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Abstract Clear effects criterion is one of the important rules for selecting optimal fractional factorial
designs, and it has become an active research issue in recent years. Tang et al. derived upper and
lower bounds on the maximum number of clear two-factor interactions (2fi’s) in 2"~ ("% fractional
factorial designs of resolutions III and IV by constructing a 2"~ ("% design for given k, which are
only restricted for the symmetrical case. This paper proposes and studies the clear effects problem
for the asymmetrical case. It improves the construction method of Tang et al. for 2"~ ("% designs
with resolution III and derives the upper and lower bounds on the maximum number of clear two-
factor interaction components (2fic’s) in 4™2" designs with resolutions III and IV. The lower bounds
are achieved by constructing specific designs. Comparisons show that the number of clear 2fic’s in
the resulting design attains its maximum number in many cases, which reveals that the construction
methods are satisfactory when they are used to construct 4™2" designs under the clear effects criterion.
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1 Introduction

Orthogonal arrays with mixed levels have been much widely used in experimental design. When
the arrays have m 4-level factors and n 2-level factors, they are said to be 4™2" designs. A 4™2"
design can be constructed by the method of replacement, which was first formally introduced
in [1]. This class of designs is useful in practice because in factorial investigations, especially
those involving physical experiments, the number of factorial levels seldom exceeds four. [2]
improved the construction method in [1] by introducing the method of grouping. [3] extended
the grouping scheme in [2] to cover more general s™(s™ )™ ... (s™)™ designs for any prime
power s and some integers r; and n;.

In this paper, we consider 4™2" designs with N = 2 runs and suppose that such designs
are constructed by the method of grouping. Let Aq,...,A,, and by,...,b, denote the 4-level
factors and 2-level factors of a 4™2" design, respectively. Suppose a 4™2™ design is obtained
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by replacing three 2-level factors {ai1,ai2, a3} with a 4-level factor A;, where a;jai2a;3 =
I,i = 1,...,m and I is the column with all entries zero. Such a design is determined by
B = {a11,a12,a13, -, Qm1, Am2, Gm3, b1, . ., by b, where ajia;a;3 = I, i = 1,...,m, in the
following sections. We call a;,j, the main-effect component of A;,, and a;, j, ai,;, (or a;,j,b1)
the two-factor interaction component (2fic) of A;; and A;, (or A4;, and b;), where i1,is =
1,...,m,i1 # i2,51,72 = 1,2,3,1 = 1,...,n. For convenience, we call both the main effects of
2-level factors and the main-effect components of 4-level factors the main-effect components.
For the same reason, the two-factor interactions (2fi’s) of two 2-level factors, the 2fic’s of two
4-level factors, and 2fic’s of a 2-level factor and a 4-level factor are all called 2fic’s.

When the experimenter’s knowledge is diffuse, a reasonable assumption people can make is
the effect hierarchical assumption. Under such circumstances, resolution in [4] and minimum
aberration in [5] are the most often used criteria for selecting good designs. Extending them to
the mixed-level case, [6] gave the definitions of resolution and minimum aberration criteria for
selecting good 4™2™ designs. For m = 1, suppose that a1, as,as, b1, ...,b, are columns chosen
from the 2 —1 columns of a saturated design with 2* runs such that ajasas = I. A 412" design
can be obtained by replacing {a1, as, as} with a 4-level factor. It is easy to see that there are
two types of defining contrasts for this design. The first involves only the b;’s, which is called
type 0. The second involves one of the a;’s and some of the b;’s, which is called type 1. For a
412" design D, let Wio(D) and W;1(D) be the numbers of type 0 and type 1 words of length i
in the defining contrasts of D, respectively. The resolution of D is defined to be the smallest
i such that W;;(D) is positive for at least one j. For m = 2, the resolution for 422" designs is
defined similarly as that of 412" designs. Furthermore, [7] deliberated a method for constructing
this class of asymmetric minimum aberration designs through symmetric minimum aberration
ones, [8] obtained two types of minimum aberration designs with mixed levels in terms of
complementary sets, and [9] improved the results in [8].

Different situations call for different designs. Clear effects criterion!!?) is another criterion
for selecting good designs. A main-effect component of a factor is said to be clear if it is not
aliased with any main-effect component of the other factors or any 2fic. A main effect is said
to be clear if all its components are clear. A 2fic is said to be clear if it is not aliased with
any main-effect component or any other 2fic. A two-factor interaction (2fi) is said to be clear
if all its components are clear. As usual, we assume that interaction components involving
three or more factors are negligible. A design of resolution V or higher permits the estimation
of all the main effects and 2fi’s. In what follows, we look at the case where the experimenter
cannot afford a design of resolution V or higher. A resolution IV design with the maximum
number of clear 2fic’s allows the joint estimation of the whole main effects and the clear 2fic’s as
many as possible in the presence of other 2fic’s. It is a desirable design when we are interested
in estimating 2fic’s besides the main effects. For a resolution III design, we can assume the
magnitude of the main-effect components is much larger than that of the 2fic’s. Although the
presence of 2fic’s which are not clear can bias the estimates of the main-effect components, this
bias will not be substantial. Thus, in this paper, we are interested in estimating as many 2fic’s
as possible. A 4™2" design with the maximum number of clear 2fic’s will be called a MaxC2cR

design if it has resolution R.
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Recent results on the clear effects criterion include [11] and [12]-[23]. In particular, [11]
derived upper and lower bounds on the maximum number of clear 2fi’s in 27~ ("=%) fractional
factorial designs of resolutions IIT and IV by constructing a 2"~ ("=%) design for given k. [17]
investigated the structure of 42" designs with resolution III or IV from a different angle if
one’s goal is to check the existence of clear 2fic’s in the design. It showed that a 4™2" design
has a clear 2fic if and only if n < 28~ — 3m for m = 1,2. For a resolution IV 4™2" design to
have a clear 2fic, it is proved that the necessary and sufficient condition is n < 2¥=2 +2 — 3m
for m = 1,2. When 2872 +2 —3m < n < 2F — 1 — 3m for m = 1,2, resolution IV design does
not exist. This paper tries to modify the method in [11] to improve the lower bound on the
maximum number of clear 2fi’s in 2"~ ("=%) designs of resolution III and derive the upper and
lower bounds on the maximum number of clear 2fic’s in 4™2" designs of resolutions IIT and IV
form=1,2.

The paper is organized as follows. Section 2 presents the construction method for 27~ (")
designs containing as many clear 2fi’s as possible. Sections 3 and 4 obtain the lower and upper
bounds on the maximum numbers of clear 2fic’s in 42" designs for m = 1,2. And Section 5

examines the performance of these bounds for k = 5.

2 Bounds on the maximum number of clear two-factor interactions for 27— (n—F)

designs with resolution ITI

This section sketches out a construction method for resolution IIT 27~ ("=%) designs containing
as many clear 2fi’s as possible when k > 5.

Let a(k,n) be the maximum number of clear 2fi’s in a 2"~ (") design with resolution IIL.
Let n; = 29 + 2% — 25 =1,...,J, where J = |k/2| and |z] denotes the largest integer
not exceeding z. Clearly, we have ny > --- > ny . If n > nq, there does not exist any
design containing clear 2fi (see [12]). One needs only to examine values of n in the range of
M (k) < n < ny, where M (k) is the maximum value of n for a 2"~ ("~*) design to have resolution
at least V.

Suppose that n = n; for some j = 1,...,J. Let a1,...,ar be the k independent columns
and Hj, be the saturated design generated by a1, ...,ar. Define D; as

Dj=H; UH_j, (1)
where H;=Hj(a1,...,a;) is a subset of Hy, generated by a1, ...,a;, Hy—j=Hp_j(aj41,...,ax)
is the subset of Hy, generated by a;1,...,ax. Note that H; and Hj,_; contain 2/ —1 and 2~~7—1
columns, respectively. Then design D; contains n; = 2/ 4+ 2k=7 — 2 columns. For any a € H i
and b € Hy_j, ab is clear. In addition, there is no clear 2fi within H; or Hy_;. This implies
that the number of clear 2fi’s in D; is (27 — 1)(2F~7 — 1).

When n = n; + 1 for some j = 2,...,J, let D' = D; U{a1aj1+1}. Then D' hasn =n; + 1
columns. Note that any 2fi which is not clear in D; is still not clear in D’, we need only to
calculate the number [; of 2fi’s which are clear in D; but not in D’ any more and the number 5
of 2fi’s which are clear in D’ but not in D; originally. From the discussion in the last paragraph,
aiaji1 is clear in D; and there are (27 —1)(2877 — 1) clear 2fi’s in D;. Let d denote the column
araj1 in D'. For any p € H; and ¢ € Hy_;, if pg is not clear in D', then p = a1,¢ = aj41 or
there must exist ¢ € D; such that cpg = d. There are two cases:

(i) pe H\{a1},q=aj41,¢c=a1p € H; and cpq = d;
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(i) p=ai,q9€ Hy—;\{aj11},c=aj41q € Hy—; and cpg = d.

Then there are I; = (27 —2) + (2877 — 2) + 1 = 2/ 4 2¥7J — 3 2fi’s which are clear in D; but
not in D’. Note that dp is not clear in D’ for any p € D;, hence I, = 0. Therefore D’ has
(27 —1)(2F7 — 1) — Iy + Iy = 2F — 27+L — 2k=i+1 4 4 clear 2fi’s.

Now consider the case n; > n > nj;q1 + 1 for some j = 1,...,J, where nyy; is defined as
nyi1 = 2(27 —1) 4+ 1. When k is even, ny < nyi1, and the case ny > n > nyy + 1 in fact
does not exist and can be ignored. The case ny > n > ny41 + 1 is only non-trivial for odd k.
Let D = H; U H,’;_j, where Hj is the same as that in D; defined by (1) and H,’;_j is obtained
from Hj_; in D; by deleting any n; — n columns from Hj_;. Note that for any a € H; and
b e Hp ;.
number of clear 2fi’s in D is simply (27 — 1)(n — 27 + 1).

When k is odd and n =njyyq +1 =27F1 let

ab is clear in D. In addition, there is no clear 2fi within H; or H} _ e Hence the

D1 ={ai}UH UH_;_4, (2)
where H, = Hj(as,...,a541) and H|_; | = Hy_j_1(ajt2,...,a;) are subsets of Hj, gen-
erated by asg,...,ay11 and ajyo,...,ax, respectively. Since for any p € H',q € H;_; 4,

aip,a1q,pq are all clear in Dy, the number of clear 2fi’s in Dyyq is (27 — 1) 4+ (2F/~1 —

1)+ (27 —=1)(2F771 —=1) =22/ — 1. Let D, ; = Dyq1 U{araz}, then D’ | has n = 27!
columns. Note that for any p € H\{az}, a1p = (a1a2)(azp) and azp € D', |, so aip is not
clear in D’ ;. And for any ¢ € H;_;_,, (aiaz)q is clear in D’; ;. Since ajay is not clear in
D'y, there are 227 —1 — (27 — 1) + (2*7/71 — 1) =227 — 1 clear 2fi’s in D/, ;.

When k is odd and n < njy1, let D' = {a1 }UHSUH}_; |, where HY is a subset of H with
|n/2] columns and H};_;_, is a subset of H},_, , with n—|n/2|—1 columns, and H,, H _; ,
are the same as those in (2). Since for any p € H%,q € H}_;_,, a1p,a1q, pq are all clear in D’,
the total number of clear 2fi’s is at least [n/2| + (n — [n/2] — 1) + [n/2](n — [n/2| — 1) =
=1+ [n/2)(n - [n/2) - ).

When k£ is even and n < ny, let D = I;f] Uf[k,J, where fIJ and ffk,J are subsets of H; and
Hj,_ s defined by (1) for j = .J, respectively, and there are [n/2] columns in H; and n — |n/2]
columns in Hj_ ;. Since for any p € Hy,q € Hj_j, pq is clear in D, the number of clear 2fi’s
in D is at least [n/2](n — [n/2]).

We summarize the above results in the following
Theorem 1.  Suppose k > 5, then a lower bound ay(k,n) on the mazimum number of clear

2fi’s of a 2"~ "=K) design is given by

(27 —1)(n—27 +1), ifnyzn>ni+1, forj=1,...,J,
2k — il _ok—i+l L 4 ifn=mn;+1, forj=2,...,J,
a(k,n) = 227 1, ifn=nygp1+1, for odd k,

n—1+e(n—e —1), ifn<nyy, for odd k,

X
e1(n —eq), ifn<ny, for even k,

where J = |k/2], n; =29 +287 —2 for j=1,...,J, nj1 =227 = 1)+ 1, e; = |n/2].

The following remark is useful for constructing 4™2™ designs in the subsequent sections.
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Remark 1. When k > 5, we can always construct a 2"~ (%) design D for any M (k) <
n < ny such that there are six factors {ci1, ¢z, c3} and {c4, c5,¢6} in D satisfying {c1, ¢, c3} N
{ca,¢5,c6} = 0 and cicacy = cacscg = I. When ny > n > ny + 1, the columns {as, as, azas}
and {a4, as,asas} satisfy the condition from the construction of D; in (1) for j = 1. When
nj+1>n>mnj1+1,57=2,...,J, the columns {a1,as,a1a2} and {a;t1,aj42, 041042}
satisfy the condition from the construction of D; in (1). When n = n;411 + 1 and k is odd,
{as,a3,a2a3} and {aji2,as43,a542a743} satisfy the condition from the construction of D ;44
in (2). For n < ny41 and odd k, H7% and Hj_ ;_, can be selected such that there are a subset
{c1,c2,c3} of Hj satisfying cicacs = I and a subset {c4, c5, ¢} of Hj_ ;_, satisfying cscsc6 = 1.
When n =n;+1and k is even, {a1, a2, a1a2} and {aj11,a 42, a5+1054+2} satisfy the condition
from the construction of Dy in (1) for j = J. For n < ny and even k, Hj and Hy_; can
be selected such that there are a subset {ci,ca,c3} of I;f] satisfying cjcocs = I and a subset

{c4,¢5,c6} of Hj,_ ; satisfying cscscq = 1.

3 Bounds on the maximum number of clear 2fic’s for 412" designs

In this section, construction methods for 412" designs with resolutions III and IV are provided.
The results in Section 5 indicate that the construction method performs well for 412" designs
with resolution III, but this does not hold for 42" designs with resolution IV. Let £ > 5
and a(k,n, R) be the maximum number of clear 2fic’s in 412" designs with N = 2* runs and

resolution R.

3.1 Bounds on the maximum number of clear 2fic’s for 4'2" designs with
resolution IIT

This subsection is devoted to establishing upper and lower bounds on a(k, n, III). The fact that
the n+ 3 main-effect components and «(k, n, III) clear 2fic’s are not mutually aliased with each
other implies that n + 3 + a(k,n,III) < 28 — 1. Therefore a(k,n,I11) < 2¥ —n — 4, and an
upper bound on «(k, n,III) is thus established.

Theorem 2.  The mazimum number a(k,n, R) of clear 2fic’s in a 412" design with R = 111

is bounded above by o, (k,n,I11) = 2% —n — 4.

We now describe the method for constructing resolution III 4'2™ designs with clear 2fic’s.
Let nj = 2/ + 27 — 545 =1,...,J, where J = |k/2]. Clearly, we have ny > --- > n;. If
n > ny, there does not exist any 412" design containing clear 2fic’s (see [17]). We need only to
examine values of n in the range of M’ (k) < n < ny, where M'(k) denotes the maximum value
of n for a 412" design to have resolution at least V.

Note that a 42" design with 2¥ runs can be constructed from a 2(**3)=("+3-F) design. When
M'(k) < n < ny, we can construct a 2(7T3)=("+3=k) design such that there are three factors
{c1, ¢a,c3} satisfying cicacs = I as discussed in Remark 1. Then replacing {c1, ¢2,c3} with a
4-level factor, we obtain a 4'2" design with 2* runs, which has the same number of clear 2fic’s
as the 207+3)=("+3-k) degign has. And from Theorem 2, the number of clear 2fic’s attains the

upper bound when n = n;. The results are summarized in the following

Theorem 3. Suppose k > 5, then the design constructed above for n =n; with j =1,...,J

has the mazimum number of clear 2fic’s, and more generally, a lower bound cy(k,n,I11) on the
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mazimum number of clear 2fic’s of a 4'2" design is given by

(2j—1)(n—2j+4), ifnj=2n>nj1+1, forj=1,...,J,
ok — il _ok—i+tl L 4 ifn=mn;+1, forj=2,...,J,
ay(k,n, 1) = ¢ 227 — 1, ifn=nyy1+1, for odd k,

n+2+e(n+2—-e2), ifn<nyp, for odd k,

es(n+3—e2), ifn < ny, for even k,

where J = |k/2),n; =29 +287 —5 for j=1,...,J, nyp1 =227 —1) =2, e2 = | (n+3)/2].

3.2 Bounds on the maximum number of clear 2fic’s for 4'2" designs with
resolution IV

The upper and lower bounds on a(k,n,IV) are established in this subsection. To build the
upper bound, an approach similar to one used in [20] for obtaining an upper bound on the
maximum number of clear 2fi’s for blocked 2-level fractional factorial designs is utilized here.
First let us see some notations from [13, 24]. Let E be a 4™2" design determined by B =
{a11,a12, 013, ..., @1, Gm2, Am3, b1, ..., by}, where a;1a:0a;3 = 1,0 =1,...,m. And let m;(FE)
be the number of 2fic’s in the j-th alias set not containing main-effect components, where
j =1, fm, fm = 28 =1 —n —3m. Also let I(E) denote the number of 2fic’s of F, and
N; = #{1 < j < fm : m;(E) = i} for i > 0 be the number of alias sets that contain 4 2fic’s.
Let C(F) and U(FE) denote the numbers of clear 2fic’s and unclear 2fic’s of E, respectively.
Then C(E) = Ny, I(E) = (n+3m)(n +3m —1)/2 —3m and U(F) = I(E) — C(E) =
(n+3m)(n+3m—1)/2—3m — C(FE).

Note that any two 2fic’s in the same alias set do not share a common letter. Thus m;(E) < r
and N; = 0 for i > r, where r = [(n +3m)/2]. If N; > 0, there exists an alias set with ¢ 2fic’s.
These 2fic’s contain 2i letters, and any two of which form an unclear 2fic, thus U(E) > i(2i—1).
Note that there is at most one of a;1,a;2 and a;3 for any j = 1,...,m among these 2i letters,
8O0 Ny—m+1 = -+ = N, = 0. Then we have the following Lemma 1.

Lemma 1. If N; > 0 for some i, where 2 <1 <1 —m, then U(E) > i(2i — 1).
Lemma 2. (i) If N; =0 fori=j+1,...,r, where 2 < j <r, then C(E) < {(j — 1)fm +
N; = I(E)}/ (G —2).
(i) If Ny =0 fori=j,...,r, where 2 < j <r, then C(E) <{(j — 1)fm — I(E)}/(G — 2).
The proof of Lemma 2 is similar to that of Lemma 4.6 in [13], we omit it here.
For m = 1, it follows that NNV,, = 0, then from Lemma 2 (ii), we can obtain
Cio={(n+1)fi —=n?>-=>5n}/(n—1), ifn>1isodd,
oy < | Co= {05 Mn-1) "
Cie = {nfi —n?—5n}/(n—2), if n > 2 is even.
Next, let us consider the two cases (i) N =0, N,_1 > 0, and (ii) N,, =0, N,._1 = 0 for m = 1.
For Case (i), from Lemma 1, we have
Coo = 2n, if n is odd,
om <y (4)

Cye = 3n, if nis even.
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On the other hand for Case (ii), from Lemma 2 (ii), we have

O(E) < Cso ={(n—1)f1 —n® —5n}/(n—3), ifn>3isodd, 5
Cse ={(n—=2)f1 — n? — 5n}/(n—4), ifn >4iseven.
Then based on (3), (4) and (5), we obtain

Theorem 4. If n > 4, the mazimum number ok, n, R) of clear 2fic’s in a 412" design with
R =1V is bounded above by

min{ |C1, ], max{Cs,, |Cs,]}}, if n is odd,

oy (kyn, IV) =
min{|Cie |, max{Cae, [Csc|}}, if n is even.

A lower bound ay(k,n,IV) on a(k,n,IV) is derived through constructing 4'2" designs with
resolution IV. Theorem 5 summarizes the results and the detailed construction is given in
Appendix for simplicity.

Theorem 5. Suppose k > 5, then a lower bound «;(k,n,IV) on the maximum number of

clear 2fic’s of a 412" design is given by

2n, if ng = n > ng,
2k —3x2k7 —3x 2/ +10, ifn=nmnj, forj=3,...,J,
2k —3x2k7 —3x 29+ 11, ifn=mn;—1, forj=3,...,J,

ay(k,n,IV) = ¢ 2F -3 x 2k=7 —2i+1 4 5 ifn=mn; —2, forj=3,...,J,
(29 =3)(n—214+5)+n—1, ifn;—3>n>n1, forj=3,...,J,
227 _ 97+l _ 4, if n=mnyy1, for odd k,
es(n+2—e3)+n—1, ifn<njyi,

where J = |k/2|, n; =21 4287 —5 for j=2,...,J, ny1 =227 —2) =2, e3 = |(n+2)/2].

Remark 2. When k is even, nj11 + 1 = ny, and the case n = ny — 2 is included in both

items n =ny; —2 and n < njy4; in Theorem 5, thus we can select
ai(k,nyg—2,1IV) = max{?’C —3x 2k 9t 45 ¢y (ny—es)+ny— 3},

where es = |(n +2)/2].

4 Bounds on the maximum number of clear 2fic’s for 422™ designs

This section provides the construction methods for 422" designs with resolutions III and IV.
The results in Section 5 indicate that the construction methods perform well for both cases of
resolutions IIT and IV. Suppose k > 5 and let 8(k,n, R) denote the maximum number of clear

2fic’s in 422" designs with N = 2* runs and resolution R.

4.1 Bounds on the maximum number of clear 2fic’s for 422" designs with
resolution ITT
The upper and lower bounds on §(k,n,III) are established in this subsection. The fact that

the n + 6 main-effect components and B(k, n, III) clear 2fic’s are not mutually aliased with each
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other implies that n + 6 + B3(k,n,III) < 2* — 1. Therefore B(k,n,III) < 2¥ —n — 7. Thus an
upper bound on §(k,n,III) is established. This result is summarized in Theorem 6.

Theorem 6.  The mazimum number 3(k,n, R) of clear 2fic’s in a 422" design with R = 111
is bounded above by B, (k,n,III) = 2% —n — 7.

Let nj = 2/ + 2k —8,j =1,...,J, where J = |k/2]. Clearly, we have nq > --- > ny. If
n > ny, there does not exist any 422" design containing clear 2fic’s (see [17]). We need only
to examine values of n in the range of M" (k) < n < ny, where M" (k) denotes the maximum
value of n for a 422" design to have resolution at least V.

Note that a 422" design with 2¥ runs can be constructed from a 2(+6)—(+6=k) {egign.
Then similarly to the case of 4'2" design, when M"”(k) < n < nj, we can construct a
2(n+6)=(n+6-k) design such that there are six columns {ci,co,c3} and {c4,cs,c6} satisfying
{c1,¢a,c3t N{cq,c5,c6F = 0 and cjeaes = cqcseg = I as discussed in Remark 1. Then replacing
{c1,¢2,c3} and {ey, c5, ¢} with two 4-level columns, respectively, we obtain a 422" design with
2% runs, which has the same number of clear 2fic’s as the 2("t6)~("+6-F) degign has. And from
Theorem 6, the number of clear 2fic’s attains the upper bound when n = n;. The results are

summarized in the following

Theorem 7.  Suppose k > 5, the design constructed above for n = n; with j = 1,...,J
has the maximum number of clear 2fic’s, and more generally, a lower bound (;(k,n,I1I) on the

mazimum number of clear 2fic’s of a 422" design is given by

(27 —1)(n—27 +7), ifng=2n>nj+1, forj=1,...,J,
ok —2iFl _ok=tl 4 4 ifn=mn;+1, forj=2,...,J,
Bi(k,n,II) =< 227 —1, ifn=mnyy1+1, for odd k,

n+5+es(n+5—eq), ifn<nyyr, for oddk,

~
es(n+6—ey), ifn<mny, for evenk,

where J = |k/2|,n; =21 4287 -8 for j=1,...,J, nys1 =227 —1) =5, es = [(n+6)/2].

4.2 Bounds on the maximum number of clear 2fic’s for 422™ designs with
resolution IV
In this subsection, the upper and lower bounds on «(k,n,IV) are established.

For m = 2, it follows from the discussions in Subsection 3.2 that N,._; = N, = 0, then from

Lemma 2 (ii), we can obtain

Clo={n+1)fa—(n+2)(n+9)}/(n—1), ifn>1isodd,

C(E) <
Clo={(n+2)fo—(n+2)(n+9)}/n, if n is even.

(6)

Next, let us consider the two cases (i) N,—1 = N, = 0, N,_o > 0, and (ii) N,_1 = N, = 0,

N,_5 =0 for m = 2. For Case (i), from Lemma 1, we have

Cl, =bn+9, ifnisodd,
C(B)<{ (7)

Ch, =4n+8, if nis even.
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On the other hand for Case (ii), from Lemma 2 (ii), we have

o(E) < Chy={(n—1)f2—(n+2)(n+9)}/(n—3), ifn>3isodd, @)
Cie = {nfa—(n+2)(n+9)}/(n-2), if n > 2 is even.
Then based on (6), (7) and (8), the following theorem can be obtained.

Theorem 8. Ifn > 3, the mazimum number B(k,n, R) of clear 2fic’s in a 422" design with
R =1V is bounded above by

min{|C},], max{C%,, |C4,1}}, if n is odd,

Bu(k,n,IV) =
min{|C}.], max{Cs,, [C.|}}, if n is even.

Remark 3. When k=5, m=2,n=2or 3, r =4, N3 = Ny = 0, clearly we have Ny > 0,
hence ,(5,2,IV) = min{|C4.|,C5.} = 16 and 3,(5,3,IV) = min{|C},], C%,} = 14.

By constructing 422" designs with resolution IV, a lower bound 3;(k,n,IV) on B(k,n,IV) is
obtained, which is shown in Theorem 9. For simplicity, the detailed construction is given in
Appendix.

Theorem 9. Suppose k > 5, then a lower bound [i(k,n,IV) on the mazimum number of

clear 2fic’s of a 422" design is given by

4(ng — n) + 6, if no = n > ngs,

2k — (27 = 8)(nj —n) —4n; — 13, ifn; >

Bi(k,n,IV) = e5(n —e5 — 4)

es(n —es +4) + 243 —6n —33, if27 —4<n<nyjy1, for even k,
)

es(n+4—es)+2n+ 3, ifn <27 —4,

n>njpr, forj=3,...,J,

+27t2 41 on 4+ 1, if 2/ —4 <n<nyp, for odd k,
+

where J = |k/2|, n; =21 + 287 -8 for j=2,...,J, nys1 =227 —2) =5, e5 = [(n+4)/2].

5 Performance of the construction methods

This section examines the performance of the lower and upper bounds on the maximum number
of clear 2fic’s obtained in Sections 3 and 4 for k = 5. All the MaxC2cR 42" designs with 2"

dm+4n)=(3m+n—k) designs which are obtained

runs in the following tables are constructed from 2
through computer searches. Here the details are omitted for simplicity.

For k = 5, let aj,as,as,as and a; denote the five independent columns (10000)’, (01000)’,
(00100)’, (00010)" and (00001)’, respectively. Then any product of a1, as,as, as and as also
corresponds to a binary sequence, for example ajasas corresponds to (10101)’. After converting
these binary sequences into base-ten system in Table 1, a 27~ (m~%) design D’ can be obtained
by selecting a subset of m columns of C' = {1,..., 31}, consisting of k independent columns
and m — k additional columns. Then we can get a 412" design D by replacing three columns,
say {b1,ba,b3} of D' satisfying bibebs = I, with a 4-level column. 422" designs can also be
obtained similarly.

For simplicity, we omit the independent columns in the following tables. The 4-level column
of each design in Table 2 is obtained from {1,2,3} in Table 1. And the two 4-level columns of
each design in Table 3 are obtained from {1,2,3} and {8, 16,24} in Table 1, respectively.
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Table 1 Design matrices for 16- and 32-run designs

123456789 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
101010101 01 01 01 01 010101 01 01 01 01
011001100 11 001 1 00110011 00 1 1 1 1
oo601111r00 0 0 1111 0OOWOI1T 111 0 O0O0O0T1 1 1 1
oooo000011 1 11111 0OOUOOOOSTOTILT11 1 1 1 11
oooo0o00000 0 0O0OO0O0O0OO11 1111111 1 1 1 1 1 1 1 11
Table 2 MaxC2cR 412" designs with 32 runs

R n Additional columns a;(5,n,R)  «a(5,n,R)  au(5,n,R)

5 6 29 15 18 23

6 5 6 31 18 21 22

7 12 20 24 28 21 21 21

8 10 12 22 24 30 12 12 20

6 12 20 24 30 12 12 20

6 12 20 24 28 12 12 20

IIT 9 9 10 17 18 24 26 11 11 19

9 10 11 18 24 26 11 11 19

9 10 18 19 24 25 11 11 19

10 9 10 18 19 24 25 27 12 12 18

9 10 17 18 24 25 26 12 12 18

11 9 10 11 17 18 24 25 26 13 13 17

12 9 10 11 17 18 19 24 25 26 14 14 16

13 9 10 11 17 18 19 24 25 26 27 15 15 15

5 13 26 5 13 21

vV 6 14 26 28 7 12 16

14 22 26 28 6 14 14

We can easily get that M'(5) = 4. When n < 13 there exist 4'2" designs containing clear
2fic’s, and when 4 < n < 7 there exist 4'2" designs with resolution IV containing clear 2fic’s
(see [17]). Table 2 tabulates MaxC2cR 4!2" designs with resolutions III and IV and gives
the values of a(k,n, R) along with a;(k,n, R) and a,(k,n,R) for k = 5, where a(k,n, R) is
defined in Section 3, ay(k,n, R) and ay,(k,n, R) are the lower and upper bounds on «(k,n, R),
respectively. From Table 2, we can find that the lower bound «;(k, n,IIT) behaves better than
the upper bound «,(k,n,III). The lower bound «y(k,n,III) equals a(k,n,III) in many cases
but the upper bound a,,(k,n,III) equals a(k,n,III) only in a few cases. Table 2 also shows
that the lower bound «;(k,n,IV) and the upper bound «,(k,n,IV) behave well only in a few
cases.

Also, we can get M”(5) = 1. When n < 10 there exist 422" designs containing clear 2fic’s
and when 1 < n < 4 there exist 422" designs with resolution IV containing clear 2fic’s (see [17]).
Table 3 tabulates the MaxC2cR 422" designs with resolutions III and IV and gives the values
of B(k,n, R) along with §;(k,n, R) and §,(k,n, R) for k = 5, where 8(k,n, R) is defined in Sec-
tion 4, Bi(k,n, R) and B,(k,n, R) are the lower and upper bounds on S(k, n, R), respectively.
From Table 3 we can find that the lower bound §;(k, n, III) equals 5(k, n, IIT) for all the cases but



Some results on 4™2" designs with clear two-factor interaction components 1307

Table 3 MaxC2cR 422" designs with 32 runs

R n Additional columns 6i(5,n,R)  B(B,n,R)  Pu(5,n,R)
2 12 15 15 23
3 12 20 18 18 22
4 12 20 28 21 21 21
5 10 12 22 30 12 12 20
6 12 20 30 12 12 20
6 12 20 28 12 12 20
6 9 10 17 18 26 11 11 19
IIT 9 10 11 18 26 11 11 19
9 10 18 19 25 11 11 19
7 9 10 18 19 25 27 12 12 18
9 10 17 18 25 26 12 12 18
8 9 10 11 17 18 25 26 13 13 17
9 9 10 11 17 18 19 25 26 14 14 16
10 9 10 11 17 18 19 25 26 27 15 15 15
2 14 14 16 16
v 3 14 21 10 12 14
4 14 21 31 6 6 12

the upper bound g, (k,n,III) does not do so. Table 3 also shows that both the lower bound
Bi(k,n,IV) and the upper bound 3, (k,n,IV) behave well.

Those comparisons reveal that our construction methods are satisfactory for constructing
4™2" designs with resolution III, and are okey for constructing 42" designs with resolution

IV under the consideration of maximizing the number of clear 2fic’s in the designs.

6 Summary and concluding remarks

In this paper, we first sketch out a construction method for 27~ ("~%) designs containing as many
clear 2fi’s as possible, and then derive the upper and lower bounds on the maximum number
of clear 2fic’s in 4™2™ designs with resolutions III and IV. The lower bounds are achieved by
constructing 4™2" designs with 2¥ runs for given k. Finally, we examine the performance of
the bounds obtained above for k = 5. The construction methods are satisfactory when they are
used to construct 42" designs with resolution ITI. The number of clear 2fic’s in the constructed
design attains the maximum number in many cases. And such designs can be easily obtained
following the construction methods.

The maximum estimation capacity (see [24, 25]) is another optimality criterion for evaluating
factorial designs. It aims at selecting a design that retains full information on the main effects
and as much information as possible on the 2fi’s in the sense of entertaining the maximum
possible model diversity, under the assumption of absence of interactions involving three or
more factors. The aim of clear effects criterion is to find a design containing as many clear
main effects and 2fi’s as possible that can be estimated without being aliased in a single model.
For the former, the estimability of effects requires all the 2fi’s not in the model to be absent,
while for the latter, the estimability of effects does not require this. This is also the advantage

of the clear effects criterion over the others. These two criteria can behave quite differently
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because of this major difference.

Although the clear effects criterion has the advantage above, there are situations under which
no design containing any clear 2fi exists. For example, a 2"~ (") design has no clear 2fi when
n > 281 (see [12]). The clear effects criterion does not apply to these situations. It can be
considered as a disadvantage of the clear effects criterion.

When there exists a design with clear 2fic’s and the experimenter hopes to estimate the
2fic’s of some factors, he or she can arrange the important factors on those main effect columns
corresponding to the clear 2fic’s. Thus he or she can estimate the clear 2fic’s without assuming
the absence of the other 2fic’s not in the model in doing the data analysis.

As explained in [6], different types of 2fic’s have not the same importance, so they should be
treated differently. Obtaining the related bounds for different types of 2fic’s will be welcome.
And the results here can be further extended to the case of general (s)™s™ designs, where s is
a prime or prime power. But how to obtain the bounds and how to extend the results are the

open problems and need to be further investigated.

Acknowledgements The authors thank the referees for their valuable comments which lead

to an improvement of this paper.
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Appendix. Proofs of two theorems

A general construction method used in the proof of Theorem 5 is introduced firstly. First,
we construct a 2("1t2)=(+2=k) degion D’ of resolution IV with as many clear 2fi’s as possible.
Then by choosing a suitable two-factor interaction column, say d; which is clear in D’ and
adding it into D', a 2("*+3)=(n+3-k) design D" of resolution IIT with only one length three word
is obtained. Thus a 4'2" design D of resolution IV can be obtained by replacing the three
columns which form one length three word with a 4-level factor. Note that the number of clear
2fic’s in D equals the number of clear 2fi’s in D”, we need only to calculate the number of clear
2fi’s in D”. Clearly, the number of clear 2fi’s in D" is zg — 21 + 22, where zg is the number of
clear 2fi’s in D', z; is the number of 2fi’s which are clear in D’ but not in D" anymore, and 29
is the number of 2fi’s which are clear in D” but not in D’ originally. Note that a 2fi which is

clear in D” but not in D’ originally must contain d; which is added into D’.

Proof of Theorem 5.  Suppose that n = 2¥=2 — 1. Let a1, ag, b1, ..., br_2 be the k independent

columns. Let
Op = {bs, -~ - b;,| where p > 11is odd and 1 < iy < --- <ip < k — 2}, 9)

Ey = {bi, -~ b;,| where p>2iseven and 1 <i; <--- <ip, <k —2}. (10)

It is obvious that |Op| = 2¥=2 and |Ey| = 2¢=3 — 1, where for example |Op| denotes the number
of elements in Oy. Let
arasEy = {ajasc|c € Ep}. (11)

Obviously, we have |ajas Ey| = 2873 — 1. Consider the following design:
Dy = SuUC, where S = {aj,az} and C = O, U (aja2Ep). (12)

From the discussion of [11], ajas is clear in D}, and D} is of resolution IV with |Dj| = 2¥=2 41
columns, and for any a € S and ¢ € C, ac is clear in Dj. Let d15 denote the interaction column
ajas. Now we can obtain a design D} by adding the column dj2 to D). Since ajas is clear in

design Dj, the new design DY is a design with only one word ajasdis2 of length three. Let

Dy = {Al}UC, (13)
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where A; is a 4-level factor obtained from {a1,az,di2}. Then Dy has one 4-level factor and
n = 2F=2 — 1 2-level factors. Clearly, for any ¢ € C, a;c and agc are clear and cd;o is not clear
in Dy. And for any c¢1,co € C, c1co is not clear in D5, too. Therefore, the number of clear 2fic’s
in design D5 is (1;(k,n) = 2n.

Now suppose that n = 27 4+ 28=J — 5 where 3 < j < |k/2]. Let ai,...,a;, bi,...,bx—;
be k independent columns. Define O,, E,, Oy, By, a1a2Ey and bibo E, the same way as in (9),
(10) and (11). For example, O, = {a;, ---a;,| where p > 11is odd and 1 <y < --- <ip < j}.
Consider design Dj given by

D; =PU Q, where P = Oa U (blnga\{alagble}) and Q = Ob U (alagEb). (14)

Clearly, |P| = 2/ — 2,|Q| = 2%~7 — 1. Following the discussion of [11], we have |D}| = (27 —
2)+(2F 7 1) =n+2, D, has resolution 1V, pq is clear for any p € P and q € Q\{a1a2b1b2},
and D’ have (27 — 2)(2F77 — 2) clear 2fi’s. By adding a;b; to D%, we can obtain a design
D;’ = D; U {a1b1} with resolution III. Let d; denote the column @by in this and the following
paragraphs. Since a1b; is clear in D;, a1bydy is the only word of length three in D;-’. Now
we need only to calculate the number of 2fi’s which are clear in D} but not in D;’ anymore
and the number of 2fi’s which are clear in D} but not in Dj originally. For any p € P and
q € Q\{a1azb1b2}, pq is clear in D', if pq is not clear in D7, then p = a1, q = by or there exists
a factor ¢ € P U (@ such that ¢pq = d;. There are two cases:

(i) p € P\{a1},q = b2, ¢ = a1b1bap and cpq = dy;

(ii) p = a2,q € Q\{b1,a1a2b1b2}, c = a1azbiq and cpg = d;.
Note that p = ag,q = ba,¢ = ajasbiby are included in both cases (i) and (ii), and a;b; is
not clear in DY, thus the number of 2fi’s which are clear in D’ but not in D anymore is
(27 —3)+ (289 —3) =1+ 1 = 2/ + 2k — 6. Note that dip is not clear in DY for any
p € PUQ, the number of 2fi’s which are clear in D} is (2/ — 2)(2F7 —2) — (27 42k —6) =
2k — 3 x2F77 —3 x 27 +10. Let

Dj = {A;} UD}\{a1,b:}, (15)

where {41} is the 4-level factor obtained from {ay,b1,d;}. The resulting 42" design D; has
resolution TV and 2% — 3 x 2577 — 3 x 27 4+ 10 clear 2fic’s.

Let n; =2/ 42 —5for j = 2,...,.J, where J = |k/2]. Forna >n > ng, let D = {A;}UC*,
where C* is a subset of C' obtained by deleting any no —n elements from C given in (13). For any
c € C*, aic and aqc are still clear in D, hence D has at least 2n clear 2fic’s. For n = n; —1 with
j=3,...,J, the design D is constructed by deleting the column a;asb1bs in D; given in (15).
Then p # ay in case (i) and g # by in case (ii) above. Note that p = as in case (i) and ¢ = by in
case (ii) are the same in fact, there are 28 — 3 x 2877 — 3 x 27 + 11 clear 2fic’s in the resulting
design. For n = n; — 2 with j = 3,...,J, the design D is constructed by deleting the columns
aj1azb1bs and by in Dj given in (15). Then case (i) cannot occur anymore and g # by in case
(ii). Note that a1b; is not clear in the design D and the 2fic d;p is clear for any p € P\{a1,a2}.
There are (27 —2)(2F79 —3) — (2F79 —4) =14 (27 —4) = 2% —3 x 2F=7 —2/+1 1 5 clear 2fic’s in the
resulting design. For njy1 < n < n;j—3with j =3,...,.J, where n41 = 2(2/—2)—2, the design
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D is constructed by deleting the column ajasb1b2, az, by and any additional n; —n — 3 columns
from Q\{b1}. Then both the cases (i) and (ii) cannot occur anymore. The 2fic d;p is clear for
any p € (PUQ)\{a1,b1}. There are (29 —3)(n+2—-27+3)—1+n= (2 —3)(n—2/+5)+n—1
clear 2fic’s in the resulting design.

Note that the case ny — 3 > n > nyy1 is non-trivial only for odd k. When k is odd
and n = njyy1, let D, = P*UQ*, where P* = P\{a2}, Q" C Q\{b2,a1a2b1b2} such that
by € Q*,|Q*| =27 — 1, and P, Q are the same as those given in (14) for j = J. Note that pq
is clear in D/, for any p € P* and ¢ € Q*, there are (27 — 3)(27 — 1) clear 2fi’s in D/, ,.
By adding a1b; to D, ; we can get a design D7, with n + 3 columns. For any p € P* and
q € Q" if pq is not clear in D7, |, then p = a1, q = by. Note that dyp is clear in D7, for any
p € (P*UQ*)\{a1,b1}, there are (27 —3)(27 — 1) — 1 + (2/+! —6) = 22/ — 2/+1 — 4 clear
2fi’s in Df}H. Replacing {a1, b1, d;} with a 4-level factor we get a 4'2™ design D. And D has
227 _ 2741 _ 4 clear 2fic’s.

When n < njt1, let D' = P* U Q*, where P* is a subset of P\{az} with [(n + 2)/2]
columns and Q* is a subset of Q\{bz, ajazb1b2} with (n + 2) — [(n + 2)/2] columns such that
ay € P*, by € Q*, and P, @ are given in (14) for j = J. Note that for any p € P*,q € Q*, pq is
clear in D’. Then by adding a1b; to D’ and replacing {a1,b1,d;} with a 4-level factor we get
a 4'2" design D. For any p € P*,q € Q*, pq,dip,d1q are all clear in D except for p = a; and
g =b1. Thus D is a design with at least |(n+2)/2]((n+2) — [(n+2)/2]) — 1 + n clear 2fic’s.

A construction method which is similar to that described in the proof of Theorem 5 is
used in Theorem 9. First, a 2(T4)=(1+4=k) degign E’ of resolution IV is constructed. Then
by choosing two suitable two-factor interaction columns, say di,ds which are clear in E' and
adding them into E’, a 26 =(n+6-k) degion E” of resolution III with only two length three
words is obtained. Thus a 422" design F of resolution IV can be obtained by replacing the six
columns which form the two length three words with two 4-level factors. Then the number of
clear 2fic’s in F equals the number of clear 2fi’s in E”. And the number of clear 2fi’s in E” is
calculated just like that in D” in Theorem 5.

Proof of Theorem 9.  Suppose that n = 22 — 4. Let
Eé = D/Q\{alagblbg}, Eé’ = Eé U {albl} U {agbg},

where D) = SUC, S = {a1,a2} and C = Oy U (a1a2E}p) are given in (12), and |0y =
2F=3 lajaz Ep| = 2873 — 1. Then EY has n + 6 columns. For any p € S and ¢ € C\{ajazb1b2},
pq is clear in EY. Note that ajas is clear in EY, E} has 2(2¥72—2) +1 clear 2fi’s. Let d; and d
denote a1b; and asbs in this and the following paragraphs, respectively. Since a1b; and asbs are
clear in design EY, EY is a design with only two words a1b1dy and asbads of length three. Clearly,
for any p € C\{b1, b2, a1azb1ba}, there exists ¢ = ayasbap € C\{aiazb1b2} such that aijcp = ds.
A similar argument is valid for ay and dy. Therefore, for any p € C\{b1, b2, ajazbi1bs} the 2fi’s
a;p,d;p are not clear in EY for i = 1,2. Note that a1by, asbe, aidy, arda, asdy, asds, bidy, bads
are not clear and dyds, byds, bady are clear in EY, the design EY has 2(2F72 —2) +1 —2(2F2 —
4) — 2+ 3 = 6 clear 2fi’'s. Thus we can obtain a 422" design E by replacing {ay,b1,d;} and
{ag, ba, da } with two 4-level factors in F4. And the number of clear 2fic’s of F5 is 6.
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Now suppose that n = 27 + 2¥=J — 8 for some j = 3,...,J, where J = |k/2]. Let the k

independent columns be ai,...,a;,b1,...,bx—;. And let
E; = D;\{alagblbg}, E;,/ = E; U {albl} U {agbg},

where D) = PUQ is given in (14) and |P| = 27 —2,|Q| = 2¥77 — 1. Thus E/ has n+6 columns.
For any p € P and ¢ € Q\{a1a2b1b2}, pq is clear in E}, hence Ej has (27 — 2)(2F=7 — 2) clear
2fi’s. Since a1b; and asbs are clear in E;», E;/ is a design with only two words a1b1dy and asbads
of length three. Now we need to find out the number of 2fi’s which are clear in £} but not in £
anymore and the number of 2fi’s which are clear in E;’ but not in E; originally. For any p € P
and g € Q\{a1az2b1bz}, if pq is clear in E but not in EY, then p = a1,q = b1 or p = as,q = bz,
or there exists a factor ¢ € E; such that e¢pg = d;,7 = 1 or 2. There are four cases:

(i) pe€ P\{a1,a2},q="Db1,c= azbibap € P and cpq = da;

(i) pe P\{a1,a2},q=bz,c=aibibop € P and cpq = dy;

(ill) p=a1,q € Q\{b1,ba,a1a2b1b2},c = arasb2q € Q\{a1a2b1b2} and cpg = ds;

(iv) p=az,q€ Q\{b1,b2,a1a2b1b2},c = ajazbi1q € Q\{a1a2b1b2} and cpq = d.
From cases (i) and (ii) we can find that for any p € P\{a1, a2}, b;p and d;p are not clear in E? for
i =1,2. And cases (iii) and (iv) show that for any ¢ € Q\{b1, b2, a1a2b1b2}, a;q and d;q are not
clear in E;.’ for i = 1,2. Note that a;,d;, and b;, d;, are not clear in E}’ for I1,lo = 1,2, and did»
is clear, thus the number of clear 2fi’s in EY is (27 —2)(2F7 —2) —2(2/ 442"/ —4)-24+1 =
2k — 272 _ 2k=j+2 1 19 We can obtain a 422" design E; with resolution IV by replacing
{a1,b1,d1} and {az,bs,d2} in E}' with two 4-level factors and E; has ok — 97+2 _ 9k=j+2 4 19
clear 2fic’s.

Let nj =29 + 29 -8 j=2,...,J. For na >n > ns, let

E' =SuU Op U (alagE;)7 E’'=FE'U {albl} @] {agbg},

where ajasE; denotes a subset of ajasEp\{ai1a2b1b2} obtained by deleting ny — n columns
from it, S = {a1,a2} and Oy, a1a2F) are the same as those given in (9) and (11), |ara2E}| =
2k=3 —2—(ny—n) and E" has n+6 columns. For any p € S,q € O,U(aja2E}), pq is clear in E'.
Note that ajas is also clear in E’, the design £’ has 2(28=2 —2 —ny +n) +1 clear 2fi’s. Clearly,
for any p € ajaz L), there exists ¢ = aya2b2p € Oy such that a1pg = dz. Thus a1p, a1q, ai1dz, dap
and d2g are not clear in E”. Note that for any ¢ € Op\{b2} satisfying ajasbaq ¢ a1a2E;}, daq is
clear in E”. A similar argument is valid for as and d;. Note that a1b1, asbs are not clear and dyds
is clear in E”, design E” has 2(28"2—2—ng+n)+1-2-4(2¥3-2—ny+n)+2(na—n+1)+1 =
4(ny —n) + 6 clear 2fi’s. Thus we can obtain a 422" design E with resolution IV by replacing
{a1,b1,d1} and {as, ba, ds} in E” with two 4-level factors. And E has 4(nes —n) 4+ 6 clear 2fic’s.
When n; >n > njiq for some j = 3,...,J, where ny11 = 2(27 —2) — 5, let

E' :PUQ*, E" :EIU{albl}U{agbg},

where P = Oy U (b1baEy)\{a1a2b1b2},Q* = Op U (a1a2Ef), arazE} denotes a subset of
arazEy\{a1a2b1b2} obtained by deleting n; — n columns from it, and Og, Oy, b1b2E,, aiazEy
are the same as those in (14). Clearly, |O,] = 2771, |Oy] = Qk—i—1, |b1boE,| = 2771 — 1,
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larasEf| = 28791 — 2 — (n; —n) and E” has n + 6 columns. For any p € P and ¢ € Q*, pq is
clear in E’'. Thus E’ has (29 —2)(2¥77 —2 —n; +n) clear 2fi’s. Since a1b; and asby are clear in
E’', E" is a design with only two words a1bid; and asbads of length three. For any p € P and
q € Q*, if pq is not clear in E”, then p = a1,q = by or p = as,q = ba, or there exists a factor
c € E' such that cpg = d;,7 = 1 or 2. There are four cases:

(i) pe€ P\{a1,a2},q = b1,c = azbibap € P and cpq = da;

(i) pe P\{a1,a2},q=bz,c=aibibop € P and cpq = dy;

(i) p=a1,q€ Q*\{b1,b2},c = arazbaq € Q*\{b1,b2} and cpq = dy;

(iv) p=az,q€ Q\{b1,b2},c = arazbiq € Q*\{b1,b2} and cpq = d;.

Case (i) shows that for any p € P\{a1, a2}, bip and dap are not clear in E”. And case (iii)
shows that for any ¢ € ajaE} and ¢ = aiazbaq € Oy, a1q,a1¢,d2q and cdy are not clear in E".
For any ¢ € Oy\{b1, b2} satisfying aiasbac ¢ arasE], cds is clear in E”. A similar argument
is valid for cases (ii) and (iv). Note that a;,d;,, and b;,d;, are not clear for l1,lo = 1,2 and
dids is clear in E”, the number of clear 2fi’s in E” is (27 —2)(28 7 —2 —n; +n) — 2(27 —4) —
4(2F 971 —2—mi4+n) —24+2(n; —n)+1 =2 — (27 —8)(n; —n) — 2972 — 2k=3+2 1 19, Thus
we can obtain a 422" design E of resolution IV by replacing {a1,b1,d1} and {az,b2,d2} in E”
with two 4-level factors and E has 2% — (27 — 8)(nj — n) — 2742 — 2k=3%2 4 19 clear 2fic’s.

For 2/ —4 < n < ny41 and odd k, let e5 = |(n +4)/2] and B/ = P* U O;, where P* =
O U (b1b2E}), bibo B is a subset of b1ba B, \{a1azbi1ba} with e — 27! elements, Oy is a subset
of Oy with (n 4 4) — e5 elements such that bi,bs € Of, Oq, Oy, b1b2E, are defined in (14) for
j = J. Adding a1b; and asbs to E’, we get a 2(nt0)—(n+6=k) desion E”. Since aib; and asbs
are clear in E’, E” has only two words a1b1d; and asbads of length three. For any p € P* and
q € Of, pq is clear in E’. Hence E’ has e5((n+4) — e5) clear 2fi’s. For any p € P* and ¢ € Oy,
if pg is not clear in E”, then p = a1,q = by or p = as,q = bs, or there exists a factor ¢ € E’
such that c¢pg = d;, 7 = 1 or 2. There are two cases:

(i) pe P*\{a1,a2},q="0by,c=axbibep € P*\{a1,a2} and cpq = da;

(i) p e P*\{a1,a2},q = ba,c = arbibap € P*\{a1, a2} and cpq = d.

Let us consider case (i) firstly. For any p € biboEY and ¢ = agbibap € Og,bip, bic, dap and
cdy are not clear in E”. And for any g € O,\{ax} satisfying asb1baq ¢ biboE, daq is clear
in E”. A similar argument is valid for by and d; in case (ii). For any p € O;\{b1,b2}, dip
is clear in E” for 7+ = 1,2. Since didy is clear in E”, the number of clear 2fi’s in E” is
es((n+4)—es)—4(e5—2771)—24+2(27 —1—e5)+2(n+2—e5)+1 = es(n—e5)+27 T2 —des+2n+1.
Then we can obtain a 422" design E of resolution IV by replacing {a1,b1,d;} and {az, ba, da}
with two 4-level factors in E” and E has e5(n — e5) + 2712 — 4e5 4 2n + 1 clear 2fic’s.

For 27 —4 < n < nji1(= ny—1) and even k, let B/ = P* U Q*, where P* = O, U
(b162E2), Q* = Op U (aja2E}), biboEX is a subset of bibaFE,\{aiasbibs} with e5 — 2771 el-
ements, ajasE; is a subset of ajasEp\{aiazbiba} with (n 4+ 4) — e5 — 27=1 columns, and
Oq,Op,b1b2E,, ar1a2Ep are defined in (14) for j = J. Adding a1b; and asby to E', we get
a 26— (n+6-k) design E”. Since ai1b, and agbs are clear in E/, E” has only two words a1bydy
and agbads of length three. For any p € O, U (b1b2E}) and g € Oy U (a1a2Ey), pq is clear in E'.
Hence E’ has e5((n +4) — es5) clear 2fi’s. For any p € O, U (b1b2E}) and ¢ € Oy U (a1a2Ey), if
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pq is not clear in E”, then p = a1,q = by or p = az,q = by, or there exists a factor ¢ € E’ such
that ¢pqg = d;,i = 1 or 2. There are four cases:

(i) pe P*\{a1,a2},q="0b1,c=axbibap € P*\{a1,a2} and cpq = da;

(i) p e P*\{a1,a2},q=ba,c = aibibap € P*\{a1, a2} and cpq = dy;

(i) p=a1,q€ Q*\{b1,b2},c = arazbaq € Q*\{b1,b2} and cpq = dy;

(iv) p=az,q€ Q" \{b1,b2},c = arazbiq € Q*\{b1,b2} and cpq = d;.

Consider case (i) firstly. For any p € b1baEY, ¢ = asbibap € Oy, bic, bip, cdy and dop are not
clear in E”. For any q € O,\{a1, a2} satisfying asbi1bag ¢ b1baEZ, qds is clear in E”. A similar
argument is valid for the pairs (ba, d1), (a1,d2) and (az,d;) in the other three cases. Since dids
is clear in E”, the number of clear 2fi’s in E” is e5((n+4) —e5) —4(e5s — 271+ (n+4) —e5 —
2771 24227 —2—e5)+2(27 +e5—n—6)+1=e5(n—e5) +4es + 2773 —6n—33. We can
thus obtain a 422" design E with resolution IV by replacing {a1,b1,d1} and {ag, b2, d2} with
two 4-level factors in E” and E has es(n — e5) + 4es + 272 — 6n — 33 clear 2fic’s.

For n < 27 — 4, let E' = O} UO;, where O is a subset of O, with e5 elements and O; is a
subset of Op with (n 4+ 4) — e5 elements such that a1, as € O}, b1,bs € Of. For any p € O} and
q € O;, pq is clear in E'. Hence E’ has e5((n +4) — e5) clear 2fi’'s. Adding a1b1 and azbs to
E', we get a 2(nt0)=(n+6-F) design E”. Since a1b; and agby are clear in E’, the design E” has
only two words a1b1d; and asbads of length three. For any p € E'\{ay,b1},d1p is clear in E”.
A similar argument is valid for ds. Since a1b; and asbs are not clear and dyds is clear in E”,
the number of clear 2fi’s in E” is es((n+4) —e5) —24+2(n+2)+1=e5(n+4—e5) +2n+3.
We can thus obtain a 422" design F with resolution IV by replacing {a1, b1, d;} and {az, ba, do}
with two 4-level factors in E” and E has e5(n + 4 — e5) + 2n + 3 clear 2fic’s.
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