

Teopemy 7 MOXKHO HCIOJb30BaTh AJsi JOKA3aTeAbCTBA TOTO, UTO
npoeknusa Y — Y/G sBasercs pery/sipHbM paccioeHUeM CO CBOHCTBOM
€IHHCTBEHHOCTH HAKPHLIBAIOWEr0 NyTH AaKe B TOM cjyuae, eClH 3Ta
NpPOEKIHUS HE €CThb HakpbiBalollee OTo6paKeHHe. 3aMETHM, UTO €C/H
rpynna G pelictByer Ha Y 0e3 HeMOABHKHBIX TOUEK, TO TaK ke Jeil-
cTByer u JioGast ee noarpynna, u ecan (' -— HOpMAaJbHBIl JeHTENb
rpynnsl G, to G/G’ pefictByer Ge3 HENOABHXKHBLIX TOYEK Ha IPO-
crpanctBe Y/G@.

11. Teopema. [Iycres G — epynna eomeomoppusnsos, delicrsyrowasn
6e3 HenooOBUMCHBLX TOUEK HA AUHelHO c8a3HOM npocTparcTee Y. [Iped-
HOAOMHUM, 4TO 3adana yOovisarouas nocaedo8areabHocTs nodepynn

G:GO:)GID . e :)GYLDGI;H-]D""

y0084eTBOPAIOWAR CACOYIOWUM YCAOBUAM:

(a) NGn={lv};

(b) Gny1 — Hopmanovhoil deaureav 8 G, 041 n 2 0;

(¢) G,/G,p — 8noane paspoieHas epynna 20MeOMOpPHUIMO8 Npo-
crparcréa Y/Gnyy, u npoexyus Y — Y[G, asaserca 3amxuyToim 0T0-
6pasicenuem daa n 2> 0;

(d) scakaa opbura epynnvt G, 68 Y KomnaktHa npu scex n 2 0.

Toeda npoexyun p: Y — Y/G asaserca peeyraproim paccroeHuem
€O €B0UCTBOM EOUHCTBEHHOCTU HAKPbLIBAIOWE20 NYTU U e20 2pynna
camodxsusarenTHocTeld cosnadaer ¢ G.

HoxasatenbcTBo. Ilockoasky Y/G, =(Y/Gnt1)/(Gn/Gryi),
H3 cBOHCTBA (C) M TeopeMBbl 7 BBITEKAET, YTO NPOEKIHs

Pa+1: Y/Gn+1 -Y/G,

AIBJSIETCST  PEryJsipHBIM HAKpBIBAKOIHM OTOOpaxkeHHem [aa n 2> 0.
[Tycre '

Y={w) = I1 (¥/G) | pns1 Wns1) = Yy n =0}

Onpenenum orobpaxenne p: ¥ — Y/G, nonaras p{(y.))= yo. Jlerko
IPOBEPHTH, UTO p NpelcTaB/sieT COGOM paCcCiOeHHe CO CBOHCTBOM eNMH-
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CTBEHHOCTH HAKpPLIBAIOUIETO MyTH (OHO SIBJAETCS pAcCIOeHHBIM NpO-
H3BeldenneM otoGpaxenuii {p;}).

Iasa Bcex n 2> 0 onpeneseH0 HENPEePLIBHOE 3aMKHYTOE OTOGPaKeHHe
@n: Y > Y/G,, TaKOE, UTO Pyt © Prgt = @pn. CJI€10BATENBHO, CYLIECTBYET
eIHHCTBEHHOE 3aMKHYTOe HenpephBHOe 0ToGpaxeHue ¢: Y — ¥, onpe-
neasieMoe paBeHCTBOM @(y) = (@n(y)). OueBunHo, jo@=p. [Tokaxem,
yTo ¢ — romeoMop¢usm. Jlas 3TOTO AOCTATOUHO [OKA3aTh, YTO OHO
6uekTusno. Ecan ¢(y)= @(y’), 10 mas Besikoro n2> 0 cymecrsyer
TAaKOH 3aeMeHT gy € Gy, ut0 Yy = gpy'. Toraa gny = gmy’ 118 Bcex
m u n. ITockoabky G gelicTByeT 0e3 HENOABHXHBIX TOUEK, Gm = gp
st Bcex m u n. ClneloBaTenbHo, o &= G,y AJNA BCEX M, U B CHIY yC-
aoBus (a) g, = ly. Orciona BEITEKaeT, uTO § = ', H, CIELOBATENbHO,
¢ HHDEKTHBHO.

Ecmn (y.)< ¥, 10 @7'(y,) —opbura rpynne G, B npoctpa-
ctee Y. [lo cpoiictBy (d) Muoxectso @, '(y,) KomnaktHo. Tak Kax

07 (U0) = C1Prir (U4) 2 Ot (Ynsr)s

TO COBOKYNHOCTb {@;'(y,)] COCTOMT H3 3aMKHYTHIX MHOXKeCTB H 0Caa-

J4eT TeM CBOHCTBOM, 4TO HepeceueHHe JI00Or0 KOHEYHOIO YHC/Ia MHO-
KeCTB 3T0H coBokymHocTH Henycro. CienoBateabro, [1¢;'(y,) #* O.
Ectn y= N o' (y,), 10 9(y)=(yn). IT0 noxasweiBaer, 410 @ CiOP’b-
€KTHBHO.

Mpb nokasaas, uro @: Y—Y —romeomopdusm. CieroBartesnbHo,
npoekuua p: ¥ — Y/G ectb paccioeHue co CBOHCTBOM €IUHCTBEHHOCTH
HakpbiBaomero nytu. Ilockoqbky KaxIbtll sjgeMeHT rpynnk G siB-
ASIeTCA CAMOIKBHBAJIEHTHOCTBIO PACCHOEHUs p, Tpynna caMOIKBHBA-
JIEHTHOCTEH paccJoeHust p JeHCTBYeT TPAHSHTHBHO HA KaXJAOM CJoe.
CorJacHo CaeACTBUIO 3, p— peryasipHoe paccaoende, a G ——rpynna
€ro caMO3KBHUBAaJEHTHOCTel., W

§ 7. PaccaoenHble NpoCTPaHCTBA

HaxkpriBatolliee TPOCTPAHCTBO JIOKAJBHO SIBJASETCS MPOU3BEIEHHEM
6asbl 1 HEKOTOPOTO JHCKPETHOrO NpocTpancTea. B sToM naparpade Mbr
BBOAMM GoJjiee oOllee MOHSTHE PaCCJOEHHOIO MPOCTPAHCTBA, KOTOpoe
JI0KAJbHO MpeACTaBaAseT co6oi NmpousseleHde 6as3bt U c10s. [1aBHBII
pesyabTar 3TOre naparpada cocTOHT B TOM, 4TO NMpPOEKUHS paccaoeH-
HOro HPOCTPAHCTBA HA cBolo Gasy siBasercd pacciaoeHHeMm !),

Paccaoennvim npocrpancrsom HasbiBaercsd cucrema E= (£, B, F, p),
cocTosuLas Ha npocrpaucrea paccaoenus E, 6aset B, caos F u npoek-
yuu p: E— B. IIpn atoMm TpebyeTcs CyllieCTBOBaHHE TAKOI'O OTKPBITOrO

) Mo noBoay obmed reopHu pacclloeHBHX MpocrpancTd ¢M. Cruepon H,
Tonosorda kocwx npouaBegenuii, M, 1953.
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nokpuiTist  {U} npoctpanctBa B u  rakux  roMeomop(usMoB
pu: U X F—p~'(U) mas xaxporo muoxecrsa U< {U}, uro komio-
3ULHUA

U X F—Ysp1) U

npeacTaBasgeT co6ofi NMPOeKuMio Ha INepBLI COMHOXKHUTENb, 3HAUHUT,
npoekuud p: E—B u B X F-—>B jokanbHo 3kBUBajeHTHH. Cioem
Had Touroi b & B HaszpiBaeTca MHOXeCTBO p~!(b). 3ameTum, 4To Npo-
crpanctBo p~'(6) romeomopduo F aas Besiko# rtouku b < B. [lpu
OMNpeaeseHHd PAacCA0EHHOTO MPOCTPAHCTBA OOGBIYHO elle 3aJaeTcsl ero
cTpykTypHas rpynna @, cocrosiiast 3 roMeoMopdusmos ciaos F. On-
pelenuM 3TO NOHSITHE.

[Iycth G —rpynna romeomopdusMon caost F. Ecaw 3amaso 1npo-
crpanctBo F7 u coBokynHocTh ® = {¢} romeomopcusmos ¢: F— F’,
TO ompefeaum romeomopusm g9g: F—F' (9= ®, g = G) pasencr-
oM og(y)=9(g{y)) (y=F). Copoxymnocte @ HasbBaercd
G-crpykrypod na F/, ecin

(a) npu p = D u g = G uMeeM g = @;

(b) nng zasaunbx @, p2=W® Halgercs Takoe ge=G, UTO @) =qg.

Vcaosue (a) noxasweiBaer, uto G geificTByer cmpasa #a @, a yciao-
sue (b)—uro 370 AeficTBHE TpAaH3UTHBHO. [OBOpPST, UTO pacc/IoeHHOE
npocrpaucteo (£, B, F, p) obnanaer crpyxryprot epynnoti G, ecau
Kaxabifl cioit p~1(b) nazenen rtakoil G-ctpykrypoit M(b), uro cyire-
cTBYIOT OTKpbiToe nokpeitie {U} npocrpascrea B u roMeoMopdusmbl
gv: U X F—p~1(U) pas xaxporo MuoxecrBa U & {U}, o6ananaio-
me  cjaeAyiomHM  CBOHCTBOM: ecan be U, 710  orobpaxkenue
F— p~1(b), nepesoasiee TOYKY X B TOUKy ou(bh, X), NpUHAMIEIKHT
mHoKecTBy D (b). HcHo, uTo BCAKOE paccJoeHHOE NPOCTPAHCTBO BCe-
r1a MOXKHO HALeJNHTh CTPYKTYPOH pacC/JO€HHOrO MPOCTPAHCTBA CO
CTPYKTYPHOH TPYNNOH, COCTOsINIEH M3 BCeX roMeoMopdu3MoB cnos F.
[TousiTgO Takxke, YTO JAHHCE PACCAOeHHOE NMPOCTPAHCTBO HHOMAA MOXK-
HO HaJeUTh CTPYKTYPOH pPacClOeHHOro NPOCTPAHCTBA C ABYMS pas-
JUUYHBIMH CTPYKTYPHBIMH Tpynnamu romMeomopdusmon caosi F.

JelicTeUTeAbHbLM R-MEePHOIM BEKTOPHOIM PACCAOCHUEM HA3LIBAETCS
paccioeHHOe IPOCTPAHCTBO, CJ0EM KOTOPOTO SIBJASIETCS NPOCTPAHCTBO
R”, a cTpyxkTypHOU rpynnoi — noaHasa JuHelinaa rpynna GL(R"), co-
CTOsIILlAsl U3 BCEX JAHHEHHBIX aBTOMOP(U3MOB npocrpascTBa R™. Kom-
HACKCHOIM R-MEPHbIM BEKTOPHbIM PACCAOCHUEM HA3BIBAETCS PACCIIOEN-
HOE MPOCTPAHCTBO, CJ10H KoToporo ects C7, a CTpyKTypHas rpynua
GL(Cn). IlpuseseM HeCKOJLKO NMPHMEpPOB.

1. Ias npoctpancts B u F paccroenuem-npousgedenuem Haszbi-
BaeTcs paccaoenuoe npocrpanctso (B X F, B, F, p), rae p: B X F>B—
NPOEKIHUsl HA HePBHI COMHOXHUTENb. JTO PACCAOEHHOE IPOCTPAHCTBO
JONYCKaeT B KauecTBe CTPYKTYPHOH TIPYNNbl TPHBHAJIbHYIO TPYIHIYy.
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2. Ilycts p: X~ X — nakpuiBaioliee oTo0pazkenue, MpHUeM IIpoO-
crpanctBo X cBsspo. Ecan xo= X, 10 (X, X, p~'(x0), p) sBasieTCH
paccaoeHHBIM HpocTpaHcTBoM. [Eciu mpocrparcrso X suneHHO CBSI3-
HO, TO €r0 MOXKHO HAaAedHTb CTPYKTYPOH paccJOeHHOTO NPOCTPAHCTBA
co crpykrypuo#l rpynnoil m(X, xo). Ilpu atom m(X, xo) OeiicTByer Ha
p~ (%) no dopmyne [w]F = I[ol!, npaBylo yacth KOTOpOH Hajgo MO-
HHMAaTh TaK :XKe, KaK B /0KasaTeabcrBe Teopembl 2.3.9]

3. [yerr M — guddepenuupyeMoe n-MepHOe MHOrooGpasue, H
nyctb 1 (M) — MHOXKeCTBO BCeX KacaTeJbHBIX BEKTOPOB K MHO-
roobpasutc M. MoxKHO onpenenuTb paccJOeHHOe MNPOCTPAHCTBO
(T (M), M, R", p), rne npoexuust p: T(M)— M conocraB/sier KaxaoMy
KacaTe/JbHOMY BeKTopy ero Hauajgo. OHO Ha3bIBAeTCSl KaACATEeAbHbIM
nyukom u oGosHauaercs uepe3 T(M). [Tocko/bKy €ro MOXKHO HAZLEIHTD
cTpykTypuoil rpynmoit GL(R"), oHO siBAIsieTcsl A-MEPHBIM BEKTOPHBIM
paccnoenneM. Ecau M — KoMIsiekcHOe MHOroo0pasue KOMIIEKCHOR
pasmepunoct 7, 10 T(M)— KOMILUIEKCHO® n-MepHOE BeKTOpHOe pac-
CloeHHuE.

4. Ilycty H — 3amknyrasi noarpynna rpynnst Jlu G, G/H — dak-
TOPNIPOCTPAHCTBO JIEBBIX CME&XHBIX KjaaccoB u p: G — G/H — npoek-
nust. Torna (G, G/H, H, p) — paccnoeHHoe NPOCTPAHCTBO €O CTPYKTYP-
"ol rpynno#i H, neficTBylomeit Ha cebe JeBBIMH CABUT M.

5. Ilpencraum S" Kak oObenHHEHHE ABYX 3aMKHYTHIX [0Jy-
chep E* u E", nepecekalomuxcs no sksatopy S*~L. Ilycrs G —rpynna
roMeoMop(pU3MOB HEKOTOpPOro npocrpanctea F. IIpu 3amanHoM 0To-
opaxkenun @: S"'— G mycts E,— NpPOCTPaHCTBO, MNOJMYYEHHOE H3
cymmbl  (E™ x F) Vv (Et X F) oroxpectsnennem (x, y) = E™ X F
¢ (v, p()y)EELXF (x=8"" u y=F). 310 oromaecTsienue

COBMECTHMO ¢ mpoeknusimu E- X F—>E™ u E% X F— E%. Caenosa-
Te/IbHO, CYIIECTBYET OTOOpakkeHne pyt E, — S", mas KOTOpPOro Kaxpaas
43 KOMIO3HUILHH

E® X F—>E¢—22>8" y E% X F—>E,—2> 8"

ABJSIETCS NMPOeKUHeH Ha NepBHi coMHoxkuTeab, Toraa (Eq,S™, F, p,)—
pacc/oeHHoe NpocTpaHeTBO (co cTpykTypHo#l rpynnoit G). O Hewm ro-
BOPAT, YTO OHO ONpPEIEJCHO XapakTepucTuueckum O0TobpadxceHuem .

6. ITyctb CP™-— KOMIJIEKCHOE A-MEepHOE INPOEKTHBHOE IPOCTPaH-
CTBO ¢ OOBIUHOH CHCTeMOH OJHOPOAHBIX KoopauHar. Ecau uucna

20, 21, ..., 2o &= C He Bce paBHBl HYJIO, TO MYCTh [20, 21, ..., 2n] E

e CP" — rouka npocrparctsa CP”, umerouiass OfHOPOIHbIE KOODIH-

HaTBl 2o, 21, ..., 2n. PaccMoTpuM cepy S22+l kak MHOKECTBO
i 2

(o, 21y ..., z)=C"* |ZI z;f=1} m onpegerum orToGpasenHue

p: Sl — CP* gopmyaoit p(zo, 21, ..., 2n) =[20,21, ..., 2.}, Ecam
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U; = CP™ — noaMHOXKECTBO, COCTOSIIEe H3 BCEX TeX TOYEK, i-A OIHO-
poaHas KOOpAHMHAaTa KOTOPLIX HE paBHAa HYJIO, TO JIEFKO BHIETb, UTO
p~"(U;) romeomoppuo U; X S!. CaeposatenbHo, (S27+1, CP», Sl p)—
paccloeHHOE NMPOCTPAHCTBO (HMewllee CTPYKTYpHYIO rpynny S!, Koro-
pas meficTByer Ha cebe neBwiMH caBuramu). OHO HaseiBaeTcd pac-
caoenuem Xongha.

7. Ecitn Q — tes0 KBaTEPHUOHOB, TO MOXKHO ONpPeAeNUTh aHaJOrHY-
Hoe oroGpaxenue p: S+3 — QP™ u xsarepHuoHHOe paccaoerue Xon-
pa (S*n13, QP™, S3 p) (umeiolllee B KayecTBe CTPYKTYPHOH TIpyIbl
rpynny S3, kotopas AeficTByeT Ha cebe JeBbIMH cIBHraMu). @

Haauuue cTpyKTypHOH TpyNnbl He CYLIeCTBEHHO AJA HAWIUX IeJed.
Tak, Mbl onpejensieM paccioeHue HA n-MepHsie cghepol KaX paccoeH-
HOe MNpPOCTPaHcTBO co cjoeM S? (o6bluHO OHO cHaOXaeTcsi Tpynl-
noit — oproeonasvroll epynnoli O(n-+1), cocrosuiefl U3 BCex H3OMeET-
puil, nmpuHaaaexauwux rpynne GL(R"+}). Ecau E-— paccinoenne Ha
n-MepHble cdepn, TO €ro NPOCTPAHCTBO pacciaoenust Oyaer o6o3Ha-

yatbcad uepes Ey, Lluaunap npoexuuu Ep — B sBasgeTcs npocrpas-
cTBOM paccaoenusi Ly paccaoennoro mpocrpadersa (Ey, B, Emt, pe),
rne  pg: Ey— B—perpakuus  UWIHHApPA  OTOGpaxKeHHs Ha

(a pg|Es: Ex— B —ucxonHasi IPOEKUHS ).

Ecan &= (E, B, R**, p) — uekoropoe (n + 1)-MepHOe BekTOpHOE
paccaoenne co CTpykTypHoi rpynnoii O(n + I), 10 B KaxkaoM cjoe
p~1(b) moxno BBecTH Hopmy. IlogmHoxectBO E’ < E, cocrosiuiee U3
3JeMeHTOB E ¢ HOpMOH enununa, sIBASETCs NPOCTPAHCTBOM paccige-
HHst Ha n-MepHBle chepol (E7, B, S™, p|E’) u HaswiBaeTcst paccaoeruem
Ha edunudHble n-mepHuie cgepobr paccaoenuss & LEcam 6asa B
(n+1)-MepHOTO BEKTOPHOTO pPAacCC/JOEHHS ecThb NapakoMIIaKTHOe xayc-
Jop$oBO IPOCTPAHCTBO, TO 3TO paccIOeHHe BCeT[a MOXKHO Haje-
JHTb CTPYKTyprO# rpynnoid O(n + 1). B uwacrHOCTH, MOXHO onpeje-
JAUTb PACCAOCHUE eOUHUYHOIX KACATEAbHbIX B8eKTOpO8 Hal TJ1aJKuM
napakoMIAKTHBIM MHOTOOGpasueM.

Isa paccaoenuslx npoctpanctsa (Ey, B, F,p)) u (Es B, F, ps)
¢ OJHUM H TE€M XKe CJI0eM U OfHOH U TOH ke 6as3oll Ha3bIBAIOTCHA IKBU-
B8AAEHTHOIMU, €CJIH CYHIeCTBYeT TaKol romeoMopdusm h: E,— Es, ur0
paoh = p;. Ecan o6a OHH UMeIOT OAHY U Ty K€ CTPYKTYpPHYIO Tpyn-
ny G, To OHu HasuBaloTCcH (-IKBUBANEHTHLIMU B TOM cJyuae, KOTAa
romeoMopdhu3m h obaazaer caelyIONUM AONOJHUTENbHEIM CBOHCTBOM:
ecan ¢ @ (b), 10 hop = My(b), b = B. Paccnoernoe npocTpancTso
HA3BIBAETCH TPUBUAAbHOIM, €CJAM OHO 3KBHBAJEHTHO DPAaCCJIOEHHIO-TIPO-
u3Begenuio (cM. npumep 1), HJH, 4TO TO K€ caMoOe, €CJH OHO AOIY-
CKaeT TPHUBHANBHYIO TPyNIy B KauecTBe CBOeH CTPYKTYPHOH Tpymmel

Kak noxaswmiBaer nmpuMep 2, paccioeHHble NPOCTPAHCTBa CBs3aHLI
¢ HAKPHIBAIOUHMH NPOCTPAHCTBAMH IIOUTH TaK XK€, KaK PaccaoeHHs
CBA3aHBl C PACCIOSHUSIMH CO CBOHCTBOM eIUHCTBEHHOCTH HAKPBLIBAIO-
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wero nytu. Ocrasurasica yacTe 3TOrO maparpacda nocBsilieHa Aoka3sa-
TENLCTBY TOTO, YTO B paccjoeHHoM Inpocrpancree (E, B, F, p), 6aza B
KOTOPOTO — NMapaKoMIIaKTHOe XaycAOoP§oBO MPOCTPAHCTBO, NPOEKUHA p
SIBAETCA PACCIOEHHEM.

Oro6paxenne p: E—B HaspiBaeTcd AOKAAbHbIM pPACCAOEHIEM,
eCJIH CYULECTBYeT TaKoe OTKphIToe NOoKpweiTue {U} mpocrpancrea B, uto
plp~ " (U): p~"(U)— U — paccaoenne 18 KaxJIOrO MHOXKeCTBa
U= {U}. fcho, uto paccioeHHe Bcerga $sIBASIETCH JOKaJbHBIM pac-
CIOCHHEM ') M UTO TPOEKIUS PACCHAOCHHOTO MPOCTPAHCTBA TAKKE SIB-
JSIETCH JIOKAJbHBIM PacCl0CHUEM.

Jas pansoro oroOpaxenus p: E — B onpenenuM HOANPOCTPAHCTBO
B < E X BT dopmyaoit

B={(e, ®) = E X B |0 (0)=p ()}

Cymecrsyer oroGpamenne p: ET— B, onpenensgeMoe paBeHCTBOM
p(®) = (& (0), pod) nas Bearoro @: [ — E. Haxpoisaroujeil pynkyued
IJIsl p HA3BIBAETCS OTOOpaKeHHe
A B—EI

siBafIomeecst NpaBbiM obpatHeiM aaa p2). TakuMm o6paszom, Hakpbl-
Bamoliast (YHKIHS CONOCTaBAseT KAXAOH Touke e & E M KaxkaoMy
nyTd o B B, HauunaioweMmycd B p(e), nytv A(e, o) B E, HauuHalo-
mHiicsi B e U HakpHBawiui nyth . Ciefyomas TeopeMa COLEpKUT
ONKMCAHHE CBSI3H MEXKJAY HAKpHIBAIOWHMU (YHKUUSIMH H paccioe-
HHSIMH.

8. Teopema, Orobpascenue p: E — B roeda u Toavko t020a asiser-
ca paccaoeruem, koeda p obradaer naxpolsaroweil gyuxyuel,

JdokaszateabcTso. Joka3aTeabCTBO COCTOUT B NMOBTOPHOM HC-
io1b30BaHuM TeopeMbl 2.8 u3 BBedenHs. [lyctb p— paccioenue, a
oro6paxenust f': B—>E u F: B X I->B omnpeneiedsl paBeHCTBAMH
flle, y=12e u F((e,w),t)=w(t). Torna

F (e, 0), )=a(0)=ple)=(p-[)(e, o)

[TockosibKy p o6najaer CBOHCTBOM HAKPBIBAIOIWIEH TOMOTONHH, CY-
mecTByetT Takoe orofpaxenue F': B X[ —>E, uro F/({e, 0),0)=

1) Msnaraemoe HaMM [0Ka3aTeNbCTBO OGPATHOrO YTBEPIKAEHHSt LN TapakoM-
HaKTHBIX XaycLopdoBLIX NpocTpaHCcTB B cogep:kutcst B paGore: Hurewicz W, On
the concept of fibre space, Proc. Nat. Acad. Sci. USA, 41 (1955), 956—961. Apy-
roe [0Ka3areJbCTBO MOXKHO Halth B craTbe: Huebsch W, On the covering ho-
motopy theorem, Ann. Math., 61 (1955), 555-—563. OGoGuieHHs U HEKOTOpLIe CMeX-
HBle BOMpPOCH paccMarpuBaloTca B cratbe: Dold A, Partitions of unity in the
theory of fibrations, Ann. Math., 78 (1963), 223—255.

?) HakpoiBaiomas ¢yukuusa spasercss oGoCmeHHeM NOHATHA CBASHOCTH B AHG-
tepennnanbioll reomeTpud. CBASHOCTb — 3TO M0 CYWIECTBY CIELHAbHBIA BHJ HAKpPbl-
Baiomell QYHKUHMH B KacaTelbHOM Tyuke T{M) muddepennnpyemoro MEOroo6pasus. —
Ipun. peo.
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= f'(e,w)= e u poF’ = F. Orobpaxenue F’ ompepensier HaKphiBaio-
myro QyHKOHIO A JAJad  NpoeKUMH p 1o  ¢opmyae Ae, o) (f) =
= F'((e, 0),1).

O6parHo, ecnn A — HakpuBalomas GYHKUUS I p, a 0TOOpaxke-
Hus f'* X—>E u F: X X I— B rakose, uto F(x,0)= pf’ (x), 10 onpe- °
HdenuM ortoGpaxenue g: X — BI pasenctBoM g(x) (¢) = F(x,t). Cyuue-
cTByer  Takoe orobpaxenune Ft X XI—E, uto F(x )=
= A(f’(x), g(x)) (f). TTockoampky F/(x,0)= f'(x) u po F' = F, oto6pa-
JKeHHe p obGaanaer CBOACTBOM HakpbiBalomeHd roMotonuu. M

[Tycts 3amano oro6paxenue p: E— B, u nycts W — noaMHoxe-
cTBO npocrpaHcrBa BI. Omnpegenum npocrpancrso W dopwmyiaoi

W={e 0 ) =EXWXI|o(s)=ple)

Pacuwupennoll Haxpoisaowed @ynrkyueid Hag W HasbiBaeTcs Takoe
oroOpaxeHHe

A: W—E/,

uro p(A(e, o, 8)(f)) = o(f) u A(e, ®,5) (s) = e. Takum o6pasowm, pac-
WHpeHHAas HakpbiBaomas (QyHKUHA — 3T0 OToOparKeHHe, HaKpbLIBalo-
mee NyTH TaKUMH MOYTAMH, KOTOpDble HPOXOAST 4epe3 NaHHYIO TOUKY
npocTpaHcTBa £ npH 3aZaHHOM 3HAuyeHHH NapaMerpa. EcrectBeHHO
HaZesiTbCA, UTO HUMEETCH CJAEeAYIOUAas CBS3b MEXKAY CYLIeCTBOBAHHEM
HaKpHBAOWHUX QYHKUMH H paclIMPeHHLIX HAKPBIBAIOMUX (QyHKIIHH:

9. Jlemma. Orobpascenue p: E— B Toeda u roasko toeda obaa-
daer Harpuisarouwel Qynkryueli, Koeda CYwecT8YeT paclUUpPeHHAs Ha-
Kposarowasn gynryua Haod BL.

HokasarteabcTBo. LEcau A-—pacmupedHasi HakKpbBamomas
¢dbyukuus Hax BY, To HakpbiBalomasd GYHKIUA A OTOOPAKEHUA p ornpe-
HensieTcsl paBeHCTBOM A(e, o) = Afe, , 0).

Hokaxem obpatHoe yrBepxkiAendHe. Bo3pMeM HEKOTOPBHIH NYTh ®
B B u onpejenuM NyTH os 4 ©° B B paBeHcTBaMHU

o(s—1), 0 s,
"’S(t)={m(0), s<t<l,
ms(t)={m(s+t), 0t —s5,

o (1), l—s<CfLI.

CootsercTtBist (0, S)—> 0 ¥ (w, §) > ©° ONpeAeNsiOT HenpepLIBHLIE
orobpaxenusi B! X [I-—B!. 3apaB  HakphBawoUyl0 (DYHKIHIO
A B— E! oTo6GpaKenus p, OnpeleHM DacLIMpeHHYI0O HAKPBIBAIOULYIO
¢dyHkuHIO A Hal BY paBeHCTBOM

Ale, o) (s—1), 0<TEs,

Ale, o, S)(t)={ Ae, o) (t—s), s<t<l. m



§ 7. PACCJIOEHHHIE [TPOCTPAHCTBA 125

OCHOBHBIM 1IAarOM B J0Ka3aTeJbCTBE TOTO, UTO JIOKaJbHOE paccioe-
HHe sIBJSIeTCH paccjoeHueM, OYIeT CK/eHBaHHe PaCIIHPEHHHIX HaKpbi-
Bawouux (yHKUUA HAg pPasJAHUHBIMH OTKPBITBIME MOAMHOXKECTBAMH
npoctpancrsa BI. Jlns 3T0TO HaM NOHAJLOOUTCH emle OJHO IOHATHE,
IMoxpeitue {W} mpocrpanctBa X HaA3BIBACTCA HYyMepupyembvim, €CIu
OHO JIOKaJbHO KOHEUHO U ecad Ajast Kaxzgoro W cymecTByer takas
dyukuus fy: X —[0, 1], uro W = {x = X|fw(x) =+ 0}.

10, Jlemma. [ycro p: E— B — nexkoropoe orobpasncenue. Ecau ume-
erca Hymepupyemoe noxpoitue {W;} npocrpancrea BT, rakoe, 4ro 0as
Kaucdoeo | cytiyecT8yer pactiupennan nakpoisarowan gynkyua nad Wi,
TO CYWECTBYET HAKPHIBAOWAA PYHKYUSL 0TOBPANCeHUs p.

HokaszatreanctBo. Ilyers J = {j} — MHOXKECTBO HHIEKCOB, H
nycrb AJs1 Kaxporo je&J oroGpaxenue f;: BI— ] Takoso, uTO
W; = {o = B!|}i(0)# 0}). JIaa moboro noaMHoxectBa o < J noJo-
xuM W= |J W,. Onpegenum ¢ynkuuio fo: B! — R paBencrsoM

jea

fa(m)zjga f] (m)

(mockoabky mokpuiTHe {W;} JIOKaJbHO KOHEUHO, 3Ta CyMMa KOHEYHa,

u, snauut, GyHKuus f, #enpepnieHa). CjenoBaTenbHO, ecau © = B,
10 fo(0) =0 u
W,={o=B!|f,(w) = 0}.

Mosoxum B, ={(e, o) =Blos W,).

PaccMoTpuM MHOXKeCTBO nap (o, Ay), Tae a = J, a Ag: Ea—>E’ —
HakphiBaomas Gy HKNA Han By [T. e. A4 (e, ) (0)=e u ph, (e, ©)(t) =0 (#)].
OrnipenesuM YacTHYHOE YHOPSIOUCHHE < HA 3TOM MHOXKECTBE, CUHTas,
yro (o, Ka)g(ﬁ,j»ﬁ), ecin o B, u Agle, m)=x6(e, ®) BCAKHH pas,
korga (e, @) =B, u [, (0) =g (0) (TaruM o6pasowm, ecau (e, ®) € B,
u Ag (e, ®) 7= Ay (e, ®), T0 © € W; npu HeKoTOpoM jE B — a).

Hokaxem, 4TO Kaxgoe JHHeHHO YHOPSALOYEHHOE MOAMHOYKECTBO
{(@r Ag,)} mmeer Bepxmiolo rpamb. [lodoxum f=o; Onpeneanm
otrofpaxeHue hg: Eﬁ—>E’ TaKHM 00pasoM, uToGH (o, Ae,) (B, Ap)
aas Bcex i. Ilyets U — OTKpPHITOE TOAMHOMXKECTBO MHOXKECTBA Wﬁ,
nepecexalouleecs JHIb ¢ KOHEYHBIM 4uCJoM MHoxecTB W; (tne j & p),
ckaxeM ¢ MHoxkectBamH W;, ..., W; (Wp Moxer ObTb MNOKpBITO

TaKHMH MHOXXecTBaMu U). BribepeM i Tak, UToObI BCe HHAEKCHI fi, . . ., j,
IpHHAAJEeXKaJd MHOKECTBY o;. Torna Ipua;d, NoJyyaem fai|U=faklU-

MockoIBKY (a4, A, )<(a4, Agy), OTCIONA BHITEKAET, UTO Ay, (€, ®)=A,4, (e, @)
npu (e, ©) EB,, (0 €U). CreposaTenbHo, CyliecTByeT TakKoe OTO-
Gpaxenne Ay By — E', uto Ay (e, ) = Ag, (e, ®) ansa nocrarouo Gosib-
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woro «;. [TokaxeMm Temepb, uto (a, Ay) <K(B, Ag). Ecan (e, m)EB_ai
1 Aq, (e, ®) 5= 4y (e, ®), TO CYIIECTBYET TaKOe ag, YTO (&, Aq,) < (o, Aay)
H Mg, (e, ®) 7= Ay, (e, ®). 3naunt, © & W; nNpu HEKOTOPOM | € oy, — .
Orciona BHTEKaeT, 4To ® € W; npu HEKOTOpOM j & B —a;, H, CJefo-
BaTeabHO, (0, A ) <K (B, Ag)-

CymiecTBoBanie MaKCHMa/JbHOTO 3JeMeHTa (o, A,) B HallleM ynops-
IOUEBHOM MHOXKeCTBe BhlTeKaeT H3 JeMmbl Llopna. Ias 3aBepmenus
70Ka3aTeJbCTBA HAM OCTaJ0Ch JHIIb NT0KasaTh, YTo o =J. Ecan a5/,
10 nycTh ju=J —au p=al{j). Onpenenum orobpaxkenne g: W;—R
papencTBom g(0) = fo (©)/f, (). Torna 0< g (0) <1, g (0) % 0S 0 = W,

u glo)+# 1S e0e W, Onpeneaum orobpaxenne p: By, —> E pasen-

CTBOM
Ao (e, ©)(g(0)), g(0)70,

ne, m):{ e, g (0)=0.

Oto6paxenue p HenpepuBHO. [Tyeth A — paciiupeHHas HaKpblBalowas
¢ynxuus sag W;. Onpeneaum orobpaxkenue Ag: Bg— E7 dopmyaoit

t—{ Ay (e, ®) (9), 0<i<<gw), gw)=*=0,
B OAD= A, o), 0, g@) ), g<t<l, glo)=1.

B rakoM cayuae Ay — KOPPEKTHO Onpefe/eHHasi HaKphiBaiomas GyHK-
nusi Han muoxectsom W,. Boaee toro, ecan Aq(e, ©) # Ay (e, @), TO

g (0)5= 1 to=W;,. TTocKOMBKY jo&B — o, 3TO 3HAUMT, UTO (0, Ay) < (B, Ag),
BOINPEKH MPENNOJIOKEHHIO O MAKCHMAaAbHOCTH Maphl (o, A,). W

B cayuae korga p o6aajlaetT cBORCTBOM €JHHCTBEHHOCTH HAKPBLIBAIO-
HIeTo MyTH, JeMMa 10 BLIMOMHACTCA A5 BCAKOTO OTKPBITOTO HOKDPHITHS
{W} npocrpanctsa B!, Takoro, 4To A/ KaXJ0Tro j CyLIeCTBYeT HAKphI-
patomas pyuxunsa Hag W; (160 B cusly €AHHCTBEHHOCTH HAKPHIBAIOLIUX
myTell MOXKHO CKJeHBAaTh paclIMpeHHble HaKphiBalouiue QyHKUHH B Ha-
KphiBalolyic GyHKIHI0 oTOGpakenus p). DT0 yKe ObLIO HCNOAL30BAHO
Ipu J0Ka3aTeabCTBE TEOPEMbl O TOM, YTO BCSKOE HAaKpBIBAIOLIEE OTO-
GpakeHne SIBJseTCs paccioeHHeM (Teopema 2.2.3), Koropas chpasel-
JAuBa 0e3 BCAKHX OrpanuueHHd Ha Oasy.

11, Jlemma. [Hycre orobpascenue p. E—>B u nodmuosxecrsa
Uy, ..., Up apoctpancraa B Taxosol, 4TO cyecT8yror pacuiuperrsle

1 7
Hakpolsarouue Gyurkyuu Had Ui, ..., Ug. [ycre W — nodmnose-
cT80 npocrpancrea B, onpedesennoe ycaosuamu

W={meBI|m([%,L,;])cui, i=1, ..., k}.

Toeda cywecrsyer pacuiupennas naxpoisarowas gyrnkyus Had W,
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HoxaszareabctBo. IlycTs A; —pacliupentHass HakpHBalolas
¢yrkuns Hag Ui (i =1, ..., k). laa sagannoro nytn o & W nyctb
©; — IyTb, coBnaaawmuil ¢ o Ha [(i—1)/k, i/k] u cBoasimuiicss K mO-
crosiHHOMy nyTtH Ha uurepBanax [0, (i — 1)/k] u [i/k, 1]. Bo3bMeMm aire-
MeHT (e, ,s)e W, aas koroporo (n—1)/k<s< nfk, u onperenum
touku e; = E (i=1, ..., k) 00 HHAYKIHH PaBeHCTBAMH

eumi = A e, 0 9) (257,

en = Aule, 0 9) (),

ei—l=Ai—1(3i, W1, %) (L—';—l—>, 0<i<n—1,

€i+1=Ai+1(€i: O 15 %) (ﬁ%), n<i+ 1<k

Pacwupennasi HakpblBalomasa ¢yaxkuus A Hag W onpepeasiercss mo
dopmyae

Afe, 0, 9) ()= A, [er, 0, S (), SIS

A

k k?

Tenepb Mbl IOATOTOBJEHBI K [J0Ka3aTeJbCTBY OCHOBHOT'O pe3yJbTaTta
O nepexoae OT JOKaJbHbIX paCCJ’IOQHHf/,I K pacCC/lOCHHSM.

12, Teopema. Ecau orobpascenue p: E— B u nymepupyemoe no-
kpoirue U npocrpancréa B raxosel, uro p|p'(U): p~'(U)~> U ecro
paccaoerue daa gcakoeo U9, 10 p — paccaoerue.

Hokasareabcrso. [lyers @4 ={U;}. Jlasa BcAKOTO MHOXKe-

CTBA HHIEKCOB i, ..., i (E2*1) onpesenuM MOAMHOXKECTBO Wi, g
npoctpancTtsa B ycaoBuaMu
i-1 i .
Wj1]2...]k={(1)EBl ‘m([ rt —k;])c U,i, i=1, ..., k}.

Slcuo, uro cosokynuoctb (W ;... 5,} (R MeHsieTcst) npeacTaB/sieT co-
0Ol OTKpBITOE NOKpPHLITHE TnpoctpaHctBa Bl Kaxjgoe MHOXKeCTBO
Wi, ... 1, 0Onanaer pacuupeHHOl HAaKPbIBAlOULed QyHKUHEH COracHO
aemme 11. Tlpn ¢dukcupoBantom £ moxpuitve {Wy g, ... 1,) JOKa/ibHO
kKoHeuHo. JlelcTBHTENbHO, eclt o € BT, To aas Kaxgoroi=1, ..., k
CYWeCTBYeT OKpecTHocTh V; mHoxectBa o[(i— 1)/&, i/k], nepecekaio-
masicl  JHIIb € KOHeYHHIM  uucaoM  MHoxecrB U,  Toraa
N (G@—1)/k, ilk], V;) saBasiercsi OKPECTHOCTbIO NMYTH ® H Mepe-
I<i<t
CeKaeTcd TOMbKO C KOHEUHHIM 4MCIOM MHOXKeCTB Wi ...j,. s
KaxAoro j nycre f;; B — I~ senpepblBHOe oToGpakeHHe, TAKoe, UTO

4
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[i(b) # 0 roraa u Tospko Toraa, xoraa b < U; Onpenenum ¢yHKiuIo

. 7
. .1 Bl—>
f]lj2 g B'—1 paBeHcTBOM

i—1

7,1,2.,,,k(m)=inf{fj'i(m(t))] i<t =, ., k}.

CJ/en10BaTeJbHO, 7” ]k(m)qéo TOrla W TOJALKO TOTAA, KOTJa
y e

mEW].ljz_“].k.
K coxanenuio, cookynHocts (W .5} (ans Bcex k) He sg-

Js1eTCsl JIOKAJbHO KOHEYHLIM IOKPBITHEM, HHAue Mbl 3aKOHUHAU Obl
JOKa3aTeNbCTBO € MOMOWIbIO JeMMbl 10, Jrta TpyAHOCThL npeopoJe-
Baercst u3MenenueMm Muoxects W g ... ;. Ilockonsky aasi gukcupo-

BaHHOTO M COBOKYyNHOCTH {W; ; ... k < m) saABaAETCS JOKAJIbHO
]1}2 fk

KOHeUYHOH, cymMMa (GYHKIHH f” iy (k< m) npencrasasier coGoit
e

HelpepbiBHYI0 [elCTBUTe/bHYI0 (GyHKIUIO g, Ha Bl Tlomoxum no
onpeneneHuo

f;,ig = inf (sup (0, fjliz - mgm>, 1). ‘

=l B, L (0 0)
$lcHo, uto W;l,-z_,,,-mc: Wiy, CJenoBaTelbHO, CYILIECTBYET pac-
IUpeHHad HakpoBawomasd (yHKUHs Hapm W;I,-Q .. 1, Hasi saBepuenus
I0Ka3aTe/]bCcTBa, COrJacHo JeMMe 10, nOCTaTOYHO MNPOBEPHTH, 4YTO
COBOKYTIHOCTb {W;Ijz...jk} (c mepemeHHBIM k) sBJsieTcsl JIOKAJbHO

KOHEUHEIM NOKPHITHeM npoctpaHcTsa B,
Ecin o = B!, 10 nyctb m — HauMeHblliee neaoe YHCI0, TakKoe,

4YTO ]“—!.1].2_”]."1 (@) %= 0 pas HekoToporo Habopa ji, jg +.., i, Toraa
gn(@)=0 i

Im

Torma f}, .., +B'—1I;nycts W7,
I1lg m g

Pigyor, @=F, ; (@)70.

4 14
CaepoBarenbHo, ® & Wy j, ... 4, , OTKYAa NOJTyYaeM, 4To (Wi, ... ) ™
MOKpBITHE NpocTpaHcTBa B/, Jina nokasaTeslbCTBa JOKaAbHOH KoHeu-
HocTH BeIGepeM N TakuM obpasom, uto6ul N >m u fm ; (0)>1/N.
.
Torga gy (@)>1/N u Ngy(0)> 1. CaenoBaresisno, Ngy (@) >1 aas
Bcex nyredl ©, NMpHHAAJEXKAUIUX HEKOTOPOH OKpecTHOCTH V nyTh .
Orcioga caegyer, uTo Bce (QYHKIHH f;] ey (k>=N) o6pauaorca
172
B Hyaep Ha V. Ho 370 03HauaeT, 4TO COOTBETCTBYIOLLEE MHOMKECTBO
4 4
Wi, ... 1, He nepecekaerca c V. ITockoabky COBOK}/HHOCT/b {lej2 o 1g)
npn k<N JokaibHO KOHeUHa, TO M coBokymuocts (W ;. ... ;) (Aas
BCeX k) TakxKe JOKaJbHO KOHEYHa, W
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Tor ¢akt, uro na000e OTKPBHITOE MNOKpPbLITHE NapakKOMMNAKTHOTO
xaycaopdosa npocrpancrsa objagaer HyMepHPpyeMbIM H3MeJbUyeHHEM,
NPHBOAMT K cjeldylollell TeopeMe:

13. Teopema. Ecau B — napaxomnaxtroe xaycdopgoso npocrpan-
cT80, TO OTOGpaxcenue p: E—»B Toeda u toavko TO20a A8AnETCA
paccioertem, K020a OHO ABASETCA AOKAAbHbLIM paccioeruesr. B

HPOGKHHH, CBA34aHHAA C pPACCJOCHHBLIM MNDOCTPAHCTBOM, ABJAAETCA
paccaoeHHeM. Orciona MHl noJjiyuaeM Takoe CJeACTBHE!

14. Caencrsue. Ecau (E, B, F, p)— paccaoennoe npocTpaucrso,
6asa B koropoeo napaxomnaxtHa u xaycdopgosa, 10 p— paccaoe-
Hue. W

§ 8. Paccaoenus

3rtor naparpad mnocBsillleH o6lUieMy pacCMOTPEHHIO DPacCAOeHHH.
Mbl ycTaHOBHM CBSI3b MEKIY KOPacCCJOEHHSIMH M PACCJAOEHHSIMH, YTO
MO3BOJIMT CTPOUTH PACCAOEHHS] H3 KOPACCJO€HWH NpPH MOMOIH (YHK-
LHOHAAbHBIX MPOCTPAHCTB. Mbl TakKe AOKaMKeM, UTO MPOHU3BOJBHOE
orobpaKeHHe 5KBHBAJIECHTHO C TOUHOCTbIO A0 TOMOTONMHH HEKOTOPOMY
paccioenuio (3ToT hakT ABOHCTBEH COOTBETCTBYIOHIEMY pe3y/abTaTy
J7Ist KopaccyoeHuil). Kpome Toro, afech BBOASTCA NOHATHS NMOCJAOHHOTO
rOMOTONHYECKOTO THIOA H HHAYUHPOBAHHOTO pAaCCNIOEHH W A0Ka3Hl-
BA€TCs, YTO IOMOTOMHbIE OTOOpaxKeHus HHAYULHUPYIOT MOCAOHHO roMo-
TOMHUYECKH SKBHBAJEHTHbIE pacc/loeHus.

Haunem ¢ anagnora teopemb 2.7.8 nas kopaccsaoeHuit. Ilyers 3a-
nano orobpaxenne f: X' — X, 1 nyctb X — GakTOpnpoOCTPAHCTBO CyM-
Mbl (X7 X [)V (X X 0), mnoayuyeHHOe  OTOXK/JIECTBJEHHEM  TOUYKH
(x',0)e X’ X I ¢ toukoit (f{(x'),0)= X X 0 nas scex v’ = X’. Uepes
[x', f] ¥ [x, 0] MBl o603HAauaeM TOYKH NMPOCTPAHCTBA X, COOTBETCTBYIO-
mue ToukaM (x',t)e X' X 1 u (x,0)= X X 0. Cinegosatensho, [x/, 0]=
= [f(x"), 0]. Onpenenunm orobpaxKenue

it X—>X X,
nosaras _
i[x, t1=(F &), b, yreXx, tel,
ilx, 0]==(x, 0), x =X,
Perpaeupyrowun orobpaxtenuem nist [ HaspiBaeTcss oTobpaxeHue
p: X X ]—»X,

siBJslolleecs JdeBbIM OOpaTHbIM K . B cayuae korfga f— BioxeHHe,
[ TAaKxKe sBJSETCS BJOXKEHHEM, W peTparupyiouiee otobpaxenne aasf
npexcrasjsier cobofi perpakunio X X [ na noanpocrpancrBo X’ X U
Uxxo.
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1. Teopema. Orobpamenue f: X' > X 1020a u toa6K0 TO20Q A8Af-
erca KopaccaoeHuem, K020a 0Af He20 CYwecTsyer perpazupyrouiee
orcOpancerue ).

HoxasareascTBo. Ilyets f — xopaccioenne, a g: X > X
G: X' X I — X — orobpaxenus, onpeaenseMble paBeHCTBaMH g (X) =
=[x,0lu G(x', )= [«, {]. Tak kak

G (', 0) =[x, 0] =[f (x"), 0] = gf (x'),

TO M3 TOrO, 4YTO [ -— KODAcCC/JOCHHE, BbITEKAeT CYILIeCTBOBAHHE TaKOrO
oro6paxenus p: X X [ > X, uto p(x,0)=g(x) u p(f(x"), )= G (¥, 1).
310 oTobpaxKeHHe p W €CTb HCKOMOe perparupyioulee 0ToOparkeHHE
aas f.

O6parno, aJst 3agzanHpix oToOpaxenufl g: X—Y u G: X'XI—Y,
takuX, uro G(x’,0) = gf(x’) npu x’ = X’, onpenenum orobpakeHue

G: XY
paBeHcrBaMu G[x', 1] =G(x',t) u G[x,0] = g(x). Ecan p: XXI—X—
perparupylomee orobpakeHHe Aas [, To orobpaxeHue F = G op:

X X1—Y o6ramaer cBoiictBaMu F(x,0)=g(x) u F(f(x),{)=
= G (x', 1), oTKY1a BUAHO, UTO [-— KopaccjoenHe. W

CkasanHoe NPHBOAHT K CJEAYIOHIeMY MOCTPOEHHIO PacC/oeHHH H3
Kopacc/oeHHH:

2. Teopema. [ycre [: X' — X — kopaccaoenue, ede X' u X — a0-
KQAbHO KOMNAKTHble XAycdopdosst npocTpancrsa, U nycre Y — npous-
804bHOe npocTpanctso. Toeda orobparenue p: YX — YX'| zadasaemoe
pasencreom p{g) = g.of, Asaserca paccaoeruen.

NoxaszarteasbcrtBo. Ilyere p: X X [ — X — perparupyouiee
otobpaxkenue aasg | (xoropoe cyiiecrsyer corjacHo teopeMe 1). To-
raa p omnpenensieT otobpaxeHue

o YX > yXxI
Taxoe, uto o’ (g) = gop ana g: X - Y. Tlockoabky X’ u X — Jl0Ka/IbHO
KOMIAaKTHble XaycnopdoBel MPOCTPAHCTBA, MPOCTPAHCTBO X TOXKE 06-

JAagaer 3TMMHu cBoficTBamu. [losTomy j3 teopemsl 2.9 BBejeHHA BbiTe-
Kaer, uto YXXI =~ (YX)! pn

YX ~ {(g, G) = YX X (YX) |gof =G (0)).

CaepoBaresbho, p’ COOTBETCTBYET NIPHU 3TOM H30MOpGU3Me HAKpHIBalO-
meft yHKUMH 414 oroGpaxkenua p: YX— Y&, u, 3agauut, no reopeme
2.7.8, p aBaserca paccioeHHeM. W

) Cp. ynpaxuenne 1.E.3. — [Tpun. nepes.
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3. Caencreue. [as 8caxoeo npocrpancrsa Y orobpascernue p: Y1 —
> Y X Y, sadasaemoe pasencrgom p(w) = (o(0), ®(1)), ¢de w: [ >Y,
ABASETCSA PACCAOCHUEM.

HokasareabcrtBo. [lockoabky noanpocrpanctso /X1 U I1X0
ecTb perpakT NpocrpaHcTtBa / X I, BJIOKeHHe [ =1 sBasercs Kopac-
cioenreM (MM, UTO 3KBHBAJEHTHO, mapa (I, i) obaamgaer cBOHCTBOM
NpOoA0JXKeHUs] TOMOTONNH OTHOCHTE/IbHO Jio6oro npocrpancrea). Hyx-
HBIl HaM pe3yJbTaT NOJyvaercst Tenepb U3 TeopeMbl 2 i Toro daxra,

4to otobpaxenue g—>(g(0), g(1)), rne g: I > Y, sBasiercs romeo-
Mopduamom npocrpancrea Y/ Ha Y X Y. m

[Tycers f: B'—B n p: £ — B-—Hekotopbie 0TO6pax)CHHsA, U MYCTb
E’ —noamHOKecTBO npocTtpanctsa B’ X E, onpeneneHHOe yCA0BHEM

E'={(b',e)e B" X E|f (b")=p(e)}.

[pocrpancteo E’ nasbiBaeTcss paccAOeHHoiMm npoussedexues Tpo-
crpancrs B” u E (GoJiee TOWHO — pacc/IOEHHbIM NPOU3BEIEHHEM OTO-
Gpaxenut f 1 p; cp. § 2.2). 3aMeTuM, YTO CYLIECTBYIOT O0ToOpaKeHHUs
p’: E’—B u f: £’ —>E, onpegensiemble paBencrtsamu p’(b’,e)=0b" n
[/ (b’, e) = e. ITpoctpancteo E’ n oro6paxenuss p’ u f° MOKHO oxapak-
TepHU30BaTh Kak Npou3BeneHue ortobpaxenuil f: B'—B u p. E—~B
B KaTeroplH, oObLeKTbl KOTOPOH NpencraBisioT coGofl HemnpepblBHble
orofpakeHus ¢ o0jgacTblo 3HaueHUH B, a MopdH3Mbl — KOMMYTATHB-
Hble JHATpaMMbl

Xl—h—>X2

AN /

g'\l l/g’
B

JIlerko npoBepuTb CaeaylolIue CBOACTRA:

4. Ecau p uHweKTuBHO (UAU COPTBEKTUBHO), TO Takum e Gy-
derup’. 1

5. Ecau p: B X F > B—rtpusuaasvnoe paccaroenue, to p': E' > B’
IKBUBANCHTHO TPUBUAABHOMY paccioenuto B’ X F—>B. m

6. Ecau p— paccaoerue (€O C8IUCTBOM EOUHCTEEHHOCTU HAKPbL-
saroujeco nyru), To Takum oce 6yder u p’. A

7. Ecau p — paccaoenue, 10 | 1020a u TOAbKO T020a MONCHO NOO-
nare 8 E, koeda p’ donyckaer cederue. M

3aMeTHM, HTO, TOCKOJbKY pacclIoeHHOe INPOH3BeleHUE CHMMeT-
pHuHO OTHOCHTeNbHO B m E (TOuHee, OTHOCHTeNbHO [ H p), MOMKHO
copMyJHpPOBATL aHAJOTHYHbIE YTBep:KJeHHS, 3aMeHMB p H p’ Ha
$ 4
uf.
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Ecan p: E — B — paccioenne (M1 HakpbiBamouiee 0TOGpaxeHue),
a f: B’— B —npousBoabHoe oT0GpaKeHHe, TO H3 cBoficrBa 6 (uau
cBofictBa 5) BbiTekaer, uro p’: E'-— B’ —pacciaoedne (MaIH H2KpbI-
Bamwllee orobpaxeHne). B TakoMm cayuae oHO HasplBaercs paccaoe-
Huem, uHoyyuposanuoim oTobpasceruem [ w3 p (WIH HAKPOHIEAIOULUM
oTobpantenuem, UHOyyuposarHHoim OoTobGpasceruesr [ us p). Ecan
£ = (L, B, F, p) —paccaoeHHoe npocrpancrse, a f: B’ — B -— Hekoro-
poe ortofpaxkeHne, TO H3 CBoHCcrBa D BulTekaer, uro (E', B, F,p’) —
paccnoeHHOe npocrpaHctBo. OHO Ha3BIBACTCH PACCAOEHHLIM RPOCTPAH-
CT8OM, uHOyyuposarHoism orobpasicenues | w3 E, u oBoanayaercs f*E.
Ecau i1 B’ B —Baoxenne, To uepes E|B’ Mbl o0603Hauaem pac-
CJIOeHHOe Tpou3BenenHe npoctpaHcts B’ uw E. Ecnu & — pacceaoennoe
npocTpaHcTso ¢ 6asoit B, To ueped E|B’ mMbi 0603HAUAEM pACCIOEHHOE
MPOCTPAHCTBO Had B’, HHAYUHPOBAHHOE BJIOKeHHeM [. 3aMeTHM, uTO
£| B’ »xBHBaJEHTHO pacca0enHoMy Tmpoctpanctsy (p~'(B’), B’, F,

plp='(B’)).

8. Caencreue. [Tycte 3adaxst npocrparcrso Y u touka yo=Y.
Iycte orobpasicenue p: P(Y, yo) = Y crasur 8 coorsercraue Kandomy
nYTU ¢ HA4a1o0M Yo eeo Korey. Tozda p — paccaoerte, caoem KOTOPO2O
HQO TOUKOU Yo ABAHAETCS NPOCTPAHCTBO netesv QY.

Hokxasateabcrso. [lycts orobpaxenue f: V— Y X Y ompe-
1eseHo paBeHcTBOM [(¥) = (yo, ¥), n nyctb p: Y1 —Y X Y — paccaoe-
HHe, ONpeldeseHHoe B cieAcTBuM 3. Paccioende, HHAYUHPOBaHHOE
oro6paenueMm f, IKkBHBaJeHTHO orobpaxenuio p: P(Y, yo)— Y, rume
p(w)=o(l). Ero croli p~!(yo) HAL TOUKOH Yy €CTh MO ONpPeEAeIEHHUIO
IMPOCTPAHCTBO lleTedb QY. W

Mz ciencrsus 3 BuITeKaeT, 4To orobpaxkenne p”: YI —Y, onpejne-

aennoe yciosueM p’(0)= o (0) [uau p’(w)=o(l)], asaserca pac-
cjoeHneM, H60 OHO ecTb KOMMO3MUHUS paccaoeHHi YT >Y X Y Y.
Ecnv p: E - B — Hekoropoe oroGpaxenne, a p’: BI - B — paccroe-
Hye, onpenesdseMoe paseHcTBOM p’(w) = o(0), To paccnoennoe upo-
H3BegeHHe npocTpaHcTe £ u B! xak pas sBafercss NPOCTPAHCTBOM
B, HCIOJIb30BAHHBIM [IPH ONpEeLeJeHHH HAKpbIBalomed (YHKUHH OTO-
Opaxkenus p.

DTH 3aMeyaHus O PACCJOEHHBIX NPOU3BEICHUSAX U HHAYUHPOBAHHBIX
paccloeHUsX HMEIOT aHaJOrH IJs KopaccioeHuit. Eciu 3agaibl orto-
opaxenust fi: X —=X; n for X — Xy, 10 KOpaccaroennoii cymmoi npo-
crpanctB X; H X, HaspiBaeTcs (HakTopNpoCTPaHCTBO X’ MpocTpaHCTBa
X1V X,, NoJyueHHOe OTOXKAECTBIeHHeM ToueK fi(x) H f2(x) 1as Beex
x = X. Onpenenennl oro6paxenusa ii: X; — X" u ip: X, > X', Koropble
xapakTepuayioT X’ kak cymMMmy oroGpaxeHHH f; u f; B KaTeropuu,
00bEKTaMH KOTOpOH SIBJSIIOTCH OTOGPAaXKeHHs1 ¢ 06JIaCThio OTpesele-
HHS X, a MOp(hH3MaMU — COOTBETCTBYIOIIHE KOMMYTATHBHbIE qHArpaM-
mul. Ecam fii X — X, —kopaccinoenne, TO Takum ke OygeT u
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is: Xo— X’. Ono HasblBaeTCsi Kopaccioenuem, UHOYYUPOBAHIBIM
orobpasicenuen [ u3 [

Orobpaxenne hy: X'— X' X I, onpenenseMoe CoOTHOLIEHHEM
ho(x') = (x/,0), saABasgercad KopaccloeHHeM mJa Jao06oro NpocTpaH-
ctBa X’. Ecam f: X’ — X — npousBosbHOe oroGpaxeHne, TO Kopac-
cioeHnast cymma X' X [ u X saBasdercs kak pa3 HpPOCTPAHCTBOM X,
HCMOMb30BAHHBIM [PH ONpeLeeHHH pPeTpParupyomero otobpakeHus
aas f.

Ilycts  p: E > B — Hekotopoe  paccaoenne. OrobpaKeHus
fo,f1: X > E HuasbBawTcsi NOCACLHHO 20MoTOonHbiMu (0603HAUAETCS
fo_? 1), ecjid cyllecTByer takad romoronus F: fo==f,, uto pF(x, t)=

= pfo(x) mugs x= X u t< 1. B stom cayuae pofo = pof;. [Mocaoiinas
FOMOTOMHUSA ONpeJessieT OTHOWIEHHE 3KBHBAJEHTHOCTH HA MHOMKECTBE
oroBpaxenuii X — E. CoOoTBeTCTBYIOLIEE MHOXKECTBO KJIaCCOB HKBHBA-
JeHTHOCTH oOo3Hauaercs uepe3 [X; E],. Ecin 3agano oroGpaxkenue
[: X —E, 1o uepes [f], oGo3Hauaercss ero kJacc MOCJIOHHOH TOMOTO-
nuy. [loHaTHe MOCJOHHOH rOMOTONHU ABOUCTBEHHO MOHSTHIO OTHOCH-
TeJbHONH TOMOTOIHH.

Tenepp Mbl BOCNOAb3yeMcH HHAYUHMPOBAHHBIMU PACCIOEHUSIMH AJIs
JA0KA3aTeIbCTBA TOT'O, yTO J1060e 0ToOpakeHue SBJAsSIETCS PACCAOEHHEM
C TOYHOCTbHIO 10 FOMOTOMHUECKOH 3KkBUBaJseHTHocTd. [lyers @ X — ¥V —
HeKoTopoe orobpaxkenue, a p’: YI— Y — paccioenue, onpenesnsiemoe
pasencrsoM p’ (o) = w(0). Ilycts p: P; > X — pacciioenne, MHAYLH-
poBaHnoe orobpaxenneM [ u3 p’. OHO Ha3EIBAeTCH paccaoeHuem ny-
reti otobpascenuss f. DTo NOHATHE NBOHCTBEHHO MNOHATHIO UWHJIHHAPA
orobpaxenusi. Paccioenne p umeer ceuenue s: X — Py, onpegnesnse-
moe dopmynoil S(x) = (¥, 05x)), TAE ©Ofx)— NOCTOSHHBIA NyTh B Y
B touke f(x). CymecrByer takxke oroGpaxenue p”: P;— Y, onpene-
asemoe pasencrsoM p”(x,®) = w(l). HMmeer Mecro Teopema, ABOIi-
crBeHHas teopeme 1.4.12.

9. Teopema. [lycrs 3adano orobpascenue f: X - Y. Toeda cywe-
cT8YeT KOMMYTATUBHAA Ouazpamma

N /
N
Y

rakas, 4ro
(a) lp;=s°p;
(b) p” ssasercs paccioerue.

NMoxkasaarteabcTBO. Juarpamma KOMMyTaTHBHa COLJIaCHO
ONpeneNeHHI0 HCMOMb30BAHHbLIX B Hell 0TOGpaKeHui.

(a) Onpegeaum  ortobpaxenue F: Py X 1—P;  dopmymo#
F((x,0),1)=(x,01), tae o—()=0o((1—1£)¢t). Torna F sas-
JAsiercsl NOCJAOHHOH FOMOTOIHER OT lpf B0 Sop.
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(b) Mycrs otobpamenus g&: W—Psu G: W X [—Y takoBn, uto
G(w,0)=p"g(w), weW. Torga cyiuecTsyioT o0T0o6paxkeHus
g W—-Xug” W-YI rtakue, uto g”"(w)(0)=fg'(w) u g(w)=
= (g’ (w), 8" (w)), we W. OnpenennMm nogastie G’: W X [ -> Py
orobpaxenuss (@, HauyuHapIlleecs C OTOOpaKeHHS g, pPaBEHCTBOM
G'(w,t)=(g'(w),g(w,t)), rne §(w,t)e Y! 3anaerca cdopmynoi

5 ( t)(t,)*{g”(w)(Qf’/(Q—t)), oL L2—-1<<2, weW,
g\w, T Glw, 2 +1—2), 1<2-1<A <2, weW.

[Tockosbky p” obnagaer CBOHCTBOM HaKphIBawoUeH FOMOTONHH, OHU
ABJAAeTC paccaoeHdeM. W

Orciona cienyer, 4TO B KaTerOPHH I'OMOTOMNHUYECKHX THIIOB 0TOGpa-
XKeHHll ¢ o6nactbio sHauenuil Y paccioenue p”; P;— Y skBupasentuo
(npn nomomu otofGpaxeuuit s: X —P; u p: Py— X) nepsonauano-
HOMYy oTobpaxenuio f: X — Y. 3ameHsass [ 5KBUBaJeHTHbIM paccioe-
HHMEM, MBI TEM CaMbiM 3aMeHAeM X NpPOCTPAHCTBOM Py TOTO K€ roMo-
TOMHYeCKoro THNA, B To BpeMsa Kak B § 1.4 Mbl, 3ameHsis [ skBuBa-
JEHTHHIM KOpacc/AOeHHeM, 3aMeHsiiu Y MNPOCTPaHCTBOM Z; TOTO XKe
rOMOTOIHYECKOr0 THIIA.

Hsa paccnoeunsi p;: Ey— B u ps: E;— B HaswbiBawoTcs noCAOHHO
20MOTONUYECKU 3KEUBANEHTHOIMU (HIH PACCIOEHHAMH 0OHO20 U TO20
oce NOCAOUH020 20MOTONLYeCKO20 TUNQ), eClH CYHIeCTBYIOT 0TOGpa-
weuua [: E,—E; u g Es —» E|, Takde, uro gof%IE, U fog:p: g,

1 2
(npuueMm o6a orobpakeHHst [ H g COXPAHSIOT CJIOH B TOM CMBbICIE,
4yTo poof =p; U piog = pg). Kaxngoe u3 orobpaxennii f u g nasu-
BaeTCA NOCAOUHOU 20MOTONUYECKOU 3K8UBAAEHTHOCTH10. B ocrasiiefics
qacTH TOro naparpada Mbl OyAeM 3aHHMAaTbesl NOCIONHOA roMoronu-
UeCKOH 3KBHMBAJEHTHOCTDIO.

HauHem co cuemyioiero pesyJbTaTa, Kacalomerocs HOIHSATHS [o-
MOTOMHBIX OTOOpazKeHHH:

10. Teopema. [lycre p: E — B-— paccroenue, a Fy, Fi: X X -
— [ — Hexoropole orobpascenusn. Han scaxux eomoronuti H: pys Fy~=
>~poFyu G: FolX X 0~F|X X0, rakux, wto H(x,0,t) = pG(x, 0. 1).
cyujectgyer nodnarue H': X X I X I—E orobpaxenus H, asisto-
weecs eomoronueil or Fy do Fy u npodoascenuen orobpascerus G.

MoxkaszatenbcTBo. [yers A= ({IX0O)UOXNHUUIX)IXI
Onpepaenum orobpaxenue f: X X A — E paBencrsamu
fx, ¢, 0)=Fy(x,?),
f(x,0,6)=G(x,0,1),
f(x, t} I)=F1 (x> t)'
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Torna H|X X A = pof. ITockoabky cyulectByer romeomMopdusm [ X /
Ha cels1, nepeBonsinil A na [ X 0, MOXKHO NOCTPOHTL TOMeOMOp(dH3IM
X X I X[ na ce6s, nepesogsmuit X X A Ha X X [ X 0. Tax kak p
obJagaer CBOANCTBOM HAaKpHIBAlollle# TOMOTOINUH, CYHIECTBYET MNOJHSATHE
H: X X1 X [—E oro6paxenuss H, aas xoroporo H'|X X A =1f.m

Has nocrosmubix roMmoronuit H u G mosayuaeM Takoe CJ€LCTBHE:

11. Caeacrue. [lycre p: E — B —nexoropoe paccacenue, a
Fo, Fi: X X I > E —nodunarusa o0Ho2o u 1020 oce oToOpasenus, 1axue,
uro FolX X 0= F]X X 0. Toeda F, 7~F1 rel X X 0.m

[lyctb p: E— B — nekoTopoe paccioenne, a o [—B — nyTp
B ero Gase. [lockombky p oBranaer cBoficTBoM HakpoiBaioutel romo-
TOINHH, CyIIECTBYET oToGpaxeHHe F: p“(co(m) X { > E, nna xoto-
poro ,,F\x H=ow({l) n F(x,0)=x npu x=p~'(0(0)), =y [Tyctob
f: p~ (@ (0)) = p~'(0(1))—oToBpaskeHHe, ONpeneeHHOe DPaBEHCTBOM
f(x)= F(x,1). 13 teopempl 10 BbITeKaeT, 4TO ecjad ® == ' — roMoTOMN-
Hble MyTH B B u otoGpaxenus F, F: p~'(0(0)) X I > E TakoBbl, 4TO
pF(x,1)=ow(t), pF(x,t)y=0'(!) u F(x 0 =x=F(x0) npaa
repl (0(0)), t=1, o orobpaxenus f, [: p~ (w(0))— p~H(o(l)),
onpeneneHHble paBeHcTBamu f{x)= F(x,1) u ['(x)= F'(x, 1), romo-
tonubl. Cjaen0BaTeNbHO, KOPPEKTHO OMpefeseH TOMOTONHYECKHA Kjacc
flelp ' (a(0)); p~' (0 (1))], coorBetcrByromuit knaccy nyreit [o] B B.
MomoxnM Alw] = {j]

Teopema 2.3.7 AnA npou3BOJALHBIX PAacC/IOEHHI NpHUHHMaer cJe-
AVIOLHH BHI:

12. Teopema. [Tycre p: E > B — wuexoropoe paccaoenue. Cyuje-
CTBYET KOHTPABAPUARTHbLL PYHKTOP U3 HyROAMEHTAABHO2O epynnouda
RPOCTPAHCTEA B 8 Karecopuro eOMOTORUYECKUX TUNOB, CONOCTABAAN-
wuti Touke b = B caod nHad wued, a kaaccy nyreid [w] — eomoronuue-
rkull kaace hlo].

JokaszateabcTBo. JlA9 HOCTOAHHOTO MNYyTH @, B TOuke b
onpepenum oro6paxenne F: p~1(b) X [—E dopmymnoit F(x,t)=x.
CooTBeTrcrBYyIOULEE 0T06pax<e}me f: p~1(6)— p~1(b), ompepensiemoe
paBenctBoM f(x) = F(x,1), saBaserca TtoxaectBenHbiM. CiezoBa-

TeJbHO,
hloy] =[1p-1(5],

OTKyJa BHIHO, YTO h coxpaHser TOXKAeCTBeHHbIE 0T06pax<e1m;1

Iycts @ 0 o — Takve nyte B B, uro o(l)= 0’(0). PaccMorpum
oro6paxenne F: p~'(0(0)) X 1——>E takoe, uro F(x,0)=x mn
pF(x,t)= a)(t) JL1s1 pr"(m(O)) tel, u orobpaxenue
F: '1(co( ))><I—>E Takoe, uto F'(x/,0)=x" u pF (¥, t)= o’ (f)
aas X Ep*‘(m 0)), tel. Ilycrs 0T06pa>xem1e f: p“(w(O))—»
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- p (0’ (0)) onpemeneno pasenctBoM f(x)= F(x,1). Onpeneanm
orobpaxente F”: p~(w(0)) X I — E dopmynamu

, { F(x, 2t), 0<<I<Ys, x=Ep e (0)),
Fro=\pw, 2t ~1), h<ti<l, xep(©)

Torna pF"(x,f)=(w=a0’)({) 1 F’'(x,0)=x maa x<pH(w(0)),
te/. Tlycrs orobpaxente [: p~' (0’ (0))— p~'(w’ (1)) onpeneneno
pasenctBoM [ (x’)= F'(x’,1}. Torma F”(x,1)=[(f(x)) nna xe
= p~1(0(0)), orkyza nogyuaem, 4to

hlo = o’]=hlo]=h[e].

ChnegoBarenbo, i — KOHTpaBapHaHTHLEI GyHKTOD. &
dTa TeopeMa NPHUBOAHT K CAELYIOIEMY aHAJIOTY [/ NpPOH3BO/b-
KbIX pacciioennii creacTsus 2.3.8:

13. Caeacreue. Ecau p: E — B — paccaoerue ¢ AuHeliHo CB8s3HOL
basotl, 70 At06bie 08a CA0A uMeroT OOUH U TOT Xe 2OMOTONUYECKUL
Tun. @

Caenywoomuii pesynpTaT nokasbiBaeT, UTO T'OMOTONMHble OTOGpake-
HHA MHAYUHPYIOT TOCJAOHHO TOMOTOIHYECKH 3SKBHBAJIEHTHble pac-
CJIOeHHS.

14. Teopema. [lycre p. E — B — nexkoropoe paccioente, u nycrs
orobpascerus fo, f1: X — B eomoronne., Toeda paccroenus, undyyu-
posannbie uz p orobpascenuamu fo u [, nocaotino eomoronuuecku
IKBUBAACHTHDL.

INoxasateabctBo. Ilyetb py: Eq;—>X u p;: E;— X — pac-
CJI0eHHsI, HHAYUHPOBAHHLIE H3 p COOTBETCTBEHHO OTOOpaxKeHHAMH |
u f, u nyers 2 Ej—E u f: E— E — coorsercrByIouiie 0To6pazke-
HuSi, Takue, uTo pofy=foop, # pofi=fop. Ecain F: X X [->B —
roMoron#s oro6paxenusi fy B f;, TO CyL(eCTBYIOT Takue 0TOGpaKeHHs
Foo EgXI—E u F: E{ XI—E, uto poF{=Fo(p, X 1)), poF|=
=Fo(p, X1), F{|E,Xx0=f n F{|E, X 1=f]. Onpeneanm oro-
6paxenns gy Egc—E, u g; E[— E, clepyoiiimMn  ycJIOBUAMHU:
Fi(x, 1)=flg,(x) maa x= E, u F{(y, 0)=[ig,(y) nna y= E,. Torna

poF(;o(g1 X 1)=Fo(p, X Il)o(gl X l,)=1~“c(pl X 1,),
Fyo(g, X ll)lEl ><O=Ff|El X 0.
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’/ - 4 -

M3 teopemp 10 BbITEKaer, 4To F]_p_Foo(g, X 1,). Anajoruuso noxay
Y »74

yaeM romoronuio F, TF‘ °(g, X 1,). Otciona BLTeKaeT, 4T0 gog, = lg

g8 l,.m
$lcHo, uTO mocTosHHOEe oOTOGpaxeHHe HHAYUHPYET TPHBHAJIbLHOE
paccioenue. ITostomy HMeer MeCTO CJAeLyIONIHH pe3y/bTar:

15. Caencrsue, Ecau p: E— B — paccaoenue, a npocrparcrso B
cTs2U8aeMO, TO P NOCAOLUHO 20MOTONUHECKU IKBUBANCHTHO TPUBUAAL-
Homy paccaoenuro B X p~l(by)— B, ede by= B — npoussosvrai
TOYKq. B

[Tyctp mpoctpaHcTBO B sBAsieTcst COefHHEHHEM HEKOTOPOro Mmpo-
crpanctBa ¥ u S 1. e B=C_.YUC,Y, rne C_Y u C,Y-—xonychl
nag Yu C_.YNC.Y =Y. ycre yo= Y, n nyers p: E— B — paccioe-
Hue co caoeMm Fo= p~'(yo). M3 caenctusi 15 BbiTeKaer, 4To cyie-
CTBYIOT MOC/IOIHBIE TOMOTONHUYECKHE 3KBHBAMEHTHOCTH f_: C_Y X Fy-—»
>p I (CY) u gy pHCLY)> C Y X Fy. Crreusarowieil pynuxyueil
w: Y X Fo— Fy pacciioerusi p HasbiBaeTcsl GpyHKUHUS W, OnpegesaseMas
ypaBHeHHEM

g+f_(!/,2)=(!/’l‘«(!/,2))y !/EY, ZEFO’

rae fo: C_Y X Fo—=>p ' (C_Y) u gy p(C.YY>C.Y X Fy — yxasanu-
Hble TOMOTONHMYecKHe 3KBHBaJeHTHOCTH. Eean C_Y u C.Y craru-
BAlOTCA B TOUKY Yo OTHOCHTENBHO Yo, TO H3 TeopeMbl 10 ciaenyer,
yto f_ W g. MOXKHO BbIOpaTh TakUM 006pas3oM, uToOnl OTOGpaXKeHHe
z2—f_(yo,2) Obl10 TOMOTOMHO BiOKenuw Foc p~!'(C_Y), a oroGpa-
JKeHHe 2 - g.(2)— roMoronso orobpaxkeduto 2-—»(Yyo, 2) choa Fo
B C.Y X Fo. B stoM cayuae ckienpatomas GyHKIUA u, COOTBETCTBYIO-
wad f_ u gy, obnanaer TeM CBOHCTBOM, uto OTOGpaxeHne 2 — u (Yo, 2)
FOMOTOINHO TOXKAecTBeHHOMY otobGpakenuio Fo < Fo.

[ycrs £y — paccioeHHoe NpocTpancTBo ¢ 6asofl S, onpeaeasieMoe
XapakTepucTuuecKuM orobpaxenuem ¢ S?»!— (G, kKak ykasaso
B npumepe 2.7.5 (G — rpynna romeomopdusmos caost F). Toraa
Et=C_S8""'u EL=C.S""". Jlerko npoBepHTb, UTO OTOGPaKEHHS
f- n g+ MoxHO BLIGpPATL TaK. 4TOOBI COOTBETCTBVIOLIEH MM CKJIEHBAIO-
weil dyakuuedi p: S X F— F 6biio otobpaxenne u(x, z) = @(x)z.

YOPAXHEHHUS

A. JlokalibHasi CBS3HOCTb

1. JlokaxuTe, 4To NPOCTPaHCTBO X JIOKAJAbHO JIMHEHAHO CBA3HO TOrAa H TOJbKO
TOrjla, KOrja AJid KaxAoH TOUYKH x M3 X u moboit ee okpectnoctn U mnadigeres ta-
Kasi OKpecTHOCTb V TOYKM X, uTo JioGble fBe TOUKH H3 V MOXKHO COeLHHHTH IyTeM
B U.
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2. Ilycrs X — HekoTOpOE HPOCTPAHCTBO, @ X — MHOXKecTBO X, HafeJeHHOe TOMNo-
JIoTHel, MOPOMKACHHOH KOMMOHEHTAMH JIHHEiHON CBSI3HOCTH OTKPBITBIX MHOXECTB mpo-

ctpaHerBa X. JlokamuTe, YTO NpPOCTPAHCTBO X JIOKATbHO JHHEHHO CBA3HO H YTO
TOXKJECTBEHHOE OTOGpaXKeHHe MHOXKecTBa X HHAYUHPYeT HEeNpepriBHOE OTOGpakeHHe

j: X X, obnajgamoiee TeM CBOHCTBOM, YTO JJA JIOGOrO JIOKa/JbHO JHHEHHO CBA3-

noro npocrpancrBa Y orto6pamenne f: Y -—> X HempepelBHO Torza H TOJBKO TOrAa,
KOr[a HenpepuiBHO oToGpaxenue jo f: ¥ —> X,

3. lycrp mpoctpancrea X u X H_oToOpaxenne j: X->X rtakse xe, Kak o B
ynpaxuenin 2. Jlokaxute, UTo fu.: (X, x0) = (X, x0).

B. HakpuiBawouue npocrpaHcTBa

1. Mlycte X — o6beaHHeHHe ABYX 3aMKHYTBIX OJHOCBASHLIX H JIOKAQJbBHO JHHEH-
Ho CBA3HBIX moampoctpaHcTs A u B, mepeceueHHe KOTOpHIX A (1 B COCTONT M3 ORHON

Toukd. JlokaxunTe, 4To eciu p: X —> X — Henycroe JHHENHO CBs3HOE PACC/IOEHHE CO
CBOACTBOM €IHHCTBEHHOCTH HaKpBIBAIOLLEro MyTH, TO p — rOMEOMOp(H3M.

2. Myers X ={(x,y) = R?| x niu y — wenoe 9ucao}, n nycThb
C X=S'VS'={(z, ) =S X S|z, =1 um z,=1}
Hoxaxure, u4ro .oTOGpa)KeHHe p: XX, onpellensiemoe  dopmyaolt  p(x, y)=

O o
= (2% ¥¥) apasercs HAKPLIBAIOIIHM 0TOGpaKEHHEM.

3. Ilyctb oToGpaKkeHue P X~ X raxoe xe, Kak u B yapaxuenun 2. Onpeie-
JHM MOANPOCTPaHCTBO Y < X ycjoBHeM
Y={xr peXloKe<<!, 0<<y<<I)

Jlokaxure, 4ro Y — peTpakT NPOCTpaHCTBa X u uro (rl Y)# HepeBOIHT 0Opasylo-

wyto rpynnsl m{Y) B KOMMYTATOp [IBYX 3JeMeHTOB rpynnsl T(X), COOTBETCTBYION{HX
JABYM OKDYXKHOCTAM TpocTpaHcTBa X.

4. Jlokaxure, uro rpynna n(S!V S') neale.esa.

C. HakpuiBatomee npocrpanctso ex: R — S!

1. Hokaxure, uro oroGpaxenne f: X—>S' npoussonbHOro mpocrpancrsa X
MOXKHO HOJIHATbL A0 Takoro ortofpaxenus [: X — R, uto [ = exof, Torna u TOJBKO
TOrla, KOTA& | FOMOTONHO HYJIO.

2. Ilyere X — cBA3HOe JIOKa/NbHO JHHEHHO CBAI3HOE MPOCTPAHCTBO ¢ OTMelUeH-
HO# TouKOl Xo & X. JlokaxuTe, uTO oTOGpaMenue

[X, xo; S', 1] > Hom (n (X, xo), a (S, 1)),
conocrasasiomee kaacey [f] romoMopdusm
Pyt 7 (X, x0) > (SE 1),

sIBNsieTcsl MOHOMOpP(H3MOM (MHOXKeCTBO FOMOTOIHYECKHX KJIACCOB ABJSETCA TPYINOL,
NocKoJbKY S! — rpynna).

3. Hokaxure, uto Jobbie ABa OTOOPAaMKEHHS OJHOCBSZHOTO JIOK&JNbHO JIMHEHHO
CBfI3HOTO MPOCTPaHCcTBA B S! rOMOTOMHEL

4. [loxaxure, uTO BCAKOE OTOOpaxeHWe [efCTBHTENBHOTO MPOEKTHBHOTO Mpo-
crpagerBa RP™ (n = 2) B S' roMOTONHO HYJIO.
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5. Jloka:mnte, uro me cymecrsyer orto6paxenuit f: S®—>S! (1 = 2), nas ko-
TOpBIX f(—x) = —f(x).

6. Teopema bopcyxa — ¥Yaama. Joxaxure, uto eci ortobpaxende f: S2—> R2
TaKoBo, 4TO f(—x)=~—f(x), TO cymecTByer TouKa X, €t S2, mas koropofl f(xp)=0.

D. HakpoblBaiomiye npocTpaHCTBa TOMOJOrHYECKHX Tpynn

1. ITycte H — noxarpynna romostorndeckoi rpynnei G, u nyers G/H — oguopoj-
HOC TNPOCTPAHCTBO NP4BbIX CMeXHBIX Knaccos. Jlokaxure, uro mpoexuns G — G/H
TOTIA U TOJIbKO TOFJA fIBIsETCR! HAKPBIBAIOMHM OToGpaxenHeM, Korjga rpynna
JHCKpeTHa.

2. JloxaxiiTe, 4TO CB3HOE JIOKaJbHO JIHHENHO CBSI3HOE HAKphIBAIOLLEe NPOCTPaH-
CTBO HajA TOMNOJOIHUECKOH IPYNnofi MOMKHO HAAeddTb CTPYKTYPOR rpyfnsl, npeBpi-
Hamuell ero B TONOJOrHYECKYIO TPYIIY, & NPOEKLHIO B roMOMOpGhH3M,

JTokaabHbimM eomoMOpPusMOM ¢ OXHON TomoJsorueckoli rpynmet G B apyryio G’
HA3bIBAETCSl Takoe HEMpepblBHOe OTOGpaKeHHe HEKOTOPON OKpecTHocTH U elHHHUBL e
rpyanel G B rpynny G/, uro ecam gi, g, S18: = U, 1o @(g18:) = @(g1)(gq2). Jo-
Kaabrbim uzomoppusmonm rpynn G u G7 HasbiBaeTca TaKkoll romeoMopdusM @ HeKO-
Topoil okpecTHOCTH U eIHHHUBL ¢ Ha HEKOTOPYIO OKPeCTHOCTh U’ eluHHIB €/, 4TO ¢
i ¢! ofa ABASIOTCS JOKaJbHHIMH roMomMopduaMamu (B sToM caydae G u G’ Haswl-
BaIOTCA AOKQAALHO UBOMOPHHOILML).

3. JloKaxKuTe, YTO HelpepbiBHBI romoMopdusm ¢: G —> G’ oaHOll cBA3HOH TO-
aOJOTHYeCKO# TPYNNBl B JPYrylo TOTA& H TOJNbKO TOrAa ABAAETCS 1aKPbIBAIIIUM
oToGpayKeHHeM, KOIJa CYIIEeCTBYeT Takas okpectHocts U exmsHusl e B G, uTo
¢ | U — noxanbhbiit H3oMoppusm G na G,

4. [lycts @ — JIOKa/JbHBIH FOMOMOpPGH3M CBA3HOH TOmoJOrHuYeckoll rpymnel G
B TomoJsiornyeckyto rpynny G/, onpeiefieHHBIl Ha cBfI3HOH okpectHocTH U equHHIH e
rpyansl G. [ycte G — noarpynma rpynns G X G’, nopoxieHnas rpadHkoM oToGpa-
menns @ (1. e. MHoxectsoM {(£,2) =G X G'|g =c¢lg), g=U)})). Tpynny G
MOXHO Haje/JHTb TONOJOTHeH, B3AB B KauecTBe 0a3bl OTKpPBLITHIX OKPECTHOCTEH TOUKH
(e, ') rpaduxu orobpaxenuii ¢|N, raie N npoGeraer Bce OKPECTHOCTH €LHRHUL €
8 G. Jlokaxure, yto @ — cBfi3Has TomOJIOrHYecKas rpymna, npoekuust p;: G—> G
eCTh HakpbiBaomee oToGpazkenue, a mpoeKUHs py: G — G’ HempepuiBHA.

5. JlokaxuTe, 4YTO pABE CBs3HblE JOKaJNbHO JUHEHHO CBfISHbIE TOMOJOTHYECKHe
FpYOIbl JIOKaJbHO HSOMOp(beI TOTAa H TOJbKO TOrAa, Korjia CyuwecrByeT TONOJNOTH-
yeckKas rpymnna, asJ10Mancs HaKpbliTHEM IJ14 KaXXJ0H H3 HHX.

6. Jdokaxnre, uTo ecan G — OJHOCBSI3HAA JIOKAaJAbHO JHHEHHO CBA3HAS TOMOJO-
ruyeckasl rpynna, a ¢ — JoxkaJjbHbIl roMoMopdusm G B TomoJgoruyeckyw rpynny G/,
TO CYIeCTBYeT HempepsiBHBIfl roMomopdusm ¢’: G — (', cosmagawouiil ¢ ¢ Ha He-
KOTOPO#H OKPEeCTHOCTH eIHHHUM ¢ B &

E. Paccnoenus

i. Hoxaxute, uto eciu p: E—> B — paccnoenne, o p(E) — ofbeauHenne HeKO-
TOPBIX KOMIOHEHT JIHHeHHON CBA3HOCTH NpocTpaHcTBa B.

2. Jlokaxure, 4T0 ecay Gasa HEKOTOPOrO pPAaCC/IOEHHs JHHEHHO CBSI3HZ M He-
KOTOPBIH €ro ¢Jofi JMHeHHO CBfA3€H, TO H MPOCTPAHCTBO PACCJAOEHHA JNHHEHHO CBA3HO.

3. Ilycte  p: E— B — HekoTopoe paccaoeHHe, a X — JOKalbHO KOMOaKTHOe
xaycnopgoso mnpocrpancrso. Onpenenum otoGpaxenne p”: EX —» BX¥ paseHcTBOM
pP(g)=peo g g X— E. [lokaxure, ut0 p’ — paccaoeHHe.
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4. Tlycry p: E - B — paccaoenne, bo= p(Ey u F = p'(by). Ilycts X — Heko-
TOpOe MPOCTPAHCTBO, PAcCMAaTpliBaeMoe Kak MOAMHOXKecTBO Konyca CX. Iloxaxure,
UTO OTOOpaKeHHe

py: [CX, X; E, F]>[CX, X; B, by}

OHEKTHBHO.

5. [lyers p: E— B — nekoropoe paccioenne, eg € E, by = p(eo) u F = p~1(by).
Ilokaxunre, 4To eclH Gaza B opnocBsizHa, 10 1(F,eo) — n(E, eg) — 50UMOpBUIM,

6. [Mycte p: E— B -—HexkoTopoe paccioente, e E 1 bo = p(eg). [okaxure,
uTO eca1H cIokt p!(by) opHoCBA3EH, TO

Pyt (E, eq) =~ m (B, bo).

7. Ilycrs p: E - B — HekoTOpoe paccioende n by = p(E). HokaxuTe, 4to ecan
E o0mHOCBfI3HO, TO HMeeT MEeCTO B3aHMHO OJIHO3HAUHOE COOTBETCTBHE MEXKLY 3Je-
MeHTaMH rpynnel (B, bg) U MHOXKeCTBOM KOMIOOHEHT JHHEHHOH CB3HOCTH [pO-
cTpaucrBa p~'(bo).



I''maga 3

O IPBI

B rnase 2 dyukrop dyHAaMeHTaAbLHOH Tpylnsl Obll HUCNOJB3OBAH
A kJaaccuUKAUMH 11aKPBIBAKOIIMX OpocTpaHcTB. Temepb Mbr pac-
CMOTPHM 3ajauy BbUHCJAeHHA (GyHAAMEHTaJbHOH TpyNIBE HEKOTOPbIX
NPOCTPAHCTB CNeHaNbHOTO BHga. Mbl nokakeM, UTO QyHAaMeHTaJ/b-
Hble TpPyMNNbl MHOTMX HPOCTPAHCTB (NpHHAAJMEKAUIHX KJAcCCy MHOJH-
34pOB) MOTryT ObiTb ONKCAHbl B TepMHHAX OOpasyIOIIMX U COOTHOIle-
HHH MeKay HUMH.

[Tonusnpom HaabiBaeTCss TONOJOrHYECKOE NMPOCTPAHCTBO, AONYCKAlO-
Hiee TPHANUTYJAUMIO ITOCPEACTBOM CHMILIHUHAJABHOTO — KOMIJEKca.
[TosToMy MBI HaYMHaeM C H3yYeHHS] KATEFOPHH CHMILJIHMLHAJILHBIX KOM-
naexkcoB. CHMMJIMIHAABHLIR KOMILJIEKC NpeacTaBiasieT coboit abeTpakT-
HYIO CXeMy BepLIMH H CHMILVIEKCOB (KaXKAblil CHMILIEKC eCTh KOHeuHoe
MHOXKeCTBO BepLIMH). ACCOLUHHPOBAHHOE ¢ TAKMUM CHMIUIHLHAJbHBIM
KOMIIJTEKCOM TOINOJOTHUECKOE [POCTPAHCTBO CTPOMTCS CKJEHBAaHHEM
BBIMYKJIBIX KJETOK C MOMOILbI0 OTOXKJIECTBJICHHH, TpeanHchbiBaeMblX
aroit abGerpakTHo#l cxemoli. [lockoabky TOnmosoruueckue cpolictBa Ta-
KHX NPOCTPAHCTB ONpeaeaioTess a6CTPAaKTHOR CXeMOH, H3yueHHE CHM-
MIUIHAJABHBIX KOMIJIEKCOB U IIOJAH3APOB 4acTO HAa3bIBAIOT KOMOUHA-
TOPHOH TOTOJIOrHER.

KomnaxTHble NOMH3APL AOMYCKAIOT TPUAHTYJALHIO NOCPEACTBOM
KOHEUHOT0 CHMIIHIHAJbHOTO KomIekca. ITosaromy 3TH npocrpancrsa
9O PEKTHBHO ONKUCLIBAIOTCS B KOHEUHBIX TePMHHAX M 00pa3yloT HMeHHO
TOT KJ1acC MPOCTPAHCTB, AJIsl KOTOPbIX yMEeCTHO CTABUTb BOMPOCHI, CBS-
3aHHBIEe C BbIYHCJIEHHEM (QYHKTOPOB.

B § 3.1 u 3.2 npuBOAsiTCS ONpPeneNeHHs U NIeMeHTapHble TOMOJO-
rHYeCcKHe CBOWCTBA moausapos. B § 3.3 BBOaHuTCA moHATHe mogpasie-
JIEHHS CHMIIMUHAJLHOTO KOMIJIEKCAa M J0Ka3biBaeTcs, 4TO KOMMAKT-
HBIH NOJUAP AONYCKAET CKOMAb YLOAHO MeJKHe TPHAHTYJSLHH. DTOT
pesyJbrar Hcrosb3yercd B § 3.4 mpu noxasaTtebCTBe TEOpPEMbl O CHM-
MINLHAILHOA aNNpOKCHMAUMH, B KOTODOH YTBePIKIaercsi, YTO HeIpe-
pbiBHOe oTOOpa’keHHe KOMIIAKTHOrO MOJH31Apa B NPOH3BOJNLHBLIH MO-
JU3AP MOKHO alNpPOKCHMHDPOBATb CHMIIHIHMAJBHBIM OTOOpasKeHHeM.

TexHuka CHMIIHLHAJLHOH aNNpPOKCHMAllHH Hcmodb3yercs B § 3.5
IS J0KA3aTeNbCTB4 TOLO, YTO MHOXKECTBO TOMOTOIHYECKHX KJaCCOB
HEMpepbIBHLIX OTOOpAaKeHHH KOMIAKTHOIO MOJIH3APa B TPOU3BOJbLHBIA
nosH3Ap MOXKHO a6CTPAaKTHO ONMHCATb B TePMHHAX TPHAHTYJIAUHA gaH-
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HOTO MOJAH3APA. DTOT Pe3yabTaT MOo3BOJsET NOJAYUdTh (§ 3.6) abctpakr-
HOe ONMHCAaHHe (PYyHIAMEHTAJbHOH TPyMNOb NOJAH3ADA KaK TPYNIbl JoMa-
HBIX €ro TPHAHIyJSIKY, YTO ucnob3yercs B § 3.7 114 Bpl6opa CUCTEMDI
06Da3yIoINX W COOTHOLIEHHH B (QYHAAMEHTAJbHOH TPyNIe NOAHIIPA.
B § 3.7 rakxke moxasaHo, uto (QYHKTOp (yHIaMEHTAJbHOH TIpyINbl
JaeT TOYHOe MNpejcTaBjeHHe KAaTErOPHU FOMOTOMMYECKUX THIIOB CBSA3-
HBIX OZHOMepHbIX noausipos. B § 3.8 moMemeHbl mpuMeHeHHS HOAY-
YEHHBIX pe3yJabTaToB O (pyHAAMeHTAJbHOH rpynne, a TakKxke He-
CKOJIbKO MPHUMEPOB NOJIHIAPOB H OMUCAHHe (DyHAAMEHTAALHOH Tpylinbl
IIPOU3BOJIBHOI MOBEPXIOCTH.

§ 1. CuMnanuuatbHbie KOMIJIEKChI

3toT naparpad Copep:KHUT ONpeaeseHHe KATErOPHH CHMIJIHIIHA/b-
HblX KOMIUIEKCOB H KOBapHMaHTHBIX (QYHKTOPOB H3 3TOH KaTeropHu
B KATETOPHIO TOHNOJIOTHUECKHX [TPOCTPAHCTB.

Cumnauyuaavroili Komn.iexc K cocToUT U3 MHOKecTBa {v} sepuiun
U MHOXeCTBa {S} HemveTbIX KOHEUHBIX IOAMHOXKEeCTB MHOxKecTBa {v},
Ha3blBAEMBIX CUMHAEKCAMU, TAKHX, YTO

(a) moGoe MHOXKECTBO, COCTOsILIEE POBHO H3 OJHOH BEpIIHHbI,
SIBJASETCS CHMILICKCOM;

(b) m0boe HenmycToe NOAMHOMKECTBO CHMIJIEKCA SIBJASETCS CHMII-
JIEKCOM.

CuMmmnekc s, colep:Kalllufi poOBHO ¢ -+ 1 BepliMH, Ha3biBaercs
q-MepHbLM CUMIVIEKCOM. DTO UYHCJIO ¢ Mbl HA3bIBAEM pPASMEPHOCTHIO
cuMmmiaekca § H nuuiem dims=g¢. Ecan s’ s, 1o s’ HaseiBaercs
epanbro cuMiyiekca § {(cobcrsenHol, Korma s’ s, p-meprot, Korpa
dims’ = p). Ecan s— HeKOTODPBIl ¢-MepHobul CUMNJEKC, TO §— €ro
eIMHCTBEHHAS! ¢-MepHAs T'PaHb, Tak UTO €ro rpanb §’ sBjsieTca col-
CTBEHHOW TOrAa M TOMAbKO Toraa, korja dims’ < ¢. Besaxult cuMmiekc
AMeeT TOJIBKO KOHeuHoe uucio rpaHeil. [lockodbky Bedkas rpadb Jio-
60l rpaHH CHMIJIEKCA S caMma SIBJSETCS ero TpaHbio, CHMINIEKCH
kKoMmiiekca K vactuuno yrnopsaouens (s’ <s, ecinm s’ — rpaHb cuMi-
JeKca §).

M3 cBofictBa (a) ciaeayer, 4TO HyJdbMepHble CHUMMJEKCHl KOMILJIEK-
ca K Haxonsitcsi BO B3aMMHO OJHO3HAUHOM COOTBETCTBHH C BepIUH-
HaMu sToro kommiaekca. M3 yeaosua (b) caenyer, uro Bcskuii cumi-
JIEKC ONpeJieNisieTcsi CBOMMHM HyJbMepHLIMM rpaHsimu. ChemoBarenbHo,
KOMIJiekc K MOMXKHO paccMaTpUBATh KaK MHOXECTBO COCTABJSIOMINX
€ro CHMILJIEKCOB, H Mbl OyAeM OTOXKAECTBJSATh BEPIUHHBI KOMILIeKca K
C COOTBETCTBYIOILMMH MM HYJbMEePHBLIMH CHMILIeKCaMH.

[TpuBeneM HeCKOJBKO NMPHMEDOB.

1. HyCTOe MHOXKEeCTBO CHUMIJICEKCOB ABJAETCS CHMILJIUUIHAJbLBBIM
KOMILJIEKCOM U ofo3Havaercs .
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2. Jas mo6oro MHOxecTBa A MHOXKECTBO BCEX ero HEMYCTbIX KO-
HEYHBIX NMOIMHOKECTB ABJIAETCA CHMIIHIHAILHBIM KOMIJIEKCOM.

3. IlycTb § — CHMILIEKC CHMMJHUHAJBHOrO Kommiekca K. Muoxe-
CTBO BCeX ero rpaseil ofpasyer CHMIIMIIHAJbHBIA KoMIIeKc, 0003HA-
yaeMblil §.

4. Ilyctb §— HeKOTOPBI CHMILIEKC CHMIJIMUMAJABHOTO KOMIIEK-
ca K. MpoxecrBo Bcex cOGCTBEHHBIX IpaHefl CHMILIexca S ofpasyer
CUMIITUUHAJBbHBIH KOMIIIEKC, 0603HayaeMBl §.

5. Ilyers K — cumnauuHanabablii KoMmmaekc. Ero g-meproim ocro-
gos K7 HazuiBaeTCsl CHMIJIMIHANBHBIE KOMILIEKC, COCTOAIHN H3 Beex
p-MepHBIX cHMILIeKcoB KoMmiekca K, rae p < g.

6. Ecau 3anano mpoxecrso X u coBokynuocts #° = {W} ero noa-
MHOKECTB, TO HepsoMm COBOKynHOCTH #° (oGosnataercs K (#°)) nasbl-
BaeTCs CUMTJIHLHAALHBLI KOMILIEKC, CHMIIJIEKCAMH KOTOPOro SIB/SIOTCS
KOHeUHble HemycTble MOJAMHOMKecTBa H3 #°, mepeceueHHue KOTOPLIX He-
nycro. CaenoBarenbHo, BepIIHHbI KoMijekca K(#°)—3To 3j1eMeHTH
COBOKYMHOCTH #°, He IBJAIOUINECS NMYCTHIM MHOXKECTBOM.

7. Myers Ky n Ko — cHMIIMIMA/AbHBle KOoMIJekcohl. WX coedune-
Huem K, = Ko HasbiBaeTcs CHMIIHIIHAJALHBLIA KOMILJIEKC

K =Ko=K,V K U{s: V sols Ky, s, K,

3HaunT, MHOXKECTBO BePIIHH KOommJaekca K= Ks ecTb JH3BIOHKTHOE
ofbeqHeHHe MHOXKecTBa BepLIMH KOMIeKca K; M MHOKecTBa Bep-
WHH KoMIlTekca K.

8. MoxHo Onpeae/IuTb CHMIJIHIIHAJbHBIH KOMIIJIEKC, MHOXECTBO
BEpIUMH KOTOPOro coBnajgaer ¢ Z, a MHOXKeCTBOM CHMIUIEKCOB fAB-
JIsieTCd MHO2KECTBO

{{IYineZYY{{n, n+ 1} nsZ}.

9. Beenem B MHOoxecTBe Z" mpu n 2> 1 uacTHUHOe ymopsjpoueHue
no xoopaunatam (1. e. x </, x, X’ = Z", ecau anm BCeX KOOPAIH-
HaT x; & Z HMeeT MecTO HepaBeHCTBO ¥, <{ ;). MoHO onpemenntsb
CUMAJHUKAMLHBI KOMIJIEKC, MHOKECTBO BEpIIHH KOTOPOTO COBmAjaeT
¢ Z", a cHMIIeKCHl — KOHeUHble HenyCTble JIHHEHHO YHIOpsSIodYeHHbIe
noaMuoxecrsa {x° .... x9} muoxecrBa Z" (r. e. X0 < x1 <. L x9),
takue, uro s Beex | <i<n uveeMm x¢ —x%=0 nuan L.

[Mycts K — cuMnauunaibupiit koMmmaexc. Ero pasmeprocre dim K
paBHa MO ONPEeeIeHUIO

(a) —1, eciu K nycro;

(b) n, ectn K coaepXHT X0Ts1 Obl OAMH N-MepHBIE CHMIJEKC, HO
He COAepKHT (n + 1)-MepHBIX CHMIIEKCOB;
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(¢) oo, ecin pas Beakoro n 20 Hafigercs n-MepHbI CHMILIEKC,
npuHagiaexawni K.

Komnneke K HaszplBaeTcss KOHEYHbLM, €CIH OH COCTOMUT JIHWBb H3
KOHEYHOTOo uxcaa cuMmmiaekcoB. Eciaum  kKommimeke K KOHeueH, TO
dim K < oco; ofparnoe HeBEPHO — KOMIJEKC M3 Mpumepa 8 GecKoue-
yeH, OJHAKO €rc pasMepHOCTb paBHa I.

Cumnauyuassroirm otodpasceruen ¢. Ky — Ko HasblBaercs oToGpa-
JKeHue, NepeBoisllee BepIIHHL KoMIlexca K; B BepumHHB K, Taxoe,
yro ans awoboro cuMiuiekca s & Ky ero obpas ¢(s) saBiasieTcss CHMI-
JekcoM Komnaexca Ko [as mo6oro K MOXHO oNpeiesuTb TOXKIe-
CTBEHHOE CHMILIHIKaAbHOe oToOpaxenue lx: K— K, COOTBETCTBYIO-
ulee TOXKECTBEHHOMY OTOOparKeHHI0 BeplinH. Ecjau 3amanbl CHMILIH-
unaabHble orobpaxenns K%+ K, ¥, Ki; TO CHMIUIALHAJbHOE
otobpaxenne P o@: K; —> K3 COOTBETCTBYET KOMIO3UIHH 0TOGpaKeHHH
BepwinH. CjeIoBaTeNbHO, MOXKHO ONpPENeIUTh KATErOpHIO CHMILJIHIH-
aJbHBIX KOMMJIEKCOB M CHMIIHIHAJbHBIX OTOOPaXkeHVH.

Iodkomn.rexcom L cummauunanpHoro koMmiekca K (o6o3nauaercs
L — K) naspiBaercq noaMHozxKectBo H3 K (1. e. s L= s« K), as-
JSIIOHIeecs] CUMIVIMIHAJbHBIM KOMILIEKCOM. $IcHO, YTO MHOAMHOXKeE-
cTBO L koMmmjekca K Torma M TOJABKO TOTAA SIBJSETCS] CHMIJIHUHAMb-
HbIM KOMILJIEKCOM, Korja KaKabl#l cumniekc B K, mpeacraBasiionini
co6oii rpaHb HEKOTOPOro cHMMJAeKkca U3 L, caM sBJASETCS CHMILIEKCOM
us L. Ecan L < K, 1O oueBUAHBIM 06pa3oM Ofpee/eH0 CHMIUIHIIHA -
Hoe BaoxeHue i1 L < K.

[Togkomnneke L < K HasbiBaercss nOAHbIM, ©CJAH KaxKablfl CHMII-
JeKc W3 K, Bce BepLIMHbI KOTOPOTO NpuHagdexar L, caM comepKHUTCS
B L. MoxHo onpegeants noakomngaexc N kommaexkca K, cocrosiuiuil
H3 BCeX TAKHX CHMMJEeKCOB B K, HH ONHA BepIUHHA KOTOPBIX He mpH-
Hapaexur L. ScHo, uro N — MakcuManbHbil NOAKOMOJEKC KOMILJICK-
ca K, ne mepecekaomufics ¢ L. Ecan s = {vo, vy, ..., vy} — HekoTOPbIi
cuMmiekc U3 K, TO HMeIOTCS TPH BO3MOKHOCTH: HH OJIHA BepLIHHA $
He npuHaatexur L (B 3ToM caydae s N); BCe BEPUINHB 3TOTO
cHUMIIeKca mpuHaiexkat L (rorga B cjlydae NOJHOrO MOAKOMIJEK-
ca L umeem s & L); Bce BepILIMHBI CHMILIEKCA S MOXKHO 3aHYMEpOBaTh
TakuM 06pasoM, utobel v; L, ecan i <p, u v;EL, ecauw i>p
(0<p<g). B nocnennem cayuae s=s"Us”, rtae cumngaexc

s = {vo, ..., vy} npuHamaexkur L, ecan L TOJHBIE, a CHMIJEKC
" ={vp41, ..., 0y} npunamiexur N. Mrax, Mbl UMeeM caeayiouee
yTBepIKAeHHeE:

10. Jlemma. Ecau L — noanetli nodkomnarexc 6 K, a N — maxcu-
MmaabHbili nodxkomnaexc 8 K, He nepecexarowuiica ¢ L, ro scaxkuii
cumnaexc komnaeikca K uau npunadaexcur aubo N, aubo L, uiu mo-
orceT 6oiTo npedcTasien 8 sude s' U s”, a0e s' u 8" — nexoropele cumn-
rekeol, s L, s"=N. B
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MoxHO omnpefe/quTb KaTeropuio cumnasuyuarstolx nap (K, L)
(rme K — cUMIIHIHAJbHBIH KOMIIEKC, a L — ero mogkomimiekc, BO3-
MOXKHO MycTOH) H CHMIVIHUHAJbHBIX otoGpamxenuit ¢: (Ki, Li)—
—(Kq, Ly) (1. €. @ — cuMmiuuHadbHOe oTOOpa)kenue, ¢: K| — Kq, Ta-
koe, uto (L)<= Ly). Karero