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We identify the linear span of commutators AB— BA, where 4 is a trace-class
operator and B is any bounded operator on a separable Hilbert space, or where 4,
B are both Hilbert-Schmidt operators, thus answering questions raised by work of
Anderson, Vaserstein, and Weiss.  © 1989 Academic Press, Inc.

1. INTRODUCTION

Let s be an infinite-dimensional separable Hilbert space and let ()
denote the algebra of all bounded operators on . If # and ¢ are
two-sided ideals in #(°) then we denote by [ #, #] the linear span of the
commutators [ A, B]=AB— BA, where A€ # and Be #. Let us denote by
%, the usual Schatten p-class. The question of identifying [%,, #(5¢)] has
been investigated by several authors recently, motivated partly by
considerations from K-theory (cf. [2]). For the cases p<1 and p>1 the
solutions are known. For p> 1, [%,, #(3°)]=%,; this result is implicit in
the work of Pearcy and Topping [13] (see Anderson and Vaserstein [2,
Proposition 1]). For p<1 there is a continuous trace on %, which we
denote by tr. If p < 1 then Anderson [1] shows that [%,, #(5#)] coincides
with €= {Te®,: tr T=0}.

For p=1 the situation is more complicated. Pearcy and Topping [13]
asked whether [%,,%,]1=%'" and this question was resolved negatively
by Weiss [15,16]. As pointed out by Anderson and Vaserstein [2,
Proposition 2] we have an automatic inclusion [¥,, ¢, 1> [%,, Z(#)] so
that Weiss’ result also implies [4,, B(5#)]# ¢'”. This result was also
obtained by Figiel (unpublished). Weiss [15, 17] also considers a special
type of diagonal operator T =diag(d,,d,,..,), where d,<0 and
dy2d; 2 20 1Iftr T=0, ie, > d,=0, then Te[¥,,¥%,] if and only if
> d,logn < co. Weiss’ results were extended by Anderson and Vaserstein
to diagonal operators satisfying more general conditions [2].
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In this paper we identify [¥,, %,] and [¥4,, #(°)]. To describe the
solution let us suppose that Te%,; let (4,) be the sequence of nonzero
eigenvalues, repeated according to algebraic multiplicity, of T arranged so
that |4, is decreasing (ie., |4,| = |4, .| for n= 1). If the set is finite, then
the sequence (4,) is completed by adding zeros. We say Te%h, if
< A+ 4+ 4,

— T <®

)

n=1

h

Clearly if Te%h, then tr T=0 but the converse is false.

Somewhat surprisingly it turns out that ¥4, is a linear space, and in fact
a quasi-Banach space under a suitable quasi-norm (Theorem 6.9 below).
Furthermore it is the solution of the commutator question described above
(Theorem 7.4). Thus h, = [%,, B(#)]=[%,, ¢,] whenever 1/p+1/q=1.
It is shown that at most six commutators are needed to reach any T e h,.
The space €h, can also be identified with the linear span of the quasi-
nilpotent operators in %,.

The techniques used in proving these results are an extension of ideas
concerning nonlinear commutators arising in interpolation theory (see
[6, 8]). We have, however, written this paper independently of the results
of [8] and have refrained from exploring connections with interpolation
theory for Schatten classes. We plan to pursue this direction in a future
publication. Nevertheless the reader should be aware that the notions of
centralizers and bicentralizers studied in [8] and in Sections 3—4 of this
paper are motivated by interpolation theory.

There are also strong connections with the theory of twisted sums of
Banach spaces (see, e.g., [7], [9], or [10]). The main results are proved
without using any results from this theory, but in Section 8 we do use some
properties of certain nonlocally convex twisted sums to obtain some
additional results.

2. NOTATION AND PREREQUISITES

Some notation has already been presented in the Introduction. In this
section we list some further prerequisites we will need.

First we denote by () the ideal of compact operators on . If
Ae X () then the singular values or s-numbers of A (see Gohberg and
Krein [4, p.26]) are denoted by s,=s,(4). Then A has a Schmidt
expansion

=}

Ax=Y s,(x,e,) fn

n=1

where (e,) and (f,) are orthonormal sequences (see [4, p. 28]).
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We will also need some facts concerning quasi-normed spaces and quasi-
additive maps. If X is a (complex) vector space then a map x— | x|,
(X - R) is called a quasi norm if (a) || x| >0 if x#0, (b) [ax| =|a||x]
for xeC, xe X, and (c) for some C we have |x+y||<C(| x|+ | yl) for
all x, ye X. A complete quasi-normed space is called a quasi-Banach space
(see [10]).

Let X, Y be quasi-normed spaces. Let F: X —» Y be any map. Then F is
called quasi-additive if for some constant 4 we have

I F(xy+x2) — F(x1) = Fo)ll < 40l x| + 1 %2 )

for all x,,x,eX. F is called quasi-linear if additionally we have
F(ax)=aF(x) for all « € C, x € X. Quasi-additive and quasi-linear maps are
intimately connected with twisted sums of X and Y; we do not use much
from this theory here but the reader may consult [7,9, 10] for further
details.

We also recall that a function @: C" — R is called plurisubharmonic if it
is upper-semi-continuous and satisfies

2r
j o(v+e'w) P> oy
[} 2n

whenever v, weC". If & is plurisubharmonic and f:C” - C" is any
analytic function then @ fis also plurisubharmonic; in particular if m=1,
then @ f is subharmonic. See, for example, [11].

Finally, we note that we will employ the convention that C is a constant
independent of 4, B, T, U, V, ¢, ¥, etc., which may, however, depend on
p, g, etc., and is allowed to vary from line to line.

3. THE COMMUTATIVE CASE

Suppose 1<p<oo. We shall say that a map Q:/,— 1/, is a (strong)
l,-centralizer if there is a constant J so that if se/,, uel,, and |u| <1
then u€(s) — Q(us)el, and

lu€2(s) — L(us) |, <0 || s,

Il
The least such constant & will be denoted by §,(2), which will be
abbreviated to J where no confusion can arise. We note first a simple
proposition (cf. [8, Lemma 4.2]).
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ProposITION 3.1 If Q:1,— 1, is an | ,-centralizer then for s, s,€l, we
have

€205y +52) = (s1) = (s )M, <36(l s, M1, + [ 52 M1,),

where 6= 0,(Q).

Proof. Simply write t=|s,| +|s,|, S;=ut, S;=uyt, s{+ 5, = (u; + u,)
t, where |uyllw, lt2llws ) + 23]l <1, then use the definition of a
centralizer.

We now introduce some specific centralizers. Let ¢:R —R be any
Lipschitz map. We denote by L = L(¢) the Lipschitz constant of ¢, so that

[$(x)) —Bx2)| <L |x,— x|,  x;,%x,€R.

If sel,, define

Qy(s) = (s,4(log |s,1)),

where we set ¢(log 0)=0. It is clear that 2, maps /, into itself.
We also define for se ¢,

r(n)=card{k:|s.|>|s,| or |s;|=1s,| and k<n}

as long as s, # 0 and r (n) =0 otherwise. The sequence r,(n) assigns to each
n the rank of |s,| in its decreasing rearrangement with a modification
introduced to cover the cases when |s,| assumes some value more than
once and also to cover the case when |s,|>0 infinitely often but |s,|
assumes the value zero. We then define

Iy(s) = (s, ¢(log(ry(n))).

Notice that I'y may not map ¢, into /,,. However, for p < o0, I'y does map
I, into [, since we have |s,|<r(n)""”|s|, and |g(logryn))| <
|#(0)|| + L log r(n) as long as r (n)> 0.

LemMa 3.2.  For each such Lipschitz function ¢, and each p, 1 <p < 0,
Qg4 and I'y are [,-centralizers with

0,(24)< CL(¢)
0,(I'y) < CL(9),

where C is a constant depending only on p.
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Proof. In fact, if |u| <1, s€l,,
|(Q¢(u's)_ uQaﬁ(S))nl < |u,,S,,| |¢(10g |Sn|)_¢(log |u"5"|)
< L(@)ls,|u,log u,l|

and the first half of the lemma follows with C=¢"".

The second part is more difficult. We may suppose for convenience that
(s,) is rearranged in an appropriate order with |s,| decreasing so that
rd{n)=n or r(n)=0; it clearly suffices to consider this case. Let w=us,
where ||u||,, <1, and let p=r,. Let w} be the decreasing rearrangement of
|w,| so that |w,| <w} as long as p,>0 and w}<|s,| for all n. Then

log 2

n

| T p(us) —u, Iy () <L|w,|

3

where I'y(¢)=(I"; ,(t)), L= L(¢), and the right-hand side vanishes if w,=0
(and p, =0).
For meZ let

A,={keN:w,#0 and 2"k<p,<2"*'k}.

If m>0 and k€ 4,, then p, >2"k and so

s 9]
2 wel?< Y (whn)”
ke Am k=1

K
<Y Isoml?
<27™ 5|2,

If m<0 and ke A4,, then p, <2™*'k so that k>2-"+Yp . Thus

Z [wel? < Z [se|?

ke Am keAdn

< Z ISZ—(m+l)pk|p
ke Ay,

s 9]
< Z |527(m+1)k|p
k=1

<272

— [m] P
=221 5|2,
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Thus

| Fg(us) ~ul y(s)I5 < (Llog 2)P 3 (Im] +1)P 3. |wel”

meZ ke Am

<2Llog2)” |Islly ¥ (Im|+1)7 27

meZ

<CL? |s|%.

The families {Q,} and {I,} are closely related. To see this we will need
the following lemma.

LEMMA 3.3. Let s=(s,) be a decreasing nonnegative sequence in l,. For
O<a<1/p<p there exists a constant C=C(a, p, p) so that if

t,= max 2%+ g,

2kl py
v, =max 2k+ Dby —hg .

28gn

then we have | t||,<C |s|,, [lv],<C |sll,. Furthermore, we have t, vs
and for n>m, nt,<m%,, nPv,=mbv,,.

Proof. For neN let /=I(n)eN be defined as the unique integer such
that 2/~ ' <n<2’. Then

t">21°‘n‘°‘s2;71 =S,

and similarly v,>s,,.
Further we have

’n =max 2lan 4“(2ja321—1 +/)
j=0

o
<2* Z 2jaS21—l+j.

=0

Now

) B
Z Sgl—l+;= 2ksgk+j
n=1 k=0
o0
<217j Z 2k71.§'g1(
k=0
<2V |58,
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Thus by Minkowski’s inequality in /, we have

oc
“ t “p < ( Z 20+ 1)a+(l;)(l/ll)> ||5Hp <C ||S||,,.
j=0
Similarly

v,= max 2%n P2 sy 1))

n
o<j<i—1

I—1
s Zﬂ Z 2_jﬂS2I~l—j

j=0
=20) 27y spieie,
j=0
where ,,=1 provided n>2’ and y,, =0 otherwise. Now

o0 ac
Z X,’:js‘gl-l—,= Z sflflfj

n=1 n=2’
0
= Z 2j+ks§k
k=0

<2t |sllf
so that
® " .
” v ||p$ ( Z 280 =N+ 0+ 1)(1/p)> HSH,,S C ||S||,,-

j=0

The other properties are clear.

PROPOSITION 3.4. For 1< p< oo there is a constant C= C(p) so that if
sel, and ¢:R >R is Lipschitz we can find ;R >R (j=1,2), Lipschitz
Sfunctions with

L(y;) < CL(¢), Jj=12 (1)
[24w)— Ly W, <CL(lIsl,  for |w|<]s]| (2)

I Tg(w) — 2y, (W, < CL(P)lIsll,  for [w]|<]s]. (3)

Il

Proof. Fix O0<a<p<§p. For given se/, we can use Lemma 3.3 to
produce ¢, vel, with t, v>|s| and such that their decreasing
rearrangements satisfy

t*= max 2%+ ey —ogk
2k+l>n

v¥=max 2+ 1By Fsk
2X<n

580/86/1-4
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Define /,: R —» R to be Lipschitz with constant L(y,) < CL(¢) and satis-
fying
¥, (log n) = g(log |v}¥]).

This is possible since for n > m,

* . vk n

|¢(og v7) ~ gllog vy} < L($) log "L < fL(¢) log -
Then if |w| < |s| we have w=uv, where ||u|, <1. Thus
[ 24(w) — uf,(v)li, < CL($) 5],

17y, (w) —uly, (0)ll, < CL($) sl ,-
By choice, Q4(v)=I"; (v) so that we obtain (2). The proof of (3) is similar
using ! rather than v.

Remark. 1If we additionally suppose ¢ to be bounded then we may also
choose /, and ¢, to be bounded.

Let us now focus on /,. We define the trace for se!/, by

tr(s)= i Sp-

n=1

Let £ be the class of Lipschitz functions ¢: R — R so that L(¢) <1 and ¢
is bounded. For each ¢ ¥, the map Q,:/, >/, is continuous. For se/,
with tr(s)=0 we define

Islla=1lslly + sup [tr(24(s)].

¢l

Then || ||, is lower-semi-continuous. If A€ C,

tr Q,(As) = A tr Q4(s),

where ¢'(x)=¢(x +log|A|) so that if pe.¥ then ¢'e ¥. Thus | |, is
homogeneous.
Also we have

[tr Qu(s+ DI < [tr Qy(s) + [tr Qy()[ + C(lis [+ M12111)

by Proposition 3.1, so that

s+ el <(C+ 1)U slly+ 120w
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It follows that the set h{Y™ = {s:|sli,< o0} is a linear space and further
under the quasi norm | |, it is a rearrangement-invariant quasi-Banach
space; here, completeness follows from the lower-semi-continuity of the
quasi porm on /;.

THEOREM 3.5. Suppose sel, satisfies tr(s)=0 and |s,| is decreasing.
Then the following are equivalent.

(i) sehP™.
(i) Xy s+ +s,l/n)< o0,
(1ii) sup, o |tr I'y(s)| < co.
Proof. First, it is clear that if ¢: R—R is any bounded Lipschitz

function,

[tr 2u(s) < L(@)l s I

and so Proposition 3.4 yields (i) => (iii). Similarly (iii) = (i).
For (ii) = (iii), note that if g€ &£,

N N

Y s,(logn)= Y (s;+---+s,)(¢(log n)—4(log(n +1)))

n=1 n=1
N
+¢(log(N+1)) 3. s,
n=1>
so that

N

2 s.¢(logn)

n=1

N
S+ -+,
sZ———l ' L5

n=1

where B=sup |¢(x)|. Letting N — oo we obtain (iii).
For (iii) = (ii) note that

i g St ot
k
k=1 k

o [RE+--+50)l
Z <sup sup
n=1 n N e==+1

so that, using a similar inequality for imaginacy parts,

§ st et

XS sy
Yoo
n

k=1 k

Ea(L %)

k=1

<2sup sup
N g=+1

n=1|

=2 sup

N, €l . €N
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Now we can choose, by linear interpolation, a bounded Lipschitz function
¢:R = R with

N
d(log k) = Z;” k=1,2,..N
and L(¢)< (log2)~!
Thus
= st 2
< tr I .
El n logZ:g_I;' rLy(s)

Remark. An equivalent quasi norm on Ay™ can be given by

|5+ -+ 5§,

Z|s|+2———,

n=1

where § is any rearrangement of s so that |§,| is decreasing. Here we define
rearrangement in the loose sense that if aeC\{0} then the sets
{ke N:s,=a} and {keN:3,=a} have equal cardinalities. The space AP™
is the discrete analogue of the space H}'j introduced in [8].

4, THE NONCOMMUTATIVE CASE: BasiC RESULTS

Let # be an infinite-dimensional Hilbert space. A map 2:%, — #(#) is
called a (strong) %,-centralizer if there is a constant é so that

12(VA)—VQ(A)l, <o 4ll,

Il

whenever A€%, and Ve #(#) with | V| <1. The least such constant is
denoted by 4,(£2).

PrROPOSITION 4.1. If Q:%6,—>B(H) is a $b,centralizer then for
A, A€,

12(A, + 4,)— Q(A4,) — Q(A4,) ], < 80(|| 4, 1|, + | 42 ).

Proof. Let #,, #, be two orthogonally complement closed subspaces of
# such that dim & =dim % =dim 5. Let V: # — # and W: ¥ - H
be isometries, so that V*V=W*W =1, VV* is the orthogonal projection
on #,, WW* is the orthogonal projection on #, and V*W=W*V =0.
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Then
A, =V*VA,+ WA,)
A,=W* VA + WA4,)
A+ A, =(V*+ W*VA, + W4,)
=3V*+ W*)2VA, +2WA,).
Thus

1204+ 45) = 3(V* + W) QQ2VA +2WA,)l , <46(11 A1, + [ 42 11,)
192(A4,) = 3V*Q02V A+ 2WA), <261 41 1, + [ 4211,

etc., so that

12(A4,+ 45} —2(A4,) = 2(A4,)], <8([ 4, [, + | 42| ,)-

We shall say that Q is a € ,-bicentralizer if for some constant 4 = 4,(Q)
we have

[VAW)—VR(A) W, <4 4],

for Ae%,, V, WeB(H), with ||V, | W| <L Note here that if Q is a
¢,-centralizer with Q(4*)=(A4)* for every A€%, then Q is also a
bicentralizer with 4,(2)<26,(2).

Now, for any Lipschitz function ¢:R—>R, we define maps
Q,, 'y :—> B(H) using the corresponding /,-centralizers introduced in the
previous section.

For Ae X (#) we denote by s,=s5,(A) the singular values of 4. Then
A has a Schmidt representation in the form

Ax= Y s,(x,e,)/,
n=1
or
A = 2 snen®fn9
n=1

where (e,}, (f,) are orthonormal sequences. For each such 4, we fix such
a representation which henceforward will be called the prescribed represen-
tation for A.
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Now define

oo

QuA)= 3 s,pllog]s,l)e,®f,
n=1

T'y(A)= Z s,p(logn)e,®f,.
n=1
Note that ©, is independent of the choice of prescribed representation, but
that I", does depend on this choice if the singular values of 4 are not
distinct.

THEOREM 4.2. Suppose | <p < oo. Then there is a constant C=C(p)
so that if ¢:R—-R is Lipschitz then I'y is a %, -bicentralizer with
A(T"y) < CL(g).

Proof. First we fix a>0 so that a<min(p ! ¢7!), where
p~'+q '=1. Next, suppose that 4€%,, Be¥,, and V,, V,€ B(H). Let
the prescribed representations of 4, B be given by

e ¢}

A= z si(AYye,®f,

n=1

Q0

B=Y 5,(B)g,®h,.

n=1
As in Lemma 3.3, we introduce

t(A)= max 2%V =5 (4)

W+l p

t,(B)= max 2¥+Dxp=2g (B).

2k+lsp

Note that for some constant C depending on p, ¢, a we have

1p ip
<2|zn(A)|p) <c<zsn(A)p) ~cl4l,

/g
(z |tn(B)|’f) <C| B,

For NeN and zeC let us define

N

F(z)= Y s.(A)exp(zé(logn))e,®f,

1

and

Fy(z)= Y s,(B)exp(zé(logn))g,®h,.

n=1
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For any zeC, the operator F/(z) has rank N at most and its nonzero
singular values are the decreasing rearrangement of the finite sequence
{s:(A4) exp(xg(log k))}7_,, where x =Rz. Now 1,(A) satisfies, for n>m,

t(A)Y<m*n—"t,(A)
so that since
exp(xd(log n)) < (n/m)*'*" exp(xg(log m))

the sequence {exp(x¢(logn))r,(A4)} is decreasing provided L |x|<o.
Hence for |x| <L 'a we have, for ] <k<N,

sc(F}(2)) < ti(A) exp(xg(log k))
and similarly,

sk(F3(2)) < 1,(B) exp(xg(log k)).
Thus

si(ViF(2)) <1V, |l ,(A4) exp(xg(log k)
sp(VaF(—2)) < || V|l t,(B) exp(— x¢(log k)).

Now, by [4, p. 63], we have, for |Rz|< L 'a, and ||V, |, |V, <1,

S s(ViFNE) VaFY(—2) < S 14(4) 1(B)
k=1 k=1
1/p N 1/q
<( v rk(Ay’) ( 5 rk(B)q)
<C|A4l, |Bl,.

We conclude that

[tr(V Fy(z) Vo Fa(=z) < C 4l | B,

ol
for |Rz| < L~'a. Now we use Cauchy formulae to estimate the derivative
of the analytic function ¢(z)=tr(V, F%(z) V,F¥(—z)) at the origin. We see
that

le'(0)|<CL | A], || Bl,,

where C depends only on p, ¢, . On evaluation we have

(P’(O)=tr(V1F2/(A) V,By— VlszVng(B)),
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where
Ay= él 5i(A) e, ® fi
B~=él 5i(B) g ® hy
ry4)= Z si(4) dllog k) e, ®
ry(B)= Z s«(B) p(log k) g, ® hy..

x
—

Hence, we have the estimate

\te(V\ T§(A) VoBy—V Ay V,TE(B) <CL | A4}, | Bll,.
Now suppose B is of finite rank, so that By=B and I'}(B)=TI4(B) for
large enough N. Then, in operator norm, the sequence A, converges to A
and I Q’(A) converges to I4(4). Thus in trace-class norm the sequence
ViI§(4)V,By—V ANV, I} (B)convergesto V, I'y(A)V,B—V AV, T ,(B).
Thus we have the estimate

[tr(V Iy(A) V,B—V, AV, Ty(B))| <CL || 4], | B,
as long as B is finite rank. This implies a similar estimate, replacing 4 by
V,AV,,
te(Iy(V,4V,) B=V, AV, Ty(B))I < CL | 4], | B,
and hence
\te(V Ty(A) V,B—T4(V,AV,) B) < CL || A, | B,
Since Be§, is arbitrary, subject to being finite rank, we have

IViLy(A) V= Ty(V,AV,)|, < CL || A]l,

s

and the theorem is proved.

THEOREM 4.3. Suppose 1 <p< 0. Then there is a constant C=C(p)
so that if ¢:R—>R is Lipschitz then 2, is a %, bicentralizer with
4,(24)< CL(9).

Proof. We use Proposition 3.4. Suppose 4 €%, and let 5= (s,(4)). We
can find ¢ with L(y) < CL(9) so that

[12400) = Ly (W, <CL@)] 51l

for |w|<|s].
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Now if | Vi, | Vol <1 then s,(V,4V,;)<s,(4) and so

||-Q¢(V1AV2)"F./,(V1AV2) <CL ”A ”p‘

I,
However, by Theorem 4.2,
| Ly (V AV, =V Ly(A) V|, < CL A,

and we have

I7,(A4)—Q4y(All,<CL|Al,

[,
so that
24V, AV,) =V, 24A) V5| ,<CL | A],.

Remark. We only need the above results for p=2. In fact, we only
require the following conclusion from Proposition 4.1 and Theorem 4.3:

124(A4,+ A7) — Qy(A4,) = Qy(A)l, S CL(G)(I 41 12 + | 42 2)-

Theorem 4.2 is modelled after [8, Theorem 5.67. In our special circumstan-
ces, since the bicentralizer I, is not used again in the paper, it is possible
to prove Theorem 4.3 directly by somewhat similar arguments. However,
we chose our particular route to Theorem 4.3 because Theorem 4.2 can be
easily modified to a general interpolation theorem; this point will be
pursued in a later publication.

It should be noted that special cases of Theorems 4.2 and 4.3 corres-
ponding to the choice ¢(x)= x are implied by results of Section 4.6 of [6].

5. SoME FINITE-DIMENSIONAL RESULTS

We first prove a proposition which is probably well known.

ProposITION 5.1.  Let @:C"— R be a plurisubharmonic function which is
symmetric, i.e., for every permutation m of {1,2,..,n} we have

D(z), . 2,)= d)(znm, ey zn(n)).
Define ¥:C" - R by
Yz 2,)=D(ay, ..., a,,),
where (a,, ..., ,) are the roots of the polynomial

/ln+ Z Zk/lkﬁlzo

k=1

repeated according to multiplicity. Then ¥ is also plurisubharmonic.
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Proof. We omit the simple proof that ¥ is upper-semi-continuous. Let
us fix w=(w,,..,w,) and u=(u,, .., »,). We shall prove that for some
0>0and forall 0 <r <4,

2n
’[ P(w+ re” u)ﬁz P(w).
0 2n

Let m=n! and note that it suffices to prove that for some 6 >0 and all
0<r<d,

2n . de
f Pw+re™ O u) — > P(w).
0 21

Let f(A)=A"+Y w,A*~! and let g(4) =Y u,A*~ ', and then set P(z, )=
Sf(A)+z7g(A). We now claim:

Claim. There exist 6 >0 and analytic functions {,, ..., {, defined on the
disk {z:|z| <d} such that for each z, ({(z)) is an enumeration of the roots
of P(z, A).

Let us first complete the proof, assuming the chaim. We simply write

n m_im de_ m i i@ de
j P(w + e eu)ﬂ_fo D (re), . Lylre™)) 5

0

> B((4(0), ... £,(0))
= ¥(w)

for |z| <.

It therefore remains to establish the claim. To do this, it suffices to
consider a single r-fold root, a, of f and show the existence of r analytic
functions {,, ..., {, defined on a neighborhood of zero such that the set
({,(2), ..., {(z)) is contained in the roots of P(z, 1) counting multiplicities.

Let us suppose o is a k-fold root of g. If k>r then we simply put
{(z)=a for 1<j<r and we are done. If k<r, we put p=r—k, v=m/p.
Let f(A)=(A—a)" fo(A), g(A) = (A—a)* go(4), and consider the equation

Wfola+2"n) + go(a +2"u) =0.

It follows from the Implicit Function Theorem that we can find p distinct
analytic functions y,, .., i, defined on a neighborhood of zero satisfying
this equation, corresponding to the p distinct roots of uffy(a)+ go(a)=0.
Then, if we set ((z)=a+z'ulz) (1<j<p), {{(2)=a(p+1<j<r) we
have our claimed analytic solutions and the lemma is proved.

Now let us suppose J is an n-dimensional Hilbert space.
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PrOPOSITION 5.2. Let &:C"—>R be a symmetric plurisubharmonic
function and define &: B(H#,) - R by B(A)=P(4,, .., 4,), where (A, .n 4,)
are the eigenvalues of A repeated according to algebraic multiplicity. Then é
is also plurisubharmonic.

Proof. The map which assigns to each 4 € #(4;) the coefficients of its
characteristic polynomial is holomorphic and thus the proposition is
immediate from Proposition 5.1.

For A€ #(5%), € &, we set

o(A)= 3 4]

T4(4)= Y Ad(log|i.l),

k=1

where, as usual, the eigenvalues of A, repeated according to algebraic
multiplicity, are denoted (4,, .., 4,) and the summand is taken to vanish if
j'k = 0

PrROPOSITION 5.3. Let F:C—>%B(H) be a a polynomial map, ie.,
F(z)=Ay+A,z+---+2"A,,. Then for any € &,

2n ) do 2m .. do
oyy __ - oy
[ utrem - wuromy, <6 [ otren s
Proof. We start by smoothing ¢ as follows: set
J.OO (x+u)e " du.

w(x)=ﬁ ’

Then y € ¥ and
¥(x) - ¢<x)|<f[ ul e du<1
for — o0 <x < 0. Also

(u) — (e (/200 =ty gy

*”"(")‘ff_J

[ W rarea

=\/H
1 ©
=\/ELO (1~ 1)($(x + )~ $(x)) e~ du
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so that
|¢"(X|<\/——J lu||u>— 1| e " du<3.

Now define #: C - R by

h(z)=5|z| - (Rz) Y(log | z]), z#0
h(0)=0.

h is then continuous on C. We claim further that /4 is subharmonic. In fact

1 2= )
— j h(re®®) df = 5r > h(0)
2n 0

for all r >0, so that h verifies the mean-value property at the origin. For

all other z=re
1 19 \
r ar r? 00?
1
r

(5 —cos 82y’ (log r) + y"(log r))

\%
=]

Then &(z,, .., z,) =Y h(z,) is plurisubharmonic on C” and &, defined in
Proposition 5.2, is plurisubharmonic on Z(4).
Hence

o m o . dl
BFO)< | BF) T

Now, for any 4 € (),
|74(4)—1,(4)| <0(A4)
since | ¢(x)—Y(x)| <1, and
D(A4)=50(4)— Rt (4).
Thus

do

2n . de 2n N
R FE@) =1y FO) 5 <5 [ (@(F @) —a(FO) 7
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and
27 ) df 2 . de
R [ (e Fe) e (FO)) 5 <[ 6a(F(e")) ~4a(FO) 3
P2n . d@
<6] o(Fle”) 3.

Replacing F by oF where |a|=1 we obain the result, since t4(ad)=
a(ty(A)).

6. THE CLASS €h,

Let s be an infinite-dimensional Hilbert space and suppose 4 € X' (#).
Then the spectrum of A4 consists of zero and a finite or countably infinite
subset of eigenvalues each with finite algebraic multiplicity. Thus we can
associate to 4 a sequence 4,(4)=4, of eigenvalues so that if ¢ 50 then
card{n: A,=a} is equal to the multiplicity of the eigenvalue a. We refer to
(4,)_, as the eigenvalues of A4, disregarding the possible ambiguity about
the eigenvalue zero. Note that if 4e%, then tr A=Y 4, by a result of
Lidskii [4, p. 101].

We define €4, to be the set of 4 €%, so that (4,) € h?™. Note that this
is independent of the order or choice of (4,) since A}*™ is rearrangement-
invariant. If we choose (4,) so that |4,| is decreasing then we see from
Section 3 that 4 € $h, if and only if

O I TR |
Z I 1+ + n|<w.
n=1 n

In particular, if 4€%h, then 3 i,=tr A=0. Thus €k, c%¢!® and the
inclusion is clearly strict. Note further that 4 e ¥4, if and only if A* e €h,.
Now, for ¢ € Z, define, as in the previous section,

tA)= 3 A,dllog | 4,])

where the summand vanishes whenever 4, =0. Since ¢ is bounded we have

ltg(A) <ky 3 14,1 <ky 4l

n=1

where k,=sup |¢(r)|. Here we use Corollary 3.1, p.41 of [4]. We also
observe that if |a| =1 then 7,(0d)=at,(4).
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For A€ ¥, set
I Ally= sup |14(A) + [ All,.

pe¥

From the results of Section 3, ¥h; = {A€%,: || 4|, < }. Exactly as in the
commutative case we establish that for a e C we have ||ad ||, = ||| 4] ,.
However, it should be stressed that we do not know as yet that €k, is a
linear space or that | |, is a quasi norm.

LEMMA 6.1. Suppose ¢ ¥ and lim, , . §(t) exists. Then 14 is con-
tinuous on 6.

Proof. We shall prove this with the assumption that lim._, _ ¢(¢)=0.
Indeed, if not we can replace ¢ by ¢ — ¢ for suitable ¢ and then obtain the
conclusion.

Suppose 4, > A in ¥, and that .# =sup || 4,|,. Pick d,>0 so that
|¢(2)| < &/(4M) for t <log d, and A has no eigenvalue of absolute value J,,.
Suppose 4, ..., 4,, are the eigenvalues of 4 with |A,| > d,, and let 7, ..., r,,
be their associated multiplicities. Let r=3 r,. For each k, 1 <k <m, let
0, >0 be chosen so that

lzg(log |z]) — Acpllog | A,) <e/2r

for |z—A4,| <6, and also so that if 1 <j#k <m then |4, — 4| >6;+9,.
Let yo={z:]z| <do} and y, = {z:|z— 4;| <9, } for 1 <k <m. Then [4,
p. 18] there exists n, so that if n>n, the spectrum of A4, is entirely con-
tained in y,uy,v---U?Y,, and the total number of eigenvalues, counting
multiplicities, in each y, (1 <k<m) is exactly r,.
For n>n, let (y;) be the nonzero eigenvalues of 4, counted according
to multiplicity. Then for 1 <k <m,

re
2 wllog | 1) — rededliog |4 ])| <7
Hj € Vi
Also
€ €
. R < — 1<
#rg‘iu ﬂ,¢(log ll"'l”{ \4MZ |:u'/l \4
Similarly

m

t(A) = Y redep(log|Acl)

k=1

&
Sz-
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Hence for n=n,,
|T4(A) —14(4,)| <&

It is immediate from Lemma 6.1 that:

LEMMA 6.2. If e &L, there is a sequence ¢, € L so that T, is continuous
and for each A €%,

14(4)= lim 7,(A4)

sup |7, (A) <ks | All;.

Proof. Simply suppose each ¢, satisfies the conditions of Lemma 6.1
together with ¢,(1) - ¢(1), |$,(1)| <k, for all n, ¢

LEMMA 6.3. | ||, is lower-semi-continuous on 6, as a map into [0, c0].

Proof. This is immediate from Lemma 6.2.

LEMMA 64. Suppose ¢ € ¥ and that F: C — €, is a polynomial. Then

2n . de 2n ) db
[ caren - urom S <6 [ 1ren 5

Proof. 1t follows from Lemma 6.2 that it is sufficient to prove the
lemma under the additional hypothesis that 7 is continuous on %;. In this
case, however, it is sufficient to prove the lemma under the hypothesis that
F(z)=Ay+Az+ -+ A,,z" with #(A4,) <o for 1 <k<m; this follows
from an easy approximation argument. Now we may restrict to the finite-
dimensional space #,=%(A4,) + #(A,)+ -+ %(A,,) and apply Proposi-
tion 5.3. If we note that

a(F(e®)| 4,) < || F(eP),
then the result will follow.
The next result is the central theorem of the section
THEOREM 6.5. There is a constant C so that if A, BE%,, ¢ € &L then
[14(AB) —tr(A2,(B))| < C(|| 4], + I Bll2)%

where Y(t)= ¢(2t).

Proof. We consider the polynomial F(z)=(A+ zB*)(B+zA4*). Then
F(0)=A4B.
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For 0<60<2m, let

Py=(B+e“4%)* (B+e”4%)

so that P, is a positive operator, and F(e?)=¢P,. Thus

2n . dg 2n dg
i0 o i
J, 1Fe5 =] )3
=tr(AA* + B*B)
=413+ B3

For fixed 6 suppose

B+e%4*=Y s5,¢,f,

n=1

is the prescribed representation. Then

0
2
P6= Z snen®en
n=1

and

oC

T4(Pg) = Z Sf¢(2 log s,,)
n=1

oC

= ¥ spyllogs,)
ne1
=tr((B+e“4*)* Q,(B+e“A*)).
Now by the remark at the end of Section 4,
1Ry(B+e®4*) —Q,(B)—Q,(e”A*)|,< C(| 41|+ | BIl,),

where C is independent of ¢, A, B since L(y)<2. We note also that
Q,,,(e”’A*) = e‘GQ,,,(A* ). Thus

|74(F(e)) = tr((A + e B*)(Q,(B) +e“Q2,(A*))| < C(I| A ]l + | BII)*.
Integrating over [0, 2z] we obtain

2n o, A0
[ rolF ) 3~ tr(4Q,(B)| < U 4], + | BI)"
0 T

The result now follows from Lemma 6.4.
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THEOREM 6.6. There is a constant C so that if A€ €, and ¢ € & then
|14(4) —tr Qu(A)| < C {4,
Proof. Suppose
A= i $p€,®f,
net

is the prescribed representation. Let

A1= i \/sjten®fn
n=1

A2= Z \/‘Zﬁr@fn
n=1

Then Q,(A4)=A4,82,(A4,) and the result follows from Theorem 6.5 since

”A1”2=”A2“2=\/ ”A1”1-

THEOREM 6.7. There is a constant C so that if ¢ &L, then Q4 is a
%,-bicentralizer with 4(Q4) < C.

Proof. Suppose A€ %, U, Ve B(H)with |[U|, |V]<1. Let A=4,4,
be the factorization used in the preceding theorem. Then UQ,(4)=
UA,2,(4,) and so

[t(UQy(A)) —1,(UA) < C [ A],.
By Theorem 6.6,
|tr(R2,(UA)) ~14,(UA) < C || 4],
and hence
[tr(UQ4(A4) — Q4 UA)) < C |l A]l;.
It follows that
[tr(FUR,(A)— 2, (VUA)) <C || 4],

and

[tr(VQ,(UA)— Q4 VUA)) <C | A,
so that

[te(V(URQ,(A) — 2,UA)N<C | A4l;.
Thus

1UR(4) = 2,UA), <C | A4],.
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To complete the argument note that from the definition we have
Q4(A*)=(24A))* and so we also have, on taking adjoints,

124(4) U—=Q4(AUM, < C | 4],

and the theorem follows.

THEOREM 6.8. There is a constant C so that if g€ L, A, Be b, then
|T4(A+ B) —7,(A) —7,(B) < C(| A1, + | Bl,).
Proof. By Proposition 4.1 and Theorem 6.7,
1Q4(A+B)—Q,(A)—Q24B)| , <C(IAll, + 1 Bl)-

It remains only to apply Theorem 6.6.

THEOREM 6.9. €h, is a linear space and || |, is a quasi norm such that
@h, is a quasi-Banach space.

Proof. Theorem 6.8 immediately yields
IA+ B, <(C+1)([All,+ 1Bl

Thus %h, is a linear space equipped with a quasi norm. Since this quasi
norm is lower-semi-continuous on %, (Lemma 6.3) it is routine to establish
completeness.

7. THE MAIN RESULTS

We recall that if .#, ¢ are ideals in #(5) then Te B(H) is called an
(#, #)-commutator if T=[A, B]=AB— BA for Ac ¥, Be #. The linear
span of (.4, #)-commutators is denoted by [ £, #].

The proof of the next proposition uses ideas similar to those of Anderson
and Vaserstein [2].

ProrosITION 7.1.  Suppose Te%h, is self-adjoint. Then T is the sum of
at most three (%,, A (H))-commutators. Similarly, if 1<p<oo and
1/p+1/q=1 then T is the sum of at most three (%,, 6,)-commutators.

Proof. We may assume that rank 7= co. Let (4,) be the nonzero eigen-
values of T counted according to multiplicity and arranged so that (| 4,])
is decreasing. For ne N let
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and
011= "{2"*1"

For n>2 we have
2n—l

Y llz2"7,

=241

so that

Y 2" 0,<|T|, <.

n=1

We also observe that if 2" '<r<2"—1,

r 2n—1
1B <Y Al + X Al
k=1 k=21
so that
0 o 21 -
YRS Y 2700 S Y A +ITIL
n=1 n=1 r=21—1 g =1
¢ 1 r
S2Y -1 X Al+IT
r=lr k=1
<

since (4,)ehP™.

Now let
2" —1

oz,,=2‘("_l) Z llk

k=21

for neN. Thus |a,| <0, and |4, —a,| <20, for 2"~ '<k<2". Observe

also that
2n—1

Z (A —2,)=0

k=2n—1
and recall that since T is self-adjoint the 4, are real. It is thus possible to
rearrange the set {4,:2" '<k<2"} to produce {u,:2""'<k<2"},
where for 2" '<r< 2",

r

Z (e — )

k=2m-1

<20,




66 N. J. KALTON

Pick an orthonormal sequence (e,) so that Te, = pu.e,. Let % be the
orthogonal complement of [e,] and let S be the operator defined by
S(#)=0 and Se, =a,e, for 2"~ ' <k <2", ne N. We will prove that S is
the sum of at most two (%,, X (X)) or (%,, %,)-commutators, using a
method similar to that of [2], and then show that T— S is itself a com-
mutator of the required type.

In order to prove the first assertion, note that since > |f,| <o we
can factor f,= —2"u,v,, where lim v,=0 and ¥ 2"|u,| <. For the
case of (%,, %,)-commutators we instead require > 2" |u,|” <oo and
> 2"|v,|?< . Next we define four operators U,, U,, V', V, by setting
each to zero on #, and then

Uie,=u,ey, 2" gk <2”

Usep=uney s 2"k <2n

View=0v e, 2" <k <2
View+1=0, keN
Vi1 =0qe, 2" kg2

Vy,e =0,

Vien=0, keN.

Then for 2" 1<k < 2",

[U,,Vi1ee=(u,_v,_,—u,v,) e, k even
= —u,v,e, k odd

LU,, Va]ler=(u,_v,_,—u,v,) e, k>1o0dd
= —uvey, k=1
= —u,v,e, k even.

Thus
(LU, Vi1+[U,, V] ey = —2u v e, =fe,=a,e,

while for 2"~ ' <k <2,

(LU, Vi1+ [V, Vol) ew= (10, —2u,0,) e,
:24(n71)(ﬁn__ﬁ"¥l)ek

=0,e.
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Thus [U,, V,]1+ [U,, V,]=S. It remains to observe that, for the first case
of the theorem,

1O =1 Ua 0 =327 u,| < o0

while V,, V, are each compact since lim v,=0. In the other case, we
similarly have U,, U,€%,, V,, V,€%,.

Now we consider T—S. Let o be the permutation of N defined by
o(k)=k + 1 unless k + 1 is a power of 2, in which case a(k)=3(k+1). For
2" L r< 2 set

= 2 (=)

so that we have |y,| <26, and y,._, =0. then

Z |yr|< Z 2n9n<w'
r=1

n=1

Again we factorize y,= —x, y,, where ) |x,| <co and lim y,=0. For the
(%,, 6,) cases we take 3 |x,[” <0, ¥ |y, |¥< 0.
Now define U;, V5 to be zero on %, and such that

Use, = Xk €o(k)
Viee= Yo 1€o-1(k)-

Then

(U, Va] €= (xa'l(kj Yoty — Xk Vi) €

Hence if 2" ' <k < 2",

LUs, Vil e = (Xe_ 1 yi—1 — Xk Vi) €k
= (Ve —Vi-1) €
= (Ilk—an)eln

while if £ =2"""1,

LUs, Vil ew=(upn_ vy —ui0) €
== 7Yr-1)ex
=YiCr

= (uk_an) €.
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Hence [U,, V3;]=T—S and as before we have U;e%,, VieX () or
U,e¥,, Vse¥€,. Since T=[U,, V,14+[U,, V,]1+[U,, V5] the proposi-
tion is proved.

Remarks. The preceding proposition is very similar to the tree con-
structions in the paper of Anderson and Vaserstein [2]; it is perhaps also
worth remarking that the result of Anderson [1] that if p<1 then
[6,, B(#)]=%" follows by exactly the same method once one observes
that

oo 201 P
YUY 4l <o
n=11lk=1
when Te¥,. Indeed
2" —1 s}
z )vk = z Ak
k=1 k=2"

<A

D
<2n(1/1’>»1) H T "P

so that

pLI |

L A

k=1

oo

)

n=1

P e}
<IT)2 Y 27" < oo,

n=1

Similarly if 1/r + 1/s=1/p then [%,, ¢,]=%¢"".

PROPOSITION 7.2.  Suppose 1 <p<co. Then any (%,, 6,)-commutator is
the sum of at most four quasi-nilpotent trace class operators.

Proof. Suppose A€%,, Be®%, and that 4=H+iK with H, K self-
adjoint. Then [A4, B]=[H, B]+i[K, B] so that it suffices to show that
[H, B] is the sum of at most two quasi-nilpotent trace-class operators.

By the spectral theorem we may pick an orthonormal basis (e,) of 5 so
that He,=4,e,. By the boundedness of the triangular projection in €,
(cf. [3,5,12]) we may define operators B,, B, €%, so that

(Blej’ ek)z(Bej’ek)’ J>k
=0, j<k

(Bzej, ek)z(Bej9 ek)! J<k
=0, j=k
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Then for j<k
([H, B,] €s ec) = (44 —/1,,')(313,', e.)=0

so that [H, B;] is quasi-nilpotent; similarly [H, B,] is quasi-nilpotent.
Clearly, [H, B]1=[H, B,]1+ [H, B,].

PrROPOSITION 7.3. Let A, Be B(#) be such that AB and BA are both
trace-class. Then [ A, Ble%h,.

Proof. Note that AB and BA have the same nonzero eigenvalues with
the same multiplicities. Thus for ¢ € & we have t,(A4B)=1,(BA). Now, by
Theorem 6.8, we have sup |14([4, B])| <o or [4, B]e€h, as required.

THEOREM 74. Suppose A€¥, and that 1 <p,q< oo with 1/p+1/g=1.
Then the following conditions on A are equivalent:
(1) Ae%h,.
Ae[%,,%4,].
Ae[%,, B(H)].
Ae[%, X (H#)]

A is in the linear span of the trace-class quasi-nilpotent
operators.

(vi) A is the sum of at most six (%,, €,)-commutators.

(vii) A is the sum of at most six (%), f(éf))-co}nmutators.

(viii) A is the sum of at most 24 quasi-nilpotent trace-class operators.
Proof. (i)=(vi). If Ae¥%h, then A*e%h,. Thus by Theorem 6.9,

3(A+ A*) and (1/2i)(4 — A*) are in €h,. Now apply Proposition 7.1.

(vi)= (viii). Proposition 7.2.

(viii) = (v). Trivial.

(v)=(i). Theorem 6.9 and the definition of ¥#,.
Thus (i), (v), (vi), and (viii) are equivalent.

(i)= (vii). Proposition 7.1.

(vit) = (iv) = (iii) and (vi) = (ii). Trivial.

(ii)= (i), (iii)=>(i). Proposition 7.3 and Theorem 6.9.
This completes the proof.

Remarks. The fact that [%,, C,]# %" and hence that [¥,, Z(#)]#
%\ is due to Weiss [15, 16]. Weiss also characterizes a special type of
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operator in the class [%,, %,] in {15, 17] and these ideas are extended in
Anderson and Vaserstein [2] and Anderson [1]. Some related results on
discontinuous traces were obtained by Figiel but were never published.

8. CONCLUDING REMARKS

First we recall [ 7] that a quasi-Banach space X is logconvex if there is
a constant C so that for x,, .., x,e X

n

XX

j=1

n S
<y ||x,||(1+1og )

j=1 H Xj “
where S=3 | x;|. Equivalently X is logconvex if for some C we have

n
Zxk

k=1

<C Y xll(1 +log k)

J=1

(cf. [7]). Logconvex spaces arise in several natural situations in analysis

(cf. [7, 147).

THEOREM 8.1. The spaces h?™, HY™, and €h, are all logconvex quasi-
Banach spaces.

Proof. The space HY™ is defined in [8] and is included in the theorem
for completeness. We will treat only the case of €h,—the others being
similar. We first note that for ¢ € &, the maps 14: %, — C are quasi-additive
with uniform constant C (Theorem 6.8). Thus the maps

A
=140 (). %0
=0, A4=0

are quasi-linear with uniform constant C (Theorem 3.5 of [9] shows that
the t} are real quasi-linear and the relation t4(A4)=At4(A4) for |1|=1
shows that each t} is complex quasi-linear).

Now by Theorem 7.1 of [7] and its proof we have the existence of a
constant C independent of ¢ so that

n

A+ +A)— Y 1AL

k=1

! A)
<C Yy ||Ak||1(1+10g )’
k=1 I Axlly

where S=) A, 1l,.
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Now by Lemma 3.4 of [9] we have
le3(A4) =t () <C 4]y,

where C is independent of @. Thus

AOPRES N

S
<CZHAkIII<1+1°g 14 ||1>'
k

From this we deduce

o(z4)

S
<c(Siady+ S, (1+10s 7))

S/
gC(Z I Akl (1 +log |Akuh))’

where S'=Y || A«ll,- Here we utilize the fact that the map
(&), &) 28+ 3 ¢ 1og(X &/E,) is monotone in each ¢, so that we can
replace || A,|, by | A,ll,. Finally, we take suprema over all ¢ ¢ and
deduce

=

SI
fc(z ”Ak””(l +log uAkuh))'

We state now two simple corollaries,

COROLLARY 8.2. Let V, be a sequence of quasi-nilpotent operators in €,
so that Y |V, , <o and

1
IV, log, ——<
2 T AN

(or equivalently 3" ||V, ||, log n< oo when V, is arranged in decreasing order
of norm). Then Y.>°_ | V,€6h,, ie, >, V, can be written as a finite linear

n=1

combination of quasi-nilpotent operators.

COROLLARY 8.3. Let (A4,), (B,) be two sequences of Hilbert-Schmidt
operators and suppose Y | A, |, | B, |, < o and

Y 14,1218, log.,

n=1

—_—— < 0.
IA4n 1211 B, 2

Then 37, [A,, B,] can be written as a finite linear combination of com-
mutators of Hilbert—Schmidt operators.
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Proofs. For (8.2) just note that |V, ||, = V,|l .- For (8.3) note that the
bilinear form [A, B] - AB— BA maps %, x %, boundedly into ¥4, (apply
the Uniform Boundedness Principle) and so

104, Bl < C [ 4,1l | B,

Finally, we give an application to quasi-nilpotent operators in %,. If
Ve ¥, is a quasi-nilpotent operator and V= H + iK, where H and K are
self-adjoint, then there are a number of results in the literature which relate
the singular values of H and K (e.g., Gohberg and Krein [5, p. 139] or
[4, p. 2097]).

For any operator Te ), let n(r, T) denote the number of singular values
of T greater than r.

THEOREM 8.4. Let H and K be self-adjoint Hilbert—Schmidt operators
such that H + iK is quasi-nilpotent. Define

0(1) = L’ Hn(r, H) — n(r, K)) dr.

Then

ijdt<oo

0 t

Proof. Clearly (H+iK)*€%h, and so H*— K*€%h,. For any ¢ 2.

[ee)

T(H) =} si4(2log|s,!),

n=1
where 5, = s,(H) are the singular values of H. Thus

t(H)= Y [ 2r(g(2logr)+¢'(2log ) dr,

n=1"0

where ¢’ is defined a.e. and |¢'| < 1. Now

o]

)

n=1

r" 2/ (2 log r) dr
0

<Y sI=|H|3.
n=1
Thus

<IH I3

T (H?)— j: 2rn(r, H) $(2 log r) dr
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We argue similarly with K and note that
| t4(H? — K?) — 14(H?) + 1,(K*)| S C(| H 2 + | K[| 2)*.

Thus for every such ¢
Uw 2r(n(r, H)—n(r, K)) (2 log r) dr| <7,
0

where y is a constant depending only on H, K.
Assume ¢ vanishes outside some compact set. Then an integration by
parts gives

il 1
J‘ @¢,(2 logrydr<-y.
0 r 4

As this is valid for all ¢ € & with compact support it quickly follows that

wad1<oo

0 t

as required.

Note added in proof. After the initial preparation of this paper, the author learned from
T. Figiel that Theorem 7.4 can also be obtained by an analysis of the invariant linear
functionals on 4.
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