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Abstract

In recenttheoreticalandexperimentalwork on schematain geneticprogrammingwe have proposeda new
simplerform of crossover in which thesamecrossover point is selectedin bothparentprograms.We call this
operatorone-pointcrossoverbecauseof its similaritywith thecorrespondingoperatorin geneticalgorithms.One
point crossover presentsvery interestingpropertiesfrom thetheorypointof view. In this paperwe describethis
form of crossover aswell asa new variantcalledstrict one-pointcrossover highlightingtheir usefultheoretical
andpracticalfeatures.We alsopresentexperimentalevidencewhich shows thatone-pointcrossover compares
favourablywith standardcrossover.

1 Introduction

GeneticProgramming(GP)hasbeenappliedsuccessfullyto a largenumberof difficult problemslike automatic
design,patternrecognition,roboticcontrol,synthesisof neuralarchitectures,symbolicregression,imageanalysis,
natural languageprocessing,etc. [6, 7, 5, 8, 1, 14, 16, 15, 13]. However, only a relatively small numberof
theoreticalresultsareavailablewhichtry andexplainwhy andhow it works(see[10, pages517–519]for a list of
references).

Holland’sschematheorem(see[4] and[3]) is oftenusedto explainwhy geneticalgorithms(GAs)work. For
binaryGAs, a schemais a stringof symbolstaken from thealphabet� 0,1,#� . Thecharacter# is a “don’t care”
symbol,so that a schemacanrepresentseveral bit strings. Oneway of creatinga theoryfor GP is to definea
conceptof schemafor parsetreesandto extendtheGA schematheorem.

Unfortunately, until very recentlytheefforts in this directionhave givenlimited results.In the last few years
alternativedefinitionsof schemahavebeenproposed[6, 12, 20]. All thesedefinitionsarebasedon theideathata
schemais composedof oneor moretreesor fragmentsof treesandthateachschemarepresentsall theprograms
in which suchtreesor treefragmentsarepresent.Thesenotionsof schemahave led to sometheoreticalresults
which,however, havea limited explanatorypower. Thereis asimpleexplanationfor this.

A schemais a subspaceof the spaceof possiblesolutions,ideally representedusingsomeconcisenotation
(ratherthanenumeratingall the solutionsit contains).A populationof stringsor programssamplesmany sub-
spacesin parallel. A schematheoremis an attemptto explain which subspaceswill be sampledat the next
generation.So,thecrucialfeaturefor schematato beusefulin explaininghow GPsearchesis thattheirdefinition
mustmake the effectsof selection,crossover andmutationcomprehensibleand relatively easycalculate. The
problemwith thedefinitionsof schemafor GPmentionedabove is not thatthey arenot clearor concise,it is that
they make theeffectsonschemataof thegeneticoperatorsusedin GPtoodifficult to evaluatemathematically.

In recentwork [18] wehavereconsideredall thisandproposedanew definitionof schemafor GPwhichis very
closeto theoriginalconceptof schemain GAs. We definea schemaasa treecomposedof functionsfrom theset��� ���	� andterminalsfrom theset 
 � ���	� , where

�
and 
 arethefunctionsetandtheterminalsetusedin aGP

run. Thesymbol � is a “don’t care”symbolwhich standsfor a singleterminalor function. Therefore,a schema�
representsprogramshaving thesameshapeas

�
andthesamelabelsfor thenon-� nodes.For example,the

schema(AND (= x y) =) representsthe programs(AND (OR x y) z), (AND (AND x y) x), etc.
but not(OR (AND x y) z) or (AND (AND x y) (OR x z)).

While this definition is simpler thanothers,it is still very difficult to modelmathematicallythe effectson
schemataof standardcrossover. This promptedus to find a morenaturalform of crossover for GP which was
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mathematicallyin tunewith our definitionof schema.Thesimilarity betweenour GPschemataandtheoriginal
GA schemata,suggestedto usa new form of crossover for GP, whichwecalledone-pointcrossover, in which the
samecrossoverpoint is selectedin bothparents(seeSection2). This is verysimilar to one-pointcrossover for bit
stringswherea commoncrossover point is selectedin bothparentsandtheoffspringareproducedby swapping
thebits on theright or the left of thecrossover point. We alsochosea simpleform of mutation,point mutation,
in which a functionin thetreeis substitutedwith anotherfunctionwith thesamearity or a terminalis substituted
with anotherterminal[11].

With thesegeneticoperatorswe wereableto derive very naturallya schematheory[18] which hasa consid-
erableexplanatorypower(seeAppendixA). Indeed,thepredictionsof thetheoryhavebeenlatercorroboratedby
anexperimentalstudy[17] on thecreation,propagationanddisruptionof GPschematain smallpopulationsusing
theXOR problem.In this paperwe experimentallystudytheperformanceof our geneticoperatorsandcompare
themto standardGPon largerparityproblems.

The paperis organisedas follows. In Section2 we describeone-pointcrossover aswell asa new variant
calledstrict one-pointcrossover andwe discusstheir properties.In Section3, we presentexperimentalevidence
which shows thatboth formsof one-pointcrossover comparefavourablywith standardcrossover on theeven-3,
4 and5 parity problems.Finally, we draw someconclusionsandwe give indicationsof futurework in Section4.
AppendixA summarisesourschematheoremfor GP.

2 One-Point Crossover

One-pointcrossover works by selectinga commoncrossover point in (copiesof) the parentprogramsandthen
swappingthecorrespondingsubtreeslike standardcrossover. If theparentshadalwaysthesamesizeandshape,
thisoperationcouldbeperformedin asinglestage,by selectingany link asthecrossoverpoint. However, in order
to accountfor thepossiblestructuraldiversityof thetwo parents,one-pointcrossover requirestwo phases:

(a) first thetwo parenttreesaretraversedto identify thepartswith thesameshape,i.e. with thesamearity in
thenodesencounteredtraversingthetreesfrom therootnode,then

(b) a randomcrossoverpoint is selectedwith a uniform probabilityamongthelinks belongingto thecommon
partsidentifiedin step(a).

Figure1 illustratesthebehaviour of onepointcrossover. It is worthnotinghow theoffspringproducedinherit the
commonstructure(emphasisedwith thick lines)of theupperpartof theparents.(One-pointcrossover hassome
similarity to thestrongcontext preservingcrossover operatorproposedin [2] but context preservingcrossover is
lessrestrictive thanone-pointcrossoverasto which links canbeselectedascrossoverpoints.)

One-pointcrossoverhasaveryimportantproperty:it makesthecalculationsnecessaryto modelthedisruption
of GPschematafeasible.Thismeansthatit is possibleto studyin detail its effectsondifferentkindsof schemata
andto obtainaschematheorem.This tellsushow theGPsearchproceedsby predictingwhichareasof thesearch
spacehaveahighprobabilityof beingsampledby theprogramsin agenerationgiventheprogramsin theprevious
one.AppendixA summarisesour GPschematheorem.More on it canbefoundin [18] and[17]. Herewe want
only to recallthemostimportantpredictedandobservedeffectof one-pointcrossover: unlikestandardcrossover,
in theabsenceof mutation,one-pointcrossover makesthepopulationconvergequitequickly like a standardGA
(in somecaseswith helpfrom geneticdrift). Thereasonfor this is probablythatuntil a large-enoughproportion
of the populationhasexactly the samestructurein the upperpartsof the tree, the probability of selectinga
crossoverpoint in thelower partswill bevery small. This effectively meansthatuntil a commonupperstructure
is found,one-pointcrossoveris actuallysearchingamuchsmallerspaceof (approximately)fixed-sizestructures.�
Therefore,GP behaveslike a GA searchingfor a partial solution(i.e. a goodupperpart) in a relatively small
searchspace.This meansthatthealgorithmconvergesanda commonupperpart is quickly found,which cannot
laterbemodifiedunlessmutationis present.At thatpoint thesearchconcentrateson slightly lower levels in the
treewith a similarbehaviour, until level afterlevel theentirepopulationhascompletelyconverged.So,one-point
crossover transformsa largesearchin theoriginal spacecontainingprogramswith differentsizesandshapesinto
a sequenceof smallerquicksearchesin spacecontainingstructuresof fixedsizeandshape.

Obviously the lower partsof the treesmoved aroundby crossover influencethe fitnessof the fixed-sizeupperparts,but they arenot
modifiedby crossover at this stage.
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Figure1: One-pointcrossover (potentialcrossover locationsareshown in bold).

An importantconsequenceof theconvergencepropertyof GPwith one-pointcrossoveris thatthatlike in GAs
mutationbecomesa very importantoperatorto preventprematureconvergenceandto maintaindiversity.

In additionto thetheory-relatedpropertiesmentionedabove,one-pointcrossoveroffersanotherveryimportant
propertyfrom thepracticepointof view: it doesnotincreasethedepthof theoffspringbeyondthatof theirparents,
andthereforebeyond themaximumdepthof the initial randompopulation.This is canbe very usefulto avoid
thetypicalundesirablegrowth of programsize(bloating)observedin GPruns(seefor example[9]), whichslows
down thesearchfor solutionsand,in somecases,canleadto overfitting. One-pointcrossover doesthis without
the needof any extra machinery(e.g. parsimony termsin the fitnessfunction). Similarly, one-pointcrossover
will notproduceoffspringwhosedepthis smallerthanthatof theshallowestbranchin theirparentsandtherefore
thanthe smallestof the individualsin the initial population.This meansthat the searchperformedby GP with
one-pointcrossover andpoint mutationis limited to a subspaceof programsdefinedby the initial population.
Therefore,the initialisationmethodandparameterschosenfor thecreationof the initial populationcanmodify
significantlythebehaviour of thealgorithm. For example,if oneusesthe “full” initialisationmethod[6] which
producesbalancedtreeswith afixeddepth,thenthesearchwill belimited to programswith afixedsizeandshape.
If on thecontrarythe“rampedhalf-and-half” initialisationmethodis used[6], which producestreesof variable
shapeandsizewith depthsrangingfrom 0 to theprefixedmaximuminitial treedepth � , thentheentirespaceof
programswith maximumdepth� will besearched(at leastif thepopulationis big enough).�

An interestingvariantof one-pointcrossover, which we call strict one-pointcrossover, behavesexactly like
one-pointcrossover exceptthat thecrossover point canbe locatedonly in thepartsof the two treeswhich have
exactly the samestructure(i.e. the samefunctionsin the nodesencounteredtraversingthe treesfrom the root
node).Thelinks eligibleascrossoverpointsin strictone-pointcrossoverareasubsetof thoseeligible in standard
one-pointcrossover. Figure2 illustratesthe behaviour of strict one-pointcrossover. In this casethe offspring
producedinheritboththestructureandthenodes(emphasisedwith thick lines)of theupperpartof theparents.

Strict one-pointcrossover hasthesamepropertiesasone-pointcrossover but it moreenergeticallyforcesthe
populationto converge.Thiscanbeunderstoodconsideringthatuntil a large-enoughproportionof thepopulation
hasexactly thesamenodesin theupperpartsof the tree,thesearchwill not beableto proceedto lower levels.
Strict one-pointcrossover transformstheoriginal searchinto a sequenceof quicksearchesin spacesof structures
of fixedsizeandshapewhichareevensmallerthanthoseusedby one-pointcrossover.�

The“rampedhalf-and-half” initialisationmethodusedin [6] enforcedaminimumdepthof 2. In ourwork weuseaminimumdepthof 0.
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Figure2: Strictone-pointcrossover (potentialcrossover locationsareshown in bold).

In thecaseof strictone-pointcrossover thesearchseemsto proceedverysimilarly to thesearchperformedby
a GA with DynamicParameterEncoding(DPE) [19], a techniquefor overcomingtheprecision/speeddilemma
whenencodingreal-valuedparameterswith binarystrings.In DPEtheresolutionof theencodingof oneparameter
is increasedat run time when the most significantbit of suchparameterhas(nearly) convergedin the whole
population. A differenceis that in GP with strict one-pointcrossover the searchzoomsinto the subtreesof a
convergednodeautomatically, without theneedfor maintainingglobalconvergencestatistics.

Theconvergencepropertyof thetwo formsof one-pointcrossoverhasbeenobservedin realrunswith theXOR
problem[17]. Figure3 shows thediversity in thepopulation(averagedover 10 independentruns)asa function
of the generationnumberfor standardcrossover andfor the two typesof one-pointcrossover in theabsenceof
mutation(the experimentalconditionsareasin [17]). It is quite clearthat standardcrossover doesnot leadto
convergence,while one-pointcrossoverdoes.

3 Experimental Results

Thebehaviour of the two forms of one-pointcrossover introducedin theprevioussectionhasbeenstudiedand
comparedto standardcrossover in over3,000runson theeven-� parity problemswith � =3, 4 and5, which have
beenextensively studiedin theGPliterature[6, 7].

An even-� parityproblemconsistsof findingacombinationof functionsfrom theset
�

= � OR, AND, NOR,
NAND � andterminalsfrom theset 
 = � x1, x2, x3, ..., xn � which returnstrue if anevennumberof
the � inputsxi is true andfalse otherwise. The fitnessfunction for this classof problemsis simply the
numberof entriesof thetruth tableof theeven-� parity functioncorrectlyrepresentedby eachprogram.

Giventheimportanceof theinitial populationandtheexpectedneedfor mutationto maintaindiversitywhen
usingone-pointcrossover, we decidedto test the performanceof GP with different initial depthsanddifferent
point mutationprobabilities. In theseexperimentswe useda crossover probabilityof 0.7, tournamentselection
with tournamentsize 7, no depthor size limit (for standardcrossover only), and the “ramped-half-and-half”
initialisationmethod.Thepopulationsizewas1,000,themaximumnumberof generationswas50. In thetestswe
usedthefollowing mutationprobabilitiespernode: ��� =0, 1/256,1/128,1/64,1/32,1/16. For theeven-3parity
problemweusedinitial depths����� and ����� , while for theeven-4parityproblemweused����� and ����� .
For eachcombinationof parameterswe tried standardcrossover, one-pointcrossover, strict one-pointcrossover
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Figure3: Plotof thenumberof differentprogramsin apopulationof 50 individualsvs. generationnumberfor the
XOR problem. Thedata(averagedover 10 runswith differentrandomseeds)for standardcrossover, one-point
crossoverandstrictone-pointcrossoverwith maximuminitial depth� =2 and ��� 3 areshow.

andmutationonly (whenapplicable).We repeated20 runsusingdifferentrandomseedsfor eachcombinationof
parametersandoperators.

To assesstheperformanceof thevariousoperatorsweusedthecomputationaleffort � usedin theGPliterature
( � is the minimum numberof fitnessevaluationsnecessaryto get a correctprogram,in multiple runs, with
probability 99%). We alsomeasuredthe averagesizeof the solutionsfound. On the even-� parity problems
Koza[6, 7] obtainedtheresultsshown in Table1 (wereportthemfor aneasiercomparisonwith ourexperiments).
Table2 describestheresultsof ourexperiments.�

Theexperimentsshow thatthemaximumsizeof theinitial population,a parameterlargely ignoredby theGP
literature,hasa considerableeffecton thecomputationaleffort requiredto solve theproblem.This is particularly
true for theexperimentswith the two formsof one-pointcrossover andwith point mutationonly, astheseoper-
atorscannotexpandthesearchspacedeterminedby the initial population.For example,theeffort for one-point
crossover to find solutionsto theeven-3parityproblembecomesnearly13 timessmallerif themaximumdepthis
increasedfrom 4 to 6.

As expectedfrom our schematheoryandthepreviousexperimentswith theXOR problem,theexperiments
suggestthatbothformsof one-pointcrossoversuffer from prematureconvergencein theabsenceof mutation.For
example,no solutionswhereobtainedto theeven-4parity problemin the80 runsusingeitherform of one-point
crossover.

Thesituationchangesconsiderablyif point mutationis present.Indeed,if themaximumdepthof the initial
populationis appropriateandtheright amountof point mutationis presentone-pointcrossover cando up to 10
timesbetterthanstandardGPwithout ADFs on theeven-3parity problemandup to 3 timesbetteron theeven-4
parity problem.This happensbecausepointmutationcancounteracttheexcessive convergencetendency of one-
point crossover. As shown by Table3, this positive effect cannotbe obtainedby simply reducingthe selective
pressureusingtournamentselectionwith tournamentsize2.

Interestingly, point mutationimprovesperformanceconsiderablyalsowhenstandardcrossover is used. For
example,the even-4parity problembecomes5 timeseasierwith mutationratesassmall as1 nodeout of 256.
Giventhatstandardcrossoveris verydisruptiveanddoesnotallow theconvergenceof thepopulation,it is arguable 

Kozaenforcesa program-depthlimit ! =16(consideringtherootnodeasdepth0), while we do not,usesacrossover probabilityof 90%
ratherthan70%,andselectscrossover pointswith non-uniformprobability.
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that point mutationin this casehelpssettling into the narrow minima of the fitnessfunction which needto be
reachedwith smallchanges.Theseareveryunlikely producedby standardcrossoveralone.

Pointmutationperformsvery well on theseproblemsevenin theabsenceof crossover, andin somecasesit
outperformsGPwith crossover(althoughtheseresultsneedto becorroboratedwith largernumbersof runs).

In all casesthereseemto be an optimal mutationprobability somewherebetween1/128and1/32 which is
problemanddepthdependent.By computingthe productof theaveragesizeof thesolutionsobtainedwith the
bestmutationrateandthe mutationratefor eachcombinationof � and � , it is possibleto infer that the ideal
mutationprobability ��� is very closeto 2 divided by the sizeof the tree. We checked this hypothesison the
even-3,4 and5 parityproblemsusingamutationschemein whichexactly two randomnodesaremutatedin each
individual, i.e. in which the mutationprobability is variable. The resultsof theseexperiments(averagesof 20
runs)areshown in Table4.

Theseresultsseemto suggestthatavariablemutationprobabilityis in generalverybeneficial,in particularfor
strict one-pointcrossover. Indeed,with variablemutationprobability strict one-pointcrossover outperformsall
othersettingstriedin ourexperimentsandrequiresacomputationaleffort upto 10timessmallerthanfor standard
GPwithout ADFs. For theeven-4parity problemthecomputationaleffort is evensmallerthanfor standardGP
with ADFs.

Giventheconsiderableeffectof themaximuminitial depthin all thecombinationsandsettingsof theoperators
usedin ourexperiments,wedecidedto checktheeffectsof theinitialisationmethod,too. Table5 showstheresults
obtainedusingthe“full” initialisationmethodon theeven-3parity problem. Despitethe fact thatall treeshave
exactly the sameshape(all the functionsin the function set have the samearity) andthat the searchis much
moreconstrained,the effectsof startingfrom a populationof larger individualsarestriking: in nearlyall cases
theresultsaresignificantlybetterthanthosein Table1. In particularfor � =6, nearlyany choiceof operatorsand
mutationratesleadsto speed-upsof 10 to 15 timeswith respectto standardGP, the bestresultsbeingobtained
with variablemutationrates.

4 Conclusions

In thispaperwehavedescribedtwo formsof crossover, one-pointcrossoverandthenew strictone-pointcrossover,
which, thanksto constraintson theselectionof crossover points,transmitto theoffspringmany of thecommon
featuresof theirparents.

Theseforms of crossover have several interestingproperties.From the theorypoint of view they allow the
derivationof amoreexplanatoryschematheoremin whichtheeffectsof crossoveronschemataaremathematically
modelled. From the practicepoint of view, one-pointcrossover eliminatesthe bloating problemdirectly and
naturallyandforcethepopulationto convergelike in standardGAs.

In thepaperwehavepresentedthefirst experimentalevidencewhichshowsthatone-pointcrossovercompares
favourablywith standardcrossover aslong asthe initial populationhasthecorrectdepthandprematureconver-
genceis preventedby usingpoint mutation. Interestingly, in our studypoint mutationseemeda very beneficial
operatoralsowhenusedwith standardcrossover, in particularwhenthemutationprobabilitywassize-dependent.
Surprisingly, pointmutationdid verywell on theeven-� parityproblemsevenin theabsenceof crossover. Future
researchwill benecessaryto confirmtheseresultsfor otherclassesof problems.
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Even-3,4 and5 Parity Problem(Koza’sResults)
PopulationSize Even-3 Even-4 Even-5
4,000,noADFs 80,000(N/A) 1,276,000(N/A) 7,840,000(N/A)
4,000,with ADFs N/A 80,000(N/A) 152,000(N/A)
16,000,noADFs 96,000(45) 384,000(113) 6,528,000(300)
16,000,with ADFs 64,000(48) 176,000(60) 464,000(157)

Table1: Computationaleffort � andaveragesolutionsize(in parenthesis)for standardGPwith andwithoutADFs
reportedby Kozain [6, 7].

Even-3Parity Problem
Depth �"� NormalCrossover 1-ptCrossover Strict1-ptCrossover MutationOnly

4 0 52,000 (45) 308,000(24) No Solution N/A
4 1/256 39,000 (63) 264,000(27) 810,000(31) 810,000(31)
4 1/128 48,000 (38) 110,000(27) 1,320,000(31) 396,000(31)
4 1/64 32,000 (46) 170,000(26) 315,000(29) 399,000(29)
4 1/32 31,000 (42) 128,000(27) 105,000(30) 147,000(31)
4 1/16 54,000 (54) 96,000(26) 133,000(28) 86,000(30)

6 0 24,000 (86) 24,000(64) 270,000(88) N/A
6 1/256 16,000 (88) 27,000(77) 42,000(77) 54,000(92)
6 1/128 15,000(101) 18,000(72) 28,000(75) 44,000(86)
6 1/64 8,000 (98) 10,000(81) 8,000(87) 25,000(79)
6 1/32 16,000(100) 14,000(77) 9,000(87) 21,000(92)
6 1/16 19,000 (82) 42,000(67) 26,000(67) 28,000(80)

Even-4Parity Problem
Depth ��� NormalCrossover 1-ptCrossover Strict1-ptCrossover MutationOnly

6 0 1,276,000(148) No Solution No Solution N/A
6 1/256 238,000(215) 638,000(109) 725,000(119) 880,000(111)
6 1/128 216,000(168) 507,000(98) 357,000(112) 220,000(122)
6 1/64 195,000(154) 224,000(114) 136,000(105) 198,000(116)
6 1/32 611,000(193) 598,000(91) 360,000(111) 510,000(83)
6 1/16 No Solution No Solution No Solution No Solution

8 0 812,000(271) No Solution No Solution N/A
8 1/256 126,000(396) 189,000(296) 196,000(313) 319,000(370)
8 1/128 120,000(382) 140,000(296) 129,000(302) 144,000(359)
8 1/64 170,000(377) 144,000(287) 154,000(275) 105,000(210)
8 1/32 1,131,000(188) 329,000(112) 500,000(127) 385,000(151)
8 1/16 No Solution No Solution No Solution No Solution

Table2: Computationaleffort � andaveragesolutionsize(in parenthesis)asa functionof thegeneticoperators
used,themutationprobabilityandthemaximumdepthof theinitial programs.
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Even-4Parity Problem(TournamentSize= 2)
Depth �"� NormalCrossover 1-ptCrossover Strict1-ptCrossover MutationOnly

6 0 697,000(181) No Solution No Solution N/A
6 1/128 No Solution 4,320,000(105) 2,024,000(87) No Solution

8 0 1,392,000(439) 3,330,000(199) No Solution N/A
8 1/128 1,363,000(361) 3,780,000(115) 1,421,000(265) No Solution

Table3: Computationaleffort � andaveragesolutionsizeasa functionof thegeneticoperatorsused,with and
without point mutation,for two differentmaximumdepthsof the initial programswhenthe tournamentsizeis
reducedto 2.

Even-3Parity Problem(VariableMutationProbability)
Depth �"� NormalCrossover 1-ptCrossover Strict1-ptCrossover MutationOnly

4 2/Size 48,000 (61) 44,000(28) 51,000 (30) 64,000 (31)
6 2/Size 12,000(105) 11,000(92) 8,000(101) 8,000(106)

Even-4Parity Problem(VariableMutationProbability)
Depth �"� NormalCrossover 1-ptCrossover Strict1-ptCrossover MutationOnly

6 2/Size 156,000(283) 210,000(121) 99,000(119) 144,000(127)
8 2/Size 108,000(518) 168,000(334) 78,000(353) 196,000(328)

Even-5Parity Problem(VariableMutationProbability)
Depth � � NormalCrossover 1-ptCrossover Strict1-ptCrossover MutationOnly

8 2/Size Not tested Not tested 1,232,000(489) Not tested
9 2/Size Not tested Not tested 730,000(660) Not tested

Table4: Computationaleffort � andaveragesolutionsize(in parenthesis)asa functionof thegeneticoperators
usedandthemaximumdepthof theinitial programsin thepresenceof variablepoint-mutationprobability.

Even-3Parity Problem(“Full” Initialisation)
Depth ��� NormalCrossover 1-ptCrossover Strict1-ptCrossover MutationOnly

4 0 28,000 (45) 80,000 (31) 220,000(31) N/A
4 1/256 19,000 (42) 70,000 (31) 78,000 (31) 572,000(31)
4 1/128 16,000 (41) 48,000 (31) 121,000(31) 147,000(31)
4 1/64 14,000 (43) 63,000 (31) 36,000 (31) 84,000 (31)
4 1/32 18,000 (40) 48,000 (31) 22,000 (31) 31,000 (31)
4 1/16 33,000 (52) 39,000 (31) 30,000 (31) 26,000 (31)

4 2/Size 34,000 (66) 40,000 (31) 54,000 (31) 42,000 (31)

6 0 7,000(129) 18,000(127) 30,000(127) N/A
6 1/256 10,000(131) 6,000(127) 7,000(127) 12,000(127)
6 1/128 8,000(134) 6,000(127) 6,000(127) 8,000(127)
6 1/64 6,000(133) 6,000(127) 5,000(127) 7,000(127)
6 1/32 8,000(127) 6,000(127) 6,000(127) 5,000(127)
6 1/16 10,000(128) 8,000(127) 9,000(127) 7,000(127)

6 2/Size 5,000(140) 7,000(127) 5,000(127) 5,000(127)

Table5: Computationaleffort � andaveragesolutionsizeasa function of the geneticoperatorsusedandthe
maximumdepthof theinitial programswhenthe“full” initialisationmethodis used.
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A Schema Theorem for Genetic Programming with One-point Crossover
and Point Mutation

In order to understandthe importanceof one-pointcrossover from the theorypoint of view it is necessaryto
introducesomeadditionaldefinitions(see[18] and[17] for a moredetailsonourschematheory).Thenumberof
non-� symbolsin a schema

�
is calledtheorder #%$ �'& of theschema,while the total numberof nodesin the

schemais calledthe length ()$ �*& of theschema.Thenumberof links in theminimumsubtreeincludingall the
non-� symbolswithin a schema

�
is calledthedefininglength +,$ �*& of theschema.For example,theschema

(AND (= y =) x) hasorder3 anddefininglength3.
OurGPschematheoremprovidesthefollowing lowerboundfor theexpectednumberof individualssampling

a schema
�

atgeneration-/.�0 for GPwith one-pointcrossoverandpointmutation:

�21 34$ �65 -/.�0 &87:9 34$ �;5 - &=< $ �65 - &>< $?- & $@0BAC��� &EDGFIHKJMLN 0BAC�"OQPR��SUT VW$?- &BX 0BA 3�$ZY[$ �*&\5 - & < $?Y[$ �'&]5 - &^ >< $_- & ` .+a$ �*&$?()$ �*& Ab0 & 3�$ZY[$ �*&\5 - & < $ZY[$ �*&\5 - & A'34$ �65 - & < $ �65 - &^ >< $_- & ced
where 3�$ �65 - & is thenumberinstancesof the schema

�
in the populationat generation- , < $ �65 - & is the mean

fitnessof the instancesof
�

,
>< $?- & is the meanfitnessof the programsin the population,�fO is the crossover

probability, �21hg 7 is the expected-valueoperator, ��� is the mutationprobability (per node), Y[$ �*& is the zero-th
orderschemawith the samestructureof

�
whereall the definingnodesin

�
have beenreplacedwith “don’t

care”symbols,̂ is thenumberof individualsin thepopulation,� SUT V $_- & is theconditionalprobabilitythat
�

is
disruptedby crossoverwhenthesecondparenthasa differentshape(i.e. doesnotsampleY[$ �'& ). Thezero-order
schemataY[$ �*& ’s representdifferentgroupsof programsall with thesameshapeandsize.For this reasonwecall
themhyperspacesof programs.We denotenon-zero-orderschematawith the term hyperplanes, asthey canbe
seenassub-spacesof thespacesof programsidentifiedby different Y[$ �'& ’s.

Our schematheoremis morecomplicatedthan the correspondingversionfor GAs [3, 4, 21]. This is due
to the fact that in GP the treesundergoingoptimisationhave variablesizeandshape.This is accountedfor by
the presenceof the terms 3�$ZY[$ �*&\5 - & and < $ZY[$ �*&\5 - & , which summarisethe characteristicsof the programs
belongingto thesamehyperspacein which

�
is a hyperplane.However, both thetheoreticalanalysispresented

in [18] andtheexperimentalwork in [17] suggestthataftera first phasein which GPreally behavesdifferently
from a standardGA, thenumberof hyperspacesis considerablyreducedandGPbehaveslike a GA, i.e. theGP
schematheoremasymptoticallytendsto theGA schematheorem.
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