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Distance provides a comprehensible perspective for characterizing the difference between two objects in
a metric space. There are many measures which have been proposed and applied for various targets in
rough set theory. In this study, through introducing set distance and partition distance to rough set the-
ory, we investigate how to understand measures from rough set theory in the viewpoint of distance,

which are inclusion degree, accuracy measure, rough measure, approximation quality, fuzziness measure,
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three decision evaluation criteria, information measure and information granularity. Moreover, a rough
set framework based on the set distance is also a very interesting perspective for understanding rough
set approximation. From the view of distance, these results look forward to providing a more comprehen-
sible perspective for measures in rough set theory.
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1. Introduction

Rough set theory proposed by Pawlak in [17] is a relatively new
soft computing tool for the analysis of a vague description of an ob-
ject, and has become a popular mathematical framework for pat-
tern recognition, image processing, feature selection, neuro
computing, conflict analysis, decision support, data mining and
knowledge discovery from large data sets [1-3,13,23,30,
39,42,44]. Rough-set-based data analysis starts from a data table,
called information tables. The information tables contain data
about objects of interest, characterized by a finite set of attributes.
It is often interesting to discover some dependency relationships
(patterns). An information table where condition attributes and
decision attributes are distinguished is called a decision table.
From a decision table one can induce some patterns in form of
“if..., then...” decision rules [5,6,19,30]. More exactly, the decision
rules say that if condition attributes have given values, then deci-
sion attributes have other given values.

To date, many measures for uncertainty have been proposed in
rough set theory. As follows, for our further development, we
briefly review several important measures. The concept of inclu-
sion degree has been introduced into rough set theory, which is de-
rived from the including measure among sets. Several authors have
established several important relationships between inclusion de-
gree and measures of rough set data analysis [27,40]. In rough set
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theory, as three classical measures, approximation accuracy, rough
measure and approximate quality can be used to assess the rough-
ness of a rough set and a rough classification [7,17]. For any object
on a given universe, the membership function of the object in a
rough set can be derived by the inclusion degree between the
equivalence class including itself and a target concept, which can
construct a fuzzy set on the universe. Several authors have studied
the fuzziness of a rough set from various viewpoints [21,41]. In re-
cent years, how to evaluate the decision performance of a decision
rule and a decision-rule set has become a very important issue in
rough set theory. There are two classical measures such as cer-
tainty measure and coverage measure [17]. In order to assess the
decision performance of a decision table, Qian et al. [20] proposed
three evaluation parameters o, § and 7y which are used to calculate
the entire certainty, the entire consistency and the entire support
of all decision rules from a given decision table. However, each of
the above measures is defined by different forms, which is hard
to understand their sematic meanings. In other word, the uniform
characterization of these measures is desirable. As we know, the
concept of distance is a main approach to understand the differ-
ence between two objects in algebra, geometry, set theory, coding
theory and many other areas. Hence, in this study, we aims to pro-
pose the concept of set distance to characterize and redefine each
of these measures in order to more easily comprehend their mean-
ings. It is exciting that Pawlak’s rough set framework can be recon-
figured using the set distance. This idea also can be used to
redefined the variable precision rough set model proposed by
Ziarko [46]. These results will be very helpful for us to understand
the essence of rough set approximation. That is to say, it is a more
comprehensible perspective for measures in rough set theory.
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In addition, information entropy and information granularity are
two main approaches to characterizing the uncertainty of an infor-
mation system [14,18,28,43,45]. In recent years, several various
forms of information entropy and information granularity have been
given in [13,14,28,43,45]. It is deserved to point out that when the
information granularity (or information entropy) of one equivalence
partition is equal to that of the other equivalence partition, these
two equivalence partitions have the same uncertainty. Nevertheless,
it does not mean that these two equivalence partitions are equiva-
lent. That is to say, information entropy and information granularity
cannot characterize the difference between any two equivalence
partitions in a given information table. In fact, we often need to dis-
tinguish two equivalence partitions for uncertain data processing in
some practical applications. To date, how to measure the difference
between equivalence partitions has not been reported. To further
investigate uncertainty theory in the framework of rough set theory,
for this consideration, we will propose the concept of partition dis-
tance to calculate the difference between two partitions on the same
universe in this paper. In particular, we also reveal the essence of
definitions of information entropy and information granularity from
the viewpoint of partition distance.

The rest of this paper is organized as follows. Some preliminary
concepts in rough set theory are briefly recalled in Section 2. In
Section 3, we introduce the concept of set distance to characterize
several important measures, which are inclusion degree, accuracy
measure, rough measure, approximation quality, several decision
evaluation parameters and the fuzziness measures of rough sets.
In addition, we employ the set distance for reconfiguring the rough
set framework and the variable precision rough set model. In Sec-
tion 4, we first define the concept of partition distance to calculate
the difference between two partitions on the same universe, then
employ the partition distance to understand information entropy
and information granularity from the viewpoint of distance. Sec-
tion 6 concludes this paper with some remarks and discussions.

2. Preliminary knowledge in rough sets

In this section, we review some basic concepts such as indis-
cernibility relation, partition, partial relation of knowledge and
decision tables in rough set theory.

An information table (sometimes called a data table, an attri-
bute-value system, a knowledge representation system, etc.), as a
basic concept in rough set theory, provides a convenient frame-
work for the representation of objects in terms of their attribute
values. An information table S is a pair (U,A), where U is a non-
empty, finite set of objects and is called the universe and A is a
non-empty, finite set of attributes. For each a €A, a mapping
a:U-V, is determined by a given decision table, where V, is
the domain of a.

Each non-empty subset B C A determines an indiscernibility
relation in the following way,

Rg ={(x,y) € U x Ula(x) = a(y),Va € B}.

The relation Ry partitions U into some equivalence classes given by
U/Rg = {[x]g|x € U}, just U/B,

where [x]z denotes the equivalence class determined by x with re-
spect to B, i.e.,

Kl = {y € U|(x,y) € Rg}.

Given an equivalence relation R on the universe U and a subset
X C U. One can define a lower approximation of X and an upper
approximation of X by

RX = {x e Ullxj € X}

and

RX = {x € U}l N X # O},

respectively [15]. The ordered pair (RX, RX) is called a rough set of X
with respect to R.

We define a partial relation < on the family {U/B|B C A} as fol-
lows: U/P < U/Q (or U/Q = U/P) if and only if, for every P; € U/P, there
exists Q; € U/Q such that P; C Q;, where U/P = {Py,P,,...,Pn} and
U/Q ={Q4,Qy,...,Q,} are partitions induced by P, Q C A, respec-
tively. In this case, we say that Q is coarser than P, or P is finer than
Q. If U/P < UJ/Q and UJP # U|Q, we say Q is strictly coarser than P
(or Pis strictly finer than Q), denoted by U/P < U/Q (or U/Q = U/P).

It is clear that U/P < U/Q if and only if, for every X € U/P, there
exists Y € U/Q such that X C Y, and there exist Xy € U/P, Yo € U/Q
such that Xy C Yp.

A decision table is an information table S=(U,CuD) with
Cn D=0, where an element of C is called a condition attribute, C
is called a condition attribute set, an element of D is called a deci-
sion attribute, and D is called a decision attribute set. One can ex-
tract certain decision rules from a consistent decision table and
uncertain decision rules from an inconsistent decision table.

3. Set distance and some measures in rough sets

The concept of set closeness between two classical sets is used
to measure the degree of the sameness between sets. Let X and Y be

two finite sets, the measure is defined by H(X,Y) = % (XUY#0).
XnY|

Obviously, the formula 1 - H(X,Y) =1 — [xoy can characterize the
difference between two finite classical sets. In a broad sense, this
measure can be regarded as a generalized distance [22]. Using
the measure, one can obtain the following distance between two

finite classical sets.

Definition 1. Let X, Y are two finite sets. The distance between X
and Y is defined as

XNY|
XuyY|’ M

where XU Y # 0.
From the definition of the distance, one can easily obtain the
following property.

dX,Y)=1-

Property 1. The distance d satisfies the following properties:

(1) d(XY) > 0;
(2) d(X.Y)=d(Y,X);
(3) d(X.Y)+d(Y.Z) > d(X,Z).

Proof. The three properties will be proved as follows.
(1) Obviously, XU Y| = |XNY|. Thus we have that,

XUY|—XnY|
= @ @ 0>

dX, Y > 0.
(2) It is easy to know that [XUY|=|YUX| and | XN Y| =|YNX].
Therefore,
XUY|—-|XnY|l |YuX —|YnX
dx, vy~ KUYL=XOY]_WUXI =YXy

XUY] Y UX|

(3) Given any a, b and ¢, and let 0<b<a, c¢> 0. From

bee b —ae¥ > 0, it follows that & < b Hence,

a+c a a(a+c = a+ct
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d(X.Y) +d(Y,Z) - d(X,Z)

. Xny| YNz
CXuyYl T yuzl
Xnz|_, XnY| |YnZ| XnZ
XuZ| XuyY| |yuzl " Xuz
>]_Mnﬂ+iyqzmauYﬂ
- XuYuz
YNZ|+|X]| - XN (YUZ) XnZ
a XuYuZ XuYuZz
_ 1 XnY[+1Z - (XnZ|+|YnZ| - XnYNZ)
XuYuZ|
YNZ|+ X - (XNY|+|XNZ|—-|XNnYNZ|)
B XuYuZz
L _Xnz
XuYuZ
_1_X+Z-XnZ| 2(Xnz|-XnYnZ)
Xuyuz Xuyuz
=0

Therefore, d(X,Y)+d(Y,Z) > d(X,Z). O

In this section, we establish the relationship between the set
distance and each of several measures in rough set theory.

3.1. Set distance and inclusion degree

An approximate mereological calculus called rough mereology
(i.e., theory of rough inclusions) has been proposed as a formal
treatment of the hierarchy of relations of being a part in a degree.
The degree of inclusion is a particular case of inclusion in a degree
(rough inclusion) basic for rough mereology. The concept of inclu-
sion degree based on partial relation was proposed in [46] for
approximate reasoning in rough set theory. In the literature [40],
Xu and Liang presented three types of inclusion degrees (I, I;
and I;), which have been successfully applied for characterizing
the measures from rough set theory. In the following, we discuss
the relationship between these three inclusion degrees and the
set distance.

A partial order on a set L is a binary relation < with the follow-
ing properties: x < x (reflexive), x <y and y < x imply x =y (anti-
symmetric), and x <y and y < z imply x < z (transitive) [40].

Proposition 1. Let U be a finite set, F={X|X C U} and C a partial
relation on F. For VX, Y € F, one define an inclusion degree as

Io(Y/X) = 'Y‘;f" . )

It is easy to see that Iy can be induced to a set distance
L(Y/X)=dX, X-Y).

Proposition 2. Let Y={Y;Y,...,Yy} be a classification of U,

F={{FLE,...F)}JF CY;, i=12,...,n}, X={X,X5,...,Xp}€F and
Z={Z1,Z,,...,Z,} € F. One define another inclusion degree as

b LX) N (UL Z
I] (X/Z) _ ‘(Ux:l l) (Uz:] l)} ) (3)

!(U?:IZi)}

From the formula, one can get the form of set distance of this
inclusion degree, which is

iz =a((Ur,2). (UL2) - (UL )

Theorem 1. Let F={W|W C U}andP,Q C W. Let Y={Y},Ys,..., Yy}
be a classification of U, F' = {{F},F,,... . F,}[FiCY;i=1,2,
ool X=1{X1,Xo,....Xn} €F and Z={Z1,Z5,....Z,}€F. If P=
UL, X; and Q = J,Y;, then I,(X/Z) is a special case of Io(P/Q).

Proof. From the existing condition P = |J!;X; and Q = !, Y.

L(X/Z) = (Ui Xi) N (UL Zi) | _IPNQ|

Uiz Ql
Therefore, I;(X/Z) is a special case of Io(P/Q). O

=1o(P/Q).

From the above three propositions, it can been that three types
of inclusion degrees can be all induced to be the set distance.

3.2. Set distance, accuracy measure, rough measure and
approximation quality

As three classical measures, accuracy measure, rough measure
and approximation quality are three important measures in rough
set theory [17]. In this subsection, we investigate how to induce
these kinds of measures to the set distance.

Proposition 3. Let S= (U,A) be an information table, P C A and
X C U. The accuracy measure of rough set X with respect to P [17] is
defined as

|PX|
ap(X) ==, 4
"X =y @
where X # Q.

It is easy to show that

_|PXNPX|

op(X) i d(PX, PX — PX).

This shows that this measure can be induced to a set distance.

Proposition 4. Let S= (U,A) be an information table, P C A and
Y={Y,Ys...,Y,}). By P-lower and P-upper approximation of Y in S we
mean sets PY={PY;PY,,...,PY,} and PY = {PY{,PY,,...,PY,},
respectively. The approximation quality of the classification Y with
respect to P [17] is defined as

[P

rr(Y) = S 5)

From the formula and Proposition 4, one can know that the
measure

_UnULPYi| _
U]

is also a set distance.

re(Y) dw, U-J_ Py

Proposition 5. Let S= (U,A) be an information table, P C A and
X C U. The rough measure of rough set X with respect to P [17] is
defined as
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_BX|

polX) = 1) = 1=

(6)
where X # @.

It is easy to show that
pp(X) = d(PX, PX).

It implies that this measure also can be induced to a set distance.

The above three examples show approximation accuracy, rough
measure and approximation quality can be all characterized by the
set distance. In addition, from Proposition 6, it is easy to know that
the measure of dependency between two attributes subsets also
can be induced to a set distance.

3.3. Set distance and fuzziness measure of a rough set

In this subsection, we will research the set distance character-
ization of the fuzziness measures of a rough set and a rough
decision.

Proposition 6. Let S =(U,A) be an information table and X C U. For
any object x € U, the membership function of x in X is defined as

X0 (Xl
|X]al

where 1§ (x)(0 < uf(x) < 1) represents a fuzzy concept [36].

H(x) = , (7)

Obviously, the membership function can be redefined by the
following set distance

Hy(x) = d(X]. Xy = X).
It can construct a fuzzy set Fy = {(x, it;(x))|x € U} on the universe U.

Proposition 7. Let S=(U,A) be an information table and X C U. A
fuzziness measure of the rough set X is defined as [21]

Ul

E(R) =3 s

)(1 - 15 (x)). (8)

Through using the result of Proposition 6, it is obvious that

Ul

E(Fﬁ‘;) = ;d([X]A, X1

That is to say, the fuzziness measure also can be characterized by
the set distance.

= X)(1 = d([xla, [Xla —X))-

Proposition 8. Let S= (UA) be an information table and U/
D={Y1,Y,...,Y,} a target decision. For any x € U, the membership
function of x in D is defined as [13]

Y5 0 (X
|X]al

where pp(x) (0 < pp(x) <

)uD(X) = I X Yja (9)

1) represents a fuzzy concept.

Similar to Proposition 6, the membership function can be in-
duced to the set distance

Hp(X) = d([xla, [Xla—

It can construct a fuzzy set FD = {(x, up(x))|x € U} on the universe U.
Based on this membership function, one can construct a fuzziness
measure of a rough decision.

Yj), xeY;.

Proposition 9. Let S= (U,A) be an information table and U/D =

{Y,Y5...,Y,} a target decision. A fuzziness measure of a rough
decision is defined as [21]
4 Yl
E(F) = pox)(1 = pp(x0). (10)
i=1

It can be depicted by the set distance

E(Fp) = Zd[xm

From the above four propositions, one know that membership
functions and fuzziness measures can be induced to be a set dis-
tance in rough set theory. These cases will be helpful for under-
standing the fuzziness of a rough set and a rough decision by
using set distance.

—d([X]a; [X]a = Y)))-

3.4. Set distance and decision performance evaluation

In recent years, how to evaluate the decision performance of a
decision rule and a decision-rule set has become a very important
issue in rough set theory. Firstly, we concern on two classical
evaluation measures, which are certainty measure and coverage
measure.

Let S=(U,CuUD) be a decision table, X; € U/C, Y;€ U/D and
XinY; # @. By des (X;) and des (Y;), we denote the descriptions of
the equivalence classes X; and Y; in the decision table S [17]. A deci-
sion rule is formally defined as

Z;j : des(X;) — des(Y;).

Proposition 10. Let S = (U,C U D) be a decision table, X; € U/C, Y; € U/
D and X;nY; # @. Certainty measure (also called resolution) of the
rule Z;; is defined as [37]

\YjﬂX,-|

OCXg(Yj) = ‘X|
1

(11)

From the definition of certainty measure, it is easy to see that
the formula (11) can be depicted by a set distance

OCXi(Yj) = d(Xj, Xi — Y])

Proposition 11. Let S = (U,C U D) be a decision table, X; € U/C, Yj € U/
D and X; n'Y; # @. Coverage measure (also called completeness) of the
rule Z;; is defined as [37]

Y nX;
By, (Y;) = 'flej“ (12)

From the denotation of coverage measure, it can be seen that
the formula (12) also can be characterized by a set distance

Bx,(Y;)

Similar to the support measure of a decision rule s(Z;
induced to the set distance D(U,U — (Y; N X;)).

In order to assess the decision performance of a decision table,
Qian et al. [20] proposed three evaluation parameters o,  and 7,
which are used to calculate the entire certainty, the entire consis-
tency and the entire support of decision rules based on elementary
sets from a given decision table.

=d(Yj, Y; - Xi).

) = ki

o 1S also
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Proposition 12. Let S=(U,Cu D) be a decision table, and RULE = {-
Zi : des(X;) — des(Y;), Xi € U/CY; € U/D}. Certainty measure o of S is
defined as

n
|Xin Y,
=22 U (13)

i=1 j=1

where s(Z;;) and p(Z;) are the certainty measure and support measure
of the rule Z;;, respectively.

Through using Eq. (11), it easily follows that

5 Zm: i:d(x,, X; — Y))d(U, U—(X;nY)).

i=1 j=1

That is to say, the certainty measure can be defined by two set dis-
tances. Similarly, one can apply the set distance for depicting the
following two evaluation criteria.

Proposition 13. Let S=(U,CuD) be a decision table, and RULE =
{Z;; : des(X;) — des(Y;), X; € U/CY; € U/D}. Consistency measure f3 of S
is defined as

x4
Z i mZ]x,.m'jm(z,,»)(l — WZy) |, (14)
<

where N; is the number of decision rules by the condition class X; and
W(Zy) is the certainty measure of the rule Z;.

If adopting the interpretation of set distance, one can obtain the
following denotation.

N \ﬁfi

i=1 j=1

Ni

XN YK, X - V(1 —d(Xi, X - Y)).

Proposition 14. Let S=(U,CuD) be a decision table, and RULE =
{Z; : des(X;) — des(Y;), X; € U/C, Y; € U/D}. Support measure y of S is
defined as

:zmzzpmw (15)
j=1

i=1

From the definition of set distance, it is clear that

m

=y zn:dz(u, U—(XinY))).

i=1 j=1

From the above these propositions, we also can use the set distance
to characterizing those evaluation measures of decision perfor-
mance in the context of incomplete decision tables.

3.5. Rough set framework based on set distance

In rough set theory, the characterization of a target concept is
approximated by the lower approximation and the upper approx-
imation. In order to better comprehend the idea from rough set
theory, in this subsection, we will apply the set distance for rede-
fining the concept of a rough set.

Given an equivalence relation R on the universe U and a subset
X C U. One can define a lower approximation of X and an upper
approximation of X by

= {x € Ud([Xlp, X [x]g) = O}, (16)
Rx {X € UJ0 < d([xlg. X xlg) <1). (17)

This definition of the rough set, in fact, is equivalent to Pawlak’s
rough set. It can be understood from the following analysis.

In Pawlak’s rough set, when [x]g C X, the object x can be putted
into the lower approximation of X, and when [x]z N X # @, the ob-
ject x can be putted into the upper approximation of X. From the
condition [x]g C X, we have that

X0 el

X1 ) 1 W] |(X N [X]g) N [X]gl
e ©X = (R U |

W
=0 = d({Xg, X [Xp) =

From [x]g N X # @, we obtain that

(X0 () 0 ¥l
XA W U S0
G IION
<1 X0 W) U
< d([x]R, XNixlp) < 1.

XpnNX#0 = 0<

<10

Similar to these two denotations, we come to the definitions of neg-
ative region and boundary region of a rough set as follows

NeggX = {x € Uld([x], XN [x]p) =1}, (18)
BmgX = {x € U|0 < d([x]y, XN [x]p) < 1}. (19)

These two Eqgs. (18) and (19) also can be similarly proved according
to the analysis about Eqgs. (16) and (17).

From Egs. (16)-(19), it can be seen that the characterization of a
rough set only depends on the set distance between [x]z and
XN [x]g. If the distance between the equivalence class [x]z and
XN [x]g achieve the minimum value zero, then the equivalence
class must be included in the lower approximation of the target
concept. If the distance between them equal the maximum value
one, then the equivalence class must belong to the negative region.
The rest equivalence classes lie in the boundary region of the rough
set.

Example 1. Let U = {x1,X2,X3,X4,X5,X6,X7,X3,X9,X10,X11,X12} and R be
an equivalence relation induced by UJR ={{x1,X3}, {X2,X4,X5,X5},
{x7,X8,X9,X10}, {X11,X12}}. We have that

[x1]g = [X3]g = {x1, %3},

[x2]g = [Xalg = [Xs]g = [X6]g = {X2,X4,X5, X6},
[X7]r = [Xs]g = [Xolg = [X10]g = {X7,Xs,X9,X10}
and

[x11]g = [X12]g = {X11, %12}

Given a set X = {x1,X2,X3,Xs,Xg,X7,Xs,X11,X12}. For Pawlak’s rough
set model, we can obtain the lower approximation and upper
approximation of X

RX = {x € U|[Xy CX} = {x1.%5},
RX = {x € U|[x]z N X # 0} = {X1,X2,X3,X4,X5,X6,X7,X3,X0,X10},
NeggX = U — RX = {X11,X12}
and
BngX = RX — RX = {Xy,X4,X5,Xs,X7,Xs, X9, X10}

For the above rough set framework based on the set distance,
we can calculate the following results

d(x]g, X1 [x1]g)

= d([X3]R XNxsg) =1- (X0 [x1]g) N (X1l -0
k) | s

(X0 [xalp) Uil
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d([x2]g, XN [Xa]g) = d([Xalg, X N [xalg) = d([Xs]g, X N [X5]g)
‘(X n [XZ]R) n [XZ]R|

= d(Xele, XN Bsle) =1 = po T pal]

—-1- % —0.25,

d([x7]g, X N [x7]g) = d([Xs]g, X N [Xs]g) = d([Xe]z, X N [Xolg)
-t X1
=1- % =05

and

XN [xulr) N [x1]g
[(X N [x11]g) U [X11]g

d(X11lg, XN [x11lg) = d([X12]g, XN [x12]g) = 1 }

=1-0=1.

Furthermore, we have that
RX = {x € Uld([x]g, XN [x]g) =0} = {x1,X3},
RX = {x € U|0 < d([x]z, XN[x]p) <1}

= {X1,X2,X3,X4,X5,X6,X7,X8, X9, X10},
NegpX = {x € Uld([x]g, XN [X]z) = {X11,X12}

and

BngX = {x € U|0 < d([x]g, XN [x]z) <1}
= {X2,X4,X5,X6,X7,Xg, X9, X10}-

From these above equations, it can be seen that the R-lower
approximation, R-upper approximation, R-negative region and R-
boundary region of X obtained by Pawlak’s rough set model are
the same as the ones achieved by the proposed rough set frame-
work based on the set distance. However, the rough set framework
based on the set distance seems more intuitive for understanding
the meaning of rough set approximation. That is to say, the set dis-
tance-based rough set model gives a more comprehensible
perspective.

According to the definition of set distance, one easily obtains
the following theorem.

Theorem 2. Let R be an equivalence relation on U and X C U a
subset. Then,

(1) X is a R-definable set iff d(RX,RX) = 0;
(2) X is a R-rough set iff d(RX,RX) > 0.

Proof. Similar to the proofs about Egs. (16)-(19), this theorem can
be easily proved. O

With the introduction of rough inclusion, the standard approx-
imation space can be generalized to variable precision approxima-
tions. In formulating the variable precision rough set model, Ziarko
[46] used the relative degree of misclassification function c and the
granule based definition of approximation. In the variable rough
set framework, one needs to choose the threshold value g in the
range [0,0.5]. Given an equivalence relation R on the universe U
and a subset X C U. In variable rough set theory, through using
the set distance, a lower approximation of X and an upper approx-
imation of X can be redefined by

RyX = {x € Uld([X]g, XN [X]g) < B}, (20)
ReX = {x € U0 < d([x]p, XN [x]z) < 1—p}. (21)

Similar to these two denotations, we come to the definitions of
negative region and boundary region of a variable rough set as
follows

Neg,X = {x € Uld([xlg. XN [Xlp) > 1- B}, (22)
BryX = {x € U < d(iXly, XN [xg) <1 ). (23)

When the threshold value g equals zero, a variable rough set
will degenerate into the corresponding Pawlak’s rough set. From
Eqgs. (21)-(24), it can be seen that like the standard rough set, the
depiction of a variable rough set also depends on the set distance
between [x]g and X N [x]g. Clearly, the characterization of a rough
set by the set distance will be very helpful for more easily under-
standing the essence and meaning of a rough set, which provides
a more comprehensible perspective for measures from rough set
theory.

Example 2 (Continued from Example 1). Let = 0.4, for Ziarko’s
variable precise rough set model, we can compute the lower
approximation and upper approximation of X are as follows

R X={xecU|l- [x}[,;_]mx < 0.4} = {X1,X2,X3 X4,X5,X6},

R
[x]gNX
[x]r
Neg/,X =U-RX= {Xn,xlz}

RX={xeU- < 0.6} = {x1,X2,X3,X4,X5,X6,X7,X5, X0, X10},

and
BnygX = RX — RX = {X7,Xs,Xg,X10}.

Using the proposed rough set framework based on the set
distance, we obtain its lower approximation and upper
approximation

RX = {x € Uld([x]z, X N [x]g) < 0.4} = {X1,X2,X3 X4,X5,Xs},
ReX = {x € U0 < d([x]g, XN [x];) < 0.6}

= {X1,X2,X3,X4,X5,X6,X7,X8, X9, X10},
Neg X = {x € Uld([X]g, XN [x]g) = 0.6 = {X11,X12}}

and

BngX = {x € U|0.4 < d([x]z, XN [x]g) < 0.6} = {X7,X5,X9,X10}

From these above computations, it is easy to see that the R-
lower approximation, R-upper approximation, R-negative region
and R-boundary region of X obtained by VPRS are the same as
the ones achieved by the redefined VPRS based on the set distance,
respectively. Like the set distance-based rough set model, the rede-
fined VPRS play the same role for understanding the meaning of
rough set approximation in VPRS, which also displays a more com-
prehensible perspective.

In the literature [4], Cornelis et al. gone one step further by
introducing vague quantifiers like most and some into the model
VPRS. In this way, an element x belongs to the lower approxima-
tion of X if most of the elements related to x are included in X. Like-
wise, an element belongs to the upper approximation of X if some
of the elements related to x are included in X. In this approach, it is
implicitly assumed that the approximations are fuzzy sets, i.e.,
mappings from X to [0,1], that evaluate to what degree the associ-
ated condition is fulfilled. The authors formally define the upper
approximation and lower approximation of X by fixing a couple
of fuzzy quantifiers, which are also constructed based on the inclu-
sion degree. Hence, we also can employ the proposed set distance
for redefining so-called vaguely quantified rough set framework
proposed by Cornelis et al. Due to their similarity, we omit its form
based on the set distance.
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4. Partition distance and some measures in rough sets

In rough set theory, information entropy and knowledge granu-
lation are two main approaches to measuring the uncertainty of a
partition in knowledge bases (approximation spaces). If the knowl-
edge granulation (or information entropy) of one partition is equal
to that of the other partition, we say that these two partitions have
the same uncertainty. However, it does not mean that these two
partitions are equivalent. In other words, information entropy
and knowledge granulation cannot characterize the difference be-
tween any two partitions in a knowledge base. In this section, we
introduce a notion of partition distance to differentiate two given
partitions and investigate some of its important properties.

For our further development, we give several representations
and denotations. We say K =(U,R) is a knowledge base, where U
is a finite and non-empty set and R is a family of equivalence rela-
tions. In this paper, we denote an equivalence partition induced by
U/R on U by K(R). In fact, the partition can be formally defined as
K(R) = {Eg(x)|x € U}. Each equivalence class Eg(x)(x € U) may be
viewed as an information granule consisting of indistinguishable
elements [22].

4.1. Partition distance

To characterize the relationship among partitions, based on the
view of set distance, we introduce an approach called partition dis-
tance for measuring the difference between two partitions on the
same knowledge base in the following.

Definition 2. Let K=(U,R) be a knowledge base, P, Q€R,
K(P)={[xilplxi € U} and K(Q)={[xi]qlxi € U}. Partition distance
between K(P) and K(Q) is defined as

|xi]pDlxil
D(K(P) ‘U‘Z ”% , (24)

where [[x;]p®[Xi]o| = |[Xilp U [Xila| — [[xilp N [Xilgl-

Theorem 3 (Extremum). Let K(U,R) be a knowledge base, K(P), K(Q)
two partitions on K. Then, D(K(P),K(Q)) achieves its minimum value
D(K(P),K(Q)) =0 if K(P)=K(Q) and D(K(P),K(Q)) achieves its maxi-
mum value D(K(P),K(Q)) =1 _W if K(P) = w and K(Q) =5 (K(P) =6
and K(Q) = w).

Proof. For VP,Q<cR, one has that 1<
[[xi]p U [Xilq| < |U|. Therefore, for VP,Q € R,

<lxile N [xilol < Ul 1<

U]

. XI @[X]Q 1
1, ie, 0K <1-——.
S Ul £ Z |l U

0 < [[xi]p @ [Xilo| < [U] -
If K(P)=K(Q), then [xz]pﬂ [xilo = [xilp, [XilpU [Xilo = [Xilp, i< |U.
Hence, D(K(P),K(Q)) = ;o1 Miepiilel — 1. 52 0 — 0, i.e., D(K(P),
K(Q)) achieves its minimum value O.

If K(P)=w and K(Q) = 4, then [x,]pﬂ [xi]lq= {x} [x,]pu [xilo=U.
D(K(P),K(Q)) = o Z‘U‘ ] ﬁ Zlu‘ ‘U‘\U}X’

=1- ‘iu i.e., D(K(P),K(Q)) achieves its maximum value 1 - W‘ O

i<|U. Hence,

The partition distance represents the measure of difference be-
tween two partitions in the same knowledge base. Obviously,
0 < D(K(P),K(Q)) <1 -

Let K(P) = {[xi]p|x; € U}, K(Q) = {[xilolx: € U} and K(R) = {[xi]z|x; € U}
be three partitions on U. For [x;]p € K(P), [xi]q € K(Q) and [x;]r € K(R),
x; € U, we denote [x;]ipor) = [Xilp U [Xi]o U [Xi]r. One can give a certain

array of all elements in [xj]p,qr and denote the array by

Array:(xil,x,-z,...,x,-HXmUQLR‘). Therefore, one can represent |[x;]p

by the following array

X — { 1 if Xi, € [Xihg,
710 else,

for x;, € Array,k < |[x; ],,Uw|

Similarly, the expressions of [x;]o and [x;]r also can be obtained.
In fact, the expression of Array is various, so the expression of [x;]p,
[xilo and [x;]g should be also changed according to Array, respec-
tively. This kind of representations about the equivalence classes
are illustrated by the following proposition.

Example 3. Consider three equivalence classes [x;]p={1,2,3},
[xilo={2,3,4} and [x;]g = {3,4,5}. Compute the expressions of [x;]p,
[xilo and [x;] through using the above method.

By computing, one has that [Xilypory = [XilpU [XiloU [Xi]g =
{1,2,3,4,5}. Assume that Array =(1,2,3,4,5).

For [x;]p, one can obtain that [x;]p=(1,1,1,0,0). Similarly, it
follows that [x;]o=(0,1,1,1,0) and[x;]z = (0,0,1,1,1).

Let A, B, C be three classical sets, Array =(ty,t5,...,tg a0y )
ti#t, t;, tje AUBUC. Hence, from the above expression method,
one can get the array expressions of A, B and C as follows

A = (a1,03,...,0qa80y):
B = (b1, bz, ... . byascy) and
C'=(c1,C25- -, a0y

Based on these denotations, we then measure the distance between
two classical sets by the following formula

{(A.B.C)}|
> (@ob),aecA beB. (25)

i=1

d(A,B) =

Analogously, one has that d’(B,C):El-{:(f‘s'cm(b,-eac,-) and

d(A0) = Ma® ).

From these denotations, we come to the following lemma.

Lemma 1. Let A, B, C be three classical sets, then d'(A,B) +d'(B,C) >
d'(AC).

Proof. Suppose that A’
and C ={cy,cy,...
follows that

saasoyhB ={buba,....bascyl
(bi®c) = (@) it

={ay,a,,...
JCgagoy) From (a;® b)) ®

{(ABO)} [{(A.B,C)}|
d'(A,B)+d(B,C)= 2 al@b > (o)
i=1 i=1
B B
(@ob)o o) = Y (o)
i=1 i=1
=d(B,0).

Similarly, d'(A,B)+
d(A B). O

d'(AC)>d(B,C) and d(AC)+d(B,C) >

Theorem 4. Let K(U) be the set of all partitions induced by U, then (K
(U),D) is a distance space.

Proof

(1) One can obtain easily that D(K(P),K(Q)) >0 from
Definition 2.

(2) It is obvious that D(K(P),K(Q)) = D(K(Q), K(P)).
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(3) For the proof of the triangle inequality principle, one only
need to prove that D(K(P),K(Q))+ D(K(P),K(R)) = D(K(Q),
K(R)), K(P),K(Q),K(R) € K(U).

From Lemma 1, we know that for x; € U, d'([xi]p, [xi]q) + d'([xi]p,
[xi]r) = d'([xi]o [xilr). Hence,

D(K(P),K(Q)) + D(K(P),K(R))

Xz]p Xr d |[xi]p ©® [Xilgl
|U\Z 21: |U|

1 19 d Pv[xl]q | / XI ,[X
:|U\Z | Z U

=1

“ 2 Z 7 @ (e belo) + d (1 1))
1 5 d'([ilg. [xile)

WX W
1

Therefore, (K(U),D) is a distance space. [

From the above theorem, one can draw a conclusion that the
partition distance is also distance metric.

For further development, we give the following Lemma 2.

Lemma 2. Let A, B, C be three classical sets with A C B C C or
ADBDC, then d(AB)+d(B,C)=d(AC).

Proof. Suppose that A’ = {a1,az,. . .,aK(A,B,C)N},B’ = {b1,b2, .. "bl{(A,B,C)}I}

and C ={c,C2....Cqapcy)- Let ADB2DC thus AUBUC=A and
B u C=B. Therefore,
HABO} KABO}
d(AB)+dB,C)= Y (meb)+ Y (bhec
i=1 i=1
=(JAUB|-|AnB|)+ (BuC|—-[BnNC(J)
= (IAl = |BJ) + (IB| = IC]) = |A] = [C]
HABO}

= Y (@oc)=d®ACQ).

i=1

For A C B C C, similarly, one can draw the same conclusion. O

By Definition 2 and Lemma 2, one can obtain the following
theorem.

Theorem 5. Let K=(UR) be a knowledge base, P,Q,R <R and
K(P) < K(Q) =K(R) or K(R)=<K(Q)=K(P). Then, D(K(P)K(R))
=D(K(P),K(Q)) + D(K(Q),K(R)).

Proof. For K(P),K(Q),K(R) € K and K(P) < K(Q) < K(R), one can eas-
ily get that [x]p C [xi]q C [xi]g, X;€ U. Hence, it follows from
Lemma 2 that

D(K(P),K(Q)) + D(K(Q),K(R))

Ll Xz]p o HX]Q @ [xilg|
T Ul £ Z \Ul Z Ul
U] d P7[XI]Q Ul d

Illf\ Z P Z IUI

|U|
Z d'([xilp. [xilg) + d ([%ilg: [Xilg)
i=1

1 d () 1
U U - ke

For K(R) < K(Q) < K(P),
conclusion. O

similarly, one can draw the same

Example 4. Let U = {x1,x2,x3,X4,Xs} and K(P), K(Q), K(R) be three par-
titions induced by equivalence relations P, Q, R on K, where
K(P) = {{x1,X2,x3}, {x1,%2,X3}, {X1,X2,x3}, {xa,xs}, {xaxs}}, K(Q)=
{{xl'XZ}'{xl'XZ}' {X3}v {X4'X5}v {X4'X5}} and I«R) = {{lexz}v {xlvxz}v {X3},
{xa}, {x5}}-

It is obvious that K(R) < K(Q) < K(P). By computing the partition
distances among them, one can obtain that

DIK(P).K(Q) = 5 E(l +1 +2+0+0)} 2
D(K(Q),K(R)) =%E(O+O+O+ 1+ 1)} :% and
DIK(P).K(R) = 5 E(l ‘1 +2+1+1)} 5

It is clear that
= D(K(P),K(R)).

As a result of the above discussions and analyses, we come to
the following corollary.

D(K(P),K(Q)) + D(K(Q),K(R)) = £ +

6
25

G
G

Corollary 1. Let K(U) be the set of all partitions induced by U and
K(P) a partition on K(U), then D(K(P),K(5)) + D(K(P),K(w)) =1 — W

Proof. Since K(w) < K(P) <
D(K(P),K(8)) + D(K(P),K(w))

o ool — 1 N UL = [[xipl
\U\Z U] \U|Z U]

K(6), one can obtain that

L [[xilpl = 1+ U] = |[xi]p| s |U 1
\U\Z ) U] . ﬁz o or

|
— 1
*]WD

Obviously, D(K(P),K(3)) + D(K(P), K(c))

Hence, the partition distance can characterize the difference be-
tween two partitions in knowledge bases.

4.2. Partition distance and information measure in information tables

An information measure can calculate the information content
of an information table [13,15]. Let S=(U,A) be a complete infor-
mation table, P C A, the information measure I(P) (I is an informa-
tion measure function) of K(P) should satisfy [7].

(1) I(P) = 0;
(2) if K(P) = K(Q), then I(P) = I(Q); and
(3) if K(P) < K(Q), then I(P) > I(Q).

For example, each of Shannon’s information entropy [28] and
Liang’s information entropy [14] is an information measure which
is used to measure the information content of a complete informa-
tion table.

In what follows, we establish the relationship between the par-
tition distance and information measure in information tables.
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Theorem 6. D(K(P),K(5)) is an information measure.

Proof. Let K(5) = {[xi]5|[xi]s = U,x; € U} and K(P) = {[x;]p|x; € U}.

(1) This distance D is clearly non-negative.

(2) If K(P) = K(Q), then D(K(P),K(5)) = D(K(Q),K(5)).

(3) We prove that if K(P)=<K(Q), then D(K(P),K(s))>
D(K(Q),K(6)).

Since the partition K(P) = {[x;]p|[xi]p = U,x; € U} and K(P) < K(Q),
so [xi]p C [Xilo C U, x;€ U, and there exists xo€ U such that
[x0]p C [X0]o. Hence,

Uikt 1 U - X,
DK(P), ' ’
K, IU\Z 0] \U|Z U]

U] |U‘, U] @U|

s Z \UI

=D(K(Q),K(9)),

That is D(K(P),K(5)) > D(K(Q),K(5)).
Summarizing the above, D(K(P),K(s)) is an information
measure. O

T Ul £ Z \UI

4.3. Partition distance and information granularity in information
tables

As we know, information granularity, in a broad sense, is the
average measure of information granules of a partition in a given
knowledge base [43]. It can be used to characterize the classifica-
tion ability of a given partition. Liang and Qian [14] developed an
axiomatic definition of information granularity in information ta-
bles, which is defined as follows.

Definition 3. For any given information table S = (U,A), let G be a
mapping from the power set of A to the set of real numbers. We say
that G is an information granularity in S = (U,A) if G satisfies the
following conditions:

(1) G(P) = 0 for any P C A;

(2) G(P)=G(Q) for any P,Q C A if there is a bijective mapping
f: K(P) - K(Q) such that |[x;]p| = [{[xi]p)], x; € U; and

G

(3) G(P)<G(Q) for any P, Q C A with K(P) < K(Q).

Theorem 7. D(K(P),K(w)) is an information granularity measure.

Proof. Let K(w) = {[xi]w|[Xi]e = {x:}, xi € U} and K(P) = {[xi]p|x; € U}.

(1) This distance D is clearly non-negative.

(2) If K(P) = K(Q), then D(K(P),K(w)) = D(K(Q),K(w)).

(3) We prove that if K(P)<K(Q), then D(K(P),K(w))<
D(K(Q),K(w)). From the partition K(w)={{x;}|x;c U} and
K(P) < K(Q), one has that {x;} C Sp(x;) C Sq(xi), xieU,
and there exists xo € U such that [xo]p C [Xo]o. Therefore,

U] Ul

Se(x) @ fxi}l 1 &N ISp(x)| — 1
IU\Z Ul \U\Z Ul

o1 A ISal) =1 _ %\Saxt {x}]
SUA T U T4 U]

= D(K(Q), K(w)),

D(K(P), }

i.e., DK(P),K()) < D(K(Q),K()).

Summarizing the above, D(K(P),K(w)) is an information gran-
ularity measure. [

Remark 1. From the above analysis, we can briefly understand
information measure and information granularity by the partition
distance. The bigger the value of partition distance between a par-
tition and the finest partition is, and the higher the information
content of this partition is; the smaller the value of partition dis-
tance between a partition and the coarsest partition is, and the big-
ger the information granularity of this partition is. In other words,
the partition distance establishes the relationship between infor-
mation measure and information granularity, which provides a
more comprehensible perspective for uncertainty of an informa-
tion table.

4.4. Relative discussions

From the above subsections, it can be seen that the partition
distance can be used to information measure, which establishes a
significant bridge between the partition distance and information
entropy in the context of information tables. In this subsection,
we will discuss the relationship between the partition distance
and the heuristic functions based on information entropy for attri-
bute reduction in rough set theory.

In order to obtain all attribute reducts of a given data set, Skow-
ron [30] proposed a discernibility matrix method, in which any two
objects determine one feature subset that can distinguish them.
According to the discernibility matrix viewpoint, Qian et al.
[24,25] and Shao et al. [29] provided a technique of attribute
reduction for interval ordered information tables, set-valued or-
dered information tables and incomplete ordered information sys-
tems, respectively. The above attribute reduction methods are
usually time consuming and intolerable to process large-scale data.
To support efficient attribute reduction, many heuristic attribute
reduction methods have been developed in rough set theory, cf.
[8-10,15,16,26,31-35,38]. Slezak [32,33] investigated the relation-
ships between information entropy, attribute clustering and attri-
bute reduction. For convenience, from the viewpoint of heuristic
functions, we classify these attribute reduction methods into four
categories: positive-region reduction, Shannon’s entropy reduc-
tion, Liang’s entropy reduction and combination entropy reduction.

(1) Positive-region reduction
Hu and Cercone [8] proposed a heuristic attribute reduction
method, called positive-region reduction, which keeps the
positive region of target decision unchanged. The literature
[9] gave an extension of this positive-region reduction for
hybrid attribute reduction in the framework of fuzzy rough
set. Jensen and Shen [11,12] proposed other extensions of
the positive-region reduction to obtain an attribute reduct
in the context of fuzzy rough set theory.
(2) Shannon’s entropy reduction

As Shannon'’s information entropy was introduced to search
reducts in the classical rough set model [31], Wang et al. [34]
used its conditional entropy to calculate the relative attri-
bute reduction of a decision information table. In fact, sev-
eral authors also have used variants of Shannon’s entropy
or mutual information to measure uncertainty in rough set
theory and construct heuristic algorithm of attribute reduc-
tion in rough set theory [10,35,38]. Each of these reduction
methods keeps the conditional entropy of target decision
unchanged.
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(3) Liang’s entropy reduction
Liang et al. [15] defined a new information entropy to mea-
sure the uncertainty of an information table and applied the
entropy to reduce redundant features [16]. Unlike Shannon’s
entropy, this information entropy can measure both the
uncertainty of an information table and the fuzziness of a
rough decision in rough set theory. This reduction method
can preserve the conditional entropy of a given decision
table. In fact, the mutual information form of Liang’s entropy
also can be used to construct a heuristic function of an attri-
bute reduction algorithm.
(4) Combination entropy reduction

In general, the objects in an equivalence class cannot be dis-
tinguished each other, but the objects in different equiva-
lence classes can be distinguished each other in rough set
theory. Therefore, in a broad sense, the knowledge content
of a given attribute set can be characterized by the entire
number of pairs of the objects which can be distinguished
each other on the universe. Based on this consideration, Qian
and Liang [26] presented the concept of combination
entropy for measuring the uncertainty of information tables
and used its conditional entropy to select a feature subset.
This reduction method can obtain an attribute subset that
possesses the same number of pairs of the elements which
can be distinguished each other as the original decision
table. This measure focuses on a completely different point
of view, which is mainly based on the intuitionistic knowl-
edge content nature of information gain.

The above four attribute reduction methods provide four kinds
of feature subset selection approaches based on rough set theory.
Positive-region reduction is to keep the positive region of target
decision unchanged. From the viewpoint of partition distance, this
reduction method is not based on the idea of partition distance.
The other three kind of attribute reduction methods are all based
on so-called conditional entropy, which can be included in infor-
mation theory field. In a broad sense, owing to the conditional en-
tropy of condition attributes with respect to a given decision
attribute can be understood as the difference between the partition
induced by condition attributes and that induced by the decision
attribute. From this consideration, the partition distance between
the condition partition and the decision partition also can play
the same role. Hence, it may imply that there are some essential
relationships between the partition distance and each of those
heuristic functions based on conditional entropy. Owing to the
importance and complexity of this task, we will carefully investi-
gate the problem in our further study.

5. Conclusion

The contribution of this paper has two facets. On one side,
through introducing a set distance to rough set theory, we have
investigated how to understand measures from rough set theory
in the viewpoint of distance, which are inclusion degree, accuracy
measure, rough measure, approximation quality, fuzziness mea-
sure, three decision evaluation criteria, information measure and
information granularity. Moreover, a rough set framework based
on the set distance is also a very interesting perspective for under-
standing rough set approximation. On the other side, we have
developed the concept of partition distance for calculating the dif-
ference between two partitions, and have used this partition dis-
tance to reveal the physical meanings of information entropy and
information granularity. From the view of distance, these results

look forward to providing a more comprehensible perspective for
measures in rough set theory.
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