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Abstract—Online learning on a graph is appealing due to
its efficiency. However, existing online learning algorithms
on a graph are limited to binary classification. Moreover,
they require accessing the full label information, where the
label oracle needs to return the true class label after the
learner makes classification of each node. In many application
scenarios, we only have access to partial label information,
where the label oracle will return a single bit indicating whether
the prediction is correct or not, instead of the true class label.
This is also known as bandit feedback. In this paper, to overcome
the above limitations of existing online learning algorithms on
a graph, we study online learning on a graph for multi-class
node classification, in both the full information setting and the
partial information setting. First, we present an online multi-
class classification algorithm in the full information setting. It
is based on function learning on a graph using the spectral
information of the graph Laplacian. We show that it attains
O(cd log T ) regret bound, where T is the number of rounds
in online learning, c is the number of classes, and d is
the number of eigenvectors of the graph Laplacian used for
learning. Second, we present an online multi-class classification
algorithm with bandit feedback. We use upper-confidence
bound technique to trade off the exploration and exploitation
of label information. We show that it attains O(cd

√
T log T )

regret bound, which is only a
√
T factor worse than the

proposed algorithm in the full information setting. Experiments
on several benchmark graph datasets show that the proposed
online multi-class classification algorithm beats the state-of-art
baseline, and the proposed bandit algorithm is also much better
than the bandit version of the baseline.
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I. INTRODUCTION

Existing online node classification algorithms on a
graph [12] [11] [10] [9] [8] are limited to binary classifi-
cation1 and require the access of the full label information.
In other words, in each round of online learning, after predic-
tion the class label of a node, the learner is provided with the
true label of that node. This is called full information setting.

This work was done when the first author worked at UIUC.
1Although many of them used multi-class datasets for experimental

study, they simply applied their algorithms to a set of binary classification
datasets that are generated from those multi-class datasets, and used the
average results for evaluation. In other words, they did not study multi-
class classification.

However, similar to standard (semi-)supervised learning for
vector data [20] [19], labels are often expensive and time
consuming to obtain in graph classification. Therefore, it is
desirable to access a small amount of labels, or partial label
information. In this study, we are particularly interested in
online multi-class classification with bandit feedback [15]
[18] [7]: in each round, the learner receives a node and
predicts its class label. Then the learner receives a single bit
of feedback of whether the predicted label is correct or not.
The advantage of bandit feedback is two fold: (i) it is able
to reduce the labeling cost; and (ii) the single bit feedback
is often more reliable, especially in the high-throughput data
processing regime, where the oracle such as human worker
has very limited time to label each node. Note that in the case
of binary node classification, the single bit feedback actually
reveals the true node label2. However, in the multi-class node
classification with c classes, we can identify the true label of
a node only if the single bit feedback is positive. We cannot
identify the true label of a node when the single bit feedback
is negative, because there are still c− 1 possibilities for the
true class label. Therefore, online multi-class classification
with bandit feedback is more challenging than online multi-
class classification in the full information setting.

In this paper, based on the above observation, we aim at
designing online learning algorithms on a graph for multi-
class node classification, both in the full information setting,
as well as in the partial information setting. Our proposed
algorithms are developed based on a spectral learning on a
graph [21] [14]. In details, we use the spectral information
of the graph Laplacian [6], i.e., eigenvalues and eigenvectors
of the graph Laplacian, to learn multiple nonparametric
functions on a graph for multi-class classification. We first
present an online multi-class learning algorithm, namely
Online Spectral Learning on a Graph (OSLG). We show
that it attains O(cd log T ) regret bound, where T ≤ n is the
number of rounds in online learning, n is the graph size, c
is the number of classes, and d is the number of eigenvec-
tors used. Furthermore, the difficulty of online multi-class
classification is characterized by the cut size of the graph.

2This implies that it is only meaningful to consider bandit feedback in
the multi-class classification regime.



Second, we present an online multi-class classification algo-
rithm with partial bandit feedback, namely Online Spectral
Learning on a Graph with Bandit feedback (OSLG Bandit).
Following the idea of upper-confidence bound technique
invented in multi-armed bandit problem [2] [1] [5], we use
upper-confidence bound of the classifier to trade off the
exploration and exploitation of label information. We also
show that its regret bound is O(cd

√
T logT ), which is only

a
√
T factor worse than that of OSLG. This is reasonable

because OSLG uses more information than OSLG Bandit.
The difficulty of online multi-class classification on a graph
with partial feedback is characterized by the

√
T factor,

and is also characterized by the graph cut size. Experiments
on benchmark graph datasets show that OSLG outperforms
multi-class GPA [11] greatly. Furthermore, our experiments
also confirm the effectiveness of the online algorithm with
bandit feedback (OSLG Bandit), which achieves much better
results than the bandit version of multi-class GPA.

A. Notation and Organization

Throughout this paper, we will use lower case letters to
denote scalars, lower case bold letters to denote vectors (e.g.,
w), upper case letters to denote the elements of a matrix or
a set, and bold-face upper case letters to denote matrices
(e.g., A). 0 is a vector of all zeros with appropriate length,
and 1 is a vector of all ones with appropriate length. I is an
identity matrix with an appropriate size. We use w� denote
the transpose of a vector w, and A−1 the inverse of a matrix
A. diag(σ1, . . . , σn) denotes a diagonal matrix with diagonal
elements equal to σi’s. Furthermore, ‖ · ‖ denotes the �2-
norm of a vector, ‖ · ‖F denotes the Frobenius norm of a
matrix, and ‖x‖A denotes the matrix-induced norm ‖x‖A =√
x�Ax.
The remainder of this paper is organized as follows. In

Section II, we present an online spectral learning algorithm
for multi-class node classification, followed by its regret
bound. In Section III, we devise an online spectral learning
algorithm for multi-class node classification with bandit
feedback, and analyze its regret bound. The experiments on
benchmark graph datasets are demonstrated in Section IV.
Finally, we present the conclusions in Section V.

II. ONLINE SPECTRAL LEARNING ON A GRAPH

In this section, we present an online learning algorithm on
a graph for multi-class node classification in the full infor-
mation setting. We design our algorithm from the perspective
of spectral learning, which learns nonparametric function(s)
on a graph over a basis set that consists of eigenvectors of
the graph Laplacian.

A. Spectral Learning Based on Graph Laplacian

Given a graph G = (V,E), where vi ∈ V is the i-th
node of a graph, and eij ∈ E is the link (edge) between
i-th node and the j-th node. Each link eij is associated

with a weight Sij , which reflects the strength of the link.
S ∈ R

n×n is called adjacency matrix of the graph. For
undirected graph, S is a symmetric matrix, while for directed
graph, S is asymmetric. In the setting of multi-class node
classification, some of the nodes in the graph are labeled,
i.e., yi ∈ {1, . . . , c}, while the remainder are unlabeled, i.e.,
yi = 0. Our goal is to obtain a prediction about the labels
of those unlabeled nodes. For the ease of derivation, we
introduce a label vector yk = [y1k, . . . , ynk]

� ∈ R
n for

the k-the class, where yik = 1 if yi = k, and yik = −1
otherwise.

Let fk : V → R be a nonparametric function for the k-
th class defined on the nodes of a graph. For a undirected
graph G = (V,E), the smoothness of fk can be measured
as follows [17] :

1

2

n∑
i,j=1

(fik − fjk)
2Sij = f�k Lfk, (1)

where fk = [f1k, . . . , fnk]
� ∈ R

n is the predicted label
vector, fik is the function value of fk on the i-th node,
i.e., fik = fk(vi). L = D − S is the combinatorial graph
Laplacian [6], where D is a diagonal matrix, which is also
known as the degree matrix. The i-th diagonal entry of D
is defined as Dii =

∑n
j=1 Sij . Roughly speaking, fk is

smooth if fik and fjk are similar for those node pairs with
large Sij . This is sometimes informally expressed by saying
that fk changes slowly over the graph.

Suppose the eigenvalue decomposition of L is L =∑n
i=1 σiviv

�
i , where 0 ≤ σ1 ≤ σ2 ≤ . . . ≤ σn are

eigenvalues, and vi ∈ R
n, i = 1, . . . , n are the correspond-

ing eigenvectors. One property of the graph Laplacian is
that its smallest eigenvalue is 0 (i.e., σ1 = 0), and the
associated eigenvector is 1. Through our paper, we assume
that the graph G is connected, though our results can be
generalized to disconnected graphs with more involved ar-
guments. So the algebraic multiplicity of the zero eigenvalue
is 1 (i.e., σ2 > 0). Since an eigenvector can be seen as a
nonparametric function on the graph, the smoothness of an
eigenvector vi is measured by v�

i Lvi = σi [21], which
is exactly the eigenvalue corresponding to this eigenvector.
Thus, eigenvectors with smaller eigenvalues are smoother.

Since we want fk, k = 1, . . . , c to be smooth with respect
to the graph G, following [21] [14], we assume that fk can be
expanded by the d � n eigenvectors of L which correspond
to the d smallest eigenvalues,

fk =

d∑
i=2

1√
σi

viwi,k = M�wk, k = 1, . . . , c, (2)

where M = [1/
√
σ2v2, . . . , 1/

√
σdvd]

� ∈ R
d×n, wk =

[w1,k, . . . , wd,k]
� ∈ R

d. Note that we use 1/
√
σi to nor-

malize the corresponding eigenvectors vi to encourage large
coefficients correspond to the eigenvectors with the small
eigenvalues and vice versa. Since σ1 = 0, the eigenvector



v1 = 1 is omitted. This is slightly different from the original
formulation [21] [14] which did not use the eigenvalues for
normalization. It turns out that our formulation is more effec-
tive according to our empirical study. Intuitively speaking,
we not only use the eigenvectors, but also the eigenvalues. In
this sense, our algorithm utilizes more spectral information
than previous studies.

B. Algorithm

Now we are ready to propose the online multi-class
classification algorithm based on (2). Before that, let us
state the formal problem setting of online multi-class clas-
sification on a graph in the full information setting. From
now on, we assume T ≤ n. Let M = [m1, . . . ,mT ],
where mi ∈ R

d is the i-th column of M. Online learning
operates on a sequence of nodes. In round t, the algorithm
receives an incoming node mt ∈ R

d, and predicts its label
ŷt ∈ {1, . . . , c} by ŷt = argmaxk(w

�
k mt). After the

prediction, the true label yt ∈ {1, . . . , c} is revealed and
the loss �t(·) is evaluated. The goal of online learning is
to minimize the cumulative prediction error over the entire
graph.

We present the online algorithm in Algorithm 1.

Algorithm 1 Online Spectral Learning on a Graph (OSLG)
Input: Adjacency matrix S, rank d, regularization param-
eter μ
Output: WT

Compute L = D− S and M from L
Initialize: A0 = μI and bk,0 = 0 for k = 1, . . . , c,
W1 = 0
for t = 1 to T do

Receive mt ∈ R
d

Predict ŷt = argmax1≤k≤c(w
�
k,tmt)

Receive the correct label yt ∈ {1, . . . , c}
if ŷt �= yt then
At = At−1 +mtm

�
t

for k = 1 to c do
bk,t = bk,t−1 + ytkmt

wk,t+1 = A−1
k,tbk,t

end for
else
At = At−1

for k = 1 to c do
bk,t = bk,t−1

wk,t+1 = wk,t

end for
end if

end for

Note that in each iteration of Algorithm 1, whenever an
update is invoked, the time complexity is O(d2). Since d �
n, the computational time is acceptable.

C. Theoretical Analysis

Now we will prove the regret bound of Algorithm 1. This
bound shows that, for any ordering of nodes on a graph, our
algorithm cannot perform much worse than the best predictor
learned in hindsight. We adapted the proof technique used
in [4] [16] [3].

Define the loss function �t(W) = 1
2

∑c
k=1(w

�
k mt −

ytk)
2. Then we can define the regret of OSLG as follows:

RT =

T∑
t=1

�t(Wt)−
T∑

t=1

�t(U),

where Wt = [w1,t, . . . ,wc,t] and U = [u1, . . . ,uc].
For the ease of presentation, we define a set M = {t :

ŷt �= yt}, which is the set of nodes the algorithm makes
mistake in prediction.

Theorem 1 (Regret Bound of OSLG) Let S =
{(m1, y1), . . . , (mT , yT )} ∈ (Rd × {1, . . . , c})T . Then
for any U ∈ R

d×c such that (uT
kmt − ytk)

2 ≤ γ,
F ∈ {−1, 1}T×c, Algorithm 1 has

RT ≤ μΦ(F) + γcd log

(
1 +

|M|B2

dμ

)
.

The regret bound of Algorithm 1 is O(cd log |M|), where
|M| is the number of mistakes the algorithm made. Since
|M| ≤ T , we will simply use a slightly loose bound
O(cd log T ) to characterizes the regret of OSLG in the rest
of this paper.

On the other hand, there is a constant term proportional
to Φ(F) in the regret bound. Note that Φ(F) is the graph
cut size of a graph with respect to the partition denoted by
F. It indicates that the easier a graph can be partitioned (or
clustered), the smaller the regret of Algorithm 1 will be. In
other words, the (minimum) graph cut size characterizes the
difficulty of online learning on a graph.

III. ONLINE SPECTRAL LEARNING ON A GRAPH WITH

BANDIT FEEDBACK

In last section, we have studied online learning on a graph
for multi-class node classification in the full information
setting. In this section, we will present an online learning
algorithm on a graph for multi-class node classification in
the partial setting with bandit feedback. First of all, we
formally give the definition of online learning on a graph
with bandit feedback.

A. Algorithm

The generic problem of online multi-class classification
over a graph in the bandit setting is as follows: in the t-th
round of online learning, the learner receives a node mt to
be classified, and predicts its label as ŷt ∈ {1, . . . , c}. After
the prediction, the learner does not receive the correct label
yt but only a single bit Mt indicating whether its output ŷt
is correct or not, i.e., Mt = {yt �= ŷt}.



In our paper, following [7], we assume that

P(Yt = k|mt) =
1 + u�

k mt

2
,

for some uk ∈ R
d, k = 1, . . . , c, subject to

c∑
k=1

u�
k mt = 2− c, − 1 ≤ u�

k mt ≤ 1.

Here uk is the Bayes classifier of unknown norm ‖uk‖
which satisfies |u�

k mt| ≤ 1 for all t. We also define
Δk,t = u�

k mt. We further define Δ̂k,t = w�
k,tmt, which

is an estimator of Δk,t.
We show the proposed online multi-class classification

algorithm on a graph with bandit feedback in Algorithm 2.
The algorithm we present employs linear models. The al-
gorithm maintains c weight vectors wk ∈ R

d, k = 1, . . . , c.
Given a node mt, the algorithm computes a score associated
with each of the c classes, denoted by w�

k mt, and outputs
a prediction to be the label with the highest score, i.e.,

ỹt = argmin
k

w�
k mt.

We emphasize that two quantities are considered: the label
with maximal score ỹt, and the label that is actually output
by the algorithm, denoted by ŷt. In the full information
setting, most algorithms just output ŷt = ỹt.

Since we only receive bandit feedback, there is a natural
tradeoff between exploration and exploitation. On the one
hand, the algorithm should output the label with highest
scoring ỹt = argmaxk w

�
k mt, which is called exploitation.

On the other hand, the algorithm should perform exploration
and output another label to get useful feedback. To achieve
both exploration and exploitation, we propose to maintain
the confidence information about the prediction. Specifically,
given a node mt, the algorithm computes not only scores,
but also the uncertainties for these scores, denoted by εk,t.
Intuitively, big values of εk,t indicate that the algorithm is
less confident in its score w�

k mt. Given a new node, the
algorithm outputs the label with the highest upper confidence
bound (UCB), computed as the sum of the score and its
uncertainty

ŷt = argmax
k

w�
k mt + εk,t,

where εk,t is defined as

ε2k,t = ηtm
�
t A

−1
k,t−1mt,

for some scalar ηt, which is used to trade-off the exploration
and exploitation. This upper confidence bound technique has
been widely used in multi-armed bandits problem [1] [2] [5].

Note that our algorithm shares similar spirit with confi-
dence based bandit algorithm (Confidit) algorithm [7]. How-
ever, Confidit algorithm is designed for vector-based online
learning. In addition, Confidit is an randomized algorithm
while our algorithm is deterministic. More importantly, our

algorithm is projection-free. In other words, we do not
need to do projection in each round of OSLG Bandit. This
makes our algorithm computationally more efficient, without
significantly affecting the theoretical properties.

Algorithm 2 Online Spectral Learning on a Graph with
Bandit Feedback (OSLG Bandit)

Input: Adjacency matrix S, rank d, regularization param-
eter μ and ηt.
Output: WT

Compute L = D− S and M from L
Initialize: Ak,0 = μI and bk,0 = 0 for k = 1, . . . , c,
W1 = 0
for t = 1 to T do

Receive mt ∈ R
d

Predict ŷt = argmaxk

(
w�

k,tmt + ηt

√
m�

t A
−1
k,t−1mt

)
if Mt = 1 then
bŷt,t = bŷt,t−1 −mt

else
bŷt,t = bŷt,t−1 +mt

end if
Aŷt,t = Aŷt,t−1 +mtm

�
t

wŷt,t+1 = A−1
ŷt,t

bŷt,t

end for

It can be seen that, different from online learning in
the full information setting, where the learner are able
to adjust all the c weight vectors because the true class
label yt is disclosed, the learner in the partial information
setting can only undate wŷt because yt is unknown unless
Mt = 0. This explains why OSLG can utilize more label
information. However, since OSLG Bandit only updates one
weight vector instead of c, OSLG Bandit turns out to be
computationally more efficient.

B. Theoretical Analysis

Our main theoretical result provides bounds on the cumu-
lative regret for Algorithm 2. We adapted the proof technique
used in [7]. We will bound the extent to which the prediction
error of our learning algorithm exceeds the prediction error
of the Bayes optimal predictor

y∗t = arg max
k=1,...,c

P(yt = k|mt) = arg max
k=1,...,c

u�
k mt,

for this label noise model. In particular, we aim to bound
from above the cumulative regret

RT =

T∑
t=1

(
Pt(yt �= ŷt)− Pt(yt �= y∗t )

)
, (3)

where Pt denotes the conditional probability as follows

Pt(·) = P(·|m1, . . . ,mt, y1, . . . , yt−1).

Note that mt can be chosen adversarially as a function of
past m and y.



Theorem 2 (Regret Bound of OSLG Bandit) Let S =
{(m1, y1), . . . , (mT , yT )} ∈ (Rd × {1, . . . , c})T . If we set

ηt = μ‖U‖22 + 4cd log

(
1 +

(t− 1)B2

cdμ

)
+ 72 log

t+ 4

δ

Then for any U ∈ R
d×c such that |uT

kmt| ≤ 1, F ∈
{−1, 1}T×c, Algorithm 2 has

RT ≤
√
T

[
μΦ(F) +

(
μ+ 1

2μ
+ 2cd

)
log

(
1 +

TB2

cdμ

)

+36 log
T + 4

δ

]

with probability at least 1−δ uniformly over the time horizon
T .

Note that the regret bound of OSLG Bandit is
O(cd

√
T logT ), which is only a

√
T factor worse than

that of OSLG, i.e., O(cd log T ). In addition, the difficulty
of online learning on a graph with bandit feedback is also
characterized by the (minimum) graph cut size.

IV. EXPERIMENTAL RESULTS

In this section, we empirically evaluate the effectiveness
of the proposed algorithms.

A. Data Sets

Due to the space limit, we only used two real-world graph
data sets to evaluate the online learning algorithms, which
have been used in [8].
Coauthor2 is an undirected co-author graph data set extract-
ed from the DBLP database in four areas: machine learning,
data mining, information retrieval and databases.
IMDB3 is an undirected co-actor graph among movies
from four genres: “Romance”, “Action”, “Animation” and
“Thriller”. Each genre is considered as a class.

The detailed statistics of these data sets can be found
in [8].

B. Evaluation Measures

We evaluated the performance of online learning via
two measures: (i) cumulative error rate, which reflects the
prediction performance of online learning algorithms; and
(ii) computational time, which measures the efficiency of
online learning. Note that the smaller the above measures,
the better the performance of an online learning algorithm.

C. Baselines and Parameter Settings

We compare the proposed algorithms with the Graph Per-
ceptron Algorithm (GPA) [11]. The algorithms we studied
and their parameter settings are summarized as follows.

Graph Perceptron Algorithm (GPA) [11]: This is
the state-of-the-art first-order online learning algorithm on
graphs. There is no required parameter for this algorithm.

3http://www.imdb.com/
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Figure 1. Error rate (top row), and cumulative time (bottom row) with
respect to the online learning rounds on Coauthor and IMDB datasets. The
lower the curve, the better the performance is.

Note that the original GPA algorithm [11] is designed
for binary classification. However, it can be extended to
multi-class classification straightforwardly using standard
technique, e.g., [15].

Online Spectral Learning on a Graph (OSLG): This
is the proposed second-order online learning algorithm on
a graph. The parameter μ is tuned by searching the grid
{10−3, 10−2, . . . , 10} on a held-out random shuffle. The
number of eigenvectors used for spectral learning is set to
d = 100.

GPA Bandit: This is an extension of GPA to the ban-
dit feedback setting by the mechanism designed in [15].
There is a parameter γ ∈ (0, 0.5) which controls the
probability of exploration. It is tuned by searching the grid
{10−3, 10−2, 10−1, 0.5} on a held-out random shuffle.

OSLG Bandit: This is the proposed bandit algorithm on
a graph. The parameter μ is tuned according to the grid
{10−3, 10−2, . . . , 10} on a held-out random shuffle. In our
experiments, we fix ηt for all t and tune it by the grid
{10−3, 10−2, . . . , 10} on a held-out random shuffle as well.
The number of eigenvectors used for spectral learning is also
set to d = 100.

In order to compare these algorithms fairly, we randomly
shuffle the ordering of nodes for each dataset. We repeat
each experiment 20 times and calculate the average results.

D. Results and Discussions

We show the results with respect to the round of online
learning in Figure 1. In all subfigures, the horizontal-axis
represents the rounds of online learning, while the vertical-
axis is the cumulative error rate and cumulative time, aver-
aged over 20 runs.



We can see that OSLG outperforms GPA significantly
on every data set. This is consistent with previous studies:
second-order algorithms are generally better than first-order
algorithms [8] [13]. Unsurprisingly, OSLG requires more
time than GPA. The reason is that the time complexity of
GPA is O(d), while the time complexity of OSLG is O(d2).
However, provided that d is moderate, the relatively high
computational time of OSLG is acceptable and overall it is
more appealing than GPA.

OSLG Bandit is better than GPA and GPA Bandit. This
justifies the superiority of our algorithm over GPA Bandit.
Moreover, OSLG Bandit achieves slightly worse results than
OSLG. This is quite reasonable, because OSLG Bandit only
uses partial label information in each round, while OSLG
uses the full label information in each round. Thus, the
performance of OSLG Bandit should be no better than that
of OSLG.

Furthermore, it can be seen that OSLG Bandit takes less
time than OSLG. The reason is obvious: OSLG Bandit only
updates one weight vector in each round, while OSLG needs
to update c weight vectors provided that a mistake is made.
Therefore, OSLG Bandit is computationally more efficient
than OSLG overall.

In summary, OSLG Bandit is both computational efficient
and label information efficient.

V. CONCLUSIONS

The main contributions of this paper are two-fold: (i) we
present a multi-class online classification algorithm on a
graph using spectral learning technique, and analyze its re-
gret bound; (ii) we present a multi-class online classification
algorithm on a graph with bandit feedback, and show that its
regret bound is only a

√
T factor worse than its counterpart

in the full information setting.
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