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Tauberian Theorems

For a series >~ a, of complex numbers, the convergence statement
oo . n
Y oo 0n = A means that the n-th partial sum s, = >, _, a; as a sequence
of complex numbers converges to the complex number A. There are more
general ways to define the convergence of a series Y, a, to A.

For example, Cesaro convergence (named after Ernesto Cesaro) which is
defined as the convergence of the Cesaro sum

SQ+81+"‘+Sn_1
n

n
as a sequence to A. Cesaro convergence implies the usual convergence but
not vice versa.

Another even more general way to define convergence is Abel convergence,
which is defined as the convergence of

o0
E anx”
n=0

to A as x — 17. Abel convergence implies Cesaro convergence but not vice
versa.

By Abel’s summation by parts the power series Y a,2™ can be rewrit-
ten as

o o0
g apx" = ag + g (Sn — Sp_1) 2"
n=0 n=1
o (0]
=ag+ E Spx’ — E Sp_1T
n=1 n=1
o0 oo
= ag + E spx’t — 5 syt
n=1 n=0
(0.0 o0
= g Spx’t — E syt
n=0 n=0
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We can interpret the construction of the Cesaro sum o, and the Abel sum

ianx” = i Sp(l —x)z"

as different ways of taking some weighted average of the sequence (s,), oy {0}
The original s,, can be regarded as the (n-dependent) weighted average of the
sequence (S,),enu (0} by assigning all the weight to s,, and just zero weight to
the other s, with v # n. The Cesaro sum

S0+ 81+ A Spa
n

On

can be regarded as the (n-dependent) weighted average of the sequence
(Sv),enuoy Py assigning the weight £ to each of s, s1,--- , s, and the zero
weight to the other s, with v > n.

The Abel summation assigns the weight (1 — x)z" to s, for n € NU {0}.
This weight is z-dependent for 0 < z < 1. The sum

o0

Z(l — )"

n=0

of the weights (1—x)z" for n € NU{0} is 1 from the summing of the geometric
series Y _ 2™ We have a family of weights ((1 — z)z™) ", indexed by the
parameter 0 < x < 1. Abel convergence means that the weighted average

io: Sp(l —x)z"
n=0

of the sequence (s,),~, approaches A as the parameter z in the family of

weights ((1 — x)a™) ", approaches 1 from below.

The original theorem of Tauber of 1897 gives the sufficient Tauberian
condition of a, = o (%) for the more general Abel convergence to be reduced
back to the stronger usual convergence. Nowadays a Tauberian theorem
means a statement which uses an appropriate Tauberian condition to guar-
antee that a given way of taking weighted average (or weighted integral) gives
the usual limit when the parameter in the given family of weighted average
(or weighted integral) goes to an appropriate limit value. A way of taking

weighted average can also be referred to as a kernel.
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In this set of lecture notes on Tauberian theorems, we will do the follow-
ing.
(1) Prove the original theorem of Tauber of 1897. The proof is completely

analogous to the proof of its boundedness version presented as Lemma 2.3
on pp.84-85 in the book on Fourier Analysis by Stein and Shakarchi.

(2) Prove the theorem of Littlewood of 1911 which weakens the condition in
Tauber’s original theorem of 1897 from a,, = o (%) to a, = O (%) and also
prove the related theorem of Hardy-Littlewood of 1914 stating that Abel
convergence implies Cesaro convergence if s, > 0. We will use the very

elegant simple method of Karamata of 1930 to prove both.

(3) Introduce the three related families of weighted averages:

(i) ﬁ L from Riemann’s zeta function, with n € N as the summing
variable and z as the parameter variable.

(i) ze~* from Laplace transform, with 0 < ¢ < oo as the integrating
variable and z as the parameter variable.

(iii) zz7*7! from Mellin transform, with 1 < z < oo as the integrating
variable and z as the parameter variable.

We will then use the Tauberian theorem for the family ze™*! from Laplace
transform to present Newman’s 1980 simple proof of the Prime Number The-
orem.

At the end a remark will be given concerning Wiener’s approach to Taube-
rian theory and its interpretation in terms of Gelfand representation. How-
ever, we will not go into the details, because we have not yet introduced
Lebesgue’s theory of integration and Fourier transforms for integrable and
square integrable Lebesgue measurable functions.

First, let us state and prove the original theorem of Tauber of 1897.

Theorem of Tauber of 1897. Let a,, € C for n € NU{0} and A € C such that
the Abel sum >~ 7 ja,2™ — A as x — 1~. Assume in addition the Tauberian
condition a, = o (1) Then s, — A as n — .

n



Math 212a (Fall 2013) Yum-Tong Siu 4

Proof. For 0 <z <1 let N be the integral part of ﬁ so that N < ﬁ and
N+1> ﬁ Since N — oo as x — 17, it suffices to prove that

00 N
E anx’ — E a, — 0
n=0 n=0

as r — 17. Rewrite

e N o) N
E a,x" — g a, = E a,x" — 5 a,(1—z™).
n=0 n=0 n=N+1 n=0

Given € > 0, there exists Ny such that |na,| < e for n > Ny and there exists
0 >0such that N> Ngifl—d<ax <1 Thenforl—d<z<1,

o
x?’L
E na, —
n

n=N-+1

oo

g anpx”

n=N-+1

and

Thus

for1—0 <z <1 QUE.D.

Now we introduce the method of Karamata of 1930 to prove the theorem
of Hardy-Littlewood of 1914 and the theorem of Littlewood of 1911 in that
order.
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Theorem of Hardy-Littlewood of 191/. Let a,, € R forn € NU{0} and A € R
such that the Abel sum 7  a,2" — A as x — 17. Assume in addition the
Tauberian condition s, > 0 for all n € NU {0} (where s, = ag + -+ + a,).
Then o, — A as n — oo (where o, is the Cesaro sum 2F=n=t),

Proof. We follow Karamata’s very elegant simple proof of 1930 whose idea
consists of the following three steps.

(i) Replace x by z* with k > 1 in

isn(l —z)x" = ianx” — A aszx— 1.
n=0

n=0

Take an R-linear combination of the result over a finite number of k’s
to replace x™ by a polynomial of z".

(ii) Sandwich a piecewise continuous function g by two polynomials with
the L' norm of the difference of the two polynomials approaching 0.

(iii) Choose g to achieve the effect of a characteristic function so that the
infinite sum 7 s, (1—x)z™ essentially becomes o (with some factor
of normalization).

The Tauberian condition s,, > 0 is needed when the sandwiching of g by the
two polynomials is multiplied by s,,.

The precise argument is as follows. From

isn(l —z)a" = ianx" — A asz— 1",
n=0 n=0

it follows with the replacement of 2*™! (with k € NU {0}) that

an(l — 2" (2™ - A asa — 17,
=0

3

Using

1_xk+1 1
lim —— = lim (1+:1:+---+:13k):k;+1:/ thdt,
t
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we get
% 1
(1—2) anx"(x”)k — A/ thdt asx — 17,
n=0 t=0

from which we get, by taking a linear combination over a finite number of
k’s,
e 1
(1—2))» spz"P(2") — A/ P(t)dt asx — 1
n=0 t=0

for any polynomial P(x). This is the same as saying that

(1—2) i sy T(z") — A/tzlo T(t)dt asx— 1

n=0

for any polynomial T'(z) without constant term. Note that we cannot allow
any constant term in 7'(x), otherwise T'(z) = 1 would have required the
condition

(1—:1:)2%—)/1 asx — 17.

n=0

Our formulation of using P(t) instead of T'(¢) simply means factoring 7'(¢) =
tP(t) so that we remove the restriction of no constant term from P(¢) and
make its use in the sandwiching process easier.

We now come to the sandwiching process. For any piecewise continuous
function g(t) on [0, 1] and any € > 0, we can find polynomials P.(¢) and Q.(t)
with P. < g < Q. on [0, 1] such that

/ (©.t) — P.(t)) dit < =

From

o0 1
(1—2) Z Spx" Po(2") — A/ P.(t)dt asx — 17
n=0 t=0

it follows that there exists 6; > 0 such that

o] 1 1
(1—x) Z Spr" P.(x") > —e + A/ P.(t)dt > —2¢ + A/ g(t)dt
p— t=0 t=0
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for 1 —90; <x < 1. From

oo

(1—x) anx”Qa(x”) — A/l Q:(t)dt asx — 1~
=0

n=0

it follows that there exists d, > 0 such that
oo 1 1
(1=2)) 52" Qc(a") < e+ A/ Q.(t)dt < 2¢ + A/ g(t)dt
n=0 t=0 t=0

for 05 <z < 1. Since s, > 0 for n € NU {0}, it follows that

(1—x) Z spx" P.(2™) < (1 —x) Z spx”g(ax™) < (1 —x) Z Spx" Qe (")

and
1

—2e+A [ gt)dt < (1—2)) spatg(a") <2+ A [ g(t)dt

t=0

for 1 — max(d;,02) < x < 1. Thus,

% 1
(1—2) Z spx”g(a™) — A/ g(t)ydt asx — 1"
t=0

n=0
for any piecewise continuous function ¢(¢) on [0, 1].

Let us explore a good way of choosing g(t). For any given N € N we would
like to choose a piecewise continuous function g(t) on [0,1] and 0 < xy < 1
with xy — 1 as N — oo such that

0o N
D saakg(@h) =D s
n=0 n=0

For this purpose, we want zg(z%) = 1 for n < N and a’g(z%) = 0 for
n > N. Since 2% < z¥ if and only if n > N, this means that we would
like to have tg(t) = 1 for t > (xx)Y and g(t) = 0 for ¢t < (zx)", which
means g(t) = %X[(W)N,”, where X[(zy)~,1) 18 the characteristic function of the
interval [(zx)",1]. We need also to use

1 t=1 1
/ g(t)dt = / —dt = —Nlogxy.
=0 ¢

=(zn)N
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A good way is to normalize ftlzog(t)dt to be 1 by setting —Nlogxy = 1 so
that zy = e~ and (zy)Y = ¢. We end up with the choice of g(t) = {xp1
so that j; o, 9(t)dt =1 and

e} N
E Sang xN E Sp-

We apply

% 1
(1—=x anxg —>A/ g(t)dt asx — 17
=0

n=

toxr =xy as N — 0o to get

Now .
. l—e™n
lim N (1—2zy)= lim : =1,
N—oo 0o =
N
because
. l—e da _,
lim =— —¢ =1.
u—0 u du u—0

Hence limy_, oy = A. Q.E.D.

Remark. In the Theorem of Hardy-Littlewood of 1914, the condition s, > 0
for n € N can be weakened to s, > —C' for some C' > 0 and for n € N,
because the condition s, > —C can be strengthened to s, > 0 by simply
replacing ag by ag + C.

Now we prove the theorem of Littlewood of 1911 again by the method of
Karamata.

Theorem of Littlewood of 1911. Let a, € R forn € NU {0} and A € R
such that the Abel sum ) °  a,2" — A as x — 1~. Assume in addition the
Tauberian condition a, = O (%) (or even the weaker condition na, > —C

for some C' > 0 and for n € N. Then Eg:o a, - Aas N — 0.
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Proof. Again we follow Karamata’s very elegant simple proof of 1930 whose
idea consists of the following three steps.

(i) Replace x by z* with k > 1 in

oo
Zanx”%A asx — 17

n=0

Take an R-linear combination of the result over a finite number of k’s
to replace x™ by a polynomial of z".

(ii) Sandwich a piecewise continuous function g by two polynomials with
the L' norm of the difference of the two polynomials approaching 0.

(iii) Choose g to achieve the effect of a characteristic function so that the
infinite sum )~ a,2" essentially becomes oy (with some factor of
normalization).

The Tauberian condition a,, > —C' is needed in the inequality from the
sandwiching of g by the two polynomials is multiplied. We now implement
these three steps.

By replacing x by 2* for some k£ > 1 in

oo
Zanac”—>A asx — 17,

n=0
we obtain
D
k\n —
Zan(x) —- A asx— 17,
n=0

because ¥ — 17 if and only if z — 1. By taking an R-linear combination
for 1 < k < m with coefficients b, we get

> a,P(z") » AP(1) asx — 1

n=0

for any polynomial P(t) = Y ;" | bxt" without constant term, because P(1) =
> e, bg. Note that unlike the case of Theorem of Hardy-Littlewood of 1914

where the limit is A f01 @dt, in our present notation of P(t) without constant



Math 212a (Fall 2013) Yum-Tong Siu 10

term, involving the integral fol @dt instead of the limit AP(1) here which
involves only the value of P at one point 1. Since the sandwiching the
piecewise continuous function g(¢) by polynomials with approximation only
in the L' norm, integrals have to enter picture. Here we have only the

pointwise value P(1) and integrals would have to come in sometime later.

Unlike in the proof of the theorem of Hardy-Littlewood of 1914, where the
polynomial without constant term is put in the form ¢ P(t) so that there is no
constraint of no constant term anymore for P(t), here we keep the constraint
of no constant term for P(t). So when we do the sandwiching and approx-
imation of ¢g(¢) by P(t) in the proof of the theorem of Hardy-Littlewood of
1914, the function tg(t), which is approximated by the polynomial tP(t),
should yield the characteristic function to give the partial sum sy. Thus
there we choose g(t) = %X[%,u, but here we use P(t) instead of tP(t) and as

1

a result we are going to choose g(t) = x[1 1) instead of g(t) = $x1 4. Again

we choose xy = e~~ as the link between the two variables 2 and N so that

N oo
Zan = Zang (:ERI) )
n=0 n=0

because 7, = N > % if and only if n > N.

In addition to the constraint P(0) = 0 (that is, no constant term), we
impose the addition constraint P(1) so that in the limit statement we have

ZanP(x”) — A asx— 1"
n=0

instead of

ZanP(x") — AP(1) asz—1".
n=0

When we approximate a piecewise continuous function in L' norm by a poly-
nomial, we would like to remove all the constraints on the polynomials so that
we have the approximation we want. In the theorem of Hardy-Littlewood of
1914, the only constraint is P(0) = 0 and we can get rid of it by using tP(t)
so that P(t) is without constraint, that is, we divide P(t) by ¢ to remove the
constraint. Now we are going to remove the two constraints by dividing by
t(1 — t) instead of just by ¢, but P(1) = 1 does not mean that P(¢) has 1
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as root. If we use P(t) — 1 so that ¢t = 1 is a root, the polynomial P(t) — 1
does not have t = 0 as a root. One way to make both ¢t = 0 and ¢ = 1 roots
is to use P(t) —t so that with the condition P(0) = 0 and P(1) = 1, we can
divide P(t) —t by t(1 — t) to define the polynomial Q(t) = Z(lt:)t In other
words, P(t) =t +t(1 —t)Q(1).

We now define the piecewise continuous function h(t) = fg:;

can approximate it by polynomials Q(t) without constraints and get P(t) =
t+t(1 —¢)Q(t) as a polynomial with constraints P(0) = 0 and P(1) =1 to
approximate g(t) =t +t(1 —t)h(t).

Given £ > 0. We can find a polynomial Q).(¢) such that h(t) < Q.(t) for
0<t<land [ (Q.(t) —h(t))dt <e. Let Po(t) =t +t(1 —t)Q.(t). Since
both ¢ and 1 — ¢ are nonnegative for 0 < t < 1, we have ¢(¢) < P.(t) for
0 <t <1. The L' estimate ftlzo (Q(t) — h(t))dt < & can now be rewritten

as VPt —t g(t)—t
/t_O ( t1—1t) t(1 —t)) dt <e,
which is the same as
[ o=t
=0 t(1—1)

The polynomial P.(t) gives only one side g(t) < P.(t) of the sandwiching and
we are going to use this side of the sandwiching to prove that

so that we

dt < e.

lim sup Z ang(z"™) < A.

rz—1— n—0

The other side of the sandwiching will analogously give

lim inf ng(x™) > A
mnf > ang(a")

so that both sides of the sandwiching together will give

lim sup Z ang(az™) = A.

z—=17 )

To verify
lim sup Z ang(x") < A,

r—1— n=0
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since

we consider

Z ang(xn) - Z anPa(xn) = Z an (g(‘rn) - Pe(xn)) :

n=0 n=0 n=0
We have to link this back to ¢ through

/1 P.(t) — g(t)

dt < e.
i—g °°

For this purpose, we make use of —na,, (P.(z") — g(z")) > C (P.(z") — g(z"))
from na,, > —C and P.(z™) — g(2™) > 0 and write

> ngle") = S a") = = (") = 500"
< ij LR — ga™)
<c OO LT (Pa) — gla")
_ Cnf%(l - x)xnpsif:i - ign)

_ CZ (xn . anrl) P&(xn> - g(xn)

(1 —an)

At this point, one key ingenious observation is that by interpretation in terms
of limits of Riemann sums,

: = n n+1 Pa(xn)_g(xn) - ! PE(t>_g(t)
(®) tl—lgl;(x - ") (1 — am) _/towdt'

We now assume (f) first and continue with the verification of

lim sup Z ang(z") < A

rz—1— n=0
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and then return to the verification of (4) afterward. From

i ang(z") < i a, P-(z") + CZ _ nﬂ Psg(cfzi : ZE;;n)

n=0 n=0

it follows that

Pe(a") — g(a")
) < li 1 — ") =
sy Sag(x”) < i Yool )+ i 32 o7 =07 PR S
) P.(t) — g(t)
:A+/ =L Dt < A+e.
=0 t(1—1)

Since € > 0 is arbitrary, we conclude that

lim sup Z apg(z") < A.

r—1— n=0

For the proof of the other direction

[e.9]

we choose Q.(t) < h(t) for 0 < ¢t < 1 such that ftlzo <h(t) — Qg(t)> dt <
e. Let P.(t) = t 4+ (1 — t)Q.(t). Then P.(t) < g(t) for 0 < t < 1 and

ftlzo (h(t) — Qg(t)> dt < e can now be rewritten as

e -t B -
L. (tu ST ) "=

which is the same as

To verify
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we consider

ian]se(x”) - iang = ian ( (x")) )

We have to link this back to ¢ through

Lg(t) — Pt

[a=Re,
=0 H1—1)

For this purpose, we make use of —na,, (g(:z:”) — ]55(30”)> >C (g(x”) - 8(51:")>

from na, > —C and g(z") — P.(z") > 0 and write

> B =3 gla) = = D an (9067~ Poe")

SOIICCRLIE)

<czf:;i< ) i)

lim inf ng(x™) > A
minf > ang(a")

and then return to the verification of (ﬁ) afterward. From

> ae")> S0 ) ~C3 (o) SR

n=0 n=0 n=0
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it follows that

. - = ~ — n n+1 g(l’ ) - pg(l‘ )
ol ) eaga”) > Jim 3 o Pee) = O Jim 3 (07 =™ TR

gt — P(t)
:A—[O—Ht;—ﬁ<A—5

Since € > 0 is arbitrary, we conclude that

lim inf Z ang(z

r—1—

We now handle () and (§). Since both () and () are completely analogous,
we will only do (f). Take an arbitrary n > 0. Let B. be the supremum of the

absolute value of the piecewise continuous function

Ps(t) B g<t>
11— 1)

for 0 <t < 1. Then by using the partition of [0, 1] by an infinite number of

points 2" for n € N we get

— (e Pe(z") — g(a™) bRt —g(t)
Z(m - ) 1 _/tzo—t(l—t) dt

(
| P(2") —g(2™) , =" p(t) — g(t
<3| BN iy [ Rgl0)

—gn+1 t(l - t)

< sup
2 <s,t6[x”+17x”] - 8) t( t)
Since there is only one jump discontinuity of the function

W1 —1)

P.(s) —g(s) P(t) —g(t) n o ontl
)0t = D(x—x ).

on [0,t] (which is at ¢ = %), there exists d,. > 0 such that if 1 -4, <z <1,

then ) —g(s)  PAt)— g0t
—g\s € —4g
1—s) -t |

P.(s
sup

s,t€fzntl zn] S(
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for n € N except when % € [z", "], which can only occur for at most 2
values of n. Hence
s( a

sup
TLZZO <s,t€[x"+1,m"] ) t(]_ - t)

< nz (2" — 2™ +4B. (1 - 6,.) .
n=>0

P.(s) = g(s) _ P(t) = g() D (" — a1)
1—s

Since n > 0 is arbitrary, we conclude that

N n iy Peem) —glam) P PAt) = g(t)
Jf?nzzo(x — ) i _/tzo g

This finishes the verification of (§) and the proof of the theorem of Littlewood
of 1911.

We now discuss Newman’s 1980 simple proof of the Prime Number Theory
which uses a Tauberian theorem. The Tauberian theorem used is formuated
in terms the Laplace (or equivalent the Mellin) transform. The family of
weights used to take the weighted average is ze™** for the Laplace transform
version (with 0 < ¢ < 0o) and is z&=*! in for the Mellin transform (with
1 <z < o0). The two are related by = = e'. The precise statement of the
Laplace transform version of the Tauberian theorem is the following.

Theorem (Laplace Transform Version of Tauberian Theorem). Let F'(t) for
0 <t < oo be a bounded, piecewise continuous function. Let

G(z) = / F(t)edt,
=0
which is automatically holomorphic on { Re z > 0}. If G(z) can be extended
to a holomorphic function on an open neighborhood U of { Rez =0} in C
(as the Tauberian condition), then [~ F(t)dt as the limit of ft/\:o F(t)dt is
equal to G(0).

Remark. Let us put this Laplace transform version of the Tauberian theorem
in the context of (the series version of the Tauberian theorem as given in)
Tauber’s theorem in 1897 (and its later refinement by Littlewood in 1911)
by the following tabulated analogy.
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Laplace Transform Version

Series Version

F(t) an
0<t< 0<n<oo
Gle) = [, F(t)edi S g na”
Rez >0 0<z<1

Tauberian Condition:
G(z) holomorphic in
neighborhood of
{Rez>0}inC

Tauberian Condition:
>y anx™ continuous
on z € [0,1] and a, = o(2)
(or Littlewood’s a,, = O(2))

Conclusion: Conclusion:
: A ) ) }
limy oo ft:o F(t)dt = hmRz:zo,O G(2) | imy oo ZZLO an = lim, - > Ja,z”
A — 00 N — oo

Before its application to the proof of the Prime Number Theorem the
Laplace transform version of Tauberian theorem will be changed to the fol-
lowing Mellin transform version of Tauberian theorem.

Theorem (Mellin Transform Version of Tauberian Theorem). Let f(x) be a
nonnegative, piecewise continuous, nondecreasing function for 1 < x < oo
such that f(z) = O(x) as © — oo. Denote by g(z) the Mellin transform of
f(z) so that

g(z) =z | flz)a™" dx,
r=1
which is automatically holomorphic on {Rez > 1}. If for some complex
number ¢ the function g(z) — -4 can be extended to a holomorphic function

on an open neighborhood U of { Rez = 1} in C (as the Tauberian conition),
then £ — ¢ as z — oo.

xT

The Laplace transform version of Tauberian theorem and the Mellin
transform version of Tauberian theorem are related by F(t) = e~'f(e!) — c.
In its application to the proof of the Prime Number Theorem, the second
Chebyshev function ¢(z) = > . A(n) will be chosen as f(x), where A(n)
is the von Mangoldt function whose value is 0 unless n = p* for some prime
number when its value is log p.

n<zx




Math 212a (Fall 2013) Yum-Tong Siu 18

We now prove the Laplace transform version of Tuaberian theorem by
applying Cauchy’s integral formula to verify that G(0) — GA(0) — 0 as A —
oo, where

A
Gi(2) :/ F(t)e *dt
t=0

and the kernel % in Cauchy’s integral formula is changed to

1 z
Az [ — el
e (2+R2)

while the contour for the Cauchy integral formula is chosen to be the bound-
ary of { Rez > —0, |z| < R} for some appropriately chosen R > 0 and § > 0.

Proof of Laplace Transform Version of Tauberian Theorem. Since F(t) is
bounded on {0 < ¢t < oo}, without loss of generality we can assume that
SUPp<teno |[F ()| = 1. For A > 0 let

A
Gi(z) = /t:O F(t)e *dt,

which is automatically holomorphic on all of C. We are going to prove the
conclusion

lim / Y Pyt = G(0)

A—00 -0

by applying Cauchy’s integral formula to verify that G(0) — Gx(0) — 0 as
A — 00, where
A
Gr(2) = / F(t)edt.
t=0
The straightforward application of the original form of Cauchy’s integral
formula would read

1
GI0) - Gx(0) = [ (G(:) = Ga(2) - d
c
where C' is a simple closed curve in U enclosing a neighborhood of 0 in U.
In order to estimate the contour integral

z

/C (G(2) — Ca(2)) L d=
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as A — 0o, we need to estimate G(z) — G\(z) for z € C. Let z = z 4+ iy. By
definition

G(z) — Gi(2) :/ F(t)e *dt
t=A\
so that
o0 —gt] t=00 -z |€f)\z’
_ < —xt gy _¢ — ¢ S
G(2) GA(Z)|_/t:Ae dt [ h LA — =L

if z = Rez > 0. For z = Rez > 0 the factor e ** = |e~**| is decaying
exponentially as A — oo. In order not to waste such an exponential decay,
we modify the kernel % in the Cauchy integral formula to 2 to offset this
wasted exponential decay so that the factor e* = ‘e_’\z‘ coming from the

new kernel ’972 can be used to our advantage in the part of the contour C
where r = Rez < 0 when A — oo.

Though the domain U where G(z) is holomorphic contains { Rez = 0},
yet we have no control how close the boundary of U is to the origin z = 0.
In the above estimate
7)\z‘

6 - Ga(o) < o

the denominator Re z would make things difficult when z is close to 0. An
important technique which Newman introduced is that since on |z| = R,

1+z_2+z_2+z_2Rez
2 R 2z R R R R?’
e

the disadvantage of having Re z in the denominator of ‘& can be offset by
the advantage of having Re z in the numerator of 2X% at least on { |z| = R}
if we modify the Cauchy kernel % to %%—%. Combining the two considerations

together, Newman ended up with replacing the usual Cauchy kernel % by the
new Cauchy kernel
e)\z 1 + i
z  R?

which like % is holomorphic on C as a function of z except a simple pole at
z = 0 with residue 1. Now we use the modified Cauchy integral formula

G(0) — GA(0) = / (G(2) — Ga(2)) & G + %) dz

c
to verify that G(0) — G5(0) — 0 as A — oo.
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Now we come to the choice of the contour C. With the new modified
Cauchy kernel we can offset the disadvantage of Re z in the denominator by
the advantage of Re z only on the circle { |z] = R }. For that reason we want
the contour C' to be as close to the circle { |z] = R} as possible. However,
though the domain U where G(z) is holomorphic contains the right half-plane
{Rez > 0}, we have no addition information about it other than its being
a neighborhood of the imaginary axis { Rez =0} in C.

The best we can do to make the contour C' as close to the circle { |z| = R }
as possible is to set it to be the boundary of { |z| < R, Rez > —dgr } with
dr > 0 chosen (as a function of R) so that {|z| < R, Rez > —dg} is
contained in U. Because of the dependence of C' on R and dp in such a
choice, we denote C' by Cgrs,. To do our estimate of the new modified
Cauchy integral formula, we need to differentiate the different cases according
to which part of Cgs, the variable z lies. For that reason we break up the
contour Cr s, into three parts. The first part is the right half-circle of radius
R which we denote by

Ch={lz|=R,Rez>0}.

The second part is the union of two circular arcs on the left half-plane which
we denote by

Arsp, ={|2| =R, —0r <Rez < 0}.

The third part is the vertical line segment on the line { Rez = —dg } in the
left half-plane which we denote by

Lrs, ={|2| <R,Rez=—0gr}.

To do the estimate, we start out with an arbitrary ¢ > 0. We will first
choose R > R.. Then we will choose 0 < 0p < dr.. Then we will choose
A > Arsp.e to make |[G(0) — G5 (0)] less than some universal constant times
e when A > Aps,.c.

On the first part C; of the contour Ck, from

)\z‘

6 - Ga(o) < 1

and
1 z 2Re z

z+§ R2
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it follows that

1z e 2Rez 2
. Xz [ 1 < A(Rez) —
'(G(Z) Grlz))e (z RQ)‘ = Rez R R
Thus
et z 2
‘/(ﬁ (G(2) — GA(2)) & (;4—?) dz gwRﬁ <e

for R > R, if R, is set to be 2?“

Now we fix an R > R, and choose dp > 0 small enough so that Cgs
together with the domain it encloses is contained in the domain U where
G(z) is assumed to be holomorphic. On the second and third parts Aggs,
and Lp s, of the contour Crs,, we are going to do the estimate separately for
G(z) and G,(z) instead of doing it at the same time for G(z) — G\(z). The
reason is that on the right half-plane we have the explicit integral formula

G2) — Gy(2) = / T P(he

t=X\

which we use to get our estimate on the first part C}; of the contour Cpyg,
but on the left half-plane, while we still have the explicit integral formula

Cr(2) = /t; F(t)e—dt

for G(z), we have no integral formula for G(z) except that we know that
G(z) is independent of A. In our separate estimates for G,(z) and G(z), in
the case of G\(z), we use its explicit integral formula and in the case of G(z)
we use the fact that G(z) is independent of .

Since G(z) is holomorphic on all of C, by Cauchy’s theorem

1z 1
G ze’\z<—+—)dz:/ G ze)‘z(—_%_)dz'
/I;R,éRJ'_LR’sR /\( ) z R2 |2|=R, )\( ) 5 R2

Re 2<0

From the explicit integral formula

Gi(z) = /t/\o F(t)e *dt
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for x = Re z < 0 we have the estimate

e

—xt:| t=A e—)\ac -1 -z ’e—)\z’

A
|GA(2)] S/ e dt = [—
t=0

T Ji=o

and on {|z] = R, Rez < 0},

—Az o
‘GA(Z) 6)\2 (1_'_1)’ < {6 ’ eA(Rez) 2Re z _ i

z R?
Thus

2
SWR§<€

1
/ Gr(2) ™ (— + %) dz
ARsp+tLRrsp z R

forRzRaz%r.

We now handle the estimate for G(z) on Ags, + Lrs,. We do this for
Aprs,, first. Since |e>‘z‘ < 1 on the left half-plane { Rez < 0}, for fixed R,
clearly there exists sompositive number 6. such that

1 z
G(z) e <—+—>dz
/AR,aR (2) z  R?
for 0 < 53 < 5375.

We now fix R > R, and then fix 0 < 6 < dr. and let A\ vary in the

estimate of
/ G(z)eM (1 + i) dz
LR,JR z R2

Here the only dependence on A is through ¢**. On { Rez = —dp } we have

<e€

|e)\z‘ < N

which goes to 0 as A — oo. Hence there exists some Ap s, . > 0 such that

1 z
G(z) e (——i——)dz
/LR,tSR (2) z  R?

for A > Ars,.e. This concludes the proof of the Laplace transform version of
the Tauberian theorem. Q.E.D.

<e€
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We now prove the following Mellin transform version of the Tauberian
theorem.

Theorem (Mellin Transform Version of Tauberian Theorem). Let f(x) be a
nonnegative, piecewise continuous, nondecreasing function for 1 < x < oo
such that f(z) = O(x) as © — oo. Denote by g(z) the Mellin transform of
f(x) so that

g(z)=z [ [flz)a™" dw,
=1
which is automatically holomorphic on {Rez > 1}. If for some complex
number c the function g(z) — -4 can be extended to a holomorphic function
on an open neighborhood U of { Rez = 1} in C (as the Tauberian conition),
f(=)

thenT%cas:c—M)o.

Proof. First of all we would like to remark that the growth condition f(x) =
O(z) as © — oo is needed to obtain the complex-analyticity of

g(z) = = / : f(x)r=*"ldx

on { Rez > 1} because of the need to handle the improperness of the integral
as T — 00.

Secondly we would like to point out that though the Laplace transform
version of the Tauberian theorem is related to the Mellin transform version
of the Tauberian theorem by the change of variables z = €', in the Mellin
transform version of the Tauberian theorem the Tauberian condition is that
for some complex number ¢ the function g(z)— % can be extended to a holo-
morphic function on an open neighborhood U of { Rez = 1} in C, whereas
the Tauberian condition for the Laplace transform version involves only the
holomorphic extension of G(z) to an open neighborhood U of { Rez = 0} in

C without any subtraction of a principal part.

The introduction of the principal part —% to the meromorphic extension

of g(z) to an open neighborhood U of { Rez =1} in C is necessitated by

its application to the proof of the Prime Number Theorem. Because of this

principal part 45 in the meromorphic extension of g(z), the relation of f(x)

and F(t) needs something more complicated than the change of variables
x = €' to reduce the the Mellin transform version of the Tauberian theorem
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to the Laplace transform version of the Tauberian theorem. Since

o 1
/ e Adt == for Rez >0,
0

z

C

— in the mero-

in order to handle the complication from the principal part
morphic extension of ¢(z) it suffices to introduce

F(t)=e¢"f(e") —c

in the use of the change of variables, where the factor e~ is to take care of
the Jacobian in the integral from the change of variables and the constant
—c is to take care of the principal part % in the meromorphic extension

of g(z). Note that the growth condition f(z) = O(x) implies that F(t) is
uniformly bounded for 0 <t < oc.

Let G(z) be the Laplace transform of F'(t). To relate G(z) to g(z), with
the change of variables x = e’ we have

G(z) = /too F(t)e dt

=0

_ /t T (et — o) et

=0

[ (-t

=1
/ f(x)z™"2dx — <
=1
1

z

—(g(z—i—l)—g—c).

:z+1

Since the Tauberian condition in the Mellin transform version of the Taube-
rian theorem gives the holomorphic extension of g(z + 1) — £ to an open
neighborhood of { Rez = 0} in C, it follows that G(z) can be holomorphi-
cally extended to an open neighborhood of { Rez =0} in C.

By the Laplace transform version of the Tauberian theorem, the integral

/:;F(t)dt:/t: (e f(e) —¢) dt:/:l (@_Q d?x
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is finite. We are going to use the nondecreasing property of the function f(x)
to conclude from the finiteness of the integral

MESE

that @ — c as x — oo. Of course, if @ — ¢ is bounded from below by
a positive number (or bounded from above by a negative number) on some
subset of infinite length in [1, 00), there is a contradiction of the finiteness of

the integral
/ > ( f(z) > dx
r=1 xz T

but we need to get a contradiction for the stronger statement that the subset

of [1,00) where @ — ¢ is bounded from below by any positive number is

bounded (and also the subset of [1, 00) where @ — ¢ is bounded from above
by any negative number is bounded). The nondecreasing property of f(z) is
used to conclude from %OO) —c¢ > ¢ at some 1 < zg < oo that there is some

interval of length I, . in [z, 00) where @ o> S so that

xT

8/ dx
2 Lge ©

has a positive lower bound as o — oo, yielding a contradiction to the finite-

ness of the integral
/ > ( f(z) > dx
—t —c)—.
r=1 x x

In order to get an interval I, . from a point zy, the key point is that the

positive lower bound ¢ in the inequality %‘?) — ¢ > ¢ is replaced by the

positive lower bound £ in the inequality @ — ¢ > 5. Here is the precise

argument.

N

Suppose € > 0 and %‘Tow —c > ¢ for some 1 < x5 < 0o. Define the interval

c+e
I:Bo,&‘: Zo, C+%x0 .

cte
cts

By the nondecreasing property of f(z), for xy < z < xo we have

J@) 2 f(wo) = aolcte) = (c+ )
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so that @ — ¢ > 5 on the interval I, .. We compute

cte

dx Ty ™o c+e
— = |logz = log .
Inge T

£
o=z c+3

From
ct+e

/c+§$0 f(x)_c %>E/ d—xzilog c+e€
- x x T 2), x 2

zQ,€
we get a contradiction from

cte

c+5 o
lim ! (M—c>d—x2§log(c+€)>0
xo—r00 zo X x 2

and the finiteness of
/ *(flx)  \dx
r=1 x ,

x
if for some ¢ > 0 there exists a sequence 1 < xy < oo going to oo with
f(xo)

—c > E.

o

x0

Likewise, if for some € > 0 there exists a sequence 1 < xy < 0o going to
oo with %ﬂo) — ¢ < —¢, then we can define the interval

Cc— ¢
ng,s - |:C— € Zo, IO:| .

2

By the nondecreasing property of f(z), for &= o < x < xy we have
2

oy < i < w122 (0~ )

so that £&) _ ¢ < —£ on the interval J,, .. From
T 2 0,

/ d—x—log(c_g).
Jege & c—¢

/“ flz) d_x>£/ L
. x x 2 T 2

and
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we get a contradiction from

c+e

o+ & X0
[ ()
To—00 zo

T
and the finiteness of

(e

x
This finishes the proof that @ —casz— oo. Q.E.D.

Riemann Zeta Function as Mellin Transform of Integral Part Function. For
Re z > 1, the Riemann zeta function

(=3~

n?
n=1

can be written as the Riemann-Stieltjes integral

() = /OO £l

(where =% means e=*1°¢* and |t| means the largest integer not exceeding t)
which after integration by parts becomes

C(2) = {t—zmr +z/t°° h

||t Dat = z/
t:% t=1

This means that on {Rez > 1} the Riemann zeta function is representable

N|=

[t]t=CHDar.

in the following formula as the Mellin transform of the integral part function
t— [t].

((z) ==z /: [ttt

Instead of using the Riemann-Stieltjes integral, the formula

() == /OO (1),

which expresses the Riemann zeta function as the Mellin transform of the
integral part function ¢t — |t], can be directly derived by summation by parts

27
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as follows. On {Rez > 1} we have

o] o0 n+1
z/ [t~ Dt = zZn/ =Gy
t

=1 n=1 t=n
0 =% t=n+1
—:Yn {_ }
< t=n

3
Il
—-
3
Il
—-

I
NE
2=
|
WE
3
S|
.

3
Il
—
3
[|
o

I
e 1=
5 |-

Il
—

I
Ty 3
—
N
~—

Meromorphic extension of Riemann Zeta Function by Comparison with Mellin
Transform of Identity Function. The formula

(@) =2 [ 1t e
t=1
which expresses the Riemann zeta function as the Mellin transform of the
integral part function ¢ — [t], holds only on {Rez > 1}, because the order
of growth of the integral part function t — |[t] is like ¢, which cancels one
order in the denominator of t~¢+1. If we can somehow remove one order
from the integral part function ¢ — |¢], then we can get a formula for the
Riemann zeta function ((z) on {Rez > 1}. For this purpose we can consider

z/oo (It] —t)t=C+Dat

=1
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on {Rez > 1} which is equal to

z / |t]t=CHDdt — 2 / t=dt
t=1 t=1

I [k o
—z+1],,
= 2((x) - —.
That is, i,
C(z) =1+ i +z /t1 (It] —t)t= = Vat.

Since the integral
/ (|t] —t)t=C+Yat
t=1

defines a holomorphic function on {Re z > 0}, it follows that
1 o0

() =1+_——+ z/ (|t] =)t~ Dat

S

t=1

defines the meromorphic extension of the Riemann zeta function ((z) to
{Re z > 0}, which is holomorphic except at z = 1 where it has a simple pole
with residue 1.

Nonvanishing of Riemann Zeta Function on Line of Abscissa 1 by Mertens
Auziliary Function and Completion of Squares. We are going to prove the
nonvanishing of the Riemann zeta function ((z) on the line {Rez = 1} of
abscissa 1 by using

(i) the completion of squares

34 4cosf 4 cos20 =3 +4cosf +2cos’f — 1 =2(1+cosh)’ >0,

(ii) the Mertens auxiliary function

h(z) = ((2)*C(x + iy)*¢(z + 2iy).
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From
log |((z)| = Re log ((z)

—Re 30 ST

p prime n=1

it follows that
log |h(z)| = 3log [¢(x)] + 4log |C(x + iy)| + log |((x + 2iy)|

= Z i P Re (3 +4p~W + p_%y)

n

p prime n=1

= Z Zp (34 4 cos(ylogp) + cos(2ylog p))

n

p prime n=1

— Z Z Py (14 cos(ylogp))® > 0.

n

p prime n=1

Thus
|h(2)] = [C(@)P[¢(x + iy)|[*[¢(x + 2iy)| > 1.

Suppose ((1 + iy) vanishes for some y € R. Then y # 0, because z = 1 is a
simple pole with residue 1 for {(z). We get a contradiction from

[h()] = [¢(2)P[¢ (@ + iy)[*[¢ (@ + 2iy)| > 1

as x — 17, because |((x)|> blows up of order 3 and |((x + iy)|* vanishes to
order 4 whereas |((z + 2iy)| remains bounded. More precise description of
the argument leading to the contradiction is as follows. From the vanishing
of ¢(1 + iy) we have

’ 4

lim
z—1+

I

C(z +1y)
r—1

which contradicts

. 4
L oo+ 2i)

L P o)

r—1"z—-1
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as x — 17, because the left-hand side goes to oo while the right-hand side is
bounded by some finite number. Here

lim [(z — 1){(z)] < 00

z—1t
is used, which is a consequence of the fact that z = 1 is a simple pole of {(2)
with residue 1.

Meromorphic Extension of Negative of Logarithmic Derivative of Riemann

Zeta Function to Neighborhood of Line of Abscissa 1. By putting together

the following statements, we can conclude that — CCI((;)) admits a meromorphic

extension to an open neighborhood of { Rez > 1} in C with 1 as the only
pole and the principal part at 1 is ﬁ

(i) The product formula

o= 11 ==

p prime

for the Riemann zeta function for Rez > 1 (which comes from the
unique factorization of any positive integer into a product of prime
numbers) shows that ((z) is holomorphic nowhere zero on Re z > 1.

(ii) The formula

[e.9]

1
((z)=1+—+ z/ (|t] —t)t~ = Dat
z—1 t=1
on {Rez > 1} shows that ((z) can be meromorphically extended to to
{Re z > 0}, which is holomorphic except at z = 1 where it has a simple
pole with residue 1.

(iii) The nonvanishing of ((z) on {Rez = 1} from the argument of the
Mertens auxiliary function and the completion of squares shows that

g((;)) is holomorphic at every point of {Rez =1} — {1}.
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Negative of Logarithmic Derivative of Riemann Zeta Function as Mellin
Transform of Second Chebyshev Function. From the product formula

(= —

1 — Mz
p prime p

for the Riemann zeta function for Rez > 1 (which comes from the unique
factorization of any positive integer into a product of prime numbers), by
taking the logarithmic derivative of both sides, we get

"(z ~“lo
e X L S S s =Y )

p prime p prime n=1

where ¢(z) = >, ., A(n) and A(n) is the von Mangoldt function whose value
is 0 unless n = p* for some prime number when its value is log p.

We now use summation by parts to replace the use of the von Mangoldt
function A(k) by the use of the second Chebyshev function

= A(k)

k<z
Recall the formula for summation by parts is
arby + -+ + apby = s1(by — ba) + sa(by — b3) + -+ + 8,1 (bp—1 — by) + 5,0y,

where s, = a; + - - - + ai. By application of summation by parts, we get

— al 1 1 1
= Yl — — N+1)———
Zkz 2 )(kz (k:+1)2)+¢( Uy
k=1
Since clearly ¢(x) < zlogz, it follows that for Rez > 1,
lim (N + 1) ! =0
oo (N+1)7

and
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Thus from

k+1 _zt=n+1
/ gy — |t bl ;)
ok z |, z \k* (k+1)

we conclude that

)«
(o) o F
>

In other words, the negative of the logarithmic derivative of the Riemann
zeta Function is the Mellin transform of second Chebyshev function.

Linear Bound of Second Chebyshev Function from Argument of Powers of
2. We are going to verify the linear growth bound for the second Chebyshev
function, that is, ¢(z) = O(x). The verification is done in the following three
steps.

(i) Bound of sum of log prime between n and 2n, with the use of binomial
coefficient (*").

(ii) Bound of sum of log prime not exceeding a power of 2, by breaking up
primes not exceeding a power of 2 into intervals bounded by consecutive
powers of 2.

(iii) For a number x greater than a prime p, differentiate between the case
of x greater than the square of p and the contrary.

Here are the details for the three steps.

Step One. The statement for this step is

Z logp < 2nlog?2.

n<p<2n,
p pime



Math 212a (Fall 2013) Yum-Tong Siu 34

The key argument is that

II p<+Dm+2)---(2n)

n<p§2n,
p pime
but p > n cannot divide any of the numbers 2,3, --- ,n so that
1 2)---(2 2
2.3...n n
n<p§2n,
p pime

because (*') is an integer and (n + 1)(n+2)---(2n) = n!(*"). We get our
statement
Z logp < 2nlog?2

n<p<2n,
p pime

H p < 22",

n<p<2n,
p pime

by taking the logarithm of

A special case of this statement is that when n = 2™, we have

Z logp < 2™ log 2.

277’:,<p§2'm+17
p pime

In words, this statement says that the sum of the logarithm of primes between
two consecutive powers of 2 is less than the larger power of 2 times log 2.

Step Two. The statement for this step is

Z logp < 2™ log 2.

p<2™,
p pime

In words, this statement says that the sum of the logarithm of primes not
exceeding a power of 2 is less than that power of 2 times 2log 2. This state-
ment just follows from the special case in Step One by dividing up [1,2™]
into the disjoint union of intervals whose end-points are consecutive power

of 2.
Z 1ogp§Z Z logp<22elog2:2m+llog2.
=0

p<2m, =0 2¢<p<at,
p prime p prime
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Step Three. The second Chebyshev function v (z) is defined as the sum of
log p with p prime and p* < z for some k& € N. Thus for a given prime p the

number of log p occurring in the sum for ¢ () is precisely the in integral part

[153) of 55 The formula for y(z) i

1
p prime o8 p
For any prime p < z, we differentiate between two cases U‘;ﬁ;J = 1 and
H;ng > 1. When UOMJ > 1, we have “ngJ > 2 and %ng > 2, which
&P ogp ogp ogp

means that z > p? and Vx> p. When we consider only those primes p with
{ngJ > 1 in the sum for ¢ (z), we get

logp
log x log x
1 < 1
2 Long 8PS D Long ey

p prime,

(b5 T o
log
<Y
p prime, ng
<z
= E log x
p prime,
p<V=z

On the other hand, When we consider only those primes p with Uiiﬂ =1

in the sum for ¥ (x), we get

Z \‘IOgIJ logp = Z log p.

p prime, 1ng p prime,

log x 1 p<z
Togp | ™

For any given x > 2 there exists a unique nonnegative integer m such that
2m < ¢ < 2m*FL From Step Two we have

Z logp < 2™ 21og2 < 4xlog 2.

p§2m+1
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Hence

1
Z { Ong logp < 4z log 2.
logp

p prime,
53] =
Putting the two cases together, we get
Y(z) < m(v/x)logx + 4x log 2
= zlogw + 4xlog 2
1
= < (\)}g; +4log 2> x
= O(x).
Growth Order of Second Chebyshev Function as Prime Number Function
Times Logarithmic Function. The statement is that ¢(x) ~ 7(z) log z, under
the assumption that lim, @ = 1, so that the proof of the Prime Number

Theorem lim,_, % = 1 is reduced to lim,_, @ = 1. One direction of
log x
the comparison ’
lim sup ﬂ <1
ao00 T(x)logx
is straightforward and does not require the assumption lim, .., @ = 1,
because |
ogx
o= 5 || os
. ogp
p prime
log x
D oy 08P
p prime, ng
p<z
= Z log x
p prime,
p<z
= m(z)logz.
For the other direction of the comparison
1
lim sup 78T g
z—00 ¥(z)

the trick is to cut the number of primes p < x by breaking the counting into
the following two parts for an appropriate y < x and then relate the second
part to ¥ (x) by using logy < logp for the primes y < p < x.
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(i) The number of primes p < y.

(i) The number of primes y < p < z.

We have
m(z) = Z 1

p prime,
p<z

= ) 1+ > 1

p prime, p prime,
p<y y<p<z

)+ Y 8P

log p

p prime,
y<p<w

1
<
<7(y)+ e Z log p

p prime,
y<p<z

(x)
logy’
Let us investigate how we should choose y in the inequality

P(r)
m(z) <y+ log

<y+

in order to conclude that

1
lim sup m(z)log @ <1

z—00 ()
Rewrite the inequality

U(z)
<
m(x) <y+ log y
as
7(x)logx < ylogx logx

0@ = o) | logy
P(x)

xT

Since we assume as known lim,_,
way is to have

= 1, to get our conclusion an obvious

) x
lim sup <1
r—oo 108Y

and
) ylogx
lim sup
T—$00 X

We can achieve both by setting y = @ for any v > 1, for example, v = 2.

<0.
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Proof of Prime Number Theorem from Applying to Second Chebyshev Func-
tion Mellin Transform Version of Tauberian Theorem. The proof of the
Prime Number Theorem now is a consequence of the following steps which
we have obtained above.

Step One. The second Chebyshev function ¥ (z) = > _ A(n) is clearly
nondecreasing and piecewise continuous. We have checked that its growth
order is at most linear, i.e., ¥ (z) = O(z) as x — o0.

Step Two. We have also checked that the Mellin transform of ¢ (z) is _CC/((;))
which is meromorphic on an open neighborhood of {Rez > 1} with 1 as the

only pole and ﬁ as its principal part.

Step Three. We can now apply the Mellin Transform Version of Tauberian
Theorem to

¢(2)
flx)=v(x), g(z)=-— , and c=1
(@) =wle). 92) =~
to conclude that

tim £ 4,

r—oo I

Step Four. We have also checked that

m Y@

z—oo m(x) log

so that we can obtain the conclusion of the Prime Number Theorem which
18

Wiener’s Approach to Tauberian Theory. On R we consider a special kind
of family weights for taking average. One starts with a single function h(t)
on R which is absolutely integrable, say piecewise continuous (actually after
the introduction of Lebesgue theory, just Lebesgue measurable). The family
indexed by x € R is just the family of translates h(t — ) of h(t) to the right
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by z. For a bounded, piecewise continuous function f(x) on R, we can form
the function

T / f()h(x —t)dt,

from the weights indexed by the variable x, which of course is just the con-
volution f x h of f and h. If we would like to talk about weighted average,
we can require that [~ h(t)dt = 1, but it is not important.

The principle of Tauberian theorems is the relation between convergence
in using two different families of weights when an appropriate Tauberian
condition is fulfilled. Instead of just one single h(t), we take another function
g(t) so that we have two different families, one defined by h(t) and the other
defined by ¢(t). We ask under what Tauberian condition is the convergence
of the function

x|—>/f(t)h(x—t)dt

to A as © — xg implies the convergence of the function

xr—>/f(t)g(x—t)dt

to A as © — zp. Since we want to forego the condition [h(t)dt = 1, as
explained above, we will always choose A = 0. We use x — oo as © — xg.
The Tauberian condition which Wiener obtained in 1932 is that the Fourier
transform of A has no real zeroes. That is,

/ h(z)e®*dr # 0 for all £ € R.
TER

The conclusion of Wiener’s Tauberian theorem is that under such Tauberian
condition, if the limit of the function

xH/f(t)h(x—t)dt

as r — oo is equal to

A /R h(x)da

and if g(x) is another piecewise continuous function absolutely integrable
function on R, then the limit of the function

xH/f(t)g(x—t)dt
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as x — oo is equal to

A /R o(x)da.

Again after the introduction of Lebesgue’s theory of integration, the condi-
tion of piecewise continuity for f, g, h (which is used to guarantee the local
integrability of f(¢)h(z—t) and f(t)g(x —t) as a function of ¢ on any interval
of finite length in R) can be replaced by f, g, h being Lebesgue measurable.

The idea of proof is replace h by its translates and take linear combina-
tion and then approximate any given g by linear combinations of translates
of h. As a matter of fact the proof is close to Karamata’s method which first
replaces 2" by z*" (for fixed k and variable n) and then take a linear com-
bination and approximate some function defined by characteristic functions
by such linear combinations. The replacement of z" by z*" (for fixed k and
variable n) is the same as performing a translation n — kn with respect to
the group law of multiplication for integers.
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’ Wiener’s Tauberian theorem ‘ Littlewood’s Tauberian theorem ‘
f(t) an
teR 0<n<o
frox £ (OB — t)dt S
(h uniformly bounded on R)
reR 0<z<l1
Tauberian Condition: Tauberian Condition:
Jicr f(t)h(z = t)dt — 0 an = O(%)
as T — 00 (or Karamata’s inf,cyna, > —o0)
Conclusion: Conclusion:

lim, fteR f)glz —t)dt =0
for all g in L'(R)

Bmy_yeo ) ,_o an exists and equals

. o0 n
hmx—)l_ Enzo anT

T — OO

N — o0

Wiener’s method of proof:
(i) Replace h by translate
z+— h(x —y) by y
(i) Take linear combination
x> 3 bih(z —y;)

(iii) Approximate g(z) by
T — Zj bih(x —y;)
with approximate choice of b;’s

Karamata’s method of proof:
(i) Replace z" by translate z*"
by k in multiplicative group law
(i) Take linear combination
P 3 by ()

(iii) Approximate some function
from characteristic function by
Y bj(zm)k
with approximate choice of b;’s
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There is a Fourier series version of Wiener’s Tauberian theorem instead
of the Fourier transform version. There are three equivalent formulations for

it.

In order to state these formulations, we introduce the vector space ¢1(Z)

over C which consists of all (ay), o, With > _, la,| < co. We introduce
multiplication into the C-vector space ¢;(Z) by using convolution so that
the product of a = (a,),c, and b = (bn),,o; is ¢ = (cn), ey With ¢, =
Zkez arb,_r. We use the notation ¢ = a * b to denote the convolution c
of a and b. Note that when a € ¢,(Z) and t = (t,),,c; is only a bounded
sequence and not an element of ¢1(Z), we can still form the convolution a*t

and get a sequence, but the sequence a x t is in general not an element of
(1(Z) and is only a bounded sequence.
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The ring ¢1(Z) is naturally isomorphic to the ring of all absolutely con-
vergent Fourier series Y., a,e™ on R where addition and multiplication
are defined as the usual addition and multiplication for functions. The ab-
solutely convergent Fourier series ) _, a,e™® corresponding to the element
(an),eq of £1(Z) is called its Fourier transform.

The three equivalent formulations of Fourier series version of Wiener’s
Tauberian theorem are as follows.

(1) For an element a = (ay),c; of ¢1(Z), the span of its translates (by
multiplication) is dense in ¢;(Z) if and only if its Fourier transform a
has no real zeroes.

(2) If the Fourier transform of an element a = (a,),, of ¢1(Z) does not
have any real zeroes and if for some bounded sequence t the convolu-
tion a *x t as a bounded sequence approaches zero at infinity, then the
convolution bt as a bounded sequence also approaches zero at infinity
for any element b = (b,),,o,, of ¢1(Z).

(3) If a function f on R with period 2w whose Fourier series is absolutely
convergent has not zeroes on R, then its reciprocal % has absolutely
convergent Fourier series.

The first formulation is related to Karamata’s method of proof, which uses
approximation by linear combinations of translates of the kernel (or the
weighted average). The second formulation is along the lines of the his-
toric Tauberian theorems involving taking limits for two different kernels (or
ways of taking weighted averages). The third formulation is assigned as a
homework problem.

Israel Moiseevich Gelfand in 1941 introduced the language of commuta-
tive Banach algebras, multiplicative linear functionals, maximal ideal space,
and the Gelfand representation to interpret the Tauberian theory of Wiener.
Gelfand’s work led to fundamental developments in the theory of harmonic
analysis and Fourier analysis on locally compact abelian groups.



