Sasaki-Einstein Manifolds

James Sparks

A Sasaki-Einstein manifold is a Riemannian manifold (5, g) that is both
Sasakian and Einstein.

Sasakian geometry is the odd-dimensional cousin of Kahler geometry.
Indeed, just as Kéahler geometry is the natural intersection of complex, sym-
plectic, and Riemannian geometry, so Sasakian geometry is the natural in-
tersection of CR, contact, and Riemannian geometry. Perhaps the most
straightforward definition is the following: a Riemannian manifold (S, g)
is Sasakian if and only if its metric cone (C(S’) =Ryox S,g=dr?+ rzg)
is Kéhler. In particular, (S,g) has odd dimension 2n — 1, where n is the
complex dimension of the Kéahler cone.

A metric g is Einstein if Ric, = Ag for some constant A. It turns out
that a Sasakian manifold can be Einstein only for A = 2(n—1), so that g has
positive Ricci curvature. Assuming, as we shall do throughout, that (S, g)
is complete, it follows from Myers’ Theorem that S is compact with finite
fundamental group. Moreover, a simple calculation shows that a Sasakian
metric g is Einstein with Ric, = 2(n — 1)g if and only if the cone metric
g is Ricci-flat, Ric; = 0. It immediately follows that for a Sasaki-Einstein
manifold the restricted holonomy group of the cone Hol’(g) C SU(n).

The canonical example of a Sasaki-Einstein manifold is the odd dimen-
sional sphere S?"~ !, equipped with its standard Einstein metric. In this
case the Kéhler cone is C™ \ {0}, equipped with its flat metric.

A Sasakian manifold (S, g) inherits a number of geometric structures
from the Kéahler structure of its cone. In particular, an important role
is played by the Reeb vector field. This may be defined as & = J(rd,),
where J denotes the integrable complex structure of the Kahler cone. The
restriction of £ to S = {r =1} = {1} x S C C(S) is a unit length Killing
vector field, and its orbits thus define a one-dimensional foliation of S called
the Reeb foliation. There is then a classification of Sasakian manifolds, and
hence also Sasaki-Einstein manifolds, according to the global properties of
this foliation. If all the orbits of £ are compact, and hence circles, then £
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integrates to a locally free isometric action of U(1) on (S, g). If this action
is free, then the Sasakian manifold is said to be regular; otherwise it is said
to be quasi-regular. On the other hand, if £ has a non-compact orbit the
Sasakian manifold is said to be irregular.

For the purposes of this introduction it is convenient to focus on the case
of dimension 5 (n = 3), since this is the lowest non-trivial dimension. Prior
to the 21st century, the only known examples of Sasaki-Einstein 5-manifolds
were regular. As we shall explain, a regular Sasaki-Einstein manifold is the
total space of a principal U(1) bundle over a Kéhler-Einstein manifold of
positive Ricci curvature. The classification of such Fano Kahler-Einstein
surfaces due to Tian-Yau then leads to a classification of all regular Sasaki-
Einstein 5-manifolds. Passing to their simply-connected covers, these are
connected sums S°#k(S? x S3) where k = 0,1,3,4,5,6,7,8. For each of
k = 0,1, 3,4 there is a unique such regular Sasaki-Einstein structure, while
for 5 < k < 8 there are continuous families of complex dimension 2(k —
4). However, before 2001 it was not known whether quasi-regular Sasaki-
Finstein 5-manifolds existed, and indeed there was even a conjecture that
irregular Sasaki-Finstein manifolds do not exist.

The progress over the last decade has been dramatic. Again, focusing
on dimension 5, it is now known that there exist Sasaki-Einstein structures
on #k(S? x S3) for all values of k. These include infinitely many toric
Sasaki-Einstein metrics, meaning that the torus T® acts isometrically on
the Sasakian structure, for every value of k. Indeed, for £k = 1 these met-
rics are known completely explicitly, giving countably infinite families of
quasi-regular and irregular Sasaki-Einstein structures on S? x S3. The list
of Sasaki-Einstein structures on #k(S? x S3) also includes examples with
the smallest possible isometry group, namely the T = U(1) generated by
a quasi-regular Reeb vector field. In particular, there are known to exist
infinitely many such structures for every k, except k = 1,2, and these often
come in continuous families. Moreover, S° itself admits at least 80 inequiva-
lent quasi-regular Sasaki-Einstein structures. Again, some of these come in
continuous families, the largest known having complex dimension 5. There
are also quasi-regular Sasaki-Einstein metrics on 5-manifolds which are not
connected sums of $? x S3, including infinitely many rational homology
5-spheres, as well as infinitely many connected sums of these. Similar abun-
dant results hold also in higher dimensions. In particular, all 28 oriented
diffeomorphism classes on S7 admit Sasaki-Einstein metrics.

In this article I will review these developments, as well as other results
not mentioned above. It is important to mention those topics that will not
be covered. As in Kéhler geometry, one can define extremal Sasakian metrics
and Sasaki-Ricci solitons. Both of these generalize the notion of a Sasaki-
Einstein manifold in different directions. Perhaps the main reason for not
discussing these topics, other than reasons of time and space, is that so far
there are not any obvious applications of these geometries to supergravity
theories and string theory, which is the author’s main interest.
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The article is arranged as follows. Section 1 is a review of all the nec-
essary background in Sasakian geometry; section 2 covers regular Sasaki-
Einstein manifolds; section 3 describes the construction of quasi-regular
Sasaki-Einstein structures, focusing in particular on links of weighted homo-
geneous hypersurface singularities; in section 4 we describe what is known
about explicit constructions of Sasaki-Einstein manifolds; section 5 covers
toric Sasakian geometry and the classification of toric Sasaki-Einstein man-
ifolds; section 6 describes obstructions; and section 7 concludes with some
open problems.

Acknowledgements. 1 would like to thank Charles Boyer for comments
on the first version of this article.

1. Sasakian geometry

1.1. Sasakian basics. We begin with an introduction to Sasakian ge-
ometry. Many of the results here are elementary and follow almost imme-
diately from the definitions. The reader is referred to [14, 48, 75| or the
recent monograph [21] for detailed proofs.

DEFINITION 1.1. A compact Riemannian manifold (S, g) is Sasakian if
and only if its metric cone (C(S) = Rsg x S, g = dr? + r?g) is Kéhler.

It follows that S has odd dimension 2n— 1, where n denotes the complex
dimension of the Kéhler cone. Notice that the Sasakian manifold (S5, ¢) is
naturally isometrically embedded into the cone via the inclusion S = {r =
1} = {1} x S € C(S). We shall often regard S as embedded into C(S) this
way. There is also a canonical projection p : C(S) — S which forgets the r
coordinate. Being Kéhler, the cone (C(S), g) is equipped with an integrable
complex structure J and a Kahler 2-form w, both of which are parallel
with respect to the Levi-Civita connection V of g. The Kihler structure of
(C(S),g), combined with its cone structure, induces the Sasakian structure
on S={1} xS cC(S5).

The following equations are useful in proving many of the formulae that
follow:

(1.1) @Tar (T@r) =rd, , @rarX = @X (Tar) =X,
VxY =VxY — g(X,Y)ro, .

Here X and Y denote vector fields on S, appropriately interpreted also as
vector fields on C(5), and V is the Levi-Civita connection of g, .

The canonical vector field 70, is known as the homothetic or Euler vector
field. Using the relations (1.1), together with the fact that J is parallel,
V.J = 0, one easily shows that 79, is real holomorphic, £, J = 0. It is then
natural to define the characteristic vector field

(1.2) E=J(roy) .
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Again, elementary calculations show that £ is real holomorphic and also
Killing, L¢g = 0. Moreover, £ is clearly tangent to surfaces of constant r
and has square length g(¢&, &) = r2.

We may similarly define the 1-form

(1.3) n=d%logr =i(0 — 9)logr ,

where as usual d° = Jod denotes the composition of exterior derivative with
the action of J on 1-forms, and 9, 9 are the usual Dolbeault operators, with
d =0+ 0. It follows straightforwardly from the definition that

(1.4) ) =1, igdy=0.

Here we have introduced the interior contraction: if « is a (p + 1)-form
and X a vector field then ixa is the p-form defined via ixa(Xy,..., X)) =
a(X, Xq,...,Xp). Moreover, it is also clear that

(15) 1(X) = 59 (J(r0:), X) = 59(E, X)

Using this last formula one can show that the Kéhler 2-form on C(S) is
(1.6) w= 1d(7“277) = 11857"2 .

2 2
The function %TZ is hence a global Kahler potential for the cone metric.

The 1-form 7 restricts to a 1-form n |g on S C C(S). One checks from
L,5,m = 0 that in fact n = p*(n |s). In a standard abuse of notation, we shall
then not distinguish between the 1-form 7 on the cone and its restriction
to the Sasakian manifold 1 |g. Similar remarks apply to the Reeb vector
field &: by the above comments this is tangent to S, where it defines a unit
length Killing vector field, so g(§,£) = 1 and L¢g = 0. Notice from (1.5)
that 7(X) = g(¢, X) holds for all vector fields X on S.

Since the Kéahler 2-form w is in particular symplectic, it follows from
(1.6) that the top degree form n A (dn)" ! on S is nowhere zero; that is,
it is a volume form on S. By definition, this makes n a contact 1-form on
S. Indeed, the open symplectic manifold (C(S) =Rsg x S,w = 3d(r?p))
is called the symplectization of the contact manifold (S,7). The relations
n(&) =1, igdn = 0 from (1.4) imply that £ is the unique Reeb vector field
for this contact structure. We shall hence also refer to £ as the Reeb vector
field of the Sasakian structure.

The contact subbundle D C T'S is defined as D = kern. The tangent
bundle of S then splits as

(1.7) TS=Da® L,

where L¢ denotes the line tangent to {. This splitting is easily seen to be
orthogonal with respect to the Sasakian metric g.
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Next define a section ® of End(7'S) via ® [p= J |p, ® |, = 0. Using

J? = —1 and that the cone metric g is Hermitian one shows that
(1.8) P? = —14+ne¢,
(1.9) 9(2(X),2(Y)) = g(X,Y)—=n(X)n(Y),

where X, Y are any vector fields on S. In fact a triple (n,&,®), with n a
contact 1-form with Reeb vector field £ and ® a section of End(7'S) satisfying
(1.8), is known as an almost contact structure. This implies that (D, Jp =
® |p) defines an almost CR structure. Of course, this has been induced by
embedding S as a real hypersurface {r = 1} in a complex manifold, so this
almost CR structure is of hypersurface type (the bundle D has rank one less
than that of T'S) and is also integrable. The Levi form may be taken to be
%ié@rQ, which is the Kéhler form of the cone (1.6). Since this is positive,
by definition we have a strictly pseudo-convex CR structure. The second
equation (1.9) then says that ¢ |p is a Hermitian metric on D. Indeed, an
almost contact structure (n,&, ®) together with a metric g satisfying (1.9)
is known as a metric contact structure. Sasakian manifolds are thus special
types of metric contact structures, which is how Sasaki originally introduced
them [91]. Since

9(X,Y) = San(X, B(Y)) +n(X)n(Y) |

we see that $dn |p is the fundamental 2-form associated to g [p. The contact
subbundle D is symplectic with respect to this 2-form.
The tensor ® may also be defined via

(X)) = VxE .

This follows from the last equation in (1.1), together with the calculation
Vx¢=Vx (J(rd,)) = J(X). Then a further calculation gives

(1.10) (Vx®)Y =g(§,YV)X —g(X,Y)¢,

where X and Y are any vector fields on S. This leads to the following equiv-
alent definitions of a Sasakian manifold [14], the first of which is perhaps
the closest to the original definition of Sasaki [91].

PROPOSITION 1.2. Let (S, g) be a Riemannian manifold, with V the Levi-
Civita connection of g and R(X,Y) the Riemann curvature tensor. Then
the following are equivalent:

(1) There exists a Killing vector field & of unit length so that the tensor
field (X)) = Vx& satisfies (1.10) for any pair of vector fields X,
Y on S.

(2) There exists a Killing vector field & of unit length so that the Rie-
mann curvature satisfies

for any pair of vector fields X, Y on S.
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(3) The metric cone (C(S),g) = (Rso xS, dr? +1r2g) over S is Kdhler.

The equivalence of (1) and (2) follows from an elementary calculation
relating (Vx®)Y to R(X,§)Y. We have already sketched the proof that
(3) implies (1). To show that (1) implies (3) one defines an almost complex
structure J on C(5) via

J(roy) =&, J(X)=o(X) —n(X)rd,

where X is a vector field on S, appropriately interpreted as a vector field
on C(5), and n(X) = g(&, X). It is then straightforward to check from the
definitions that the cone is indeed Kahler.

We may think of a Sasakian manifold as the collection S = (5, g, 7, &, ®).
As mentioned, this is a special type of metric contact structure.

1.2. The Reeb foliation. The Reeb vector field £ has unit length on
(S,g) and in particular is nowhere zero. Its integral curves are geodesics,
and the corresponding foliation F¢ is called the Reeb foliation. Notice that,
due to the orthogonal splitting (1.7), the contact subbundle D is the normal
bundle to F¢. The leaf space is clearly identical to that of the complex
vector field £ —iJ(§) = £ +ir0, on the cone C(5). Since this complex vector
field is holomorphic, the Reeb foliation thus naturally inherits a transverse
holomorphic structure. In fact the leaf space also inherits a Kéhler metric,
giving rise to a transversely Kéhler foliation, as we now describe.

Introduce a foliation chart {Uy} on S, where each U, is of the form
U, = IxV, with I C R an open interval and V,, C C*~! open. We may intro-
duce coordinates (z, z1,...,2,—1) on Uy, where £ = 0, and z1,...,2,_1 are
complex coordinates on V,. The fact that the cone is complex implies that
the transition functions between the V,, are holomorphic. More precisely, if
Up has corresponding coordinates (y, w1, ..., w,—1), with U, NUg # 0, then

Oz o, g,

0w, oy
Recall that the contact subbundle D is equipped with the almost complex
structure Jp, so that on D ® C we may define the +i eigenspaces of Jp as
the (1,0) and (0, 1) vectors, respectively. Then in the above foliation chart

Ua, (D ® C)M is spanned by
821‘ - (azz)f .

Since ¢ is a Killing vector field, and so preserves the metric g, it follows
that g |p gives a well-defined Hermitian metric g on the patch V,, by
restricting to a slice {x = constant}. Moreover, (1.4) implies that

dn (aZi - Tl(azi)f,azj -1 (82]‘) 5) =dn (azz"aij) .

The fundamental 2-form w? for the Hermtian metric g2 in the patch V, is

hence equal to the restriction of %dn to a slice {x = constant}. Thus wl
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is closed, and the transverse metric gg is Kahler. Indeed, in the chart U,
notice that we may write

n—1 n—1
n=dr+i) 0, Kadzi —1) 0z, Kad%
i=1 =1

where K, is a function on U, with 9,K, = 0. The local function K, is
a Kéhler potential for the transverse Kahler structure in the chart U,, as
observed in [56]. Such a structure is called a transversely Kdhler foliation.
We denote the collection of transverse metrics by g7 = {gZ'}. Although g7
so defined is really a collection of metrics in each coordinate chart, notice
that we may identify it with the global tensor field on S defined via

§(X,Y) = San(X, 2(Y))

That is, the restriction of g7 to a slice {x = constant} in the patch U,
is equal to gL. Similarly, the transverse Kihler form w’ may be defined
globally as %dn.

The basic forms and basic cohomology of the Reeb foliation F¢ play an
important role (for further background, the reader might consult [104]):

DEFINITION 1.3. A p-form « on S is called basic if
iga =0 5 ,Cga =0.

We denote by Al the sheaf of germs of basic p-forms and QF, the set of
global sections of A%.

If « is a basic form then it is easy to see that da is also basic. We
may thus define dg = d |qz, so that dp : Q — Q%H. The corresponding
complex (2,dp) is called the basic de Rham complex, and its cohomology
HE(Fe¢) the basic cohomology.

Let U, and Ug be coordinate patches as above, with coordinates adapted
to the Reeb foliation (z,z1,...,2,—1) and (y,w1,...,w,—1), respectively.
Then a form of Hodge type (p,q) on U,

a=q«q H -dzil/\'--/\dzip/\dih/\---AdZ;q,

i1-+ipJ1-dq
is also of type (p,q) with respect to the w; coordinates on Uz. Moreover,
if o is basic then o, .. 7 .5, is independent of z. There are hence globally
well-defined Dolbeault operators
1

op QBT QR

5 1

Op « QBT QBT

Both are nilpotent of degree 2, so that one can define the basic Dolbeault

complexr (QP*,0p) and corresponding cohomology groups HY™(Fe). These

invariants of the Reeb foliation are important invariants of the Sasakian

manifold. Clearly dg = 0p + O, and we may similarly define the operator
% =1(0 — 0B).
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In each local leaf space V,, we may define the Ricci forms as pl =
—id0dlogdet gL. These are the (1,1)-forms associated to the Ricci tensors
Ricg of gg via the complex structure, in the usual way. Via pull-back to
U, under the projection U, — V,, that identifies points on the same Reeb
orbit, one sees that these patch together to give global tensors p” and Ric”
on S, just as was the case for the transverse Kéhler form and metric. In
particular, the transverse Ricci form p” is a global basic 2-form of Hodge
type (1,1) which is closed under dg. The corresponding basic cohomology
class [p /2] is denoted by ¢P(F) € H}B’l(}}), or simply ¢, and is called
the basic first Chern class of F¢. Again, this is an important invariant of
the Sasakian structure. We say that ¢ > 0 or ¢f < 0if ¢ or —cP is
represented by a transverse Kéahler form, respectively. In particular, the
Sasakian structure will be called transverse Fano if ¢ > 0.

Thus far we have considered a fixed Sasakian manifold S = (S, g, 7, ¢, ).
It will be important later to understand how one can deform such a structure
to another Sasakian structure on the same manifold S. Since a Sasakian
manifold and its corresponding Kéahler cone have several geometric struc-
tures, one can fix some of these whilst deforming others. An important
class of such deformations, which are analogous to deformations in Kéahler
geometry, is summarized by the following result:

PROPOSITION 1.4. Fix a Sasakian manifold S = (S, g,n,&,P). Then
any other Sasakian structure on S with the same Reeb vector field &, the
same holomorphic structure on the cone C(S) = Rsg x S, and the same
transversely holomorphic structure of the Reeb foliation F¢ is related to the
original structure via the deformed contact form n' =n+d%e¢, where ¢ is a
smooth basic function that is sufficiently small.

ProoF. The proof is straightforward. We fix the holomorphic structure
on the cone, but replace r by ' = rexp ¢, where %(r’)2 will be the new
global Kahler potential for the cone metric. Since J and £ are held fixed,
from (1.2) we have 1/9,» = rd,, which implies that ¢ is a function on S. The
new metric on C(S) will be §'(X,Y) = w/(X, JY) where ' = %1857"/2. Since
rd, is holomorphic, it is clear that g’ is homogeneous degree 2. Moreover,
one easily checks that the necessary condition L¢r’ = 0, which means that

¢ is basic, implies that g’ is also a cone. Then
n' =dlogr’ =n+dge .

For small enough o, 7’ A(dn’)"~! is still a volume form on §' = {r' = 1} = S,
or in other words «’ is still non-degenerate on the cone, and similarly g’ will
be a non-degenerate metric. Thus we have defined a new Kahler cone, and
hence new Sasakian structure.

This deformation is precisely a deformation of the transverse Kahler
metric, holding fixed its basic cohomology class in H}B’l(}"g). Indeed, clearly

(W) =wT + %dBdCBqS :
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In fact the converse is also true by the transverse 99 lemma proven in [43],
which is thus an equivalent way to characterize these transverse Kahler
deformations. Notice that the basic first Chern class ¢ (F¢) is invariant
under such deformations, although the contact subbundle D will change. [

Later we shall also consider deforming the Reeb vector field & whilst
holding the holomorphic structure of the cone fixed.

1.3. Regularity. There is a classification of Sasakian manifolds ac-
cording to the global properties of the Reeb foliation F¢. If the orbits of
the Reeb vector field £ are all closed, and hence circles, then £ integrates
to an isometric U(1) action on (S, g). Since £ is nowhere zero this action is
locally free; that is, the isotropy group of every point in S is finite. If the
U(1) action is in fact free then the Sasakian structure is said to be regular.
Otherwise, it is said to be quasi-regular. If the orbits of £ are not all closed
the Sasakian structure is said to be irregular. In this case the closure of the
1-parameter subgroup of the isometry group of (S, g) is isomorphic to a torus
T, for some positive integer k called the rank of the Sasakian structure. In
particular, irregular Sasakian manifolds have at least a T? isometry.

In the regular or quasi-regular case, the leaf space Z = S/F¢ = S/U(1)
has the structure of a compact manifold or orbifold, respectively. In the
latter case the orbifold singularities of Z descend from the points in S with
non-trivial isotropy subgroups. Notice that, being finite subgroups of U(1),
these will all be isomorphic to cyclic groups. The transverse Kahler structure
described above then pushes down to a Kéhler structure on Z, so that Z is
a compact complex manifold or orbifold equipped with a Kéhler metric h.

Digression on orbifolds. The reader will not need to know much about
orbifolds in order to follow this article. However, we briefly digress here
to sketch some basics, referring to [14] or [21] for a much more detailed
account in the current context.

Just as a manifold M is a topological space that is locally modelled on
R* so an orbifold is a topological space locally modelled on R¥/T", where I'
is a finite group of diffeomorphisms. The local Euclidean charts {U;, ¢;} of a
manifold are replaced with local uniformizing systems {U,, Ty, pi}. Here U;
is an open subset of R¥ containing the origin; I'; is, without loss of generality,
a finite subgroup of O(k) acting effectively on R¥; and ¢; : U — U is a
continuous map onto the open set U; C M such that ¢; oy = ¢; for all
~v € I'; and the induced map UZ /Ty — U; is a homeomorphism. These charts
are then glued together in an appropriate way. The groups I'; are called
the local uniformizing groups. The least common multiple of the orders
of the local uniformizing groups I';, when it is defined, is called the order
of M and denoted ord(M). In particular, M is a manifold if and only if
ord(M) = 1. One can similarly define complex orbifolds, where one may
take the I'; C U(k) acting on C*.
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If x € M is point and p = goi_l(a:) then the conjugacy class of the isotropy
subgroup I', C I'; depends only on x, not on the chart U;. One denotes this
I'y, so that the non-singular points of M are those for which I', is trivial.
The set of such points is dense in M. In the case at hand, where M is
realized as the leaf space Z of a quasi-regular Reeb foliation, I'; is the same
as the leaf holonomy group of the leaf x.

For orbifolds the notion of fibre bundle is modified to that of a fibre
orbibundle. These consist of bundles over the local uniformizing neighbour-
hoods U; that patch together in an appropriate way. In particular, part of
the data specifying an orbibundle with structure group G are group homo-
morphisms h; € Hom(I';, G). The local uniformizing systems of an orbifold
are glued together with the property that if ¢;; : U; — Uj is a diffeomor-
phism into its image then for each v; € I'; there is a unique 7; € I'; such that
®ji o7 = vj o ¢ji- The patching condition is then that if B; is a fibre bundle
over U; there should exist a corresponding bundle map gzﬁ;kj : By | 65500 B;
such that h;(vy;) o =50 hj(7;). Of course, by choosing an appropriate
refinement of the cover we may assume that B; = U; x F where F is the fibre
on which G acts. The total space is then itself an orbifold in which the B;
may form the local uniformizing neighbourhoods. The group I'; acts on B;
by sending (p;, f) € U; x F to (y"'p;, fhi(7)), where v € T;. Thus the local
uniformizing groups of the total space may be taken to be subgroups of the
I';. In particular, when F' = G is a Lie group so that we have a principal
G orbibundle, then the image h;(T';) acts freely on the fibre. Thus provided
the group homomorphisms h; inject into the structure group G, the total
space will in fact be a smooth manifold. This will be important in what
follows.

The final orbinotion we need is that of orbifold cohomology, introduced
by Haefliger [58]. One may define the orbibundle P of orthonormal frames
over a Riemannian orbifold (M, g) in the usual way. This is a principal
O(n) orbibundle, and the discussion in the previous paragraph implies that
the total space P is in fact a smooth manifold. One can then introduce
the classifying space BM of the orbifold in an obvious way by defining
BM = (EO(n) x P)/O(n), where EO(n) denotes the universal O(n) bundle
and the action of O(n) is diagonal. One then defines the orbifold homology,
cohomology and homotopy groups as those of BM, respectively. In particu-
lar, the orbifold cohomology groups are denoted H}, (M,Z) = H*(BM,Z),
and these reduce to the usual cohomology groups of M when M is a man-
ifold. The projection BM — M has generic fibre the contractible space
EO(n), and this then induces an isomorphism H7,(M,R) — H*(M,R).
Typically integral classes map to rational classes under the natural map
H*, (M,Z) — H*, (M,R) = H*(M,R).

Returning to Sasakian geometry, in the regular or quasi-regular case
the leaf space Z = S/F¢ = S/U(1) is a manifold or orbifold, respectively.
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The Gysin sequence for the corresponding U(1) (orbi)bundle then implies
that the projection map 7 : S — Z gives rise to a ring isomorphism 7* :
H*(Z,R) = Hp(F¢), thus relating the cohomology of the leaf space Z to
the basic cohomology of the foliation.

We may now state the following result [15]:

THEOREM 1.5. Let § be a compact regular or quasi-reqular Sasakian
manifold. Then the space of leaves of the Reeb foliation F¢ is a compact
Kahler manifold or orbifold (Z,h,wz,Jz), respectively. The corresponding
projection

m:(S,9) = (Z,h)
is a (orbifold) Riemannian submersion, with fibres being totally geodesic
circles. Moreover, the cohomology class [wyz] is proportional to an integral
class in the (orbifold) cohomology group H2, (Z,Z).

In either the regular or quasi-regular case, wy is a closed 2-form on
Z which thus defines a cohomology class [wy] € H2(Z,R). In the reg-
ular case, the projection 7 defines a principal U(1) bundle, and wy is
proportional to the curvature 2-form of a unitary connection on this bun-
dle. Thus [wgz] is proportional to a class in the image of the natural map
H?*(Z,7) — H*(Z,R), since the curvature represents 2mc; where c; denotes
the first Chern class of the principal U(1) bundle. In the quasi-regular case,
the projection 7 is instead a principal U(1) orbibundle, with w; again pro-
portional to a curvature 2-form. The orbifold cohomology group HZ, (Z,Z)
classifies isomorphism classes of principal U(1) orbibundles over an orbifold
Z, just as in the regular manifold case the first Chern class in H?(Z,Z)
classifies principal U(1) bundles. The Kéhler form wz then defines a coho-
mology class [wz] € H?(Z,R) which is proportional to a class in the image
of the natural map H2,(Z,Z) — H2,(Z,R) — H*(Z,R).

A Kéhler manifold or orbifold whose Kéahler class is proportional to an
integral cohomology class in this way is called a Hodge orbifold. There is
no restriction on this constant of proportionality in Sasakian geometry: it
may be changed via the D-homothetic transformation defined in the next
section.

The converse is also true [15]:

THEOREM 1.6. Let (Z,h) be a compact Hodge orbifold. Let w : S — Z
be a principal U(1) orbibundle over Z whose first Chern class is an integral
class defined by [wz], and let n be a 1-form on S with dn = 27*wyz (1 is then
proportional to a connection 1-form). Then (S,7*h +n®n) is a Sasakian
orbifold. Furthermore, if all the local uniformizing groups inject into the
structure group U(1) (the h; € Hom(I';,U(1)) are all injective), then the
total space S is a smooth manifold.

We close this subsection by noting that

1.11 few = —ldﬂ
( £ 2 Y
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where recall that w is the Kéhler form on the cone (C(S),g). Thus 3r?
is precisely the Hamiltonian function for the Reeb vector field £&. In the
regular/quasi-regular case the Kéhler manifold/orbifold (Z, h,wz, Jz) may
then be viewed as the Kdhler reduction of the Kéahler cone with respect to
the corresponding Reeb U(1) action.

1.4. The Einstein condition. We begin with the following more gen-
eral definition:

DEFINITION 1.7. A Sasakian manifold S = (S,¢g,n,&, ®) is said to be
n-Sasaki-Einstein if there are constants A and v such that

Ricg =Ag+vn®n .

An important fact is that A+v = 2(n—1). This follows from the second
condition in Proposition 1.2, which implies that for a Sasakian manifold
Ricgy(§,€) = 2(n — 1). In particular, Sasaki-Einstein manifolds, with v = 0,
necessarily have A = 2(n — 1).

DEFINITION 1.8. A Sasaki-Einstein manifold is a Sasakian manifold
(S, g) with Ricg = 2(n — 1)g.

It is easy to see that the n-Sasaki-Einstein condition is equivalent to
the transverse Kéahler metric being Einstein, so that Ric! = kgT for some
constant . To see the equivalence one notes that

(1.12) Ricy(X,Y) = Ric’(X,Y) - 2¢7(X,Y) ,

where X, Y are vector fields on the local leaf spaces {V,,} and X, Y are lifts
to D. Then Ric? = kg” together with (1.12) implies that

Ricg =(k—2)g+ (2n—Kk)n®@n .

Given a Sasakian manifold S one can check that for a constant a > 0
the rescaling

1
(113) 9/209‘1‘(@2—@)77@77» 77/:@7% El:aga q)/:q)7

gives a Sasakian manifold (5, ¢’,n’, &, ®') with the same holomorphic struc-
ture on C'(S), but with v/ = r% This is known as a D-homothetic trans-
formation [97]. Using the above formulae, together with the fact that the
Ricci tensor is invariant under scaling the metric by a positive constant,
it is then straightforward to show that if S = (5,¢,n,§,®) is n-Sasaki-
Finstein with constant A > —2, then a D-homothetic transformation with
a = (A +2)/2n gives a Sasaki-Einstein manifold. Thus any Sasakian struc-
ture which is transversely Kéahler-Einstein with £ > 0 may be transformed
via this scaling to a Sasaki-Einstein structure.
The Sasaki-FEinstein case may be summarized by the following:

PROPOSITION 1.9. Let (S, g) be a Sasakian manifold of dimension 2n—1.
Then the following are equivalent
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(1) (S,g) is Sasaki-Einstein with Ricy = 2(n — 1)g.

(2) The Kdbhler cone (C(S),g) is Ricci-flat, Ricg = 0.

(3) The transverse Kdhler structure to the Reeb foliation F¢ is Kdhler-
Einstein with Ricl = 2ng™.

It immediately follows that the restricted holonomy group Holo(g) C
SU(n). Notice that a Sasaki-Einstein 3-manifold has a universal covering
space which is isometric to the standard round sphere, so the first interesting
dimension is n = 3, or equivalently real dimension dim S = 5.

Since pT represents 2mwcP(F;) € Hjlg’l(]:g), clearly a necessary condi-
tion for a Sasakian manifold to admit a transverse Kéahler deformation to
a Sasaki-Einstein structure, in the sense of Proposition 1.4, is that ¢ =
P (F¢) > 0. Indeed, we have the following result, formalized in [48]:

PROPOSITION 1.10. The following necessary conditions for a Sasakian
manifold S to admit a deformation of the transverse Kdhler structure to a
Sasaki-Einstein metric are equivalent:

(1) ¢ =aldn] € Hg’l(}_g) for some positive constant a.

(2) ¢ >0 and ¢;(D) =0 € H?(S,R).

(3) For some positive integer £ > 0, the {th power of the canonical line
bundle Ké(s admits a nowhere vanishing holomorphic section 2

with L¢8) = inl€Q.

As described in [106], the space X = C'(S)U{r = 0}, obtained by adding
the cone point at {r = 0} to C'(S) 2 R5¢ x S, can be made into a complex
analytic space in a unique way. In fact it is simple to see that X is Stein,
and the point 0 = {r = 0} € X is an isolated singularity. Then (3) above
implies that, by definition, X is ¢-Gorenstein:

DEFINITION 1.11. An analytic space X with an isolated singularity o €
X is said to be ¢-Gorenstein if Kg(\{o} is trivial. In particular, if £ = 1 one
says that X is Gorenstein.

PRrROOF. (Proposition 1.10) The equivalence of (1) and (2) follows im-
mediately from the long exact sequence [104] relating the basic cohomology
of the foliation F¢ to the cohomology of S (see [48]). The Ricci form p of
the cone (C(.9), g) is related to the transverse Ricci form, by an elementary
calculation, via p = p! — ndn. Here we are regarding p’ as a global basic
2-form on S, pulled back to the cone C(S). If condition (1) holds then
by the above comments there is a D-homothetic transformation so that
[pT] = n[dn] € H};’l(}}). It now follows from the transverse 99 lemma [43]
that there is a smooth function f on C(S) with rd,f = £f = 0 and p = 100f
(f is the pull-back of a basic function on S). But now efw”/n! defines a flat
metric on K¢(g), where recall that w is the Kahler form for g. There is thus
a multi-valued section Q of K, c(s) such that = Q®! is a global holomorphic

section of Ké(s), for some positive integer ¢ > 0, with ||2|] = 1. Using the
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fact that f is invariant under 70, and that w is homogeneous degree 2, the
equality

D28 0§ = oY
2n( 1) QNQ=e o
implies that L5, = ntS. O

1.5. 3-Sasakian manifolds. In dimensions of the form n = 2p, so
dim S = 4p — 1, there exists a special class of Sasaki-Einstein manifolds
called 3-Sasakian manifolds:

DEFINITION 1.12. A Riemannian manifold (S, g) is 3-Sasakian if and
only if its metric cone (C(S) = Rsg x S, § = dr? + r?g) is hyperKéhler.

This implies that the cone has complex dimension n = 2p, or real di-
mension 4p, and that the holonomy group Hol(g) C Sp(p) C SU(2p). Thus
3-Sasakian manifolds are automatically Sasaki-Einstein. The hyperKahler
structure on the cone descends to a 3-Sasakian structure on the base of the
cone (5,¢). In particular, the triplet of complex structures gives rise to a
triplet of Reeb vector fields (&1, &2, &3) whose Lie brackets give a copy of the
Lie algebra su(2). There is then a corresponding 3-dimensional foliation,
whose leaf space is a quaternionic Kahler manifold or orbifold. This extra
structure means that 3-Sasakian geometry is rather more constrained, and
it is somewhat more straightforward to construct examples. In particular,
rich infinite classes of examples were produced in the 1990s via a quotient
construction (essentially the hyperKahler quotient). A review of those de-
velopments was given in a previous article in this journal series [14], with
a more recent account appearing in [19]. We note that the first non-trivial
dimension for a 3-Sasakian manifold is dim S = 7, and also that 3-Sasakian
manifolds are automatically regular or quasi-regular as Sasaki-Einstein man-
ifolds (indeed, the first quasi-regular Sasaki-Einstein manifolds constructed
were 3-Sasakian 7-manifolds). We will therefore not discuss 3-Sasakian ge-
ometry any further in this article, but focus instead on the construction of
Sasaki-Einstein manifolds that are not 3-Sasakian.

1.6. Killing spinors. For applications to supergravity theories one
wants a slightly stronger definition of Sasaki-Einstein manifold than we have
given above. This is related to the following:

DEFINITION 1.13. Let (S, g) be a complete Riemannian spin manifold.
Denote the spin bundle by .S and let 1) be a smooth section of ..S. Then
1) is said to be a Killing spinor if for some constant «

(1.14) Vyth =aY -1,

for every vector field Y, where V denotes the spin connection of g and
Y -4 is Clifford multiplication of Y on . One says that ¢ is imaginary if
a € Im(C*), parallel if & = 0, or real if o € Re(C*).
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It is a simple exercise to show that the existence of such a Killing spinor
implies that g is Einstein with constant A = 4(m — 1)a?, where m = dim S.
In particular, the existence of a real Killing spinor implies that (5,¢) is a
compact Einstein manifold with positive Ricci curvature. The relation to
Sasaki-Einstein geometry is given by the following result of [6]:

THEOREM 1.14. A complete simply-connected Sasaki-FEinstein manifold
admits at least 2 linearly independent real Killing spinors with a = —i—%, —%
form=2p—1 and a = +%,—|—% for n = 2p, respectively. Conversely, a
complete Riemannian spin manifold admitting such Killing spinors in these
dimensions is Sasaki-Einstein with Hol(g) C SU(n).

Notice that in both cases Hol(g) C SU(n), so that in particular a simply-
connected Sasaki-Einstein manifold is indeed spin. Moreover, in this case
¢ =1 in Proposition 1.10 so that the singularity X = C(S) U {r = 0} is
Gorenstein. Indeed, a real Killing spinor on (S, g) lifts to a parallel spinor
on (C(S5),g) [6], and from this parallel spinor one can construct a nowhere
zero holomorphic (n,0)-form by “squaring” it. We refer the reader to [75]
for details.

When a Sasaki-Einstein manifold is not simply-connected the existence
of Killing spinors is more subtle. An instructive example is S°, equipped
with its standard metric. Here X = C3 is equipped with its flat Kéhler
metric. Denoting standard complex coordinates on C3 by (z1, 20, 23) we
may consider the quotient S°/Z,, where Z, acts by sending (21, 22, 23) +>
((z1,Cz2,Cz3) with ¢ a primitive gth root of unity. For ¢ = 2 this is the
antipodal map, giving RP® which is not even a spin manifold. In fact of all
these quotients only S® and S°/Z3 admit Killing spinors.

For applications to supergravity theories, a Sasaki-Einstein manifold is
in fact defined to satisfy this stronger requirement that it admits Killing
spinors. Of course, since 71(5) is finite by Myers’ Theorem [80], one may
always lift to a simply-connected cover, where Theorem 1.14 implies that
the two definitions coincide. We shall thus not generally emphasize this
distinction.

The reader might wonder what happens to Theorem 1.14 when the num-
ber of linearly independent Killing spinors is not 2. For simplicity we focus
on the simply-connected case. When n = 2p — 1, the existence of 1 Killing
spinor in fact implies the existence of 2 with opposite sign of «, so that
(S,9) is Sasaki-Einstein. If there are more than 2, or at least 2 with the
same sign of «, then (S,g) is the round sphere. When n = 4, so that
dim S = 7, it is possible for a Riemannian spin 7-manifold (.5, ¢) to admit
a single real Killing spinor, in which case (S, g) is said to be a weak Ga
holonomy manifold; the metric cone then has holonomy contained in the
group Spin(7) C SO(8). In all other dimensions of the form n = 2p, the
existence of 1 Killing spinor again implies the existence of 2, implying (S, g)
is Sasaki-Einstein. A simply-connected 3-Sasakian manifold has 3 linearly
independent Killing spinors, all with a = +%. If there are more than 3, or
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at least 2 with opposite sign of a, then again (S, g) is necessarily the round
sphere. For further details, and a list of references, the reader is referred to
[14].

2. Regular Sasaki-Einstein manifolds

2.1. Fano Kahler-Einstein manifolds. Theorem 1.5, together with
Proposition 1.9, implies that any regular Sasaki-Einstein manifold is the
total space of a principal U (1) bundle over a K&hler-Einstein manifold (Z, h).
On the other hand, Theorem 1.6 implies that the converse is also true. In
fact this construction of Einstein metrics on the total spaces of principal
U(1) bundles over Kéhler-Einstein manifolds is in the very early paper of
Kobayashi [62].

THEOREM 2.1. A complete reqular Sasaki- Einstein manifold (S, g) of di-
mension (2n—1) is the total space of a principal U(1) bundle over a compact
Kahler-Finstein manifold (Z,h,wz) with positive Ricci curvature Ricp, =
2nh, which is the leaf space of the Reeb foliation F¢. If S is simply-connected
then this U(1) bundle has first Chern class —nwz/ml(Z)] = —c1(Z)/1(Z),
where [(Z) € Z~q is the Fano index of Z.

Conversely, if (Z,h,wz) is a complete simply-connected Kihler-Einstein
manifold with positive Ricci curvature Ricy, = 2nh, then let m : S — Z
be the principal U(1) bundle with first Chern class —ci1(Z)/I(Z). Then
g=7"h+n®n is a reqgular Sasaki-Einstein metric on the simply-connected
manifold S, where 1 is the connection 1-form on S with curvature dn =
2wy .

Recall here:

DEFINITION 2.2. A Fano manifold is a compact complex manifold Z
with positive first Chern class ¢1(Z) > 0. The Fano index I(Z) is the
largest positive integer such that ¢1(Z)/I(Z) is an integral class in the group
of holomorphic line bundles Pic(Z) = H*(Z,Z) N HYY(Z,R).

In particular, Kéhler-Einstein manifolds with positive Ricci curvature
are Fano. Notice that the principal U(1) bundle in Theorem 2.1 is that
associated to the line bundle K é/ I(Z), where K7 is the canonical line bundle
of Z. Also notice that by taking a Z,, C U(1) quotient of a simply-connected
S in Theorem 2.1, where U(1) acts via the free Reeb action, we also obtain

a regular Sasaki-Einstein manifold with w1 (S/Zy,) & Z,; this is equivalent
to taking the mth power of the principal U(1) bundle, which has associated

line bundle K7Zn/ 1z However, the Killing spinors on (.S, g) guaranteed by
Theorem 1.14 are invariant under Z,, only when m divides the Fano index
I(Z). Only in these cases is the quotient Sasaki-Einstein in the stronger
sense of admitting a real Killing spinor.

Via Theorem 2.1 the classification of regular Sasaki-Einstein manifolds
effectively reduces to classifying Fano Kéahler-Einstein manifolds. This is a
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rich and deep subject, which is still very much an active area of research.
Below we give a brief overview of some key results.

2.2. Homogeneous Sasaki-Einstein manifolds.

DEFINITION 2.3. A Sasakian manifold S is said to be homogeneous if
there is a transitively acting group G of isometries preserving the Sasakian
structure.

If S is compact, then G is necessarily a compact Lie group. We then
have the following theorem of [15]:

THEOREM 2.4. Let (S,q') be a complete homogeneous Sasakian mani-
fold with Ricy > € > —2. Then (S,g’) is a compact regular homogeneous
Sasakian manifold, and there is a homogeneous Sasaki-FEinstein metric g
on S that is compatible with the underlying contact structure. Moreover, S
is the total space of a principal U(1) bundle over a generalized flag mani-
fold K/P, equipped with its Kdhler-Finstein metric. Via Theorem 2.1, the
converse is also true.

Recall here that a generalized flag manifold K /P is a homogeneous space
where K is a complex semi-simple Lie group, and P is any complex sub-
group of K that contains a Borel subgroup (so that P is a parabolic sub-
group of K). It is well-known that K/P is Fano and admits a homogeneous
Kéhler-Einstein metric [12]. Conversely, any compact homogeneous simply-
connected Kéahler-Einstein manifold is a generalized flag manifold. The met-
ric on K/P is G-invariant, where G is a maximal compact subgroup of K,
and one can write K/P = G/H for appropriate subgroup H.

In low dimensions Theorem 2.4 leads [14] to the following list, well-
known to supergravity theorists:

COROLLARY 2.5. Let (S,g) be a complete homogeneous Sasaki-Einstein
manifold of dimension 2n — 1. Then S is a principal U(1) bundle over
(1) CP! when n = 2,
(2) CP? or CP! x CP! when n =3,
(3) CP3, CP? x CP!, CP* x CP! x CP!, SU(3)/T?, or the real Grass-
mannian Gra(R%) of 2-planes in RS when n = 4.

2.3. Regular Sasaki-Einstein 5-manifolds. As mentioned in the in-
troduction, regular Sasaki-Einstein 5-manifolds are classified [45, 9]. This is
thanks to the classification of Fano Kéhler-Einstein surfaces due to Tian-Yau
[99, 100, 103].

THEOREM 2.6. Let (S, g) be a reqular Sasaki-Einstein 5-manifold. Then
S = S/Zy,, where the universal cover (S, g) is one of the following:

(1) S5 equipped with its standard round metric. Here Z = CP? equipped
with its standard Fubini-Study metric.
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(2) The Stiefel manifold Va(R*) =2 S%x S of 2-frames in R*. Here Z =
CP! x CP' equipped with the symmetric product of round metrics
on each CP! = §2.

(3) The total space Sy of the principal U(1) bundles Sy, — Py, for
3 < k <8, where P, = CP?#kCP? is the k-point blow-up of CP?.
For each complex structure on these del Pezzo surfaces there is a
unique Kdahler-Einstein metric, up to automorphism [93, 99, 100,
103], and a corresponding unique Sasaki-Einstein metric g on Sy =
#k (82 X 53). In particular, for 5 < k < 8 by varying the complex
structure this gives a complex 2(k—4)-dimensional family of reqular
Sasaki-Finstein structures.

Cases (1) and (2) are of course the 2 homogeneous spaces listed in (2)
of Corollary 2.5, and so the metrics are easily written down explicitly. The
Sasaki-Einstein metric in case (2) was first noted by Tanno in [98], although
in the physics literature the result is often attributed to Romans [89]. In the
latter case the manifold is referred to as T'!, the TP? being homogeneous
Einstein metrics on principal U(1) bundles over CP' x CP! with Chern
numbers (p,q) € Z ® Z = H*(CP' x CP!,Z). This is a generalization of the
Kobayashi construction [62], and was further generalized to torus bundles by
Wang-Ziller in [109]. The corresponding Ricci-flat Kihler cone over T1! has
the complex structure of the quadric singularity {27+ 23 +23+ 27 = 0} c C*
minus the isolated singular point at the origin. This hypersurface singularity
is called the “conifold” in the string theory literature, and there are literally
hundreds of papers that study different aspects of string theory on this space.

The Kéhler-Einstein metrics on del Pezzo surfaces in (3) are known to
exist, but are not known in explicit form. The complex structure moduli
simply correspond to moving the blown-up points. The fact that Sy is
diffeomorphic to #k (S? x S?) follows from Smale’s Theorem [95]:

THEOREM 2.7. A compact simply-connected spin 5-manifold S with no
torsion in Ho(S,7Z) is diffeomorphic to #k (52 X 5’3).

The homotopy and homology groups of Sy are of course straightforward
to compute using their description as principal U(1) bundles over Pj.

By Theorem 1.14, in each case the simply-connected cover (S, g) admits
2 real Killing spinors. Only for m = 3 in case (1) and m = 2 in case (2) do
the Z,, quotients also admit such Killing spinors [45].

2.4. Existence of Kihler-Einstein metrics. For a Kéhler manifold
(Z,h,w,J) the Einstein equation Ricj, = kh is of course equivalent to the
2-form equation p;, = kwy,, where p, = —i00log det h denotes the Ricci form
of the metric h. Since the cohomology class [p] € H!(Z,R) of the Ricci
form equals 27wci(Z), it follows that on such a Kéhler-Einstein manifold
2mc1(Z) = k[w]. Notice that for k = 0 Z is Calabi-Yau (¢1(Z) = 0) and
there is no restriction on the Kahler class, while for k > 0 or k£ < 0 instead
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Z must be either Fano or anti-Fano (¢1(Z) < 0), respectively, and in either
case here the Kahler class is fixed uniquely.

Suppose that w = wy, is a Kéhler 2-form on Z with k[w] = 27¢;(Z) €
H'“'(Z,R). By the 90 lemma, there exists a global real function f € C*®(Z
such that

(2.1) pn — Kwp, = 100f .

The function f is often called the discrepancy potential. 1t is unique up to
an additive constant, and the latter may be conveniently fixed by requiring,
for example, [, (e/ —1) wp™! = 0, where dim¢ Z = n — 1. Notice that
f is essentially the same function f appearing in the proof of Proposition
1.10. (More precisely, the function there is the pull-back of f here under the
C* =R x U(1) quotient C(S) — Z for a regular Sasakian structure with
leaf space Z.)

On the other hand, if g is a Kéhler-Einstein metric, with [wg] = [wp] and
pg = Kwy, then the 90 lemma again gives a real function ¢ € C°°(Z) such
that

(2.2) wy — wp, = 100¢ .
Thus pp, — pg = i00(f — k), or relating the volume forms as w
with F' € C°°(Z) equivalently

100F = i00(f — ko) .
This implies F' = f — k¢ + ¢ with ¢ a constant. Again, this may be fixed by
requiring, for example,

(2.3) /Z (ef—“¢ - 1) Wl =0

We have then shown the following:

n—1 _ F, n—1
g T € W

PROPOSITION 2.8. Let (Z,J) be a compact Kéihler manifold, of dimen-
ston dimc Z = n — 1, with Kdhler metrics h, g in the same Kdhler class,
[wi] = [wy] € HYY(Z,R), and with klwp] = 2mc1(Z). Let f,¢ € C®(Z) be
the functions defined via (2.1) and (2.2), and with the relative constant of
f— ko fized by (2.3). Then the metric g is Kdhler-FEinstein with constant K
if and only if ¢ satisfies the Monge-Ampére equation

n—1 _ _f—k¢, n—1
wg S =e wy

or equivalently
. ¢
det (hl] + Bziazj) f—ko
= e y

where z1,...,zp_1 are local complex coordinates on Z.

(2.4)

For xk < 0 this problem was solved independently by Aubin [4] and Yau
[110]. Without loss of generality, we may rescale the metric so that kK = —1
and then state:
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THEOREM 2.9. Let (Z,J) be a compact Kdhler manifold with c¢1(Z) < 0.
Then there exists a unique Kdhler-Einstein metric with pg = —wy.

The proof relies on the Maximum Principle. The Calabi-Yau case x = 0
is substantially harder, and was proven in Yau’s celebrated paper:

THEOREM 2.10. Let (Z,J) be a compact Kdhler manifold with ¢,(Z) = 0.
Then there exists a unique Ricci-flat Kahler metric in each Kdhler class.

On the other hand, the problem for x > 0 is still open. In particular,
there are known obstructions to solving the Monge-Ampere equation (2.4)
in this case. On the other hand, it is known that if there is a solution, it
is unique up to automorphism [5]. In the remainder of this section we give
a very brief overview of the Fano x > 0 case, referring the reader to the
literature for further details.

In [76] Matsushima proved that for a Fano Kéhler-Einstein manifold the
complex Lie algebra a(Z) of holomorphic vector fields is the complexification
of the Lie algebra of Killing vector fields. Since the isometry group of a com-
pact Riemannian manifold is a compact Lie group, in particular this implies
that a(Z) is necessarily reductive; that is, a(Z) = Z(a(2)) & [a(Z), a(Z)],
where Z(a(Z)) denotes the centre. The simplest such obstructed examples
are in fact the 1-point and 2-point blow-ups of CP? that are not listed in
Theorem 2.6, despite these being Fano surfaces. Matsushima’s result implies
that the isometry group of a Fano Kahler-Einstein manifold is a maximal
compact subgroup of the automorphism group.

Another obstruction, also related to holomorphic vector fields on Z, is
the Futaki invariant of [47]. If { € a(Z) is a holomorphic vector field then
define

(2.5) F(Q) = /Z (e,

where f is the discrepancy potential defined via (2.1). The function F is
independent of the choice of Kéhler metric h in the Kéhler class [wy], and
defines a Lie algebra homomorphism F : a(Z) — C. For this reason it is
also sometimes called the Futaki character. Moreover, Mabuchi [69] proved
that the nilpotent radical of a(Z) lies in ker F, so that F is completely
determined by its restriction to the maximal reductive subalgebra. Since F
is a Lie algebra character, it also vanishes on the derived algebra [a(Z), a(Z)],
and therefore the Futaki invariant is determined entirely by its restriction to
the centre of a(Z). In practice, F may be computed via localization; see, for
example, the formula in [102]. Clearly f is constant for a Kéhler-Einstein
metric, and thus the Futaki invariant must vanish in this case. Indeed, both
the 1-point and 2-point blow-ups of CP? also have non-zero Futaki invariants,
and are thus obstructed this way also. The Futaki invariant will turn out
to be closely related to a natural construction in Sasakian geometry, that
generalizes to the quasi-regular and irregular cases.
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Since both obstructions above are related to the Lie algebra of holomor-
phic vector fields on the Fano Z, there was a conjecture that in the absence
of holomorphic vector fields there would be no obstruction to the existence
of a Kéhler-Einstein metric. However, a counterexample was later given by
Tian in [101].

In fact it is currently believed that a Fano manifold Z admits a Kéhler-
FEinstein metric if and only if it is stable, in an appropriate geometric invari-
ant theory sense. This idea goes back to Yau [111], and has been developed
by Donaldson, Tian, and others. It is clearly beyond the scope of this article
to describe this still very active area of research. However, the basic idea
is to use ng for £ > 0 to embed Z into a large complex projective space
CPM: via its space of sections (the Kodaira embedding). Then stability of
Z is taken in the geometric invariant theory sense, for the automorphisms
of these projective spaces, as k — oo. A stable orbit should contain a zero
of a corresponding moment map, and in the present case this amounts to
saying that by acting with an appropriate automorphism of CP™V* a stable
Z can be moved to a balanced embedding, in the sense of Donaldson [40].
For a sequence of balanced embeddings, the pull-back of the Fubini-Study
metric on CP* as k — oo should then approach the Kihler-Einstein metric
on Z. The precise notion of stability here is called K-stability.

In practice, even if the above stability conjecture was settled it is diffi-
cult to check in practice for a given Fano manifold. More practically, one
can sometimes prove existence of solutions to (2.4) in appropriate examples
using the continuity method. Thus, for appropriate classes of examples,
one can often write down sufficient conditions for a solution, although these
conditions are in general not expected to be necessary. This will be the
pragmatic approach followed in the next section when we come to discuss
the extension to quasi-regular Sasakian manifolds, or rather their associated
Fano Kahler-Einstein orbifolds.

However, there are two classes of examples in which necessary and suf-
ficient conditions are known. The first is the classification of Fano Kahler-
Finstein surfaces already mentioned. One may describe this result by saying
that a Fano surface admits a Kéhler-Einstein metric if and only if its Futaki
invariant is zero. The second class of examples are the toric Fano man-
ifolds. Here a complex (n — 1)-manifold is said to be toric if there is a
biholomorphic (C*)"~! action with a dense open orbit. Then a toric Fano
manifold admits a Kéhler-Einstein metric if and only if its Futaki invari-
ant is zero [108]. The Kéhler-Einstein metric is invariant under the real
torus subgroup T"~! c (C*)"~!. We shall see that this result generalizes
to the quasi-regular and irregular Sasakian cases, and so postpone further
discussion to later in the article.

Otherwise, examples are somewhat sporadic (as will be the case also
in the next section). As an example, the Fermat hypersurfaces Fy, =
{28+ -+ 2% = 0} C CP" are Fano provided d < n, and Nadel [81]
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has shown that these admit Kéahler-Einstein metrics if n/2 < d < n. It
is straightforward to compute the homology groups of the corresponding
regular Sasaki-Einstein manifolds Sy, [15]. In particular, in dimension 7
(n = 4) one finds examples of Sasaki-Einstein 7-manifolds with third Betti
numbers b3(Sy4) = 60, b3(S34) = 10 (notice Sy, corresponds to a quadric,
and is homogeneous).

Finally, we stress that in any given dimension there are only finitely
many (deformation classes of) Fano manifolds [65]. Thus there are only
finitely many Ké&hler-Einstein structures, and hence finitely many reqular
Sasaki-Einstein structures, up to continuous deformations of the complex
structure on the Kihler-Einstein manifold. This result is no longer true
when one passes to the orbifold category, or quasi-regular case.

3. Quasi-regular Sasaki-Einstein manifolds and hypersurface
singularities

3.1. Fano Kaihler-Einstein orbifolds. Recall that a quasi-regular
Sasakian manifold is a Sasakian manifold whose Reeb foliation has com-
pact leaves, but such that the corresponding U (1) action is only locally free,
rather than free. As in the previous section, Theorem 1.5 and Proposition
1.9 imply that the leaf space of a quasi-regular Sasaki-Einstein manifold is a
compact Kéhler-Einstein orbifold (Z, h). The main tool in this section will
be the converse result obtained using the inversion Theorem 1.6:

THEOREM 3.1. Let (Z,h,wz) be a compact simply-connected (7™ (Z)
trivial) Kdahler-FEinstein orbifold with positive Ricci curvature Ricy, = 2nh.
Let m : S — Z be the principal U(1) orbibundle with first Chern class
—c1(2)/1(Z) € H2,(Z,Z). Then (S,g =7*h+n®mn) is a compact simply-
connected quasi-reqular Sasaki-Einstein orbifold, where n is the connection
1-form on S with curvature dn = 2n*wyz. Furthermore, if all the local uni-
formizing groups inject into U(1) then the total space S is a smooth manifold.

Here the orbifold Fano index I(Z) is defined in a precisely analogous way
to the manifold case: it is the largest positive integer such that ¢1(Z)/I1(Z)
defines an integral class in the orbifold Picard group H2, (Z,Z)NH"(Z,R).
As in the regular case, the principal U(1) orbibundle appearing here is that

associated to the complex line orbibundle (K%rb) 1 I(Z).

Here we make the important remark that canonical line orbibundle of Z,
K %rb, is not necessarily the same as the canonical line bundle defined in the
algebro-geometric sense. The difference between the two lies in the fact that
complex codimension one orbifold singularities are not seen by the canonical
line bundle, owing to the simple fact that C/Z,, = C as an algebraic variety.
More specifically, let the complex codimension one singularities of Z be along
divisors D;, and suppose that D; has multiplicity m; in the above sense. In
particular, a Kéhler-Einstein orbifold metric on Z will have a 27/m; conical
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singularity along D;. Then

1
K%rb:KZ+Z<1—m>DZ-.
i (2

The D; are known as the ramification divisors. A Fano Kéhler-Einstein
orbifold is then Fano in the sense that (K%rb)_l is positive, which is not

the same condition as K;l being positive. Also, the Fano indices in the two
senses will not in general agree.

3.2. The join operation. As already mentioned, the first examples of
quasi-regular Sasaki-Einstein manifolds were the quasi-regular 3-Sasakian
manifolds constructed in [24]. The first examples of quasi-regular Sasaki-
Finstein manifolds that are not 3-Sasakian were in fact constructed using
these examples, together with the following Theorem of [15]:

THEOREM 3.2. Let 81, Sa be two simply-connected quasi-regular Sasaki-
Einstein manifolds of dimensions 2ny — 1, 2ng — 1, respectively. Then there
is a natural operation called the join which produces in general a simply-
connected quasi-reqular Sasaki-FEinstein orbifold Sy Sa of dimension 2(n; +
ny) — 3. The join is a smooth manifold if and only if

(31) ng (OI‘d(Zl)lg,OI'd(Zg)ll) =1 N

where l; = 1(Z;)/ged(I(Z1),1(Z2)) are the relative orbifold Fano indices of
the Kdhler-Finstein leaf spaces Z1, Zs.

Recall here that ord(M) denotes the order of M as an orbifold (see
section 1.3).

The proof of this result follows from the simple observation that given
two Kéhler-Einstein orbifolds (Z1, h1), (Z2, ha), the product Z; x Zs carries
a direct product Kéahler-Einstein metric which is the sum of h; and ho, af-
ter an appropriate constant rescaling of each. The join is then the unique
simply-connected Sasaki-Einstein orbifold obtained by applying the inver-
sion Theorem 3.1. The smoothness condition (3.1) is simply a rewriting of
the condition that the local uniformizing groups inject into U(1), given that
this is true for each of S, S». In particular, note that if Sy is a regular
Sasaki-Einstein manifold (ord(Z;) = 1) and I(Z2) divides I(Z;) then the
join is smooth whatever the value of the order of Z,.

The join construction can produce interesting non-trivial examples. For
example, the homogeneous Sasaki-Einstein manifold in (2) of Theorem 2.6
is simply S3 % 52, with the round metric on each S3. More importantly, the
join of a quasi-regular 3-Sasakian manifold with a regular Sasaki-Einstein
manifold (such as S3) gives rise to a quasi-regular Sasaki-Einstein manifold
by the observation at the end of the previous paragraph. However, this
particular construction produces new examples of Sasaki-Einstein manifolds
only in dimension 9 and higher.
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3.3. The continuity method for Kihler-Einstein orbifolds. The
Proposition 2.8 holds also for compact Kéahler orbifolds, with an identical
proof. Thus also in the orbifold category, to find a Kéhler-Einstein metric on
a Fano orbifold one must similarly solve the Monge-Ampeére equation (2.4).
Of course, since necessary and sufficient algebraic conditions on Z are not
even known in the smooth manifold case, for orbifolds the pragmatic ap-
proach of Boyer, Galicki, Kollar and their collaborators is to find a sufficient
condition in appropriate classes of examples. Also as in the smooth manifold
case, one can use the continuity method to great effect. Our discussion in
the remainder of this section will closely follow [19].

Suppose, without loss of generality, that we are seeking a solution to
(2.4) with k = 1. Then the continuity method works here by introducing
the more general equation

- ¢
= e y

(3.2)

where now ¢ € [0,1] is a constant parameter. We wish to solve the equation
with ¢ = 1. We know from Yau’s proof of the Calabi conjecture [110]
that there is a solution with ¢ = 0. The classic continuity argument works
by trying to show that the subset of [0,1] where solutions exist is both
open and closed. In fact openness is a straightforward application of the
implicit function theorem. On the other hand, closedness is equivalent to

the integrals
—t -1
/e ’Y¢tw8
z

being uniformly bounded, for any constant v € ((n — 1)/n,1). Here wy
denotes the Kahler form for hg, the metric given by Yau’s result. Nadel
interprets this condition in terms of multiplier ideal sheaves [81].

This was first studied in the case of Fano orbifolds by Demailly-Kollar
[38], and indeed it is their results that led to the first examples of quasi-
regular Sasaki-Einstein 5-manifolds in [17]. The key result is the following:

THEOREM 3.3. Let Z be a compact Fano orbifold of dimension dime Z =
n—1. Then the continuity method produces a Kdhler-FEinstein orbifold metric
on Z if there is a v > (n — 1)/n such that for every s > 1 and for every

holomorphic section T4 € H° <Z, (KgP) _s)

(3.3) / 275 < oo
Z

For appropriate classes of examples, the condition (3.3) is not too diffi-
cult to check. We next introduce such a class.

3.4. Links of weighted homogeneous hypersurface singularities.
Let w; € Z~g, 1 =0,...,n, be a set of positive integers. We regard these as
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a vector w € (Zs)" 1. There is an associated weighted C* action on C"*!
given by

(3.4) C"M 5 (20,...,20) = (A2, ..., A""2,) ,
where A € C* and the w; are referred to as the weights. Without loss of
generality one can assume that ged(wyp,...,w,) = 1, so that the C* action

is effective, although this is not necessary.

DEFINITION 3.4. A polynomial F' € C[zy, ..., z,] is said to be a weighted
homogeneous polynomial with weights w and degree d € Z~g if

F (A2, ..., A 2,) = AN F(20,...,2) .

We shall always assume that F' is chosen so that the affine algebraic
variety

(3.5) Xp={F=0}ccrt!
is smooth everywhere except at the origin in C"*1.

DEFINITION 3.5. The hypersurface given by (3.5) is called a quasi-
homogeneous hypersurface singularity. The link Lp of the singularity is
defined to be

(3.6) Lp ={F=0}ng&*>*!
where S?"1 = {3°" | |z]* =1} € C"*! is the unit sphere.

Lp is a smooth (2n — 1)-dimensional manifold, and it is a classic result
of Milnor [78] that Lp is (n — 2)-connected. Indeed, the homology groups
of Ly were computed in [78, 79] in terms of the so-called monodromy map.

A particularly nice such set of singularities are the so-called Brieskorn-
Pham singularities. These take the particular form

(3.7) F= izj‘ ,
i=0

where a € (Z)"*!. Thus the weights of the C* action are w; = d/a;
where d = lem{a; }. The corresponding hypersurface singularities are always
isolated, as is easy to check. In this case it is convenient to denote the link
by Lr = L(a). Moreover, to the vector a one associates a graph G(a) with
n+1 vertices labelled by the a;. Two vertices a;, a; are connected if and only
if ged(ai, aj) > 1. We denote the connected component of G(a) determined
by the even integers by Ceven; all even integer vertices are contained in
Ceven, although Ceyen may of course contain odd integer vertices also. The
following result is due to Brieskorn [30] (although see also [39]):

THEOREM 3.6. The following are true:

(1) The link L(a) is a rational homology sphere if and only if either
G(a) contains at least one isolated point, or Ceyen has an odd num-
ber of vertices and for any distinct a;, aj € Ceven, gcd(ai, aj) = 2.
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(2) The link L(a) is an integral homology sphere if and only if either
G(a) contains at least two isolated points, or G(a) contains one
isolated point and Ceven has an odd number of vertices and a;,a; €
Ceven implies ged(ai, aj) =2 for any distinct i, j.

A simply-connected integral homology sphere is also a homotopy sphere,
by the Hurewicz isomorphism theorem and the Whitehead theorem. Hence
by the higher-dimensional versions of the Poincaré conjecture, a simply-
connected integral homology sphere is in fact homeomorphic to the sphere.
In particular, Theorem 3.6 says which a lead to homotopy spheres L(a).
Again, classical results going back to Milnor [77] and Smale [94] show that
in every dimension greater than 4 the differentiable homotopy spheres form
an Abelian group, where the group operation is given by the connected
sum. There is a subgroup consisting of those which bound parallelizable
manifolds, and these groups are known in every dimension [61]. They are
distinguished by the signature 7 of a parallelizable manifold whose boundary
is the homotopy sphere. There is a natural choice in fact (the Milnor fibre
in Milnor’s fibration theorem [78]), and Brieskorn computed the signature
in terms of a combinatorial formula involving the {a;}. Many of the results
quoted in the introduction involving rational homology spheres and exotic
spheres are proven this way. Let us give a simple example:

EXAMPLE 3.7. By Theorem 3.6 the link L(6k — 1,3,2,2,2) is a homo-
topy 7-sphere. Using Brieskorn’s formula one can compute the signature
of the associated Milnor fibre, with the upshot being that all 28 oriented
diffeomorphism classes on S7 are realized by taking k = 1,2,...,28.

Returning to the general case in Definition 3.5, the fact that Ly has a
natural Sasakian structure was observed as long ago as reference [96]. We
begin by noting that C"*! (minus the origin) has a Kihler cone metric that
is a cone with respect to the weighted Euler vector field

n
(3.8) f&: = Z wipiapi s
i=0
where z; = p;exp(if;), i = 0,...,n. The Ké&hler form is %i@éﬁ where

7 is a homogeneous degree 2 function under (3.8), and a natural choice

is 7 =", p?/ “. The holomorphic vector field (i1+ J)7d7 of course
generates the weighted C* action (3.4), and by construction the hypersurface
Xp is invariant under this C* action. Thus the Kéhler metric inherited by
Xp via its embedding (3.5) is also a Ké&hler cone with respect to this C*
action, which in turn gives rise to a Sasakian structure on Lp.

On the other hand, the quotient of C**1\ {0} by the weighted C* action
is by definition the weighted projective space P(w) = CP?! wn]” There is

[U)(),..-,



SASAKI-EINSTEIN MANIFOLDS 27

a corresponding commutative square
LF 52n+1

(3.9) T
ZF — P(W),

where the horizontal arrows are Sasakian and Kéhlerian embeddings, re-
spectively, and the vertical arrows are orbifold Riemannian submersions.
Here Zp is simply the hypersurface {F = 0}, now regarded as defined in
the weighted projective space, so Zp = {F = 0} C P(w). Thus Zp is a
weighted projective variety.

We are of course interested in the case in which Zp is Fano:

PROPOSITION 3.8. The orbifold Zr is Fano if and only if |w| —d > 0,
where |w| = Y"1 w;.

This was proven in [22], but a simpler method of proof [53] that bypasses
the orbifold subtleties is to use Proposition 1.10. Indeed, Xr is Gorenstein
since the smooth locus X\ {0} is equipped with a nowhere zero holomorphic
(n,0)-form, given explicitly in a coordinate chart in which the denominator
is nowhere zero by

dzi A+ Adzy,
(3 O) 8F/8Z0

One has similar expressions in charts in which 0F/0z; # 0, and it is straight-
forward to check that these glue together into a global holomorphic volume
form on Xr \ {0}. Since 70rz; = w;z; and F has degree d, it follows from
(3.10) that

(3.11) Lio 0= (lw] —d)Q .

As in the proof of Proposition 1.10, positivity of |w| — d is then equiva-
lent to the Ricci form on Zp being positive. Indeed, via a D-homothetic
transformation we may define r = 7® to be a new Kahler potential, where
a = (Jw| — d)/n, so that the new Reeb vector field is
n ~

and L¢) = inQ). The resulting Kéhler metric on Zp now satisfies [pz] =
2nfwz] € HYY(Z,R). One may then ask when this metric can be deformed to
a Kéhler-Einstein metric, thus giving a quasi-regular Sasaki-Einstein metric
on Lp. Although in general necessary and sufficient conditions are not
known, Theorem 3.3 gives a sufficient condition that is practical to check.

3.5. Quasi-regular Sasaki-Einstein metrics on links. Theorem 3.3
was used by Demailly-Kolldr in their paper [38] to prove the existence of
Kaéhler-Einstein orbifold metrics on certain orbifold del Pezzo surfaces, real-
ized as weighted hypersurfaces in CIP’?wO’wl’w%w]. More precisely, they pro-
duced precisely 3 such examples. The very first examples of quasi-regular
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Sasaki-Einstein 5-manifolds were constructed in [17] using this result, to-
gether with the inversion Theorem 3.1. The differential topology of the
corresponding links can be analyzed using the results described in the pre-
vious section, together with Smale’s Theorem 2.7, resulting in 2 non-regular
Sasaki-Einstein metrics on S? x §3, and 1 on #2 (52 X 5’3). An avalanche of
similar results followed [3, 18, 25, 26, 27, 59, 60|, classifying all such log
del Pezzo surfaces (Fano orbifold surfaces with only isolated orbifold singu-
larities) for which Theorem 3.3 produces a Kahler-Einstein orbifold metric.
This led to quasi-regular Sasaki-Einstein structures on ##k (52 X 53) for all
1 <k <9. Compare to Theorem 2.6.

In [22] Theorem 3.3 was applied to the Brieskorn-Pham links L(a), giv-
ing the following remarkable result:

THEOREM 3.9. Let L(a) be a Brieskorn-Pham link, with weighted ho-
mogeneous polynomial given by (3.7). Denote ¢; = lem(ag, ..., a;,...,ay),
b; = ged(ay, ¢;), where as usual a hat denotes omission of the entry. Then
L(a) admits a quasi-reqular Sasaki-Einstein metric if the following condi-
tions hold:

(1) Yo >1,

(2) Yoo <1+ pyming{g-},

(3) Z?:O a%- <1+ %minm{%bj}.
The isometry group of the Sasaki-Finstein manifold is then 1-dimensional,
generated by the Reeb vector field.

The condition (1) is simply the Fano condition in Proposition 3.8, rewrit-
ten in terms of the a; = d/w;. Conditions (2) and (3) result from the condi-
tion in Theorem 3.3. The statement about the isometry group follows from
the fact that the K&hler orbifolds Z(a) have no continuous automorphisms.
It follows that the isometry group of the Kéhler-Einstein metric on Z(a) is
finite.

An important modification of this result follows from perturbing the
defining polynomial F' to

n
(3.12) F(a,p) = sz’ + (2055 2n) ,
i=0

where p is a weighted homogeneous polynomial of degree d. Then the above
Theorem holds also for the links of Xp = {F(a,p) = 0} c C"*L, pro-
vided the intersection of Xp with any number of hyperplanes {z; = 0} are
all smooth outside the origin. The polynomials p may depend on com-
plex parameters, which will then lead to continuous families of quasi-regular
Sasaki-Einstein manifolds in which there is a corresponding family of com-
plex structures on Xz or Zp. In fact similar remarks apply also to the log
del Pezzo examples that produce non-regular Sasaki-Einstein structures on
#k(SQXSB) for 1 <k<09.
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Theorem 3.9 gives only necessary conditions for existence; it is not ex-
pected that this result is sharp. On the other hand, subsequent work of
Ghigi-Kollar [54], combined with the Lichnerowicz obstruction of [53] that
we will describe in section 6, leads to the following:

THEOREM 3.10. Let L(a) be a Brieskorn-Pham link such that the {a;}
are pairwise relatively prime. Then L(a) is homeomorphic to S*"~' and
admits a Sasaki-FEinstein metric if and only if

"1 (1
1<Zafi<1+nm1ni a—i .
i=0

Of course, the topological statement here follows from the Brieskorn
Theorem 3.6.

Using Theorems 3.9 and 3.10 it is now straightforward to construct vast
numbers of new quasi-regular Sasaki-Einstein manifolds by simply finding
those a which satisfy the given inequalities. For example, for fixed dimen-
sion n one can show that there are only finitely many such a that, via the
Brieskorn result, give rise to homotopy spheres. With the aid of a computer
one can easily list all such examples in dimensions 5 and 7.

ExaMPLE 3.11. It is simple to check that the links L(2,3,7, k) are ho-
motopy spheres for any k that is relatively prime to at least 2 of {2,3,7}.
Moreover, for 5 < k < 41 these satisfy the conditions in Theorem 3.9, giving
27 examples of quasi-regular Sasaki-Einstein metrics on S°.

There are other examples also, given in [22], some of which have de-
formations in the sense of (3.12). There are 12 further examples satisfying
the conditions in Theorem 3.10 of the form L(2,3,5,k) for appropriate k.
Combining all these results [21] gives:

COROLLARY 3.12. There are at least 80 inequivalent families of Sasaki-
FEinstein structures on S°. Some of these admit continuous Sasaki-Einstein
deformations, the largest known of which depends on 5 complex parameters.

In dimension 7 the authors of [23] showed that there are 8610 inequiv-
alent families of Sasaki-Einstein structures on homotopy 7-spheres given by
Theorem 3.9, and moreover there are examples for each of the 28 oriented
diffeomorphism classes. More examples are produced using Theorem 3.10.
In particular:

ExaMPLE 3.13. The link L(2, 3,7,43,1333) is diffeomorphic to the stan-
dard 7-sphere. It admits a complex 41-dimensional family of Sasaki-Einstein
deformations.

Summarizing these results [21] gives:

COROLLARY 3.14. Each of the 28 oriented diffeomorphism classes on S”
admit several hundred inequivalent families of Sasaki- Finstein structures. In
each class, some of these admit continuous deformations. The largest such
family is that in FExample 3.13.
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Similar results hold also in higher dimensions, although the numbers
of solutions grows rapidly, prohibiting a complete list even in dimension 9.
However, one can show in particular that Sasaki-Einstein structures exist,
in vast numbers, on both the standard and exotic Kervaire spheres in every
dimension of the form 4m + 1. We refer the reader to [22] for details.

In [64] Kollar considered Kéhler-Einstein orbifold metrics on orbifolds
whose singularities are purely of complex codimension 1. Thus as algebraic
varieties these are smooth surfaces. This allows for considerably more com-
plicated topology than the log del Pezzo surfaces described at the beginning
of this section, and leads to:

THEOREM 3.15. For every k > 6 there are infinitely many complex (k —
1)-dimensional families of Sasaki-Einstein structures on #k (5'2 X 53).

Thus all of the manifolds in Theorem 2.7 admit Sasaki-Einstein struc-
tures. We shall give a very different proof of this in section 5, for which the
Sasaki-Einstein manifolds have an isometry group containing the torus T3.

We turn next to rational homology spheres. We begin with an example:

EXAMPLE 3.16. In every dimension the links L(m,m,....,m, k) are ra-
tional homology spheres provided ged(m, k) = 1. The conditions in Theorem
3.9 are satisfied if & > m(m —1). The homology groups H,,—1(L,Z) are tor-
sion groups of order kP»—1 where b,,_1 is the (m — 1)th Betti number of the
link L(m,m,...,m) [20].

The torsion groups here may be computed using [88]. This leads to the
following result of [20]:

COROLLARY 3.17. In every odd dimension greater than 3 there are in-
finitely many smooth compact simply-connected rational homology spheres
admiting Sasaki-Einstein structures.

In dimension 5 the classification Theorem 2.7 was extended to general
oriented simply-connected 5-manifolds by Barden [7]. With the additional
assumption of being spin, such 5-manifolds fall into 3 classes: rational homol-
ogy spheres; connected sums of S? x S2, as in Theorem 2.7; and connected
sums of these first two classes. Which of these diffeomorphism types of
general simply-connected spin 5-manifolds admit Sasaki-Einstein structures
has been investigated, with the most recent results appearing in [29]. In
particular, there is the following interesting result of Kollar [63]:

THEOREM 3.18. Let S be a simply-connected 5-manifold admitting a
transverse Fano Sasakian structure. Then Ha(S,Z)tor 1S isomorphic to one
of the following groups:

7%, 7375, 78,78, 2, 7, m>1,n>1.
In particular, this determines also the possible torsion groups for simply-

connected Sasaki-Einstein 5-manifolds. Precisely which of the manifolds in
the Smale-Barden classification could admit Sasaki-Einstein structures is
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listed in Corolloary 11.4.14 of the monograph [21], together with those for
which existence has been shown. Further results, again using weighted ho-
mogeneous hypersurface singularities, have been presented recently in [29].

4. Explicit constructions

4.1. Cohomogeneity one Sasaki-Einstein 5-manifolds. In the last
section we saw that quasi-regular Sasaki-Einstein structures exist in abun-
dance, in every odd dimension. It is important to stress that these are exis-
tence results, based on sufficient algebro-geometric conditions for solving the
Monge-Ampere equation (2.4) on the orbifold leaf space of a quasi-regular
Sasakian manifold that is transverse Fano. Indeed, the isometry groups
of the Sasaki-Einstein manifolds produced via this method in Theorem 3.9
are as small as possible, and this lack of symmetry suggests that it will be
difficult to write down solutions in explicit form.

On the other hand, given enough symmetry one might hope to find
examples of Sasaki-Einstein manifolds for which the metric and Sasakian
structure can be written down explicitly in local coordinates. Of course,
such examples will be rather special. We have already mentioned in The-
orem 2.4 that homogeneous Sasaki-Einstein manifolds are classified. The
next simplest case, in terms of symmetries, is that of cohomogeneity one.
By definition this means there is a compact Lie group G of isometries pre-
serving the Sasakian structure which acts such that the generic orbit has
real codimension 1. In fact the first explicit quasi-regular Sasaki-Einstein
5-manifolds constructed were of this form. The construction also gave the
very first examples of irregular Sasaki-Einstein manifolds, which had been
conjectured by Cheeger-Tian [32] not to exist. The following result was
presented in [50]:

THEOREM 4.1. There exist countably infinitely many Sasaki-Einstein
metrics on S?x S2, labelled by two positive integers p, q € Zo, ged(p,q) = 1,
q < p, giwen explicitly in local coordinates by

L=y 0o | 20,2 1 5 ) 2
e (d6” + sin® 6d¢”) + mdy + 9 (dy) — cos 0de)
(4.1) +w(y) [da + f(y) (dv — cos 8d9)]”
where
2(a — y?) _a—3y2+2y3 _a—2y+y2
w(y) Ty Q(?/)—a_—yQa f(y)—W,

and the constant a = ay 4 s

1 (p2 B 3q2) 2 2
(42) a = ap7q = 5 - T 4p - 3q .
The manifolds are cohomogeneity one under the isometric action of a Lie
group with Lie algebra su(2) ® u(1) @ u(l). The Sasakian structures are

quasi-reqular if and only if 4p*> — 3¢*> = m?, m € Z; otherwise they are
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irreqular of rank 2. In particular, there are countably infinite numbers of
quasi-reqular and irreqular Sasaki-Einstein structures on S? x S3.

We discovered these manifolds quite by accident, whilst trying to classify
a certain class of supergravity solutions [49]. It is not too difficult to check
that the metric in (4.1) is indeed Sasaki-Einstein, although a key point is
that the local coordinate system here is not in fact well-adapted to the
Sasakian structure. For example, the Reeb vector field is £ = 30, — %&1.
Instead these local coordinates are convenient for analysing when and how
this metric extends to a smooth complete metric on a compact manifold.

The metric in the first line of (4.1) can in fact be shown to be a smooth
complete metric on $? x S2, for any value of the constant a € (0, 1), by taking
0 € 10,7,y € [y1,y2], and the coordinates ¢ and 1) to be periodic with period
2m. Here y; < yo are the two smallest roots of the cubic appearing in the
numerator of the function ¢(y), the condition that a € (0, 1) guaranteeing in
particular that these roots are real. Geometrically, these coordinates natu-
rally describe a 4-manifold which is given by the 1-point compactifications of
the fibres of the tangent bundle of S?, T'S2. This results in an S? bundle over
S? that is topologically trivial. There is a natural action of SO(3) x U(1),
under which the metric is invariant, in which SO(3) acts in the obvious way
on T'S? and the U(1) acts on the fibre, the latter U(1) being generated by
the Killing vector field 9;. The 1-form in square brackets appearing in the
second line of (4.1) can then be shown to be proportional to a connection
1-form on the total space of a principal U(1) bundle over S? x S?, provided
a = apq is given by (4.2). The integers p and ¢ are simply the Chern num-
bers of this U(1) bundle, so naturally (p,q) € Z ® Z = H*(S? x S?,Z). It
is important here that w(y) > 0 for all y € [y1,y2]. It is also important to
stress that this principal U(1) bundle is not generated by the Reeb vector
field, and indeed the metric on S? x S? in the first line of (4.1) is neither
Kahler nor Einstein. Via the Gysin sequence and Smale’s Theorem 2.7, the
total space is diffeomorphic to S? x S? provided ged(p, q) = 1.

In a sense, the Sasaki-Einstein manifolds of Theorem 4.1 interpolate be-
tween the two 5-dimensional homogeneous Sasaki-Einstein manifolds given
in (1) and (2) of Theorem 2.6. More precisely, setting p = ¢ leads to a
Sasaki-Einstein orbifold S°/ Zap, with the round metric on S5, while ¢ = 0
instead leads to a Sasaki-Einstein orbifold which is a non-freely acting Z,
quotient of the homogeneous Sasaki-Einstein metric on Va(R%).

As stated in Theorem 4.1, the resulting Sasaki-Einstein manifolds are
cohomogeneity one under the effective isometric action of a compact Lie
group G with Lie algebra su(2) @ u(1) @ u(1l). In fact we have the following
classification result [36]:

THEOREM 4.2. Let (S, g) be a compact simply-connected Sasaki-Einstein
5-manifold for which the isometry group acts with cohomogeneity one. Then
(S,g) is isometric to one of the manifolds in Theorem 4.1.
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Much is known about the structure of cohomogeneity one manifolds, and
also the Einstein equations in this case; a review was presented in a previ-
ous article in this journal series [107]. The cohomogeneity one assumption
reduces the conditions for having a complete G-invariant Sasaki-Einstein
metric to solving a system of ordinary differential equations on an interval,
with certain boundary conditions at the endpoints of this interval. Here the
interval is parametrized by distance ¢ along a geodesic transverse to a generic
orbit of G. Denoting the stabilizer group of a point on a generic orbit by
H C G, then the manifold S has a dense open subset that is equivariantly
diffeomorphic to (tg,t1) x G/H. At the boundaries t = tg, t = t; of the in-
terval the generic orbit collapses to 2 special orbits G/Hy, G/H;. For this to
happen smoothly, Hi/H and Hs/H must both be diffeomorphic to spheres
of positive dimension. Choosing an Ady-invariant decomposition g = h+m,
a G-invariant metric on S is determined by a map from [to, 1] — S%(m)¥,
where the latter is the space of Adgy-invariant symmetric positive bilinear
maps on m. This has appropriate boundary conditions at ¢t =ty and t = ¢;
that guarantee the metric compactifies to a smooth metric on 5. We refer
the reader to [36] for a complete discussion in the case of Sasaki-Einstein 5-
manifolds. For the cohomogeneity one manifolds in Theorem 4.1 the special
orbits are located at y = y1, y = yo.

4.2. A higher dimensional generalization. Being Sasaki-Einstein,
the Reeb foliation F¢ for the manifolds in Theorem 4.1 is transversely
Kaéhler-Einstein. The Ké&hler-Einstein metric on a local leaf space is, af-
ter an appropriate local change of coordinates, given by

L—y

(4.3) g’ = —~ (d6? + sin? 0d¢?) +

+ w(yzl’J(y) (dy + L cos0de)” .
This local Kéhler metric is of Calabi form. By definition, the Calabi ansatz
[31] takes a Kéhler manifold (V, gy, wy) of complex dimension m and pro-

duces a local Kahler metric in complex dimension m + 1 given by

2
w(y)q(y) v

@) b= B+t Y W) (A7
o = (B ylev — 5dyAldy + 4)

Here A is a local 1-form on V with dA = 2wy, Y is an arbitrary function,
and 8 is a constant. If V is compact of course the 1-form A cannot be
globally defined on V. However, if (V,wy) is a Hodge manifold then by
definition wy is proportional to the curvature 2-form of a Hermitian line
bundle over V. In this case the 1-form dvy + A may be interpreted globally
as being proportional to the connection 1-form on the total space P of the
associated principal U(1) bundle. The Kahler metric (4.4) is then defined
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on (y1,y2) X P, where the function Y (y) is strictly positive on this interval
and yo < [ so that (8 — y) is also strictly positive.

The Kahler-Einstein metric (4.3) is locally of this form, where one takes
(V,gv) to be the standard Fubini-Study Kihler-Einstein metric on CP!,
normalized to have volume 27/3, 4Y (y) = w(y)q(y), and § = 1. The
metric is also cohomogeneity one, where the isometry group has Lie algebra
su(2) @ u(l). In fact this metric was constructed as early as [55], with
some global properties being discussed in [85]. One can replace (V, gy ) =
(CP*, JFubini—Study) by @ general Fano Kéhler-Einstein manifold of complex
dimension m. The metric h in (4.4) is then itself Kdhler-Einstein provided
Y satisfies an appropriate ordinary differential equation. Remarkably, this
equation can be solved explicitly in every dimension [10, 84], leading to a
local 1-parameter family of Kahler-Einstein metrics. However, in the latter
reference it was shown that this local metric extends to a complete metric on
a compact Fano manifold only for a particular member of this family, which
is then simply the homogeneous Fubini-Study metric on CP™ 1. This family
of local metrics was subsequently forgotten.

Given the above discussion, it is perhaps then unsurprising that the
construction of Sasaki-Einstein manifolds in Theorem 4.1 extends to a con-
struction of infinitely many Sasaki-Einstein manifolds, in every odd dimen-
sion 2n — 1 > 5, for every complete Fano Ké&hler-Einstein manifold (V, gy)
with dim¢c V' = n — 2. The following result was shown in [51], although the
more precise statement given here appeared later in [73]:

THEOREM 4.3. Let (V,gy) be a complete Fano Kdhler-FEinstein mani-
fold of complex dimension dimc V' = n —2 with Fano index I = I1(V'). Then
for every choice of positive integers p,k € Z~q satisfying Ip/2 < k < pl,
ged(p, k) = 1, there is an associated explicit complete simply-connected
Sasaki-Einstein manifold in dimension 2n — 1.

Theorem 4.1 is the special case in which (V, gy) = (CP!, GFubini—Study)
and where kK = p+ ¢. The proof is almost identical to the proof of Theorem
4.1. One uses the local 1-parameter family of Kéahler-Einstein metrics of
[10, 84] to write down a local 1-parameter family of Sasaki-Einstein metrics
in dimension 2n — 1. This is a local version of the inversion theorem: given
a (local) Kéhler-Einstein metric h with positive Ricci curvature Ricy, = 2nh
the local metric

(4.5) g=h+(dy+ A)?,

is Sasaki-Einstein, where A is a local 1-form with dA = 2wy. After an
appropriate change of local coordinates, one sees that this local metric can
be made into a complete metric on a compact manifold for a countably
infinite number of members of the family. This manifold is the total space
of a principal U(1) bundle over a manifold which is itself an S? bundle
over V. The latter is obtained from K‘}l by compactifying each fibre, and
the integers p, k specify the first Chern class of the principal U(1) bundle.
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Unlike the case n = 3 in Theorem 4.1, the homology groups of these Sasaki-
Einstein manifolds in general depend on p and k. Determining which of the
Sasakian structures are quasi-regular and which are irregular is equivalent
to determining whether a certain polynomial of degree n — 1, with integer
coefficients depending on p and k, has a certain root which is rational or
irrational, respectively [72].

4.3. Transverse Hamiltonian 2-forms. In [52, 34| it was noted that
the last construction may be extended further by replacing the Kéhler-
Einstein manifold (V, gy) by a finite set of Fano Kéhler-Einstein manifolds
(Vay9a), @ =1,..., N, and correspondingly extending Calabi’s Kéhler metric
ansatz. Moreover, in [37] (see also [70]) an infinite set of explicit cohomo-
geneity two Sasaki-Einstein metrics were presented on S? x S3. These have
isometry group T3. In [70] it was realized that there is a single geometric
structure that underlies all of these explicit constructions of Sasaki-Einstein
manifolds, namely a transverse Hamiltonian 2-form on the Kéhler leaf space
of the Reeb foliation.

Hamiltonian 2-forms were introduced in [2]:

DEFINITION 4.4. Let (Z, h,w,J) be a Kéhler manifold. A Hamiltonian
2-form ¢ is a real (1,1)-form that solves non-trivially the equation [2]

1
Vyo =3 (d Trod A JY? — d°Tryé A Yb) .

Here Y is any vector field, V denotes the Levi-Civita connection of h, and
Y® = h(Y,-) is the 1-form dual to Y.

In fact Hamiltonian 2-forms on K&hler manifolds are related to another
structure that is perhaps rather more well-known, especially to relativists:

PropoOSITION 4.5. A (1,1)-form ¢ is Hamiltonian if and only if ¢ +
(Try¢)w is closed and the symmetric 2-tensor S = J(¢ — (Try,¢)w) is a

Killing tensor; that is, Sym V.S = 0 (in components, V;Sjiy = 0).

The proof is an elementary calculation and may be found in [2]. In fact if
¢ is Hamiltonian then the (1,1)-form ¢ — 3 (Tr,¢) w a is conformal Killing 2-
form in the sense of [92]. In the relativity literature such a form is also called
a conformal Killing- Yano form. Again, this leads to an equivalence between
conformal Killing 2-forms of type (1, 1) and Hamiltonian 2-forms. Conformal
Killing tensors and forms generalize the notion of conformal Killing vectors.
The latter generate symmetries of the metric, and the same is true also of
Killing tensors, albeit in a more subtle way. For example, a classic early
result was that a Killing form gives rise to a quadratic first integral of the
geodesic equation [86].

The key result about Hamiltonian 2-forms is that their existence leads to
a very specific form for the Kahler metric h. Moreover, particularly relevant
for us is that the Kéhler-Einstein condition is then equivalent to solving a
simple set of decoupled ordinary differential equations. Below we just sketch
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how this works, referring the reader to [2] for details. We note that many
of the resulting ansétze for Kahler metrics had been arrived at prior to the
work of [2], both in the mathematics literature (as pointed out in [2]), and
also in the physics literature. The theory of Hamiltonian 2-forms unifies
these various approaches.

One first notes that if ¢ is a Hamiltonian 2-form, then so is ¢; = ¢ — tw
for any t € R. One then defines the momentum polynomial of ¢ to be

oy =" gy

Here m is the complex dimension of the Kéhler manifold and * is the Hodge
operator with respect to the metric h. It is then straightforward to show
that {p(t)} are a set of Poisson-commuting Hamiltonian functions for the
1-parameter family of Killing vector fields K (¢) = J grad;p(t). For a given
point in the K&hler manifold, these Killing vectors will span a vector sub-
space of the tangent space of the point; the maximum dimension of this
subspace, taken over all points, is called the order s of ¢. This leads to a
local Hamiltonian T* action on the K&hler manifold, and one may take a
(local) Kéhler quotient by this torus action. The reduced Kéhler space is a
direct product of N Kéhler manifolds that depends on the moment map level
at which one reduces, but only very weakly. The 2s-dimensional fibres turn
out to be orthotoric, which is a rather special type of toric Kéhler structure.
For further details, we refer the reader to reference [2]. However, the above
should give some idea of how one arrives at the following structure theorem
of [2]:

THEOREM 4.6. Let (Z,h,w,J) be a Kdhler manifold of complex di-
mension m with a Hamiltonian 2-form ¢ of order s. This means that
the momentum polynomial p(t) has s non-constant roots yi,...,ys. De-
note the remaining distinct constant roots by (1, ..., N, where (, has mul-
tiplicity mq, so that p(t) = pnc(t)pc(t) where pne(t) = [[7_1(t — yi) and
pe(t) = Hivzl(t —(q)™=. Then there are functions Fy, ..., Fs of one variable
such that on a dense open subset the Kdahler structure may be written

al | P (i) E(yi) [ 2
h = Puc(Ca)ga + dy? + = oi-1(9:)0;
; ; Fi(yi) p'(yi) ; T

N

N S
o= Yl Yo = 3G
a=l i=1

a=1

Here o; denotes the ith elementary symmetric function of the non-constant
T00ts Y1,...,Ys, and 0;_1(Y;) denotes the (j — 1)th elementary symmetric
function of the s — 1 roots {yy | k # i}. Moreover, (ga,ws) is a positive (or
negative) definite Kdhler metric on a manifold V, with dim¢ V, = my.
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In fact the Hamiltonian 2-form is simply

N s
¢ = Z Capnc(Ca)wa + Z (O'ido'l - dai+1) A 92 s
a=1

i=1
where 0541 = 0. What is remarkable about this ansatz for a Kéhler structure
is the following [2]:

PROPOSITION 4.7. The Kdahler metric in Theorem 4.6 1s Kdahler-Einstein
if foralli=1,...,s the functions F; satisfy

(4.6) FU(t) = pe(t) S byt
§=0
where b; are arbitrary constants (independent of i), and for alla=1,...,N

+(ga,wq) is Kdhler-Einstein with scalar curvature

S
Scalig, = Fma Y biCi " .
=0

In this case the Ricci form is pp = —%bow.

Of course, this result follows from direct local calculations. Notice that
(4.6) may immediately be integrated to obtain a local Kéhler-Einstein metric
that is completely explicit, up to the Kéahler metrics g,.

By taking m = n — 1 and by = —4n one can lift such local Kahler-
Finstein metrics of positive Ricci curvature to local Sasaki-Einstein metrics
in dimension 2n — 1 using (4.5). One may then ask when this local metric
extends to a complete metric on a compact manifold.

In fact all known (or at least known to the author) explicit constructions
of Sasaki-Einstein manifolds are of this form. The Sasaki-Einstein manifolds
in Theorem 4.3 are constructed this way, with s = 1, N = 1. Indeed, this
case is precisely the Calabi ansatz (4.4) for the local Kahler-Einstein met-
ric, as already mentioned. The generalization in [52, 34] mentioned at
the beginning of this section is s = 1 but N > 1. Finally, most interest-
ing is to take s > 1. In particular, for a Sasaki-Einstein 5-manifold this
means that necessarily N = 1 and moreover m; = 0. In other words, the
transverse Kéahler-Einstein metric is orthotoric in the sense of reference [2].
The results described in this section give the explicit local form of such a
metric, although it must be stressed that this is not how they were first
derived. In fact in [37] the local family of orthotoric Kéhler-Einstein met-
rics was obtained by taking a certain limit of a family of black hole metrics.
These black hole solutions themselves possess Killing tensors. On the other
hand, in [70] the same local metrics were obtained by taking a limit of the
Plebanski-Demianski metrics [87], again a result in general relativity. It is
then simply a matter of analyzing when these local metrics extend to com-
plete metrics on a compact manifold. The result is the following [37, 70]:
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THEOREM 4.8. There exist a countably infinite number of explicit Sasaki-
FEinstein metric on S? x 83, labelled naturally by 3 positive integers a,b, c €
Zso with a < b, ¢ < b, d =a+b—c, ged(a,b,c,d) = 1, and also such
that each of the pair {a,b} is coprime to each of {c,d}. For a = p —q,
b=p+q, c = p these reduce to the Sasaki-Einstein structures in Theorem
4.1. Otherwise they are cohomogeneity two with isometry group T3.

The proof here is rather different to that of the proof of Theorem 4.1. In
fact it is easiest to understand the global structure using the toric methods
developed in the next section. For integers {a, b, c} not satisfying some of
the coprime conditions one obtains Sasaki-Einstein orbifolds. The condi-
tions under which the Sasakian structures are quasi-regular is not simple to
determine explicitly in general, and involves a quartic Diophantine equation.
Generically one expects them to be irregular. The next section allows one
to characterize the Sasaki-Einstein manifolds in Theorem 4.8: they are all
of the simply-connected toric Sasaki-Einstein manifolds with second Betti
number by(S) = 1.

5. Toric Sasaki-Einstein manifolds
5.1. Toric Sasakian geometry. We begin with the following:

DEFINITION 5.1. A Sasakian manifold (S, g) is said to be toric if there
is an effective, holomorphic and Hamiltonian action of the torus T™ on the
corresponding Kéhler cone (C(S),g,w,J) with Reeb vector field £ € t, =
Lie algebra of T".

Here we have used the same symbol for an element of the Lie algebra
t, and the corresponding vector field on C'(S) induced by the group action.
The abuse of notation should not cause confusion as the meaning should
always be clear. The Hamiltonian property means that T™ acts on constant
r surfaces in C'(S). This in turn implies that there exists a T"-invariant
moment map

(5.1) w:C(S) =t , where (11, ¢) = 2r°n(¢) , V(EH, .

Definition 5.1 is taken from [74], and is compatible with the earlier definition
of toric contact manifold appearing in [16] (up to a factor of % in the moment
map definition).

The condition on the Reeb vector field, £ € t,, implies that the image
w(C(S))u{0} is a strictly convex rational polyhedral cone C* C t), [44, 66].
(Toric symplectic cones with Reeb vector fields not satisfying this condition
form a short list and have been classified [66].) By definition this means
that C* may be presented as

(5.2) C'={yet, | (yva) >0, a=1,...,d} Ct, .

Here the rationality condition means that v, € Zpn» = ker{exp : t, — T"}.
On choosing a basis this means that we may think of v, € Z" C R = t,,, and
without loss of generality we assume that the {v,} are primitive. We also
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assume that the set {v,} is minimal, in the sense that removing any v, from
the definition in (5.2) would change the polyhedral cone C*. The strictly
convex condition means that C* is a cone over a compact convex polytope
of dimension n — 1. It follows that necessarily the number of bounding
hyperplanes is d > n.

The polyhedral cone C* is also good, in the sense of [66]. This may be
defined as follows. Each face F C C* may be realized uniquely as the inter-
section of some number of facets {(y,vqs) = 0} NC*. Denote by vg,, ..., Vay
the corresponding collection of normal vectors in {v,}, where N is the codi-
mension of F — thus {a1,...,an} is a subset of {1,...,d}. Then the cone
is good if and only if

N N
{ZVA%A\VAER}DZ": {ZVAUGA]VAEZ} ,

A=1 A=1

holds for all faces F.

We denote by Int C* the open interior of C*. The T" action on ! (Int C*)
is free, and moreover the latter is a Lagrangian torus fibration over Int C*.
On the other hand, the bounding facets {(y,v,) = 0} N C* lift to T 1
invariant complex codimension one submanifolds of C'(.S) that are fixed point
sets of the U(1) =2 T C T™ subgroup specified by v, € Zn.

The image p(S) = u({1} x S C C(S5)) is easily seen from (5.1) to be

w(S)={yecC |y, =3}

Here the hyperplane {y € t: | (y,£) = £} C t; is called the characteristic

hyperplane [16]. This intersects the moment cone C* to form a compact
n-dimensional polytope A(§) = u({r < 1}), bounded by dC* and a (n — 1)-
dimensional compact convex polytope H (&) which is the image p(S) of the
Sasakian manifold S in ;. Since p(£) = $r? > 0 on C(S) this immediately

implies that the Reeb vector field £ € Int C where
C={6ectu|(y,) >0, YyelC}Cty

is the dual cone to C*. This is also a convex rational polyhedral cone by
Farkas’ Theorem.

Recall that in section 1.4 we explained that the space X = C(S)U{r =
0} can be made into a complex analytic space in a unique way. For a
toric Sasakian manifold in fact X is an affine toric variety; that is, X is an
affine variety equipped with an effective holomorphic action of the complex
torus T¢ = (C*)" which has a dense open orbit. The affine toric variety
X may be constructed rather explicitly as follows. Given the polyhedral
cone C* one defines a linear map A : R? — R™ via A(e,) = v4, where
{e,} denotes the standard orthonormal basis of R?. The strictly convex
condition on C* implies that A is surjective. This induces a corresponding
map of tori A : T? — T™. The kernel ker A is a compact abelian subgroup
of T¢ of rank d —n and mo(ker A) 2 Zpn /spany{v,}. Then the affine variety

X is simply X = SpecClzy,...,2q]*"4, the ring of invariants. This is
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a standard construction in toric geometry [46], and goes by the name of
Delzant’s Theorem. The goodness condition on C* is necessary and sufficient
for X \ {o} to be a smooth manifold, away from the apex {0} [66]. The fact
that X is toric is also clear via this construction: the torus T¢ = T% / ker Ac
acts holomorphically on X with a dense open orbit. In this algebro-geometric
language the cone C is precisely the fan for the affine toric variety X.

Let 0g,, 7 =1,...,n, be a basis for t,, where ¢; € [0,2) are coordinates
on the real torus T". We then have the following very explicit description
of the space of toric Sasakian metrics [74]:

PROPOSITION 5.2. The space of toric Kdihler cone metrics on C(S) is a
product

IntC x H(C*)

where ¢ € IntC C t, labels the Reeb vector field and H'(C*) denotes the
space of homogeneous degree one functions on C* that are smooth up to the
boundary (together with the convexity condition below).

Ezplicitly, on the dense open image of T we have

(5.3) g= > Gydy'dy +Gidgidg;
i,j=1

where Gij = 0,,0,,G with matriz inverse G, and the function

(5:4) G(y) = Gean(y) + Ge(y) + ¥(y)
is required to be strictly convex with ¥ (y) € HY(C*) and

d
1
Gcan(?J) = 5 Z<y, Ua) 10g<y7 va> ,
a=1

d d
Gely) = ;<y,g>log<y,5>—;<Z<y,va>> log (Z<y,va>>.

a=1 a=1

The coordinates (y;, ¢;) are called symplectic toric coordinates. The y;
are simply the Hamiltonian functions for Oy,

n
Yi = <,u7 a¢z> = %7“277(6@) ) W= Zdyz Ado; .

i=1
The function G(y) is called the symplectic potential. Setting G(y) = Gean(y)
gives precisely the Kéhler metric on C(S) induced via Kéhler reduction of
the flat metric on C?. That is, C'(S) equipped with the metric given by (5.3)
and G(y) = Gean(y) is isomorphic to the Kihler quotient (C%, wp,;)// ker A
at level zero. The origin of C? here projects to the singular point {r = 0} in
X. The function Gean(y) has a certain singular behaviour at the boundary
OC* of the polyhedral cone. This is required precisely so that the metric
compactifies to a smooth metric on C(S). By construction, the Kéhler
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metric g in (5.3) is a cone with respect to 79, = Y " | 2y;0,,. On the other
hand, the complex structure in these coordinates is

0 -GY
J_<Gz'j 0 )

and one easily checks that J(r0,) = szzl 2G;jyj0p, = &, with £ determined
by G¢(y) in (5.4). Proposition 5.2 extends earlier work of Guillemin [57] and
Abreu [1] from the Kéhler case to the Sasakian case.

The following topological result is from [67]:

I

PROPOSITION 5.3. Let S be a toric Sasakian manifold. Then m(S)
Zpn [spang{v,}, ma(S) = 747",

In particular, S is simply-connected if and only if the vectors {v,} that
define the moment polyhedral cone C* form a Z-basis of Zpn = Z™. Using
the Hurewicz Isomorphism Theorem and Smale’s Theorem 2.7 then gives:

COROLLARY 5.4. Let S be a simply-connected toric Sasakian 5-manifold.
Then S is diffeomorphic to #k (52 X 53) where k =d —n.

Finally, we note that an affine toric variety is ¢-Gorenstein in the sense
of Definition 1.11 if and only if there is a basis for the torus T™ for which
vy = (f,w,) for each a = 1,...,d, and w, € Z"!. In particular, for a
simply-connected toric Sasaki-Einstein manifold the affine toric variety X
will be Gorenstein, and hence there will exist a basis such that v, = (1, w,).

ExAMPLE 5.5. The Sasaki-Einstein manifolds in Theorem 4.8 are toric,
and in fact the proof makes it evident that the corresponding affine toric
varieties are X = SpecClz1, 20, 23, 24]€ (*®9) | where C*(a,b,c) is the 1-
dimensional subgroup of (C*)* specified by the lattice vector (a,b, —c, —a —
b+ c). The fact that the entries in this vector sum to zero is equivalent to
X being Gorenstein.

5.2. Sasaki-Einstein metrics. Proposition 5.2 gives a rather explicit
description of the space of toric Sasakian metrics on the link of an affine toric
singularity. We may then ask which of these are Sasaki-Einstein. In fact a
rather more basic question is for which Reeb vector fields £ € Int C is there
a Sasaki-Einstein metric. Notice there was no analogous question in the
approach of section 3: there we had a fixed affine variety, namely a weighted
homogeneous hypersurface singularity, with a fized choice of holomorphic
Reeb vector field £ —iJ (&), namely that associated to the weighted C* action.

Without any essential loss of generality, we consider simply-connected
Sasakian manifolds. Then we know that the corresponding affine toric va-
riety must be Gorenstein if the cone is to admit a Ricci-flat Ké&hler cone
metric, and hence there is a basis such that v, = (1,w,). We assume we
have chosen such a basis.
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The key idea in [74] was that an Einstein metric g on S with Ricci
curvature Ricy = 2(n — 1)g is a critical point of the Einstein-Hilbert action

(5.5) I[g] = /S [Scaly +2(n —1)(3 — 2n)] dpuy ,

where dyu, is the Riemannian volume form associated to the metric g and
as earlier Scal, denotes the scalar curvature. We may then restrict this
functional to the space of toric Sasakian metrics. The insight in [74] was
that this functional in fact depends only on the Reeb vector field & of the
Sasakian structure. Direct calculation gives:

PROPOSITION 5.6. The FEinstein-Hilbert action (5.5), restricted to the
space of toric Sasakian metrics on the link of an affine toric Gorenstein
singularity, induces a function I : IntC — R given by

(5.6) I(€) = 8n(n — 1)(2m)" [(e1,&) — (n — 1)] vol(A(E)) .
Here ey = (1,0,0,...,0) and vol(A(§)) denotes the Euclidean volume of the
polytope A(&) = p({r <1}).

A toric Sasaki-Einstein metric is a critical point of I defined in (5.6).
Of course C is itself a cone, and one may first take the derivative of [
along the Euler vector field of this cone. Using the fact that vol(A(€)) is
homogeneous degree —n one easily checks that this derivative is zero if and
only if (e1,&) = n. Thus a critical point of I lies on the interior of the
intersection of this plane with C. Call the latter compact convex polytope
P c t,. It follows that the Reeb vector field for a Sasaki-Einstein metric is
a critical point of

I ’IntP = 8n(n — 1)(27T)nV01(A) .

This is, up to a constant of proportionality, also just the Riemannian volume
of (S,g). If we write § = )" | &0y, then it is simple to compute

Ovol(A) 1 ;
. — = d
(5:) 96 2 2658k /H(g) v

k=1

d*vol(A) " 2(n+1) .
—_ = _— do .
D&, 2 ek /H(@yy 7

Here do is the standard measure induced on the (n — 1)-polytope H(§) =
wu(S) € C*. Notice that vol(A) diverges to +oo at dP. This can be seen
rather explicitly from the formula for the volume of the polytope vol(A), but
more conceptually for & € 9C the vector field £ in fact vanishes somewhere
on C(S). Specifically, the bounding facets of C correspond to the generating
rays of C* under the duality map between cones; £ being in a bounding facet
of C implies that the corresponding vector field then vanishes on the inverse
image, under the moment map, of the dual generating ray of C*.
Uniqueness and existence of a critical point of I now follows from a stan-
dard convexity argument: I |t p = 8n(n—1)(27)"vol(A) is a strictly convex

(5.8)
k=1
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(by (5.8)) positive function on the interior of a compact convex polytope P.
By strict convexity, a critical point of I is equivalent to a local minimum,
and this in turn is then the unique global minimum on P. Since I diverges
to 400 on the boundary of P, such a critical point must occur in the interior
of P. Also notice that I is bounded from below by zero on P, so it must
have a global minimum somewhere, and hence a critical point. It follows
from these comments that I must have precisely one critical point in the
interior of P, and we have thus proven:

THEOREM 5.7. There exists a unique Reeb vector field & € IntC for
which the toric Sasakian structure on the link of an affine toric Gorenstein
singularity can be Sasaki-FEinstein.

Having fixed the Reeb vector field, the problem of finding a Sasaki-
Finstein metric now reduces to deforming the transverse Kéhler metric to a
transverse Kahler-Einstein metric. As in the regular and quasi-regular cases,
this is a Monge-Ampere problem. To analyze this it is more convenient to
introduce complex coordinates. Recall that the complex torus T¢ is a dense
open subset of C(S). Introducing log complex coordinates z; = x; + i¢; on

¢, the Kéhler structure is

n
w=200F , g= Y Fydudr; + Fjd¢idg; .
ij=1
Here the Kéhler potential is F'(x) = irQ and Fyj = 0,,0,, F. This is related
to the symplectic potential G by Legendre transform

n
F(x) = (Z Yi0y, G — G) (y = 0, F) .
i=1

Having fixed the holomorphic structure on C(S) (this being determined
uniquely up to equivariant biholomorphism by C*) and fixing the Reeb vector
field to be the unique critical point of I, we may set ¢» = 0 in (5.4) to obtain
an explicit toric Sasakian metric gg that is a critical point of I. This is our
background metric. We are then in the situation of Proposition 1.4: any
other Sasakian metric with the same holomorphic structure on the cone and
same Reeb vector field is related to this metric via a smooth basic function
¢ € CF(S). Thus, if g is a Sasaki-Einstein metric with this property then

wT — wéﬁ = 18383(25 s

where wg and w! are the transverse Kahler forms associated to gg and g,
respectively. The holomorphic volume form on C(S) is [74]

(5.9) Q =™ (dzy +idey) A -+ A (dzy, 4 idey,)

and the critical point condition (e1, &) = n is equivalent to L¢2 = inQ2. Thus
using Proposition 1.10 and the transverse 09 lemma again we may also write

(5.10) pg — 2nwi =1080sf ,
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with f € CF(S) smooth and basic. Then Proposition 2.8 goes through
in exactly the same way in the transverse sense, with resulting transverse
Monge-Ampeére equation

2
det( T4 aq{)
(5.11) i T 9505 ) _ -
det g, i
where now z1,...,z,_1 are local complex coordinates on the leaf space of

the Reeb foliation F.

This problem was recently studied in detail in [48]. In fact the Monge-
Ampere problem is almost identical to the case of toric Kéahler-Einstein
manifolds studied in [108]. The moment polytope in the latter case is es-
sentially replaced by the polytope H () in the Sasakian case. The continuity
method is used to prove existence, as in section 3.3, and crucially the work of
[43] on extending Yau’s estimates [110] to transverse Monge-Ampere equa-
tions is appealed to to show that the C? estimate for the basic function ¢
is sufficient to solve the equation. Thus the main step is to prove the C°
estimate for ¢, and this closely follows the proof in the Kéhler-Einstein case
[108]. The result of [48, 35] is the following;:

THEOREM b5.8. There exists a unique toric Sasaki-Einstein metric on
the link of any affine toric Gorenstein singularity.

Here uniqueness was proven in [35], and is understood up to automor-
phisms of the transverse holomorphic structure. Thus the existence and
uniqueness problem for toric Sasaki-Finstein manifolds is completely solved.
We note that in [35] the authors stated this theorem with the weaker require-
ment that the affine toric singularity is ¢-Gorenstein. For £ > 1 the links of
such singularities will not be simply-connected, although the converse is not
true. However, more importantly the existence of a Killing spinor implies
the Gorenstein condition, as discussed in section 1.6, which is why we have
presented Theorem 5.8 this way. If one does not care for the existence of
a Killing spinor, one can weaken the Gorenstein condition to Q-Gorenstein
(¢-Gorenstein for some /).

Combining Theorem 5.8 with the topological result of Corollory 5.4 leads
to:

COROLLARY 5.9. There exist infinitely many toric Sasaki- Finstein struc-
tures on #k (52 X S3), for every k > 1.

In fact we have now done enough to see that the explicit metrics in
Theorem 4.8 are all of the toric Sasaki-Einstein metrics on S? x S3.

ExaMPLE 5.10. We comment on two particularly interesting examples.
The Sasaki-Einstein structure on S? x S% with p =2, ¢ = 1 in Theorem 4.1
has corresponding affine variety X = Spec Clzy, 29, 23, 24] 32~ 173) [71].
Using standard toric geometry methods it is straightforward to see that
X \ {o} is the total space of the canonical line bundle over the 1-point blow
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up of CP?, minus the zero section. Equivalently, X is obtained from this
canonical line bundle by contracting the zero section. The latter is a Fano
surface which doesn’t admit a Kahler-Einstein metric, as discussed in section
2.4. Tt is equivalent to say that the canonical choice of holomorphic Reeb
vector field £ — iJ(§) that rotates the C* fibre over the del Pezzo surface
cannot be the Reeb vector field for a Sasaki-Einstein metric. Indeed, in this
example one can easily compute the function I in Proposition 5.6 and show
that this choice of £ is indeed not a critical point. Instead the critical £ gives
an irregular Sasaki-Einstein structure of rank 2 [74].

In the latter case this irregular Sasaki-Einstein structure associated to
the 1-point blow-up of CP? is completely explicit. For the 2-point blow-up
there is no known explicit metric, but Theorem 5.8 implies there exists a
unique toric Sasaki-Einstein metric on the total space of the principal U(1)
bundle associated to the canonical line bundle over the surface. In [74] the
critical Reeb vector field was computed explicitly, showing that this is again
irregular of rank 2.

Finally, although Theorem 5.8 settles the existence and uniqueness of
toric Sasaki-Einstein manifolds in general, we point out that prior to this
result van Coevering [105] proved the existence of infinite families of dis-
tinct toric quasi-regular Sasaki-Einstein structures on #k(S? x S3), for each
odd k£ > 1, using a completely different method. He finds certain quasi-
regular toric Sasakian submanifolds of 3-Sasakian manifolds obtained via
the quotient construction mentioned in section 1.5, and then applies an
orbifold generalization of a result of Batyrev-Selivanova [8] to deform the
corresponding Kéahler orbifold to a Kéhler-Einstein orbifold. Thus, although
3-Sasakian geometry plays a role in this construction, the Sasaki-Einstein
metrics are not induced from the 3-Sasakian structure.

6. Obstructions

6.1. The transverse Futaki invariant. A toric Sasaki-Einstein met-
ric has a Reeb vector field £ which is a critical point of the function I in
Proposition 5.6. The derivative of I is of course a linear map on a space
of holomorphic vector fields, and its vanishing is a necessary (and in the
toric case also sufficient) condition for existence of a Sasaki-Einstein met-
ric, or equivalently a transverse Kahler-Einstein metric for the foliation F.
Given the discussion in section 2.4 it is then not surprising that the deriva-
tive of the function I is essentially a transverse Futaki invariant. This was
demonstrated in [75], although our discussion here follows more closely the
subsequent treatment in [48].

Throughout this section we suppose that we have Sasakian structure
S with Reeb foliation JF satisfying 0 < ¢ € H}B’l(]:g) and 0 = ¢1(D) €
H?(S,R). Via Proposition 1.10 it is equivalent to say that, after a possible
D-homothetic transformation, we have 2rcP = n[dy] € Hgl(Fg) . As-
suming also that S is simply-connected, then by Proposition 1.10 it is also
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equivalent to say that the corresponding Stein space X = C(S) U {r = 0}
is Gorenstein with L0 = in{), where  is a nowhere zero holomorphic
(n,0)-form on C(S).

Following [48] we begin with:

DEFINITION 6.1. A complex vector field ( on a Sasakian manifold S is
said to be Hamiltonian holomorphic if

(1) its projection to each leaf space is a holomorphic vector field; and
(2) the complex-valued function u¢c = 37(¢) satisfies

5Bu§ = —%igdn .
Such a function u¢ is called a Hamiltonian function.

If (x,21,...,2n-1) are coordinates for a local foliation chart U, then one
may write

n—1 n—1
C = n(C)ax + Z Czazz -1 <Z Czazz> Oy )
=1 =1

where ¢* are local basic holomorphic functions.

It is straightforward to see that ¢ + in({)rd, is then a holomorphic vec-
tor field on C(S). A Hamiltonian holomorphic vector field in the sense of
Definition 6.1 is precisely the orthogonal projection to S = {r = 1} of a
Hamiltonian holomorphic vector field on the Kéhler cone (C(S), g,w) whose
Hamiltonian function is basic and homogeneous degree zero under r9,. As
pointed out in [48], the set of all Hamiltonian holomorphic vector fields is
a Lie algebra . Moreover, if the transverse Kéhler metric has constant
scalar curvature then b is necessarily reductive [82]; this is a transverse
generalization of the Matsushima result mentioned in section 2.4. Thus
the nilpotent radical of b acts as an obstruction to the existence of a trans-
verse constant scalar curvature Kéahler metric, and in particular a transverse
Kahler-Einstein metric.

Since 2mcP = n[dy], by the transverse 90 lemma there exists a discrep-
ancy potential f € C%(S) such that

pl —ndn =i0505f .
We may then define

(6.1) F(() = /S ¢CF) dag -
Here the Riemannian measure is
_ ; n—1

Compare this to the Futaki invariant (2.5): in the regular, or quasi-regular,
case (6.1) precisely reduces to (2.5) by integration over the U(1) Reeb fibre,
up to an overall proportionality constant. By following Futaki’s original
computation [47] it is not difficult to show that .#(({) is independent of the
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transverse Kihler metric in the Kéhler class [w?] = [3dn] € H}B’l(}}). Thus
% : h — C is a linear function on b whose non-vanishing obstructs the
existence of a transverse Kéahler-Einstein metric in the fixed basic Kéahler
class. This result was extended [48, 28] to obstructions to the existence of
Sasakian metrics with harmonic basic kth Chern form, again generalizing
the Kahler result to the transverse setting.

6.2. The relation to Kiahler cones. The results of section 5 mo-
tivated the following set-up in [75]. Fix a complex manifold (C(S) =
R<o x S,J) where S is compact, with maximal torus T¢ C Aut(C(S), J).
Then let KCM(C(S),J) be the space of Kahler cone metrics on (C(S), J)
which are compatible with the complex structure J and such that T® acts
Hamiltonianly (preserving constant r surfaces) with the Reeb vector field
¢ € t; = Lie algebra of T®. For each metric in KCM(C(5), J) there is then

an associated moment map given by

peCS) =i, (u¢)=5r"n(C) -
The image is a strictly convex rational polyhedral cone [44], and moreover
all these cones are isomorphic for any metric in KCM(C(S), J). The toric
case is when the rank of the torus is maximal, s = n.
For any metric g € KCM(C(S),J) we may consider the volume func-
tional

(6.3)  Vol: KCM(C(S),J) — Rsg , Vol(g) = /Sd,ug = vol(S, g) .

Here g is the Sasakian metric on S induced from the Kéhler cone metric g.
Alternatively, it is simple to see that

(6.4) 2"_1(n—1)!Vol(g)_/ e_r2/2dﬂg—/ e—r2/2w7|’
c(9) c(8) n!

where w is the Kéhler form for g. Of course, the volume of the cone itself is
divergent, and the factor of exp(—r2/2) here acts as a convergence factor.
Since %7“2 is the Hamiltonian function for the Reeb vector field &, the second
formula in (6.4) takes the form of a Duistermaat-Heckman integral [41, 42].
Corresponding localization formulae were discussed in [75], but we shall not

discuss this here. We then have the following from [75]:

PROPOSITION 6.2. The functional Vol depends only on the Reeb vector
field €.

This perhaps needs some clarification. Via Proposition 1.4, any two
Kéahler cone metrics g, § € KCM(C(S), J) with the same Reeb vector field
¢ have corresponding contact forms related by

n=n+dpé,
where ¢ € C(5) is basic with respect to F¢. Notice that the Kéhler cone

metrics will have Kahler potentials given by smooth functions r, r’, and
that these then give different embeddings of S into C'(S). Proposition 6.2
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is proven by writing ' = r exp(t¢/2) and showing that the derivative of Vol
with respect to t at ¢ = 0 is zero, independently of the choice of ¢ € CF(S5).
We may next consider the derivatives of Vol [75]:

PROPOSITION 6.3. The first and second derivatives of Vol are given by

(6.5) aVol(x) = —n /S n(x) dptg -

(6.6) Vol(x1,x2) = n(n+1) /S n(xa)(xcz) dg -

More formally, what we mean here by (6.5) is that we have a 1-parameter
family {g(t)}—e<t<c of Kéhler cone metrics in KCM(C(S), J) with g(0) = g
and x = d&/dt |;=o. Then (6.5) is the derivative of Vol with respect to ¢ at
t = 0. Similarly for the second derivative (6.6). Of course, these formulae
reduce to (5.7), (5.8), respectively, in the toric case. Also as in that case,
the second derivative formula implies that Vol is formally a strictly convex
function. Notice that setting x = £ in (6.5) implies that Vol is homogeneous
degree —n under a D-homothetic transformation with & +— A¢. Indeed,
(1.13) implies that 7 — A~!n and hence the volume element (6.2) scales as
dpg = A7 "dpy.

Of course our interest is Ricci-flat Kahler cones. If S is simply-connected,
which we assume for simplicity, then a necessary condition for (C(5), J) to
admit a compatible such metric is that there is a compatible nowhere zero
holomorphic (n,0)-form Q. The analytic space X = C(S) U {r = 0} is
hence Gorenstein. We then introduce the space KCM(C(S),2) as those
g € KCM(C(S),J) such that L0 = inf). By Proposition 1.10, this is
equivalent to those g for which [p?] = 2njw?] € Hjlg’l(}'g), where ¢ is the
associated Reeb vector field for the Kéahler cone metric g. As discussed
around Proposition 1.10, this is a necessary condition for a Sasaki-Einstein
metric. We then have the following from [75]:

PROPOSITION 6.4. The Einstein-Hilbert action (5.5), interpreted as a
functional on the space KCM(C(S),$?), depends only on the Reeb wvector
field (in the same sense as Proposition 6.2). Moreover,

(6.7) 1(g) = 4(n — 1)Vol(g) ,
for g € KCM(C(S5),Q).
Again, the proof is by direct calculation. Since a Ricci-flat Kahler cone

metric is a critical point of I, the derivative of I is an obstruction. More
precisely, combining the last two Propositions gives:

COROLLARY 6.5. Let g € KCM(C(S),2). Then a necessary condition to
be able to deform the corresponding Sasakian metric g on S via a transverse
Kdhler deformation to a Sasaki-Finstein metric is that

(6.9) [ a0dn, =0
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holds for all x € ts satisfying £,£2 = 0.

By assumption, a vector field y € ts is holomorphic on the cone and
preserves the Kahler structure. The condition that it also preserves {2 guar-
antees we are varying within KCM(C(5),?), in accordance with Proposi-
tion 6.4. Since x preserves r there is a corresponding Hamiltonian function
[y given by gy = {u,x) = 3r?n(x). Since also £ € t,, in particular ¢, x] = 0
and it follows that p, is a basic function of homogeneous degree zero under
r0r. Thus by the comments after Definition 6.1, the orthogonal projection
to S of x is a Hamiltonian holomorphic vector field on S. Let us denote this
by p«x where p: C(S) — S is the projection.

In [75] it was shown that for x as in Corollary 6.5

aVol() == [ 0 ditg = =5 [ IO iy = =57 (0700

where . was defined in (6.1). The proof in [75] used spin geometry, while
in [48] the same relation was obtained without using spinors. Both are
quite elementary computations and we refer the reader to these references
for details.

Thus the Futaki invariant attains an interesting new interpretation when
lifted to Sasakian geometry: it is essentially the derivative of the Einstein-
Hilbert action for Sasakian metrics.

6.3. The Bishop and Lichnerowicz obstructions. We turn now to
two further simple obstructions [53] to the existence of a Ricci-flat Kéhler
cone metric. As in the previous section, we fix a complex manifold (C(S) =
Rso x S, Q), with S compact and € a nowhere zero holomorphic (n,0)-form
on C(S). For example, we could take this to be the smooth part Xr\ {o} of
a weighted homogeneous hypersurface singularity, as in section 3.4. We will
suppose that g € KCM(C(S5),?) is a Ricci-flat Kéhler cone metric on C(S)
compatible with this structure, with some Reeb vector field &, and aim to
show that under certain conditions we are led to a contradiction.

Recall from Proposition 6.2 that the Riemannian volume of a Sasakian
manifold induced from a choice of Kéahler cone metric g € KCM(C(S), )
depends only on the Reeb vector field £&. Here the underlying complex
manifold is regarded as fixed. We may also understand this as follows:

PROPOSITION 6.6. Suppose that g € KCM(C(S), Q) induces a regular or
quasi-reqular Sasakian structure on S (simply-connected) with Kdhler leaf

space Z. Then

1 I(Z
(69) vO (Sag) — ( )/Cl(Z)n—l7
z

V01(52n71’ gstandard) n"

where 1(Z) € Z~q is the orbifold Fano index of Z and (S*™ 1, gstandard) 8
the standard round sphere.

The condition g € KCM(C(S), ) implies that, in the regular or quasi-
regular case, [pz] = 2n[w]z € HY(Z,R). The above result then follows
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since ¢1(Z) is represented by pz/2m. Notice also that we have integrated
over the Reeb U(1) fibre. Here the simply-connected condition means that
the associated complex line orbibundle has first Chern class —c¢1(2)/1(Z),
as in Theorem 3.1, which determines the length of the generic Reeb S! fibre.
Note that vol(S?" ! gstandard) = 27"/ (n — 1)L

In the regular or quasi-regular case, the independence of the volume of
transverse Kéhler transformations follows simply because the volume of the
Kahler leaf space depends only on the Kahler class. On the other hand, this
is sufficient to prove the more general statement in Proposition 6.2 since the
space of quasi-regular Reeb vector fields in KCM(C(S), ) is dense in the
space of all possible Reeb vector fields. This is simply the statement that
an irregular Reeb vector field corresponds to an irrational slope vector in s,
while regular or quasi-regular Reeb vector fields are rational vectors in this
Lie algebra. The latter are dense of course.

EXAMPLE 6.7. Our main class of examples will be the weighted homo-
geneous hypersurface singularities of section 3.4. Thus C(S) is the smooth
locus X \ {0}, with Q given by (3.10). If g € KCM(C(S),2) with Reeb
vector field generating the canonical U(1) C C* action given by the corre-
sponding weighted C* action, then one can compute

(6.10) vol(S, g) = — ¢ (”(‘W‘_d)>n.

w(n —1)! n

The reader should consult section 3.4 for a reminder of the definitions here.
One can prove (6.10) either by directly using (6.9), which was done in [11]
for the case of well-formed orbifolds (where all orbifold singularities have
complex codimension at least 2), or [53] using the methods developed in
[75].

We turn now to the related obstruction. Bishop’s theorem [13] implies
that for any (2n — 1)-dimensional compact Einstein manifold (S, ¢g) with
Ricy = 2(n — 1)g we have

(611) VOl(S,Q) < V01<52n717gstandard) .

In the current set-up the left hand side depends only on the holomorphic
structure of the cone C(.S) and Reeb vector field £. If one picks a Reeb vector
field and computes this using, for example, (6.9), and the result violates
(6.11), then there cannot be a Ricci-flat K&hler cone metric on (C(5),2)
with £ as Reeb vector field.

Of course, it is not clear a priori that this condition can ever obstruct
existence in this way. However, Example 6.7 shows that the condition is not
vacuous. Combining (6.10) with (6.11) leads immediately to:

THEOREM 6.8. The link of a weighted homogeneous hypersurface singu-
larity admits a compatible Sasaki-Einstein structure only if

d(|lw] —d)" <wn™ .
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It is simple to write down infinitely many examples of weighted homo-
geneous hypersurface singularities that violate this inequality. For example,
take F' = 22+ 22 —|—z§+z§f. For k odd the link is diffeomorphic to S°, while for
k even it is diffeomorphic to S? x S3. The Bishop inequality then obstructs
compatible Sasaki-Einstein structures on these links for all k£ > 20.

On the other hand, in [53] we conjectured more generally that for reqular
Reeb vector fields the Bishop inequality never obstructs. This is equivalent
to the following conjecture about smooth Fano manifolds:

CONJECTURE 6.9. Let Z be a smooth Fano manifold of complex dimen-
sion n — 1 with Fano index I(Z) € Z~o. Then

I(Z)/ ci(Z)" < n/ e (CPPhHn=L = pn |
A cprt

with equality if and only if Z = CP*~1,

This is related to, although slightly different from, a standard conjecture
about Fano manifolds. For further details, see [53].

We turn next to another obstruction. To state this, fix a Kéhler cone
metric g € KCM(C(S), Q) with Reeb vector field £ and consider the eigen-
value equation

(6.12) () =N
Here f : C(S) — C is a holomorphic function and we consider A > 0.
The holomorphicity of f implies that f = r*u where u is a complex-valued
homogeneous degree zero function under r0,, or in other words a complex-
valued function on S. Now on a Kahler manifold a holomorphic function
is in fact harmonic. That is Agf = 0, where Ay denotes the Laplacian on
(C(S), g) acting on functions. On the other hand, since § = dr? 4 r2g is a
cone we have
Ag = r_QAg — 2ty (7“2"_1&) )

and so (6.12) implies that

Agu=vu ,
where
(6.13) v=AA+2(n-1)).

In other words, a holomorphic function f on C(S) with definite weight A, as
in (6.12), leads automatically to an eigenfunction of the Laplacian A, = d*d
on (5, g) acting on functions.

We again appeal to a classical estimate in Riemmanian geometry. Sup-
pose that (5, g) is a compact Einstein manifold with Ricy = 2(n —1)g. The
first non-zero eigenvalue v1 > 0 of A, is bounded from below

vp>2n—1.

This is Lichnerowicz’s theorem [68]. Moreover, equality holds if and only if
(S, g) is isometric to the round sphere (S?"~1 gstandard) [83]. From (6.13)
we immediately see that for holomorphic functions f on C(S) of weight A
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under &, Lichnerowicz’s bound becomes A > 1. This leads to another poten-
tial holomorphic obstruction to the existence of Sasaki-Einstein structures.
Again, a priori it is not clear whether or not this will ever serve as an ob-
struction. In fact for regular Sasakian structures one can prove [53] this
condition is always trivial. This follows from the fact that I(Z) < n for any
smooth Fano Z of complex dimension n — 1.

However, there exist plenty of obstructed quasi-regular examples:

THEOREM 6.10. The link of a weighted homogeneous hypersurface sin-
gularity admits a compatible Sasaki-FEinstein structure only if

|w| — d < nwpp -

Here wpiy is the smallest weight. Moreover, this bound can be saturated
if and only if (C(S),g) is C™ \ {0} with its flat metric. Notice this result
is precisely the necessary direction in Theorem 3.10. As another example,
consider again the case F' = 27 + 22 + 22 + zk. The coordinate z; has Reeb
weight A = 6/(k-+2), which obstructs for all k > 4. For k = 4 we have A = 1,
but since in this case the link is diffeomorphic to S? x S3 the Obata result
[83] obstructs this marginal case also. In fact these examples are interesting
because the compact Lie group SO(3) x U(1) is an automorphism group
of the complex cone and acts with cohomogeneity one on the link. The
Matsushima result implies this will be the isometry group of any Sasaki-
Einstein metric, and then Theorem 4.2 in fact also rules out all £ > 3.
Indeed, notice that k& = 1 corresponds to the round S° while k = 2 is the
homogeneous Sasaki-Einstein structure on S? x S3. The reader will find
further interesting examples in [53].

Very recently it has been shown in [33] that for weighted homogeneous
hypersurface singularities the Lichnerowicz condition obstructs if the Bishop
condition obstructs. More precisely:

THEOREM 6.11. Let wyq, ..., wy,d be positive real numbers such that
d(|lw|—ad)" >wn" ,
and d < |w|, where |w| =" jw;, w=[[;_qwi. Then |w|—d > nwmin.

In particular, this shows that Conjecture 6.9 is true for smooth Fanos
realized as hypersurfaces in weighted projective spaces.

As a final comment, we note that more generally the Lichnerowicz ob-
struction involves holomorphic functions on (C(S), ) of small weight with
respect to &, whereas the Bishop obstruction is a statement about the vol-
ume of (.5, g), which is determined by the asymptotic growth of holomorphic
functions on C(S), analogously to Weyl’s asymptotic formula [11, 53].

7. Outlook

We conclude with some brief comments on open problems in Sasaki-
Einstein geometry. Clearly, one could describe many more. We list the
problems in decreasing order of importance (and difficulty).



SASAKI-EINSTEIN MANIFOLDS 53

In general, the existence of a Kahler-Einstein metric on a Fano manifold
is expected to be equivalent to an appropriate notion of stability, in the
sense of geometric invariant theory. We discussed this briefly in section 2.4
and described K-stability. The relation between the Futaki invariant and
such notions of stability is well-understood. Very recently, in the preprint
[90] the Lichnerowicz obstruction of section 6 was related to stability of
Fano orbifolds. The stability condition comes from a Kodaira-type embed-
ding into a weighted projective space, as opposed to the Kodaira embedding
into projective space used for Fano manifolds. This then leads to a notion
of stability under the automorphisms of this weighted projective space. In
particular, slope stability leads to some fairly explicit obstructions to the
existence of Kéhler-Einstein metrics (or more generally constant scalar cur-
vature Kéahler metrics) on Fano orbifolds. This includes the Lichnerowicz
obstruction as a special case, although the role of the Bishop obstruction is
currently rather more mysterious from this point of view.

A natural question is how to extend these ideas to Sasaki-Einstein ge-
ometry in general. In particular, how should one understand stability for
irregular Sasakian structures?

PRrROBLEM 7.1. Develop a theory of stability for Sasakian manifolds that
is related to necessary and sufficient conditions for existence of a Sasaki-
FEinstein metric.

An obvious approach here is to use an idea we have already alluded
to in the previous section: one might approximate an irregular Sasakian
structure using a quasi-regular one, or perhaps more precisely a sequence
of quasi-regular Sasakian structures that converge to an irregular Sasakian
structure in an appropriate sense. Then one can use the notions of stability
for orbifolds developed in [90]. A key difference between the Kéhler and
Sasakian cases, though, is that one is free to move the Reeb vector field,
which in fact changes the Kéhler leaf space. Given that the Sasakian de-
scription of obstructions to the existence of Kéhler-Einstein orbifold metrics
led to rather simple differentio-geometric descriptions of these obstructions
in section 6, one might also anticipate that embedding Sasakian manifolds
into spheres might be a beneficial viewpoint. That is, one takes the Sasakian
lift of the Kodaira-type embeddings encountered in stability theory.

It is just about conceivable that one could classify Sasaki-Einstein man-
ifolds in dimension 5:

PrOBLEM 7.2. Classify simply-connected Sasaki-Einstein 5-manifolds.

We remind the reader that this has been done for reqular Sasaki-Einstein
5-manifolds (Theorem 2.6). This includes the homogeneous Sasaki-Einstein
5-manifolds, and moreover cohomogeneity one Sasaki-Einstein manifolds are
also classified by Theorem 4.2. The latter two classes are subsets of the toric
Sasaki-Einstein manifolds, which are classified by Theorem 5.8. Indeed, re-
call that the rank of a Sasakian structure is the dimension of the closure
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of the 1-parameter subgroup of the isometry group generated by the Reeb
vector field. If a Sasaki-Einstein 5-manifold has rank 3 then it is toric, and
so classified in terms of polytopes by Theorem 5.8. On the other hand, rank
1 are regular and quasi-regular. Is it possible to state necessary and suffi-
cient conditions for the orbifold leaf space of a transversely Fano Sasakian
5-manifold to admit a Kéhler-Einstein metric? We remind the reader that
those simply-connected spin 5-manifolds that can possibly admit Sasaki-
FEinstein structures are listed as a subset of the Smale-Barden classification
of such 5-manifolds in [21]; many, but apparently not all, of these can be
realized as transversely Fano links of weighted homogeneous hypersurface
singularities. The most complete discussion of what is known about ex-
istence of quasi-regular Sasaki-Einstein structures in this case appears in
[29]. It is rank 2 that is perhaps most problematic. In fact, all known rank
2 Sasaki-Einstein 5-manifolds are toric. This leads to the simpler problem of
whether or not there exist rank 2 Sasaki-Einstein 5-manifolds that are not
toric. This problem is interesting for the reason that none of the methods for
constructing Sasaki-Einstein manifolds described in this paper are capable
of producing such an example.

Theorem 4.6 gives a fairly explicit local description of Kéhler manifolds
admiting a Hamiltonian 2-form. Using also Proposition 4.7 one thereby
obtains a local classification of Sasaki-Einstein manifolds with a transverse
Kahler structure that admits a transverse Hamiltonian 2-form. Via the
comments in section 4.3, this implies the existence of a transverse Killing
tensor. However, only in real dimension 5 have the global properties been
investigated in detail, leading to Theorem 4.1 and Theorem 4.8.

PrOBLEM 7.3. Classify all complete Sasaki-Einstein manifolds admitting
a transverse Hamiltonian 2-form.
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