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ABSTRACT

We presentan approachfor synthesizingtransformationgo en-
hancelocality in imperfectly-nestetbops. The key ideais to em-
bedtheiterationspaceof every statemenin aloop nestinto aspe-
cial iteration spacecalledthe productspace The productspace
canbe viewed asa perfectly-nestedbop nest,so embeddinggen-
eralizegechniquedike codesinkingandloop fusionthatareused
in ad hoc waysin currentcompilersto produceperfectly-nested
loops from imperfectly-nestednes. In contrastto thesead hoc
techniqueshowever, our embeddingsare chosencarefully to en-
hancelocality. The productspaceis thentransformedurther to
enhancdocality, afterwhich fully permutabldoopsaretiled, and
codeis generated We evaluatethe effectivenessof this approach
for densenumericallinear algebrabenchmarksrelaxationcodes,
andthetomcatvcodefrom the SPECbenchmarks.

1. BACKGROUNDAND PREVIOUSWORK

Sophisticatedalgorithmsbasedon polyhedralalgebrahave been
developedfor determininggoodsequencesf linearloop transfor
mations(permutation,skaving, reversalandscaling)for enhanc-
ing locality in perfectly-nestedoops-. Highlights of this technol-
ogy arethefollowing. Theiterationsof theloop nestaremodeled
aspointsin aninteger lattice, andlinear loop transformationsre
modeledas nonsingulamatricesmappingone lattice to another
A sequencef loop transformationss modeledby the productof
matricesrepresentinghe individual transformationssincethe set
of nonsingulamatricess closedundermatrix product,this means
thatasequencef linearlooptransformationsanberepresentelly
anonsingulamatrix. The problemof finding anoptimalsequence
of linear loop transformationds thusreducedto the problem of
finding an integer matrix that satisfiessomedesiredproperty per
mitting the full machineryof matrix methodsand|lattice theoryto

9This work was supportedby NSF grants CCR-9720211 EIA-
9726388ACI-9870687,EIA-9972853

' A perfectly-nestedbop is a setof loopsin which all assignment
statementarecontainedn theinnermostoop.
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A(i1,j1+41) + A(i1,j1-1)
+ A 1+1,j1) + A(i1-1,j1) / 4

Figurel: Jacobi

be appliedto the problemof locality-enhancemeri®; 4; 23; 17;
21;3].

This technologyis fairly mature,andit hasbeenincorporatednto
productioncompilers,enablingthesecompilersto producegood
codefor perfectly-nestedoop nests. In mostprogramshowever,
mostloop nestsareimperfectly-nestedecaus®neor moreassign-
mentstatementsre containedn somebut not all of the loops of
the loop nest. For example,importantmatrix factorizationslike
Cholesly, LU andQR factorizationd9] areall imperfectly-nested
loop nests. An entire procedure which usuallyis a sequencef
perfectly-or imperfectly-nestetbop nestscanitself beconsidered
to beimperfectly-nestetbop nest.

As an example, considerthe Jacobicode fragmentin Figure 1
which is typical of programsthat solwe partial differential equa-
tions(pdes) by explicit methodsThesearecalledrelaxationcodes
in the compilerliterature. They containan outerloop that counts
time-stepsijn eachtime-stepa smoothingoperation(stencilcom-
putation)is performedon arraysthat represenapproximationgo
the solutionto the pde. In the Jacobicode,statement$1 and S2
touchthe samedatain eachiterationof thet loop; instancesf
thesestatementén differentiterationsof the outerloop touchthe
samedataaswell. If thearraysdo notfit into cache this reusewill
not be exploited. It is possibleto exploit the reusebetweerstate-
mentsin a giveniterationof thet loop if the codeis rewritten as
in Figure2. This codecanbe obtainedby peelingthe first itera-
tions of thei 1,j 1 loopsandthe lastiterationsof thei 2 andj 2
loops,andthenfusing the remainingi 1 andi 2 loopsaswell as
j 1 andj 2 loops. Furthermorereusebetweerdifferentiterations
of thet -loop canbe exploited by skewing the resultingi andj
loopsby 2*t andthentiling all threeloops;if thearraysarestored
in columnmajororder, interchanginghei andj loopsallows the



fort =1, T
for j1 =2, N1
L(2, j1) = (A(2,j1+1) + A(2,j1-1)
+ A(4,j1) + A(L,j1)) / 4
end
for i =3, N1
L(i, 2) = (A(i,3) + A(i,1)
+ A(i+1,2) + A>(i-1,2)) / 4
for j = 3, N1
L(i,j) = (A>(i,j+1) + A(i,j-1)
+ A(i+1,j1) + A>(i-1,j1)) / 4
A(i-1,j-1) = L(i-1,j-1)
end
A(i-1,N1) = L(i-1,N1)
end
for j2 = 2,N1
AN1,j2) = L(N1,j2)
end
end

Figure2: FusedJacobi

exploitationof spatiallocality aswell. Thesevariantsarenotshovn
heredueto their compleity.

A numberof approachebave beenproposedor enhancindocal-
ity of referencein imperfectly-nestedbop nestslike Jacobi. The
performancemprovementthat can be obtainedby transforming
only theperfectly-nestedbopsin suchprogramscanbe quite lim-
ited[14]. Specialpurposdechniquedor tiling matrix factorization
codeshave beenproposedy CarrandKennedy{6]; similar work
for relaxationcodeshasbeendoneby SongandLi [22].

A moregenerabpproachusedby currentcommerciaktompilersis
to corvert animperfectly-nestedoop nestinto a perfectly-nested
loop nestif possibleby applyingtransformationdike codesink-
ing, loop fusionandloop fission[25; 12], andthenusinglocality
enhancemertechniguegor theresultingmaximalperfectly-nested
loops. For mostprogramstherearemary waysto do this corver-
sion, andthe performanceof the resultingcodemay dependcriti-
cally on how this corversionis done. For example,certainorders
of applyingtheseransformationsnightleadto codethatcannotbe
tiled, while otherorderscouldresultin tilable code[13]. A further
complicationis thatloop fissionand fusion arethemselesuseful
in improving datalocality of loop nests;for example,loop fusion
improvesinterloop-nestreuseasin the Jacobiexample.

In this paper we proposea generalapproacho locality enhance-
ment of imperfectly-nestedoops that builds on the standardap-
proachusedfor perfectly-nestedoops. Our strategy is showvn in
Figure 3. The iteration spaceof eachstatemenis embeddedn
a specialspacecalledthe product spaceusing affine embedding
functions F;. Theseembeddingganbe chosenso asto improve
reusen theprogramandthey generalizéransformationgike loop
fusionandloop fissionthathave beenusedin theliteraturefor lo-
cality enhancementFurthermorethe productspaceitself canbe
viewed as a perfectly-nestedoop nest(althoughone which has
mary redundandimensionsaaswe discusdater in this paper),so
locality enhancemertechniquesuchasheightreduction[16] can
be appliedto the resultingloop nest;whenpossible this loop nest
canalsobemadefully permutablegnablingit to betiled. Finally,
codeis generatedfter projectingout redundantimensionsusing
standardechniquedrom polyhedralalgebra;this codegeneration
processnay produceimperfectly-nestetbop nestsf appropriate.
Therestof this paperis organizedasfollows. Section2 describes
a framework for locality enhancemerof imperfectly-nestedoop
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Figure3: Locality Enhancemerf Imperfectly-nestetloop Nests

nests. Section3 describeghe concreteapproachto locality en-
hancemenive usein this paper Becausehe completealgorithmis
complicatedywe work throughanexamplein Sectiord to highlight
importantaspect®f ourapproachSections givesthe detailsof the
algorithm. Section6 evaluateghe effectivenessof this algorithm
in enhancindocality of programsnthe SGI Octaneworkstations.
We shaw in that sectionthat our approachautomaticallyperforms
the transformation®n the Jacobicodefragmentdiscussedbore.
Finally, Section7 compare®ur approachwith otherapproachem
theliterature.

2. AN ABSTRACT MODEL OF LOCALITY
ENHANCEMENT

Thissectiongivesanabstractiew of how prograntransformations
andlocality enhancemearcanbe modeledby polyhedraimethods.

2.1 Program Execution Model

A programis assumedo consistof statementgontainedn a se-
qguenceof perfectly and imperfectly-nestedoop nests. All loop
boundsandarray accesdunctionsare assumedo be affine func-
tions of surroundingoop indices. We will uses, S, ..., S, to
namethe statementi the programin syntacticorder A dynamic
instanceof a statemens;, refersto a particularexecutionof the
statementor a given valueof index variablesi;, of the loopssur
roundingit, andis representetly S (7).
Programexecutioninducesa total orderon the dynamicinstances
of a statemeng;. This statemenexecutionorder is modeledby
the statemeniteration space denotedy Sy, asfollows:

1. Constructa CartesiarspaceS;, of dimensionequalto the
numberof loopssurroundingg.

2. Map dynamicinstancesof S; to Sx so that the following
conditionsaresatisfied:

(a) At mostonestatemeninstancds mappedo apointin
thespaceSy.

(b) If thepointsin spaceS;, aretraversedn lexicographic
order andary statemeninstancemappedo a pointis
executedwhenthat pointis visited, the statemenexe-
cutionorderis reproduced.

Theprogramexecutionorderof acodefragmentcanbemodeledn
asimilarmannerby a programiteration space definedasfollows:

1. Let P beap-dimensionalCartesiarspaceor somep.

2. Embedall statemeniterationspacesS, into P usingembed-
ding functionsFy which satisfythefollowing constraints:
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Figure5: ReducingReuseDistances

(a) EachF) mustbeone-to-ond.

(b) If the pointsin spaceP aretraversedin lexicographic
order andall statemeninstancesnappedo apointare
executedin original programorderwhen that point is
visited,the programexecutionorderis reproduced.

The programexecutionordercanthereforebe modeledby the pair
(P,F = {F\, Fs,..., F,}). For theexample,the executionor-
der of the codefragmentshown in Figure4(a) canbe represented
by mappingthe statementso a 2-dimensionalspaceasshown in
Figure4(b). The embeddingunctionsfor the two statementgre
shavn in Figure4(c). We will referto the programexecutionorder
astheoriginal executionorder

In a similar way, ary otherexecutionorderof the programcanbe
representey anappropriatepair (P, F). We canthereforeopti-
mizeprogramsy transformingheoriginalexecutionorder(P, ]:‘)
to anotherexecutionorder (P, F) thatis is somehav “better” for
locality andstill preseresthe semantic®f the original program.

2.2 Promoting Data Reuse

Considetthe dataaccespatternof theexamplein Figure4. State-
mentinstancesS1(i ) andS2( i) exhibitdatareusebecausehey
touchthe samememorylocationx( i ) . The numberof statement
instancesxecutedbetweenthemis calledthe reusedistance In
the example,thereusedistances N — 1. If we representhe ex-
ecutionorder for the exampleby (P, F), the reusedistancebe-
tweenS1(i) andS2(i) is proportionalto the numberof points
in P with statementsnappedo themthatlie lexicographicallybe-
tweenthe pointstowhich S1(i ) andS2(i) aremappedThisis
becausef the initial one-to-onemappingrequirement—therare
at mosta constantnumberof statementnstancegonefrom each
statementjnappedo eachpointin thespace.
Reducingreusedistanceincreaseshe likelihood thatthe datawill
bein the cachewhenthe secondstatemeninstancetriesto access
it. For ourexample,we canreducethereusedistancegrom N — 1
to zeroby theembeddinghowvnin Figure5(c). Thiscorrespondso
the codeobtainedby fusingthetwo loopsasshowvnin Figure5(a),
andcanbeshowvnto presere thesemantic®f theoriginal code.In
generalthereare mary embeddingshat presere the correctness
of a program.We canenhancehe locality of a programby pick-
ing embeddingshatreduceghereusedistancedetweerstatement
instancesvhile preservingcorrectness.

2Note thatinstancesof different statementsnay get mappedo a
singlepoint of the programiterationspace.

2.3 ReuseClasses

Formally, areuseexistsfrominstance; of statemens. (thesource
of thereuse)to instanceiy of statemeng, (the destination)f the
following conditionsaresatisfied:

1. Loopbounds Both the sourceanddestinatiorstatementn-
stancedie within the correspondingterationspacebounds.
Sincetheiterationspaceboundsareaffine expression®f in-
dex variableswe canrepresentheseconstraint@s B, x 7 +
bs > 0andBg x 74 + bg > 0 for suitablematricesB;, Bq
andvectorsh;, bq.

. Samearray locatiort Both statemeninstanceseferencehe
samememorylocation. If we restrictmemoryreferenceso
arrayreferenceghesereferencesanbewrittenas A, * 7 +
as andAq * 74 + aq. Hencetheexistenceof areuserequires
that A, « 7. +as = Ag * 74 + aq.

. Precedencerder: Instance’; of statemens. occursbefore
instancer; of statemens, in programexecutionorder If
common g iSafunctionthatreturnstheloopindex variables
of the loops commonto both 7, andiy, this conditioncan
be written ascommona(7a) = commonq(7:) if 4 fol-
lows S, syntacticallyor commonq(7a) > commona(7a)
if it doesnot,where}- is thelexicographicorderingrelation.
This conditioncanbetranslatednto a disjunctionof matrix
inequalitiesof theform X, « 7. — Xq*7q + 2 > 0.

If we expresghereuseconstraintsasadisjunctionof conjunctions,
eachtermin theresultingdisjunctioncanberepresentedsamatrix
inequalityof thefollowing form.

B. 0 bs
. 0 By . by
R[ff]—kr: As  —Ag |:f.51|—|— as—aqg | >0
'd —AS Ad td ag — Qs
Xs —Xd T

Eachsuchmatrix inequalitywill be calledareuseclass andwill
bedenotedy R with anappropriatesubscript.

The above definition appliesto tempoal reuseswherethe same
arraylocationis accessetby the sourceandthe destination.If the
cachédine containsmorethanonearrayelementthenwe canalso
considespatialreusewvherethe samecachdine is accessetly the
sourceandthe destinationof the reuse. Spatialreusedependon
thestorageorderof thearray

Theconditionsfor spatialreusearesimilarto the onesfor temporal
reusetheonly differencebeingthatinsteadof requiringbothstate-
mentinstanceso touchthesamearraylocation,we requirethatthe



two statemeninstancedouchnearbyarray locationsthatfit in the
samecadeline. We canrepresenthis conditionasa matrix in-
equalityby requiringthefirst® row of Ay * 7 + aq — A. * T — a.
to lie betweenl andc — 1, wherec is thenumberof arrayelements
thatfit into asinglecachdine, insteadof beingequalto 0.

For the examplein Figure 4(a), the temporalreuseexisting be-
tweensS1(:;) and S2(:2) can be representedy the reuseclass
Ri = {(11 s 12) 1 S il, I S 17\7, 1 = 12} It is Straight-
forward to representheseinequalitiesas matrix inequalities but
we will not do soto keepthe discussiorsimple. Therealsoexists
spatialreusebetweenthesetwo statementsFor a cacheline con-
taining 4 array elementst can be representedby the reuseclass
RQ = {(11712) 01 S i17i2 S 11\7,1 S i2 —’il S 3}

2.4 Legality of Transformations

The original executionorder (P, f) canbelegally transformedo

anotherexecutionorder(P, F) if thelatterpreseresthesemantics
of the program. Dependenc@analysisstatesthat semanticsof a

programwill be preseredif all dependencésarepreseredunder
thetransformation.

The dependencgin a programcanbe representedby a setof de-

pendencelassesimilarto thereuseclasseslefinedn Section2.3.

Eachdependencelasscaptureghe constraint$etweerthe source
(zs) anddestination(zy) of adependenethatcanberepresentedy

asetof linearinequalitiesD : D [ ;f ] +d>0.
d

Let F = {Fi, F», ... F,,} beasetof embeddindunctionsfor the
program. We will saythattheseembeddingunctionsarelegal if

for every (7., 72) in adependencelass the pointthatz, is mapped
to in the programiterationspaceis lexicographicallylessthanthe
point that 7; is mappedto. For future reference we definethis

formally.

Definitionl. Let ¥ = {Fi, F>,... F,} be embeddingfunc-
tions that embedthe statementiteration spaceof a programinto
a spaceP. Theseembeddingunctionsaresaidto be legal if for
every dependencelassD of theprogram,

V(TS,TJ) D Fd(i‘d) t FS(TS)

We will referto thevector Fu(7s) — F(7.) asthedifferencevector
for (7.,74) € D.

2.5 Minimizing ReuseDistances

Let F = {Fi, F»,... F,} be embeddingfunctionsthat embed
the statemeniteration spacef a programinto a spaceP, and
let R be ary reuseclassfor that program. Considerary reuse
pair (7s,74) € R. Let Distance(%s, 1) bethe numberof points
in the spaceP with statementsnappedto them that lie lexico-

graphicallybetweenF(7.) and F4(74). As we saw in Section2.2,
the reusedistancebetweens,(7.) and S4(7;) is proportionalto

Distance(7s,71). We define Reuse Distances(P, F) to be the
vectorof Distance(7s,74) for all reusepairs (7., 74) in the pro-
gramunderthe executionorder(P, F).

Our goalfor locality enhancemetis to find legal embeddingsFop

that minimize || Reuse Distances(P, F)||,, for a suitablenorm

I 1l x-

? For Fortranstorageorder
“Dependences atemporalreusen which atleastoneof the state-
mentinstancesvritesto thecommonlocation.

for i =1, N
for j =1, N
S1: c(i,j) =0
for k =1, N
S2: c(i,j) +=a(i,k) * b(k,j)

Figure6: Imperfectly-nestetMM

3. A CONCRETE MODEL OF LOCALITY
ENHANCEMENT

We now discusghe simplificationswe maketo developa practical
algorithm. In Section3.1, we restrictembeddingunctionsto be
affine, anddefineaspeciakpacecalledthe productspacewhichwe
amueis theright spacdor locality enhancementonsiderationsn
Section3.2,wepresenburapproacho minimizingreusedistances
in theproductspace.

3.1 ProductSpacesand EmbeddingFunctions

We restrictour embeddindgunctionsto be affine to permitthe use
of integerlinearprogrammingechniquesAffine embeddindunc-
tions canbe decomposedhto their linear and offset partsasfol-

lows: Fi(7x) = Gi1x + gr. We allow symbolic constantsn the
offsetpartof theembeddingunctions.

THEOREM 1. LetP beanyCartesianspaceandlet F = {Fi,
Fs, ..., F,} beasetof afineembeddindunctionsFy, : S — P.
Let Fx (1) = Gi7x + gr. Thenumberof independentlimensions
ofthespaceP is equalto therankof matrix G = [G1 G- ... Gy].

Let p be the sum of the numberof dimensionsin all statement
iteration spaces.Theoreml tells us that affine embeddingunc-
tions cannotutilize morethanp dimensions.We thereforeusea
p-dimensionakpaceo modelprogramexecutionorders.

Definition2. The productspacefor a programis the Cartesian
productof all thestatemeniterationspace®f thestatements that
program.Theorderin whichthis productis formedis the syntactic
orderin whichthe statementsppeain theprogram.

For the imperfectly-nestednatrix multiplication codein Figure6,
theiterationspaceS; of statemenfl is a two-dimensionakpace
11 X 71, While the iterationspaceS. of S2 is a three-dimensional
space:; x j2 X k2. The productspaceis the five dimensional
Spaca'l X jl X 13 X j2 X ka.
Therelationshifbetweerstatemeniterationspacesndtheproduct
spacds specifiedby projectionandembeddindgunctions.Suppose
P =38 x8& x...x 8, Projectionfunctionsr; : P — S; ex-
tracttheindividual statemeniterationspacecomponentsf a point
in the productspace and are obviously linear functions. For the
imperfectly-nestednatrixmultiplicationcodein Figure6,

1 0 0

™= 0(1)8 o | =Ll 0],
00100

m = |00 01 0|=[0 Ixs .
00001

Definition3. An embeddindunction F£; mapsa pointin state-
mentiterationspaces; to a point in the productspace.We con-
sideronly thoseembeddindunctionsF; : S; — P thatsatisfythe
condition;(F;(q)) = qforallq € S;.



for il =1, N
for j1 =1, N
for i2 =1, N
for j2 =1, N
for k2 =1, N
S1: if ((i2==i1)&&(j2==j1)&&(k2==1))
c(i,j) =0
S2:  if ((il1==i2)&&(j1l==j2))
c(i,j) +=a(i,k) * b(k,j)

Figure7: Original Embeddingsor MMM

Intuitively, this conditionrequireghatthe statementterationspace
of astatemens bemappedo itself in the subspacef the product
spacecorrespondingo that statement.This restrictionkeepsthe
developmentsimple. Each F; is thereforeone-to-oneput points
from two differentstatementiterationspacesnay be mappedo a
singlepointin theproductspace.

3.1.1 EmbeddingheOriginal Code

We shawv thattherealwaysexists a way of embeddinghe codein
the productspacethat representshe original programexecution
order

As an example,considerthe codein Figure®6. It is easyto verify
thatthe codein Figure7 is equivalent,andhasthe sameexecution
order Intuitively, theloopsin Figure7 correspondo the dimen-
sionsof the productspace;the embeddingunctionsfor different
statementsanbereadoff from theguardsin theloop nest:

i )-( 3| (3]

To presere the original programexecutionorder, the embedding
functionsin thisexamplearechoserto satisfythefollowing condi-
tions: (i) theidentity mappingis usedfor dimensionsorrespond-
ing to commonloops(: andy) in the original code;and (i) map-
pingsfor dimensiongorrespondingo non-commoroopsarecho-
sento preseretheoriginal executionorder

In generalwe canembedary codeinto its productspaceasfol-
lows. Let Fy : S — P betheaffine functionthatmapsthe state-
mentsy, to the productspace Thecomponentsf F}, thatmapinto
the dimension®f the productspacecorrespondingo statemens
aredenotedby Fi ;. Ourinitial requiremenbn embeddingunc-
tionscanbesummarizedy Fi x (1) = k.

In Section2.3we definedcommony,; to beafunctionthatreturns
the loop index variablesof the loopscommonto both 7, and7;.
Similarly, we definenoncommony; to returntheloop index vari-
ablesof the restof the loopsin ;. For the exampleabove, we
ha/ecom'monlg((il,jl)T) = (il,jl)T, andnoncommoni2((i1,
g1)F) = k2. Let min4(7) andmax<(7) returnthe lexicographi-
cally smallestandlargestvaluesof the indicesof theloopsz. For
ourexample,min (k) = 1.

For every statemens; thatoccurssyntacticallyafters;, in theorig-
inal program(i.e. ! > k) we define

commony(Tx)
. I
min < (noncommony (i ))

Fra () = [

andfor every statemens,; thatoccurssyntacticallybeforesS;, in the
original program(i.e.! < k) we define

commony(Tx)
.
max < (noncommony (1))

Fra() = [

Theseembeddingsepresenthe original executionorder

3.1.2 Redundanbimensionsn ProductSpace
Thenumberof dimensionsn the productspacecanbe quitelarge,
andonemightwonderif it is possibleto embedstatemeniteration
spacesnto a smallerspacewithout restricting programtransfor
mations. For example,in Figure 7, statementsn the body of the
transformecdcodeare executedonly wheni 2 = i 2, soit is pos-
sible to eliminatethei 2 loop entirely, replacingall occurrences
of i 2 in thebodyby i 1. Thereforedimension:, of the product
spacds redundantasis dimensiony,.
Therearetransformationshowever, thatuseall dimensionsof the
productspace For examplecompletelyfissionedcodessuchasthe
onein Figure4, needall dimension®f theproductspace Sincewe
do notwantto restricttransformationsinnecesarily, we work with
the full productspace. Onceall embeddingfunctionsare deter
mined,redundantimensionsareeasyto identify andouralgorithm
removresthem,sothereis no performanceenaltyin thegenerated
code.

3.2 EnhancingLocality in the Product Space
ConsidemreuseclassR andareusepair (7., 72) € R. Theabstract
locality enhancememmnodelin Section2.5 requiredthe minimiza-
tionof Distance(7s, 7a), whichis thenumberof pointsin thespace
P with statementsnappedto them betweenF(7s) and Fy(7a).
Unfortunately it is not possibleto calculateDistance(7s, 7a) ef-
ficiently, sincetheremay be pointswith no statementsnappedo
them.Insteadwe reducereusedistancessfollows.
Considerthereusevector(7) for thereusepair (7, 7z) for agiven
choiceof embeddindunctionsF = {Fi, Fa, ..., Fy}; we will
referto the 5** entry of thisvectorasw;.

U1 .
v2 . . Fd,s(Td) —Ts

Vp Td—FQ d(?s)

L Fan(7a) = Fan(7s)

We saythatdimensiony carriesreusefor thereusepair (7%, 7a) if
v; # 0. If adimensioncarriesreusefor somereusepairin areuse
classR, thatdimensionis saidto carryreusefor thatreuseclass.
For all reusepairs(7s, 7a) € R, entriescorrespondingp Fi x (7a) —
F. k(%) (for k # s, d) canbe madezerosimultaneouslye.g. by
choosingFy x(7a) = Fs x(7:) = const). This maynotalwaysbe
possiblefor theelementsy ¢ (7a) — 7 andia — F 4(7%) sincethe
appropriatdunctionsFy . andFs 4 maynot exist. We try to make
theseentrieszero;if this doesnot succeedye canpermutethese
dimensionof theproductspacesothatthey areinnermostandtile
them. Thisresultsin thefollowing stratey:

1. We attemptto makeall entriesv; of thereusevectorzeroby
choosingembeddingunctionsappropriately Sincethe di-
mensionsof the embeddingfunctionsare independentwe
can processeachdimensionseparately If we succeedn
makingall entriesv; = 0, thenthe reusedistanceis also
zero.

2. We reorderthe dimensionsf the productspaceso that di-
mensiongor whichv; = 0 comefirst, anddimensionswvith
largerentriescomelater



3. Wereducereusedistancedurtherby tiling all dimensiong;
for whichtheentrywv; of thereusevectoris non-zero.

As anexample considethecodein Figure4(a)andthereusefrom
statemen81(i) to S2(i ). Theembedding# Figure4(c) result
in vy # 0,v2 # 0 andreusedistanceof N — 1, while theembed-
dingsin Figure5(c) makeeachentry of the reusevectorzeroand
resultin reusedistanceof 0.

4. AN EXAMPLE

Before presentinghe generalocality enhancemerdlgorithm,we
illustrateour approacton the programof Figure6. Therearetwo
dependencelassesn this example:

1. DependencelassD: = {(i1, j1, 12, J2, k2) : 1 < 11, j1, 12,
j2,k2 < N,i1 = 12,51 = j=} is aflow-dependencéhat
arisesbecausestatementS1 writes to a locationc(i , j)
whichis thenreadby statemen§2.

2. DependencelassD; = {(i2, j2, k2, 15, J5, k2) : 1 < 12, J2,
k27i§7jé7ké S 1\77 i2 = ié7j2 = jé7k2 < ké} is a flow-
dependenethatarisesbecausstatemens2 writesto loca-
tionc(i,j) whichisthenreadby this statemenin alaterk
iteration.This dependenealsocapturesheanti- andoutput-

dependenesof statemen82 onitself.

Thesetwo classeslsorepresenteuseclasses.The programhas
otherreuseclassesrising from spatiallocality and input depen-
dencesbut thesearenot showvn herefor simplicity.

As showvnin Figure3, our locality enhancemerdlgorithmwill

1. determineaffine embeddindunctions,
2. transformthe productspace,

3. eliminateredundantimensionsand
4. decidewhichdimensiongo tile.

Themostdifficult stepsare(1) and(2), andtheseareinterlearedin
the algorithmdescribedn Section5. To simplify the presentation,
let usassumdor now thatanoracledetermineshetransformation
of the productspacein Step(2) (we shav in Section5 thatinter
leaving eliminatesthe needfor suchanoracle). Thereforewe are
left with the problemof determiningaffine embeddingunctions.
Thesearedeterminednedimensionat a time by solvinga system
of linearconstraintonthe coeficientsof theembeddindunctions
for thatdimension. Theselinear constraintsdescribethe require-
mentsthatembeddingshould(i) resultin alegal program.and(ii)
minimizereusedistances.

For the running example,we will assumethat the oracletells us
thatthetransformatiornis theidentitytransformationsotheproduct
spaces left unchanged Sincethe productspacefor this program
is thefive dimensionakpace:; x 71 X 12 X j2 X k2, Definition 3
of embeddindunctionsrequiresthat the embeddingunctionsfor
this programlook like thefollowing:

_ 0

- N

A = | Gha+GanteyN+al
J ] Gi +Gzljl+g3‘vN+g%

| G? i1+ G i+ 93 N+ 97

I G}2i2 + G12j2 + G}w ks + g\ N + gf

2| G iz + G2 o+ Gs ks + 93N + g7
B 2 |) = 2
k‘2 i j2
ko

TheunknovnsG andg will bereferredto asthe unknownembed-
ding coeficients

4.1 First Dimension
We first find embeddingoeficientsfor thefirst dimensior; .

Legality

At theveryleasttheseembeddingsustnotviolatelegality. There-
fore, asdiscussedn Section2.4,the embeddingcoeficientsmust
satisfythefollowing constraints.

1. Gl,iz+Gj, 52+ G k2 + gy N + g1 — i1 > 0 for all points
in Dy, and

2. GLi+ G+ Gk + gy N+ g1 — (GLiz + G5+
G, k2 + gy N +gi) > 0 for pointsin D.

Standardinteger linear programmingtechniquescan be usedto
corvert theseconstraintsinto the following systemof linear in-
equalitieson the unknovn embeddingcoeficients,asdescribedn
theappendix.

11 0 1 0 ol 1
01 01 0 GF 0
11 1 1 1 {2 1
1 0 01 0 G’f2 N @)
0001 0 Iy 0
0 01 00 91 0

MinimizingReuseDistance

System(1) clearly hasmary solutions.We needto choosethe so-
lution thatmaximizesreuse For our runningexample consideto-
cality optimizationfor the reusethatarisesbecausef dependence
D,. To ensurethatdimensionz; doesnot carry reusefor D;, we
requirethat

Gllzlé +Gjlzj2 +G;1€2k2—|—g}\7N—|—g% -1 =0

for all points(i1, j1, 12, J2, k2) € D.. Thisconditiontoo canob-
viously be corvertedinto a systemof inequalitieson the unknowvn
coeficientsof theembeddingsThe conjunctionof this systemand
System(1) resultsin thefollowing solution:

G112 ZI,G;Q =07G}€2 :079}\7:079% =0

Thereforethefirst dimension®f thetwo embeddindunctionsare
Fl (i1, 1) = i1 andFj (i, g2, k2) = i>. Intuitively, this solution
fusesdimensiong; and:. of the productspace.

Evenin our simpleexample,thereareotherreuseclassesuchas
D,. To optimizelocality for morethanonereuseclass,we priori-

tize thereuseclasseseuristicallyandtry to find embeddindunc-

tions that makeentriesof the reusevectorsof the highest-priority
reuseclassequalto zero. Reuseclassesare consideredn order
of priority until all embeddingcoeficientsfor thatdimensionare
completelydeterminedIf we assumehatreuseclassD,; hashigh-

estpriority, we seethatit completelydetermineshefirst dimension
of the embeddindunctions,so no otherreuseclassesanbe con-
sidered.

4.2 Remaining Dimensions

The remainingdimensionsf the embeddingunctionsare deter
minedsuccessiely in a mannersimilar to thefirst one. The only
differenceis that someof the dependencelassesnay alreadybe
satisfiedby precedingdimensionsthesedo not have to be consid-
eredfor legality but only for reducingreusedistancedy tiling.
Letusassumehatthefirst j — 1 dimenionsof theembeddindunc-
tions 7 ~! have beendeterminedandthatwe arecurrentlypro-
cessinghe ;" dimensiorof the productspace.



Legality
Generalizingthe correspondingnotion in perfectly-nestedoops,

we saythatadependencelassD : D ;d ] + d > Ois satisfied

by thefirst ; — 1 dimensionsof the embeddingunctionsF'7 !
if the differencevector F;” " (74) — F2?~'(7,) is lexicographi-
cally positvefor all (7., 72) € D. Thismeanghatthisdependence
will be respectedegardlessof how the remainingdimensionsof
theembeddindunctionsarechosenTherefordt is sufficientto re-
quirethatfor every pair (7;, 72) in anunsatisfiedlependencelass
D,

1

&

Fi(i) - Fi(i) = [ -1 G;][ S]+g;—gzzo @)

S

In our running example, it canbe showvn that noneof the depen-
denceclasse®,, D, aresatisfiedby thefirst dimensionof theem-
beddingfunctionsdeterminedabove, so both dependencelasses
mustbe consideredvhenprocessinghe seconddimension.

MinimizingReuseDistance

Constrainingembeddingcoeficientsto minimize reusedistances
canbedonein anidenticalmannetrto thefirst dimension.

An additionalconcernn picking coeficientsfor adimensionother
thanthefirst is thatwe maywantto tile thatdimensionwith outer
dimensions. Tiling requiresthat thesedimensionsbe fully per
mutable. We canensurethis by requiringthat the constraint( 2)
holdsevenfor satisfieddependencelasseslf theresultingsystem
hassolutions,we can pick onethat minimizesreusedistancesas
discussedor the first dimension(note that minimizing reusedis-
tancesbeforewe addthetiling constraintamight produceembed-
dingsthatdo notallow tiling). If theresultingsystemhasno solu-
tions,the currentdimensioncannotbe madepermutablevith outer
dimensionsso constraint(2) is droppedfor satisfieddependence
classes.

Our algorithmproduceghe following embedding$or the running
example:

Fl([?l ]): Zi FQ([Z ]): 3

ko

This embeddingallows all five dimensiongo betiled. The code
generationalgorithm (Section5.2) determineghat :; and 5. are
redundantandtiles theremainingdimensions.

4.3 Putting it All Together

If the transformatioron the productspaceis given, we canobtain
embeddingcoeficients for eachdimensionsuccessiely by con-
strainingthembasedon (i) legality, (ii) tiling considerationsand
(iif) minimizing reusedistances.

The algorithmfor formulatinglegality andtiling constraintdor a
givendimensionyg is shavn in Figure8. This algorithmtakesthe
dimensiorbeingprocessedandthe setsof unsatisfiedandsatisfied
dependencelassesisinput,andreturnsalinearsystemr express-
ing constraint®n embedding-oeficients.

A smallbut usefulfeatureof thisalgorithmis thatit supportskenw-
ing of a dimensionby outerdimensiongo enabletiling. Dimen-
sion 7 will be permutableafter skaving by outerdimensionsf the
differencevectorentriescorrespondingo the satisfieddependence
classesreboundedelown by anegative constantHence for every

ALGORI THMV Legal i tyConstraints(g, DU, DS ) {
/*
g i s dinension being processed.
DU is set of unsatisfied dependence classes.
DS is set of satisfied dependence cl asses.
*/

Construct system Temp constraining the gth di nension
of every enbedding function as foll ows:

for each unsatisfied dependence class u € DU
Add constraints so that each entry in dinmension g
of all difference vectors of w is non-negative;
for each satisfied dependence class s € DS
Add constraints so that each entry in dinmension g
of all difference vectors of s 4+ positive «
i s non-negative;

Use Farkas’ lemmm to convert system Temp into
a system L constraining unknown enbeddi ng
coefficients;

Return L;
}

Figure8: FormulatingLinear Systemfor Legality

ALGORI THM Pronot eReuse(q, L, RS) {
/*
g i s dinension being processed.
L is a systemconstraining unknown enbeddi ng
coefficients.
RS is set of prioritized reuse classes.
*/

L':=L
for every reuse class Rin RS in priority order
Z := System constraining unknown enbeddi ng function
coefficients so gth dinension entries of

all reuse vectors of class R is zero

if (L' n 2 # 0
{

}

L':=L' n z
}

return any set of coefficients satisfying L’;

Figure9: FormulatingLinear Systemdor PromotingReuse

pair (7., 72) in all satisfieddependencelasse®, werequirethat

[ -G2 G;][“ ]+gﬁ1—gi+a20, a >0,

-
td

whereq is anadditionalvariableintroducedinto the system.The
solutionwith the smalleste allows us to makedimension; per
mutablewith the outer dimensionsusing a minimum amountof
skewing. If o canbechoserto be0, the dimensionis permutable
with outerdimensionsvithout skewing.

Figure9 showvs how sucha linear systemis further constrainedo
determinecoeficientsfor goodlocality. This algorithmassumes
thatreuseclassesave beensortedin decreasingrder of priority
usingsomeheuristic.In ourimplementationye rankreuseclasses
by estimatinghe numberof reusepairsin eachclass.



ALGORI THM Local i t yEnhancenent

Q := Set of dinmensions of product space;

DU := Set of unsatisfied dependence classes
(initialized to all dependence cl asses);

DS := Set of satisfied dependence cl asses
(initialized to enpty set);

RS := Set of reuse classes of the program
(sorted by priority);

j := Current dinmension in transforned product space

(initialized to 1);
while (Q is non-enpty)
{
for each g in Q

L = LegalityConstraints(gq, DU, DS5S);
if system L has solutions
{ Enbeddi ng coefficients for dinensionj =
Pronot eReuse(q, L, RS);
Update DS and DU;
Delete g from Q;
=i+

}

/1 No nore dinensions g can be added to current band.
/1 Start a new band of fully pernutabl e |oops.

DS = enpty set;
}

Apply Al gorithm DinensionQdering to the dinensions;
Eli mi nate redundant di nensions;
Tile pernmutabl e di mensions with non-zero ReusePenalty;

Figure10: Algorithm to Enhancd_ocality

5. ALGORITHM

Figure10 shovsthe completdocality enhancemerdlgorithm.

5.1 High-level Structure

Our algorithminterlearesthe determinatiorof the transformation
for the productspacewith the determinationof embeddingcoef-
ficientsfor eachdimension,and finds bandsof fully permutable
dimensions.

Eachiterationof theinnerf or each g¢-loop triesto find a di-
mensiony of theproductspacavhich canbepermutednto position
7 of thetransformegroductspace Thelegality of this permutation
is determinedy acallto procedurd_egal i t yConst rai nt s in
Figure 8 which attemptsto find legal embeddingdor dimension
7 which permit this dimensionto be permutedwith dimensions
in the sameband. If this proceduresucceedsye call procedure
Pr onot eReuse in Figure9 to chooseembeddingsvith goodlo-
cality. We drop out of thef or loop whenno more dimensions
of the productspacecanbe addedto the currentfully permutable
band.All satisfieddependencgarethendroppedrom furthercon-
sideration,anda new fully permutablébandis started. The algo-
rithm terminateswhen all dimensionsof the productspacehave
beenmappednto thetransformedpace.

Reoderingof Dimensions

When constructingbands,the algorithmdoesnot try to optimize
the orderof dimensionswithin a bandsinceit addsdimensiongo
bandsin arbitraryorder Sincearbitraryordermay not be bestfor
locality, we needto reorderdimensionsafter all embeddingcoef-
ficients have beendetermined. This is similar to the problemof
choosinga good orderfor loopsin a fully permutabldoop nest,
andary of thetechniquedn the literaturecanbe used. Herewe
presenasimpleheuristicsimilarto memoryorder[12]. Wereorder
dimensionof the productspaceso thatthe dimensionswith most

ALGORI THM Di nensi onOr der i ng

RPO = {il, i2, ... ip} |/ ReusePenalty order
NRPO = 0 /1 nearby permutation

m = p [/ nunber of dinensions left to process
k=0 /1 nunber of dinmensions processed
while RPO # 0

for dinension j = 1,m

{
Il =14j € RPO
Let NRPO = {i1’, i2' ... ik'}
if {i1’, i2', ... ik’ 1} is legal
NRPO = {il', 2] ... ik', 1}
RPO = RPO - {i}
m =m—1
kE=k+1
continue while |oop
}
}

Figurell: DeterminingDimensionOrdering

unsatisfiedeusesomelast. For eachdimension; of the product
spacewe definethereusepenaltyof thatdimensiorwith respecto
embeddindunctions{ F}, F}, ... , F}} to bethenumberof reuse
pairsin the classedor which thedimensiorcarriesreuse.

ReusePenalty(y, F) = Z IR]]
R unsatisfied

where||R|| is the numberof reusepairsin reuseclassR. Clearly
sorting dimensionsin Reuse Penalty orderis not alwayslegal.

Figure 11 shaws an algorithmthat finds a nearbylegal permuta-
tion. Intuitively, algorithm Di mensi onOr deri ng tries to or-

der dimensionsgreedily so that the dimensionwith the smallest
Reuse Penalty is outermosif thatis legal. Otherwise,it checks
whetherthe dimensionwith next smallestReuse Penalty canbe
placedoutermost. Onceit finds a dimensionto placeoutermost,
it repeatghe procesawith the remainingdimensions.lt is easyto

seethatthe algorithmwill alwaysproducea legal orderingof the
dimensionsandthatit will pick the Reuse Penalty orderif thatis

legal.

For the runningexamplein Figure6, our algorithmplacesall five

dimensionof the productspacen asinglefully permutabléand.
It thenpicksthedimensionordery; x j2 x k2 X 21 X ia.

5.2 CodeGeneration

RemovindRedundanDimensions

Let F = {Fi, F>,..., F,} bethesetof embeddindunctionsand
let 3 (7x) = Gk + gx. Asdiscusseth Section3, ary dimension
j for whichthe ' row G of thematrix G = [G1, G2, ... ,Gx]

is linearlydependenbnotherrowsis redundantOnceagoodiegal

orderingof the dimensionds determinedpur algorithmidentifies
all dimensionsg; for which G’ is linearly dependenbn previous
dimensionsandeliminateshosedimensions.

For our runningexample,dimensions;. andi:, areredundants
G’? = G andG*? = G".

Tiling

All dimensionswith non-zeroReuse Penalty will benefitfrom
tiling. Eachfully permutablébandis tiled (afterindividual dimen-
sionsareskevedby outerloopsif necessary).

Heuristicshave beenproposedor choosindile sizesfor perfectly-
nestedoops[7; 21;5], andary of themcanbeusedwith ourframe-



//tile counter |oops
for t1 =1,N, B
for t2 =0, N, B
for t3 =1, N, B
/literations within a tile
for j =t1, mn(t1+B-1, N)
for k =t2, min(t2+B1,N)

for i =1t3, mn(t3+B-1, N)
if (k==0)
c(i,j) =0

c(i,j) +=a(i,k) * b(k,j)

Figure12: Locality-optimizedVIMM beforeCodeSimplification

work. Fortherunningexample j1, k2, and:; arenotredundanand
exhibit reusethereforewe decideto tile all of them.They areall in
thesamebandanddo notrequireskewing. Theresultingtiled code
is shovn in Figure12. The min's, maxs and conditionalswithin
the loop body are removed by the code generatiorprocessusing
standardechniqued$rom polyhedralalgebra.

6. EXPERIMENTAL RESULTS

In this sectionwe presenpreliminaryresultsfrom our implemen-
tation for threeimportantcodes—Cholesk factorization,Jacobi
kernel,andthetomcatvSPECfpbenchmarkAll experimentsvere
runonanSGI Octaneworkstationbasecn aR12000chip running
at300MHzwith 32KB first-level datacacheandanunifiedsecond-
level cacheof size2 MB (bothcachesretwo-waysetassociatie).

We presenthefollowing performanceaumberdor eachcode:

1. Performanceof codeproducedby the SGI MIPSProcom-
piler (Version7.2.1)with the “-O3” flag turnedon. At this
level of optimization the SGIcompilerappliesthefollowing
setof transformationgo the code—itcorvertsimperfectly-
nestedoop nestgo singly nestedoops(SNLs) by meansof
fissionandfusionandthenappliestransformationdike per
mutation tiling andsoftwarepipelininginnerloops[24].

2. Performancef codeproducedby animplementatiorof the
techniqueslescribedn this paperandthencompiledby the
SGIMIPSProcompilerwith flags“-O3 -LNO:blocking=of"
to disablefurthertiling by the SGI compiler

For Cholesly factorizationwe alsopresenperformancef vendor
suppliedLAPACK library routinerunningontop of native BLAS.
Ourtile sizeselectionalgorithmis still beingimplementedsowe
tiled all codeswith afixedblock sizeof 40. Our experimentshow
that thereare no significantdifferencesn performanceor block
sizesrangingfrom 20 to 100. Performancéor Cholesk factoriza-
tionis reportedn MFLOPS,countingeachmultiply-addasl Flop.
For Jacobiandtomcaty we did not have hand-codedrersionsasa
comparisonin thesecasesye reportrunningtime.

The performancenumberspresenteghow the benefitsof synthe-
sizingasequencef locality-optimizingtransformationgnsteadof
searchindor thatsequenceEven thoughthe SGI MIPSProcom-
piler implementsall the transformationsiecessaryo optimizeour
benchmarkst doesnotfind theright sequencef transformations,
sothe performancef theresultingcodesufers. For Cholesly fac-
torization, the performanceof our optimizedcodeapproacheghe
performancef hand-writterlibraries.

for k = 1,N
S1: a(k, k) = sgrt(a(k,k))
for i = k+1,N
S2: a(i,k) = a(i,k) / a(k,Kk)
for j = k+1,i
S3: a(i,j) -=a(i,k) * a(j,k)

(a) kij-Cholesky Factorization

250

—--= LAPACK

—— Locality Optimized

——kij-Cholesky

----- jki-Cholesky

—o—jik-Cholesky
o—ikj-Cholesky

-+ --kji-Cholesky

- % --jjk-Cholesky

MFLOPS

Matrix Size

(b) Performance

Figure13: Cholesly Factorizatiorandits Performance

6.1 Cholesky Factorization

Cholesly factorizationis usedto solve symmetricpositive-definite
linear systems.Figure 13(a) shavs one versionof Cholesly fac-
torization called k:5-Cholesky; thereare five otherversionsof
Cholesly factorizationcorrespondingo the permutation®f the,
7, andk loops. Figure13(b) compareghe performanceof all six
versionscompiledby the SGI compilet the hand-optimized_A-
PACK library routine, and the code producedby our algorithm
startingfrom any of the six versions.

The performanceof the compiledcodevarieswidely for the six
differentversionsof Choleslky factorization.Thek:j-Cholesky is
SNL andthe SGI compileris ableto sink andtile two of thethree
loops(k andz), resultingin goodL2 cachebehaior andbestper
formancefor large matrices(about65 MFLOPS)amongthe com-
piled codes. In contrast,the compileris not ableto optimizethe
17k-Cholesky atall, resultingin theworstperformancef abouts
MFLOPSfor large matrices.The LAPACK library codeperforms
consistentlybestat about200MFLOPS.

Our algorithm produceghe samdocality optimizedcodeindepen-
denton which of the six versionswe start with. Thatis expected
asthe abstractiorthat our algorithm uses—statementstatement
iterationspacesdependenciesndreuses—ighe samefor all six
versionsof Cholesly factorization.

For the k15 versionshown here,the algorithm picks the follow-
ing embeddinggafterreorderingandremoving redundantlimen-
sions):

m[m){ﬂ F2<[f])=[ﬂ F({”):V}

All threedimensionsaretiled without skewing. The samecodeis
obtainedstartingfrom ary of the six versionsof Cholesly factor
ization,andthe line marked“Locality Optimized”in Figure13(b)
shaws the performanceof that code. The codeproducedby our
approachs roughly 3 to 30 timesfasterthanthe codeproducedy
the SGIcompiler andit is within 5% of thehand-writtenLAPACK
library codefor large matrices.
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6.2 Jacobi

Ournext benchmarlks theJacobkernelin Figurel, whichwasdis-
cussedn Sectionl. Our algorithmpicksembeddingshatperform
all the optimizationstepsdiscussedn Sectionl.

SRS R S I S R
B Ll R )

Theseembeddinggorrespondo shifting the iterationsof the two
statementwith respectto eachother, fusing the resultingi and
j loopsrespectiely, andfinally interchanginghei andj loops.
Thisnotonly allows usto tile theloopsbut alsobenefitshereuses
betweerthetwo arraysin thetwo statementsaswell asthe spatial
locality in bothstatements.

Theresultingspacecannotbetiled directly, soourimplementation
chooseso skew thesecondandthethird dimensiondy 2* t before
tiling.

Figure 14 shavs the executiontimesfor the codeproducedoy our
techniqueandby theSGI compilerfor afixednumberof time-steps
(100).

6.3 Tomcatv

As afinal example we considethetomcatvcodefrom the SPECfp
benchmarksuite. The codeconsistsof an outertime loop | TER
containinga sequencef doubly- and singly-nestedoops which
walk over bothtwo-dimensionahndone-dimensionahrrays. The
resultsof applyingourtechniqueareshownin Figurel5 for afixed
arraysize (253 from a referencanput), anda varying numberof

time-steps.Tomcatvis not directly amenableo our techniquebe-
causdt containsanexit testatthe endof eachtime-step.Theline
marked“Locality Optimized” representshe resultsof optimizing
a singletime-step(i.e. the codeinsidethel TER loop) for local-
ity. Treatingevery basicblock asa singlestatementour algorithm
producesanembeddingvhich correspondso fusingsomeof theJ
loopsandall thel loops. Theexploitationof reusebetweerdiffer-
entbasicblocksresultsn roughly8%improvementin performance
comparedo thecodeproducedy theSGlcompilet If weconsider
thetomcatvkernelwithouttheexit conditior?, ouralgorithmskews
thefused loopby2* | TER andthentiles| TERandtheskewedl
loops. Theperformancef theresultingcode(line markedTiled”)
is around22%betterthanthe original code.

7. RELATED WORK AND CONCLUSIONS

The mathematicatechniquesusedin this paperhave beenused
by the systolicarray communityfor schedulingstatementi loop
nestson systolicarrays[15]. Thesetechniquewere extendedby
Feautrierin his theoryof schedulesn multi-dimensionakime [8]
which heusedfor automatigarallelizationrelatedapproacheare
mappingsandaffine transformq10; 18].

For datalocality, Kelly and Pughadwocatesearchinghe spaceof
legal transformationsisingcostmodelsthatevaluatethe mappings
produced11]. They associate multi-dimensionaimappingwith
eachstatemenbut the rangeof thesemappingsis not fixed since
thereis no analogof our productspace.Startingfrom totally un-
specifiedmappings,they proposeto explore the tree of partially
specifiedmappingstill they completelyspecify the mapping,us-
ing estimateof the numberof cachemissesto guidethe search.
Their estimatortargetsonly reuseswith sourceanddestinationin
the samestatement. In particular reusebetweendifferent state-
mentsrequiringfusionwill notbemodeled Thoughthey represent
tiling by meansof pseudo-lineafunctions(usingnod anddi v),
they do not include themin their searchspaceof possibletrans-
formationsandhencedo not necessarilfind solutionsthat canbe
tiled. By usinga well-definedspace(the productspace)we are
ableto tamget all reuseshy representingeusedistancesetween
statemeninstancedy reusevectorswhich we canthenminimize
dimensionby dimension. Furthermore the productspaceallows
us to imposeconstraintsso that dimensionsare permutable—this
letsusorderthedimensionsandtile themto reducereusedistances
further

A differentapproacho locality enhancemetin imperfectly-nested
loopshasbeertakenin data-centri@approacessuchasdatashack-
ling [13]. The compilerdeterminesan orderin which array ele-
mentsshouldbetouched andthenschedulesodesothatall state-
mentsthat touch a given dataelementare scheduledo execute
whenthat dataitem is broughtinto the cache. Integer linear pro-
grammingtechniquesare usedto determineif sucha scheduldas
legal. This work hasbeenextendedby PughandRosserin their
work oniterationspaceslicing[20]. Thedata-centri@pproacttan
beusedo generateodefor sparsematrixapplicationsaswell [19].
The framevork in this papercanbe usedto generatalata-centric
codeby addingdatadimensiongo the productspacg1].

In conclusionwe have describeda systemati@pproacho locality
enhancemendf imperfectly-nestetbops,andwe have showvn that
it improves performancesubstantiallyon codesthatareimportant
in practice. Our approachgeneralizegechniquesusedin current
compilersfor locality enhancemetnof both perfectly-nestecind
imperfectly-nestetbops[4; 23;17; 25; 24].

®Theresultingkernelcanbetiled speculatiely asdemonstratety
SongandLi [22].
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APPENDIX
A. FARKAS' LEMMA

We shav how to apply Farkas’Lemmato determineconstraintsn
embeddings.
ConsideradependencelassD : D [ ;.d
dencepair (7., 74) € D. Let Fy andF', betheembeddindunctions
for the destinationand sourcestatement®f this dependenceand
let the 5°" dimensionsf thesefunctionsbe F} = G’7; + ¢/, and
F! = Glis + gi.

Supposéehatwe mustchoosetheseunknown coeficients(G, g) so
that 7 (7a) — F2(7.) > 0.

Theaffine form of Farkas’lemmaletsusexpresgheconstrainton
thesecoeficientsin termsof dependencelasscoeficients(D, d).

+ d > 0, andadepen-

LEmmA 1. (Farkas’Lemma)Anyaffinefunctionf(z) whichis
non-neativeeverywheeovera polyhedondefinedoy theinequal-
ities Az + b > 0 canberepresetedasfollows:

@) =X +A"Az +ATb, X >0,A >0,

where A is a vectorof lengthequalto the numberof rowsof A. Aq
andA are calledthe Farkasmultipliers.



Applying Farkas’Lemmato our dependencequationave obtain

o o
Ts s

[ -G G ] [ iy ]+gﬁl—gé=Ao+ATD[q ]+ATd,

7y 7q
Xo > 0,A>0.
Equatingcoeficientsof 7, andz; onbothsideswe get
[-¢2 &2 ] = A"D,
g—g = l+A"d,
Ao > 0, A > 0.

The Farkasmultipliers canbe eliminatedthroughFourierMotzkin
projectionto give asystenof inequalitieconstrainingheunknovn
embeddingcoeficients.
As anexample considetthefirst dimensiorof theembeddindunc-
tions for the runningexamplein Section4. The following condi-
tionsmustbe satisfied:

1. G112’i2 + G12j2 + G}Qk‘Q -+ gjlv[V + g% — 1 Z 0 for all

POINMS (i1, 1. iz, G2, ka) IN Dy = {(i1, 1, i, Jo, ka) : 1 <
11, J1,1%2, 72, k2 < N,i1 = 12, 71 = J2}, and
2. GLis + Gy, + Gk + gy N + g1 — (GLia + Gy 52 +
Gy, k2 + gy N + g1) > 0 for points iz, jz, k2, 15, j3, k3)
in Dy = {(i2, g2, k2,13, 33, k3) = 1 < iz, Ja, ko, i3, 33, k3 <
N, iy =13, J2 = 35, ka < k3 }.
Let usapply Farkas’lemmato thefirst condition.We have
Gi,iz+ Gl g2 + Gika + gy N + g1 — i1 =
Ao+ A(i1— 1)+ A (N —21)+ As(j1 — 1)
F AN =71)+Xs5(i2 = 1)+ X (N —12) + Ar(52 — 1)
+ As(N — 72) + Ao(k2 — 1) + Ao (N — k2)
+ A1 (21 — 12) + A2(i2 — i1) + Az (51 — 72)
+ Aa(g2 — 7)),

)\0,)\1,... 7A14 Z 0
After equatingcoeficientson bothsides,we get:
1 —1 = A=A+ A1 — A2
71 0 = As—A4+ Az — A
12 : G}E = As — e+ A2 — A
g2t G, = A7 —Xs+Au— Az
k2 : G}m = )\9 — )\10
N: gy = A+A+Xe+As+ Ao
1: g% = X —A1—A3— A5 — A7 — Ag

EliminatingFarkasmultipliersthroughFourierMotzkin projection,
we obtainthefollowing constraint®n theunknovn embeddingo-
efficients:

1 01 1 0 1
01 110 . 0
001 10 Gi, 0
1 10 1 0 Gl 1
{2
111 1 0 Gy | >|1 3
01 01 0 1’ 0
N
111 1 1 g1 1
1 00 1 0 ! 1
Lo 00 1 0| | 0|

Goingthroughthe samestepsfor the seconccondition,we get
ey

[0 01 00]|al [>[0] @
9
91

Combiningconditions(3) and(4), we obtainthesystenof inequal-
ities shavnin Sectiord:

11 0 1 0 ot 1
01 01 0 G? 0
11 1 1 1 {2 1
1 0 01 0 sz I
00010 Iy 0
001 00 9 0



