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A PRIORI ERROR ANALYSIS FOR DISCRETIZATION OF SPARSE
ELLIPTIC OPTIMAL CONTROL PROBLEMS IN MEASURE SPACE*
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Abstract. In this paper an optimal control problem is considered, where the control variable
lies in a measure space and the state variable fulfills an elliptic equation. This formulation leads to
a sparse structure of the optimal control. In this setting we prove a new regularity result for the
optimal state and the optimal control. Moreover, a finite element discretization based on [E. Casas,
C. Clason, and K. Kunisch, STAM J. Control Optim., 50 (2012), pp. 1735-1752] is discussed and
a priori error estimates are derived, which significantly improve the estimates from that paper.
Numerical examples for problems in two and three space dimensions illustrate our results.
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1. Introduction. In this paper we consider the following optimal control
problem:

. 1
(1.1) Minimize J(q,u) = §Hu — ud||2L2(Q) +allglme), g€ M(Q),
subject to
(1.2) —Au=gq in Q,
' u=0 on 0.

Here, Q C R? (d = 2,3) is a convex bounded domain with a C%#-boundary 0.
The control variable ¢ is searched for in the space of regular Borel measures M (),
which is identified with the dual of the space of continuous functions vanishing on the
boundary Cy(€2). The state variable u is the solution of the state equation (1.2); see
the next section for the precise weak formulation. The desired state ugq is in L?(€);
see also further assumptions (ug € LP(2) or ug € L>°(Q2)) below. The parameter « is
assumed to be positive.

This problem setting with the control from a measure space was considered in [11],
where it has been observed that this setting leads to optimal controls with sparse
structure. This is important for many applications; cf., e.g., [12]. For another func-
tional analytic concept utilizing the L!(2)-norm of the control combined with an
L2-regularization and/or with control constraints, we refer, e.g., to [20, 22, 10].

This paper is mainly concerned with the discretization of the problem (1.1)—(1.2).
In [8] a discretization concept for this problem is presented and the following error
estimates are derived:

J(@,a) = J(@n, an) = O(h*7%) and || — | 20) = O (R~ 1),
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where (G, ) is the unique solution to (1.1)—(1.2), h is the discretization parameter,
and (qn,ayp) is the discrete solution. Our main contribution is the improvement of
these estimates using the same discretization concept as

(1.3) J((j, ﬂ) — J((jh,ﬂh) = O(h4_d|1n h|'y) and ||11 — ﬁhHLz(Q) = O(hQ_gun h|%)

with v = % for d =2 and v = 1 for d = 3. Moreover we provide an estimate for the

error in the control variable. Although one can only expect g, — g in M(Q) (see [8]),
we derive the following estimate with respect to the H ~2(£)-norm:

17— @nll -2y = O(h* % |Inh|?).

We obtain these improved estimates with similar assumptions as in [8], employing
error estimates for the state solution in L?(Q2) for p < 2, which are of (almost) optimal
order (see Lemma 3.3), combined with a more careful study of the regularity of the
state solutions for a measure valued right-hand side. However, the assumption on the
desired state uq needs to be slightly stronger than in [8]; see Remark 4.1 below.

The numerical examples (see section 8) indicate that the estimates (1.3) are sharp.
However, we make the following observation: In the two-dimensional case we see the
predicted order of almost O(h) with respect to the state variable in all examples.
But for the three-dimensional case, the predicted order of (almost) O(h%) is observed
only in examples where the exact optimal control contains Dirac measures. For op-
timal controls ¢ with better regularity, we observe convergence rates similar to the
two-dimensional case. Motivated by this observation, we show in section 2 (see The-
orem 2.5) that assuming a bounded desired state uq € L°°(£2) implies that @ must
be bounded as well, which immediately rules out controls containing Dirac measures.
Another direct consequence is § € H (), which allows us to show an order of
convergence of (almost) order O(h) for the state error || — upl/z2(q) independent of
dimension d; see Theorem 5.1.

We remark that these improved regularity results and the improved convergence
estimates strongly exploit the specific structure of the problem under consideration.
In a more general setting, where the control and the observation domains do not
coincide with the whole domain 2, the optimal control may contain Dirac measures,
even if the desired state ug is bounded; see the discussion in section 6.

The paper is structured as follows. In the next section we recall the optimality
conditions from [11] and [8], discuss some consequences of them, and prove that the
optimal state @ is bounded provided that ug € L>(£2). In section 3 we describe the
finite element discretization and derive some error estimates for the state equation.
In section 4 we prove the main estimates (1.3), and in section 5 we derive an improved
estimate resulting from additional regularity. In section 6 we discuss some extensions
of our results for the case where the control action is restricted to a subdomain 2. C
and the observation domain is another subset 2, C €. In the last section we present
numerical examples illustrating our results.

Throughout we will denote by (-,-) the L?(2) inner product and by (-,-) the
duality product between M () and Co(£2).

2. Optimality system and regularity. As the first step we recall the weak
formulation of the state equation (1.2). For a given ¢ € M () the solution u = u(q)
is determined by

u€ L*(Q) : (u,—Ap) = (q,p) forall € H*(Q)N H(Q).
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It is well-known that the above formulation possesses a unique solution, which belongs
to Wol’s(Q) foralll < s < ﬁ; see, e.g., [7]. Moreover, there holds the following
stability estimate.

LEMMA 2.1. For each 0 < e < ﬁ let sc be given as

d
Se =—" —¢.
fTd-1 °©
There exists a constant ¢ independent of € such that for all ¢ € M(Q) and the corre-
sponding solution u of (1.2) the following estimate holds:

C
lellyoe ) < = lallmaco

Proof. The estimate for ||u||W01,5(Q) with an s-dependent constant is shown in [7].

To obtain the precise dependence of € we use the continuous embedding of WO1 ()
into Cp(€2), where

1 1
—+—=1, s.>d.

s Se

!
€

From Theorem 8.10 in [2] we obtain
< ¢
||U||co(§z) =7 HUHWOLS'E(Q)

for all v € WO1 5 (©) with the constant ¢ independent of €. Using the result from [1]
(see also [16]), we estimate

(Vu, V) (g, v)
IVullpsey <e sup ————=¢ sup —————
« IVl

C
) HVUH , ) , < - ”q”M(Q)
'UGWOLSE () Lo=(Q) UEWOI’SE Q ()

g

This completes the proof. a
Due to the embedding of W,*(Q) into L?(2) for d2—f2 < s < 7% the cost func-
tional (1.1) is well-defined. Moreover, the solution operator mapping g € M(Q) to
u = u(q) € L*(Q) is injective and therefore the cost functional is strictly convex.
Using this fact, the existence of a unique solution (g, @) to (1.1)—(1.2) can be directly
obtained; see [11] for details. The following optimality system is obtained in [11, 8].
THEOREM 2.2. Let (q,u) be the solution to (1.1)—(1.2). Then there exists a

unique adjoint state 7 € H2(2) N H (Q) — Co(Q) satisfying

2.1) —AzZ = ﬂ,_ ug i €,
zZ=0 on 09,
and
(2.2) —(q—4,2) +alldlme < allgllme for all g€ M(Q).

Furthermore this implies

(2:3) IZllco@) < o,
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the support of G is contained in the set {x € Q| |Z(x)| = a}, and for the Jordan-
decomposition § = G+ — G~ we have

(2.4) suppg" C {x € Q|z(z) = —a} and suppq  C {x € Q|z(z) = a}.
Remark 2.3. The optimality condition (2.2) can be equivalently reformulated as

(2.5) (u(q) — @, —ua) + a(llgllm@) = 17l mee) =0 forall g€ M(Q).

The statement of the above theorem directly implies the following corollary on
the structure of the optimal control §.

COROLLARY 2.4. There exist n > 0 depending on the data of the problem such
that

(2.6) supp ¢ C Q, = {z € Q|dist(z, 0Q) > n},
and additionally
(2.7) dist(supp ¢+, suppq ) > 7.

The first property implies that the support is compact.

Proof. The adjoint state z belongs to WP(Q) with p > d and W'P(Q) —
C%A(Q) with some B > 0. This implies (due to the homogeneous Dirichlet boundary
conditions) the existence of > 0 such that

_ a
|Z(z)| < 5 for z € '\ Q.

We complete the first part of the proof using the statement on the support of § from
Theorem 2.2. With a similar argument we derive the second statement, since due
to (2.4), the adjoint state attains the values +« respectively on the support of g~
and gt. 0

Finally, we will derive an additional regularity for « if the desired state ug is
bounded. This structural property is not required for the general error estimate in
section 4 and is only used for the improved estimate in section 5.

THEOREM 2.5. Assume that the desired state uq is in L°°(2). Then the optimal
state @ is also in L>°(Q) and there holds

%]l oo ) < Nl Lo (@)

A direct consequence of this theorem is an additional regularity for the optimal control
¢ and for the optimal state .

COROLLARY 2.6. Assume that the desired state uq is in L>°(Q). Then the optimal
state u lies in HE () N L>°(Y) and the optimal control q lies in H—*(Q). There holds

IValZa () < @l melualie@) and [d@lla-10) = IVl z2@)-

In order to prove Theorem 2.5 and Corollary 2.6 we use some results from potential
theory. First, we introduce the Green’s function Go: Q x Q — RT U {+oc} as in,
e.g., [3] or [15]. Then, for a positive measure pr € M(2), u > 0, we define the numeric
function v*: Q — RT U {400} by

(2.8) o" = S(u) = /Q Gl y)dpu(y),
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which is subharmonic and thus lower semicontinuous (see again [3]). If we normalize
Gq by the right constant, we obtain the following simple result.

LEMMA 2.7. For a compactly supported p € M(Q), p > 0, the weak solution
veWyH(Q) with1 < s < —4 to the problem

—Av = p in Q,

2.
(2.9) v =0 on 0N

is equal to v* = S(u) (Lebesgue-) almost everywhere.

Proof. With [3, Theorem 4.3.8] the function v* is a distributional solution of (2.9),
and by a density argument, it is also a weak solution, unique in an almost everywhere
sense. 0

With the help of the above lemma, we obtain a pointwise representative of the
optimal solution u*: Q@ — R U {—o00, 00}, defined as

u* = 5(q") - S(@) =59

Due to (2.6) the measures g© and ¢~ are compactly supported, and with (2.7) u*
is well-defined with values in R U {—o00,00}. With Lemma 2.7 we easily derive that
u* = u almost everywhere.

The next lemma states (roughly speaking) that if the optimal state is bounded
on supp ¢, then it is bounded everywhere on €2 by the same constant. For positive
measures in M () this statement can be directly obtained from [15, Theorem 1.6'] in
the two-dimensional case. For d = 3, the analogous theorem (see [15, Theorem 1.10])
is stated only for Q = R®. Therefore, we provide a direct proof.

LEMMA 2.8. Let ¢ € M(Q) be the optimal control. If u* = S(q) is bounded from
above by some constant CT > 0 on suppq™, then it is bounded everywhere by CT.
Analogously, if u* is bounded from below by some C~ < 0 on suppq~, then u* is
bounded from below everywhere by C'~.

Proof. Suppose u* < Ct on suppg™. With (2.7) we estimate

S(@T)=u+5(q7) <CT +eyllg lmey on suppgt,

where ¢, = clog(% diam?) for d =2 and ¢, = % for d = 3 due to the growth prop-

erties of the Green’s function. Thus, S(g") is bounded on supp ¢ as well. With [3,
Corollary 4.5.2] we can now construct a sequence of compact sets { K;} with

(2.10) g (suppqt \ K;) = 0 fori— oo
such that the functions S(g*|x,) are continuous. Now, we consider the solutions
ui =8(q"k,) - S(q) <wu”.

Recalling that —S(g~) is upper semicontinuous, we obtain that each w; is upper
semicontinuous as well. For each xy on the boundary of 2\ supp g+, which is a subset
of supp g7 U 99, we have u;(z9) < u*(x9) < Ct and with upper semicontinuity

(2.11) limsup u;(z) < CT.

Tr—T0o
Using the fact that u; is subharmonic on Q\supp g™ and the condition (2.11) we apply
the maximum principle for subharmonic functions [3, Theorem 3.1.5] and obtain that
u; is bounded by C'T everywhere on € for every i.
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To complete the proof, it remains to show the convergence u;(z) — u*(x) for all
x € Q\suppgt. Let x € Q\supp g be fixed. We denote by ¢ = dist(z,suppg™) > 0.
There holds

jui(2) —w*(2)| = [S(¢"| k) (@) = S(77)(2)] < esq" (suppg" \ Ki) =0, i — oo,

where we have again used growth properties of the Green’s function and (2.10).

The second statement is proved completely analogously. d

With these preparations we can give proofs of the claimed results.

Proof of Theorem 2.5. Assume the contrary, i.e., that we have C,e > 0, such that
lug| < C almost everywhere in €, but |@| > C + £ on some set of positive Lebesgue
measure,

{zeQ|al@)>C+el|>0.

Due to Lemma 2.8 we can find some point = € supp g™ where the state u* = 5(q) is
larger than C'+-¢. Considering a ball B, (x) of radius  around this point, we have with
Corollary 2.4 that ¢~ |, (») = 0 and therefore that S(q|p, (»)) is lower semicontinuous.
We decompose

u* = 8(q|B, @) + S(da\B, )

and obtain that S(q|o\ B, («)) is harmonic and consequently continuous on B, (). This
implies the lower semicontinuity of v* on By (z). Thus, the set

{yeBy(x) [u'(y) >C+e}

is open, and we can find a radius r» > 0 such that @ > C' + ¢ almost everywhere in the
ball B, (x).

Note that x € supp g™ implies Z(x) = —a with Theorem 2.2. We define w to be
the solution to

—Aw =¢ in B,(x),
w=0 on JdB,(x),

which is clearly strictly positive at . Considering the minimum principle for z = z—w
which solves

—Az=u—ug—¢e>0 in B.(z),
Z=2 on 0B,(x),

we see that the minimum value zmin = inf,cp, () Z2(z) must be attained for some
x' € OB, (z). Comparing with the center z we find

Z2(2") =2(2") = (z —w)(2') < (2 —w)(z) < 2(x) = —a,

which is a violation of the bounds on the adjoint state (2.3) and thus a
contradiction. O

Proof of Corollary 2.6. The result can be derived by considering a sequence of
smooth approximations to g, testing the corresponding state equation with the smooth
solution and a subsequential weak limit argument.
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However, the statement directly follows from a well-known classical result: Since

u* is Borel-measurable (as the difference of two lower semicontinuous functions) we
can pair u* with ¢, and since, by the previous theorem, u* is bounded, we obtain

u*(2)dg(z) = / / G, y)dg(z)da(y).
With [15, Theorem 1.20], this implies Vu* € L?(Q) and

/ / Gal(e, y)da(x)daly) = [|Vu" |22,
QJQ

which implies the first part of the claim. The second assertion is evident. a

@l amo llw™ || Loe ) > (5 u™) Z/Q

3. Discretization. For the discretization of the state equation we use linear
finite elements on a family of shape regular quasi-uniform triangulations {7 }; see,
e.g., [4]. The discretization parameter h denotes the maximal diameter of cells K € Tp,.

We set
= J K
KeTh
and make the usual assumption
10\ Qn| < ch?.

The finite element space associated with 7Tj is defined as usual by

Vi ={wn € Co(Q) | vn|x € P1(K) forall K € T, and vy, =0 on 2\ Q, }.
For a given ¢ € M(Q) the discrete solution up = up(q) is determined by
(3.1) up € Vi, o (Vup, Vop) = (q,vp)  for all v, € V.

To define the approximation of the optimal control problem (1.1)—(1.2) we follow the
approach from [8] and do not discretize the control space; cf. the variational approach
by [14]. The discrete optimal control problem is then given as

(3.2) Minimize J(gn,un), qn € M() and subject to (3.1).

The existence of a solution can be shown as on the continuous level. The optimal
state @y, is unique. The discrete solution operator mapping ¢ € M(Q) to up(g) is not
injective and the uniqueness of the optimal control cannot be guaranteed. However,
one special solution can be identified, which is numerically accessible; see [8] and the
discussion below.

By {z;},i=1,2 ..., Ny, we denote the interior nodes of 2, and by {e;} C V}, the
corresponding node basis functions. We introduce the space My, consisting of linear
combination of Dirac functionals associated with the nodes x;:

My, = {qh e M(Q)

Ny,
qh:ZBiéwia ﬁlERa 7;:1727"'7Nh}
=1

and an operator Ap: M(Q) — My, (see [8]) by

Np,

(3.3) Ang = (g,€:) 6.

i=1

There holds the following theorem; see [8].
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THEOREM 3.1. Among the solutions to (3.2) there exists a unique solution G €
M, with the corresponding state p, = up(qn). Any other solution §, € M(Q) satisfies
AnGn = qn. Moreover there holds

gn = q in M(Q)  and  ||Gnllmee) = llro)

for h — 0.
For the solution (g, @p) from this theorem the following discrete version of the
optimality conditions holds, which can be derived as in the continuous case; cf. [8].
THEOREM 3.2. Let (qn, up) € My x V}, be the discrete solution; see Theorem 3.1.
Then there exists the discrete adjoint state zp, € Vi, fulfilling

(Vup, Vzy) = (up, — ug,vp)  for all vy, € Vj,
and the optimality condition
(34) —{a = n, zn) + allgnllmee) < allallym@)  for all g € M().
The last condition can be equivalently rewritten as
(3:5)  (un(q) — @, an — ua) + a(llallme) = l@nllae) =0 for all g € M(Q);

cf. Remark 2.3.

In order to prove our main result mentioned in the introduction, we first provide
some estimates for the error u(q) — up(q) for a fixed control ¢ € M(Q).

LEMMA 3.3. Let ¢ € M() with associated continuous and discrete states u =
u(q) and up, = up(q) be given. Then the following holds:

+==1

i ~4 11
) Nu—unllzr) < eh® 7 lalm@, pe (L ﬁ) p oy
(i) fu—unlri) < ch?[nhl" gl s

with r =2 for d =2 andrz%fordz&
Proof. (i) For the first estimate in case p = 2 we refer, e.g., to [6]. For a general
case, p € (1, ﬁ), we set e = u — up, and

9p(@) = le(2)P~" sgn(e()).
By a direct calculation it follows that g, € L' () and
9ol Lo () = ||€||Z£;(lg)-

We consider a dual problem

w € HYHQ) = (Vw, Vv) = (gp,v) for all v € H}(Q)
and its Ritz projection

wp € Vi, © (Vwp, Vop) = (gp,vn)  for all v, € V.
With the help of this we can write

el = (€. = (Ve, V)
= (Ve,V(w —wp)) = (Vu, V(w —wy))

= (g, w —wn) < [lqllme@) lw —wrll oo
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using the Galerkin orthogonality for both errors u — uj, and w — wy,. By the elliptic
regularity we obtain w € W2 () with

V2wl Lo () < ellgpll Lo 0

and since p’ > %, a corresponding L>°-estimate can be obtained. With an inverse

estimate we get

. -4 .
[w—=wnllco) < lw—inwlley @) + ch?" linw — wall Lo (),

where ij, is the nodal interpolation. With well-known interpolation estimates for the
nodal interpolant in L>° and LP and a further application of the triangle inequality,
we arrive at

2—-4 -4
[w—wrllcyy < ch™ # ||V2w||Lp’(Q) +ch v [lw— whHLP'(Q)'
The optimal estimate
[[w— wh”LP/(Q) < C;Dh2||v2wHLP'(Q)

was first given in [18], albeit only for d = 2. However, the stability of the Ritz-
projection in WL’ which is the central ingredient of the proof, is also known to hold
for d = 3 (see [4, Theorem 8.5.3]), so the proof can be repeated one for one.

Putting everything together, we obtain for the error ||e||1r(q) the estimate

lello) < lallme) llw —wnlleg@)
2— 4 -1
< e gl el iy

which gives the desired result.
(ii) To obtain the second estimate, we set g1 = sgn(e) € L°°(Q2). There holds

||6’HL1(Q) = (e, 1)
We consider a dual problem
w € HYHQ) : (Vw, Vo) = (g1,v) for all v € H}(Q)
and its Ritz projection
wp € Vi, + (Vwp, Vo) = (g1,v,)  for all vy, € V.
Then we obtain using the Galerkin orthogonality for both errors u — u, and w — wy,

lellLi) = (e,91) = (Ve, Vw)
(Ve,V(w —wp)) = (Vu, V(w — wy))

= (¢, w —wn) < gl m) lw — wrllcp@)-

For the pointwise error in w we use the result from Frehse and Rannacher [13] for
d = 2 and Rannacher [17] for d = 3 and obtain

[w —wrllcy@) < ch*mh|" [g1] L)

This completes the proof. a
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Via the Sobolev embedding theorem we can easily derive an estimate of the form

llull Loy < cillgllamoy forall t < T3

for the continuous solutions. For the discrete solutions we can also give a result in
the limiting case for .
LEMMA 3.4. Let ¢ € M(Q) with the discrete solution up, = un(q) as above. Then
we have
3
[unllLoe () < clnhl>|[qllame)  for d=2,
[unllzso) < cllnbll[qllme)  for d=3.

Proof. In the first step we estimate
[unll oo () < el h|Z|[Vuy|| L2y for d =2
by the discrete Sobolev inequality (see [4, Lemma 4.9.1]) and

lunllza) < cllVunll 3 o) ford=3

by the Sobolev embedding. Defining o = ﬁ (c =2and o = g for two and three
dimensions, respectively), we proceed in a common way with an inverse estimate
and the stability of the Ritz projection with respect to the Wh*-seminorm (see [4,
Theorem 8.5.3]),

d_d
[Vun|[ro0) < che™=|[Vun| Ls(a)
d_d
< chs"s ”quLS(Q)
for any 1 < s < o, where the constant ¢ is independent of s. Then we choose
s=s8. =0 —¢for 0 <e < o—1, which implies that

d d de .,
o S o(loc—¢) > —edo ed—1)

We obtain by Lemma 2.1

¢t
IVun|lLe ) < gh =D gl pcer -

1

Tar) We obtain

Choosing now € =

[Vun|lLo@) < cllnhlllqllmee),
which, together with the first estimate, completes the proof. d

4. General error estimates. In the next theorem we provide an error estimate
for the error with respect to the cost functional. To state this theorem we need an
assumption on the desired state ug.

Assumption 1. We assume

L>®(Q) for d =2,
Uq 3
L3(Q) for d=3.
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Remark 4.1. Assumption 1 is only slightly stronger than the corresponding as-
sumption in [8], where ug € L*(Q) in two dimensions and ug € L3(Q) in three
dimensions is assumed.

THEOREM 4.2. Let Assumption 1 be fulfilled. Moreover let (q,u) be the solution
to (1.1)~(1.2) and (Gp, un) € My x Vi, be the discrete solution; see Theorem 3.1. Then
there holds

|J(q,u) — J(qn, un)| < ch* 4Inh]

withvz%fordzZ and v =1 for d=3.
Proof. By the optimality we obtain

J(q,u) < J(qn,u(qn)) and  J(qn,un) < J(q un(q)).
Consequently we have
J((jv ﬁ) - J((ja Uh((j)) < J((jv @) - J((jha ﬂh) < J(qha u(qh)) - J(qha ﬂh)'

Therefore, it remains to estimate the error with respect to the cost functional for a
fixed ¢ € M(Q), ie.,

1 1
|7 (a,w(a) = I (g, un(@))] = | 5 l1u(a) = wall T2y = 5 llun(a) = vallzz(0)

and then to apply this estimate for both ¢ = ¢ and ¢ = @,.
For fixed ¢ € M(2) we now use the notation v = u(g) and up = up(g). There
holds

1 1
J(q,u) — J(q,un) = 5”“ - Ud||2L2(Q) - §||Uh - Ud||2L2(Q)

1
(4.1) = g(u—uh,u—i—uh—Qud)

1
= —(u—un,ua) + 5llu— un|72(q) + (u = un, un).
For the second term in (4.1) we obtain by the estimate (i) for p = 2 from Lemma 3.3

[ = unlF20) < cb*lql3uq)-

The other terms are estimated separately in two dimensions and in three dimensions.
The case d = 2. The first and last terms in (4.1) are estimated using (ii) from
Lemma 3.3:

(u— un,uq) < |lu—unllri@) lualre@) < ch*nhP|qlme),

(u—un,un) < |lu—unllLro) unllL=@) < ch*mh|ql rmeo) lunll Lo ©)-

Additionally, by Lemma 3.4 we have ||up ||z () < [In%|2[|g] amq)-
The case d = 3. Now, we use (i) for p = 2 from Lemma 3.3 for the remaining
terms in (4.1) to obtain

(u = unyua) < llu = unll 3 g all oy < chllalaagen,

(u —un,un) < [lu—unll 3 o llunllzs@) < chllallmellunlzs @)

We apply Lemma 3.4 again and complete the proof. a
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Remark 4.3. Assumption 1 excludes the case where the desired state ug is given
as a Green’s function. However, for construction of irregular examples with known
exact solutions (see section 8), it is desirable to choose uq4 to be the solution of

—Aud = 5950 in Q,
ug =0 on 02

with some zg € Q. For this choice of ug there holds

ug € LP(?) forallp € (1,00) ford=2
and

ug € L37°(Q) foralle € (0,1) for d=3.

The result of Theorem 4.2 can be directly extended to this situation. In this case an
additional logarithmic term |In h| will appear.

In the next theorem we prove the main estimate for the error in the state variable,
as announced in (1.3).

THEOREM 4.4. Let the conditions of Theorem 4.2 be fulfilled. Then there holds

@ — | 20y < ch® % |Inh|?.
Proof. We use the optimality condition (2.5), choose ¢ = gp,, and obtain
(u(gn) — @@ —ua) + a(||gnllme) = lallrme)) > 0-

For the corresponding discrete optimality condition (3.5) we choose ¢ = g, resulting
in

(un (@) — an, @n — ua) + a([lall rm) = @l a@)) = 0.
Adding these two inequalities we arrive at
(u(@p) — u,u —ug) + (up(q) — ap, ap — ug) > 0.
Rearranging the terms we obtain
(ap, — u, 0 — uq) + (w(@n) — Un, @ — uqg) + (@ — Gp, ap, — uq) + (up(q) — a, wp —ug) > 0,
resulting in
(4.2)
@ — | F20y < (w(@n) = an, @ —ua) + (un(q) — @, @, — ua)
= (u(qn) — n, @ — un(q)) + (w(qn) — @n, un(q) — ua) + (un(q) — 4, un — ua).
For the first term in (4.2) we obtain by the estimate (i) for p = 2 from Lemma 3.3
(w(@n) =, u—un(q)) < [[u(@n) =l L2 [G=un(@ | 20) < h* Tl me) N3] M-

The second and third terms in (4.2) are estimated with the same procedure as in the
proof of Theorem 4.2, resulting in

i~ nll3a i < e,

This completes the proof. a
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With help of this result, we can also provide an estimate for the error of the
control in H~2().
COROLLARY 4.5. Let the conditions of Theorem 4.2 be fulfilled. Then there holds

17— Gnllr-20) < ch27%|lnh|%.
Proof. For each ¢ € M(Q2) we have

49, ulq 7_A
sy = sup B gy BDRI gy
peH?(Q) ||%0||H2(Q) pEeH?2(Q) ||%0||H2(Q)

Thus we obtain (recall that @ = u(q), ap = un(qn))
1q = anlla—2(0) < cllu(@) —w(@n)llr2@) < el —anllL2@) + [lun(n) — w(@n)llL2 )

The first term is covered by Theorem 4.4, and for the second term we can apply the
a priori estimate from Lemma 3.3(i) with p = 2. a

5. Improved error estimates. In the following we exploit the additional reg-
ularity derived in section 2 to provide an improved estimate under the assumption
that ug is bounded.

THEOREM 5.1. For both d =2 and d = 3, let (¢, @) be the solution to (1.1)—(1.2)
and let (qn,up) € My x Vi, be the discrete solution; see Theorem 3.1. Moreover let
ug € L*(Q), which implies @ € Hg(2) N L>®(Q) and ¢ € H=*(Q) with Theorems 2.5
and 2.6. Then there holds

Hﬂ — ﬂh||L2(Q) < ch|1n h|g

with the constant r as in Lemma 3.3.
Proof. First, we obtain an L%(Q) estimate for @, — % in terms of an L°(2)-error
for the adjoint state. For that, we use the optimality condition (2.2), choosing ¢ = gp,

—(qn — @, 2) + |l @l m) < allgnllme),
and the optimality condition (3.4), choosing ¢ = g,
—(q = Qn, 2n) + lGnllme) < alldllm@)-
Adding these two inequalities results in
(Gh — @,z — zn) 2 0.

We introduce a discrete adjoint state 2, € Vj, for the continuous optimal solution
defined by

(Vup, VZR) = (4 — ug,vp) for all v, € V),

and 4y, = up(q), the discrete solution for the continuous optimal control. There holds
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Rearranging terms and using Young’s inequality we obtain

= =2 - = = _ Lo e Lo e
@ — anllz20) < llan — @llam@)llZ2 = ZnllLee @) + §||U — bl 7200) + §||u — Unllz2(0)
which results in
(5.1) llu— ﬂh||iz(9) <cllz=Znllze(o) +u— @hH%z(Q)a
since ||l am(o) and ||Gnll o) are bounded. For the first term we obtain with an
L*>°-estimate as in the proof of Lemma 3.3(ii)
||5 — 2h||Loc(Q) S ch2|ln h|r||1fb — ud”Lm(Q).
The square root of the second term in (5.1) can be estimated by

@ — tnllz2() < chll@llm-1(0),

which can be obtained from standard estimates with a simple duality argument. To-
gether with the improved regularity for @ and ¢ this completes the proof. 0

6. Extensions. Let us consider some possible extensions of our results to more
general problem settings. We remark that all the results will transfer with only minor
modifications to the case of more general elliptic operators with smooth coefficients
instead of the Laplacian in (1.2).

In the following, we will briefly consider a problem where the control is allowed
to act only on a subset Q. C Q of the domain and the observation is restricted to
another subset €2, C Q:

. 1
(6.1) Minimize J(g,u) = §||u - ud||2L2(Qo) +allglme.), a€ M),

subject to the state equation (1.2). For well-definedness, we require 2, to be open
and Q. to be relatively closed in 2, i.e.,

Q. = 0.\ 09.

See [12] for a detailed exposition. Denote by xq, the characteristic function of €.
Note that the solutions to (6.1) are not unique in general, since the strict convexity of
the first term of J only guarantees uniqueness for the expression x o, for any optimal
state solutions 4. The corresponding optimality system, as obtained in [12], is given
in the following theorem.

THEOREM 6.1. Let (g, u) be a (not necessarily unique) solution to (6.1). The
corresponding unique adjoint state is given by

6.2) —AZ = xq,(u - uq) in €,
zZ=0 on 00

and satisfies the inequality

(6.3) IZ] <« on Q..

Furthermore, the support of q is contained in the set {x € Q. | |z(z)| = a}, and for
the Jordan-decomposition § = ¢+ — G~ we have

(6.4) suppgT C{x€Q.|z(x)=—a} and suppqg C{x€Q.|z(z)=al.
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The optimality of u can also be characterized by the following variational inequality:

(65) (ulg) — 7 xa, (@ - ua)) + allglm,) — alldlame,) 20 for all g € M(Q).
In the discrete setting, we consider the optimal control problem

(6.6) Minimize J(gn,un), qn € M(€.) and subject to (3.1).

As before, the control is not discretized at first. However, for practical computations
it should be replaced with a discrete control g, € My, as in Theorem 3.1. Therefore,
to ensure that the operator A, defined in (3.3) maps from M(Q.) to M(Q.) N My,
we require that for each h we have

(6.7) QN = J K,
KeTg

where 7,° C 7T}, is the collection of all the cells of the triangulation which make up the
control region. Then, we can verify that

An(q) € M(Qc) N My, for all ¢ € M(Q),

and any optimal solution g, of (6.6) can be replaced by a discrete optimal solution
dn = An(Gn) with the same objective value as in Theorem 3.1. There may still be
more than one discrete solution for the same reasons as in the continuous case.

Most of our results are valid as well for problem (6.1) without any additional
assumptions, since Lemmas 3.3 and 3.4 are applicable to this case without modifica-
tion. In fact, if we repeat the steps of Theorems 4.2 and 4.4 line by line we obtain
the following result.

THEOREM 6.2. Let Assumption 1 be fulfilled. Moreover let (g, u) be any solution

o (6.1) and let (Gn,upn) € (M(Qc) N My) x Vi, be any discrete solution. Then there
holds

|J(q, @) — J(Gn, un)| < ch* n A,

U — || p2(q,) < ch® % |Inh|?
(@)

with v as in 4.2.

In comparison, Theorem 6.2 is not as strong as the version for 2, = Q. = ,
since we only get an estimate for the state on the observation domain. However, since
@ is not even unique (there are counterexamples), an estimate on the whole domain
or any estimate for the controls cannot be expected in general.

In this setting we can also construct examples where the optimal control contains
Dirac measures, even if ug is bounded, by making sure that the singularities of @ are
located outside of €2,. Thus, the higher regularity of Theorem 2.5 and Corollary 2.6
does not hold in general. If Q. and Q, are disjoint, we can typically expect the optimal
control to be a linear combination of Dirac delta functions; cf. [5] for an application,
where this is explicitly desired.

However, we can extend the estimate for the state error from Theorem 6.2 to the
whole domain if the control domain is contained in the observation domain, i.e., if
we have 2, C ,. Then, the optimal control is uniquely determined by the values of
@ on the observation domain: Since xq,u(q) = 0 implies u(¢) = 0 with Lemma 2.8
and thus ¢ = 0 for any ¢ € M(.), the control to observation operator mapping
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q € M(Q.) to xa,u(q) € L?(Q,) is injective. Therefore, the optimal solution (g, ) is
unique. Under this condition we can additionally prove the following lemma.
LEMMA 6.3. Assume Q. C Q,. Then

supp s, supp ¢ C {z € Q, | dist(w,09Q,) >n}
for some 1 > 0 depending only on the data.
Proof. We use that the adjoint state z is Holder continuous as in Corollary 2.4.
For the discrete adjoint states we can obtain the uniform bound
1Z0llcos(qy < cllZnllwir) < cllz(@n)llwrr @) < cllin — uallz2(q,) < clludllzz(q,)

using the stability of the Ritz projection in WP for p > d, where z(iiy,) solves the
continuous adjoint equation (6.3) with the discrete @y, instead of 4 on the right-hand
side. Together with the Dirichlet boundary conditions and the conditions on the
support of the optimal controls we therefore get

supp Gn , suppq C {x € Q. | dist(z,00Q) >m } = Ay,

for some 71 > 0 depending on the constant in the estimate before. The set A, is
compact since §). is relatively closed. With A, C €, and ), open, we find a suitable
1 < m by considering that dist(-,0§2,) > 0 must assume a minimum on A,,. |

Under these conditions the higher regularity results from Theorem 2.5 and Corol-
lary 2.6 can be transferred without modification and we can also derive an error
estimate for the state on the whole domain.

THEOREM 6.4. Assume Q. C Q, and the conditions of Theorem 6.2. Then we
have the estimate

_4 2
% — L2 + 17— @nllm—>(@) < ey h* 2 [Inh|?
with v as in Theorem 4.2 and n from Lemma 6.3.
Proof. With the elliptic regularity and Lemma 3.3(i) we obtain
o o _ _ o _d
1@ —anl 2) < (@ —@n)l|L2() + 1[w(@n) = @nllz2@) < 17— @nlla-—2(@) +eh* 2.

For the estimate of the control we choose a smooth function k, € C§°(£2) which is
zero on 2\ Q, and equal to one on { z € Q, | dist(x,9Q,) > 1} C Q.. This is possible
due to Lemma 6.3. Then we have for any ¢ € H%(Q) that

<q - qha ¢> = <q - qha 'k‘./nd]> = (VU(Q - qh)a V(K/nd])) = _(a - U((jh)a A(ﬁnw))
For the expression in the last term we obtain
A(kng) = Ak + 2V E, VY + £y A,
and since the derivatives of x,, are bounded and depend only on 7, we can estimate
[A(FyY) 2@y < eqllll m2(0)-
Moreover A(ky1) =0 on Q \ 2, and thus we have
(@ an,¥) < epll¥llmz o l@ — uw(@n)llzz(a,)-
Dividing by |[¥)|| g2(q) and taking the supremum, we obtain
17 = anllm-2) < eyl —u(@n)lr2(a.)
< ey (1@ — nll 2, + 1n — w(@)ll12,) < cph® 2 Inh|?,

where we applied with Theorem 6.2 the result of Lemma 3.3(i). This concludes the
proof. |
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7. Computational aspects. For the numerical computation of optimal controls
we are going to consider a Tikhonov regularized version of the optimal control problem.
Then, the Tichonov-parameter is driven to zero with a continuation method. The
regularized problem is given in the continuous setting by

. 2 €, 1o
(7.1) GeL2 (%) 5”“ = udllz2(0) + llgllr o) + §HQHL2(Q)

s.t. (Vu,Vov) = (¢g,v) for all v € V,

where € > 0 is the regularization parameter. See [11] for a detailed analysis of the
connection of (7.1) and the original problem. Specifically, it is shown there that
the optimal controls . converge to g weakly in H~2(Q) for ¢ — 0. For analysis of
the problem (7.1) for a fixed e see also [20] and [10].

The optimality condition for (7.1) with £ > 0 is known to be given by the projec-
tion formula

e = %Sha(_zs)a
where the Nemizkij-operator sh, (soft-shrinkage) can be written as
shq(y) = max(0,y — ) — min(0,y + «),

and z. fulfills the adjoint equation (2.1) with a corresponding state solution . solving
(1.2). Thus, the control variable can be eliminated to obtain the system

o —utug—Az )\
Glz,u) = <—Au - %sha(—z)) =0,

which can be solved with a semismooth Newton method; see, e.g., [21].

We proceed completely analogously for the discrete problem. However, since the
controls are discretized as nodal Diracs measures, it is not immediately clear how to
interpret the regularization term in the discrete setting. For simplicity, we implement
the regularization term as

N
3 £ —
(72) slanlliy =5 di'al,
i=1

where ¢; is the coefficient of the control g, € M, at the nodal Dirac measure 6,
and (d;);=1.. n is the diagonal of the lumped mass matrix. The discrete regularized
problem is then given by

1
min ~flun — ual 32y + allanllm) + < llanll2:
(73) gnEMp, 2 2 h

s.t. (Vup, Vop) = (gn, vp) for all vy, € Vj,.

A related mass lumping for discretization of L'-control costs is also employed in [9].
The optimality system for (7.3) can then be derived as in the continuous setting.
We only point out that here we obtain the optimality condition

K2

1
di'q = - sho(—Zpe(z;)) fori=1...N,

where g; is the coefficient of the optimal control g, . € M}, at the nodal Dirac d,,. The
corresponding algorithm for the discrete regularized problem (7.3) was implemented
with [19], and the arising linear systems were solved with a Schur-complement method
and conjugate gradients.
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8. Numerical examples. We present some examples to verify the rates of con-
vergence established in sections 4 and 5.

8.1. Example for d = 2. We take Q = B;(0) as the unit ball and construct a
radially symmetric example with the optimal state given as

() = — 5 In(max{p,|]})

with a kink in the radial direction at p € [0,1). See Figure 8.1 for the representative
cases p = % and p = 0. For p = 0 the state u is simply a Green’s function, and the
optimal control is then given by § = §y. For p > 0 we obtain the surface measure

(given in terms of the one-dimensional Hausdorff measure )

1
q= —Hl|aB,J(o)7

2mp
which, due to the choice of scaling, has a norm of ||g||,() = 1. The optimal dual
state can then be chosen as any element in H?(Q2) N H}(Q) such that |2| < a and
2|33p(0) = —a. We make the specific choice

Z(x) = h(|x]),
where h € C1([0,1]) is a piecewise cubic polynomial interpolating h(0) = h(1) = 0,

h(p) = —a with the choices h'(p) = h'(0) = h'(1) = 0. (For p = 0, the conditions
h(0) = K'(0) = 0 are dropped.) This yields z € C'(Q), which is piecewise twice

05F @
\ 1 —% for p=1L
—u for p=; 2
' —u for p=0 -z for p=0
04f
\
\
\
0.3 F \
\
N R L L L L T
R 0.2 0.4 0.6 0.8~ 1.0
0.2 N _ -
N -
N -
S o N - -
Mr \ :
-
-
-
1 1 1 1 T - - -
0.2 0.4 0.6 0.8 1.0 -« —
05F
‘\ —uy for p:%, a=0.001
) \ —uy for p=0, «=0.01
0.4 N
\
\
\
0.3 F N
N
N
N
0.2 N
N
N
N
0.1F
X
N
N
N
N
L L L T LT
0.2 0.4 0.6 0.8 ~ . %0
~

FiG. 8.1. Radially symmetric example for the unit circle in R? in radial direction r.



2806 KONSTANTIN PIEPER AND BORIS VEXLER

T T T T T T T T
100+ @ —anllpe@) —— - @ —anllp2) ——
[J(q,a) = J(qn, un)| —=— 100+ |J(q,3) — J(Gn, @) —=— A
10—2 %Hq}ll‘ii %H‘jh”i,zl

1072 L
T T e
) 10-4 -
106
106
10-8
10-8
10~10 T S S R
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
(a) Errors for p = %, a = 0.001 (b) Errors for p =0, a = 0.01

Fic. 8.2. Convergence rates for the two-dimensional example at different refinement levels.
continuously differentiable with bounded second derivatives, and a matching desired
state ug € L () can be computed in strong formulation as

ug = Az + 4,

as depicted in Figure 8.1 for p € {0, %} For the convenience of the reader, the exact
formula for ug is given by

alr) a W — 5=In(p) for r < p,
d = 6 (3r2=2rp—27r4p
a% — 5=In(r) forr > p,
where r = |z|.
The convergence rates for a choice of p = % and p = 0 are given in Figure 8.2.

The inital grid (refinement level 0) consists of five cells, a small square in the middle
and four additional trapezoids at each edge, glued together at the corners. For both
examples we plot the error in the cost functional J(q, ) — J(Gn, %n) and the L2-error
in the state variable. The dashed lines indicate the orders of convergence O(h?) and
O(h), which are what theory predicts for the respective quantities (up to logarithmic
contributions). Since the regularization is present in the numerical computations,
we also report the size of the term %thnii . As a parameter choice rule, at each

refinement level the regularization parameter € is decreased until
SN
§||qh||%}2l < Cregh2

is fulfilled, where c.eg > 0 is a constant chosen heuristically in advance. This is done
to ensure that at least the asymptotic best case convergence behavior of the functional
O(|In h|7h?) is not altered by the regularization. In Figure 8.2(a), e.g., we observe that
the regularization term is an order of a magnitude smaller than the exact functional
error, such that the reported error in the functional should be at least accurate in the
first significant digit.

We see that the observed rates agree with the rates predicted by theory. In
Figure 8.2(a) the rates seem to be even slightly better; however, this is far from
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T T T T T T T
1o —tnllp2 Q) —— 1o = tnllp2 Q) ——

10—t - 109 | .
|J(q, @) — J(qn, 0n)| —=— |J(q, @) — J(qn, Un)| —=—
10-2 sllanl 10-1[ slaul?, ]

6 1 2 3 4 5

.001 (b) Errors for p =0, o = 0.01

1
4
(a) Errors for p = %

Fic. 8.3. Convergence rates for the three-dimensional example at different refinement levels.

conclusive. In Figure 8.2(b), even though the rate for the functional is somewhat
wiggly, we observe the expected rates. The wiggles could be caused by the fact that
the initial mesh was perturbed slightly, and thus the approximation quality depends
for a large part on the smallest distance of a grid-point to the origin, where the optimal
control ¢ = dg is located. If we choose a mesh which has a point at the origin, the
exact control is representable at each level, and the wiggles disappear. In the Dirac
case, due to the low regularity of ug4, it is also clear that the rate of almost O(h) for
the state error is the best theoretically possible.

8.2. Example for d = 3. The construction of an example in three dimensions
is completely analogous, except for the different Green’s function

) = 3 (g ~1):

thus we omit a detailed description. The final formula for u4 in this case is given by

6(4r—3p) 1 /(1
ug(r) = QTP—FE(E_D orr <7
0 T L () oz

where r = |z|. The computational results can be seen in Figure 8.3. Note that the
parameter choice rule for ¢ is simply the same as before. In this case, the general
theory predicts an order of convergence close to O(h) for the functional and close
to O(hz) for the L%error of the state. This is clearly observed in the case p = 0,
where the optimal control g is a single Dirac delta function; see Figure 8.3(b). In
this case the rate for the state error is again the theoretically best possible. However,
in the case p = %, depicted in 8.3(a), where uq is bounded and the optimal control
is a surface measure, the rates are clearly better. For visual comparison we plot the
rates O(h) for the state in accordance with Theorem 5.1 and O(h?) for the functional,
which seems to be the closest match. Here, the order of convergence is the same as
in the case d = 2.
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