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Modélisation Mathématique et Analyse Numérique

MEASURING THE IRREVERSIBILITY OF NUMERICAL SCHEMES FOR
REVERSIBLE STOCHASTIC DIFFERENTIAL EQUATIONS *

MARKOS KATSOULAKIS!, YANNIS PANTAZIS! AND LUC REY-BELLET!

Abstract. For a Markov process the detailed balance condition is equivalent to the time-reversibility
of the process. For stochastic differential equations (SDE’s) time discretization numerical schemes
usually destroy the property of time-reversibility. Despite an extensive literature on the numerical
analysis for SDE’s, their stability properties, strong and/or weak error estimates, large deviations and
infinite-time estimates, no quantitative results are known on the lack of reversibility of the discrete-time
approximation process. In this paper we provide such quantitative estimates by using the concept of
entropy production rate, inspired by ideas from non-equilibrium statistical mechanics. The entropy
production rate for a stochastic process is defined as the relative entropy (per unit time) of the path
measure of the process with respect to the path measure of the time-reversed process. By construction
the entropy production rate is nonnegative and it vanishes if and only if the process is reversible.
Crucially, from a numerical point of view, the entropy production rate is an a posteriori quantity, hence
it can be computed in the course of a simulation as the ergodic average of a certain functional of the
process (the so-called Gallavotti-Cohen (GC) action functional). We compute the entropy production
for various numerical schemes such as explicit Euler-Maruyama and explicit Milstein’s for reversible
SDEs with additive or multiplicative noise. Additionally, we analyze the entropy production for the
BBK integrator of the Langevin processes. We show that entropy production is an observable that
distinguishes between different numerical schemes in terms of their discretization-induced irreversibility.
Furthermore, our results show that the type of the noise critically affects the behavior of the entropy
production rate.
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Résumé. Pour un processus de Markov la condition de balance détaillée est équivalente & la re-
versibilité du processus par rapport au renversement du temps. Pour les équations différentielles
stochastiques, les schémas de discrétisation détruisent en général cette proprieté de reversibilité. En
dépit d’une vaste littérature sur l'analyse numérique des équations differentielles stochastiques, leur
proprieté de stabilité, les erreurs fortes et/ou faibles, les proprietés de grandes déviations et & long
temps, il n’y a pas eu jusqu’a maintenant de résultats quantitatifs sur l'irréversibilité introduite par
I'approximation numérique. Dans cet article nous fournissons de telles estimations, en nous basant sur
le taux de production d’entropie, inspirés par des idées de mécanique statistique hors-équilibre. Le
taux de production d’entropie est, par définition, I’entropie relative (par unité de temps) du proces-
sus par rapport au processus renversé en temps. Par construction, le taux de production d’entropie
est non-négatif et il est zéro si et seulement si le procesus est réversible. Crucialement, d’un point
de vue numérique, le taux de production d’entropie peut étre evalué directement comme la moyenne
ergodique d’une certaine fonctionnelle du processus (la fonctionelle de Gallavotti-Cohen), sous des
conditions d’ergodicité adéquates. Nous calculons la production d’entropie pour le schéma explicite
d’Euler-Maruyama et le schéma explicite de Milstein pour des equations différentielles stochastiques
reversibles avec des bruit additifs ou multiplicatifs. Nos résultats démontrent que le type de bruit
change le comportement la production d’entropie de maniere critique. Finalement nous analysons la
production d’entropie pour le schéma BBK pour l'’equation de Langevin.

1991 Mathematics Subject Classification. 777, 777

The dates will be set by the publisher.

INTRODUCTION

In molecular simulations arising in the simulation of systems in materials science, chemical engineering,
evolutionary games, computational statistical mechanics, etc. the equilibrium statistics obtained from numerical
simulations are of great importance [6,22,28]. For instance, the free energy of the system or free energy differences
as well dynamic transitions between metastable states are quantities which are sampled at the stationary regime.
In addition, physical processes are often modeled at a microscopic level as interactions between particles which
obey a system of stochastic differential equations (SDE’s) [6,12]. To perform equilibrium simulations for the
sampling of desirable observables, the solution of the system of SDE’s must possess a (unique) ergodic invariant
measure. The uniqueness of the invariant measure follows from the ellipticity or hypoellipticity of the generator
of the process together with irreducibility, which means that the process can reach at some positive time any
open subset of the state space with positive probability [16,20]. Under such conditions the distribution process
converges to the invariant measure (ergodicity) which has a smooth density and the process started in the
invariant measure is stationary, i.e. the distribution of the paths of the processes, is invariant under time-
shift. Many processes of physical origin, such as diffusion and adsoprtion/desoprtion of interacting particles,
satisfy the condition of detailed balance (DB), or equivalently, reversibility, i.e., the distribution of the path
of the processes are invariant under time-reversal. It is easy to see that reversibility implies stationarity but
is a strictly stronger condition in general. The condition of detailed balance often arises from a gradient-like
behavior of the dynamics or from Hamiltonian dynamics if the time-reversal include reversal of the velocities.

However, the numerical simulation of SDE’s necessitates the use of numerical discretization schemes. Dis-
cretization procedures, except in very special cases, results in the destruction of the DB condition. This affects
the approximation process in at least two ways. First, the invariant measure of the approximation process, if
it exists at all, is not known explicitly and, second, the time reversibility of the process is lost. Several recent
results concerns the existence of the invariant measure for the discrete-time approximation and associated error
estimates [2,3,14,15] but, to the best of our knowledge, there is no quantitative assessment of the irreversibility
of the approximation process. Of course there exist Metropolized numerical schemes such as MALA [21] and
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variations thereof which do satisfy the DB condition but they are numerically more expensive, especially in
high-dimensional systems, as they require an accept/reject step. Thus, a quantitative understanding of the lack
of reversibility for simpler discretization schemes can provide new insights for selecting which schemes are closer
to satisfying the DB condition.

The implications of irreversibility are only partially understood, both from the physical and mathematical
point of view. These issues have emerged as a main theme in non-equilibrium statistical mechanics and it
is well-known that irreversibility introduces a stationary current (net flow) to the system [8,18,23] but it is
unclear how this current affects the long-time properties (i.e., the dynamics and large deviations) of the process
such as exit times, correlation times and phase transitions of metastable states. Reversibility is a natural
and fundamental property of physical systems and thus, if numerical simulation results in the destruction of
reversibility, one should carefully quantify the irreversibility of the approximation process and we do in this
paper using the entropy production rate. The entropy production rate which is defined as the relative entropy
(per unit time) between the path measure of the process and the path measure of the reversed process is widely
used in statistical mechanics for the study of non-equilibrium steady states of irreversible systems [5,8,11,13]. A
fundamental result on the structure of non-equilibrium steady states is the Gallavotti-Cohen fluctuation theorem
that describes the fluctuations (of large deviations type) of the entropy production [5,8,11,13] and this result can
be viewed as a generalization of the Kubo-formula and Onsager relations far from equilibrium. For our purpose,
it is important to note that the entropy production rate is zero when the process is reversible and positive
otherwise making entropy production rate a sensible quantitative measure of irreversibility. Furthermore, if we
assume ergodicity of the approximation process, the entropy production rate equals the time-average of the
Gallavotti-Cohen (GC) action functional which is defined as the logarithm of the Radon-Nikodym derivative
between the path measure of the process and the path measure of the reversed process. A key observation of
this paper is that an important feature of GC action functional is that it is an a posteriori quantity, hence, it is
easily computable during the simulation making the numerical computation of entropy production rate tractable.
We show that entropy production is a computable observable that distinguishes between different numerical
schemes in terms of their discretization-induced irreversibility and as such allows us to adjust the discretization
in the course of the simulation.

We use entropy production to assess the irreversibility of various numerical schemes for reversible continuous-
time processes. A simple class of reversible processes, yet of great interest, is the overdamped Langevin process
with gradient-type drift [6,7,12]. The discretization of the process is performed using the explicit Euler-
Maruyama (EM) scheme and we distinguish between two different cases depending on the kind of the noise.
In the case of additive noise, under the assumption of ergodicity of the approximation process [2, 3,14, 15] we
prove that the entropy production rate is of order O(At?) where At is the time step of the numerical scheme.
In the case of multiplicative noise, the results are remarkably different. Indeed, under ergodicity assumption,
the entropy production rate for the explicit EM scheme is proved to have a lower positive bound which is
independent of At. Thus irreversibility is not reduced by adjusting At, as the approximation process converges
to the continuous-time process. The different behavior of entropy production depending on the kind of noise is
one of the prominent findings of this paper. As a further step in our study, we formulate and test numerically the
explicit Milstein’s scheme with multiplicative noise (it is the next higher-order numerical scheme). Simulation
results on a wide range of different multiplicative noises show that the entropy production rate of Milstein’s
scheme decreases as time step decreases with order O(At).

Finally, we compute both analytically and numerically the entropy production rate for a discretization scheme
for Langevin systems which is another important and widely-used class of reversible models [6,12]. The Langevin
equation is time-reversible if addition to reversing time, one reverses the sign of the velocity of all particles.
The noise is degenerate but the process is hypo-elliptic and under mild conditions the Langevin equation is
ergodic [15,19,26]. Our discretization scheme is an explicit EM—Verlet (symplectic)-implicit EM scheme also
known as BBK integrator [4,12]. We rigorously prove, under ergodicity assumption of the approximation
process, that the entropy rate produced by the numerical scheme for the Langevin process with additive noise
is of order O(At), hence, in terms of irreversibility it can be an acceptable integration scheme.
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The paper is organized in four sections. In Section 1 we recall some basic facts about reversible processes
and define rigorously the entropy production. Moreover we give the basic assumption necessary for our proofs,
namely, the ergodicity of both continuous-time and discrete-time approximation process. In Section 2 we
compute the entropy production rate for reversible overdamped Langevin processes. The section is split into
two subsections for the additive and multiplicative noise. In Section 3 we compute the entropy production rate
for the reversible (up to momenta flip) Langevin process using the BBK integrator. Conclusions and future
extensions of the current work are summarized in the fourth and final Section.

1. REVERSIBILITY, GALLAVOTTI-COHEN ACTION FUNCTIONAL, AND ENTROPY
ProbDuUCTION

Let us consider a d-dimensional system of SDE’s written as

where X; € R? is a diffusion Markov process, a : R¢ — R? is the drift vector, b : R? — R¥>™ is the diffusion
matrix, and By € R™ is a standard m-dimensional Brownian motion. We will always assume that a and b are
sufficiently smooth and satisfy suitable growth conditions and/or dissipativity conditions at infinity to ensure
the existence of global solutions. The generator of the diffusion process is defined by

d

9 o2
Lf = Zal f ;Z(bbT)i’jaxiéij' @)

3,5=1

for test functions f which are twice continuously differentiable and with bounded derivatives up to second
order. We assume that the process X; has a (unique) invariant measure p(dz), and that it satisfies the Detailed
Balance (DB) condition, i.e., its generator is symmetric in the Hilbert space L?(u), i.e.

< ‘Cfvg >L2(u):< fa ‘Cg >L2(u) (3)

for suitable test functions f, g as above.

A Markov process X; is said to be reversible if for any n and sequence of times t; < --- < ¢, the finite
dimensional distributions of (X, ,..., X¢,) and of (X, ,..., X¢, ) are identical. More formally, let P[0 ;) denote
the path measure of the process X; on the time-interval [0,¢] with Xy ~ p. Let © denote the time reversal, i.e.
© acts on a path {X;}o<s<¢ has

(0X)s = Xi—s (4)
Then reversibility is equivalent to P[0 g = = P# o00. Additionally, it is well-known that a stationary! process
which satisfies the DB condition is reversible.

The condition of reversibility can be also expressed in terms of relative entropy as follows. Recall that for
two probability measure 71, 7o on some measurable space, the relative entropy of m; with respect to w9 is given
by R(m|ms) = f dm log Z:; if w1 is absolutely continuous with respect to mo and +o0o otherwise. The relative
entropy is nonnegative, R(m|m2) > 0 and R(m|me) = 0 if and only if 7y = m5. The entropy production rate of
a Markov process X; is defined by

[0,2]

dP[p0 1l
T 06 ®)

[0,t]

1
EPcont = flizlgo ER( [0,¢] |P[Ot o @) = hm /dP[Ot

If X, satisfies DB and Xy ~ p then R(P” ]|P’0 4 © ©) is identically 0 for all ¢ and the entropy production
rate is 0. Note that if Xy ~ p # p then R( 0, t]lP[O g © ©) is a boundary term, in the sense that it is O(1)

1Stationarity is equivalent to starting the process X from its invariant measure, i.e., Xg ~ pu.
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and so the entropy rate vanishes in this case in the large time limit (under suitable ergodicity assumptions).
Conversely when EP,,,: # 0 the process is truly irreversible. The entropy production rate for Markov processes
and stochastic differential equations is discussed in more detail in [11,13].

Let us consider a numerical integration scheme for the SDE (1) which is written in the general form

Tit+1 = F(S(,'i, At, AWZ) 1= 1, 2, (6)

where z; € R? is a discrete-time continuous state-space Markov process, At is the time-step and AW; € R™, i =
1,2,... are i.i.d. Gaussian random variables with mean 0 and variance Atl,,. We assume that the Markov
process x; has transition probabilities which are absolutely continuous with respect to Lebesgue measure with
everywhere positive densities II(x;, 2i11) := pz ae,aw)(Tit1|7:) and we also assume that ; has a invariant
measure which we denote fi(dz) and which is then unique and has a density with respect to Lebesgue. In
general the invariant measure for X; and z; differ, 4 # f and x; does not satisfy a DB condition. Note also
that the very existence of i is not guaranteed in general. Results on the existence of i do exist however and
typically require that the SDE is elliptic or hypoellitptic and that the state space of X; is compact or that a
global Lipschitz condition on the drift holds [2,3,14,15].

Proceeding as in the continuous case we introduce an entropy production rate for the Markov process x;.
Let us assume that the process starts from some distribution p(x)dz, then the finite dimensional distribution
on the time window [0, t] where t = nAt is given by

Po.q(dzo, -+, dxy) = p(zo)(zo, 1) - T(@n—1, 2y )dzo - - - dy . (7)
For the time reversed path ©(zg, - =) = (2, - ,xo) we have then
P[O,t] o O(dxyg, ...,dzy,) = p(xn)(xn, p_1) -+ - I(z1, z0)dxo - - - dXpy (8)

and the Radon-Nikodym derivative takes the form

Py _ p(@0)
s — el () 52 )

where W (¢) is the Gallavotti-Cohen (GC) action functional given by

W (t) = W(n; At) Zlo ii?; (10)

Note that W (t) is an additive functional of the paths and thus if z; is ergodic, by the ergodic theorem the
following limit exists

.1 . 1 _
EP(At) = flggo ;W(t) = nll)rréo mW(n,At) P—a.s. (11)
We call the quantity FP(At) the entropy production rate associated to the numerical scheme. Note that we
have, almost surely,

1 . 1 H(xi,xlurl) 1 / H(.’E,y) _
BPED = KM 2 May,e) ~ &) il dad 12
- - ; B Marpnm)  AFJ BTy, ) W) drdy (12)

and for concrete numerical schemes we will compute fairly explicitly the entropy production in the next sec-
tions. Since we are interested in the ergodic average we will systematically omit boundary terms which do not
contribute to ergodic averages and we will use the notation

Wi(t)=Wa(t) if  lim %(Wl(t) — Wa(t)) = 0. (13)

t—o0
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For example we have -

dPg
dP[O,t] 0O '
Note also that using (11) and (10), entropy production rate is tractable numerically and it can be easily
calculated “on-the-fly” once the transition probability density function II(-,-) is provided.

In the following sections we investigate the behavior of the entropy production rate for different discretization
schemes of various reversible processes in the stationary regime. However, before proceeding with our analysis,
let us state formally the basic assumptions necessary for our results to apply.

W(t) = log (14)

Assumption 1.1. We have

e The drift a and the diffusion b in (1) as well as the vector F in (6) are C* and all their derivatives
have at most polynomial growth at infinity.

e The generator L is elliptic or hypo-elliptic, in particular the transition probabilities and the invariant
measure (if it exists) are absolutely continuous with respect to Lebesgue with smooth densities. For the
discretized scheme we assume that x; has smooth transition probabilities.

e Both the continuous-time process X; and discrete-time process x; are ergodic with unique tnvariant
measures |1 and fi, respectively. Furthermore for sufficiently small At we have

[Eulf] = Ealf]] = O(At) (15)

for functions f which are C'°° with at most polynomial growth at infinity.

Notice that inequality (15) is an error estimate for the invariant measures of the processes X; and ;. The
rate of convergence in terms of At depends on the particular numerical scheme [14,25]. Ergodicity results for
(numerical) SDEs can be found in [2,3,9,14,15,21,25-27]. For instance, if both drift term a(z) and diffusion term
b(x) have bounded derivatives of any order, the covariance matrix (bb7)(x) is elliptic for all # € R? and there is
a compact set outside of which holds 27 a(x) < —C|z|? for all z € R? (Lyapunov exponent) then it was shown
in [25] that the continuous-time process as well both Euler and Milstein numerical schemes are ergodic and
error estimate (15) holds. Another less restrictive example where ergodicity properties were proved is for SDE
systems with degenerate noise and particularly for Langevin processes [15,26]. Again, a Lyapunov functional is
the key assumption in order to handle the stochastic process at the infinity. More recently, Mattingly et al. [14]
showed ergodicity for SDE-driven processes restricted on a torus as well their discretizations utilizing only the
assumptions of ellipticity or hypoellipticity and the assumption of local Lipschitz continuity for both drift and
diffusion terms.

2. ENTROPY PRODUCTION FOR THE OVERDAMPED LANGEVIN PROCESSES

The overdamped Langevin process, X; € R%, is the solution of the following system of SDE’s
1 1
dX; = —§Z(Xt)VV(Xt)dt + §VZ(Xt)dt + o (X¢)dB, (16)

where V : R? — R is a smooth potential function, o : R — R¥*™ is the diffusion matrix, £ := oo’ : R — R*4
is the covariance matrix and B; is a standard m-dimensional Brownian motion. We assume from now on that
Y (x) is invertible for any x so that the process is elliptic. It is straightforward to show that the generator of
the process X; satisfies the DB condition (3) with invariant measure

pldr) = exp(—V (x))da (17)

where Z = [,, exp(—V(z))dx is the normalization constant and thus if Xo ~ p then the Markov process X; is
reversible.
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167 The explicit Euler-Maruyama (EM) scheme for numerical integration of (16) is given by

1

18 with AW, ~ N(0,Atl,), i = 1,2,... are m-dimensional iid Gaussian random variables. The process z; is a
160 discrete-time Markov process with transition probability density given by

(z;,x41) = exp (QLt(sz + E(IZ)VV(ZL'Z)At — fVZ(asi)A )T

Z(xi)
Y () (Axy + %E(xi)VV(xi)At - 2VE(3:¢)A1?))

o where Az; = 211 —x; and Z(x;) = (21)™/?| det ©(z;)|*/? is the normalization constant for the multidimensional
11 Gaussian distribution. The following lemma provides the GC action functional for the explicit EM time-
172 discretization scheme of the overdamped Langevin process.

173 Lemma 2.1. Assume that det X(z) # 0 Vo € RY. Then the GC action functional of the process x; solving (18)
174 18

n—1
1
W(n; At)=— = Z Azl [VV (zi1) + VV(27)] Z Azl [ H2i1) VE(Ti1) + 27 2 VE(x4)]
=0 (20)
—1
2At Z Ax “ai) -2 (:cl)] Az,

=0

175 where = means equality up to boundary terms, as defined in (13).
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Proof. The assumption for non-zero determinant is imposed so that the transition probabilities and hence the
GC action functional are non-singular. The proof is then a straightforward computation using (19) and (10).

|
—

|
—

n n

W(n; At) := log(z;, xi11) — log (241, 2;)] = [log Z(xiy1) — log Z(x;)]
1=0 =0
1 - 1 1 1 1
- S . . _ } Ts—=1(... A ) ) _ = )
2Atz {(Amz—i—zE(xl)VV(xz)At 5 VE(:) AL TS () (Awi + 53(2:) VV (20) At — S VE(i) At)
1 1 1
—(—Ax; + 22(x1+1)VV(m1+1)At - fVE(le)At) i) (—Az; + §Z(xi+1)VV(xi+1)At - §V2(xi+1)At)
n—1
=L TSl ) A 4+ - N AR 4 X N VA2
= QAtZ;[Aa:iz (i) Az + 7YV (@) S (2) VV () At 4 S V(i) S () VE () At

+ Az VV (z) At — AT 87 () VE () At — %VV(@)TVE(xi)AtQ
1 1
- Ax?E’l(xi+1)Axi - ZVV($Z'+1)TE($H_1)VV(1'H_1)Atz - ZVZ($¢+1)T271(Ii+1)vz($i+l)At2

1
+ATIVV (2i1) At — AxT Y7 (241)VE (244 1) AL + §VV(xi+1)TVZ(xi+1)At2

n—1 n—1

= QLN ; Azl (27N a) — S Hai)] Az — % ; Azl [VV (2ig1) + VV (23))]
n—1

5 30 AT @) VS i) + 5 () V()]
=0

where all the terms of the general form G(2;) —G(x;41) in the sums were cancelled out since they form telescopic
sums which become boundary terms. O

Three important remarks can readily be made from the above computation.

Remark 2.2. The numerical computation of entropy production rate as the time-average of the GC action
functional on the path space (i.e., based on (9)) at first sight seems computationally intractable due to the large
dimension of the path space. However, due to ergodicity, the numerical computation of the entropy production
can be performed as a time-average based on (11) and (20) for large n. Additionally, this computation can
be done for free and “on-the-fly” since the quantities involved are already computed in the simulation of the
process. The numerical entropy production rate shown in the following figures is computed using this approach.

Remark 2.3. It was shown in [13] that the GC action functional of the continuous-time process driven by (16)
equals the Stratonovich integral

Woons(t) = — /O VV(X.) 0 dX, = V(o) — V() (21)

which reduces to a boundary term as expected. This functional has the discretization

—_

Weont (1) = 5 i TIVV (2i11) + VV (22)] (22)
=0

and this is exactly the first term in the GC action functional W (n; At) for the explicit EM approximation
process (see (20)). However, the discretization scheme introduces two additional terms to the GC action
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functional which may greatly affect the asymptotic behavior of entropy production as At goes to zero, as we
demonstrate in Section 2.2. Notice that when the noise is additive, i.e., when the diffusion matrix is constant,
then these two additional terms vanish and taking the limit At — 0, the GC action functional W (n; At), if
exists, becomes the Stratonovich integral We,,+(t) which is a boundary term.

Remark 2.4. The GC action functional W (n; At) consists of three terms (see (20)), each of which stems from
a particular term in the SDE. Thus, each term in the SDE contributes to the entropy production functional
a component which is totally decoupled to the other terms. The reason for this decomposition lies in the
particular form of the transition probabilities for the explicit EM scheme which are exponentials with quadratic
argument. This feature can be exploited for the study of entropy production of numerical schemes for processes
with irreversible dynamics. Indeed, if a non-gradient term of the form a(X;)dt is added to the drift of (16), the
process is irreversible and its GC action functional is not anymore a boundary term and is given by [13]

n—1

W= = [ 571(X0alX0) 0 dX; 5 3 Aal 157 (@)a(ws) + 27 @itdalaisn)]  (23)
=0

On the other hand, due to the separation property of the explicit EM scheme, the GC action functional of the
discrete-time approximation process W(n; At) has the additional term

LY ATIE a5 ol (24)
1=0

Evidently, the discretization of We,,:(t) equals the additional term of the GC functional W (n; At). Thus, GC
action functional W(n; At) is decomposed into two components, one stemming from the irreversibility of the
continuous-time process and another one stemming from the irreversibility of the discretization procedure.

2.1. Entropy Production for the Additive Noise

An important special case of (16) is the case of additive noise, i.e., when the covariance matrix does not
depend in the process, ¥(x) = X. In this case, the SDE system becomes

1
dX, = —3EVV(X)dt + odB,

(25)
Xo~p
and the GC action functional is simply given by
1 n—1
W (n; A= — 5 > Azl [VV(2ig1) + VV (2:)] (26)
i=0

In this section we prove an upper bound for the entropy production of the explicit EM scheme. The proof
uses several lemmas stated and proved in Appendix A.

Theorem 2.5. Let Assumption 1.1 hold. Assume also that the potential function V has bounded fifth-order
derivative and that the covariance matriz ¥ is invertible. Then, for sufficiently small At, there exists C =
C(V,X) > 0 such that

EP(At) < CAt? (27)
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215 Proof. Utilizing the generalized trapezoidal rule (75) for k = 3, the GC action function is rewritten as

n—1
W(n; At)i — % Z AJ?ZT[VV(.Z‘I‘JA) + VV(l’z)]
=0

=21~ V(i) = Vi) + > CalDV(wi41) + DV ()] Az

|a|=3

s
I
o

+ > Y BslRY(wi, i) + Ri(zigr, 30)] AP (28)
|a]=1,3,5 |B|=5—|«|

n—1

= Z Z Co[DV (2i41) + DV (;)]Azy

=0 |a|=3

n—1
+> > > Ba[RE(wi,min) + RY(wign, m))Aa
i=0 |a|=1,3,5 |8|=5—|a

216 Applying, once again, Taylor series expansion to DV (x;11), the GC action functional becomes

n—1
W(n; A=Y "8 Y 20, DV (z)Axf + > Co Y D* PV () Axf ™’
i=0 | |a|=3 |a|=3 18]=1

n—1
SN Y R
=0 |a|=1,3,5|8|=5—|c|

27 where RS (x;,xi11) = Bg[RS (i, ziy1) + Ro(2it1,2:)] + 11aj=3RE (25, 2i41). Moreover, expanding Az using
218 the multi-binomial formula

o

Azg = (f%zvvm)m +OAW)* = (

v<a

> (f%szxi)m)y(wwi)a*” . (30)

14

219 Then, the GC action functional becomes

W02y Y 3 G0 DV (- 3EVV (man (A

=0 |a|=3v<a

n—1
+Z Z Z Z Ca<aj/_B)DOH_BV(.’EZ')(—;EVV(LUZ')AZL)V(UAWZ')CH_B_V (31)

1=0 |a|=3 |8|=1v<a+p

+z_: Z Z Z <a+5>RZ(xi7Ii+1)(;EVV(xi)At)”(o—AWi)aJrﬁV.

v
i=0 |a|=1,3,5 |8|=5—|a| v<a+f
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From (11), the entropy production rate is the time-averaged GC action functional as n — co. Thus,

;A
P = Jin FIE0
n—1

B A% 2.2 Ca <(j> J;H;ogZD“ rz)(ffszxz)m) (cAW;)*~

la|=3v<a

n—1 (32)
*Z 2.2 > Ca (a+ﬁ> nlgroloiZDO‘WV(%)(»WV(%)A@ (CAW;)*+8—v

v
le|=3|B|=1v<a+ps i=0

+Ait Z Z Z <a+6> lim — iR .’L'“.’L'7,+1)(_*ZVV(.’L'7,)At) (cAW;) A=Y,

% n—oo N
la|=1,3,5 |B|=5—|a| v<a+p

The ergodicity of z; as well the Gaussianity of AW, guarantees that the first two limits in the entropy production
formula exist. Additionally, the residual terms, Rg(xi, Zit1), are bounded due to the assumption on bounded
fifth-order derivative of V', hence, the third limit also exists. Note here that this assumption could be changed by
assuming boundedness of a higher order derivative and performing a higher-order Taylor expansion. Appendix A
gives rigorous proofs of these ergodicity statements. Hence,

-2 3 S (0)Eln V-5V e o)

la|=3 v<a

% P ISP (17 )BudD™ V@)= {29V (@) 80 B (o)) (33)

3|8l=1v<a+p

+$ O S S e LU C

|a|=1,3,5 |8|=5—|a| v<a+8

where fi is the equilibrium measure for x; while p is the Gaussian measure of AW;. Using the Isserlis-Wick
formula we can compute the higher moments of multivariate Gaussian random variable from the second-order
moments. Indeed, we have

v 121 vq O lf |V| Odd
Ely"] = Elyi*..y%] = Elz120...2|] = {ZH]E[ZZZJ] if |v| even (34)

where > [] means summing over all distinct ways of partitioning z7, .+, Z|y| into pairs. Moreover, Elziz;] =

¥;;At, hence, applying (34) into (33) and changing the multi-index notation to the usual notation, the entropy
production rate becomes

2 Zd Zd d 31/ )
At — S 0 O XVV > . At2
¢ ki=1k k1k2k3 { 3xk18xk28xk3 ( 2 )kl] koks
1= = —

83V 83

1
Eals—o (- 3% Shky A + By o (=13 S AL 4 O(AF
+ I—L[axklaxkzaxkg( D) VV)lm] kiks + [axklaxkzaxk?’( B VV)]CJ k1ko +O( )}
o'V ) s
Z Z Z Z Chikaks S Balo—————1[Sk1 ko Shgha + Sy Dok + Sy ks Shioks | AL + O(AL?)
8$k1 8.Tk4

k1 1ko=1ks=1kys=1

1 3

AtO(At ).

(35)
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Using that (—1XVV),, = -1 Zi:l Zkik488T‘:’ entropy production is rewritten as
‘4

d d d d
B’V ov oV
Z Z: Z: kzzl Cklk2k3 {Ek1k22k3k4 (_E#[axklal‘]ﬁaxm 6$k2] + E“[(‘)xkl..axk4]>

=1k

PV oV % (36)
2k Dok (_E"‘[amlamam axkg] ” ]Eﬁ[axkla’rkél])
9BV v oV
5 5 _E. E-[—2 " At + O(A?).
2k ky 2k kg ( u[axklaxk28xk3 Oxy, “[8xk1...8xk4])} Hoe

By a simple integration by parts, we observe that for any combination ki, ....,k4 = 1,...,d

PV oV v
E“[axkl 8$k28$k3 8$k4] a E#[m} (37)

where the expectation is taken with respect of 1 which is the invariant measure of the continuous-time process.
However, in (36) the expectation is w.r.t. the invariant measure of the discrete-time process (i.e., i instead of
u). Nevertheless, Assumption 1.1 guarantees that the alternation of the measure from p to i costs an error of
order O(At). Hence, for any coefficient in (36), we obtain that

PV oV AV
Ep —Ei————]| <2KA
N[a$klamkga$k3 81’k4] “[8xk1...8xk4] - t (38)

since the potential V' as well its derivatives are sufficiently smooth. Hence, we overall showed that
P(At) = O(At?) (39)

which completes the proof. O

Remark 2.6. Depending on the potential function the entropy production could be even smaller. For instance,
when the potential V' is a quadratic function (i.e. the continuous-time process is an Ornstein-Uhlenbeck process),
then, it is easily checked by a trivial calculation of (26) that the GC action function is a boundary term, thus,
the entropy production of the explicit EM scheme is zero. However, for a generic potential V' we expect that
the entropy production rate decays quadratically as a function of At but not faster.

2.1.1. Fourth-order potential on a torus

Lets now proceed with an important example where the potential is a forth-order polynomial while the
process takes values on a torus. Assume d = 2 while potential V' = V3 is given by

vata) 5 (12 - ) (10)

where [ is a positive real number which in statistical mechanics has the meaning of the inverse temperature.
The diffusion matrix is set to o = /287 11;. Based on [15], Assumption 1.1 is satisfied because the domain is
restricted to a torus, the potential is locally Lipschitz continuous and the covariance matrix is elliptic. Figure 1
presents both the GC action functional (upper panel) and the entropy production rate (lower panel) as a
function of time for fixed At = 0.05. Both quantities are numerically computed while the inverse temperature
is set to 8 = 10. Even though the variance of the GC action functional is large, entropy production which
is the cumulative sum of the GC functional converges due to the law of large numbers to a (positive) value
after relatively long time. Additionally, due to the ergodicity assumption, it converges to the correct value.
Figure 2 shows the loglog plot of the numerical entropy production rate as a function of At for g = 20, 40, 60.
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F1cURrE 1. Upper panel: The GC action functional as a function of time for fixed At = 0.05. Its
variance is large necessitating the use of many samples in order to obtain statistically confident
quantities. Lower Panel: The entropy production rate as a function of time for the same At.
It converges to a positive value as expected.

Final time was set to t = 2 - 10% while initial point was set to one of the attraction points of the deterministic
counterpart. For reader’s convenience, the thick black line denotes the O(At?) rate of convergence. This plot is
in agreement with the theorem’s estimate (27) at least for small At while for larger time-steps (i.e. At > 0.1)
the rate of entropy production is of order O(At3). Notice also that, for small At, entropy production rate is
very close to 0 and even larger final time is needed in order to obtain a statistically confident numerical estimate
for the entropy production. Moreover, as it is evident from the figure and the GC action functional in (26),
the dependence of the entropy production w.r.t. the inverse temperature is inverse proportional. Thus, from a
statistical mechanics point of view, the larger is the temperature the larger —in a linear manner— is the entropy
production rate of the numerical scheme.

2.2. Entropy Production for the Multiplicative Noise in 1d

For the multiplicative overdamped Langevin process, we restrict to the 1-dimensional case. The reason for this
restriction is that we apply not only the EM scheme but also a higher-order scheme (Milstein’s) which becomes
complicated for general diffusion matrices in higher dimensions. Nonetheless, the results and conclusions of this
subsection for both explicit EM and Milstein’s schemes are valid in a more general, multi-dimensional setting
where the diffusion matrix o(x) is diagonal.

In order to study the entropy production rate of the explicit EM scheme for the overdamped Langevin process
with multiplicative noise, the remainder terms of the GC action functional should be studied. In this direction
we can rewrite the GC action function as it is given by the Lemma 2.1 for 1d

W(n; At)= — % Z_:[V’(-Ti-H) + V'(z)]Az; + % i[z_l(xi+l>2/($i+1) SN () ()] Ay
=0 i=0
n-l (41)
N 2215 D B @) = £ ()] Aaf = Wi(n; At) + Wa(n; At) + W (n; At).
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Entropy Production
>
T

At

F1GURE 2. Entropy production rate as a function of time step At for additive noise. The
entropy production rate is of order O(At?) for small At while it decreases linearly as a function
of inverse temperature 3.

The entropy produced from Wi (n; At) was computed in the previous section and after an interesting and rather
unexpected cancellation it was proved to be of order O(At?). For the multiplicative case, a cancellation also
occurs (see (45) and (46) below) but it does not fully eliminate the lower order term. In any case, Wi (n; At)
contributes to the entropy production O(At). Additionally, Wa(n; At) is also the sum of a gradient term since
variance X(z) € R and holds X71(2)¥'(z) = (logX(z))’. Hence, assuming suitable condition on X(z), the
same computation as for Wi (n; At) applies and the entropy production rate stemming from Ws(n; At) is also of
order O(At). However, W3(n; At) contributes to the entropy production with a positive term which is of order
O(1). The following theorem summarizes the behavior of entropy production rate for the explicit EM scheme
for multiplicative noise.

Theorem 2.7. Let Assumption 1.1 hold. Assume also that the potential function V has bounded fifth-order
derivative while there exists M > 0 such that X(z) > M~ Vx.

(a) Let ¢ = 3E,[(S71)(x)(X)2(x)], then, for sufficiently small At, there exists C = C(V,X) > 0 independent
of At such that

|EP(At) — | < CAt (42)

(b) Assuming that E,[(X71)(z)(2)%(x)] # 0, then, for sufficiently small At, there exists a lower bound ¢’ =
d(V,%) > 0 independent of At such that

¢ < EP(At) (43)

Proof. Assumption ¥(z) > M~! Vax, which is the ellipticity condition applied in 1d, is necessary because it
makes Y71 (x) as well its derivatives bounded around 0. Additionally, both Wi (n; At) and Wa(n; At) contribute
to the entropy production by a O(At) amount which does not affect the proof of the theorem hence they are
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eliminated. Thus, concentrating to W5(n; At), after a Taylor series expansion we have

n—1

W (n; At) = ﬁ 3 [(zl)’(xi)m;? + %(z DUCHIC R Z/ (1= (SN (tzisr + (1 — ) dtA

i=0

<Z) (E_l)'(mi)(—%Z(mi)V'(xi)At + %E'(xi)At)k(a(xi)AWi)?’_k

(1) @ 5@V @At + 58 @) A0 (o) AW
Foa > (2) /0 (1= D) i1 + (1= )t (5 SV (o)At + 53 () M) (o2 AW~

201 As in Theorem 2.5, applying the ergodic lemmas of the appendix, the entropy production rate stemming
202 from W3(n; At) equals to

Ws(n; At)

EPy(Af) = lim =220

“me Z <2>E*‘[(El>'“)(§E<x>v’<x>ﬁt + 19(@)A0k ()M, AW
// 1 / 1, k 4—k Ak
+ 2w Z ( ) (@) (=5 BV (@) At + S5 (1) At) o () THE[AW ]

* flﬁ Z Eruxp (2, y)(*%z(ﬂﬂ)V’(m)At + %2’(@&)%(@54@]&[AWH]
k=0
- ﬁ {_gE#[(2_1)/($)22($)V/(x)]At2 + gEﬂ[(E_l)l(x)zl(x)E(x)]Atz N O(At?’)}

+ Klfz B, (51" (@) S2(@)]3A8 + O(A)] + 2A1t2

=3 B Y @R @V @)+ GBI @ @] + Bl (00| + 040

o(At?)

4

203 On the other hand, it holds for the invariant measure p that

E, (271 (2) 2 (2)V(2)] = Eu[(371)" (@) 2% (@)] + B, [(57) (@) (27) (2)] (45)

204 Thus, using the error estimate (15) of Assumption 1.1 as in the additive case, we obtain that

BPy(A) = ~ 2B [(57) (@)(22) (@)] + O(A) -
= EP(A) — SE,[(57)(@)(22(@)] = 0(A1)

205 which concludes the proof of (a). (b) is a direct consequence of (a). O
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2.2.1. Quadratic potential on R

Let V(z) = % be a single-well quadratic potential while the diffusion term is given by

oe(x) =4/ ﬁlﬁﬁ (47)

The choice of the diffusion term is justified by the fact that we can control its variation in terms of x and sending
€ to zero, the additive noise case is recovered. The invariant measure of this process is the Gaussian measure
with zero mean and variance one. This invariant measure is the simplest measure to be considered. Moreover,
all the assumptions of Theorem 2.7 are satisfied thus we expect a O(1) behavior of the entropy production rate
at least for small At. Indeed, Figure 3 shows the behavior of the numerically-computed entropy production
as a function of At and it does not decrease to zero as At tends to zero. Consequently, explicit EM scheme
for multiplicative noise totally destroys the reversibility property of the discrete-time approximation process
independently of how small time-step is utilized. Additionally, notice that as e¢ decreases, entropy production
decreases, too. This is also expected since o(x) — o = const. as ¢ — 0 and in combination with the quadratic
potential V', EP(At) — 0 as € — 0 for any At sufficiently small.

=2

o - — -e=1
10° | —6—¢=05 []
2
oY

Entropy Production (Euler-Maruyama)

At

FIGURE 3. Entropy production rate as a function of time step At for multiplicative noise and
the explicit EM scheme. As Theorem 2.7 asserts, entropy production does not decrease as At
is decreased. This results in a permanent loss of reversibility which cannot be fixed by reducing
the time step. Star symbols denote the theoretical value of the lower bound as it is given by
the Theorem (i.e., ¢ & ¢ = 3E,[(E.) " (2)(X.)?(z)]). The agreement between the theoretical
and the numerical values is excellent.

2.2.2. Milstein’s scheme

Since the EM scheme has entropy production rate which does not decrease as At decreases, an immediate
question to ask is what happens when a higher-order scheme is applied. Milstein’s scheme is the next higher-
order scheme [10,17] and its explicit version is given by

1 1 1
Tip1 = x; — = (x)V/ (2;) At + 52’(1‘1-)At +o(z;) AW; + §o(xi)a'(xi)(AWi2 — At)

2 (48)
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which is rewritten as
1 / 1 / 1 / 2

Since AW; is zero-mean Gaussian random variable with variance At, the transition probability for Milstein’s
scheme is

2
(i, 2 = e “oA7
( +1) 2 AtZ (x;, Axy;) P 2At M ED)
) (50)
exp 2AL %E’(mi)
where

Notice also that Z(z;, Az;) = (o(x;) + 3% (x;)AW;)? > 0 which is always non-negative while the transition
probability density is rewritten as

-~ o 1 ex . 2(2(1’1) + Z(Z’l, A.’bz)) cos E(I7)Z(l‘7, Amz)
H(x“ 1+1) - 27TAtZ(I‘Z,AZEZ) p ( At(Z’)Q(xl) > h < AtZ’(xz) ) . (52)

Thus, the GC action functional for Milstein’s scheme equals up to boundary terms to

1 - IZ AIEZ) 2 ity Z(Il AIZ) Z(I’H_l 7Al‘z)
At - 7— _ = Y _ Y
s 2 ; Z(xis1, —Az) At ; [ (X)2 () (X)*(@it1)
- - (53)
V xz»sz \/ 5171+1, A{E
1 h-———«7«—= -1 h
—l— 2 og cosh ——-— 1es 0g oS 30t0 (151

We can test the behavior of the entropy production numerically since, as we already stated, averaged GC action
functional provides under ergodicity assumption an estimate for the entropy production rate. Figure 4 shows
the numerically computed entropy production for the same example shown in Figure 3. Evidently, entropy
production rate decreases linearly as time step At is decreasing. Additionally, a number of different variance
functions which satisfy the condition of Theorem 2.7 were tested and in all cases the decrease of the entropy
production for the Milstein’s scheme was linear. Thus, we conjecture that entropy production of overdamped
Langevin process with multiplicative noise is of order O(At) for Milstein’s scheme.

3. ENTROPY PRODUCTION FOR LANGEVIN PROCESS

Let us consider another important class of reversible processes, namely the processes driven by the Langevin
equation
dqt = Milptdt
dpr = —V'V(qe)dt — v(q:)M ' pdt + o(q:)d By
where ¢; € is the position vector of the N particles, p; € RV is the momentum vector of the particles, M
is the mass matrix, V is the potential energy, -y is the friction factor (matrix), o is the diffusion factor (matrix)

and B; is a dN-dimensional Brownian motion. Even though the Langevin system is degenerate since the noise
applies only to the momenta, the process is hypoelliptic and is ergodic under mild conditions on V and o. The

(54)

RdN
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Entropy Production (Milstein)

At

FIGURE 4. Entropy production rate as a function of time step At for the explicit Milstein’s
scheme. The decrease of the entropy production rate for this numerical scheme is linear. Thus,
in a loose sense, the reversibility property of the original continuous-time process is restored.

fluctuation-dissipation theorem asserts that friction and diffusion terms are related with the inverse temperature
B(-) € R of the system by

(oo™)(a) = 267" (ae)7(gr) - (55)
If B(q:) = B is a constant, the Langevin equation is reversible (modulo momenta flip, see (58)) with invariant
measure )
pldg, dp) = — exp (=BH(q,p)) dadp- (56)
where H(q,p) is the Hamiltonian of the system given by
1 _
H(q,p) = V(g) + 5p" M 'p. (57)

Indeed if £ denotes the generator of (54), it is straightforward to verify the following modified DB condition

< Lf(q:0),9(q,p) >r2)=< f(¢,—p), Lg(q, —P) >12() (58)

for any test functions f and g which are bounded, twice differentiable with bounded derivatives. This shows
that the Langevin process is reversible modulo flipping the momenta of all particles.

An explicit EM—Verlet (symplectic)—implicit EM scheme is applied for the discretization of (54). It is written
as

At LAt
Piry =pi = VV(a) 5 = (@M 'pi- + o(g) AW,

Gitv1 = qi + M_lpH%At (59)
At _ At
Pi+1 = Pipy = VV(tir1) 5 = (i) M 1Pi+17 +0(qi+1) AW 1
with AW;, AW; 1 ~ N(0, St74n). This numerical scheme also known as BBK integrator [4,12] utilizes a

Strang splitting. Its stability and convergence properties were studied in [4,12] while its ergodic properties can
be found in [14,15,26]. An important property of this numerical scheme which simplifies the computation of the
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transition probabilities is that the transition probabilities are non-degenerate. We rewrite the BBK integrator

as

Pi+1 =

_ At
Giv1=qi + M ' [pi — VV ()=

1 At
(I+’V(QZ+1)M_

1
9 ) [At (ql+1

2

0~V () 5]+ (I+7@wﬁﬂf4€;y_

At
Y(gi)M ™' pi—

INES

o(qi) AtAW;

o (giy1) AW,

(60a)

(60b)

and thus the transition probabilities of the discrete-time approximation process are given by the product

(g, i, Giv1, Pit1) =

where P(p;+1|q:, p;) is the propagator of the positions given by

where Ag; = g1 —

1 _
P(pit1|Gi+1, 4, pi) = me}(p{&(pi-&-l — (I +(gis1)M 1?) 1(EMA% VV(qit1)—= 5 Nt

(o"

1
P(qit1lgi, pi) = exp{ Atg (Agi + M

(O_M—TM—lo,T)—l

1

(I +yM)" (I +yM™)

o) Nqit1) Pig1 —

_1(

(¢:)(Ag; + M~ (p; —

(I +~v(qip)M ™"

- VV(g)

2

At
VV(%‘)*

At
At 1
2 (&

At
— 4+

2

+ (qz)M Pi—~

MAQ% VV(QH—I) 9 ))}

P(qz'+1\qz‘,pi)P(pi+1|qz'+1,qz',pi)

()5, 50 A0

At

q; while P(p;+1|git+1,4i,pi) is the propagator of the momenta given by

5 )AL}

At

At

(61)

(62)

(63)

Finally, since the Langevin process is reversible modulo flip of the momenta, the GC action functional takes the

form

W (n; At) = Zlognq

(¢i>Di>, Qit15Pit1)

3.1. Langevin Process with Additive Noise

i+1, —Pi+1,9i,

Pi).

(64)

In the following, even though the general case can be handled, we restrict for clarity to the simpler additive

noise case. Thus, we assume that o(g;) = o1,

Lemma 3.1. The GC action functional of the BBK integrator equals to

W (n; At)= -2 i Ap! Ag; — VV(q-)Tp-A—lf2
A — 1 ? K3 3 2m

Proof. Firstly, (62) and (63) are rewritten as

and

P(qit1lqi, i)

P(er»l |qi+17 Qinp’i) =

1
= — exp

A

A

{

2o
exp

m
o2 A3

2

1
o2At

|AQi

[(1+

YAt
2m

)pi+1 -

i - VV(a)

At
2

m
(EA%‘ -

v

At
2

5)

At
- + pz At|2}

VV(%+1))|2}

~v(g;) = vI as well that particles have equal masses (M = mlI).
Starting as in the previous section with the GC action functional, the next lemma is stated and proved.
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respectively. Then, as in the overdamped Langevin case, the computation of the GC action functional is

straightforward,
A A s AP At At 2 A s AP At At 2
W (s At QMZ G+ 5V - 0= T | -Ag+ SV (@) + 1= T,
LS e 22— ™ g+ Ao = 220+ Slov )|
O’QAti - om Pi+1 At qi 2 qi+1 om At QZ qi
- Z 80+ 155V 4 121 - 184 A A o)
T 2AB € @ om 'Vt m €
2A¢ fyAt At AL
- ?(1 - %)A%Tpi (1 - T)VV(%) i
At? At At
A4~ 15 VV (@) —|ﬁ< B AL ATV (i)
oAt YAt A At
- (1—T)qu Pit1 = 3 —(1- Q—)VV(qu) Pit1
n—1
YAt 9 9 YAt 2m o
—UgAtg [I(1+ S Pl qu\ +\*VV(%+1)I = (L4 5 ) A P B

YAt
+(1+ 7)AtP¢T+1VV(%+1) —mAg] VV(qiy1)

~yAt m At
— 10+ 5ol = Al = 15 VVI(@) P + (14

YAt 2m o

)Atpz %

vAE
(14 Jo ATV (@) - A YV @)

Thus we have,

2At yAt,  p
W (n; At)= — 02At3 Z [ Aql (VV (@) + VV (i) + = (1 = 5 ) A/ Ap;
At3 'yAt
_W(l - %)(VV(%H)TZ%H + VV(Qi)Tpi):|
n—1
1 vyAt 2m o T
- oPAt ; [_(1 o) 2 AP Adi = mAG (VY (g:) + YV (gig))

At
L+ AN ATV (g) +p?+1vv<qz-+1>>]

2m
B 7% :L_: {(1 B %)AQpri +(1+ %)Aqupi
+§Ti(1 - %)(VV(%H) piv1 + VVI(g) pi) — ?—;2(1 T %)(VV(qm)Tpm V() pi)
= _m:JAt g [AP?A%‘ - %(VV(%‘H)T]%H + VYV (q:) ps)

362 which is equal, up to boundary terms, with (65). O
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Remark 3.2. Proceeding as in Remark 2.3 we can compare the GC action functional of the BBK integrator
to the GC functional for the additive Langevin process with constant temperature, which is given, [13], by

t A n—1
Weont(t) = % /O VV(qi)pedt ~ % > VVi(g) s (68)
1=0

and is a boundary term in continuous time. Comparing the GC functionals, it is evident that the discrete
version of Ween:(t) is contained in the functional W (n; At) given by (65). This is similar to the overdamped
Langevin case when discretized utilizing the explicit EM scheme. In addition the remaining term in the GC
action functional W (n; At) stems from the Strang splitting of the numerical scheme. Moreover, this additional
term critically affects the irreversibility of the discrete-time approximation process since it is the leading order
term in the entropy production rate, as shown in the following theorem.

Theorem 3.3. Let Assumption 1.1 hold. Assume also that the potential function V has bounded fifth-order
derivative. Then, for sufficiently small At, there exists C = C(N,~,m) > 0 such that

EP(At) < CAt (69)

Proof. Solving (60a) for p;, changing the index from i+ 1 to ¢ in (60b) and adding them, the momenta equal to

m o
pi = E(A(h +Agi-1) + g(AWF% — AW;) (70)
Then,
Ap; = %(Aqi+1 — Agi1) + %(—AWZ»H — AW,y 1 + AW, — AW, ) (71)
hence the GC action functional becomes
W (n; At)= 2 ni Apl Ag; — VV(g:)" A
n; T AL £ D; A4qi qi) Di om
23 s m o T
= m ; |:<2At(Aqi+1 - Afh‘—l) + 5(—AWZ'+1 - AWH_% + AWz - AWz_%)) qu
_ T(m o _aw) A
9 n—1 o (72)
= —(AW; — AW._ )T Ag; — V(A + Ag_1)A
AL 2 [ (AW; = AW;_1)" Agi = VV(qi)" (Agi + Agi—1) t]
n—1
. Bo At At
:% Z(AWl - AWi—é)T ((1 - f;im)]% — VV(%’)? + UAWi)
i=0
,80' n—1
-3 (VV(Gi41) pis1 + VV(2:)) " Agi
i=0

where = means equality not only up to boundary terms but also up to statistical independence which does not
affect the value of the entropy production rate, either.

The second sum of GC action functional has exactly the same form as in additive overdamped Langevin
equation and adapting the arguments of Theorem 2.5 it can be proved that the entropy production rate for
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this term is of order O(At?). The first term is treated similarly, but since an additional cancellation occurs we
provide the details. The first sum in (72) equals to

o § T YAt | At '
e ; (AW = AW, )T (1= 5 )pi = VV (@) +oAW,
. Bo yAt yAt, At T )
m2 v [ ( om )1+ 2m) (At Qi—1 — 5 VVi(g)+o Wl_i) Wl_§ + o|AW;| (73)

At At
Z [ 1= 200+ T aw 2+ jaw]
=0

Hence, the total entropy production rate becomes

iy ~yAt

P(AY) = —2 tim Z{ (1— 280y 4 14
=0

)THAW 1 P+ [AWG P + O(AE)

m2At n—oo n 2m 2m ¢

2y YAt o NAt  NAt 9 (74)
= aA [ (1-2 5 + O(At"))—— 5 + > + O(At?)
N~?
= Wm + O(A?)
which completes the proof. O

3.1.1. Quadratic potential on a torus

The conclusions of the above theorem are validated by a numerical example where the potential function is

quadratic, V(z) = @ Figure 5 shows the behavior of numerical entropy production rate as a function of At
computed as the time-average of the GC action functional. Number of particles was set to N = 5 while the
mass of its particle was set to m = 1. The variance of the stochastic term was set 2 = 0.01 while the final time
was set to t = 2 - 10%. The initial data was chosen randomly from the zero-mean Gaussian distribution with
appropriate variance. Notice also that due to the quadratic potential of this example Gaussian distribution
is also the invariant measure of the process. Thus, the simulation is performed at the equilibrium regime.
Evidently, the entropy production rate is of order O(At) as it is expected. Additionally, we plot (stars in the
Figure) the leading term of the theoretical value of the entropy production rate as it given by (74). Apparently,

the theoretical coefficient, 3 , is very close to the numerically-computed coefficient. Finally, notice that the
entropy production rate is quadratlcally proportional to the friction factor 4 which is in accordance with (74).

4. SUMMARY AND FUTURE WORK

In this paper, we introduce the entropy production rate as a novel tool to assess quantitatively the (lack of)
reversibility of discretization schemes for various reversible SDE’s. Reversibility of the discrete-time approxi-
mation process is a desirable feature when equilibrium simulations are performed. The entropy production rate
which is defined as the time-average of the relative entropy between the path measure of the forward process
and the path measure of the time-reversed process is zero when the process is reversible and positive when it is
irreversible. Thus, it provides a way to quantify the (ir)reversibility of the approximation process. Moreover,
under an ergodicity assumption, entropy production rate can be computed numerically on-the-fly utilizing the
GC action functional. This is another attractive feature of the entropy production rate.

We have computed the entropy production rate for overdamped Langevin processes both analytically and
numerically when discretized with explicit Euler-Maruyama scheme. One of the main finding in this paper is
that depending on the type of the noise —additive vs multiplicative— the entropy production for the explicit EM
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Entropy Production (BBK integrator)

At

F1GURE 5. Entropy production rate as a function of time step, At, for various friction factors ~.
The decrease of the entropy production rate is linear as Theorem 3.3 asserts. Additionally, the
theoretically-computed entropy production rate (star points) perfectly matches the numerically-
computed entropy rate.

scheme had totally different behavior. Indeed, for additive noise entropy production rate is of order O(At?) while
for multiplicative noise it is of order O(1). Hence, reversibility of the discrete-time approximation process does
not depend only on the numerical scheme but also on the intrinsic characteristics of the SDE. The Milstein’s
scheme improved the convergence rate of the entropy production rate for multiplicative noise as shown in
numerical simulations. Furthermore, we have computed the entropy production rate both analytically and
numerically for discretization schemes of the Langevin process with additive noise. Specifically, we computed
the entropy production rate for the BBK integrator of the Langevin equation which is an explicit EM-symplectic
(Verlet)- implicit EM numerical scheme. The rate of entropy production was shown to be of order O(At).

This paper offers a new conceptual tool for the evaluation of discretization schemes of SDE systems simulated
at the equilibrium regime. We consider only the simplest schemes here and we will analyze in future work the
behavior of the entropy production for other numerical schemes such as fully implicit EM, drift-implicit EM,
higher-order schemes as well as different kind of splitting methods. Moreover, other reversible or even non-
reversible processes can be analyzed in the same way, in particular extended, spatially-distributed processes.
A particularly interesting example, where the reversibility of the original system is destroyed by numerical
schemes in the form of spatio-temporal fractional step approximations of the generator, arises in the (partly
asynchronous) parallelization of Kinetic Monte Carlo algorithms [24], [1]. Finally, another possible extension
of this work is to develop adaptive schemes based on the a posteriori simulation of entropy production rate,
which should guarantee the reversibility or the approximate reversibility of the discrete-time approximation
process. In this direction, the decomposition of entropy production functional for Metropolis-adjusted Langevin
algorithms (MALA) [12,21] should be further studied and understood.

REFERENCES

[1] G. Arampatzis, M. A. Katsoulakis, P. Plechac, M. Taufer, and L. Xu. Hierarchical fractional-step approximations and parallel
kinetic Monte Carlo algorithms. J. Comp. Phys. (accepted), ArXiv e-prints, May 2012.

[2] V. Bally and D. Talay. The law of the Euler scheme for stochastic differential equations. I. Convergence rate of the density.
Monte Carlo Methods Appl., 2:93—128, 1996.



434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454

456
457
458
459
460
461
462
463
464
465
466

468
469
470
471
472
473
474
475

476

477

24

TITLE WILL BE SET BY THE PUBLISHER

[3] V. Bally and D. Talay. The law of the Euler scheme for stochastic differential equations. I. Convergence rate of the distribution

function. Probab. Theory Related Fields, 104:43-60, 1996.

[4] A. Brunger, C. B. Brooks, and M. Karplus. Stochastic boundary conditions for molecular dynamics simulations of ST2 water.

Chem. Phys. Lett., 105:495-500, 1984.

[5] G. Gallavotti and E. G. D. Cohen. Dynamical ensembles in nonequilibrium statistical mechanics. Phys. Rev. Lett., 74:2694—

2697, 1995.

[6] C. Gardiner. Handbook of Stochastic Methods: for Physics, Chemistry and the Natural Sciences. Springer, 1985.
[7] D. T. Gillespie. Markov Processes: An Introduction for Physical Scientists. NewYork: Academic Press, 1992.
[8] V. Jaksi¢, C.-A. Pillet, and L. Rey-Bellet. Entropic fluctuations in statistical mechanics: I. classical dynamical systems.

Nonlinearity, 24(3):699-763, 2011.

[9] R. Khasminskii. Stochastic Stability of Differential Equations. Springer, 2nd Edition, 2010.
[10] P. E. Kloeden and E. Platen. Numerical Solution of Stochastic Differential Equations. Springer-Verlag, 3rd Ed., 1999.
[11] J. L. Lebowitz and H. Spohn. A Gallavotti-Cohen type symmetry in the large deviation functional for stochastic dynamics. J.

Stat. Phys., 95:333-365, 1999.

[12] T. Lelievre, M. Rousset, and G. Stoltz. Free energy computations: a mathematical perspective. Imperial College Press, 2010.
[13] C. Maes, F. Redig, and A. Van Moffaert. On the definition of entropy production, via examples. J. Math. Phys., 41:1528-1553,

2000.

[14] J. C. Mattingly, A.M. Stuart, and M.V. Tretyakov. Convergence of numerical time-averaging and stationary measures via

Poisson equations. SIAM J. Numer. Anal., 48:552-577, 2010.

[15] J.C. Mattingly, A.M. Stuart, and D.J. Higham. Ergodicity for SDEs and approximations: locally Lipschitz vector fields and

degenerate noise. Stochastic Processes and their Applications, 101:185-232, 2002.
S.P. Meyn and R.L. Tweedie. Markov Chains and Stochastic Stability. Springer-Verlag, 1993.
G. Milstein and M. Tretyakov. Stochastic Numerics for Mathematical Physics. Springer, 2004.

[16]
(17]
[18] G. Nicolis and I. Prigogine. Self-Organization in Noneguilibrium Systems. Wiley, New York, 1977.
(19]

L. Rey-Bellet and L.E. Thomas. Exponential convergence to non-equilibrium stationary states in classical statistical mechanics.
Comm. Math. Phys., 225(2):305-329, 2002.

[20] Luc Rey-Bellet. Ergodic properties of Markov processes. In Open quantum systems. II, volume 1881 of Lecture Notes in Math.,

pages 1-39. Springer, Berlin, 2006.

[21] G. O. Roberts and R. L. Tweedie. Geometric convergence and central limit theorems for multidimensional Hastings and

Metropolis algorithms. Biometrika, 83:95-110, 1996.

[22] T. Schlick. Molecular Modeling and Simulation. Springer, 2002.
[23] J. Schnakenberg. Network theory of microscopic and macroscopic behavior of master equation systems. Rev. Modern Phys.,

48(4):571-585, 1976.

[24] Yunsic Shim and Jacques G. Amar. Semirigorous synchronous relaxation algorithm for parallel kinetic Monte Carlo simulations

[25]
[26]
[27]

[28]

Le

of thin film growth. Phys. Rev. B, 71(12):125432, Mar 2005.

D. Talay. Second order discretization schemes of stochastic differential systems for the computation of the invariant law.
Stochastics Stochastics Rep., 29:13-36, 1990.

D. Talay. Stochastic Hamiltonian systems: exponential convergence to the invariant measure, and discretization by the implicit
Euler scheme. Markov Processes and Related Fields, 8:163—-198, 2002.

D. Talay and L. Tubaro. Expansion of the global error for numerical schemes solving stochastic differential equations. Stoch.
Anal. Appl, 8:483-509, 1990.

N. G. van Kampen. Stochastic Processes in Physics and Chemistry. North Holland, 2006.

APPENDIX A. TOOLS FOR PROVING THEOREM 3.2

Firstly, a generalization of the trapezoidal rule is stated and proved.

mma A.1l (Generalized Trapezoidal Rule). For k odd,
k
V(l‘i+1) — V(J}l) = Z Cy [DQV($i+1) + DQV(J)I‘)]AZ‘?
la|=1,3,...
fio (75)
+ D > Bg[RE(wi wig1) + RE(wig1, )| Az

la|=1,3,... |8|=k+2—]al



TITLE WILL BE SET BY THE PUBLISHER 25

gely = () is the a-th partial

a9 where a = (aq, ..., aq) 18 a typical d-dimensional multi-index vector, D*V (z) = P e
1 d

a0 derivative while x® = x7"...x3*. The coefficients C,, are defined recursively by

1
Co = 3 for |al=1
la—2 (76)
1[1 1
C’a:5 =~ Z WCV for |a]=3,5,...,k
|v]=1,3,...
as1  while the coefficients Bg are also recursively defined by
1
Bﬁ:§ for Bl =0
1 18] 1 (77)
Bg=—-= Y —Bsy  for |Bl=2,4,.. . k+1
[v]=2.4,... '
as2 Finally, the remamder terms are given by
w3 RE(zi, i) = 120 11— )= 1 DOMBY (1 — )y + tayp)dt.
484 Proof. The starting point is the usual Taylor series expansion around x;
k+1
V(ziz1) — Z DO‘ V(x)Axd + Z O (4, Ti41) A2 (78)
lal= 1 : || =k+2
4g5  and around x;y
k+1
V(ziz1) — Z D V(zip1)(—Ax;)® Z R (Tig1, i) (—Az;) (79)
la|= 1 ! la|=k+2
a6 Adding the two equations we obtain the symmetrized Taylor series expansion for V' given by
Vi) -V =2 5 D) + DVaIAat
Tit1 T;) = 5 ol Tit+1 Z;
|a]=1,3,... (80)
1Ly 1
-s > PV (@iy) = DV (@)|Azi + 5 > [RA(wi,wig) + RO(wig1, )] Az
la|=2,4,... lal=k+2
a7 Moreover, generalized trapezoidal formula (75) for D*V with || even is
k=|al
DV (zip1) = DV(xi) = > Cy[DTV (i) + DV (2;)| Ax]
[v]=1,3,...
k+2—|a| (81)
+ > > Bg[RSH (s, i) + RSP (i, 20)] Az

[V1=1,3,... |Bl=k+2—|c| =7l
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a8 Hence, substituting (81) into (80), a recursive Taylor series expansion

k
Viw) ~ Vi) =5 3 LD W(ri) + DUV (i) Aa

|a|=1,3,...
1 k+1 1 k—|a|
—5 Y = Y GV () + DUV (@) A
la|=2,4,...  |y|=1,3,...
1 kL k+2—la|
“3 X @ 2 2 BlEPemi) + B (@ e)l AT
la|=2,4,...  |yI=1,3,... |B|=k+2—|a|—|]
1
+3 [Ro(wiy @iv1) + Ro (wig1, 24)] Az
|| =k+2
1 & 1, . . (82)
=3 > DV (wiy1) + DV ()] Ag
la|=1,3,...
1 &L dZ 1
-3 Z > Wwwmm)+Dav<xi>mx$‘
|a| =13, '

Z > [Bi(wi, i) + RE(2ig, wi)]Anf
|a|=k+2 |B|=k+2—|«f
18]

_% Z Z Z *Bﬂ J[RE(zs,i11) + R ($i+1,$i)]Ax?+B

la|=1,3,... |Bl=k+2—|a| [7]=2,4,..

89 is obtained after few rearrangements of the sums. Equating the same powers of (82) and (75), the coefficients
a0 C, and Bg are obtained.

491 Up to now, we present how to compute the coefficients of the generalized trapezoidal formula. A rigorous
a2 proof of the lemma is then easily derived by induction on the order, k, of (75) and proceeding on the reverse
403 direction of the above formulas. O

19« Lemma A.2. Assume that the discrete-time Markov process x; driven by

Tit+1 = F(.ﬁi, AWl) (83)
405 where AW; are i.i.d. Gaussian random variables is ergodic with invariant measure fi. Then,
496 (i) For sufficiently smooth function h we have

n—1

.1
Jim z% h(zi, AW;) = Egxplh(z, y)] (84)
497 (ii) For sufficiently smooth functions f and g we have
n—1

Jim 3 F@)g(AW) = Ealf )JE,lo(y) (83)

=0
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(iii) For sufficiently smooth functions f and g and for bounded f holds that

n—1

lim % > i, AW)g(AW:) = B, f (2, 9) B, [g ()]
1=0

where p is always the Gaussian measure.
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(86)

Proof. Proving (i) is based on showing that the transition density of the joint process z; = (x;, AW;) exists
and it is positive. Both are trivial since the transition density is the product of the two densities which are
both positive. Thus, irreducibility for the joint process is proved and in combination with stationarity the joint

process is ergodic.
(ii) is a direct consequence of (i) for h(z,y) = f(x)g(y)-
Denoting f =Ezx,[f(z,y)] and g = E,[g(y)], (iii) is proved applying (i) and that

n—1
1 _
= fla, AW g(AW;) — fg
iz
n—1 n—1 n—1
1 1 1
= Z [y, AW;)g(AW;) — - Z f(xi, AW;)g + - Z f(xi, AW;)
i=0 i=0 i=0
1 n—1 1 n—1 B
SM'E Q(AWi)_§|+|§||g2f($mAWi)—f|
i=0 i=0

since f is bounded (i.e., |f| < M). Hence, sending n — oo, (iii) is proved.
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