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Figure 1: Hierarchy of principle, simple, continuous, univariate distributions
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Figure 2: Hierarchy of principle Pearson distributions
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Figure 3: Hierarchy of extreme value distributions
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Figure 4: Hierarchies of symmetric simple distributions
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1 Uniform

1 Uniform

The simplest continuous distribution is a uniform density
over an interval.

Uniform (Flat, rectangular) distribution:

1

Uniform(x|a, s) =Tsl
S

(1.1)

forx, a,s in R,
range x € [a,a+s],s >0
orx € l[a+s,al,s <0

The uniform distribution is also commonly parameterized
with both boundary points, a and b = a + s, rather than
location a and scale s as here. Note that the discrete analog
of the continuous uniform distribution is also often referred
to as the uniform distribution.

Special cases

The standard uniform distribution covers the unit interval,
x € 10,1].

StdUniform(x) = Uniform(x|0, 1) (1.2)

The standardized uniform distribution (zero mean, unit vari-
ance) is Uniform (x| — v/3,2/3).

Three limits of the uniform distribution are important. If
one of the boundary points is infinite (infinite scale), then
we obtain an improper (unnormalizable) half uniform dis-
tribution. In the limit that both boundary points reach in-
finity (with opposite signs) we obtain an unbounded uni-
form distribution. In the alternative limit that the boundary
points converge, we obtain a degenerate (delta) distribution,
wherein the entire probability density is concentrated on a
single point.

Interrelations

Uniform distributions, with finite, semi-infinite, or infinite
range, are limits of many distribution families. The finite
uniform distribution is a special case of the beta distribution
(11.1)

Uniform(x|a, s) = Beta(x|a, s, 1,1)
= PearsonlI(x|a + 5, s)

Similarly, the semi-infinite uniform distribution is a limit of
the Pareto (5.6), beta prime (12.1), Amoroso (13.1), gamma
(6.1), and exponential (2.1) distributions, and the infinite
range uniform distribution is a limit of the normal (4.1),
Cauchy (9.5), logistic (15.5) and gamma-exponential (7.1) dis-
tributions, among others.

The order statistics (§C) of the uniform distribution is the
beta distribution (11.1).

OrderStatisticypiform(a,s) (X/&, Y) = Beta(x|a, s, ot,y)

10

1/s

Figure 5: Uniform distribution, Uniform(x|a, s) (1.1)

The standard uniform distribution is related to every other
continuous distribution via the inverse probability integral
transform (Smirnov transform). If X is a random variable and
Fy ! (z) the inverse of the corresponding cumulative distribu-
tion function then

X ~ F;l (Sthniform()) .

If the inverse cumulative distribution function has a
tractable closed form, then inverse transform sampling can
provide an efficient method of sampling random numbers
from the distribution of interest.

The power function distribution (5.1) is related to the uni-
form distribution via a Weibull transform.

1
PowerFn(a,s, ) ~ a + s StdUniform() B
The sum of n independent standard uniform variates is the
Irwin-Hall (21.6) distribution,
n
Z Uniform; (0, 1) ~ IrwinHall(n)
i=1
and the product is a standard unit gamma distribution (10.2).

n
HUniformi(O, 1) ~ UnitGamma(0,1,n,1)
i=1



1 Uniform

Table 1.1: Properties of the uniform distribution

Properties

notation Uniform(x|a,s)

pdf 1
s
cdf/ccdf =t s>0/s<0
parameters a, sin R
range [a,a+ s] s>0
l[a+s,al s<0

mode any supported value

mean a-+ %s

. 1.2
variance 15S
skew 0
kurtosis — g

entropy In|s|

mgf
8 st
eiat 1— e1'.st
of (. )
ils|t

11



2 Exponential

2 Exponential

Exponential (Pearson type X, waiting time, negative expo-
nential, inverse exponential) distribution [3, 5, 6]:

Exp(x|a, 0) :%‘ exp {_xga} (2.1)
a, 8, inR
rangex >a, 0>0
x<a 6<0

An important property of the exponential distribution is that
it is memoryless: assuming positive scale and zero location
(a =0, 6 > 0) the conditional probability given that x > c,
where c is a positive content, is again an exponential distribu-
tion with the same scale parameter. The only other distribu-
tion with this property is the geometric distribution, the dis-
crete analog of the exponential distribution. The exponential
is the maximum entropy distribution given a semi-infinite
range and the mean.

Special cases

The exponential distribution is commonly defined with zero
location and positive scale (anchored exponential). With a =
0 and 8 = 1 we obtain the standard exponential distribution.

0.5 -

Figure 6: Standard exponential distribution, Exp(x[0, 1)

Interrelations

The exponential distribution is common limit of many dis-
tributions.

Exp(x|a,®) = Amoroso(x|a, 0,1, 1)

= PearsonllI(x|a, 6, 1)
Exp(x|0,0) = Amoroso(x|0,0,1,1)

= Gamma(x|0, 1)
Exp(x|a, ) = Blgl(l)@ PowerFn(x|a — 0, 39, B)

The sum of independent exponentials is an Erlang distri-
bution, a special case of the gamma distribution (6.1).

n
Z Exp;(0,0) ~ Gamma(0,n)
i=1

The minima of a collection of exponentials, with positive
scales 0; > 0, is also exponential,

min(EXpl (05 91)7 EXp2(O7 62)a SRR EXpn(Oa en)) ~ EXP(O> e/) )

where 8’ = (31", &) L.
The order statistics (§C) of the exponential distribution are
beta-exponential (14.1).

OrderStatisticgy, (¢, 1) (X, Y) (2.2)

= BetaExp(x|, A, o, Y) (2.3)

A Weibull transform of the standard exponential distribu-
tion yields the Weibull distribution (13.25).

1
Weibull(a, 0, ) ~ a + 0 StdExp() B

Special case of the Weibull distribution include the
stretched exponential distribution (13.3) when a = 0 and the
inverse exponential distribution (13.15) when 3 = —1.

1

Il’lVEXp(O7 9) ~ m



2 Exponential

Table 2.1: Properties of the exponential distribution

Properties

notation Exp(x|a, 0)

1 X—a
pdf mlexp{—e}

cdf/ccdf 1—exp{—xga} 6>0/9<0

parameters a, 0, inR
range [a,+o0] 6>0
[~00, a] <0

mode a

mean a-+ 0
variance 02

skew 2
kurtosis 6

entropy 1+ 1n|0|

et exp(at)
£ 1oy
of exp(iat)
(1—1i0t)

The ratio of independent anchored exponential distribu-
tions is the exponential ratio distribution (12.7), a special case
of the beta prime distribution (12.1).

Exp,(0,61)

BetaPrime(0, 9+, 1,1) ~ ExpRatio(0, &) ~
Exp, (0, 02)

050 0o

13



3 Laplace

3 Laplace

Laplace (Laplacian, double exponential, Laplace’s first law
of error, two-tailed exponential, bilateral exponential) distri-
bution [7, 8, 9] is a two parameter, symmetric, continuous,
univariate, unimodal probability density with infinite range,
smooth expect for a single cusp. The functional form is

1 X —
Laplace(x|(, 0) :%e*| ol (3.1)
forx, ¢, 0inR

The two real parameters consist of a location parameter (,
and a scale parameter 0.

Special cases

The standard Laplace (Poisson’s first law of error) distribution
occurs when ( =0and 0 = 1.

Interrelations

The Laplace distribution is a limit of the symmetric Pren-
tice (15.4), exponential power (21.4) and generalized Pearson
VII (21.5) distributions.

As 0 limits to infinity, the Laplace distribution limits to a
degenerate distribution. In the alternative limit that 0 limits
to zero, we obtain an indefinite uniform distribution.

The difference between two independent identically dis-
tributed exponential random variables is Laplace, and there-
fore so is the time difference between two independent Pois-
son events.

Laplace((,0) ~ Exp({,0) — Exp((, 0)

Conversely, the absolute value (about the centre of sym-
metry) is exponential.

Exp(¢, 9 ~ |Laplace(¢,0) — ¢ + ¢

The log ratio of standard uniform distributions is a stan-
dard Laplace.

StdUniform; ()

Laplace(0, 1) ~ In o s 0
aplace(0,1) ~ In StdUniformy ()

The Fourier transform of a standard Laplace distribution is
the standard Cauchy distribution (9.5).

+o00 1 . 1
= x| 1txd —
LWQe M P

14

Figure 7: Standard Laplace distribution, Laplace(x|0, 1)



Table 3.1: Properties of the Laplace distribution

Properties

notation

pdf

cdf

parameters
range
mode
mean
variance
skew
kurtosis

entropy

cgf

cf

3 Laplace

Laplace(x|(, 0)
Lefl Xgl |
2|0|

{ %eflxeC
1 1,—|x5<
3 3¢ =

¢, 0inR

X € [—00, +00]

1+ In(20)
exp(Ct)
1—02t2
exp(ict)
1+ 02¢2

15

X
X
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G
G



4 Normal

4 Normal

The Normal (Gauss, Gaussian, bell curve, Laplace-Gauss, 1
de Moivre, error, Laplace’s second law of error, law of er-
ror) [3, 10] is a ubiquitous two parameter, continuous, uni-
variate unimodal probability distribution with infinite range,
and an iconic bell shaped curve.

1 2
Normal(x|y, o) = T exp {— (chy) } (4.1)
forx, u, oin R (4.2)

The location parameter p is the mean, and the scale param-

eter 0 is the standard deviation. Note that the normal dis-

tribution is commonly parameterized with the variance o2

rather than the standard deviation. Herein we choose to con-

sistently parameterize distributions with a scale parameter.
The normal distribution most often arises as a conse- Figure 8: Normal distributions, Normal(x|0, o)

quence of the famous central limit theorem [1, 1], which

states (in its simplest form) that the mean of independent and

identically distribution random variables, with finite mean

and variance, limit to the normal distribution as the sample

size become large. Also, the maximum entropy distribution

for fixed mean and variance.

Special cases

With u = 0 and 0 = 1/v/2h we obtain the error function dis-
tribution, and with © = 0 and 0 = 1 we obtain the standard
normal (@, z, unit normal) distribution.

Interrelations

In the limit that 0 — oo we obtain an unbounded uniform
(flat) distribution, and in the limit 0 — 0 we obtain a degen-
erate (delta) distribution.

The normal distribution is a limiting form of many dis-
tributions, including the gamma-exponential (7.1), Amoroso
(13.1) and Pearson IV (16.1) families and their superfamilies.

Many distributions are transforms of normal distributions.

exp (Normal(u, 0)) ~ LogNormal(0, e", o) (8.1)

|N0rmal(07 0)| ~ HalfNormal( o) (13.7)
StdNormal()? ~ ChiSqr(1) (6.4)
> StdNormali()? ~ ChiSqr(k) (6.4
i=1k
Normal (0, o) ™2 ~ Lévy(0, #) (13.16)
2 2
Z ‘Normali(O, G)‘ B ~ Stacy(oP, g, B) (13.2)
i=1,k
N 1,(0,1
ormal, (0, 1) ~ Cauchy(0, 1) (9.5)

Normalsy (0, 1)

The normal distribution is stable (21.13), that is a sum of
independent normal random variables is also normally dis-
tributed.

Normal; (W1, 01)+Normaly(Ha, 02) ~ Normals (W +uo, 01+03)

16



Table 4.1: Properties of the normal distribution

Properties

notation

pdf

cdf

parameters
range
mode
mean
variance
skew
kurtosis
entropy
mgf

cf

4 Normal

Normal x|y, o)

o
——exp{—
2702

1

3 [1+erf<
i, oin R
X € [—o0, +00]

n

n
2

o
0
0
1
2

In(2mec?)

z—

)

(x —p)

202

exp (ut + $0°t7)
exp (ipt + $0°t%)

17
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5 Power function

5 Power function

Power function (power) distribution [4, 5, 11] is a three param-
eter, continuous, univariate, unimodal probability density,
finite or semi-infinite range. The functional form in most
straightforward parameterization consists of a single power
function.

X—a

PowerFn(x|a,s, ) = (5.1)

B
s

-

range x € [a,a+s],s >0, >0
[a+s,al,s<0, B3>0
[
[

(

forx,a,s,pin R

S

orx €
a+s,+o0l,s >0, <0
orx € [—oo,a+sl,s<0, <0

orx €

With positive 3 we obtain a distribution with finite range.
But by allowing f3 to extend to negative numbers, the power
function distribution also encompasses the semi-infinite
Pareto distribution (5.6), and in the limit f — oo the ex-
ponential distribution (2.1).

Alternative parameterizations

Generalized Pareto [1, 1] distribution: An alternative param-

18

eterization that emphasizes the limit to exponential.

GenPareto(x|a’, s’, &) (5.2)
1
1 P (—35°) £=0

PowerFn(x|C — %, % —%)

g-exponential (generalized Pareto) [1, 1, 1] distribution is an
alternative paramaterization of the power function distribu-
tion, utilizing the Tsallis generalized q-exponential function,
expgq(x) (§D).

QExp(x|¢, 0, q) (5.3
_(2—4q) x—¢
o “Pal"e
_{(QQq)(l—(l—q)*eCW q#1
o exp (—*5°) q=1
_ ) 6 2—q
=PowerFn (x| — 1_q,—1_q, 1_q) (5.4)

forx, (,0,qin R

Special cases: Positive 3

Pearson [3, 5] noted two special cases, the monotonically de-
creasing Pearson type VIII0 < 3 < 1, and the monotonically
increasing Pearson type IX distribution [3, 5] with 3 > 1.

Wedge distribution [1, 1]:

—a
g2

Wedge(x|a,s) = 2 sgn(s)X (5.5)
= PowerFn(x|a, s, 2)

With a positive scale we obtain an ascending wedge (right
triangular) distribution, and with negative scale a descending
wedge (left triangular).

Special cases: Negative 3

Pareto (Pearson XI) distribution [3, 5, 12]:

_ B
B ( > B>0 (5.6

S
x>a+s,s>0
x<a+s,s<0

X—a

Pareto(x|a, s,y) =

S

= PowerFn(x|a, s, —p)

The most important special case is the Pareto distribution,
which has a semi-infinite range with a power-law tail. The
Zipf distribution is the discrete analog of the Pareto distribu-
tion.



5 Power function

Figure 9: Pearson type IX, PowerFn(x|0,1,3), B > 1

Figure 11: Pareto distributions, Pareto(x|0, 1, 3), B left axis.
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Simple Pareto (Pareto, Pareto type I) distribution [1, 12]: An
anchored Pareto distribution without an independent loca-
tion parameter.

—B-1
(X_ a) B>0 (5.7)

S

B

S

Paretol(x|s,y) =

x>s,s>0
x<s,s<0

= Pareto(x[0, s, B)

= PowerFn(x|0, s, —f)

Limits and subfamilies

With 3 = 1 we recover the uniform distribution.
PowerFn(a, s, 1) ~ Uniform(a, s)

As (3 limits to infinity, the power function distribution
limits to the exponential distribution (2.1).

Exp(x|V,\) = ma PowerFn(x|v — BA, BA, B)
—00

Hax=v)!
A

Recall that lim¢_, (1 + %)C = ex.

X—YVv

BA

= lim
B—o0

Interrelations

With positive 3, the power function distribution is a special
case of the beta distribution (11.1), with negative beta, a spe-
cial case of the beta prime distribution (12.1), and with ei-
ther sign a special case of the generalized beta (17.1) and unit
gamma (10.1) distributions.

PowerFn(x|a, s, B)
= GenBeta(x|a, s, 1,1, )

= GenBeta(x|a, s, ,1,1) >0
= Beta(x|a,s, 3,1) >0
= GenBeta(x|a, s, —p, 3, —1) B<0
= BetaPrime(x|a, s, —f3, ) B<O

= UnitGamma(x|a,s, 1, )

The order statistics (§C) of the power function distribution
yields the generalized beta distribution (17.1).

OrderStatisticpowern(a,s,p) (X, ¥) = GenBeta(x|a, s, &, v, B)

Since the power function distribution is a special case of
the generalized beta distribution (17.1),

GenBeta(x|a, s, &, 1, ) = PowerFn(x|a, s, &f)

it follows that the power function family is closed under max-
imization for % > 0 and minimization for % < 0.



5 Power function

Table 5.1: Specializations of the power function distribution

(5.1) power function a s B
(5.6) Pareto . <0
(5.1) Pearsontype VI 0 . (0,1)
(1.1)  uniform . 1
(5.1)  Pearson type IX 0 . >1
(5.5) wedge 2

(2.1)  exponential

The product of independent power function distributions
(With zero location parameter, and the same f3) is a unit-
gamma distribution (10.1) [13].

X x
H PowerFn; (0, si, B) ~ UnitGamma(0, H Si, &, B)

i=1 i=1

Consequently, the geometric mean of independent, anchored
power function distributions (with common f3) is also unit-
gamma.

x x
x H PowerFn; (0, si, ) ~ UnitGamma(O0, H Si, &, )

i=1 i=1

The power function distribution can be obtained from the
Weibull transform x — (%)B of the uniform distribution
(1.1).

1
PowerFn(a,s, ) ~ a + s StdUniform() P
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6 Gamma

15 -

unit  variance

distributions,

Figure 12: Gamma

Gamma(x%, o)

6 Gamma

Gamma (I') distribution [3, 14, 15]:

g (0) {5}

= PearsonlII(x|0, 0, )
= Stacy(x|0, «, 1)

Gamma(x|0, &) = (6.1)

= Amoroso(x|0, 0, «, 1)

The name of this distribution derives from the normalization
constant.

Pearson type III distribution (3, 15]:

PearsonlII(x|a, 6, «)

o (50) e {-(55%)

=Amoroso(x|a, 0, «, 1)

(6.2)

The gamma distribution with a location parameter.

Special cases

Special cases of the beta prime distribution are listed in ta-
ble 13, under = 1.

The gamma distribution often appear as a solution to prob-
lems in statistical physics. For example, the energy density
of a classical ideal gas, or the Wien (Vienna) distribution
Wien(x|T) = Gamma(x|T,4), an approximation to the rel-
ative intensity of black body radiation as a function of the
frequency. The Erlang (m-Erlang) distribution [16] is a gamma
distribution with integer &, which models the waiting time
to observe o events from a Poisson process with rate 1/0
(8 > 0). Fro « = 1 we obtain an exponential (2.1) distribution.
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k=2

k=3

k=4

Figure 13: Chi-square distributions, ChiSqr(x|k)

Standard gamma (standard Amoroso) distribution [3]:

StdGamma(x|ot) = L et (6.3)
(o)
Chi-square (x?) distribution [3, 17]:
hi 1 X %*1 X
ChiSqr(x|k) = 2”%) (5) exp {— (5)} (6.4)

for positive integer k
= Gamma(x/|2, %)

_ k
= Stacy(x[2, 5, 1)

k

= Amoroso(x[0, 2, 5, 1)

The distribution of a sum of squares of k independent stan-
dard normal random variables. The chi-square distribution is
important for statistical hypothesis testing in the frequentist
approach to statistical inference.

Scaled chi-square distribution [18]:

ScaledChiSqr(x|o, k) =

) e - (25)

2cr21r(‘2<) (37)°
(6.5)

for positive integer k
Kk

)92 ]-)
2 k

) 5)

= Stacy(x|20?

= Gamma(x|20

k
DR

= Amoroso(x|0, 202, ¥ 1)

The distribution of a sum of squares of k independent normal

random variables with variance o2.

Interrelations
Gamma distributions obey an addition property:

Gammay (0, o) + Gammas (0, &3) ~ Gammagz (0, o1 + &)



6 Gamma

Table 6.1: Properties of the Gamma distribution

Properties

notation PearsonllI(x|a, 0, «)

1 X—a a1 X—a
pdt r(oc)e|< 0 ) eXp{_ 0 }

cdf fecedf 1—0Q (oc7 Xga)

parameters a, 0, «, inR, &« >0

range Xx = a
x<a
mode a+0(x—1)
a
mean a4+ 0
variance 0%«
skew
kurtosis
entropy In(0lN'(a)) + o+ (1 — &) ()
mgf
cf

The sum of two independent, gamma distributed random
variables (with common 0’s, but possibly different o's) is
again a gamma random variable [3].

The Amoroso distribution can be obtained from the stan-
dard gamma distribution by the Weibull change of variables,

x (359)"

1/B
Amoroso(a,0,,p) ~a+0 Sthamma(oc)}

For large o the gamma distribution limits to normal (4.1).
Normal(x|y, ) = lim PearsonII(x|u — ov/«, T= )
X—>r00 x

Conversely, the sum of squares of normal distributions is
gamma distributed, see chi-square (6.4).

k
Z StdNormal; ()? ~ ChiSqr(k) ~ Gamma(2, 5)
i=1,k

A large variety of distributions can be obtained from trans-
formations of gamma distributions. See appendix(§E).
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7 Gamma-exponential

7 Gamma-exponential

The gamma-exponential (Coale-McNeil, log-gamma) distri-
bution [4, 19, 20] is a three parameter, continuous, univariate,
unimodal probability density with infinite range. The func-
tional form in the most straightforward parameterization is

GammaExp(x|v, A, &)

e e (25Y) ~em

(e Al A
forx, v, A, o, in R, o« > 0,

(7.1)
X—YVv
A

range — 00 < X < 00

The three real parameters consist of a location parameter v,
a scale parameter A, and a shape parameter «.

Note that this distribution is often called the “log-gamma”
distribution. This naming convention is the opposite of that
used for the log-normal distribution (8.1). The name “log-
gamma” has also been used for the antilog transform of the
generalized gamma distribution, which leads to the unit-
gamma distribution (10.1).

Special cases

Standard gamma-exponential distribution:

StdGammaExp(x|x) = exp{ox —exp(x)} (7.2)

1
M)
=GammaExp(x|0, 1, )
The gamma-exponential distribution with zero location and
unit scale.

Chi-square-exponential (log-chi-square) distribution [18]:

ChiSqrExp(x|k) = T eXp {kx 1 exp(x)}
2T1(3)
(7.3)

k 2 2
for positive integer k

_ k
= GammaExp(x|In2,1, 5)

The logarithmic transform of the chi-square distribu-
tion (6.4).

Generalized Gumbel distribution [4, 21]:

GenGumbel(x|u, A, n) (7.4)
n" X—u X—u

I {_“ (A) e (‘ ) >}
for positive integer n (7.5)

= GammaExp(x/u+ Alnn, —A,n)

The limiting distribution of the nth largest value of a large
number of unbounded identically distributed random vari-
ables whose probability distribution has an exponentially de-
caying tail.
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distributions,

exponential

Figure 14: Gamma
GammaFExp(x|0, 1, )

Table 7.1: Specializations of the gamma-exponential family

(7.1) gamma-exponential v Ao
(7.2) standard gamma-exponential 0 1 «
(7.3) log-chi-square In2 1 %
(7.4) generalized Gumbel n
(7.6) Gumbel 1
(7.8) BHP ..z
(7.7) standard Gumbel o -1 1
Limits
(4.1) normal o limg e

Gumbel (Fisher-Tippett type I, Fisher-Tippett-Gumbel, FTG,
Gumbel-Fisher-Tippett, log-Weibull, extreme value (type I),
doubly exponential, double exponential) distribution [4, 21,

ol (52) o (5)

Y
(7.6)
= GammaExp(x|u, —A, 1)

X—u

A

X—u

A

Gumbel (x|u, A)

This is the asymptotic extreme value distribution for vari-
ables of “exponential type”, unbounded with finite mo-
ments [21]. With positive scale A > 0, this is an extreme value
distribution of the maximum, with negative scale A < 0
(A > 0) an extreme value distribution of the minimum. Note
that the Gumbel is sometimes defined with the negative of
the scale used here.

Note that the term “double exponential distribution” can
refer to either the Gumbel or Laplace [4] distributions.



7 Gamma-exponential

Table 7.2: Properties of the gamma-exponential distribution

Properties

notation GammaExp(x|v, A, «)

1 X—v
pdf O exp {oc (?\) —exp (

cdf/ccdf 1-Q (o, e™")
parameters Vv, A, «, in R, o« > 0,
range X € [—o0, +0o0]
mode v+Alna
mean v+ AP ()

variance A%y («)

skew sgn(A) W (o)

Wi ()3/2
kurtosis 13)13((0‘2‘])2
entropy InT(a)A] — o (o) + &
o+ At)
f eVt——— 4
mef e (4]
i o+ iAt)
f ivt
cf e @
Standard Gumbel (Gumbel) distribution [21]:
StdGumbel(x) =exp {—x —e ¥} (7.7)

=GammaExp(x|0,—1,1)

The Gumbel distribution with zero location and a unit scale.

BHP (Bramwell-Holdsworth-Pinton) distribution [23]:

1 T /(X—V X—Vv
mp() = g e {5 (5 —ew (55 }
2

= GammaExp(x|V, A, g) (7.8)

Proposed as a model of rare fluctuations in turbulence and
other correlated systems.

Interrelations

The name “log-gamma” arises because the standard log-
gamma distribution is the logarithmic transform of the stan-
dard gamma distribution

StdGammaExp(a) ~ In (Sthamma(cx))

GammaExp(v, A, &) ~ In (Amoroso(O7 eV, «, %))
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8 Log-normal
8 Log-normal

Log-normal  (Galton, Galton-McAlister, antilog-normal,
logarithmic-normal, logarithmico-normal, Cobb-Douglas, A)
distribution [3, 24, 25] is a three parameter, continuous,
univariate, unimodal probability density with semi-infinite
range. The functional form in the standard parameterization
is

LogNormal(x|a, 9, o) (8.1)

B 1 x—a\ ! _i | x—a)?
Voo \ 0 ) P2 (M

forx, a, &, cin R,

X—a
5 >0

The log-normal is so called because the log transform of the
log-normal variate is a normal random variable. The distribu-
tion should, perhaps, be more accurately called the antilog-
normal distribution, but the nomenclature is now standard.

Special cases

The anchored log-normal (two-parameter log-normal) distri-
bution (a = 0) arises from the multiplicative version of the
central limit theorem: When the sum of independent random
variables limits to normal, the product of those random vari-
ables limits to log-normal. With a = 0,9 =1, 0 = 1 we
obtain the standard log-normal (Gibrat) distribution [26].

Interrelations

The log-normal distribution is the anti-log transform of a nor-
mal random variable.

LogNormal(a,d, 0) ~ a + exp (Normal(lnf}7 G))

The lognormal is a location-scale-power distribution fam-
ily, where the power parameteris 3 = 1/0.

o
LogNormal(a,d,0) ~a+ 9 (StdLogNormal())

The log-normal distribution is a limiting form of the
Amoroso (13.1) distribution (And therefore also of the gen-
eralized beta and generalized beta prime distributions.)

A product of log-normal distributions (With zero location
parameter) is again a log-normal distribution. This follows
from the fact that the sum of normal distributions is normal.

n n

n
H LogNormal, (0,91, 01) ~ LogNormal; (0, Hf}i, \/Z o?)

i=1 i=1 i=0
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Properties

notation

pdf

cdf / cedf

parameters

range

mode

mean
variance
skew
kurtosis
entropy
mgf

cf

8 Log-normal

Table 8.1: Properties of the log-normal distribution

LogNormal(x|a, 9, o)
1 x—a\ ! o _i ) x—a\?
V21292 0 17202 \ My

1 X—a
%—l—éerf( In )

a,d, oinR
x € [0,+00] >0
X € [—00,0] 9<0

a+9e

1 5
a+de2°
192(6‘72 — 1)e“2
(e%” +2)Veo® —1
e 4 2e3%° 4 3e29° ¢

2
% + % In(27t0°9)
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9 Pearson VII

9 Pearson VII

The Pearson type VII distribution [5] is a three parame-
ter, continuous, univariate, unimodal, symmetric probabil-
ity distribution, with infinite range. The functional form in
the most straight forward parameterization is

(9.1)
))
This distribution family is notable for having long power-law
tails in both directions.

PearsonVII(x|a, s, m)

)<”(

X—a

11
SB(m—§,§ S

1
m>§

Special cases

Student’s t (Student, t, Student-Fisher) distribution [27, 28,
X

29, 30] :
—1(k+1)
— 9.2
S R

= PearsonVII(x|0, Vk, 3(k+1))
integer k > 0

2
StudentsT(x|k) =

The distribution of the statistic t, which arrises when consid-
ering the error of samples means drawn from normal random
variables.

t :\/HX;

Normal; (i, o)

X — L
Xin

M-+

(Normali(u, o) — 72)2

Here, X is the sample mean of n independent normal (4.1) ran-
dom variables with mean p and variance 62, s is the sample
variance, and k = n — 1 is the ‘degrees of freedom’.

Student’s ty (to) distribution [31]:
1
T .8
(14+x2)2
= StudentsT(x|2)
— PearsonVII(x|0, v/2, %)

StudentsTs(x) = (9.3)

Student’s t distribution with 2 degrees of freedom has a par-
ticularly simple form.

Student’s z distribution [27, 29]:
1
B(231, 5)

= PearsonVII(x|0, 1, T)

_n
2

StudentsZ(x|n) = (1 + X2) (9.4)

27

The distribution of the statistic z, which was the original dis-
tribution investigated by Gosset (aka Student) in his famous
1908 paper on the statistical error of sample means [27].

X—H
2=—;
n
x=1 Z Normal; (i, 0) ,
im1
n
s?=1 Z (Normal; (p, o) — >Z)2

=

1

Here, X is the sample mean of n independent normal (4.1)
random variables with mean p and variance 62, and s’ is the
sample variance, expect normalized by n rather than the now
conventional n — 1. Latter work by Student and Fisher [28]
resulted in a switch to the statistict = z//n — 1.

Cauchy (Lorentz, Lorentzian, Cauchy-Lorentz, Breit-
Wigner [32], normal ratio) distribution [4]:

o\ —1

> ) (9.5)

(1

PearsonVII(x|a, s, 1)

—a

STU

Cauchy(x|a, s)

The Cauchy distribution is stable. That is a sum of inde-
pendent Cauchy random variables is also Cauchy distributed.

Cauchy(ay, s1)+Cauchy(as, so) ~ Cauchy(a; +as, s1+s2)

Standard Cauchy distribution [4]:

11
S oml+x2

= l(i —x) tx—1)t
i

StdCauchy(x) (9.6)

= Cauchy(x|0, 1)
= PearsonVII(x|0, 1, 1)

Relativistic Breit-Wigner (modified Lorentzian *3) distribu-

tion [1]:
o\ —2
) ) (9.7)

= PearsonVII(x|a, s, 2)

X—a

J— 2
RelBreitWigner(x|a, s) = pos 1+
s

Interrelations

The Pearson type VII distribution is given by a ratio of normal
and gamma random variables [34].

PearsonVII(0, s, m) ~




9 Pearson VII

Table 9.1: Specializations of the Pearson type VII family

(9.1)  Pearson type VII a S m

(9.2) Student’st 0 vk %

(9.3)  Student’s to 0 V2 3

(9.4) Student’s z 0 1 n/2

(9.5) Cauchy . 1

(9.6) standard Cauchy 0 1 1

(9.7)  relativistic Breit-Wigner 2

Limits
(4.1) normal Lo20%2mz m limmoe

The Cauchy distribution can be generated as a ratio of nor-
mal distributions

Normal; (0, 1)

Cauchy(0,1) ~ ————
auchy(0, 1) Normalsy (0, 1)
and as a ratio of gamma distributions [34].

StdGamma ()

) 1
Cauchy(0,1) ] ~ 1
( auchy (0, )) Sthammag(%)

28



10 Unit gamma

10 Unit gamma

UnitGamma(x|a, s, &, B)

LB

Unit gamma (log-gamma'?) distribution [13, 35, 36, 37]:

B—1
BCIE ( ) (Bm

forx, a, s, o, BinR, x>0
range x € [a,a+s],s >0, B >0
orx € la+s,al,s<0, >0
orx € l[a+s,+00],s >0, p <0
orx € [—oo,a+s],s<0, <0

(10.1)

=

X—a XxX—a

S S

A curious distribution that occurs as a limit of the gener-
alized beta (17.1), and as the anti-log transform of the gamma
distribution (6.1). For this reason, it is also sometimes called
the log-gamma distribution.

Special cases

Standard unit gamma distribution:

11

(o) x2
= UnitGamma(x|0, 1, &, —1)

)(X—l

StdUnitGamma(x|x) = (Inx (10.2)

Uniform product distribution [38]:

UniformProduct(xn) = T (—lnx)™* (10.3)
= UnitGamma(x|0,1,n, 1)
O0>x>1, =1,2 3, ...

The product of n standard uniform distributions (1.2)

Interrelations

With o = 1 we obtain the power function distribution (5.1)
as a special case.

UnitGamma(x|a, s, 1, ) = PowerFn(x|a, s, B).

The unit gamma and standard unit gamma distribution are
related by the Weibull transform.

1
UnitGamma(a, s, &, ) ~ a + s StdUnitGamma(x) B

The standard unit gamma is the anti-log transform of the
standard gamma distribution (6.3).

UnitGamma(0, s, oc, —1) ~ exp (Sthamma(oc))

29
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Figure 15: Unit gamma, finite range,

UnitGamma(x[0, 1, «, ), B > 0.

semi-infinite

Figure 16: Unit  gamma,
UnitGamma(x[0,1, &, ), B <0

range.

The product of two unit-gamma distributions with com-
mon 3 is again a unit-gamma distribution [2, 13].
UnitGammay (0, s1, &1, B) UnitGammas (0, so, &o, 3)
~ UnitGamma(0, s1S2, &1 + &2, B)

The property is related to the analogous additive relation of
the gamma distribution.

UnitGammay (0, s1, &1, B) UnitGammas (0, s2, 2, B)
1
~ $189 (StdUnitGamma (¢ ) StdUnitGammas (o)) B

~ 8189 (eSthamma1(cxl)+Sthammag(¢x2)) B

1

~ 8189 (eSthamma(oc1+oc2)> B

~ UnitGamma(0, s1S2, 01 + &2, B)



11

11 Beta

Beta ([3, Beta type I, Pearson, Pearson type I) distribution [15]:
Beta(x|a, s, &,v)
1 1 (

ox—1
= By I ) (1_(

= GenBeta(x|0,1, &,v,1)

(11.1)

)

The beta distribution is one member of Person’s distribution
family, notable for having two roots located at the minimum
and maximum of the distribution. The name arises from the
beta function in the normalization constant.

X—a X—a

S S

Special cases

Special cases of the beta distribution are listed in table 17,
under 3 = 1.

With & < 1 and y < 1 the distribution is U-shaped with a
single anti-mode (U-shaped beta distribution). If (o« — 1)(y —
1) < 0 then the distribution is a monotonic J-shaped beta
distribution.

Standard beta (Beta) distribution:

! X
B(x,v)
GenBeta(x|0, 1, ¢, y, 1)

StdBeta(x]|ot, v) b —x)v ! (11.2)

The standard beta distribution has two shape parameters,
o« > 0andy > 0, and range x € [0, 1].

Pert (beta-pert) distribution [39, 40] is a subset of the beta
distribution, parameterized by minimum (a), maximum (b)
and mode (Xmode)-

Pert(x|a, b, Xmode ) (11.3)

_ 1 x—a\¥ ' b—x\""
" B(a,y)(b—a) \b—a b—a
a + 4Xmode + b
Xmean = — L
6
(Xmean - a)(zxmode —a— b)
(Xmode - Xmean) (b - (1)
(b B Xmean)
y=oa——
Xmean — @

= Beta(x|a,b — a, o, y)
= GenBeta(x|a,b —a, «,vy,1)

The PERT (Program Evaluation and Review Technique) dis-
tribution is used in project management to estimate task
completion times. The modified PERT distribution replaces

the estimate of the mean with Xpean = %, where A

Beta

30

is an additional parameter that controls the spread of the dis-
tribution [40].

Pearson II (Symmetric beta) distribution [15]:

1T(2 2\«
PearsonlI(x|s, «) = % F((o(z;) (1 — 4:82) (11.4)
= Beta(x| — 5,s, &, )

= GenBeta(x| — 3, s, ot, &, 1)

sl.
< )(Xl
(11.5)

= GenBeta(x|a,b —a, &, 2 — «, 1)
(11.6)

A symmetric distribution with range [, +

Pearson XII distribution [5]:

1 1
B(a,—ax+2) [b—dq]

XxX—a
b—x

PearsonXII(x|a, b, &) =

o <2
A monotonic, J-shaped special case of the beta distribution

noted by Pearson [5].

Arcsine distribution [41]:
1

Arcsine(x) = ———— (11.7)
T/ %(1 — %)
= Beta(x%, %)
= GenBeta(x|0, 1, %, %, 1)

Describes the percentage of time spent ahead of the game in a
fair coin tossing contest [4, 41]. The name comes from the in-
verse sine function in the cumulative distribution function,
ArcsineCDEF(x) = % sin ! y/x.

Central arcsine distribution [41]:

Central Arcsine(x|b) = _ (11.8)
/b2 — x2
= PearsonlI(x|b, %)
= GenBeta(x|b, —2b, %, %, 1)

A common variant of the arcsin, with support x € [—b, b]
symmetric about the origin. Describes the position at a ran-
dom time of a particle engaged in simple harmonic motion
with amplitude b [41]. With b = 1, the limiting distribu-
tion of the proportion of time spent on the positive side of
the starting position by a simple one dimensional random
walk [42]

Semicircle (Wigner semicircle, Sato-Tate) distribution [43]

o2 VO

= GenBeta(x|b, —2b, 1%, 1%, 1)

Semicircle(x|b) = (11.9)



11 Beta

As the name suggests, the probability density describes a
semicircle, or more properly a half-ellipse. This distribution
arrises as the distribution of eignevectors of various large ran-
dom symmetric matrices.

Interrelations

The beta distribution describes the order statistics of a rect-
angular (1.1) distribution.

OrderStatisticypiform(a,s) (X/&, Y) = Beta(x|a, s, ot,y)

Conversely, the uniform (1.1) distribution is a special case of
the beta distribution.

Beta(x]|a, s, 1,1) = Uniform(x|a, s)
The beta and gamma distributions are related by

StdGammay ()
StdGammay () + StdGammas (y)

StdBeta(«,y) ~

which provides a convenient method of generating beta ran-
dom variables, given a source of gamma random variables.

The Dirichlet distribution [44, 45] is a multivariate gener-
alization of the beta distribution.
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12 Beta Prime

12 Beta Prime

Beta prime (beta type II, Pearson type VI, inverse beta,
variance ratio, gamma ratio, compound gamma®*®) distribu-
tion [4, 47]:

BetaPrime(x|a, s, &, y)

1 x—a\* ! L xza Ty
_B(ow)< s ) ( s )

= GenBetaPrime(x|a, s, «,v, 1)

(12.1)

A Pearson distribution (§19) with semi-infinite range, and
both roots on the real line. Arises notable as the ratio of
gamma distributions, and as the order statics of the uniform-
prime distribution (12.8).

Special cases

Special cases of the beta prime distribution are listed in ta-
ble 18.1, under 3 = 1.

Standard beta prime (beta prime) distribution [47]:

1
B(o,v)
= BetaPrime(x/,0, 1, &,v)

StdBetaPrime(x|c,y) = X1 4+x) 7Y (12.2)

= GenBetaPrime(x/[,0, 1, &, y, 1)

F (Snedecor’s F, Fisher-Snedecor, Fisher, variance-ratio, F-
ratio) distribution [4, 48, 49]:

~
~

k7k72 X%fl
F(x|ki, ko) = B(lﬁ L) T (12.3)
2727 (kg + k1x)2
= BetaPrime(x|, 0, %, %, %) (12.4)
= GenBetaPrime(x/, 0, %, %, %7 1)

for positive integers k1, ko

An alternative parameterization of the beta prime distribu-
tion that derives from the ratio of two Chi distributions (13.8)
with kq and ko degrees of freedom.

F(ki, k) ~ 2:17&3

Lomax (Pareto type II, ballasted Pareto) distribution [50]:

—v—1
Lomax(x|s,y) = Y (1 + E)
s s
= BetaPrime(x|0, s, 1,7)

(12.5)

= GenBetaPrime(x[0,s,1,v,1)

Originally explored as a model of business failure. The alter-
native name “ballasted Pareto” arises since this distribution
is a shifted Pareto distribution (5.6) whose origin is fixed at
zero, and no longer moves with changes in scale.

Inverse Lomax (inverse Pareto) distribution [51]:

o /X x—1 X\ —o—1
InvLomax(x|s, &) = — (7) (1 + 7) (12.6)
s \s s
= BetaPrime(x[0, s, o, 1)
= GenBetaPrime(x|0, s, &, 1, 1)
Exponential ratio distribution [2]:
) 1 1
ExpRatio(x[s) = — ———— (12.7)
1 (1+3)

= BetaPrime(x|0,s,1,1)
= GenBetaPrime(x[0,s,1,1,1)
Arises as the ratio of independent exponential distributions

(p2).

Uniform-prime distribution [2]:
i 1 1
UniPrime(x|a, s) = 1o a2
S(1+252)
= LogLogistic(x|a, s, 1)

(12.8)

= BetaPrime(x|a, s, 1,1)

= GenBetaPrime(x|a, s, 1,1,1)
An exponential ratio (12.7) distribution with a shift parame-
ter. So named since this distribution is related to the uniform

distribution as beta is to beta prime. The ordering distribu-
tion (§C) of the beta-prime distribution.

Interrelations

Similarly, the standard beta prime distribution is closed un-
der inversion.

1
StdBetaPrime(y, «)

StdBetaPrime(c,y) ~

The beta and beta prime distributions are related by the
transformation

1 —1
BetaPrime(oc,Y) ~ (Pycta(o(’y) — 1)

and, therefore, the gen. beta prime can be realized as a trans-
formation of the standard beta (11.2) distribution.

1
GenBetaPrime(a, s, «,y, B) ~ a+s (StdBeta(ot,y) ' — 1) P

The standard beta prime distribution also occurs as the ra-
tio of gamma random variables (6.3)

StdGamma, (y)

StdBetaPrime(e, ¥) ~ & man ()
etaPrime (o, y) StdGammas ()
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Table 12.1: Properties of

Properties

notation BetaPrime(x|a,s, «,Y)

1 1 /x—a\**
P By s ( s ) <1+
. x—a\—1\y—1
odf ] codf B(o,y; (1+ (X52)"1)7 1)

the beta prime distribution

B(a,v)

=1(o,y; (1+ (25477

parameters a, S, &, Y, inR

x>0,y >0
range X > a
x<a
mode
sBla+1,y—1)
mean W
variance s>

B(x,v)
skew not simple

kurtosis not simple

1 1
t In— | =
entropy HB((X,V) s
+ (x4 v) [W(x+v) —
mgf .
cf

If the scale parameter of a gamma distribution (6.1) is also
gamma distributed, the resulting compound distribution is
beta prime [53]. The beta prime distribution is also a com-
pound gamma distribution, where

BetaPrime(0, s, &, y) ~ Gammas (Gammal(s,y), oc)

It follows that the Lomax distribution (12.5) arises as a
mixed exponential-gamma distribution.

Lomax(s,y) ~ Exp (Gamma(s, y))

Bla+2,y—2) (B(oc—i— 1,vy—1)

+ (1= o) [b(x) —(v)]
V(v)]

33

1>0/1<o0

—a<l<y

—x<2<y
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13 Amoroso

The Amoroso (generalized gamma, Stacy-Mihram) distribu-
tion [3, 54] is a four parameter, continuous, univariate, uni-
modal probability density, with semi-infinite range. The
functional form in the most straightforward parameteriza-
tion is

Amoroso(x|a, 0, «, B)

~ a5 (552) " el (
T T(x) |6 p

forx, a, 0, o, BinR, & > 0,

(13.1)
)}

The Amoroso distribution was originally developed to
model lifetimes [54]. It occurs as the Weibullization of the
standard gamma distribution (6.1) and, with integer «, in
extreme value statistics (13.22). The Amoroso distribution
is itself a limiting form of various more general distribu-
tions, most notable the generalized beta (17.1) and general-
ized beta prime (18.1) distributions [55]. Many common and
interesting probability distributions are special cases or lim-
iting forms of the Amoroso (See Table 13).

The four real parameters of the Amoroso distribution con-
sist of a location parameter a, a scale parameter 0, and two
shape parameters, « and 3. Whenever these symbols appears
in special cases or limiting forms, they refer directly to the pa-
rameters of the Amoroso distribution. The shape parameter
« is positive, and in many specializations an integer, x = n,
or half-integer, o = g The negation of a standard parameter
is indicated by a bar, e.g. = —pB. The chi, chi-squared and
related distributions are traditionally parameterized with the
scale parameter 0, where 8 = (202)'/P, and o is the standard
deviation of a related normal distribution. Additional alter-
native parameters are introduced as necessary.

X—a

0

X—a

0

rangex > aif0 >0, x < aif 6 < 0.

Special cases: Miscellaneous

Stacy  (hyper gamma, generalized Weibull, Nukiyama-
Tanasawa, generalized gamma, generalized semi-normal, hy-
drograph, Leonard hydrograph, transformed gamma) distribu-

tion [56, 57]:
Qe {-6))

(13.2)
=Amoroso(x|0, 0, «, B)

B

0

X

0

X

Stacy(x[0, «, ) 0

__b
sl

If we drop the location parameter from Amoroso, then we ob-
tain the Stacy, or generalized gamma distribution, the parent
of the gamma family of distributions. If 3 is negative then
the distribution is generalized inverse gamma, the parent of
various inverse distributions, including the inverse gamma
(13.14) and inverse chi (13.20).

34

1.5 +
B=5
p=a
1k p=1 p=3
p=2
05|
0 | |
0 1 2 3
Figure 17: Stretched  exponential  distributions,

Amoroso(x/0,1,1,B)

The Stacy distribution is obtained as the positive even
powers, modulus, and powers of the modulus of a centered,
normal random variable (4.1),

=

1
Stacy ((202) B, %, B) ~ ‘Normal(O, 0)’

and as powers of the sum of squares of k centered, normal
random variables.

Stacy ((20‘2)é, %k, [3) ~ <

1

2|

k
(Normal((), O'))2>

1

Stretched exponential distribution [58]:
B /x

LG ()} i

forp >0
=Weibull(x|0, 8, B)
=Amoroso(x|0,0,1, B)

StretchedExp(x|0, B)

Stretched exponentials are an alternative to power laws for
modeling fat tailed distributions. For 3 = 1 we recover the
exponential distribution (2.1).

Pseudo-Weibull distribution [59]:

PseudoWeibull(x|6, 8) :ﬁ% (g) g exp {_ (g) B}
B
(13.4)
forp >0

=Amoroso(x|0, 0,1 + %, B)

Proposed as another model of failure times.
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Table 13.1: Specializations of the Amoroso and gamma families

(13.1)  Amoroso a 0 04 3
(13.2) Stacy 0 .
(13.5)  half exponential power 0 %
(13.22)  gen. Fisher-Tippett n
(13.23)  Fisher-Tippett 1 .
(13.28)  Fréchet 1 <0
(13.26)  generalized Fréchet . n <0
(13.19)  scaled inverse chi 0 . 1y -2
(13.20) inverse chi 0 % gk 2
(13.21) inverse Rayleigh 0 . 1 -2
(13.13)  Pearson type V . -1
(13.14) inverse gamma 0 . -1
(13.17)  scaled inverse chi-square 0 . 1y -1
(13.18) inverse chi-square 0 % gk -1
(13.16) Lévy . ) z -1
(13.15) inverse exponential 0 1 -1
(6.2) Pearson type III . 1
(6.1) gamma 0 . . 1
(6.1) Erlang 0 >0 n 1
(6.3) standard gamma 0 1 . 1
(6.5) scaled chi-square 0 . 1y 1
(6.4) chi-square 0 2 gk 1
(2.1) exponential 0 1 1
(6.1) Wien 0 4 1
(13.6)  Nakagami . . 2
(13.9)  scaled chi 0 ) ik 2
(13.8)  chi 0 V2 ik 2
(13.7)  half-normal 0 % 2
(13.10) Rayleigh 0 1 2
(13.11) Maxwell 0 3 2
(13.12) Wilson-Hilferty 0 . 3
(13.24)  generalized Weibull n >0
(13.25)  Weibull 1 >0
(13.4)  pseudo-Weibull . 1+% >0
(13.3) stretched exponential 0 1 >0
Limits
(7.1) gamma-exponential v-BA BA B limpge
2
(8.1) log-normal ¥Bo)B  (Bo)2 B limpo
(4.1) . 1 limy oo

(k, n positive integers)

35
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15
p=4

B=3, Wilson-Hilferty

B=2, scaled chi

0.5
B=1, gamma

Figure 18: Gamma, scaled chi and Wilson-Hilferty distribu-
tions, Amoroso(x|0, 1,2, 3)

Half exponential power (half Subbotin) distribution [60]:
1 B x\ P
— — = 13.5
r ‘e eXp{ 5) } (13.5)
=Amoroso(x|0, 0, %, B)

HalfExpPower(x|0, B) =

As the name implies, half an exponential power (21.4) distri-
bution. Special cases include 3 = 1 exponential (2.1), 3 = —1
inverse exponential (13.15) and 3 = 2 half-normal (13.7) dis-
tributions.

Special cases: Positive integer 3

With 3 = 1 we obtain the gamma family of distributions,
which includes the Pearson III (6.2), gamma (6.1), standard
gamma (6.3) and chi square (6.4) distributions. See (§6).

Nakagami
tion [61]:

(generalized normal, Nakagami-m) distribu-

Nakagami(x|a, 0, o)

()"

= Amoroso(x|a, 0, «, 2)

(13.6)
)}

Used to model attenuation of radio signals that reach a re-
ceiver by multiple paths [61].

2

NI

xX—a
0

xX—a
0

Half-normal (semi-normal, positive definite normal, one-

sided normal) distribution [3]:
2 X
el (am)) 17

202
= ScaledChi(x|o, 1)
= Amoroso(x|0, V202, %, 2)

2

HalfNormal(x|o) =

_ 1
= Stacy(x|v20?, 5,2)

36

15

a=1/2, half-normal

o=1, Rayleigh
a=3/2, Maxwell

0.5

Figure 19: Half-normal, Rayleigh and Maxwell distributions,
Amoroso(x|0, 1, «, 2)

The modulus of a normal distribution with zero mean and
variance 02,

Chi (x) distribution [3]:

k—1 2
Chi(x|k) = r(\/f) (\%) exp {— <X2> } (13.8)
2

for positive integer k
= ScaledChi(x|1, k)
= Stacy(x|V/2, %, 2)
= Amoroso(x|0, V2, g, 2)

The root-mean-square of k independent standard normal
variables, or the square root of a chi-square random variable.

Chi(k) ~ y/ChiSqr(k)

X2

202

Scaled chi (generalized Rayleigh) distribution [3, 62]:
2 X

k—1
r(g)m(m> P {_ (
for positive integer k
= Stacy(xh/ﬁ, %, 2)
= Amoroso(x]0, V202

ScaledChi(x|o, k) =

)}

(13.9)

k

7572)

The root-mean-square of k independent and identically dis-
tributed normal variables with zero mean and variance o2.

x2

Rayleigh (circular normal) distribution [3, 63]:
1

Rayleigh(x|o) = <2 X exp {— (202

= ScaledChi(x|o, 2)

= Stacy(x|vV202,1,2)
= Amoroso(x|0, V202, 1, 2)

(13.10)
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The root-mean-square of two independent and identically
distributed normal variables with zero mean and variance
02. For instance, wind speeds are approximately Rayleigh dis-
tributed, since the horizontal components of the velocity are
approximately normal, and the vertical component is typi-
cally small [64].

Maxwell (Maxwell-Boltzmann, Maxwell speed, spherical

normal) distribution [65, 66]:
V2
~rter{=(5m)) o

= ScaledChi(x|o, 3)
= Amoroso(x|0, V202, %, 2)

x2

202

2

Maxwell(x|o) X exp

_ 3
= Stacy(x|V20?, 3,2)

The speed distribution of molecules in thermal equilibrium.

The root-mean-square of three independent and identically

distributed normal variables with zero mean and variance o2.

Wilson-Hilferty distribution [3, 67]:

B o

= Stacy(x|0, «, 3)

3
I

X

0

X

)}

(13.12)

WilsonHilferty(x|0, «) =

= Amoroso(x|0, 0, «, 3)

The cube root of a gamma variable follows the Wilson-
Hilferty distribution [67], which has been used to approxi-
mate a normal distribution if & is not too small. A related
approximation using quartic roots of gamma variables [68]
leads to Amoroso(x|0, 0, «, 4).

Special cases: Negative integer [3

Pearson type V distribution [47]:
PearsonV(x|a, 0, )
1 (

oa+1
(a0 ) P {_ (

=Amoroso(x|a, 0, &, —1)

(13.13)

)}

With negative (3 we obtain various “inverse” distributions re-

lated to distributions with positive {3 by the reciprocal trans-

formation (*5%) (=2-). Pearson’s type V is the inverse of
L

Pearson’s type III distribution.

o
XxX—a

0
x—a

37

25
2 - =-3
p=-2 P
scaled
B=-1  inverse-chi
15 - linverse
gamma
1+
05
0

Figure 20: Inverse gamma and scaled inverse-chi distribu-
tions, Amoroso(x|0, 1,2, ), negative {3.

Inverse gamma (Vinci) distribution [3]:

() e

= Stacy(x|0, @, —1)

1

NEII

0
X

0

)

(13.14)

InvGamma(x|0, @) =

= PearsonV(x|0, 0, «)
= Amoroso(x|0, 0, o, —1)

Occurs as the conjugate prior for an exponential distribu-
tion’s scale parameter [3], or the prior for variance of a normal
distribution with known mean [45].

Inverse exponential distribution [51]:

16| 0
e {-(3))
= InvGamma(x|6, 1)

= Stacy(x|6,1,—1)

= Amoroso(x|0,0,1,—1)

InvExp(x|0) (13.15)

Note that the name “inverse exponential” is occasionally
used for the ordinary exponential distribution (2.1).

Lévy distribution (van der Waals profile) [69]:

) c 1 c
Lévy(xla,c) = \/;(7(—(1)3/2 exp {2(X—0)}

(13.16)

)
7_1)

= PearsonV(x|a,

7

e vle
NI= o=

= Amoroso(x]a, £,
The Lévy distribution is notable for being stable: a linear
combination of identically distributed Lévy distributions is
again a Lévy distribution. The other stable distributions with

analytic forms are the normal distribution (4.1), which is also
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a limit of the Amoroso distribution, and the Cauchy distribu-
tion (9.5), which is not. Lévy distributions describe first pas-
sage times in one dimension [69]. See also the inverse Gaus-
sian distribution (20.2), the Brownian diffusion first passage
time distribution with drift.

Scaled inverse chi-square distribution [45]:

ScaledInvChiSqr(x|o, k) (13.17)
202

i (am) =

for positive integer k
k

0—2 D) )
5

I 20-27 2

k
0—2727 1)
k

720-2727

1
202x

1
202x

)}

= InvGamma(x|515
= PearsonV(x|0
= Stacy(x|515
= Amoroso(x|0 —1)

A special case of the inverse gamma distribution with half-
integer . Used as a prior for variance parameters in normal
models [45].

Inverse chi-square distribution [45]:

1
2x

1

)

2
InvChiS k) =——
nvChiSqr(x/k) rE ( ™

)}

(13.18)
for positive integer k
= ScaledInvChiSqr(x/[1, k)
%7 3)
'3 5)
= Stacy(xli, 5,—1)

k
5920

= InvGamma(x

= PearsonV(x/0, 1
= Amoroso(x]0, % 1)
A standard scaled inverse chi-square distribution.

Scaled inverse chi distribution [18]:

ScaledInvChi( x|0 k) (13.19)

2\/20 o 1
xpd — [ —
F 202x P 202x2
= Stacy(x|m7 5,
= Amoroso(x]|0, \/ﬁ’ , —2)

Used as a prior for the standard deviation of a normal distri-
bution.

38

standard Gumbel

reversed Weibull, p=2

Frechet, B=-2

0.5

Figure 21: Extreme value distributions

Inverse chi distribution [18]:

1\ Kt 1
InvChi(x|k) = ( — ) ¥ (13.20)
V2x 2x2
fStacy( \% % —2)
= Amoroso(x|0, = ol %, —2)

The standard inverse chi distribution.

Inverse Rayleigh distribution [70]:
1

=)

(13.21)

InvRayleigh(x|o) = 2v2 <

) e {(

= Stacy(x\\/#f27 1,—2)

V202x

= Amoroso(x/|0, \/7 1,-2)

202’

The inverse Rayleigh distribution has been used to model
failure time [71].

Special cases: Extreme order statistics

Generalized Fisher-Tippett distribution [72, 73]:

GenFisherTippett(x|a, w,n, )

n np—1
ale] (52) e

for positive integer n

X—a

)]
(13.22)

= Amoroso(x|a, w/n%,n, B)

If we take N samples from a probability distribution, then
asymptotically for large N and n < N, the distribution of the
nth largest (or smallest) sample follows a generalized Fisher-
Tippett distribution. The parameter 3 depends on the tail be-
havior of the sampled distribution. Roughly speaking, if the
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tail is unbounded and decays exponentially then 3 limits to
00, if the tail scales as a power law then 3 < 0, and if the tail
is finite 3 > 0[21]. In these three limits we obtain the Gum-
bel (7.6, 7.4), Fréchet (13.28, 13.26) and Weibull (13.25,13.24)
families of extreme value distribution (Extreme value distri-
butions types I, Il and III) respectively. If 3/w is negative we
obtain distributions for the nth maxima, if positive then the
nth minima.

Fisher-Tippett (Generalized extreme value, GEV, von Mises-
Jenkinson, von Mises extreme value) distribution [4, 21, 22,

)]

The asymptotic distribution of the extreme value from a large
sample. The superclass of type I, IT and III (Gumbel, Fréchet,
Weibull) extreme value distributions [74]. This is the distri-
bution for maximum values with /w < 0 and minimum
values for B/w > 0.

The maximum of two Fisher-Tippett random variables
(minimum if 3 /w > 0)is again a Fisher-Tippett random vari-
able.

FisherTippett(x|a, w, )

[ (x55)" o] (

= GenFisherTippett(x|a, w, 1, 3)

(13.23)

X—a X—a

w w

= Amoroso(x|a, w, 1, B)

max |FisherTippett(a, w1, p), FisherTippett(a, wa, [5)}

(wf + wh)1/e
wWi1Wa9

~ FisherTippett(a, ,B)

This follows because taking the maximum of two random
variables is equivalent to multiplying their cumulative dis-
tribution functions, and the Fisher-Tippett cumulative dis-

).

Generalized Weibull distribution [72, 73]:

x—a

tribution function is exp {— ( =

GenWeibull(x|a, w,n, ) (13.24)

n

n B [x—a\"F! x—a\P
—r(n)w(w> o ‘“<w>
forp >0

= GenFisherTippett(x|a, w,n, )

= Amoroso(x|a, w/n% ;1 B)
The limiting distribution of the nth smallest value of a large
number of identically distributed random variables that are

at least a. If w is negative we obtain the distribution of the
nth largest value.

Weibull (Fisher-Tippett type III, Gumbel type III, Rosin-
Rammler, Rosin-Rammler-Weibull, extreme value type III,

39

Weibull-Gnedenko) distribution [4, 75]:

AN —a\?
Weibull(x|a, w, B) = % <Xwa> <P { (Xwa) }
(13.25)
forp >0

= FisherTippett(x|a, w, B)
= Amoroso(x|a, w, 1, B)

This is the limiting distribution of the minimum of a large
number of identically distributed random variables that are
at least a. If w is negative we obtain a reversed Weibull (ex-
treme value type III) distribution for maxima. Special cases
of the Weibull distribution include the exponential (f = 1)
and Rayleigh (B = 2) distributions.

Generalized Fréchet distribution [72, 73]:

GenFréchet(x|a, w,n, B) (13.26)
I B /x—a —np-l x—a\ P
o (w) ()

for >0 (13.27)

= GenFisherTippett(x|a, w,n, —p)
— Amoroso(x|a, w/nF, 1, —B),

The limiting distribution of the nth largest value of a large
number identically distributed random variables whose mo-
ments are not all finite and are bounded from below by a.
(If the shape parameter w is negative then minimum rather
than maxima.)

Fréchet(extreme value type II, Fisher-Tippett type II, Gumbel
type II, inverse Weibull) distribution [21, 76]:
)}

_ B —B—1 B
Fréchet(x\a,w,B):% (xwa> exp{— (xwa
(13.28)
forp >0

= FisherTippett(x|a, w, —p)

= Amoroso(x|a, w,1,—f)

The limiting distribution of the largest of a large number
identically distributed random variables whose moments are
not all finite and are bounded from below by a. (If the shape
parameter w is negative then minimum rather than max-
ima.) Special cases of the Fréchet distribution include the
inverse exponential (3 = 1) and inverse Rayleigh (B = 2)
distributions.

Interrelations

The Amoroso distribution is a limiting form of the gener-
alized beta (17.1) and generalized beta prime (18.1) distribu-
tions [55].
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notation

pdf

cdf / cedf

parameters

range

mode

mean

variance

skew

kurtosis
entropy

mgf
cf

Limits of the Amoroso distribution include gamma-
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Table 13.2: Properties of the Amoroso distribution

Amoroso(x|a, 0, «, B)

1 |B]/x—a “Bfle x—a\P
L «p d —
Mo [0\ 0 P 0
xXx—a B
1-Q (o (559)") 850/8<0
a, 0, a, PinR, x>0
x>=a 0>0
x<a 0<0
a—i—e(cx—%)% af >1
a apf <1
Mo+ +)
o— B~ 1
a-+ (o) x+ g 0
2 12
o F(oc+g)_r(oc+g) iS50
I"(e) Me)? B
not simple
not simple
or 1
In |é(|x)+oc+(ﬁ—oc)1b(oc) [57]

The log-normal limit is particularly subtle [77].

exponential (7.1), log-normal (8.1), normal (4.1) [3] and power

function (5.1) distributions.

2
: 5 1
r%nnoArnoroso()da,19([5(7) B, Fo)Z B)

Ignore normalization constants and rearrange,

x (%)71 exp {CXIH(%)B LI b }
make the requisite substitutions,

o (5%) " exp { B In(5%) - (ke 5}
expand second exponential to second order in f3,

< (352) " exp {—5ks (n359)" )

and reconstitute the normalization constant.

=LogNormal(x|a, 9, o)

GammaExp(x|v, A, &) = lim Amoroso(v — BA, BA, «, B)

B—o0

LogNormal(x|a,d, o) = éimo Amoroso(x|a,d(po)
—

=[N

1
uW7B)

Normal(x|pt, 6) = lim Amoroso(x|p — ov/«, %, o, 1)
X—00

40
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14 Beta-exponential

The beta-exponential (Gompertz-Verhulst, generalized
Gompertz-Verhulst type III, log-beta’®, exponential general-
ized beta type I°) distribution [80, 81] is a four parameter,
continuous, univariate, unimodal probability density,
with semi-infinite range. The functional form in the most
straightforward parameterizaton is

1 1 o x=C _x—C v—-1
BetaEXp(X|C, }\, 067'}/) :mme A (1 —e A )

(14.1)
forx, ¢, A, &, yinR,
«, vy >0, X%C >0

The four real parameters of the beta-exponential distribution
consist of a location parameter (, a scale parameter A, and
two positive shape parameters « and y. The standard beta-
exponential distribution has zero location ¢ = 0 and unit
scale A = 1.

This distribution has a similar shape to the gamma (6.1) (or
with non-zero location, Pearson type III (6.2) ) distribution.
Near the boundary the density scales like x¥Y 1, but decays
exponentially in the wing.

Special cases

Exponentiated exponential (generalized exponential) distri-
bution [82]:

x x ’Y—1
= %'e*T‘ (1—e*Tc) (14.2)

= BetaBxp(x|(, A, 1,7)

ExpExp(x|C, A, Y)

A special case similar in shape to the gamma or Weibull
(13.25) distribution. So named because the cumulative distri-
bution function is equal to the exponential distribution func-
tion raise to a power.

ExpExpCDF(x|(, A, y) = [EXpCDF(X|C, 7\)]y

Hyperbolic sine distribution [2]:

2 -1
HyperbolicSine(x|y) = ——————(e* —e )" 14.3
yp (xly) B(l_Tyﬁ)( ) (14.3)
2Y _
B(T;Y)
= BetaExp(x|0, 3, 17Ty,q/), 0<y<l1
Compare to the hyperbolic secant distribution (15.6).
Nadarajah-Kotz distribution [2, 81] :
1 1
NadarajahKotz(x) = — ——— (14.4)

A Ve st —1

= BetaBxp(x|(, A, %, %)

A notable special case when x =y = %

05|
0 1 1
0 1 2 3 4
Figure 22 Beta-exponential distributions, (a)
BetaExp(x|0, 1,2, 2), (b) BetaExp(x|0, 1,2, 4), (c)
BetaExp(x|0, 1, 2, 8).
1 —
05|
0 L L
0 1 2 3 4
Figure 23: Exponentiated exponential distribution,
ExpExp(x|0, 1, 2).
l —,
05 |
0 | | | J
0 1 2 3 4

Figure 24: Hyperbolic sine and Nadarajah-Kotz distributions,
HyperbolicSine(x| % ), NadarajahKotz(x).



14 Beta-exponential

Table 14.1: Specializations of the beta-exponential family

(14.1) beta-exponential ¢ A x Y
std. beta-exponential 0 1 .
(14.2) exponentiated exponential 1
(14.3)  hyperbolic sine 0 &+ 3(1y) vy O<y<l1
(14.4) Nadarajah-Kotz % %

—_

(2.1)  Exponential
(7.1)  gamma exponential

Table 14.2: Properties of the beta-exponential distribution

Properties

notation BetaExp(x|(, A, ,v)

1 1 x— x—c\Y—1
pdf — " (1—e*%)

—e
B(o,v) Al
cdf/ccd 1 (o, yie %) A>0/A<0
parameters (, A, &, yinR
x, v>0
range X > C A>0
x < A<O
mode not simple [81]
mean (+ AP(ax+7v) —P(y)] [81]
variance AZ[1(y) — 1 (x + V)] [81]
SkeW 11)2(‘)/)_1])2(0(_‘_”/)3 [81]
(W1 (y) =il +v)]2
kurtosis not simple [81]
entropy InAB(e,y)+ (x+v—1DP(ax+7y)
—(a=1D(a) =vh(y) [81]
B(o,y —At)
mgf ett——1 81
5 By .
L Bla,y —1iAt)
of ettt—21 = 81
B(x,v) 1l
Interrelations of gamma variates.
The beta-exponential distribution is a limit of the general- StdBetaExp(«,y) ~ In StdGamma, (v)
ized beta distribution (§11). The analogous limit of the gen- ’ StdGamma; (v) + StdGammasy (o)

eralized beta prime distribution (§12) results in the Prentice

The beta-exponential distribution describes the order
family of distributions (§15). b

statistics (§C) of the exponential distribution (2.1).
The beta-exponential distribution is the log transform of

the beta distribution (11.1). OrderStatisticgy, (¢, A) (X, ¥) = BetaExp(x|(, A, «, y)

StdBetaExp(ct, ) ~ In ( StdBeta(c, Y)) With v = 1 we recover the exponential distribution.

BetaExp(x|C, A, &, 1) = Exp(x|C, 2)
It follows that beta-exponential variates are related to ratios
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15 Prentice

The Prentice (beta prime exponential, generalized logistic
type IV, exponential generalized beta prime, exponential gen-
eralized beta type II’, log-F, generalized F, Fisher-Z, beta-
logistic?) distribution [4, 83, 84, 85] is a four parameter, con-
tinuous, univariate, unimodal probability density, with infi-
nite range. The functional form in the most straightforward
parameterization is

4

Prentice(xIC, A, o, y) = = S
rentice(X|G, A, &, Y) = oy
B(O(,Y) |}\| (1+e,xA£)
X, (A, «,vin R (15.1)
x,y >0

The four real parameters consist of a location parameter (, a
scale parameter A, and two positive shape parameters o« and
. The The standard beta prime exponential distribution has
zero location ¢ = 0 and unit scale A = 1.

Special cases

Burr type II (generalized logistic type I, exponential-Burr,
skew-logistic) distribution [3, 86]:
e*X
(1 4 e_x)’YJrl
= Prentice(x|0, 1, 1,v)

Burrll(x|) =y (15.2)

Reversed Burr type II (generalized logistic type II) distribu-
tion [3]:

etx
(1+etx)r™t

= Prentice(x|0,—1,1,v)

RevBurtll(x|x) =y (15.3)

Symmetric Prentice (generalized logistic type III) distribu-
tion [1, 1, 1]:

X
e *n

SymPrentice(x|0, A, &) = (15.4)

= Prentice(x|0, A, &, o)

Logistic (sech-square, hyperbolic secant square) distribu-
tion [4, 87, 88]:

x—C
A

e

- I N)
Al (1 + e*Xch)

L sech? < C>

T A

= Prentice(x|(, A, 1,1)

Logistic(x|C, A) (15.5)

X
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Hyperbolic secant (Perks, inverse hyperbolic cosine) distri-
bution [4, 89, 90]:

2 1
Telx—0 4 e—(x—0Q)

%sech(x — )

HyperbolicSecant(x|(, A) (15.6)

= Prentice(x|(, %, %, %)
The hyperbolic secant cumulative distribution function

features the Gudermannian sigmoidal function, gd(z) .

1
HyperbolicSecantCDF(x|(, A) o gd(x — ()

2 X s
= arctan(e*) — 5

Interrelations

The Prentice distribution arises as a limit of the generalized
beta prime distribution (§12). The analogous limit of the gen-
eralized beta distribution leads to the beta-exponential fam-
ily (§14).

The Prentice distribution is the log transform of the beta
prime distribution.

Prentice(0, 1, «,y) ~ In BetaPrime(0, 1, &, y)

It follows that Prentice variates are related to ratios of gamma
variates.

StdGammay (y)

rentice((, A, o, y) ~ C+ HSthammaz(Oé)

Negating the scale parameter is equivalent to interchang-
ing the two shape parameters.

Prentice(x|(, A, &, y) = Prentice(x|(, —A,y, &)

Limits of the Prentice distribution include the normal (4.1)
and gamma-exponential (7.1) distributions (Of which the ex-
ponential (2.1), and Laplace (3.1) distributions are notable
special cases.

The Prentice distribution, with integer « and 7y is the lo-
gistic order statistics distribution [78, 91].

OrderStatisticyogistic(a,s) (XY, ®) = Prentice(x|a, s, «,y)



Properties

notation

pdf

cdf / cedf

parameters

range
mode
mean

variance

skew

kurtosis
entropy

mgf

cf

15 Prentice

Table 15.1: Specializations of the Prentice distribution

(15.1) Beta prime exp. ¢ AN o vy
(15.2) Burr type II 0o 1 1

(15.3) Reversed Burrtypell 0 -1 1 .
(15.4) Symmetric prentice 0 .
(15.5) Logistic .11
(15.6) Hyperbolic secant % % %

Table 15.2: Properties of the Prentice distribution

Prentice(x|(, A, &,7Y)

—C
1 e %%

B (14 ¢ )

4

B(o,y;(1+e %) 1)
B(et,y)
:I(cx,y;(l—#e*%c)*l)
G A, o, yin R
x, vy>0

X € [—o0, +00]

CH A (o) = (y)]
N1y () + 1 (v)]
Pa(a) —Pa(y)

[y (o) + 1 (v)]3/2
P3(a) +3(y)
(W1 () + 1 (y)]?

e V(o + AT (y — At)
MedT(y)
it o +HAAT (v — iAt)
M)l (y)
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A>0/A<0[2]

[4]



16 Pearson IV distribution

16 Pearson IV distribution

Pearson IV (skew-t) distribution [15, 92] is a four parameter,
continuous, univariate, unimodal probability density, with
infinite range. The functional form is

PearsonlV(x|a, s, m, V) (16.1)

o 2F1(—i\), i\), m; 1)

|S‘B(m_ %7 %)

(1 (% a>2> ™ {ovarctan (252))

2F1 (—iV, "LV7 m; 1)

[sIB(m — 3, 3)

—m-iv —m—iv
X—a X—a
(1+1 ) (1_1 )
S S

x,a,s,mveR

1
m> 3

Note that the two forms are equivalent, since arctan(z) =
%iln iz . The first form is more conventional, but the sec-
ond form displays the essential simplicity of this distribu-
tion. The density is an analytic function with two singular-
ities, located at conjugate points in the complex plain, with
conjugate, complex order. This is the one member of the Pear-

son distribution family that has not found significant utility.

Interrelations

The distribution parameters obey the symmetry
PearsonIV(x|a, s, m,v) = PearsonlV(x|a, —s, m, —V).

Setting the complex part of the exponents to zero, v = 0,
gives the Pearson VII family (9.1), which includes the Cauchy
and Student’s t distributions.

PearsonIV(x|a, s, m,0) = PearsonVII(x|a, s, m)

Suitable rescaled, the exponentiated arctan limits to an ex-
ponential of the reciprocal argument.

r|=

lim exp(—2varctan(—2vx) —mv) = e
vV—00
Consequently, the high v limit of the Pearson IV distribu-
tion is an inverse gamma (Pearson V) distribution (13.14),
which acts an intermediate distribution between the beta
prime (Pearson VI) and Pearson IV distributions.

lim PearsonIV(x|0, — 2, &L

Jim 2 5> V) = InvGamma(x|0, «)

The inverse exponential distribution (13.15) is therefore also
a special case when x =1 (m = 1).
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Table 16.1: Properties of the Pearson IV distribution

Properties

notation

pdf

cdf

parameters

range

mode

mean

variance

skew
kurtosis
entropy
mgf

cf

PearsonIV(x|a, s, m, V)

2F1(—i§,i%;m;1) x—a\’ -
1 1+
SB(m—i,i) S

X —a
X exp {—v arctan ( S >}

PearsonIV(x|a, s, m, V)

s . Xx—a oo
X2m—1(1_ S >2F1<1,m+w72m,iixa>

S

a, s, m, vinR

m>§
X € [—o0, +00]
Y
a— 22
m
sv
SR A 1
a o) (m>1)
s2 V2
1
ma Ut o)
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17 Generalized beta

17 Generalized beta

The Generalized beta (Wiebullized beta, beta-power) distri-
bution [55] is a five parameter, continuous, univariate, uni-
modal probability density, with finite or semi-infinite range.
The functional form in the most straightforward parameter-
izaton is

GenBeta(x|a, s, &, v, B) (17.1)
1

_ B (Xa)“ﬁl (1 (xa) B>Y_1
B(co,v) s 3

forx, a, 0, &, v, finR,

S

x>0,vy>0
range x € [a,a+s],s >0, B >0
x€la+s,al,s<0, >0
x€la+s,+00],s>0, <0
X € [—o0,a+s],s<0, <0
The generalized beta distribution arises as the Weibullization
of the standard beta distribution, x — (*7*) B and as the or-
der statistics of the power function distribution (5.1). The pa-
rameters consist of a location parameter @, shape parameter s

and Weibull power parameter 3, and two shape parameters
and vy.

Special Cases

Kumaraswamy (minimax) distribution [93, 94, 95]:

Kumaraswamy(x|y, B) = yp xP~1(1 —xP)y=1  (17.2)

= GenBeta(x/0,1,1,v, B)

Proposed as an alternative to the beta distribution
for modeling bounded variables, since the cumula-
tive distribution function has a simple closed form,
KumaraswamyCDEF(x|y, ) =1 — (1 —xP)7.
Interrelations

The generalized beta distribution describes the order statis-
tics of a power function distribution (5.1).

OrderStatistiCpowertn(a,s,) (Xlt, ) = GenBeta(x|a, s, &,y, B)

Conversely, the power function (5.1) distribution is a special
case of the generalized beta distribution.

GenBeta(x|a, s, 1,1, ) = PowerFn(x|a, s, )
Setting 3 = 1 yields the beta distribution (11.1),
GenBeta(x|a, s, «,y,1) = Beta(x|a, s, &,v) ,

and setting 3 = —1 yields the beta prime (or inverse beta)
distribution (12.1),

GenBeta(x|a, s, «,y,—1) = BetaPrime(x|a + s, s, v, &) .

47

The beta (§11) and beta prime (§12) distributions have many
named special cases, see tables 17 and 18.1.

The unit gamma distribution (10.1) arises in the limit
limpg o with &3 = constant

éin% GenBeta(x|a, s, %,y, ) = UnitGamma(x|a, s,v,d) .
—

In the limit Y — oo (or equivalently &« — oo) we obtain
the Amoroso distribution (13.1) with semi-infinite range, the
parent of the gamma distribution family [55],

lim GenBeta(x|a, Gy%, «,Y, ) = Amoroso(x|a, 0, &, B) .
Y—o0

The limit limpg_, yields the beta-exponential distribu-
tion (14.1)

ﬁlim GenBeta(x|C+BA, A, «, Y, B) = BetaExp (x|, A, &, ) .
—+0o0



17 Generalized beta

Table 17.1: Specializations of generalized beta

(17.1)  generalized beta a 3
(17.2) Kumaraswamy 0
(11.1) beta . . 1
(11.2) standard beta 0 1 1
(11.1)  beta, U shaped 1
(11.1) beta, J shaped . . 1 (x-1)(y-1) <0
(11.4) Pearson II -5 . o4 1
(11.7)  arcsine . . 1 1 1
(11.8) central arcsine -b 2b % % 1
(11.9) semicircle -b 2b 1% % 1
(11.5) Pearson XII . a1 <2
(12.1)  beta prime -1
(5.1) power function .
(1.1)  uniform . . 1
(1.1)  standard uniform 0 1 1
Limits
(10.1) unit gamma 0 = limg 00
(13.1)  Amoroso . Gy% climy 00
(14.1) beta exp. C-PA PA B limpg_ e
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Properties

name

pdf

cdf / cedf

parameters

range

mode

mean

variance

skew
kurtosis
entropy
mgf

cf

E(X™M)

17 Generalized beta

Table 17.2: Properties of the generalized beta distribution

GenBeta(x|a, s, &, v, B)

1 Bl [x—a)\*P! x—a\P\"
i 1_
B(a,y) | s < s ) ( s )
B (o, y; (252)P)
B(ows) s>0/5<0
=1 (o, v; (352)P)
a) S’ (X‘7 ’Y’ [‘))7 in R’
o,y =0
X € la,a+s], 0<s,0<p
x € [a+s,al, $s<0,0<pB
x € [a+s,+o0], 0>s, <0
X € [—oo,a+s], s<0,B<0
sB(a+ 1,v)

B> 1
Q+W (X+B >0
s’B(o+ 3,v)  s*Bla+,v)°

B(et,v) B(x,v)?
not simple
not simple
s"Bla+ B y)
B’ _ h
B(o.y) a—O,oc+B>0[55]
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18 Generalized beta prime

The Generalized beta prime (Feller-Pareto, beta-log-logistic?,
Wiebullized beta prime, generalized gamma ratio, Majumder-
Chakravart’® ?°) distribution [52, 55, 69] is a five parameter,
continuous, univariate, unimodal probability density, with
semi-infinite range. The functional form in the most straight-
forward parameterizaton is

GenBetaPrime(x|a, s, &, v, B) (18.1)
1

Bl /x—a\*P? x—a\B\ 7
s ol (5°) <H< : ))

S
a, s, x, %, BinR»

o, vy >0

The five real parameters of the gen. beta prime distribution
consist of a location parameter a, a scale parameter s, two
shape parameters, & and 'y, and the Weibull power parameter
{3. The shape parameters, o« and vy, are positive.

The generalized beta prime arrises as the Weibull trans-
form of the standard beta prime distribution (12.2), and as or-
der statics of the log-logistic distribution. The Amoroso dis-
tribution is a limiting form, and a variety of other distribu-
tions occur as special cases. (See Table 18.1). These distribu-
tions are most often encountered as parametric models for
survival statistics developed by economists and actuaries.

Special cases

Transformed beta distribution [55, 97]:

TransformedBeta(x|s, o, v, B)

L [ER CTO R

(18.2)

“ By |s
= GenBetaPrime(x|0, s, &,v, B)

A generalized beta prime distribution without a location pa-
rameter, a = 0.

Burr (Burr type XII, Pareto type IV, beta-P, Singh-
Maddala, generalized log-logistic, exponential-gamma) distri-
bution [51, 86, 98]:
xB—1
Burr(x|y,B) =vp——F——
(xtv. B) = ¥B 7 e
= GenBurr(x[0,1,v, )

= GenBetaPrime(x[0,1,1,v, B)

(18.3)

Most commonly encountered a model of income distribu-
tion.

Generalized Burr (generalized Burr type XII, Weibull-gamma)
distribution [98]:

GenBurr(x|a, s, v, B)

o ("S“)“ <1+ (xsa)f5>—v—1

= GenBetaPrime(x|a, s, 1,v, )

(18.4)

A Burr distribution with location and scale.

Inverse Burr (Burr type I, Dagum type I, Dagum, beta-kappa,
beta-k kappa, Mielke) distribution [86, 98]:

xYB—1
(14 xB)v+l
= Burr(xly, —B)
= GenBetaPrime(x|0,1,1,y,—B)
= GenBetaPrime(x|0,1,v,1, )

InvBurr(xly, ) = vp (18.5)

Paralogistic distribution [51]:

o XPU
(1+xB)B+T

= GenBetaPrime(x|0,1,1, 3, )

Paralogistic(x|B) = B (18.6)

Inverse paralogistic distribution [97]:
xp*-1
(14 xB)B+1
= GenBetaPrime(x[0,1, 3,1, )

2

InvParalogistic(x|B) = B (18.7)
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Table 18.1: Specializations of generalized beta prime

(18.1)  generalized beta prime a s x 8% 3
(18.4) gen. Burr . . 1
(18.3)  Burr 0 1 1 .
(18.5)  inverse Burr 0 1 1
(18.6)  paralogistic 0 1 1 [8)
(18.7)  inverse paralogistic 0 1 [3) 1
(18.8)  log-logistic 0 1 1
(18.1)  transformed beta 0 .
(18.12)  half gen. Pearson VII % m-% .
(12.1)  beta prime . . . 1
(12.5)  Lomax 0 1 . 1
(12.6)  inverse Lomax 0 1 1
(12.2)  std. beta prime 0 1 . . 1
k k k
(12.3) F 0o kB b ko
(12.8)  uniform-prime . 1 1 1
(12.7)  exponential ratio 0 1 1 1
(18.9)  half-Pearson VII % . 2
(18.10)  half-Cauchy . 5 % 2
(18.11) Moffat 0 1 2
Limits
(13.1)  Amoroso . ey% . 2% Lo limy g
(15.1) Prentice C-PA BA . . B limpg_o
Log-logistic (Fisk, Weibull-exponential, Pareto type III) dis- L1
tribution [4, 99]:
15
B (x9) p—1
LogLogistic(x|a, s, B) = |~ | ————5 (18.8)
e es9)”) :
= GenBurr(x|0,s,1, )
= GenBetaPrime(x|0,s, 1,1, B) 05
0 L
Used as a parametric model for survival analysis and, in eco- 0 1 2

nomics, as a model for the distribution of wealth or income.

Figure 25: Log-logistic distributions, LogLogistic(x|0, 1, B).
Half-Pearson VII (half-t) distribution [100]:

Half-Cauchy distribution [100]:

HalfPearsonVII(x|a, s, m) (18.9)
1 2 14 (X=@ A 9 x—a\? -1
B B(3,m—3) sl s HalfCauchy(x|a,s) = P <1 + ( S ) ) (18.10)
_ . 1 1
= GenBetaPrime(x|a, s, 5, m — 3,2) — HalfPearsonVII(x|a, s, 1)

= GenBetaPrime(x|a, s, 3, 3, 2)
The Pearson type VII (9.1) distribution truncated at the center
of symmetry. Investigated as a prior for variance parameters A notable subclass of the Half-Pearson type VII, the Cauchy

in hierarchal models [100]. distribution (9.5) truncated at the center of symmetry.
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18 Generalized beta prime

Table 18.2: Properties of the generalized beta prime distribution

Properties
notation GenBetaPrime(x|a, s, &,v, B)
1 x—a) ! x—a\®) "
df — 1
P4 Bay) (s) <+<s)
B((xa'Y?(l‘F(ﬁ)iﬁ)il) B B
cdf / ccdf B(oc,ys) ;>O/;<O
=Ty (L+(22)"F))
parameters a, s, &, Y, BinR
ax>0,y>0
range X > a s>0
x<a s<0
mode
sBla+ 5,y —3)
mean a -+ —x < = < Y
B(x,v)
, , | Bla+2y=2)  (Bla+iy—5)\
variance S — —x <5 < Y
skew not simple
kurtosis not simple
1
entropy In Bloy) % (E — o) [b(x) —(v)]
+ (e +y) [l +v) —b(y)] [52]
mgf
cf
shB(a4+ Ry — 1
EX" - B =0, —a< R <y [55
(X"] Blo.y) a=0, —a<g <y [59]
Moffat distribution [1, 101]: One half of a Generalized Pearson VII distribution (21.5). Spe-
N -1 cial cases include half Pearson VII (18.9), half Cauchy (18.10),
Moffat(x|s,y) = 2yx 14 (f) (18.11) half-Laha (See (21.7)), and uniform prime (12.8) distributions.
Isl's s '

= GenBetaPrime(x|0, s, 1,7, 2)

Distribution of radii of an uncorrelated bivariatant Student
distribution. Used to model point spread functions (The
spread in an image of light from a point source) in astro-
physics [1, 101].

Half generalized Pearson VII distribution [2]:

HalfGenPearsonVII(x|a, s, m, 3) (18.12)
B —m
% (1 - (X S a) )
|s[B( 5 5)
= GenBetaPrime(x|a, s, %7 m— %, B)

52

HalfGenPearsonVII(x|a, s, m, 2
HalfGenPearsonVII(x|a, s, 1,2
HalfGenPearsonVII(x|a, s, 1,4
HalfGenPearsonVII(x|a, s,

HalfPearsonVII(x|a, s, m)
HalfCauchy(x|a, s)
HalfLaha(x|a, s)
UniPrime(x|a, )

) =
) =
) =
1) =

The half exponential power (13.5) distribution occurs in the
large m limit.

lim HalfGenPearsonVII(x|a, mO, m, 3)

m—o0

= HalfExpPower(x|, a, 0, B)



18 Generalized beta prime

Interrelations

Negating the Weibull parameter of the gen. beta prime dis-
tribution is equivalent to exchanging the shape parameters
« and y.

GenBetaPrime(x|a, s, &, v, B)

=GenBetaPrime(x|a, s, vy, &, —p)

The distribution is related to ratios of gamma distribu-
tions.

1
StdGamma; (y) ) B

GenBetaPri a,s,x,v,p)~a+s| ————
enBetaPrime( v, B) (Sthammag(oc)

Limit of the generalized beta prime distribution include
the Amoroso (13.1) [55] and Prentice (15.1) distributions.

lim GenBetaPrime(x|a, Gy%, «,Y, B)
Y—00

= Amoroso(x|a, 0, «, B)
lim GenBetaPrime(x|( — BA, PA, &, Y, B)

B—o0

= Prentice(x|(, A, 7y, &)

Therefore, the gen. beta prime also indirectly limits to
the normal (4.1), log-normal (8.1), gamma-exponential (7.1),
Laplace (3.1) and power-function (5.1) distributions, among
others.

Generalized beta prime describes the order statistics (§C)
of the log-logistic distribution (18.8)).

OrderStatisticLOgLogistiC( a,s,B) (X|'Y, O()
= GenBetaPrime(x|a, s, &, v, B)
Despite occasional claims to the contrary [1, 1, 1], the log-
Cauchy distribution is not a special case of the generalized

beta prime distribution (gen. beta prime is mono-modal, log-
Cauchy is not).
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The Pearson distributions [3, 5, 15, 47, 102] are a family of
continuous, univariate, unimodal probability densities with
distribution function

Pearson(x|a, s, ag, ai, bg, by, ba) (19.1)

1 (1 1xa)*(]_ Lxa\"

" Nepearson To S TS

a, s, ap, ai, bOa b17 b27 x inR
—bi1+4/b%—4bsbg —ag—airg

To = 2b, €o = T1—To
—b1—/b7—4bsbg ap+airy

=", a7 =

Pearson constructed his family of distributions by requir-
ing that they satisfy the differential equation

ag +x

o bo + b1X + b2X2
€o €1

d
— InPearson(x|0, 1, ag, 1, by, b1)
dx

X —Tp X—T

Pearson’s original motivation was that the discrete hypergeo-
metric distribution obeys an analogous finite difference rela-
tion [102], and that at the time very few continuous, univari-
ate, unimodal probability distributions had been described.

The Pearson distribution has three main subtypes deter-
mined by the roots of the quadratic denominator, 19 and 7.
First, we can have two roots located on the real line, at the
minimum and maximum of the distribution. This is com-
monly known as the beta distribution (11.1). (The parame-
terization is based on standard conventions)

p(x) o x*H1 —x)Y 1, 0<x<1
The second possibility is that the distribution has semi infi-
nite range, with one root at the boundary, and the other lo-
cated outside the distribution’s range. This is the beta prime
distribution. (12.1) (Again, the parameterization is based on
standard conventions.)
plx) oc x* H1 +x) "% B, 0<x<+oo
The third possibility is that the distribution has an infinite
range with both roots located off the real axis in the complex
plain. To ensure that the distribution remains real, the roots
must be complex conjugates of one another. In this case, the
root order can also be complex conjugates of one another.
This is Pearson’s type IV distribution (16.1). (The complex
roots and powers can be disguised with trigonometric func-
tions and some algebra, at the cost of making the distribution
look more complex than it actually is.)
plx) ox (i —%) ™ V(4 %)™, —00 < X < 00

The Cauchy distribution, for instance, is a special case of
Pearson’s type IV distribution.
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Table 19.1: Pearson’s categorization

Type Ref.
normal (4.1) [15]
I beta (11.1)  [15]
I symmetric beta (11.4) [15]
1 shifted gamma (6.2) [14]
IV Includes Pearson VII (16.1) [15]
\Y% shifted inverse gamma (13.13) [47]
VI  beta prime (12.1)  [47]
VII  Includes Cauchy and Student’st (9.1) [5]
VIII  Special case of power function (5.1) [5]
IX  Special case of power function (5.1) [5]
X exponential (2.1) [5]
XI  Pareto (5.6) [5]
XII  J-shaped beta (11.5)  [5]

Special cases

A large number of useful distributions are members of Pear-
son’s family (See Fig. ). Pearson identified 13 principle sub-
types, the normal distribution and types I through XII (See
table 19). In Fig. and table 19.2 we consider 12 principle
subtypes. (We include the uniform, inverse exponential and
Cauchy as distributions important in their own right, and
give less prominence to Pearson’s types VIII, IX, XI and XII.)
All of the Pearson distributions have great utility and are
widely applied, with the exception of Pearson IV (infinite
range, complex roots with complex powers) (16.1), which ap-
pears rarely (if at all) in practical applications.

¢-Gaussian (symmetric Pearson’) distribution [1, 1] distribu-

)*)

x—a
o

x—a
o

(19.2)

)Q)ﬁ

Here expy, is the g-generalized exponential function.

QGaussian(x|a, 0, q) x expq (— (

o<(1—(1—q)(

QGaussian(x|a, o, q)

Beta(xla — A%, A%, =L ) —2<q<1
Normal(x|a, o) q=
PearsonVII(x|a, ﬁ, ﬁ)) l1<qg<3

A special case of the Pearson family that interpolates be-
tween all of the symmetric Pearson distributions: Pearson II
(11.4), normal (4.1) and Pearson VII (9.1) families. See also
Fig. .
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Table 19.2: Specializations of the Pearson distribution

(19.1) Pearson a s ao a; by by
(1.1) uniform a s 0 0 0 1
(11.4) Pearson II 7?7 a—1 200 — 2 0 1
(11.1)  beta a s ax—1 a+y—2 0 1
(2.1) exponential a © 0 —1 0 1 0
(6.1) gamma a 0 oa—1 —1 0 1 0
(12.1)  beta prime a s a—1 2x+v—1 0 1 1
(13.14) inv. gamma a © 1 —a—1 0 0 1
(13.15) inv. exponential a 6 1 —2 0 0 1
(16.1) Pearson IV a s 2v —2m 1 0 1
(9.1) Pearson VII a s 0 —2m 1 0 1
(9.5) Cauchy a s 0 —2 1 0 1
(4.1) normal L o 0 —2 1 0 0
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20 Grand Unified Distribution

The Grand Unified Distribution of order n is required to sat-
isfy the following differential equation.

d
™ In GUD™(x|a, s; ag, ai, ..., an; bg, by, ...

, b B)
1 a()_i_al(xfa)ﬁ_"_“__i_an(xfa)nﬁ

s s
(%) b0+ 01 (252) P + -+ ba (35
a, s, ap, ai, bOa blv b27 Ba x in R

B =1whenayg=0

B

S

a)“B

S

In principle, any analytic probability distribution can satisfy
this relation. The central hypothesis of this compendium is
that most interesting univariate continuous probability dis-
tributions satisfy this relation with low order polynomials
in the denominator and numeration. If fact, there seems be
little need to consider beyond n = 2, which we take as the
default order, in the absence of further qualification.

GUD(xa, s; ap, ai, az; bg, by, ba; B) (20.1)

— B+p—1 —a\B\ ! _a\ B\ €2
=5 PP - 20507 (- 2 (59)7)

a, s, ap, ai, b07 b17 b27 Ba x inR
B =1whenay=0

o — —bity/bTdboby
1= 2b,
1 —P1—y/bEdboby
2= 2b,

— _Qo
€0 = T1iT2
er — apret+airTiTatasriTs
1 (ri—72)(r172)

+ + 2

ey = apTr1+aiTiTe+asr1T3

(r1—72)(r172)
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Special cases

Inverse Gaussian (Wald, inverse normal) distribution [3, 103,
104, 105, 106]:

[ A —Alx —p)?
InvGaussian(x|u, A) = DT~ exp( (QXpszu)) (20.2)

with range x > 0, mean p > 0, and shape A > 0. The name
‘inverse Gaussian’ is misleading, since this is not in any di-
rect sense the inverse of a Gaussian distribution.

The inverse Gaussian distribution describes first pas-
sage time in one dimensional Brownian diffusion with
drift [106]. The displacement x of a diffusing particle after
a time t, with diffusion constant D and drift velocity v, is
Normal(vt, v/2Dt). The ‘inverse’ problem is to ask for the
first passage time, the time taken to first reach a particular

2
position y > 0, which is distributed as InvGaussian(¥, 35 ).

In the limit that p goes to infinity we recover the Lévy dis-
tribution (13.16), the first passage time distribution for Brow-
nian diffusion without drift.

lim InvGaussian(x|w, A) = Lévy(x|0,A)

H—00

The sum of independent inverse Gaussian random vari-
ables is also inverse Gaussian, provided that u?/A is a con-
stant.

Z InvGaussian; (x|u/wi, A'wi)

1

~ InvGaussian (x

u’ Zwi,?\’(z wi)2>

1
Scaling an inverse Gaussian scales both p and A.
¢ InvGaussian(x|y, A) ~ InvGaussian(x|cp, cA)
It follows from the previous two relations the sample mean

of an inverse Gaussian is inverse Gaussian.

N

1
N Z InvGaussian; (x|u, A) ~ InvGaussian (x|, NA)
i=1
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21 Miscellaneous related distributions

In this section we detail various related distributions that
do not fall into the previously discussed families; either be-
cause they are not continuous, not univariate, not unimodal,
or simply not simple. The notation is less uniform in this
section and we do not provide detailed properties for each
distribution, but instead list a few pertinent citations.

Bates distribution [4, 107]:

1 n
Bates(n) ~ o Z Uniform; (0, 1)

i=1

(21.1)

1
~ —IrwinHall(n)
n

The mean of n independent standard uniform variates.

Beta-Fisher-Tippett (generalized beta-exponential) distribu-
tion [2]:

BetaFisherTippett(x|(, A, o, v, B)
_ 1 E X — C p—1 e,(x(i
~ B(a,y) | A A

forx, ¢, A, «, v, finR,

(21.2)

¢
o, y>0, 5=>0

A five parameter, continuous, univariate , unimodal probabil-
ity density, with semi-infinite range. The Beta-Fisher-Tippett
occurs as the weibullization of the beta-exponential distribu-
tion (14.1), and as the order statistics of the Fisher-Tippett
distribution (13.23).

OrderstatiStiCFisherTippett (a,s,B) (X‘O(, 'Y)
= BetaFisherTippett(x|a, s, &, v, B)

The order statistics of the Weibull (13.25) and Fréchet (13.28)
distributions are therefore also Beta-Fisher-Tippett.

With = 1 we recover the beta-exponential distribu-
tion (14.1). Other special cases include the inverse beta-
exponential, 3 = —1 [2] (The order statistics of the inverse

exponential distribution, (13.15) ), and the exponentiated
Weibull (Weibull-exponential) distribution, o« = 1[108, 109].

7)rs)V_1
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Champernowne distribution [51, 110]:

Champernowne(x|(, A, &, c) (21.3)
1
> cosh (oc"%(’) +c
1
o

1
2

X, (A, «, cin R,

x—C o x—=C
et N +ie N +oc
o, c>0

A symmetric generalization of the logistic distribution (15.5)
which we recover with ¢ = 1. Confusion arrises because
Champernowne also studied the exponential transform of
this distribution, a generalization of the log-logistic (18.8).

Exponential power (Box-Tiao, generalized normal, general-
ized error, Subbotin) distribution [111, 112]:

P
2er(%)

,|xfa|f3
e ]

ExpPower(x|(, 0, ) = (21.4)

A generalization of the normal distribution. Special cases in-
clude the normal, Laplace and uniform distributions.

ExpPower(x|(, 0,1) = Laplace(x|(, 0)

ExpPower(x|(, 0, 2) = Normal(x|¢, 0/v/2)
ma ExpPower(x|(, 0, 3) = Uniform(x|C — 0, 20)
—00

Generalized Pearson VII (generalized Cauchy, generalized-t)
distribution [46, 84, 113, 114, 115, 116]:
B) -

A generalization of the Pearson type VII distribution (9.1).
Special cases include Pearson VII (9.1), Cauchy (9.5), Laha
(21.7), Meridian (21.8) and exponential power (21.4) distribu-
tions,

GenPearsonVII(x|a, s, m, )

B
“2AsBm -3, 1) (H

(21.5)

x,a,s,m,BinR
>0 m>0, pm>1

GenPearsonVII(x|a, s, m, 2) = PearsonVII(x|a, s, m)
GenPearsonVII(x|a, s, 1,2) = Cauchy(x|a, s)

GenPearsonVII(x|a, s, 1,4) = Laha(x|a, s)

GenPearsonVII(x|a, s, 2,1) = Meridian(x|a, s)

)

lim GenPearsonVII(x|a, m0, m, ) = ExpPower(x/|, a, 6, 3)
m—0o0
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A related distribution is the half generalized Pearson VII
(18.12), a special case of generalized beta prime (18.1).

Irwin-Hall (uniform sum) distribution [4, 117, 118]:

IrwinHall(x|n) (21.6)

B ﬁ Z (—1)* <E) (x— k)™ 'sgn(x — k)
" k=0

The sum of n independent standard uniform variates.

IrwinHall(n) ~ Z Uniform; (0, 1)

i=1

Laha distribution [113, 119, 120]:

Laha(x|a,s) = Q% (21.7)

Isl7c (14 (X2)4)

Introduced to disprove the belief that the ratio of two inde-
pendent and identically distributed random variables is dis-
tributed as Cauchy (9.5) if, and only if, the distribution is nor-
mal. A special case of the generalized Pearson VII distribu-
tion (21.5).

In contradiction to the literature [120], Laha random vari-
ates can be easily generated by noting that the distribution
is symmetric, and that the half-Laha distribution (18.12) is a
special case of the generalized beta prime distribution, which
can itself be generated as the ratio of two gamma distribu-
tions [2].

Meridian distribution [116]:
1 1

Meridian(x|a,s) = — ———
25t (1+ 5e)°

(21.8)

A special case of the generalized Pearson VII distribution
(21.5). The Laplace ratio distribution [116].

Laplace{ (0, s
Meridian(x|0, ) ~ Laplace, (0,51)

Laplace, (0, s2)

Noncentral chi-square (Noncentral x?2, x’ 2) distribution [4,
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22]:
NoncentralChiSqr(x/k, A)

_ 1 e (i)gfé
2 A
k,A,xinR,>0

(21.9)
1371(\”&)

Here, I,(z) is a modified Bessel function of the first kind.
A generalization of the chi-square distribution. The distribu-
tion of the sum of k squared, independent, normal random
variables with means ; and standard deviations o7,

Kk
1
NoncentralChiSqr(k, A) ~ Z (—'Normali(ui, O'i))2

o
i=1 "

where the non-centrality parameter A = Zlle (1i/oi)2.
The noncentral chi-square is also a Poisson mixture of
gamma distributions (6.1).

NoncentralChiSqr(x|k,A) ~ Gamma (07 2, k+2 Poisson(%))

Noncentral F distribution [4, 22] :

NoncentralChiSqr; (k1,A)/ky
NoncentralChiSqrs (ka, A) /ko
for k1, ko, A1,A2 >0
range x > 0

NoncentralF(kq, ko, A1, A3) ~

(21.10)

The ratio distribution of noncentral chi square distributions.

Rice (Rician, Rayleigh-Rice, generalized Rayleigh,
noncentral-chi) distribution [121, 122]:

) (21.11)

x2 +v?2 x|V
Io(—
202 02

, X
Rice(x|v, o) =— exp (—
o
x>0

Here, Ip(z) is a modified Bessel function of the first kind.
The absolute value of a circular bivariate normal distribu-
tion, with non-zero mean.

Rice(v, 0) ~ \/Normalf (vcosB,0) + Normalg (vsin 6, o)

Rice(v, 1)? ~ NoncentralChiSqr(2, v?)

Rice(0, o) ~ Rayleigh(o)
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Slash distribution [3, 123]:

Slash(x) = StdNormal(x) — StdNormal(x)

> (21.12)
X

The standard normal — standard uniform ratio distribution,

StdNormal()

lash() ~ ———~
Slash() StdUniform()

Note that lim,_,¢Slash(x) = 1/+/87.

Stable (Lévy skew alpha-stable, L'evy stable) distribution [1,
1]: The PDF of the stable distribution does not have a closed
form in general. Instead, the stable distribution can be de-
fined via the characteristic function

StableCF(t|u, ¢, o, B) = exp (itp — [ct|*(1 — iBsgn(t) D ()
(21.13)

where @ = tan(mtee/2) if o # 1, else ® = —(2/7) log|t|. Lo-
cation parameter |, scale ¢, and two shape parameters, the
index of stability or characteristic exponent & € (0, 2] and
a skewness parameter 3 € [—1,1]. This distribution is con-
tinuous and unimodal [124], symmetric if 3 = 0 (Lévy sym-
metric alpha-stable), and indefinite range, unless § = 41 and
0 < & < 1, in which case the range is semi-infinite. If ¢ or &
is zero, the distribution limits to the degenerate distribution,
§1.

A distribution X is stable if it is closed under scaling and
addition,

ap Stable(H» ¢, &, B)1+a2 Stable(l’l7 ¢, &, B)2
~ ag Stable(p,c, &, B)s +b

for constants aq, as, as, b.

There are three special cases of the stable distribution
where the probability density functions can be expressed
with elementary functions, the normal (4.1), Cauchy (9.5),
and Lévy (13.16) distributions, all of which are simple.

Stable(x|p, ¢, 2, B) = Normal (x|p, v/2¢)
Stable(x|u, ¢, 1,0) = Cauchy(x|u, c)
Stable(x|p, ¢, £, 1) = Lévy(x|u, ¢)

Non-normal stable distributions (¢« < 2) are called stable

Paretian distributions, since they all have long, Pareto tails.
Other special cases include the Landau distribution [125],

Landau(x|u, ¢) = Stable(x|u, ¢, 1,1) (21.14)
and the Holtsmark distribution [126],
Holtsmark(x|u, ¢) = Stable(x|u, c, %, 1). (21.15)

Suzuki distribution [1, 127]. A mixture of Rayleigh and log-
normal distributions

Suzuki(d, ) ~ Rayleigh(c”’) /\ LogNormal(0,9, o)
(21.16)

Introduced to model radio propagation in cluttered urban en-
vironments [127].

Triangular (tine) distribution [70]:

_2(x=a) .
Triangular(x|a, b, c) = { (bgﬁ;)&;_)a]
m-amo ©

Vv

X=c
~ 7 (21.17)

x=>Db

Range x € [a, b] and mode c. The wedge distribution (5.5) is

a special case.

Uniform difference distribution [38]:

(1+x)

—1>x=>
UniformDiff = {(1 12x20

(21.18)
0=>2x2>1

= Triangular(x| — 1,1, 0)

The difference of two independent standard uniform distri-
butions (1.2).

Voigt (Voigt profile, Voigtian) distribution [128]:

Voigt(a, 0,s) = Normal(0, o) + Cauchy(a,s) (21.19)
The convolution of a Cauchy (Lorentzian) distribution with a
normal distribution. Models the broadening of spectral lines
in spectroscopy [128].

Apocrypha

The following univariate continuous distributions are nei-
ther simple nor sufficiently interesting to be included in
this compendium: alpha; alpha-Laplace (Linnik); alpha-semi-
Laplace; anglit; Bates; Benini; beta warning time; Birnbaum-
Saunders; Bradford; Burr types IV, V, VI, VII, VIII, IX, X and
XI; double gamma; double Weibull; Champernowne; Cher-
noff; chi-bar-square; Dagum types II and III; entropic; Erlang-
B; Erlang-C; fatigue lifetime; Gaussian tail, Hoyt (Nakagami-
q); hyperbolic; inbe; Kummer; Johnson B; Johnson U; Leip-
nik; log-Laplace; normal-inverse Gaussian; McLeish; Muth;
raised cosine (cosine); rectangular mean; Sargan; Schuhl;
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Sichel (generalized inverse Gaussian); skew Laplace; skew
normal; Stoppa; Tweedie distributions; U-quadratic; vari-
ance gamma; Von Mises (circular normal); Wakeby; Wiebull-
exponential.
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A Notes on notation and nomenclature

A Notes on notation and nomenclature

Throughout, I have endeavored to use consistent parameter-
ization, both within families, and between subfamilies and
superfamilies. For instance, 3 is always the Weibull param-
eter. Location (or translation) parameters: a, b, v, i. Scale
parameters: s, 0, 0. Shape parameters: «, v, u, v. All parame-
ters are real and the shape parameters «, y and u are positive.
The negation of a standard parameter is indicated by a bar,

eg p=—pB.

parameter type notes
a location power-function
b location arcsine, b=a+s
¢ location  exponential
v location normal
v location gamma-exponential
s scale power function
A scale exponential
o scale normal
9 scale log-normal
0 scale Amoroso
w scale gen. Fisher Tippett
B power  power function
x shape > 0, beta and beta prime families
Y shape > 0, beta and beta prime families
n shape  integer > 0,
number of samples or events
k shape  integer > 0, degrees of freedom
m shape > %, Pearson IV
u shape > (, Pearson IV
Nomenclature

interesting Informally, an “interesting distribution” is one
that has acquired a name, which generally indicates that the
distribution is the solution to one or more interesting prob-
lems.

generalized-X The only consistent meaning is that distribu-
tion “X” is a special case of the distribution “generalized-X".
In practice, often means “add another parameter”. We use al-
ternative nomenclature whenever practical, and generally re-
serve “generalized” for the power (Weibull) transformed dis-
tribution.

standard-X The distribution “X” with the location parame-
ter set to 0 and scale to 1. Not to be confused with standard-
ized which generally indicates zero mean and unit variance.

shifted-X (or translated-X) A distribution with an additional
location parameter.

scaled-X
parameter.

(or scale-X) A distribution with an additional scale
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inverse-X (Occasionally inverted-X, reciprocal-X, or
negative-X) Generally labels the transformed distribution
with x +— %, or more generally the distribution with the
Weibull shape parameter negated, f — —[3. An exception is

the inverse Gaussian distribution (20.2) [3].

log-X Either the exponential or logarithmic transform of
the distribution X, i.e. either expX() ~ log-X() (e.g. log-
normal) or InX() ~ log-X(). This ambiguity arrises because
although the second convention may be more logical, the log-
normal convention has historical precedence. Herein, we fol-
low the log-normal convention. See also X-exponential.

X-exponential The logarithmic transform of distribution
X, i.e. InX() ~ X-exponential(). This naming convention,
which arrises from the beta-exponential distribution (14.1),
sidesteps the confusion surrounding the log-X naming con-
vention.

reversed-X (Occasionally negative-X) The scale is negated.

X of the Nth kind See “X type N”.

folded-X The distribution of the absolute value of random
variable X.

beta-X A distribution formed by inserting the cumulative
distribution function of X into the cdf of the standard beta
distribution (11.2). Distributions of this form arise naturally
in the study of order statistics (§C).
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B Properties of distributions

notation The multi-letter, camel-cased function name, ar-
guments and parameters used for the probability density
of the family in this text. The bar, which we verbal-
ize as “given”, separates the arguments from the parame-
ters. We write Amoroso(x|a, 0, ¢, ) for a density function,
Amoroso(a, 0, &, B) for the corresponding random variable,
and X ~ Amoroso(a, 0, «, ) to indicate that two random
variables have the same probability distribution [45]. Recall
that a “random variable” is an unbound function from events
to values, whereas the probability density function maps
from values to probabilities.

probability density function (pdf) The probability density
fx(x) of a continuous random variable is the relative likeli-
hood that the random variable will occur at a particular point.
The probability to occur within a particular interval is given
by the integral

fx(x)dx .

Pla< X<b]= J
a

cumulative density function (cdf) The probability that a

random variable has a value equal or less than x, typically

denoted by Fx(x), and also called the distribution function

for short.
X

Fx(x) :J fx(z)dz

0

The probability density is equal to the derivative of the dis-
tribution function, assuming that the distribution function
is continuous.

LN

fx(x
xx) = =
complimentary cumulative density function (ccdf) (sur-
vival function, reliability function) One minus the cumu-
lative distribution function, 1 — Fx(x). The probability that
a random variable has a value greater than x.

range The range of a random variable is the set of values
that can be generated. The range of the random variables is
also called the support of the probability density function.
The compliment of the support has zero probability.

mode The point where the distribution reaches its maxi-
mum value. An anti-mode is the point where the distribu-
tion reaches its minimum value. A distribution is called uni-
modal if there is only one local extremum away from the
boundaries of the distribution. In other words, the distribu-
tion can have one mode —~ or one anti-mode — or be mono-
tonically increasing / or decreasing \.

mean The expectation value of the random variable.

E(X) = J'x fx(x) dx
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Not all interesting distributions have finite means, notable
the Cauchy family (9.5).

variance The variance measures the spread of a distribu-
tion.
2
var(X) = E [(X - E(X))?] = E[X*] —E[X]
The variance is also know as the second central moment, or
second cumulant. The standard deviation is the square root
of the variance.

skew A distribution is skewed if it is not symmetric. A pos-
itively skewed distribution tends to have a majority of the
probability density above the mean; a negatively skewed dis-
tribution tends to have a majority of density below the mean.

The standard measure of skew is the third cumulant (third

central moment) normalized by the % power of the second
cumulant.

E[(X—EX])?]
(E[(X—E[X])ﬂ)

K3

skew(X) 3
2

|

K2

kurtosis Kurtosis measures the peakedness of a distribu-
tion. The normal distribution has zero kurtosis. A positive
kurtosis distribution has a sharper peak and longer tails,
while a negative kurtosis distribution has a more rounded
peak and shorter tails.

The standard measure of kurtosis is the forth cumulant
normalized by the square of the second cumulant.

Kq

kurtosis(X) = —;
K9

This measure is also called the excess kurtosis, to distinguish
it from an older definition of kurtosis that used the forth cen-

tral moment py instead of the forth cumulant. (Note that
Kq _ M4 3)

K22 T K2
entropy The differential (or continuous) entropy of a con-
tinuous probability distribution is

entropy(X) = *J’f(X) Inf(x) dx

Note that unlike the entropy of a discrete variable, the dif-
ferential entropy is not invariant under a change of variables,
and can be negative.

moment generating function (mgf) The expectation

EletX].

mgf (t)

The nth derivative of the moment generating function, eval-
uated at 0, is equal to the nth moment of the distribution.
dTl

ﬁmgfx(t) o

If two random variables have identical moment generating
functions, then they have identical probability densities.

= E[X"]



B Properties of distributions

cumulant generating function (cgf) The logarithm of the
moment generating function.

cgfy (t) = In E[e"]

The nth derivative of the cumulant generating function,
evaluated at 0, is equal to the nth cumulant of the distri-

bution.
n

@Cgfx(t) 0 Kn (X)

The nth cumulant is a function of the first n moments of the
distribution, and the second and third are equal to the second
and third central moments, E [(X — E[X])"].

k1 = E[X]

ke = E [(X—E[X])?

k3 = E [(X—EIX])?]

kg = E [(X—EX])*] — 3E [(X — E[X])?]

Cumulants are more useful than central moments, since
cumulants are additive under summation of independent ran-
dom variables.

cgfx v (t) = cafx (t) + cgfy(t)

characteristic function (cf) Neither the moment nor cumu-
lant generating functions need exist for a given distribution.
An alternative that always exists is the characteristic func-
tion

CfX(t) = E(eitx) )

essentially the Fourier transform of the probability density
function. The characteristic function for a sum of indepen-
dent random variables is the product of the respective char-
acteristic functions.

cfxqv(t) = cfx(t) cfy(t)

quantile function The inverse of the cumulative distri-
bution function, typically denoted F~1(p) (or occasionally
Q(p)). The median is the middle value of the inverse cumu-
lative distribution function.

median(X) = F;l(%)

Half the probability density is above the median, half below.
The quantile and median rarely have simple forms.

hazard function The ration of the probability density func-
tion to the complimentary cumulative distribution function

o fx(x)
M= TR
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C Order statistics

Order statistics [1, 1]: If we draw m + n — 1 independent
samples from a distribution, then the distribution of the nth
smallest value (or equivalently the mth largest) is

OrderStatisticy (x|, m)
. m4+m-1)!

m”x)*‘”f(x)(l —F(x))™

Here X is a random variable, f(x) is the corresponding prob-
ability density and F(x) is the cumulative distribution func-
tion. The first term is the number of ways to separate n +
m — 1 things into three groups containing 1l,m—1and m—1
things, the second is the probability of drawing the n — 1
samples smaller than the sample of interest, the third term
is the distribution of the nth sample, and the fourth term is
the probability of drawing m — 1 larger samples. Note that
the smallest value is obtained if n = 1, the largest value if
m = 1, and the median value if n = m.

The cumulative distribution function for order statistics
can be expressed in terms of the regularized beta function,

I(p,q;2).
OrderStatisticCDFx (xjn, m) = 1 (n, m; F(x))

Conversely, if a CDF for a distribution has the form
I(n, m; F(x)), then F(x) is the cumulative distribution
function of the corresponding ordering distribution. Since
I((x,y; X) is the CDF of the beta distribution (11.1), distri-
butions of the form I(oc, v; Fx (x)) (with arbitrary positive «
and ) can be referred to as ‘beta-X‘ [1, 129], e.g. the beta-
exponential distribution (14.1).

The order statistic of the uniform distribution (1.1) is
the beta distribution (11.1), that of the exponential distribu-
tion (2.1) is the beta-exponential distribution (14.1), and that
of the power function distribution (5.1) is the generalized beta
distribution (17.1).

OrderStatisticypiform (a,s) (X, Y)

= Beta(x|a, s, o, y)
OrderStatisticgy (¢, z) (X[, Y)

= BetaExp(x|(, A, &, Y)
OrderStatistiCpowern(a,s,p) (X, V)

= GenBeta(x|a, s, o, vy, B)
OrderStatisticypiprime(a,s) (|0, V)

= BetaPrime(x|a, s, o, y)
OrderStatisticy ggistic(a,s) (XY, 0t)

= Prentice(x|a, s, ¢, y)
OrderStatisticyogrogistic(a,s,p ) (XIV, &)

= GenBetaPrime(x|a, s, &, v, )

Extreme order statistics [1, 1] In the limit that n > m (or
equivalently m > n) we obtain the distributions of extreme
order statistics. Extreme order statistics depends only on the
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tail behavior of the sampled distribution; whether the tail is
finite, exponential or power-law. This explains the central
importance of the generalized beta distribution (17.1) to order
statistics, since the power function distribution (5.1) displays
all three classes of tail behavior, depending on the parameter
3. Consequentially, the generalized beta distribution limits
to the generalized Fisher-Tippett distribution (13.22), which
is the parent of the other, specialized extreme order statistics.
See also extreme order statistics, (§22).

Median statistics [1, 1]: If we draw N independent samples
from a distribution (Where N is odd), then the distribution of
the median value is

N—-1 Nfl)

MedianStatisticx (x|N) = OrderStatisticx (x| ~5—, =5

Notable examples of median statistic distributions include

MedianStatisticSupitorm(a,s) (X|20¢ + 1)
= PearsonlI(x|??, 77, &)
MedianStatisticsy gistic(a,s) (X|20¢ + 1)

= SymPrentice(x|a, s, &)

The median statistics of symmetric distributions are also
symmetric.
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Special functions

Gamma function [66]:

r — = z—1_—t
(2) JO t dt
=(z—1)!

(z—1T(z-1)
M) = v
r1 =1
rig) = ¥~
r2)=1

Incomplete gamma function [66]:

Ma,z) = JOO te e tdt

IMNa,0)=T(a)

M'(1,z) = exp(—x)
%,z Vmerfe(1/z)

Regularized gamma function [66]:
I'a;z)

Qla;z) =

B(p,

1
B(3.
Incomplete beta function [66]:

Mmmmzj

0

z

tP7H1—t)9tdt

Miscellaneous mathematics
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Regularized beta function [1]:

B(p, q;2)
Ip,q;2) = =
P4:2) = 50
I(p,q;1) =1

I(Py‘LZ) = 1*1(q7p11 *Z)

Error function [66]:

A
erf(z) = ﬁ L e tdt
Complimentary error function [66]:
erfc(z) =1 — erf(z)
_ 2 J ” e v at
VLR '
Gudermannian function [1, 66]:
z
gd(z) :J' sech(t)dt
0
= 2arctan(e*) — §

Hypergeometric function [66, 130]: All of the preceding func-
tions can be expressed in terms of the hypergeometric func-
tion:

[e¢]

ar,. a];Z
pFqlar, ..., ap;by, ..., by; ):Zbﬁ R
n=0 1’ q
where x™ are rising factorial powers [66, 130]
A x+n—1)!
x”:x(x+1)--~(x+n—1):¥

(x —1)!

The most common variant is the Gauss hypergeometric
function 5F;(a, b;c; z), which can also be defined using an
integral formula due to Euler,

1 tb_l(l

1 —t)c_b_l
B(b,c—b) Jo

dt
(1—2zt)a

oFi(a,bic;z) = |z < 1.



D Miscellaneous mathematics

Special cases include,

a

B(a,b;z) = % oF1(a,1=bj;a+1;z)

1
B(a,b) = a 2F1((1,1*b;(1+1;1)

a

Ma;z) =T(a) - % 1Fi(a;a+1;—2)
2
exfe(z) = = 1Fy(4; 3 —2%)
m
sinh(z) = oF1(; 35 )
cosh(z) = oF1(; &; 2472)
arctan(z) =z 2]:1(%7 1; %;722)
arcsin(z) =z oFy (3, 3; %;22)

Sign function : The sign of the argument. For real arguments,
the sign function is defined as

-1 ifx<0
sgn(x) =<0 ifx=0,
1 ifx>0

and for complex arguments the sign function can be defined

as

= ifz#0

D AP

sgn(z) = .

gn(z) {0 ifz=0

Polygamma function [66]:
Vn(z) = g InT(2)
= Lerb(z)

The (n+ 1)th logarithmic derivative of the gamma function.
The first derivative is called the the digamma function (or
psi function) P(z) = Pg(z), and the second the trigamma
function V) (z).

Limits
Two common and important limits are

C

lim =Inx
c—0 C
and
C
hm(r+g _
c—00 C

It is sometimes useful to introduce ‘q-deformed’ exponen-
tial and logarithmic functions that extrapolate across these
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limits [1, 1, 1].

exp(x) q=1
exp. (x) = (I1+(1=qx)"7 q#1, 1+(1—q)x>0
g 0 q<1, 1+(1—q)x<0
+00 q>1, 1+(1—q)x<0
x1—d—1 1
lnq(x) — 1—q q 7&
In(x) qg=1

Note that these ¢-functions are unrelated to the q-
exponential function defined in combinatorial mathematics.
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E Random variate generation

For an introduction to uniform random generation see
Knuth [131], and for generating non-uniform variates from
uniform random numbers see Devroye (1986) [34]. Fast,
high quality algorithms are widely available for uniform
random variables (e.g. the Mersenne Twister [132]), for the
gamma distribution (e.g. the Marsaglia-Tsang fast gamma
method [133]) and normal distributions (e.g. the ziggurat al-
gorithm of Marsaglia and Tsang (2000) [134] ). The remaining
simple distributions can be obtained from transforms of 1 or
2 gamma random variables [34] (listed below), with the ex-
ception of the Pearson IV distribution, which can be sampled
with a rejection method [34, 92].

Uniform(a,s) ~ a + s StdUniform()
Exp(a,s)~a+s exp(Sthniform())
Laplace(a, s) ~ a + s Sgn() exp(Sthniforrn())
Normal(y, o) ~ 1+ o StdNormal()

Cauchy(a, s)
StdGamma; (1
< a+ s Sgn()| SdGamma (5)
StdGammas (3 )

1
PowerFn(a,s, ) ~ a + s StdUniform() B

GammaExp(a, s, ) ~ a + s In(StdGamma(«))

Gamma(a, 0, «) ~ a + 0 StdGamma(«)

PearsonVII(a, s, m)

StdGamma; (m — 1
~a+sSgn()\/ 1 2)

StdGammas ( % )

UnitGamma(a,s, &, ) ~a—+s exp(%Sthamma(oc))

Beta(a, s, ,v)
StdGamma, (y)
StdGamma; (y) + StdGammas ()

~a-—+s

StdGammay (y

. )
BetaP ~
etaPrime(a, s, &,y) a+sSthamma2(cx)

1
Amoroso(a, 0, «, B) ~ a+ 0 StdGamma(x) P

BetaExp(a, s, &, Y)
StdGamma (y)

~a+sIn
+ StdGamma (y) + StdGammas ()

Prentice(a,s, «,y) ~a+ sln (

GenBeta(a, s, «, Y, B)

StdGamma, (y)

StdGamma, (y)
StdGammas ()

~ats (Sthamm31 (v) + StdGammas ()

GenBetaPrime(q, s, o, Y, B)

N(1+S<

StdGamma; (v)

StdGammas ()

)é

)
)

1
B
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Index of distributions

invert, inverted, or reciprocal .................... See inverse
SQUATEd ..t See square
of thefirstkind .....................oooiiii. See type I
of thesecondkind ................................ See type II
Distribution Synonym or Equation
B e beta
B beta prime
D chi
X chi-square
I gamma
A log-normal
D standard normal
antilogmormal ......... ... ...l log-normal
ATCSITIE L\ttt et et (11.7)
AMATOSO .ttt (13.1)
ascendingwedge ..., See wedge (5.5)
bellcurve ........ooiiiiiiii normal
DEta i (11.1)
beta, of the firstkind ................................... beta
beta, of the second kind ......................... beta prime
beta, Jshaped ...l See beta (11.1)
beta, Ushaped ........................ooo. See beta (11.1)
beta-exponential .......... ... (14.1)
beta-k ..ooovi inverse Burr
beta-kappa ... inverse Burr
betatypel ..o beta
betatypelIl ..ot beta prime
DEta-P oo Burr
beta-PERT ..ottt PERT
betaprime ..ot (12.1)
bilateral exponential ................. ... ...l Laplace
BHP ..ot (7.8)
Bramwell-Holdsworth-Pinton .......................... BHP
Breit-Wigner .......ooovviiiiiiniiiiiie e, Cauchy
BUIT o (18.3)
Burrtypel ..o uniform
Burrtype Il ... (15.2)
BurrtypeIll ... ... . inverse Burr
Burrtype XII ... Burr
Cauchy ... (9.5)
Cauchy-Lotentz ..........cooviiiiiniiniaianninn. Cauchy
central arcsine .............. ..o (11.8)
Chi Lo (13.8)
Chi-SqUATE ...\t (6.4)
chi-square-exponential ........................ (7.3)
circularnormal ........... ... ... Rayleigh
Coale-McNeil ............. generalized gamma-exponential
Cobb-Douglas ...........cooiiiiiiiiiiiiia. log-normal
compound gamma ...........oiiiiiiiiiiiai beta prime
Dagum ... inverse Burr
Dagum typel ... inverse Burr
de MOIVIE .ttt normal
degenerate ..o, See uniform (1.1)
delta oo degenerate
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descending wedge ............. .ol See wedge (5.5)
doubly exponential ... Gumbel
double exponential ..................... Gumbel or Laplace
Erlang ... See gamma (6.1)
<36 (o) S normal
exponential ....... ... (2.1)
exponential-Burr ..., Burr type II
exponential-gamma ......... ... .. ... Burr
exponential generalizedbeta ............................ 22
exponential generalized beta typeI ....... beta-exponential
exponential generalized beta type Il ............... Prentice
exponential generalized beta gamma .................... 222
exponential generalized beta prime ................. Prentice
exponentiated exponential ............................ (14.2)
exponentiated Weibull ........ See Beta-Fisher-Tippett (21.2)
extremevalue ...t Gumbel
extreme value type N ................ Fisher-Tippett type N
F oo (12.3)
Feller-Pareto ........................ generalized beta prime
Fisher ... F or Student’s t
Fisher-F ..o e F
Fisher-Snedecor ..........cooviiiiiiiiiiiiii i F
Fisher-Tippett . .ovovvneieiie e (13.23)
Fisher-Tippett typel ...t Gumbel
Fisher-Tippett type Il ..........coiiiiiiiiiiain., Fréchet
Fisher-Tippett type IIT .........cooiiiiiiininn.... Weibull
Fisher-Tippett-Gumbel ............................. Gumbel
FiSK oo log-logistic
fractal .. ... power law
flat oo uniform
Fréchet .....oooviii i (13.28)
FTG ot Fisher-Tippett-Gumbel
Galton ..o log-normal
Galton-McALliSter .........ocviiviiieinnnnnn.s. log-normal
GAMNITIA .ottt ettt et e et e e et (6.1)
GAUSSIAN ..ottt normal
GaUSS ottt et e normal
generalized arcsin .....................o..l Pearson type II
generalizedbeta ............ ... (17.1)
generalized beta-exponential ............ Beta-Fisher-Tippett
generalized betaprime ................ ... ... (18.1)
generalized exponential ......... exponentiated exponential
generalized F ........................ generalized beta prime
generalized gamma ....................... Stacy or Amoroso
generalized gamma ratio ............ generalized beta prime
generalized inverse gamma ................. See Stacy (13.2)
generalized log-logistic ...............cooiiiiiiii.. Burr
generalized logistictype I ....................... Burr type II
generalized logistic type Il ............. reversed Burr type II
generalized logistic type Il ............ symmetric Prentice
generalized logistic type IV ........................ Prentice
generalized Gompertz-Verhulst type I*® gamma-exponential
generalized Gompertz-Verhulst type IT ............. Prentice
generalized Gompertz-Verhulst type III ... beta-exponential
generalized Gumbel .............. ...l (7.4)
generalized extreme value ................... Fisher-Tippett
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generalized exponential ......... exponentiated exponential
generalized Fisher-Tippett ..........coooviviinn..... (13.22)
generalized Fréchet .................................. (13.26)
generalized inverse gamma ............. generalized gamma
generalizednormal ................... ... Nakagami
generalized Rayleigh ............................. scaled-chi
generalized seminormal ...................... ... Stacy
generalized Weibull .................................. (13.24)
GEV . generalized extreme value
Gibrat ... standard log-normal
Gompertz-Verhulst ........................ beta-exponential
Gumbel ... (7.6)
Gumbel-Fisher-Tippett .......ooviiiiieinninn.... Gumbel
Gumbel type N ................oooaL Fisher-Tippett type N
half-Cauchy ............c i (18.10)
half-normal ...... .. .. ... ... (13.7)
half exponential power ...............cooiiiiiiiiin... (13.5)
half-Pearson Type VII ........coiiiiiiiiiiineiainnn (18.9)
half-Subbotin ................... See half exponential power
hyperbolicsecant ................ccoiiiiiiiiiiiiiia.. (15.6)
hyperbolic secant square .....................coov.l logistic
hydrograph ...........co Stacy
hypergamma ... Stacy
inverse beta ... beta prime
inverse beta-exponential ...... See Beta-Fisher-Tippett (21.2)
inverse Burr ...... ... (18.5)
INVErSE Chi ..ovitiii i (13.20)
inverse chi-square ..............coiiiiiiiiiiiiinin.. (13.18)
inverse exponential ............. ..., (13.15)
INVErSE GAMIMIA ...ttt eei e e e e eieeenn, (13.14)
inverse hyperbolic cosine ............ See hyperbolic secant
INVErse LOmax ........oovviniriineinieiieniainannnn. (12.6)
inverse Rayleigh ..................................... (13.21)
inverse paralogistic ............ciiiiiiiiiiiiii (18.7)
inverse Pareto ............ ...l inverse Lomax
inverse Weibull .......... ... .. .. Fréchet
kappa ... inverse Burr
Kumaraswamy ..........oeeiiiiniiiiniiininenennen. (17.2)
Laplace ..ot (3.1)
Laplace’s first law of error ....................... ... Laplace
Laplace’s second law of error ........................ normal
Laplace-Gauss ......ooviininiiiiii i, normal
Laplacian ..........ccooiiiiiiii i Laplace
law of er1or ..o normal
left triangular ........................ ... descending wedge
Leonard hydrograph ................................... Stacy
LEVY oo e (13.16)
log-beta ... beta-exponential
log-chi-square ....................... chi-square-exponential
log-gamma ............. gamma-exponential or unit-gamma
1og-logiStiC .. ovir i (18.8)
logmormal ...... ... . (8.1)
log-normal, two parameter ............. See log-normal (8.1)
log-Weibull ... Gumbel
logarithmic-normal ............................. log-normal
logarithmico-normal ............................ log-normal
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LOgit oot logistic
LOZISEIC vttt et e (15.5)
LOIMAX .\ttt e (12.5)
| 63 055 o1 Cauchy
Lorentzian ...........oouiuiiniiiiiniiiii i Cauchy
March ..o Pearson type V
Maxwell ... (13.11)
Maxwell-Boltzmann .................ccovviiiinn.... Maxwell
Maxwell speed ... Maxwell
Mielke ..o inverse Burr
MINIMAX .« ettt Kumaraswamy
modified Lorentzian ............... relativistic Breit-Wigner
Moffat ..o (18.11)
m-Erlang ... Erlang
Nakagami ........oooiiiiiiiii e (13.6)
Nakagami-m ........cooviiiiiiiiiiiiiienanan. Nakagami
negative exponential ................ ... ... exponential
normal ... ... (4.1)
NOrmal CUTVE .....oviiiiiin it normal
normal 1atio ...t Cauchy
Nukiyama-Tanasawa ................... generalized gamma
one-sidednormal ......................lll half-normal
ParalogiStiC .. oottt (18.6)
Pareto ... (5.6)
Paretotypel ... Pareto
Paretotype Il ... ... i Lomax
Pareto type Il ......ooviiiii i log-logistic
Pareto type IV ... Burr
PEATSOM ..\ttt et et (19.1)
Pearson typel ... ..ot beta
Pearson type Il ..ot (11.4)
Pearson type Il ......oouiiiii e (6.2)
Pearson type IV ..ot (16.1)
Pearson type V ..ot (13.13)
Pearsontype VI ... beta prime
Pearson type VII ... ..ottt (9.1)
Pearson type VIII .................. See power function (5.1)
Pearson type IX ................... See power function (5.1)
Pearson type X ... exponential
Pearson type XI ... power law
Pearson type XII .....ooiiniiiii i (11.5)
Pearsonian ........ ... Pearson
Perks ..o See Hyperbolic secant
PERT ..ot (11.3)
positive definite normal ........................ half-normal
POWET ettt et et e e e e power function
POWer function .............oviiiiiiiiii i (5.1)
PrentiCe .....ovniniii it (15.1)
pseudo-Weibull ... (13.4)
g-exponential ....... .. o (5.3)
Rayleigh ... ... ... (13.10)
rectangular ........ ... uniform
relativistic Breit-Wigner .................ooiiiiiin.. (9.7)
reversed Burrtype Il ........ooiiiiiiiiiii i, (15.3)
right triangular ............................ ascending wedge
Rosin-Rammler .............ooiiiiiiiiiiiiiin... Weibull
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Rosin-Rammler-Weibull ............................ Weibull
Sato-Tate ..oovieie e semicircle
sech-square ............. ... i logistic
Singh-Maddala ................oiiiiiii Burr
scaledchi ... (13.9)
scaled chi-square ...t (6.5)
scaled inverse chi ...l (13.19)
scaled inverse chi-square ............................ (13.17)
SEMICITCIE ...\t (11.9)
semi-normal ........ ... half-normal
skew-t ... Pearson Type IV
Skew 1ogiStiC ...ovvvii i Burr type II
Snedecor’'s F ..ot F
spherical normal ............... ... .. ... Maxwell
Y 7 10 U (13.2)
Stacy-Mihram ............. ... Amoroso
standard Amoroso ..............cooiiin... standard gamma
standardbeta ... (11.2)
standard Cauchy ............ ... ... ... il (9.6)
standard exponential .................. See exponential (2.1)
standardgamma ............ ... (6.3)
standard Gumbel ........ ... . (7.7)
standard gamma-exponential ............... ... (7.2)
standard log-normal .................... See log-normal (8.1)
standard unit-gamma .............. ..., (10.2)
standard normal ........................L See normal (4.1)
stretched exponential ...................ocial (13.3)
Student’s-t ... (9.2)
Student’s-to ....ooiiii i (9.3)
StUdEnt/S-Z . ..ot (9.4)
Student-Fisher ...l Student’s-t
symmetricbeta .............. . o Pearson I
symmetric Prentice ..........oovviiiiiiiiiiiiianain... (15.4)
L Student’s-t
1511 1 triangular
triangular ... (21.17)
transformed beta ............ ... (18.2)
transformed gamma ............. ... Stacy
two-tailed exponential ................ ... ... Laplace
Uniform ... (1.1)
uniform difference .............. ... (21.18)
uniform sum ... Irwin-Hall
uniform prime ..........oi i (12.8)
uniform product ........ ... .. (10.3)
UNIE GAIMITIA &ttt ettt et et e e ie e ieeanans (10.1)
unitnormal ........ ... standard normal
van der Waals profile ....................... ...l Lévy
VarianCe ratio ........eeueenititiniinini et beta prime
Vienna . ... Wien
VINCE oo inverse gamma
von Mises extreme value .................... Fisher-Tippett
von Mises-Jenkinson ......................... Fisher-Tippett
WaItING tIME ..ottt exponential
WA oot (5.5)
Weibull « .o (13.25)
Weibull-exponential ............................ log-logistic
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Weibull-Gnedenko ..................cooiiiinl.. Weibull
Weibullized beta ........................0. generalized beta
Weibullized beta prime ............. generalized beta prime
WIEN oo See gamma (6.1)
Wigner semicircle ..........cooiiiiiiiiiiiiiin., semicircle
Wilson-Hilferty ...t (13.12)
Z standard normal



Subject Index

), see beta function

; z), see incomplete beta function
(p), see quantile function

pFq, see hypergeometric function

F(x), see cumulative distribution function
I(p, q;2z), see regularized beta function
Q(a;z), see regularized gamma function
I'(a, z), see incomplete gamma function
I'(z), see gamma function

erfc(z), see complimentary error function
erf(z), see error function

gd(z), see Gudermannian function

P (z), see digamma function

VP1(z), see trigamma function

P (2), see polygamma function

sgn(x), see sign function

B(p, q
B(p,q
Ffl

beta function, 68

ccdf, see complimentary cumulative distribution function
cdf, see cumulative distribution function

central moments, 50

cf, see characteristic function

cgf, see cumulant generating function

characteristic function, 50

complimentary cumulative distribution function, 49
complimentary error function, 68

cumulant generating function, 50

cumulants, 50

cumulative distribution function, 49

density, 49

diffusion, 45

diffusion constant, 45
digamma function, 69
distribution function, 49

entropy, 49
error function, 68
excess kurtosis, 49

first passage time, 45
folded distributions, 66

gamma function, 68

Gauss hypergeometric function, 68
geometric distribution, 11
Gompertz distribution, 18
Gudermannian function, 37, 68

hypergeometric function, 68

incomplete beta function, 68
incomplete gamma function, 68

inverse cumulative distribution function, see quantile function

inverse probability integral transform, 9
inverse transform sampling, 9

kurtosis, 49
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