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ABSTRACT
We presentan approachfor synthesizingtransformationsto en-
hancelocality in imperfectly-nestedloops. Thekey ideais to em-
bedtheiterationspaceof everystatementin a loopnestinto aspe-
cial iterationspacecalled the productspace. The productspace
canbe viewedasa perfectly-nestedloop nest,so embeddinggen-
eralizestechniqueslike codesinkingandloop fusionthatareused
in ad hoc ways in currentcompilersto produceperfectly-nested
loops from imperfectly-nestedones. In contrastto thesead hoc
techniqueshowever, our embeddingsarechosencarefully to en-
hancelocality. The productspaceis then transformedfurther to
enhancelocality, afterwhich fully permutableloopsaretiled, and
codeis generated.We evaluatetheeffectivenessof this approach
for densenumericallinear algebrabenchmarks,relaxationcodes,
andthetomcatvcodefrom theSPECbenchmarks.

1. BACKGROUNDAND PREVIOUSWORK
Sophisticatedalgorithmsbasedon polyhedralalgebrahave been
developedfor determininggoodsequencesof linear loop transfor-
mations(permutation,skewing, reversalandscaling)for enhanc-
ing locality in perfectly-nestedloops1. Highlightsof this technol-
ogy arethefollowing. The iterationsof theloop nestaremodeled
aspoints in an integer lattice,andlinear loop transformationsare
modeledas nonsingularmatricesmappingone lattice to another.
A sequenceof loop transformationsis modeledby theproductof
matricesrepresentingthe individual transformations;sincetheset
of nonsingularmatricesis closedundermatrixproduct,this means
thatasequenceof linearlooptransformationscanberepresentedby
anonsingularmatrix. Theproblemof finding anoptimalsequence
of linear loop transformationsis thus reducedto the problemof
finding an integermatrix that satisfiessomedesiredproperty, per-
mitting thefull machineryof matrix methodsandlatticetheoryto�
This work was supportedby NSF grantsCCR-9720211,EIA-
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A perfectly-nestedloop is a setof loopsin which all assignment

statementsarecontainedin theinnermostloop.

for t = 1,T
for i1 = 2,N-1
for j1 = 2,N-1

S1: L(i1,j1) = (A(i1,j1+1) + A(i1,j1-1)
+ A(i1+1,j1) + A(i1-1,j1)) / 4

end
end
for i2 = 2,N-1
for j2 = 2,N-1

S2: A(i2,j2) = L(i2,j2)
end

end
end

Figure1: Jacobi

be appliedto the problemof locality-enhancement[2; 4; 23; 17;
21;3].
This technologyis fairly mature,andit hasbeenincorporatedinto
productioncompilers,enablingthesecompilersto producegood
codefor perfectly-nestedloop nests. In mostprogramshowever,
mostloopnestsareimperfectly-nestedbecauseoneor moreassign-
mentstatementsarecontainedin somebut not all of the loopsof
the loop nest. For example,importantmatrix factorizationslike
Cholesky, LU andQR factorizations[9] areall imperfectly-nested
loop nests. An entireprocedure,which usually is a sequenceof
perfectly-or imperfectly-nestedloopnests,canitself beconsidered
to beimperfectly-nestedloopnest.
As an example, considerthe Jacobicode fragmentin Figure 1
which is typical of programsthat solve partial differential equa-
tions(pde’s)by explicit methods.Thesearecalledrelaxationcodes
in the compilerliterature. They containan outerloop that counts
time-steps;in eachtime-step,a smoothingoperation(stencilcom-
putation)is performedon arraysthat representapproximationsto
thesolutionto thepde. In theJacobicode,statementsS1 andS2
touchthe samedatain eachiterationof the t loop; instancesof
thesestatementsin differentiterationsof theouterloop touchthe
samedataaswell. If thearraysdo notfit into cache,this reusewill
not be exploited. It is possibleto exploit the reusebetweenstate-
mentsin a given iterationof thet loop if thecodeis rewritten as
in Figure2. This codecanbe obtainedby peelingthe first itera-
tions of thei1,j1 loopsandthe last iterationsof thei2 andj2
loops,andthenfusing the remainingi1 andi2 loopsaswell as
j1 andj2 loops. Furthermore,reusebetweendifferentiterations
of the t-loop canbe exploited by skewing the resultingi andj
loopsby2*t andthentiling all threeloops;if thearraysarestored
in columnmajororder, interchangingthei andj loopsallows the



for t = 1,T
for j1 = 2, N-1

L(2, j1) = (A(2,j1+1) + A(2,j1-1)
+ A(4,j1) + A(1,j1)) / 4

end
for i = 3,N-1

L(i, 2) = (A(i,3) + A(i,1)
+ A(i+1,2) + A(i-1,2)) / 4

for j = 3,N-1
L(i,j) = (A(i,j+1) + A(i,j-1)

+ A(i+1,j1) + A(i-1,j1)) / 4
A(i-1,j-1) = L(i-1,j-1)

end
A(i-1,N-1) = L(i-1,N-1)

end
for j2 = 2,N-1

A(N-1,j2) = L(N-1,j2)
end

end

Figure2: FusedJacobi

exploitationof spatiallocalityaswell. Thesevariantsarenotshown
heredueto their complexity.
A numberof approacheshave beenproposedfor enhancinglocal-
ity of referencein imperfectly-nestedloop nestslike Jacobi. The
performanceimprovementthat can be obtainedby transforming
only theperfectly-nestedloopsin suchprogramscanbequitelim-
ited [14]. Specialpurposetechniquesfor tiling matrix factorization
codeshave beenproposedby CarrandKennedy[6]; similar work
for relaxationcodeshasbeendoneby SongandLi [22].
A moregeneralapproachusedby currentcommercialcompilersis
to convert an imperfectly-nestedloop nestinto a perfectly-nested
loop nestif possibleby applyingtransformationslike codesink-
ing, loop fusionand loop fission[25; 12], andthenusinglocality
enhancementtechniquesfor theresultingmaximalperfectly-nested
loops. For mostprograms,therearemany waysto do this conver-
sion,andtheperformanceof the resultingcodemaydependcriti-
cally on how this conversionis done.For example,certainorders
of applyingthesetransformationsmightleadto codethatcannotbe
tiled, while otherorderscouldresultin tilablecode[13]. A further
complicationis that loop fissionandfusionarethemselvesuseful
in improving datalocality of loop nests;for example,loop fusion
improvesinter-loop-nestreuseasin theJacobiexample.
In this paper, we proposea generalapproachto locality enhance-
ment of imperfectly-nestedloops that builds on the standardap-
proachusedfor perfectly-nestedloops. Our strategy is shown in
Figure 3. The iteration spaceof eachstatementis embeddedin
a specialspacecalled the product spaceusing affine embedding
functions ��� . Theseembeddingscanbe chosenso asto improve
reusein theprogram,andthey generalizetransformationslike loop
fusionandloopfissionthathave beenusedin theliteraturefor lo-
cality enhancement.Furthermore,the productspaceitself canbe
viewed as a perfectly-nestedloop nest(althoughone which has
many redundantdimensionsaswe discusslater in this paper),so
locality enhancementtechniquessuchasheightreduction[16] can
beappliedto theresultingloop nest;whenpossible,this loop nest
canalsobemadefully permutable,enablingit to betiled. Finally,
codeis generatedafterprojectingout redundantdimensions,using
standardtechniquesfrom polyhedralalgebra;this codegeneration
processmayproduceimperfectly-nestedloopnestsif appropriate.
Therestof this paperis organizedasfollows. Section2 describes
a framework for locality enhancement of imperfectly-nestedloop
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Figure3: Locality Enhancementof Imperfectly-nestedLoopNests

nests. Section3 describesthe concreteapproachto locality en-
hancementweusein thispaper. Becausethecompletealgorithmis
complicated,wework throughanexamplein Section4 to highlight
importantaspectsof ourapproach.Section5givesthedetailsof the
algorithm. Section6 evaluatesthe effectivenessof this algorithm
in enhancinglocality of programsontheSGIOctaneworkstations.
We show in thatsectionthatour approachautomaticallyperforms
the transformationson theJacobicodefragmentdiscussedabove.
Finally, Section7 comparesourapproachwith otherapproachesin
theliterature.

2. AN ABSTRACT MODEL OF LOCALITY
ENHANCEMENT

Thissectiongivesanabstractview of how programtransformations
andlocality enhancement canbemodeledby polyhedralmethods.

2.1 Program ExecutionModel
A programis assumedto consistof statementscontainedin a se-
quenceof perfectly and imperfectly-nestedloop nests. All loop
boundsandarrayaccessfunctionsareassumedto be affine func-
tions of surroundingloop indices. We will use � � , �	� , 
�
�
 , �� to
namethestatementsin theprogramin syntacticorder. A dynamic
instanceof a statement��� refersto a particularexecutionof the
statementfor a given valueof index variables���� of the loopssur-
roundingit, andis representedby � �	� �� ��� .
Programexecutioninducesa total orderon thedynamicinstances
of a statement��� . This statementexecutionorder is modeledby
thestatementiterationspace, denotedby ��� , asfollows:

1. Constructa Cartesianspace��� of dimensionequal to the
numberof loopssurrounding� � .

2. Map dynamicinstancesof ��� to ��� so that the following
conditionsaresatisfied:

(a) At mostonestatementinstanceis mappedto apoint in
thespace� � .

(b) If thepointsin space��� aretraversedin lexicographic
order, andany statementinstancemappedto a point is
executedwhenthat point is visited,thestatementexe-
cutionorderis reproduced.

Theprogramexecutionorderof acodefragmentcanbemodeledin
asimilarmannerby aprogramiterationspace, definedasfollows:

1. Let � bea � -dimensionalCartesianspacefor some� .

2. Embedall statementiterationspaces��� into � usingembed-
ding functions �� � whichsatisfythefollowing constraints:



for i1 = 1, N
S1: x[i1] = a[i1]
for i2 = 1, N
S2: x[i2] += b[i2]
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Figure4: ModelingProgramExecution

for i = 1, N
S1: x[i] = a[i]
S2: x[i] += b[i]
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Figure5: ReducingReuseDistances

(a) Each ���� mustbeone-to-one2.

(b) If thepointsin space� aretraversedin lexicographic
order, andall statementinstancesmappedto apointare
executedin original programorderwhenthat point is
visited,theprogramexecutionorderis reproduced.

Theprogramexecutionordercanthereforebemodeledby thepair� �*)+�, � � �� � )-����	)�
�
�
�).���/� � . For the example,the executionor-
derof thecodefragmentshown in Figure4(a) canberepresented
by mappingthe statementsto a 0 -dimensionalspaceasshown in
Figure4(b). The embeddingfunctionsfor the two statementsare
shown in Figure4(c). Wewill referto theprogramexecutionorder
astheoriginal executionorder.
In a similar way, any otherexecutionorderof theprogramcanbe
representedby anappropriatepair � �*) , � . We canthereforeopti-
mizeprogramsbytransformingtheoriginalexecutionorder � �*)1�, �
to anotherexecutionorder � �*) , � that is is somehow “better” for
locality andstill preservesthesemanticsof theoriginalprogram.

2.2 Promoting Data Reuse
Considerthedataaccesspatternsof theexamplein Figure4. State-
mentinstancesS1(i) andS2(i) exhibit datareusebecausethey
touchthesamememorylocationx(i). Thenumberof statement
instancesexecutedbetweenthemis calledthe reusedistance. In
theexample,the reusedistanceis

$324'
. If we representtheex-

ecutionorder for the exampleby � �*) , � , the reusedistancebe-
tweenS1(i) andS2(i) is proportionalto thenumberof points
in � with statementsmappedto themthatlie lexicographicallybe-
tweenthepointsto whichS1(i) andS2(i) aremapped.This is
becauseof the initial one-to-onemappingrequirement—thereare
at mosta constantnumberof statementinstances(onefrom each
statement)mappedto eachpoint in thespace.
Reducingreusedistanceincreasesthe likelihood that thedatawill
be in thecachewhenthesecondstatementinstancetriesto access
it. For ourexample,wecanreducethereusedistancesfrom

$526'
to zeroby theembeddingshownin Figure5(c). Thiscorrespondsto
thecodeobtainedby fusingthetwo loopsasshown in Figure5(a),
andcanbeshown to preservethesemanticsof theoriginalcode.In
general,therearemany embeddingsthat preserve thecorrectness
of a program.We canenhancethe locality of a programby pick-
ing embeddingsthatreducesthereusedistancesbetweenstatement
instanceswhile preservingcorrectness.� Note that instancesof different statementsmayget mappedto a
singlepointof theprogramiterationspace.

2.3 ReuseClasses
Formally, areuseexistsfrom instance��87 of statement�97 (thesource
of the reuse)to instance���: of statement��: (thedestination)if the
following conditionsaresatisfied:

1. Loopbounds: Both thesourceanddestinationstatementin-
stanceslie within thecorrespondingiterationspacebounds.
Sincetheiterationspaceboundsareaffine expressionsof in-
dex variables,wecanrepresenttheseconstraintsas ; 7�< � � 7 &= 7.>  and ;?: < ��@: & = : >  for suitablematrices; 7 )A;?:
andvectors

= 7 ) = : .
2. Samearray location: Bothstatementinstancesreferencethe

samememorylocation. If we restrictmemoryreferencesto
arrayreferences,thesereferencescanbewrittenas B 7/< � � 7 &C 7 and B : < �� : & C : . Hencetheexistenceof areuserequires
that B 7�< � � 7 & C 7 � BD: < � �@: & C : .

3. Precedenceorder: Instance�� 7 of statement� 7 occursbefore
instance���: of statement��: in programexecutionorder. IfE�F�GHGIFKJ 7 : isa functionthatreturnstheloopindex variables
of the loops commonto both ��L7 and �� : , this conditioncan
be written as E�F�GMG%F�J 7 :N� �� :O�MP E�FKGMG%F�J 7 :Q� ��87 � if � : fol-
lows � 7 syntacticallyor E�F�GHGIFKJ 7 : � ��@: �SR E�F�GMG%F�J 7 : � ��@: �
if it doesnot,where R is thelexicographicorderingrelation.
This conditioncanbetranslatedinto a disjunctionof matrix
inequalitiesof theform T 7�< � � 7 2 T%: < � ��: &VU >  .

If weexpressthereuseconstraintsasadisjunctionof conjunctions,
eachtermin theresultingdisjunctioncanberepresentedasamatrix
inequalityof thefollowing form.W �%XY 7XY : ! &[Z �]\^^_

` 7 aa ` :b 7 c b :c b 7 b :d 7 c d :
e ffg �HXY 7XY : ! & \^^_

h 7h :i 7�c i :i : c i 7j
e ffg >  

Eachsuchmatrix inequalitywill be calleda reuseclass, andwill
bedenotedby k with anappropriatesubscript.
The above definition appliesto temporal reuseswherethe same
arraylocationis accessedby thesourceandthedestination.If the
cacheline containsmorethanonearrayelement,thenwecanalso
considerspatialreusewherethesamecacheline is accessedby the
sourceandthedestinationof the reuse.Spatialreusedependson
thestorageorderof thearray.
Theconditionsfor spatialreusearesimilar to theonesfor temporal
reuse,theonly differencebeingthatinsteadof requiringbothstate-
mentinstancesto touchthesamearraylocation,werequirethatthe



two statementinstancestouchnearbyarray locationsthatfit in the
samel cache line. We canrepresentthis conditionasa matrix in-
equalityby requiringthefirst3 row of Bm: < ��@: & C : 2 B 7n< � � 7 2 C 7
to lie between

'
and E 2o' , whereE is thenumberof arrayelements

thatfit into asinglecacheline, insteadof beingequalto
 
.

For the example in Figure 4(a), the temporalreuseexisting be-
tween � ' ��� � � and ��0 ��� � � can be representedby the reuseclassk � � � ��� � ) � � �Vp 'rq � � ) � � qs$ ) � � �t� �O� . It is straight-
forward to representtheseinequalitiesasmatrix inequalities,but
we will not do soto keepthediscussionsimple. Therealsoexists
spatialreusebetweenthesetwo statements.For a cacheline con-
taining u array elementsit can be representedby the reuseclassk � � � ��� � ) � � �vp 'Dq � � ) � � q4$ ) 'Dq � � 2 � � qxw � .
2.4 Legality of Transformations
Theoriginalexecutionorder � �*) �, � canbelegally transformedto
anotherexecutionorder � �*) , � if thelatterpreservesthesemantics
of the program. Dependenceanalysisstatesthat semanticsof a
programwill bepreservedif all dependences4 arepreservedunder
thetransformation.
The dependences in a programcanbe representedby a setof de-
pendenceclassessimilarto thereuseclassesdefinedin Section2.3.
Eachdependenceclasscapturestheconstraintsbetweenthesource
( �� 7 ) anddestination( ��@: ) of adependencethatcanberepresentedby

asetof linearinequalitiesy pKz � ��87��@: ! &V{ >  .
Let

, � � � � )A� � )�
�
�
A�  � bea setof embeddingfunctionsfor the
program.We will saythat theseembeddingfunctionsare legal if
for every � �� 7 )A���: � in adependenceclass,thepoint that �� 7 is mapped
to in theprogramiterationspaceis lexicographicallylessthanthe
point that ��@: is mappedto. For future reference,we definethis
formally.

Definition1. Let
, � � � � )A���|)�
�
�
A��/� be embeddingfunc-

tions that embedthe statementiterationspacesof a programinto
a space� . Theseembeddingfunctionsaresaidto be legal if for
everydependenceclassy of theprogram,} � �� 7 )A��@: ��~ y���: � ��@: �vP � 7 � �� 7 �
Wewill referto thevector � :N� �� :	� 2 ��7 � ��87 � asthedifferencevector
for � �� 7 )A��@: ��~ y .

2.5 Minimizing ReuseDistances
Let

, � � � � )A���N)O
�
�
A��9� be embeddingfunctionsthat embed
the statementiteration spacesof a programinto a space� , and
let k be any reuseclassfor that program. Considerany reuse
pair � �� 7 )A��@: �*~ k . Let zI�8�O� C/J�E�� � �� 7 )A��@: � be the numberof points
in the space� with statementsmappedto them that lie lexico-
graphicallybetween��7 � ��L7 � and � :O� �� :	� . As wesaw in Section2.2,
the reusedistancebetween� 7 � �� 7 � and ��: � ��@: � is proportionaltoz%�8�O� C/J�E�� � ��L7�)��� :O� . We define

W �|� � � z%�8�N� C/J�E�� �K� �*) , � to be the
vectorof z%�8�N� C/J�E�� � �� 7 )A��@: � for all reusepairs � �� 7 )A��@: � in the pro-
gramundertheexecutionorder � �*) , � .
Ourgoalfor locality enhancement is to find legalembeddings

,?�L�O�
that minimize � W �|� � � z%�8�N� C/J�E�� �K� �*) , � �A� for a suitablenorm�v�K� � .�
For Fortranstorageorder.�
Dependenceis a temporalreusein whichat leastoneof thestate-

mentinstanceswritesto thecommonlocation.

for i = 1, N
for j = 1, N

S1: c(i,j) = 0
for k = 1, N

S2: c(i,j) += a(i,k) * b(k,j)

Figure6: Imperfectly-nestedMMM

3. A CONCRETE MODEL OF LOCALITY
ENHANCEMENT

Wenow discussthesimplificationswemaketo developapractical
algorithm. In Section3.1, we restrictembeddingfunctionsto be
affine,anddefineaspecialspacecalledtheproductspacewhichwe
argueis theright spacefor locality enhancementconsiderations.In
Section3.2,wepresentourapproachto minimizingreusedistances
in theproductspace.

3.1 ProductSpacesandEmbeddingFunctions
We restrictour embeddingfunctionsto beaffine to permit theuse
of integerlinearprogrammingtechniques.Affine embeddingfunc-
tions canbe decomposedinto their linear andoffset partsas fol-
lows: � ��� �� �����r�D� �� � &�� � . We allow symbolicconstantsin the
offsetpartof theembeddingfunctions.

THEOREM 1. Let � beanyCartesianspaceandlet
, � � � � )���	)�
�
�
�)A���� bea setof affineembeddingfunctions� �Sp � �D� � .

Let ��� � ��@� ���r� �	���� &�� � . Thenumberof independentdimensions
of thespace� is equalto therankof matrix �4����� � � �#
�
�
 � 	� .
Let � be the sum of the numberof dimensionsin all statement
iterationspaces.Theorem1 tells us that affine embeddingfunc-
tions cannotutilize more than � dimensions.We thereforeusea� -dimensionalspaceto modelprogramexecutionorders.

Definition2. The productspacefor a programis theCartesian
productof all thestatementiterationspacesof thestatementsin that
program.Theorderin whichthisproductis formedis thesyntactic
orderin whichthestatementsappearin theprogram.

For the imperfectly-nestedmatrix multiplicationcodein Figure6,
the iterationspace� � of statementS1 is a two-dimensionalspace� �-���|� , while the iterationspace�n� of S2 is a three-dimensional
space � � �I� � �M� � . The productspaceis the five dimensional
space� � �I� � � � � ��� � �%� � .
Therelationshipbetweenstatementiterationspacesandtheproduct
spaceis specifiedby projectionandembeddingfunctions.Suppose� � � � � � � � 
�
�
 � �  . Projectionfunctions ��� p � � ��� ex-
tracttheindividual statementiterationspacecomponentsof apoint
in the productspace,andareobviously linear functions. For the
imperfectly-nestedmatrixmultiplicationcodein Figure6,� � � � '  � � �  '  � � ! �3�D  ��¡	�  £¢ )

�9� � \_  � '  �  � � '   � � � ' eg � �    � ¡ � ¢ 

Definition3. An embeddingfunction ��� mapsa point in state-

mentiterationspace� � to a point in the productspace.We con-
sideronly thoseembeddingfunctions ��� p ��� � � thatsatisfythe
condition � �¤� � �L�8¥|�¦���4¥ for all ¥*~ � � .



for i1 = 1, N
for j1 = 1, N
for i2 = 1, N
for j2 = 1, N
for k2 = 1, N

S1: if ((i2==i1)&&(j2==j1)&&(k2==1))
c(i,j) = 0

S2: if ((i1==i2)&&(j1==j2))
c(i,j) += a(i,k) * b(k,j)

Figure7: OriginalEmbeddingsfor MMM

Intuitively, thisconditionrequiresthatthestatementiterationspace
of astatementS bemappedto itself in thesubspaceof theproduct
spacecorrespondingto that statement.This restrictionkeepsthe
developmentsimple. Each ��� is thereforeone-to-one,but points
from two differentstatementiterationspacesmaybemappedto a
singlepoint in theproductspace.

3.1.1 EmbeddingtheOriginal Code
We show that therealwaysexistsa way of embeddingthecodein
the productspacethat representsthe original programexecution
order.
As an example,considerthecodein Figure6. It is easyto verify
thatthecodein Figure7 is equivalent,andhasthesameexecution
order. Intuitively, the loopsin Figure7 correspondto the dimen-
sionsof the productspace;the embeddingfunctionsfor different
statementscanbereadoff from theguardsin theloopnest:

§ �O¨	©mª �« �%¬/�®°¯±±±² ª
�« �ª �« �³
´ µµµ¶ § � ¨ ¯² ª �« �· � ´¶ n®¸¯±±±² ª

�« �ª �« �· �
´ µµµ¶ .

To preserve the original programexecutionorder, the embedding
functionsin thisexamplearechosento satisfythefollowing condi-
tions: (i) the identity mappingis usedfor dimensionscorrespond-
ing to commonloops( � and � ) in theoriginal code;and(ii) map-
pingsfor dimensionscorrespondingto non-commonloopsarecho-
sento preservetheoriginalexecutionorder.
In general,we canembedany codeinto its productspaceasfol-
lows. Let ��� p ��� � � betheaffine functionthatmapsthestate-
ment � � to theproductspace.Thecomponentsof � � thatmapinto
thedimensionsof theproductspacecorrespondingto statement�N¹
aredenotedby � �Nº ¹ . Our initial requirementon embeddingfunc-
tionscanbesummarizedby ���Nº � � ��@� �#� ��@� .
In Section2.3we definedE�F�GMG%F�J ��» to bea functionthat returns
the loop index variablesof the loopscommonto both � ��� and � �@» .
Similarly, we define J�F�J�E�FKGMG%F�J ��» to returntheloop index vari-
ablesof the rest of the loops in �� » . For the exampleabove, we
have E�F�GHGIF�J � � �¦��� � ) � � �¦¼����½��� � ) � � �¦¼ , and J�F�J�E�FKGMG%F�J � � �¦��� � )�|� � ¼ �*� � � . Let ¾*¿�À�Á � �� � and ¾�Â	Ã�Á � �� � returnthe lexicographi-
cally smallestandlargestvaluesof the indicesof the loops �� . For
ourexample,¾*¿�À Á � � � �#� ' .
For everystatement��» thatoccurssyntacticallyafter ��� in theorig-
inal program(i.e. Ä�Å � ) wedefine���Nº » � ��@� ��� � E�F�GMG%F�J ��»@� �� �	�¾*¿�À Á � J�F�J�E�FKGMG%F�J ��» � ��@� �¦� ! )
andfor everystatement��» thatoccurssyntacticallybefore��� in the
originalprogram(i.e. Ä�Æ � ) wedefine���Nº » � ��@� ��� � E�F�GMG%F�J ��»@� �� �	�¾�Â	Ã Á � J�F�J�E�FKGMGIFKJ ��» � ���� �¦� ! 


Theseembeddingsrepresenttheoriginalexecutionorder.

3.1.2 RedundantDimensionsin ProductSpace
Thenumberof dimensionsin theproductspacecanbequitelarge,
andonemightwonderif it is possibleto embedstatementiteration
spacesinto a smallerspacewithout restrictingprogramtransfor-
mations. For example,in Figure7, statementsin thebody of the
transformedcodeareexecutedonly wheni2 = i2, so it is pos-
sible to eliminatethe i2 loop entirely, replacingall occurrences
of i2 in thebodyby i1. Therefore,dimension� � of theproduct
spaceis redundant,asis dimension� � .
Therearetransformations,however, thatuseall dimensionsof the
productspace.For examplecompletelyfissionedcodes,suchasthe
onein Figure4,needall dimensionsof theproductspace.Sincewe
donotwantto restricttransformationsunnecessarily,wework with
the full productspace. Onceall embeddingfunctionsare deter-
mined,redundantdimensionsareeasyto identifyandouralgorithm
removesthem,sothereis no performancepenaltyin thegenerated
code.

3.2 EnhancingLocality in the Product Space
Considerareuseclassk andareusepair � �� 7 )A���: �v~ k . Theabstract
locality enhancementmodelin Section2.5 requiredtheminimiza-
tionof z%�8�O� C/J�E�� � ��L7A)A�� :|� , whichis thenumberof pointsin thespace� with statementsmappedto them between� 7 � �� 7 � and ��: � ��@: � .
Unfortunately, it is not possibleto calculatez%�8�N� C/J�E�� � ��L7�)A�� :|� ef-
ficiently, sincetheremaybe pointswith no statementsmappedto
them.Instead,we reducereusedistancesasfollows.
Considerthe reusevector( �Ç ) for thereusepair � �� 7 )A��@: � for a given
choiceof embeddingfunctions

, � � � � )A���	)�
�
�
�)A��/� ; we will
referto the � �@È entryof thisvectoras Ç ¹ .
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We saythatdimension� carriesreusefor thereusepair � ��L7�)A�� :|� ifÇ ¹*Ê�  . If adimensioncarriesreusefor somereusepair in a reuse
classk , thatdimensionis saidto carryreusefor thatreuseclass.
For all reusepairs � �� 7 )A��@: ��~ k , entriescorrespondingto ��:Qº � � ��@: � 2��7 º ��� ��L7 � (for � Ê�Ë� ) { ) canbemadezerosimultaneously(e.g. by
choosing��:�º � � ���: �v� � 7 º � � �� 7 �v� E�FKJ �N� ). This maynot alwaysbe
possiblefor theelements� :Qº 7 � �� :O� 2 ��L7 and �� : 2 ��7 º :	� ��L7 � sincethe
appropriatefunctions� :Qº 7 and ��7 º : maynot exist. We try to make
theseentrieszero; if this doesnot succeed,we canpermutethese
dimensionsof theproductspacesothatthey areinnermostandtile
them.Thisresultsin thefollowing strategy:

1. We attemptto makeall entriesÇ ¹ of thereusevectorzeroby
choosingembeddingfunctionsappropriately. Sincethe di-
mensionsof the embeddingfunctionsare independent,we
can processeachdimensionseparately. If we succeedin
makingall entries Ç ¹6�  

, then the reusedistanceis also
zero.

2. We reorderthe dimensionsof the productspaceso that di-
mensionsfor which Ç ¹ �  comefirst, anddimensionswith
largerentriescomelater.



3. We reducereusedistancesfurtherby tiling all dimensions�
for which theentry Ç ¹ of thereusevectoris non-zero.

As anexample,considerthecodein Figure4(a)andthereusefrom
statementS1(i) toS2(i). Theembeddingsin Figure4(c) result
in Ç � Ê�  ) Ç � Ê�  andreusedistanceof

$Ì2['
, while theembed-

dingsin Figure5(c) makeeachentryof the reusevectorzeroand
resultin reusedistanceof

 
.

4. AN EXAMPLE
Beforepresentingthegenerallocality enhancementalgorithm,we
illustrateour approachon theprogramof Figure6. Therearetwo
dependenceclassesin this example:

1. Dependenceclassy � � � ��� � ) � � ) � � ) � � ) � � ��p 'Dq � � ) � � ) � � )� �|) � � qÍ$ ) � � �Î� �	) �|� � � ��� is a flow-dependencethat
arisesbecausestatementS1 writes to a locationc(i,j)
which is thenreadby statementS2.

2. Dependenceclassy-� � � ��� ��) � �|) � �	) �8Ï� ) � Ï� ) � Ï� �vp 'Dq � ��) � �	)� � ) � Ï� ) � Ï� ) � Ï� q°$ ) � � �°� Ï� ) � � � � Ï� ) � � Æ � Ï� � is a flow-
dependencethatarisesbecausestatementS2 writesto loca-
tionc(i,j)which is thenreadby thisstatementin a later �
iteration.Thisdependencealsocapturestheanti-andoutput-
dependencesof statementS2 on itself.

Thesetwo classesalsorepresentreuseclasses.The programhas
other reuseclassesarising from spatiallocality and input depen-
dences,but thesearenotshown herefor simplicity.
As shown in Figure3, our locality enhancementalgorithmwill

1. determineaffine embeddingfunctions,
2. transformtheproductspace,
3. eliminateredundantdimensions,and
4. decidewhichdimensionsto tile.

Themostdifficult stepsare(1) and(2), andtheseareinterleavedin
thealgorithmdescribedin Section5. To simplify thepresentation,
let usassumefor now thatanoracledeterminesthetransformation
of the productspacein Step(2) (we show in Section5 that inter-
leaving eliminatestheneedfor suchanoracle).Therefore,we are
left with the problemof determiningaffine embeddingfunctions.
Thesearedeterminedonedimensionata timeby solvinga system
of linearconstraintsonthecoefficientsof theembeddingfunctions
for that dimension.Theselinear constraintsdescribethe require-
mentsthatembeddingsshould(i) resultin a legalprogram,and(ii)
minimizereusedistances.
For the runningexample,we will assumethat the oracletells us
thatthetransformationis theidentitytransformation,sotheproduct
spaceis left unchanged.Sincetheproductspacefor this program
is thefive dimensionalspace� � ��� � � � � ��� � �%� � , Definition 3
of embeddingfunctionsrequiresthat theembeddingfunctionsfor
thisprogramlook like thefollowing:
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Theunknowns � and
�

will bereferredto astheunknownembed-
dingcoefficients.

4.1 First Dimension
Wefirst find embeddingcoefficientsfor thefirst dimension� � .
Legality
At theveryleast,theseembeddingsmustnotviolatelegality. There-
fore, asdiscussedin Section2.4, theembeddingcoefficientsmust
satisfythefollowing constraints.

1. � ��ÛÚ � � & � �¹ÜÚ � � & � ��AÚ � � &I�Þ�Õ $4&I���� 2 � � >  for all points
in y � , and

2. � ��ÛÚ � Ï� & � �¹ÜÚ � Ï� & � ��AÚ � Ï� &ß� �Õ $à&ß� �� 2 ��� ��áÚ � � & � �¹ÜÚ � � &� ��ÝÚ � � &��Þ�Õ $"&����� � >  for pointsin y-� .
Standardinteger linear programmingtechniquescan be usedto
convert theseconstraintsinto the following systemof linear in-
equalitieson theunknown embeddingcoefficients,asdescribedin
theappendix.
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MinimizingReuseDistance
System(1) clearlyhasmany solutions.We needto choosetheso-
lution thatmaximizesreuse.For our runningexample,considerlo-
cality optimizationfor thereusethatarisesbecauseof dependencey � . To ensurethat dimension� � doesnot carry reusefor y � , we
requirethat� ��ÛÚ � � & � �¹ÜÚ � � & � ��ÝÚ � � &ã� �Õ $"&ã� �� 2 � � �  
for all points ��� � ) �	� ) � ��) � �	) � � �S~ y � . This conditiontoo canob-
viously beconvertedinto a systemof inequalitieson theunknown
coefficientsof theembeddings.Theconjunctionof thissystemand
System(1) resultsin thefollowing solution:� ��ÛÚ � ' ) � �¹ÜÚ �  ) � ��AÚ �  ) � �Õ �  ) � �� �  
Therefore,thefirst dimensionsof thetwo embeddingfunctionsare� �� ��� � ) � � �v�"� � and � �� ��� � ) � � ) � � �1��� � . Intuitively, this solution
fusesdimensions� � and � � of theproductspace.
Even in our simpleexample,thereareotherreuseclassessuchasy-� . To optimizelocality for morethanonereuseclass,we priori-
tize thereuseclassesheuristicallyandtry to find embeddingfunc-
tions that makeentriesof the reusevectorsof thehighest-priority
reuseclassequalto zero. Reuseclassesare consideredin order
of priority until all embeddingcoefficientsfor that dimensionare
completelydetermined.If weassumethatreuseclassy � hashigh-
estpriority, weseethatit completelydeterminesthefirst dimension
of theembeddingfunctions,sono otherreuseclassescanbecon-
sidered.

4.2 RemainingDimensions
The remainingdimensionsof the embeddingfunctionsaredeter-
minedsuccessively in a mannersimilar to thefirst one. The only
differenceis that someof the dependenceclassesmayalreadybe
satisfiedby precedingdimensions;thesedo not have to beconsid-
eredfor legality but only for reducingreusedistancesby tiling.
Let usassumethatthefirst � 2H' dimenionsof theembeddingfunc-
tions

, ��ä ¹�å � have beendeterminedandthatwe arecurrentlypro-
cessingthe � �@È dimensionof theproductspace.



Legality

Generalizingthe correspondingnotion in perfectly-nestedloops,

we saythatadependenceclassy pÞz � ��L7� � : ! &V{ >  is satisfied

by thefirst � 2à' dimensionsof theembeddingfunctions
, ��ä ¹�å �

if the differencevector � ��ä ¹�å �: � �� :	� 2 � ��ä ¹�å �7 � ��87 � is lexicographi-
cally positive for all � �� 7 )A��@: ��~ y . Thismeansthatthisdependence
will be respectedregardlessof how the remainingdimensionsof
theembeddingfunctionsarechosen.Thereforeit is sufficient to re-
quirethatfor everypair � �� 7 )�� �@: � in anunsatisfieddependenceclassy ,� ¹: � ��@: � 2 � ¹7 � �� 7 ��� � 2 � ¹ 7 � ¹ : ¢ � �� 7�� : ! &�� ¹ : 2o� ¹ 7 >  (2)

In our runningexample,it canbe shown that noneof the depen-
denceclassesy � , y � aresatisfiedby thefirst dimensionof theem-
beddingfunctionsdeterminedabove, so both dependenceclasses
mustbeconsideredwhenprocessingtheseconddimension.

MinimizingReuseDistance

Constrainingembeddingcoefficientsto minimize reusedistances
canbedonein anidenticalmannerto thefirst dimension.
An additionalconcernin pickingcoefficientsfor adimensionother
thanthefirst is thatwe maywantto tile thatdimensionwith outer
dimensions. Tiling requiresthat thesedimensionsbe fully per-
mutable. We canensurethis by requiringthat the constraint( 2)
holdsevenfor satisfieddependenceclasses.If theresultingsystem
hassolutions,we canpick onethat minimizesreusedistancesas
discussedfor the first dimension(notethat minimizing reusedis-
tancesbeforewe addthe tiling constraintsmight produceembed-
dingsthatdo not allow tiling). If theresultingsystemhasno solu-
tions,thecurrentdimensioncannotbemadepermutablewith outer
dimensions,so constraint(2) is droppedfor satisfieddependence
classes.
Our algorithmproducesthefollowing embeddingsfor therunning
example:

§ ��¨ © ª �« � ¬ �®3¯±±±² ª
�« �ª �« �a
´ µµµ¶ § � ¨ ¯² ª �« �· � ´¶ �®3¯±±±² ª

�« �ª �« �· �
´ µµµ¶

This embeddingallows all five dimensionsto be tiled. The code
generationalgorithm(Section5.2) determinesthat � � and � � are
redundant,andtiles theremainingdimensions.

4.3 Putting it All Together
If the transformationon theproductspaceis given,we canobtain
embeddingcoefficients for eachdimensionsuccessively by con-
strainingthembasedon (i) legality, (ii) tiling considerations,and
(iii) minimizingreusedistances.
The algorithmfor formulatinglegality andtiling constraintsfor a
given dimension¥ is shown in Figure8. This algorithmtakesthe
dimensionbeingprocessed,andthesetsof unsatisfiedandsatisfied
dependenceclassesasinput,andreturnsalinearsystemæ express-
ing constraintson embeddingcoefficients.
A smallbut usefulfeatureof thisalgorithmis thatit supportsskew-
ing of a dimensionby outerdimensionsto enabletiling. Dimen-
sion � will bepermutableafterskewingby outerdimensionsif the
differencevectorentriescorrespondingto thesatisfieddependence
classesareboundedbelow by anegativeconstant.Hence,for every

ALGORITHM LegalityConstraints( ç , è?é , è?ê ) ë
/* ç is dimension being processed.è?é is set of unsatisfied dependence classes.è?ê is set of satisfied dependence classes.
*/

Construct system ì#í¦îvï constraining the çAð�ñ dimension
of every embedding function as follows:

for each unsatisfied dependence class ò�óÍè?é
Add constraints so that each entry in dimension ç
of all difference vectors of ò is non-negative;

for each satisfied dependence class ô5ó¸è?ê
Add constraints so that each entry in dimension ç
of all difference vectors of ô%õ positive ö
is non-negative;

Use Farkas’ lemma to convert system ì#í¦îvï into
a system ÷ constraining unknown embedding
coefficients;

Return L;ø
Figure8: FormulatingLinearSystemfor Legality

ALGORITHM PromoteReuse( ç , ÷ , ù#ê ) ë
/* ç is dimension being processed.÷ is a system constraining unknown embedding

coefficients.ù#ê is set of prioritized reuse classes.
*/÷�ú := ÷
for every reuse class ù in ù#ê in priority orderë

Z := System constraining unknown embedding function
coefficients so çÝð�ñ dimension entries of
all reuse vectors of class ù is zero

if ( ÷ ú£ûÍüþýÿ�� )ë ÷ ú := ÷ ú û¸üøø
return any set of coefficients satisfying ÷�ú ;ø

Figure9: FormulatingLinearSystemsfor PromotingReuse

pair � �� 7 )A���: � in all satisfieddependenceclassesy , werequirethat

� 2 � ¹ 7 � ¹ : ¢ � ��L7��@: ! &ã� ¹ : 2ß� ¹ 7 &�� >  ) � >  )
where

�
is anadditionalvariableintroducedinto thesystem.The

solutionwith the smallest
�

allows us to makedimension� per-
mutablewith the outer dimensionsusing a minimum amountof
skewing. If

�
canbechosento be0, thedimensionis permutable

with outerdimensionswithout skewing.

Figure9 showshow sucha linearsystemis furtherconstrainedto
determinecoefficientsfor good locality. This algorithmassumes
that reuseclasseshave beensortedin decreasingorderof priority
usingsomeheuristic.In our implementation,werankreuseclasses
by estimatingthenumberof reusepairsin eachclass.



ALGORITHM LocalityEnhancement�
:= Set of dimensions of product space;è?é := Set of unsatisfied dependence classes

(initialized to all dependence classes);è?ê := Set of satisfied dependence classes
(initialized to empty set);ù#ê := Set of reuse classes of the program
(sorted by priority);�

:= Current dimension in transformed product space
(initialized to 1);

while (
�

is non-empty)ë
for each ç in

�ë ÷ = LegalityConstraints( ç , è-é , è?ê );
if system ÷ has solutionsë Embedding coefficients for dimension j =

PromoteReuse( ç , ÷ , ù#ê );
Update è?ê and è?é ;
Delete ç from

�
;

j = j + 1;øø
// No more dimensions ç can be added to current band.
// Start a new band of fully permutable loops.è-ê := empty set;ø

Apply Algorithm DimensionOrdering to the dimensions;
Eliminate redundant dimensions;
Tile permutable dimensions with non-zero ù#í¦ò/ôAí��#í	��
��ð�� ;

Figure10: Algorithm to EnhanceLocality

5. ALGORITHM
Figure10 showsthecompletelocality enhancementalgorithm.

5.1 High-level Structur e
Our algorithminterleavesthe determinationof the transformation
for the productspacewith the determinationof embeddingcoef-
ficients for eachdimension,and finds bandsof fully permutable
dimensions.
Eachiterationof the innerfor each ¥ -loop tries to find a di-
mension¥ of theproductspacewhichcanbepermutedintoposition� of thetransformedproductspace.Thelegality of thispermutation
is determinedby acall to procedureLegalityConstraints in
Figure8 which attemptsto find legal embeddingsfor dimension� which permit this dimensionto be permutedwith dimensions
in the sameband. If this proceduresucceeds,we call procedure
PromoteReuse in Figure9 to chooseembeddingswith goodlo-
cality. We drop out of the for loop when no more dimensions
of theproductspacecanbeaddedto thecurrentfully permutable
band.All satisfieddependencesarethendroppedfrom furthercon-
sideration,anda new fully permutablebandis started.The algo-
rithm terminateswhen all dimensionsof the productspacehave
beenmappedinto thetransformedspace.

Reorderingof Dimensions
Whenconstructingbands,the algorithmdoesnot try to optimize
theorderof dimensionswithin a bandsinceit addsdimensionsto
bandsin arbitraryorder. Sincearbitraryordermaynot bebestfor
locality, we needto reorderdimensionsafter all embeddingcoef-
ficients have beendetermined.This is similar to the problemof
choosinga goodorder for loops in a fully permutableloop nest,
andany of the techniquesin the literaturecanbe used. Herewe
presentasimpleheuristicsimilarto memoryorder[12]. Wereorder
dimensionsof theproductspacesothat thedimensionswith most

ALGORITHM DimensionOrderingù���� = ë�������������	������ï ø // ù#í�ò/ôAí��#í	��
���ð�� order ù���� = � // nearby permutationî = ï // number of dimensions left to process!
= " // number of dimensions processed

while ù���� ýÿ#�ë
for dimension

�
= 1,îë � = � � óÍù����

Let
 ù���� = ë$��� ú ����� ú �%�	���&� ! ú ø

if ë$�'�Aú(������ú)���	����� ! ú(��� ø is legalë  ù���� = ë$�'�Aú*������ú(�����	��� ! ú)��� øù���� = ù����,+]ë�� øî = î-+.�!
=
! õ/�

continue while loopøøø
Figure11: DeterminingDimensionOrdering

unsatisfiedreusescomelast. For eachdimension� of theproduct
space,wedefinethereusepenaltyof thatdimensionwith respectto
embeddingfunctions

� � ¹� )A� ¹� )�
�
�
n)A� ¹ � to bethenumberof reuse
pairsin theclassesfor which thedimensioncarriesreuse.W �|� � �10-�|J�C Ä ��29� � ) , ��� 3k unsatisfied

��kß�
where ��k � is thenumberof reusepairsin reuseclass k . Clearly
sorting dimensionsin

W �|� � �10-�	J�C Ä �'2 order is not alwayslegal.
Figure11 shows an algorithmthat finds a nearbylegal permuta-
tion. Intuitively, algorithmDimensionOrdering tries to or-
der dimensionsgreedily so that the dimensionwith the smallestW �|� � �10-�|J�C Ä ��2 is outermostif that is legal. Otherwise,it checks
whetherthedimensionwith next smallest

W �|� � �40-�|J�C Ä �'2 canbe
placedoutermost.Onceit finds a dimensionto placeoutermost,
it repeatstheprocesswith the remainingdimensions.It is easyto
seethat thealgorithmwill alwaysproducea legal orderingof the
dimensions,andthatit will pick the

W �|� � �10-�|J C Ä ��2 orderif thatis
legal.
For the runningexamplein Figure6, our algorithmplacesall five
dimensionsof theproductspacein asinglefully permutableband.
It thenpicksthedimensionorder � � ��� � �%� � � � � � � � .
5.2 CodeGeneration

RemovingRedundantDimensions
Let
, � � � � )A���	)�
�
�
n)A��9� bethesetof embeddingfunctionsand

let � ��� �� �|���4�D� �� � &Ø� � . As discussedin Section3, any dimension� for which the � ��È row � ¹ of thematrix �"�Ë� � � ) � � )�
�
�
n) �  �
is linearlydependentonotherrowsis redundant.Onceagoodlegal
orderingof thedimensionsis determined,our algorithmidentifies
all dimensions� for which � ¹ is linearly dependenton previous
dimensions,andeliminatesthosedimensions.
For our runningexample,dimensions� � and � � are redundantas� ¹ÜÚ �4� ¹AÑ and � �ÛÚ �à� �@Ñ .
Tiling
All dimensionswith non-zero

W �	� � �10-�|J�C Ä ��2 will benefit from
tiling. Eachfully permutablebandis tiled (after individualdimen-
sionsareskewedby outerloopsif necessary).
Heuristicshavebeenproposedfor choosingtile sizesfor perfectly-
nestedloops[7; 21;5], andany of themcanbeusedwith ourframe-



//tile counter loops
for t1 = 1,N, B
for t2 = 0, N, B
for t3 = 1, N, B
//iterations within a tile
for j = t1, min(t1+B-1,N)
for k = t2, min(t2+B-1,N)
for i = t3, min(t3+B-1,N)
if (k==0)
c(i,j) = 0

c(i,j) += a(i,k) * b(k,j)

Figure12: Locality-optimizedMMM beforeCodeSimplification

work. For therunningexample,�|� , � � , and � � arenotredundantand
exhibit reuse,thereforewedecideto tile all of them.They areall in
thesamebandanddonotrequireskewing. Theresultingtiled code
is shown in Figure12. The min’s, max’s andconditionalswithin
the loop body are removed by the codegenerationprocessusing
standardtechniquesfrom polyhedralalgebra.

6. EXPERIMENT AL RESULTS
In this section,wepresentpreliminaryresultsfrom our implemen-
tation for threeimportantcodes—Cholesky factorization,Jacobi
kernel,andthetomcatvSPECfpbenchmark.All experimentswere
runonanSGIOctaneworkstationbasedonaR12000chiprunning
at300MHzwith 32KB first-level datacacheandanunifiedsecond-
level cacheof size2 MB (bothcachesaretwo-waysetassociative).
Wepresentthefollowing performancenumbersfor eachcode:

1. Performanceof codeproducedby the SGI MIPSProcom-
piler (Version7.2.1)with the “-O3” flag turnedon. At this
level of optimization,theSGIcompilerappliesthefollowing
setof transformationsto the code—itconvertsimperfectly-
nestedloopneststo singlynestedloops(SNLs)by meansof
fissionandfusionandthenappliestransformationslike per-
mutation,tiling andsoftwarepipelininginnerloops[24].

2. Performanceof codeproducedby animplementationof the
techniquesdescribedin this paper, andthencompiledby the
SGIMIPSProcompilerwith flags“-O3 -LNO:blocking=off”
to disablefurthertiling by theSGI compiler.

For Cholesky factorization,wealsopresentperformanceof vendor
suppliedLAPACK library routinerunningontopof nativeBLAS.
Our tile sizeselectionalgorithmis still beingimplemented,sowe
tiled all codeswith afixedblocksizeof u  . Ourexperimentsshow
that thereareno significantdifferencesin performancefor block
sizesrangingfrom 0  to

'  	 
. Performancefor Cholesky factoriza-

tion is reportedin MFLOPS,countingeachmultiply-addas1 Flop.
For Jacobiandtomcatv, we did not havehand-codedversionsasa
comparison;in thesecases,we reportrunningtime.
The performancenumberspresentedshow the benefitsof synthe-
sizingasequenceof locality-optimizingtransformationsinsteadof
searchingfor thatsequence.Even thoughtheSGI MIPSProcom-
piler implementsall thetransformationsnecessaryto optimizeour
benchmarks,it doesnotfind theright sequenceof transformations,
sotheperformanceof theresultingcodesuffers.For Cholesky fac-
torization,theperformanceof our optimizedcodeapproachesthe
performanceof hand-writtenlibraries.

for k = 1,N
S1: a(k,k) = sqrt(a(k,k))

for i = k+1,N
S2: a(i,k) = a(i,k) / a(k,k)

for j = k+1,i
S3: a(i,j) -= a(i,k) * a(j,k)

(a)kij-Cholesky Factorization
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Figure13: Cholesky Factorizationandits Performance

6.1 Cholesky Factorization
Cholesky factorizationis usedto solvesymmetricpositive-definite
linear systems.Figure13(a)shows oneversionof Cholesky fac-
torization called � � � - 576 F Ä � � � 2 ; thereare five other versionsof
Cholesky factorizationcorrespondingto thepermutationsof the � ,� , and � loops. Figure13(b)comparesthe performanceof all six
versionscompiledby the SGI compiler, the hand-optimizedLA-
PACK library routine, and the codeproducedby our algorithm
startingfrom anyof thesix versions.
The performanceof the compiledcodevarieswidely for the six
differentversionsof Cholesky factorization.The � � � - 576 F Ä � � � 2 is
SNL andtheSGI compileris ableto sink andtile two of thethree
loops( � and � ), resultingin goodL2 cachebehavior andbestper-
formancefor large matrices(about65 MFLOPS)amongthecom-
piled codes. In contrast,the compileris not ableto optimizethe� �|� - 576 F Ä � � � 2 atall, resultingin theworstperformanceof about5
MFLOPSfor large matrices.TheLAPACK library codeperforms
consistentlybestat about200MFLOPS.
Our algorithmproducesthesamelocality optimizedcodeindepen-
denton which of the six versionswe start with. That is expected
asthe abstractionthat our algorithmuses—statements,statement
iterationspaces,dependencies,andreuses—isthesamefor all six
versionsof Cholesky factorization.
For the � � � versionshown here,the algorithmpicks the follow-
ing embeddings(after reorderingandremoving redundantdimen-
sions):8 Ñ$9�: !<;>= ÿ@?A !!! BC 8 ÚD9>E !�GF = ÿ@?A !!� BC

8�H 9 ?A !�� BC = ÿ@?A � !� BC
All threedimensionsaretiled without skewing. Thesamecodeis
obtainedstartingfrom any of the six versionsof Cholesky factor-
ization,andthe line marked“Locality Optimized” in Figure13(b)
shows the performanceof that code. The codeproducedby our
approachis roughly3 to 30 timesfasterthanthecodeproducedby
theSGIcompiler, andit is within 5%of thehand-writtenLAPACK
library codefor largematrices.
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6.2 Jacobi
Ournext benchmarkis theJacobikernelin Figure1,whichwasdis-
cussedin Section1. Ouralgorithmpicksembeddingsthatperform
all theoptimizationstepsdiscussedin Section1.§ �N¨ ¯²%I ª« ´¶ �® ¯²JI« ª ´¶ § � ¨ ¯².Iª« ´¶ �® ¯² I« Ó ³ª Ó ³ ´¶
Theseembeddingscorrespondto shifting the iterationsof the two
statementswith respectto eachother, fusing the resultingi and
j loopsrespectively, andfinally interchangingthei andj loops.
Thisnotonly allowsusto tile theloopsbut alsobenefitsthereuses
betweenthetwo arraysin thetwo statements,aswell asthespatial
locality in bothstatements.
Theresultingspacecannotbetiled directly, soour implementation
choosesto skew thesecondandthethirddimensionsby2*t before
tiling.
Figure14 shows theexecutiontimesfor thecodeproducedby our
techniqueandby theSGIcompilerfor afixednumberof time-steps
(
'  	 

).

6.3 Tomcatv
As afinalexample,weconsiderthetomcatvcodefrom theSPECfp
benchmarksuite. The codeconsistsof an outertime loop ITER
containinga sequenceof doubly- and singly-nestedloops which
walk over bothtwo-dimensionalandone-dimensionalarrays.The
resultsof applyingourtechniqueareshown in Figure15for afixed
arraysize(253 from a referenceinput), anda varying numberof

time-steps.Tomcatvis not directly amenableto our techniquebe-
causeit containsanexit testat theendof eachtime-step.Theline
marked“Locality Optimized” representsthe resultsof optimizing
a singletime-step(i.e. the codeinsidetheITER loop) for local-
ity. Treatingeverybasicblock asa singlestatement,ouralgorithm
producesanembeddingwhichcorrespondsto fusingsomeof theJ
loopsandall theI loops.Theexploitationof reusebetweendiffer-
entbasicblocksresultsin roughly8%improvementin performance
comparedto thecodeproducedby theSGIcompiler. If weconsider
thetomcatvkernelwithouttheexit condition5, ouralgorithmskews
thefusedI loopby2*ITER, andthentilesITER andtheskewedI
loops.Theperformanceof theresultingcode(line marked“Tiled”)
is around22%betterthantheoriginal code.

7. RELATED WORK AND CONCLUSIONS
The mathematicaltechniquesusedin this paperhave beenused
by thesystolicarraycommunityfor schedulingstatementsin loop
nestson systolicarrays[15]. Thesetechniqueswereextendedby
Feautrierin his theoryof schedulesin multi-dimensionaltime [8]
whichheusedfor automaticparallelization;relatedapproachesare
mappingsandaffinetransforms[10; 18].
For datalocality, Kelly andPughadvocatesearchingthe spaceof
legal transformationsusingcostmodelsthatevaluatethemappings
produced[11]. They associatea multi-dimensionalmappingwith
eachstatementbut the rangeof thesemappingsis not fixed since
thereis no analogof our productspace.Startingfrom totally un-
specifiedmappings,they proposeto explore the tree of partially
specifiedmappingstill they completelyspecify the mapping,us-
ing estimatesof the numberof cachemissesto guidethe search.
Their estimatortargetsonly reuseswith sourceanddestinationin
the samestatement. In particular, reusebetweendifferent state-
mentsrequiringfusionwill notbemodeled.Thoughthey represent
tiling by meansof pseudo-linearfunctions(usingmod anddiv),
they do not include themin their searchspaceof possibletrans-
formationsandhencedo not necessarilyfind solutionsthatcanbe
tiled. By usinga well-definedspace(the productspace),we are
able to target all reusesby representingreusedistancesbetween
statementinstancesby reusevectorswhich we canthenminimize
dimensionby dimension. Furthermore,the productspaceallows
us to imposeconstraintsso that dimensionsarepermutable—this
letsusorderthedimensionsandtile themto reducereusedistances
further.
A differentapproachto locality enhancement in imperfectly-nested
loopshasbeentakenin data-centricapproachessuchasdatashack-
ling [13]. The compiler determinesan order in which arrayele-
mentsshouldbetouched,andthenschedulescodesothatall state-
mentsthat touch a given dataelementare scheduledto execute
whenthat dataitem is broughtinto thecache.Integer linear pro-
grammingtechniquesareusedto determineif sucha scheduleis
legal. This work hasbeenextendedby PughandRosserin their
work on iterationspaceslicing[20]. Thedata-centricapproachcan
beusedto generatecodefor sparsematrixapplicationsaswell [19].
The framework in this papercanbe usedto generatedata-centric
codeby addingdatadimensionsto theproductspace[1].
In conclusion,we havedescribedasystematicapproachto locality
enhancementof imperfectly-nestedloops,andwehaveshown that
it improvesperformancesubstantiallyon codesthatareimportant
in practice. Our approachgeneralizestechniquesusedin current
compilersfor locality enhancement of both perfectly-nestedand
imperfectly-nestedloops[4; 23;17;25;24].Ù
Theresultingkernelcanbetiled speculativelyasdemonstratedby

SongandLi [22].
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APPENDIX

A. FARKAS’ LEMMA
We show how to applyFarkas’Lemmato determineconstraintsin
embeddings.

Consideradependenceclassy pKz � �� 7���: ! & { >  , andadepen-

dencepair � �� 7 )A� �@: ��~ y . Let ��: and � 7 betheembeddingfunctions
for thedestinationandsourcestatementsof this dependence, and
let the � �@È dimensionsof thesefunctionsbe � ¹: �5� ¹ : ��@: &£� ¹ : and� ¹7 �4� ¹ 7 ��87 &�� ¹ 7 .
Supposethatwemustchoosetheseunknowncoefficients ��� ) � � so
that � ¹: � ��@: � 2 � ¹7 � �� 7 � >  .
Theaffineform of Farkas’lemmaletsusexpresstheconstraintson
thesecoefficientsin termsof dependenceclasscoefficients ��z ) { � .

LEMMA 1. (Farkas’Lemma)Anyaffinefunction K � U � which is
non-negativeeverywhereovera polyhedrondefinedbytheinequal-
ities B U.& = >  canberepresentedasfollows:K � U ���ML � &�N ¼ B U.&ON ¼ = ) L � >  ) N >  )
where

N
is a vectorof lengthequalto thenumberof rowsof A. L �

and
N

arecalledtheFarkasmultipliers.



Applying Farkas’Lemmato ourdependenceequationsweobtain� 2 � ¹ 7 � ¹ : ¢ � � �L7��@: ! &�� ¹ : 2o� ¹ 7 �ML � &PN ¼ z � ��87��@: ! &�N ¼ { )L � >  ) N >  

Equatingcoefficientsof ��87 and �� : on bothsides,weget� 2 � ¹ 7 � ¹ : ¢ � N ¼ z )� ¹ : 2o� ¹ 7 � L � &ON ¼ { )L � >  ) N >  

TheFarkasmultiplierscanbeeliminatedthroughFourier-Motzkin
projectiontogiveasystemof inequalitiesconstrainingtheunknown
embeddingcoefficients.
As anexample,considerthefirst dimensionof theembeddingfunc-
tions for the runningexamplein Section4. The following condi-
tionsmustbesatisfied:

1. � ��ÛÚ � � & � �¹ÜÚ � � & � ��ÝÚ � � &(���Õ $¸&à���� 2 � � >  
for all

points ��� � ) �|� ) � ��) � �	) � � � in y � � � ��� � ) �|� ) � ��) � �	) � � ��p 'ßq� � ) � � ) � � ) � � ) � � q $ ) � � �4� � ) � � � � � � , and

2. � ��ÛÚ � Ï� & � �¹ÜÚ � Ï� & � ��ÝÚ � Ï� &6� �Õ $�&�� �� 2 ��� ��ÛÚ � � & � �¹ÜÚ � � &� ��ÝÚ � � &[���Õ $3&[���� � >  for points ��� �	) � �	) � ��) �LÏ� ) � Ï� ) � Ï� �
in y � � � ��� � ) � � ) � � ) � Ï� ) � Ï� ) � Ï� �×p '*q � � ) � � ) � � ) � Ï� ) � Ï� ) � Ï� q$ ) � � �r� Ï� ) � � � � Ï� ) � � Æ � Ï� � .

Let usapplyFarkas’lemmato thefirst condition.Wehave� ��ÛÚ � � & � �¹ÜÚ � � & � ��AÚ � � &£� �Õ $"&�� �� 2 � � �L � & L � ��� � 2V' � & L � � $Ë2 � � � & L � � � � 2 ' �& L � � $Ë2 �|� � & L Ù ��� � 2x' � & LRQ|� $ 2 � � � & LRS�� � � 2[' �& LRT�� $Ë2 � � � & LVU	� � � 2 ' � & L �8� � $ 2 � � �& L �¦� ��� � 2 � � � & L � � ��� � 2 � � � & L �8� � �	� 2 � � �& L �8� � � � 2 � � � )L � ) L � )�
�
�
�) L �8� >  
After equatingcoefficientson bothsides,weget:� � p 2D' � L � 2 L � & L �¦� 2 L � ��|� p  � L � 2 L � & L �8� 2 L �8�� � p � ��áÚ � L Ù 2 LRQ & L � � 2 L �¦�� � ps� �¹ÜÚ � LVS 2 L T & L �8� 2 L �8�� � p¸� ��AÚ � L U 2 L �8�$ p �Þ�Õ � L � & L � & LRQ & L T & L �8�' p �Þ�� � L � 2 L � 2 L � 2 L Ù 2 LRS 2 L U
EliminatingFarkasmultipliersthroughFourier-Motzkin projection,
weobtainthefollowing constraintsontheunknownembeddingco-
efficients:

\^^^^^^^^^_
³ a ³â³ aa ³â³â³ aaâa ³â³ a³â³ a ³ a³â³â³â³ aa ³ a ³ a³â³â³â³â³³ aâa ³ aaâaâa ³ a

e fffffffffg \^^^_
Ð ��áÚÐ �¹ÜÚÐ ��ÝÚÔ �ÕÔ ��

e fffg > \^^^^^^^^^_
³aa ³³a ³³a

e fffffffffg (3)

Goingthroughthesamestepsfor thesecondcondition,weget

� aâa ³ aâa � \^^^_
Ð ��áÚÐ �¹ÜÚÐ ��ÝÚÔ �ÕÔ ��

e fffg > � a � (4)

Combiningconditions(3) and(4),weobtainthesystemof inequal-
ities shown in Section4:

\^^^^_
³â³ a ³ aa ³ a ³ a³â³â³â³â³³ aâa ³ aaâaâa ³ aaâa ³ aâa

e ffffg \^^^_
Ð ��áÚÐ �¹ÜÚÐ ��AÚÔ �ÕÔ ��

e fffg > \^^^^_
³a ³³aa
e ffffg


