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Abstract

Let X be a metrizable space with a continuous group or semi-group
action G. Let D be a nonempty subset of X. Our problem is how to
choose a fixed number of sets in {g7!D; g € G}, say o~ 'D with
o € 7, to maximize the cardinality of the partition P({c~1D; o € 7})
generated by them. Let

pxcpk)= sup  #P({o7'D;oer}) (k=1,2,--).
TCG, #1=k

An infinite subset 3 of G is called an optimal position of the triple
(X,G,D) if
#P({o7'D; o € 7}) = px ¢ (k)

holds for any £k = 1,2,--- and 7 C ¥ with #7 = k. In this paper, we
discuss examples of the triple (X, G, D) admitting or not admitting an
optimal position. Let X = G = R™ (n > 1), where the action g € G
to x € X is the translation x — g. If D is the n-dimensional unit ball,

then
. (k-1
pX,G,D(k) = 22 ( i >
i=0

holds and the triple (X, G, D) admits an optimal position. In fact,
if n > 2 and ¥ is an infinite subset of G such that for some § with
0<d< 1, X C{xre R |z|| = 0}, and that any subset of ¥
with cardinality n 4+ 1 is not on a hyper-plane, then ¥ is an optimal
position of the triple (X, G, D). We determined the primitive factor of
the uniform sets coming from these optimal positions. We also show
that in the above setting with n = 2 and the unit square D’ in place
of the unit disk D, the maximal pattern complexity is unchanged and
Px.c.p (k) = k2 — k + 2, but there is no optimal position.
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1 Introduction

Let X be a metrizable space with a continuous group or semi-group action
G. For a family of subsets Ay, Ag, -+, A of X, P({A;; i = 1,2,--- ,k})
denotes the partition of X generated by these sets, that is, the family of
nonempty sets of the form

AlllﬂAl;ﬂﬂA;f (Zla7’27 alk‘e{07]‘})7

where for a set A C X, we denote A! = A and A = X \ A.

Let D be a nonempty subset of X. Our problem is how to choose a fixed
number of sets in {g~'D; g € G} to maximize the cardinality of the partition
generated by them. Define the mazimal pattern complexity function pX . p,
of the triple (X, G, D) by

pixepk)=swp  #P{o'D;oer})) (k=12
TCG, #17=k

where # implies the number of elements in a set.
An infinite subset ¥ of G is called an optimal position of the triple
(X,G,D) if
#P({o™'D; 0 € 7}) = pia.p(k),

holds for any £ =1,2,--- and 7 C ¥ with #7 = k.

In this paper, we discuss examples of the triple (X, G, D) admitting or
not admitting an optimal position. Let X = G = R™ (n > 1), where the
action g € G to x € X is the translation z — g. If D is the n-dimensional

unit ball, then
. " (k-1
px,a,p(k) = 22 ;
i=0

holds and the triple (X, G, D) admits an optimal position. In fact, if n > 2
and ¥ is an infinite subset of G such that for some § with 0 < § < 1,
Y C {x € R"; ||z|| = d}, and that any subset of ¥ with cardinality n + 1 is
not on a hyper-plane, then ¥ is an optimal position of the triple (X, G, D).
Also, if n =1 and ¥ C (—1,1), then ¥ is an optimal position.

On the other hand, if in the above with n = 2, D is replaced by the
unit square D’ = [0,1] x [0,1], then we have the same maximal pattern
complexity

Px.c.o (k) =pxapk) =k —k+2,

but the optimal position does not exit.

If the optimal position X for the triple (X, G, D) exists, then the name set
Q) which is the closure of {w,; = € X} C {0,1}*, where w, € {0,1}* is such
that w;(c) = 1 if and only if # € 071D, satisfies the property that #Q|s
depends only on #S for any finite set S C X, where Qg = {w|s; w € Q}



and w|s € {0,1}° is the restriction of w € {0,1}* to S. Such a set is called
a uniform set. In fact, we have #Q|g = p}7G7D(#S).

For  C {0,1}" and an infinite set N’ = {Ng < N; < Ny < ---} C N,
we denote QN] = {wWN]; w € Q}, where w[N] € {0,1}N is such that
wN](n) = w(N,) (n € N). We call a nonempty closed set Q C {0,1}" a
super-stationary set if QN] = Q holds for any infinite subset N of N.

It is known [1] that for any uniform set Q C {0,1}%, there exists an
injection ¢ : N — ¥ such that Qo = {wo € {0,1}Y; w € Q} is a super-
stationary set. In this case, we say that Q has a primitive factor [Q o 9],
where [Q o )] is the isomorphic class containing 2 o ¢ in the sense that 2
nonempty closed subsets 2 and © of {0,1}" are said to be isomorphic if
there is an isometric bijection between them. The notion of primitive factor
is introduced in [3] to distinguish pattern Sturmian words of different types.

The class of super-stationary sets is characterized in terms of super-
subword in [2]. For & = &1&---& € {0,1}F and w € {0,1}Y] ¢ is called
a super-subword of w, denoted by ¢ < w, if there exist ly,ls, -+ ,l; such
that 0 < I3 <l < -+ < I and w(lj)w(la) - w(lx) = £ The set of in-
finite words with prohibited super-subword ¢ is denoted by P(§) = {w €
{0, 1}N; ¢ < w does not hold}. Then, the class of super-stationary sets
other than {0,1}" coincides with the class of sets of the form Uge= P(€)
with nonempty finite sets = C (Jro,{0, 1}*.

For the name set Q C {0,1}* with respect to the above optimal position
Y for the triple (X, G, D) with X = G = R™ and D the n-dimensional unit
ball, we prove that  has a unique primitive factor [P((01)'0) U P((10)"1)]
if n = 21 is even, and [P((01)"1) U P((10)*+1)] if n = 20 4 1 is odd.

The basic terminology and notations follow from [1, 2]. For further related
results, refer [3, 4, 5, 6, 7, 8, 9].

2 Basic lemmas

Definition 1. The Euclidean space R"*! is sometimes considered as the
vector space. Let 8" = {x € R"*L; ||z|| = 1} (n > 1) be the n-dimensional
unit sphere, where for x = (z1,-++ ,Zp,Tn1) € R" we denote ||z|| =
\/:z% + - +a2 +a2,,. ForveR" with [[v]| =1 and ¢ € R with -1 <
¢ < 1, we define a disk on 8™ by

D, (v,¢) :={z € S"; (x,v) > c},

where (, ) is the inner product. A one-point set in S™ is considered as a
degenerate disk. Let D, be the family of disks on 8". Also let D,, be the
union of D,, with the family of degenerate disks.

For A = Dy(v,c), 0A denotes the boundary. That is, 0A = {z €
S"; (xz,v) = ¢}, which is the (n — 1)-dimensional sphere with center cv

and radius v1 — ¢2.



In particular, a 0-dimensional sphere is considered as a two-points set,
and a (—1)-dimensional sphere is considered as the empty set.

Lemma 2. For A := ﬂle 0Dy, (vi,¢i) withm > 1 and k > 1, one of the
following 3 cases occurs:
(1) A=9,
(2) #A =1, and
(3) A is an (n — d)-dimensional sphere with d = 1,2,--- ;min{k,n}.

Moreover, this condition (3) is equivalent to the following condition (4).
(4) dim{vy,ve, -+ ,vx} = d and cA~c’ < 1 hold for any hy,ha,- -+ , hq such
that 1 < hy < hg <--- < hg <k and vy, -+ ,vp, are linearly independent,
where A := ((vn,, Vn;))ij=1,.d and € := (Cpy, -, Chy)-
Proof Letdim{vy,va, v} = d. Assume without loss of generality that
v1, V9, -+ ,Vq are linearly independent so that hy = 1,hy = 2,--- , hy = d.
Let

W ={zcR"™ (z,v;) =¢; fori=1,2,---,d}.

Then, either {z € R*™!; (z,v;) =¢; fori=1,2,--- ,k} = W or = {). In the
latter case, we have A = (). Assume the former case.

Let w € W be such that ||w|| = min{||z||; 2 € W}. Then, it holds that

w=)\11)1+/\21)2+"'+/\d1)d
(U),’Ui):Ci (7’:1727 7d)

Hence, we have

(Uigvj))\j =C; (7, = 1’27 A 7d)’

d
=1

j
and AN = c’. where A = (A1, A, -~ A\g). Therefore, N = A~1c.
Denoting A = (a;j)i j=1,.d and A~ = (a¥); j_1.... 4, we have

1j 2j dj
w = g acjuy + E a“cjvg+ - + E a”cjvg. (1)
J J J
Hence,
2 _ ij . 'y
[|lw]]* = a’cja’’ cj(vi, vir)
N R
_ ij . i
= a CJCL Cj’aii’
T
2:2:}: il j! 2: ij
= Cija - Cyr a Qgg!
i i
. ‘ i'j/ 5
= cja Cj/ i’j
TN
s _
= g g cpa'? cj = cA e/,
5!

i g



Note that W is the (n — d+ 1)-dimensional plane with w € W orthogonal
to Ow, where O is the origin. Moreover, A = W N {x € R*L; ||z]| = 1}.
There are 3 cases.

Case 1: If ||w|| > 1, then A = ().

Case 2: If ||w|| = 1, then #A = 1.

Case 3: If ||w|| < 1, then A is an (n — d)-dimensional sphere.

Thus, we complete the proof. O

Definition 3. Let A C D, with #.4 > 1 and n > 1. We call A a general
position if for any subset {Dy, (v, ¢;); i =1,2,--- 1} of A with cardinality [
such that 1 <! <n 41, it holds that either ﬂi:l 0Dy, (v, ¢) is an (n —[)-
dimensional sphere, or the empty set, where a 0-dimensional sphere is a
two-points set and (—1)-dimensional sphere is the empty set. It is called
intersecting if the former case always holds.

Definition 4. For a family A of subsets of S", P(A) denotes the partition
of 8™ generated by the sets in A. That is,

P(A) = { ﬂ A £ Q; i, € {0,1} is chosen for each A € A},
AcA

where we denote A! = A and A% = A° = 8"\ A. We also denote by Q(A)
the set of connected components of S\ (J 4 4 0A.

Lemma 5. Let A C Dy, withn > 1 and #A > 1 be a general position.
Then, every C' miP)(.A) satisfies that C = C1, where C! is the set of interior
points of C, and C' is the closure of C.

Proof Let 29 € C € P(A) and C' = [ce AN[pgcag A° for € C A. Let
C:={Ac&; z9g€dA} ={Dp(vi,ci); 1 =1,2,--- ,d}.

If d = 0, then zg is an interior point of C'. Assume that d > 1.

Since A is a general position, d < n holds, and vy,vs, -+ ,vq are lin-
early independent with cA~!c’ < 1, where A := ((v;,v;))ij=1,..4 and
c:=(c1, - ,cq). Since v1,ve, - ,vq are linearly independent,

d
ﬂ{x c R" (x,v;) > ¢i}
i=1

is the interior of an n-dimensional polygon. Moreover, since cA~ !¢’ < 1,

d
ﬂ Al =8"n ﬂ{m e R (z,v;) > ¢}
AeC i=1

is a nonempty open set in S™. Since xg belongs to an open set

ﬂ Al n ﬂ A°,

Ae&\C AeA\E



Al n A is a nonempty open set contained in C, and zg is in
Naee A A\E pty op ) 0
its closure, which completes the proof. O

Lemma 6. For £ C D,, withn > 1 and #& = k > 1, there exists a general
position A such that #A = #E and #P(A) > #P(E).

Proof Denote each degenerate disk, say {z} € &£, by D(z,1). Let & =
{Dn(vi,c;), i = 1,2,--- ,k}. For each C € P(€), choose z¢c € C. There
exists € > 0 such that if C' = (0, Dn(vivci)mmie{1,2,-.-,k}\c Dy, (vi, )¢,

then
To € ﬂ Dy, (vi,c; — e)Im m Dy, (v, ¢; — €)°.

ieC ie{1,2,--- ,k}\C

Hence, each x¢ is an interior point of the corresponding element of the
partition P({ D, (vi,c; —€); i =1,2,--- ,k}).

We can also move v;’s slightly to u;’s, keeping x¢’s separated so that
A :={Dy(uj,c; —€), i =1,2,---  k} is a general position. Then, #A =k
and #P(A) > #P(€), which complete the proof. a

Lemma 7. Let A C D, be a general position. Then, #P(A) < #Q(A)
holds.

Proof If C and C’ are distinct elements in P(A). By Lemma 5, CT # ()
and C'' # (. Take z € CT and o' € C"'. There exists A = D,(v,c) € A
such that either C C Aand C'NA=0or C' C Aand CNA=1{. Assume
the former case without loss of generality. Then, (z,v) > ¢ and (2/,v) < c.
Thus, z and 2’ belong to different elements in Q(.A). This implies that

#P(A) < #Q(A). O

Definition 8. Let A = D, (v, c) with n > 2. Let D4 be the set of B € D,
such that 0A N 9B is an (n — 2)-dimensional sphere. Let E,. = {x €
R (2,v) = ¢} and the space of elements x —cv with x € E,, . is identified

with R™. Let ¢4 : By — R" be such that ¢4(x) = ‘Tl_ =
— C

Lemma 9. Let A = Dy (v,c).
(1) The map ¢4 : Ey. — R™ is an affine map such that for Dy (w,d) € D2},
da(Dp(w,d) N Ey ) = D1 (w',d") with

I w—(v,w)v
1—(v,w)?
d d—c(v,w)

- V1—c?4y/1—(v,w)?

(2) Let A C Dy, be a general position with #A > 2 and A € A. Then
{pa(BNE,.); Bec ANDS} is a general position in D",

Proof (1) Let B = D,(w,d) € DA. Tt is clear that w' € R™ and ||u'|| =
1. Since 0A N IB is an (n — 2)-dimensional sphere, v and w are linearly



independent and cA~'c¢’ < 1 by Lemma 2, where ¢ = (¢,d) and A =

( ( 1 (v,w) ) Therefore,

v, W) 1

2, 72
cA-le/ = € +d* — 2cd(v, w) <1,
1—(v,w)?

and hence,
A4 d? = 2cd(v,w) <1 — (v,w)%

This implies that
0 < (v, w)? + d* — 2cd(v,w) < (1 = )1 = (v,w)?),

and hence,
2 2 72 _
222 € (v,w)* + d* — 2cd(v, w) <l
1 —=c*)(1 = (v,w)?)
Thus, we have —1 < d’ < 1.
Let y € Dy(w,d) N E, . Then, we have (y,v) = ¢ and (y,w) > d. For

y' = ¢a(y), we have

A Y — Ccv w—(’u,’w)v
(y,w) = <\/1—c2’ \/1—(%“’)2)

d— c(v,w)
V1—2c2y/1— (v,w)?
Therefore, ¢pa(Dy(v,¢) N Eye) C Dp_i(w', d).
Conversely, let ¢/ € R™ satisfy that ||3/|| = 1 and (v/,w’) > d’. Note that
the space R” is identified with the space in R"*! orthogonal to v. Hence,
(y',v) =0 holds. Let y = V1 — c?y' 4+ cv € E, .. Then, we have ¢a(y) =y’
Moreover,
(y,v) = V1=, v)+clv,v)=c
(yaw) = v 1- CQ(y,’w) +C(/an)
= V1-—¢? (y’, V1= (v,w)2w + (v,w)v) + (v, w)
> V1-c2/1— (v,w)2d + c(v,w)

= V1-e/1- (v,w) d — c(v, w) c(v,w
B b=e \/1—02\/1—1110 +elv,w)

= d—c(v,w)+ c(v,w) =d.

=d.

Therefore, ¥ € ¢pa(Dn(v,c) N E, ), and hence,
¢A(Dn(’0, C) N Ev,c) D) anl(vly dl)a

which completes the proof of (1).
(2) follows from (1) and the definition of a general position. O



Lemma 10. Let A C D,, be a general position with n > 1 and #A =
(k-1 k
k> 1. Then, #Q(A) < 22( , > where we define <) =0ifk <i.
i i
i=0
Moreover, the equality holds if A is intersecting.

Proof Let A C D, be a general position with n > 1 and #A4 =k > 1.
If £ =1, then #Q(A) = 2 and our lemma holds. Moreover, if n = 1, then
OA is a two-point set for any A € A, and 0A N IB = () for any distinct
elements A, B € A since A is a general position. Therefore, S'\ Use40A4
has 2k connected components. Thus, our lemma holds for n = 1, since

1
#P(A) =2k =2 (kf) (k=1,2,---).
=0

We use induction on k. Let & > 2 and assume that our lemma holds with
1,2,--- ,k —1 in place of k. Assume also that n > 2. Take A € A. Then,
{¢pa(BN E,.); B € AND}} is a general position by Lemma 9, which is
intersecting if A is intersecting. Let | = #(AN D). Then, | < k — 1 and
the equality holds if A is intersecting.

Let C € Q(A\ {A}). We count the number of elements in Q(A), Q(A \
{A}) and Q({pa(BN E,.); B € AND:}) coming from C, say p, ¢ and r.
There are 2 cases.

Case 1: f CNOA =0, thenp=1,g=1and r = 0.

Case 2: If CNOA # 0, then CNOA is divided into connected components,
which are elements in Q({¢a(B N E,.); B € AN DA}). Let them be
l1,0o,--+ €. Then, ¢1 divides C into 2 connected components, say C; and
C5, and /5 divides one of C7 and Cs into 2 connected components, and
hence, C' is divided into 3 connected components by ¢1 U f5. In the same
way, C' is divided into £+ 1 connected components by #1 UlyU---U¥¢;. These
connected components are elements of Q(.A).

Thus, p=t—+1,g=1and r =t.

Hence, using the induction hypothesis, we have

#QA) = Y p=> (a+7)
C

C

= #Q(A\ {A}) + #Q({¢pa(BN E,.); B € ANDL})

)

1
= 2

n o n—1 .

< 2;<ki2>+2§(lil> 2)
n . n—1 .

< 2§<’“2)+2§;("’2> (3)
("1

- (

)



In the above, if A is intersecting, then {¢4(B N E,.); B € AND.} is also
intersecting, and hence, the equality in (2) holds by the induction hypothesis.
Moreover, since [ = k — 1 holds in this case, the equality in (3) holds. Thus,
the equality holds if A is intersecting. O

Definition 11. Let A C 8™ be a general position with n > 1 and #A =
k> 1. Tt is called connected if any C' in P(\A) is connected.

Lemma 12. For any A C D" withn > 1 and #A > 1, we have

#P(A) gzg;(k;l).

Moreover, the equality holds if A is a connected, intersecting general posi-
tion.

Proof The inequality follows from Lemma 6, 7 and 10. The equality in
the case that A is a connected, intersecting general position follows from
Lemma 10, since #P(A) = #Q(A). O

3 Existence of an optimal position

Let By (v,r) = {x € R™; ||z —v|| < 7} be the n-dimensional ball with center
v € R™ and radius r > 0. Let B,, be the set of all such balls.

Definition 13. A nonempty finite subset A of B,, is called a general position
if for any subset { B, (v;,r;); i =1,2,--- ,1} of A with cardinality ! such that
1 <1< n+1,it holds that either ﬂi’:l 0By, (vi,1;) is an (n — [)-dimensional
sphere, or the empty set, where a 0-dimensional sphere is a two-point set
and a (—1)-dimensional sphere is defined to be the empty set. It is called
intersecting if the former case holds always. Moreover, a general position A
is called connected if any C' in P(A) is connected.

A bounded region of R™ can be imbedded into a small region of S™ by a
map which is close enough to a homothetic map. By this map, unit balls
in R™ are mapped to small, slightly perturbed disks with almost uniform
sizes in 8™. Moreover, a general position A C B, corresponds to a general
position A’ C D,, having the same configuration as A.

This correspondence gives the following theorem.

Theorem 14. For any A C B, withn > 1 and #A =k > 1, we have

#P(A) g2§;<k;1>.

Moreover, the equality holds if A is a connected and intersecting general
position.



Theorem 15. Take n > 2 and any 6 with 0 < 6 < 1. Let

A= {By(v1,1), By(va,1),- -+, Bp(vp, 1)}

with ||vi|| = 0 foranyi=1,2,--- k. Assume thatif k < n, then vy, ve, - , vk
are not on a plane of dimension k — 2, and if k > n+ 1, then any subset of
v1, V2, -, U, with cardinality n + 1 is not on a hyper-plane. Then, A is a

connected and intersecting general position.

Proof Take any subset of A with cardinality [ such that 2 <1 < n. With-
out loss of generality, let it be {By,(v1,1), By(va,1), -, By(v;,1)}. By our
assumption, vy, vs, - - - ,v; are not on a plane of dimension [—2, but exactly on
a (I —1)-dimensional plane. Hence, they are on a (I —2)-dimensional sphere,
say with center u € R™ and radius p, such that ||u|| < § and p = /62 — ||ul|?.

Hence, ﬂé:l 0By, (vi, 1) is a (n — [)-dimensional sphere

{z € R |lz—ull = vI= 02 + Ul (z—wv,—u) =0 (i=1,-- 1~ D},
If £ > n + 1, then take any subset of A with cardinality n + 1. Let it be
{Bn('l)l,l),Bn('U271),' o 7Bn(vn+171)}

without loss of generality. Suppose that ﬂ?;rll 0By, (vi, 1) is nonempty. Let
w be an element of it. Then, we have

{vi,v2,- - ,up1} C {z €R™ [[z|| =0} N{z € R"; ||z —w|| =1}
c {zeR™ (z,w) = (||lw|]*+ 6> —1)/2},

which contradicts our assumption.
Thus, A is an intersecting general position.
To prove that A is connected, take any C' € P(A). Let

C=(1An ()] 4°

Ae& AcA\E

with some £ C A. Without loss of generality, assume that
E={Bv;,1); i=1,2,---,d}
with 0 < d < k. Fori,j =1,2,--- ,k with ¢ # j, let
Rij ={z eRY ||z —vil| <|lz —v;l[},

which is an open half space bounded by the hyper-plane OR; ; containing
the origin O. Denote
R= () R,

i<d, j>d

10



Then, R is an open polygonal cone with focus O containing C'.
Let £ be the set of unit vectors u in R™ such that {tu; ¢ > 0} C R. Define
functions F' and f from £ to Ry such that

F(u) = inf{t > 0; |[tu —v;|| > 1 for some i =1,--- ,d}
f(u) = sup{t>0; |[tu—v|| <1 forsomei=d+1,---, k}.

Then, it is clear that f(u) < F'(u) for any u € £ and
C! = {x € R™; x = tu for some u € £ and t with f(u) <t < F(u)}.

Moreover, since F' and f are continuous function, C! is connected, and
hence, C' is connected since C! € C € C!. Thus, A is connected. a

Corollary 16. Let X = G =R" (n > 1) and the action g € G to v € X is
the translation x — g. If D = B, (0,1) is the n-dimensional unit ball, then

. (k-1
px.cp(k) = QZ ( ; )
=0

Moreover, if n > 2 and % is an infinite subset of G such that for some §
with 0 < 0 < 1, ¥ C {z € R"; ||z|| = 0}, and that any subset of ¥ with
cardinality n 4+ 1 is not on a hyper-plane, then X is an optimal position of
the triple (X,G, D). Also, if n =1 and ¥ C (—1,1), then ¥ is an optimal
position.

4 Non-existence of an optimal position

Let X = G = R? and the action g € G to x € X is the translation z — g. If
D =0,1] x [0, 1] is the unit square, then the same result as for the unit disk
holds for the maximal pattern complexity, that is, p 4 pk) =k*—k+2.
But in this case, an optimal position does not exist.

To get p% o p(k) = k% — k+ 2, we put translations of the unit square, say
Dy, Dy, -- : , ‘one by one in the following way, where we let V,, denote the
union of the vertices of Dy, Do, ---, D,.

(i) Dy is put anywhere. D3 is put so that one of its vertices is in the interior
of D;. Hence, D1NDs is a rectangle such that just two of its vertices situated
diagonally are elements in V5.

(ii) Assume that D; (i = 1,2,---,2n) have been already put so that N2%, D;
is a rectangle such that just two of its vertices situated diagonally, say u
and v, are elements in Va,. Put Do,11 so that one of its vertices is in the
interior of ﬂ?ﬁlDi and it does not contain any of u and v. Then, ﬂ?ﬁlei is
a rectangle such that just one of its vertices, say w, belongs to Va,4+1. Put

Day, 10 so that one of its vertices is in the interior of ﬂ?ﬁlei and it contains

11



w. Then, ﬂ?ﬁf2Di is a rectangle such that just two of its vertices situated
diagonally belongs to Vo, 4o.

(iii) Repeat (ii) with n + 1 instead of n.

This choice of the translations of the unit square, called A, realizes the
maximal pattern complexity p},G,D(k:) = k? — k + 2. On the other hand,
the triple (X, G, D) does not admit an optimal position. We prove them in
the following lemmas.

Lemma 17. For the above triple (X, G, D), it holds that p% o p(k) = k% —
k + 2, and the above A := {D;; i = 1,2,--- ,k} satisfies that #P(A) =
#QA) =k —k+2 (k=1,2,---).

Proof Let B consist of k£ translations of D such that any two of their
boundaries intersect exactly at 2 points. Then, we have #Q(B) = k% —k+2.
For any £ C {D + g; g € R?} with #& = k, by the same arguments as
the proofs of Lemma 6 and 7, there exists B as above such that #P(&) <
#P(B) < #Q(B) = k* — k + 2. Hence, we have p ; p(k) < k> — k + 2.

By the above argument, we have #P(A) < #Q(A) = k%2 —k+2. To prove
#P(A) = k? — k + 2, it is sufficient to prove #P(A) = #Q(A). Hence, it is
sufficient to prove that any element in P(A) is connected. We prove this by
induction on k. This is clear for £ = 1,2. For k = 3, this holds since we have
the right configuration in Figure 1, but not the left by our construction.

D3 D,

D1 D3

Figure 1: We have the right configuration, not the left.

Assume that this is true for 1,2,--- |k — 1 for some k > 4. Since one
of the vertices, say left and down, of Dy is in the interior of ﬂfz_llDi, only
2 neighboring edges of Dy, intersect with Uf;llDi. Let C € P({D;; i =
1,2,--- ,k—1}). By the induction hypothesis, C is connected. If CNIDy, is
connected, then 0Dy, divides C into 2 connected region belonging to distinct
elements in P({D;; i = 1,2,--- ,k}). Therefore, it is sufficient to prove that
this is the only possible case.

Suppose that C' N 0Dy is not connected. Then, C' should be a region
extending vertically and horizontally at the same time and intersecting with

12
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Figure 2: The region C' and the configurations.

2 edges of Dy. Then, there exists Dy, in {D;; i = 1,2,--- ,k — 1} which is
located most right and most up at the same time, since otherwise, there is
no C as above. Hence, we have the situation in the left of Figure 2.

If k= h+ 1, then u is a vertex of ﬂf;llDi. In this case, we do not put
Dy, as in the left of Figure 2 in our construction, and have a contradiction.
If K > h+ 2, then for any [ with h < [ < k, D; should contain v by our
construction. On the other hand, since Dy is more right and more up than
D; by the assumption on Dy, the left-down vertex of D; should be more left
and more down than u, which implies that the right-up vertex of D; is in
the interior of Dy N Dy. But in this case, we have the configuration in the
right of Figure 2, which contradicts our choice of Dy, 9 in our construction.
Hence, we have kK = h + 2 and the configuration should be in the right of
Figure 2. In this case, ﬂf;llDi has 2 diagonally situated vertices in Vi_1, u
and w, while we should not put Dy, like this in our construction.

In any case, we have a contradiction coming from the supposition that
C' N 0Dy, is not connected. Hence, it is connected. Thus, each C' € P(A) is
connected, which completes the proof. O

Lemma 18. The above triple (X, G, D) does not admit an optimal position.

Proof Take any infinite subset % of G.

If there exist 3 distinct elements (u1,v1), (u2,v2), (us,v3) in X such that
(1) either u; < ug < ug or uy > ug > us, and
(2) either v; < vy < w3 or v; > vy > v3,
then, we have A1 N A§N Az = 0 with A; = D + (u;,v;) (i = 1,2,3). Hence,
#P(Ay, Az, A3) <7, and {Aq, A2, A3} dose not attain p% - H(3) = 8.

We prove that ¥ contains 3 distinct elements as above. Take any 5 distinct
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elements in X, say (u;,v;) (i = 1,2,3,4,5) with u1 < ug < uz < ug < us.
Let v, = min; v; and v, = max; v; for some h,k =1,2,3,4,5. If h+1 < k or
k+1 < h, then (up,vp), (ug,v;), (ug,vg) satisfies the above condition with
l=h+4+1<korl=k+1< h. Otherwise, then either {1,2} N {h,k} =0
or {4,5} N{h,k} = 0 holds. Assume the former without loss of generality.
If v1 < vg, then (u1,v1), (u2,v2), (uk,vy) satisfies the above condition. If
v] > vy, then (u1,v1), (u2,v2), (up,vy) satisfies the above condition.

Thus, there exist 3 distinct elements as above, which completes the proof.
O

5 Primitive factor

Let (X,G, D) be the triple in Corollary 16 with n > 1 and ¥ satisfy the
conditions in Corollary 16. Let Q C {0,1}* be the name set with respect to
the optimal position ¥ of the triple (X, G, D). That is,  is the closure of
{wg; q € R}, where w, € {0,1}* is such that

(1 (g€ Bu(v,1)
walv) = { 0 (¢¢ Ba(v1) )

Theorem 19. The above uniform set Q has the unique primitive factor [Z],
where Z = P((01)!0) U P((10)'1) if n = 2l is even, and Z = P((01)"*+1) U
P((10)*Y) if n =20 + 1 is odd.

Proof We sometimes identify x € R™ with the vector O_‘x, where O is the
origin. Let S; := {z € R"; ||z|| =1}.

Our theorem was essentially proved in [3] for the case n = 1.

Assume that n > 2. It is sufficient to prove that for any infinite subset >’
of X, there exists an injection v : N — ¥/ satisfying that Q' o = =, where
) is the name set with respect to ¥’. For simplicity, we denote this ¥’ by
¥ and ' by Q.

There exist accumulation points of . Take one of them and call it rg.
For v € §; and € with 0 < e < 1/4, let

O(v,¢e) = {w e R"; (w,v) > (1 —¢)||w||}.

—

4)

Take €g, €1, -+, €n—1 With 0 < €g, €1, ,€,—1 < 1/4 arbitrary.

Since ry is an accumulation point of 3, (X —r9) N {z € R™; ||z|| < €} is
an infinite set for any € > 0. Let Xo(eg) = (X —ro) N{z € R"; ||z|| < €0}-

There exists v1 € S1 such that Xo(e) N O(vy,n) is an infinite set for any
e >0and n > 0. Let Xi(eg,€e1) = m1(Xo(e0) N O(v1,€1)), where m(w) =
w — (w, v1)v; is the projection defined on Xg(ep) N O(v1, €1).

Since there is no subset of X of cardinality n+1 which is on a hyper-plane,
m1(w) = 0 holds at most for n elements in Xg(ey) N O(v1,€1). On the other
hand, since w € Xg(ep) N O(v1, €) implies that

[lw — (w, v1)va]]* < 2] |wl[?,
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there exist infinitely many w € Xo(€ep) N O(v1,€) such that

0 < [y (w)[]* < 2e[[w]|*

for any € with 0 < € < ¢;. This implies that there exist infinitely many
distinct elements in X1 (€g, €1).

Now, there exists vy € S; with (v1,v2) = 0 such that 31 (e, n) N O(ve, () is
an infinite set for any ¢ > 0, 7 > 0 and ¢ > 0. Let

Yo(eo, €1, €2) = m2(X1 (€0, €1) N O(v2, €2)),

where mo(w) = w—(w, v2)vy is the projection defined on 3 (e, €1)NO(vg, €2).

If n = 2, then ¥5 = {O}. If n > 3, then m(w) = 0 holds at most for
n elements in X1 (eg, €1) N O(ve, €2). Then, by the same argument as above,
there exist infinitely many distinct elements in Yo (€, €1, €2).

In this way, we continue until we get ¥,,_1 := X,,_1(€o, €1, -+ , €n—1) such
that X,_1(n0, 71, -+, Mn—1)NO(vy, €) is an infinite set for any 1y, n1, - -+ , Np—1 >
0 and € > 0, but m,(2,-1 N O(vy,€)) = {O}. Let

—1 -1 -1
© :=0O(eg, €1, ,€p—1) =7 Oomy O---0m, ¥, 1 CX—rp.

Note that vy, v, - - - , v, are chosen independently of the choice of €y, €1, -+ ;€51
By the construction, © is an infinite set, and for any w € O,

w = (w,v1)v1 + (w,v2)v2 + - - + (W, vp)vn , ||w|| < €

holds, and vy, v9, -+ , v, are an orthonormal basis of R". Moreover, we have

(w,05) > (1= )3/ (w0, 07)% + (w, 0741)% + -+ + (w,v,)?

foranyw € © and j = 1,2, - ,n, since (w, vj)vj+- - -+ (w, vy) vy € O(vj, €5).
It follows that

0 < (w,v1) < €p, and
0 < (w,vj41) <26 (w,v5) (j=1,2,---,n—1). (5)
We need the following lemma to complete the proof.

Lemma 20. Let A = (a;j)i j=0,1,2,-n be a matriz with n > 2 and

)

aij>0 (/ivj:071727"'7n)7
am:l (i:071727...7n)7 and
Qg4 1 Q51 . . . y
(0<i<i' <n, 0<j<j <n). (6)

ajrj 2(n+1)! a;j
Then, we have
det A = (—1)n(n+1)/2a0na1,nfl T anO(l + 5)

with €| < 1/2. Hence, det A has the same sign as (—1)""+1D/2,
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Proof Assume (6). Let 7 be a permutation on {0,1,--- ,n}. Assume that
there exist u,v with u < v and 7(u) < 7(v). Let 7" = 7(u,v), where (u,v)
is the transposition. Then, we have

[0 tire)  Gur@or(v)  Gur(v)/ur(u) PR
H?:O Qir' (4) Q7! (1) Au7! (v) aur(v)/aur(u) 2(7’L + 1)'

This implies that

n
1
0< il_!)a”(i) < m%nal,n—l o Ano
for any permutation 7 other than (n,n —1,---,1,0). Hence, we have

det A = (=)™ 200,01 0 1 - ano(1 +€)

with |¢] < 1/2. O

Let us continue the proof of Theorem 19.

Choose €3, €), ---, €@ | with 0 < €3,€},---,€)_; < 1/4 arbitrary and
take wo € O(e), €l, -+ ,€2 ;). Let ap; = (wo,v;) (j = 1,2,---,n) and
ago = 1. Then by (5), ag; >0 (j =1,2,--- ,n).

Choose €}, €}, -+, €L | with 0 < €}, e}, -+ ,eL_; < 1/4 such that

1 ao1 1 1 apj+1 .
< ———, 24/ < =1,2,---,n—1
=9+ )l VIS 2+ 1) ag Y n—1)
and take wy € O(el, el, -+ ,el_;). Let a1; = (wy1,v;) (j = 1,2,--- ,n) and

ajo = 1. Then by (5), a1; >0 (j=1,2,--- ,n) and

aij+1/ai; 1
aoj+1/ao; — 2(n+1)!

(G=0,1,---,n—1).

In this way, we can choose wq, w1, w2, -+ in ¥ —rg. Let ap; = 1, a;; =
(ws,v;) for i =0,1,2,--- and j = 1,2,--- ,n. Then, we have a;; > 0 (j =
1,2,---,n) and

Gijr1/ag 1
ai—1j+1/ai-1; 2(n+1

)‘ (.72071,771_1)

forany i =1,2,---.

Therefore, for any lg,l1, -+ ,l, with lp <11 < -+ < I, the matrix A =
(a1,)ij=0.1,.-- n satisfies (—1)"("+1)/2det A > 0 by Lemma 20.

Define an injection ¥ : N — X by ¥(i) = ro + w; (i € N). To complete
the proof, we have to prove that 2 o ¢ = =, where 2 is the name set with
respect to X.
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For ¢ € R", let w, be asin (4). Then, it holds that wyot) (i) = wy(ro+w;) =
1 if and only if 79 + w; € B, (g,1). To prove that w, o1 € Z, it is sufficient
to prove that w, o 1 has at most n number of i’s such that

g 0 (i) # wq 0 (i +1). (7)

If ||q|| < 1—0, then wyo(i) can take O for at most one 4, while if ||g|| > 144,
then wy 0 1(i) can take 1 for at most one i. Therefore, w, o ¢ has at most 2
i’s as in (7).

Assume that 1 — 4§ < ||¢|| < 1+9. Let

21652 -1
Ty ={z e R (%q):HqHZ}

be the hyper-plane in R™. Then, w, o 9(i) = 1 if and only if ¢ and 79 + w;
are not separated by T} since ||rg + w;|| = J, where by definition, z,y € R”
are separated by T if x and y are not on Ty, but in the opposite sides of R"
separated by 7.

Let T be a hyper-plane in R™ and

M(T) := {i € N; ¢ and r¢ + w; are not separated by T'}.

We can find a continuously moving family of hyper-planes T'(t) with ¢ € [0, 1]
such that T(0) = T,, T(1) contains n elements in {ro + w;; ¢ € N} and
M(T(t)) = M(1y) for any ¢t € [0,1). Let T(1) N {ro + w;; i € N} =
{ro+wiy,r0 +wiy, -+ 7o +wy, } with I <ly < -+ <l,. Then, T(1) is the
plane defined by the equation

1 x To 0 Tp
I an ane - apn
L oapr ape 0 apn
F(zy, 22, 5e) =) 72 7 =0,
L a1 a2 -+ Gn
where the coordinate system (x1,x2,: -+ ,x,) is defined with respect to the
orthonormal basis v1,vs,--- ,v, and g as its origin.

Then, for any z,y € R", x and y are separated by T'(1) if F'(z) and F(y)
have different signs, while z and y are not separated by T'(1) if F'(x) and
F(y) have the same sign. Hence, wq 0 ¥(i) # wq 0 ¥(j) if F(w;) and F(w,)
have different signs, while wy 09(i) = wqy o9 (4) if F(w;) and F(w;) have the
same sign.

Therefore, if I < i < lk41, then by Lemma 20, F(w;) has the same sign
as (—1)F(=1)"("*+1D/2 " and hence, w, o 9 (i) is constant for Iy < i < lpy1.
Since F(w;) and F(w;) with ly_; < i <l and I, < j < lj, have the same
sign if h — k is even and have different signs if h — k is odd, the 0-1-sequence
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wgo(i),wgoP(i+ 1), - ,wgo(j) with l_; < i <lg, lp—1 <j <l and
t+1=1Ig,0+2=1Ig41,---,j—1=Ips;_;2 changed values at most j—¢—1
times, where j — ¢ — 1 is the number of ,,,;’s in {i,i + 1,--- ,j}. Therefore,
the 0-1-sequence wq 0 ¥(0),wq 0 (1), wq 0 9(2),- - - changed values at most
n times. Hence, wy 0 € E.

Conversely, for any choice of {l; < ly < --- <l,} C N, the hyper-plane T'
containing {ro+wy,, ro+w,, - -+ ,ro+wy, } is determined. By the assumption
for ¥, no other point of {ro+ w;; i € N} is on 7.

Then, an (n — 2)-dimensional plane T'N{z € R™; ||z|| = 0} is determined
with center, say p, and radius, say p. Let

q_<1if6§f;>p.

Then, wy oY € Z. By moving ¢ slightly, we can give the values at w, o
Y(ly) (j=1,2,--- ,n) (where F'(w;;) = 0) arbitrary. Hence, any element in
{0, 1} which changes values at most n times can be realized by an element
in Q o1, since by taking ;11 = [; + 1 and choosing the values at wg o ¢(1;)
and wgy01(lj41), we can cancel some changes of the values. Hence, 2 C Qo)

Thus, 2 0 = =, which completes the proof. a
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