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Abstract
Second-phase particles are often employed to inhibit the grain growth of
polycrystalline materials. We studied the interaction between a second-phase
particle and a grain boundary using the phase-field method. In particular, we
determined the magnitude of pinning force exerted by a particle on a grain
boundary. We considered the effect of particle morphology by examining
several particle shapes including spherical, ellipsoidal and cubic. The pinning
forces computed from the phase-field were compared with available analytical
theories for spherical and ellipsoidal particle shapes. We derived an expression
for the pinning force of a grain boundary by a cubic particle and compared the
prediction with phase-field simulations. The present results should be useful
for evaluating the effect of particle morphology on the effectiveness of grain
growth inhibition by second-phase particles.

(Some figures may appear in colour only in the online journal)

1. Introduction

Zener derived the pinning force of a grain boundary by a single second-phase particle [1]. In
his derivation, he assumed that the interface between a particle and matrix is always incoherent
and the shape of the second-phase particle is spherical [1]. However, the shape of the second-
phase particle in reality can be rather complicated, varying from being spherical to needle-
shaped [2, 3], plate-like [3, 4] or cuboidal [3, 5–9]. Ashby et al incorporated the effect of
coherent interface on the particle pinning force [10]. Ryum et al [11] and Nes et al [12] extended
the Zener theory to an ellipsoidal particle and considered the intersection of a grain boundary
at a right angle with a second-phase particle. Easterling et al proposed a numerical method to
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Figure 1. This is a schematic drawing of a system set-up to study the interaction between a grain
boundary and a particle. We introduced two order parameters (η1, η2) to indicate the different
orientations of the two grains. The third order parameter (η3) represents the second-phase particle.
To move the grain boundary, the driving force (ξ ) is added in the free energy in equation (3).

calculate the pinning force by an ellipsoidal particle intersecting with a grain boundary along
any arbitrary angle [13]. The Zener pinning effect has been studied using various types of
computational methods including the phase-field method in 2D [14–17], the finite element
method [18, 19], the vertex model [18, 20] and the Monte Carlo Potts model [18, 21]. In this
study, we employed the phase-field method to determine the pinning force of a grain boundary
by a second-phase particle. The main advantage of the phase-field approach is the possibility
to consider any arbitrary shapes of a particle, multi-particles, and any configuration of a grain
boundary. However, to quantify the pinning force, we will focus on the interaction between a
single particle and a single grain boundary. We evaluate the pinning force for several simple
particle shapes including sphere [1] as well as ellipsoid which meets a boundary under the right
angle [11, 12]. This allows us to compare the results from the phase-field simulations to the
predictions of analytic theories proposed by Zener [1] and Ryum et al [11] Nes et al [12]. To
the best of our knowledge, the pinning force on a grain boundary by a cuboidal second-phase
particle has not been evaluated. Therefore, we quantitatively estimated the pinning force of
a cuboidal particle on a grain boundary and compare the results with phase-field simulations.
For simplicity, the degree of interfacial coherency between matrix and a second-phase particle
is not considered.

2. Phase-field model of particle/grain boundary interaction

We designed a simple system made up of a grain boundary and a second-phase particle in
figure 1. To describe a grain boundary in figure 1, we introduced two order parameters
(η1, η2) to indicate the different orientations of the two grains. A third order parameter (η3) is
introduced to represent a second-phase particle. While we assume η3 is static, representing an
inert particle, we move the grain boundary by solving the following time-dependent equations
for η1, η2 [14–17, 22, 23]:

∂ηi

∂t
= −Mi

(
δF

δηi

)
, i = 1, 2, (1)
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where Mi denote grain boundary mobilities and F the total free energy of the system. In the
simulations, we assumed identical, constant values for all Mi . The free energy is a function of
the order parameters and their gradients [14–17, 22, 23]:

F =
∫

V

[
f0(η1, η2, η3) +

1

2

2∑
i=1

κi(∇ηi)
2

]
dV, (2)

where f0 represents a local free energy density and the κi are gradient energy coefficients.
We choose the function f0 to have degenerate minima. A simple function f0 satisfying this
requirement is given by

f0(η1, η2, η3) =
2∑

i=1

(
−1

2
αη2

i +
1

4
βη4

i

)
+ γ

2∑
i=1

3∑
j=1

η2
i η

2
j + ξη1, (3)

whereα, β andγ are phenomenological constants [14–17, 22, 23]. Substitution of equations (2)
and (3) into equation (1) yields the equation of motion,

∂ηi

∂t
= −Mi


−αiηi + βiη

3
i + 2γiηi

3∑
j �=i

η2
j − κi∇2ηi + ξφi


 , (4)

where ξ is the driving force for grain boundary movement and φ1 = 1 and φ2 = 0.
Equation (4) is solved using a simple forward-Euler integration scheme [14–17, 22, 23].

We assumed that the grain boundary mobility and energy are isotropic. All parameters
used in the phase-field model are given in non-dimensional units. The system size is
100 × 100 × 100, and we choose 
x = 1.0. A periodic boundary condition is applied
along the x- and y-directions. However, we assumed that η(z = 0) = η(z = 
x)and
η(z = 101
x) = η(z = 100
x) as boundary conditions. We examined the effect of this
boundary condition along the z-direction on the grain boundary morphology and the pinning
force, we found that the effect was not notable. The coefficients in equation (4) were chosen
as follows: αi = βi = γi = 1, κi = 2 and Mi = 1 for all i. The time step 
t was set to 0.05.

3. Pinning force evaluation

When a grain boundary is entirely arrested by a second-phase particle, the driving force for
grain boundary migration is balanced by a capillarity force of a curved grain boundary [9].
To determine the maximum driving force (ξmax) which maintains the pinned state of the grain
boundary, we increase ξ in equations (3) and (4) in steps of 
ξ = 10−5. Since the grain
boundary in the phase-field modeling is diffuse [14–16, 21, 22], we needed to determine the
grain boundary location to accurately evaluate the driving force. We used the order parameter
isosurface (η1 = 0.5) in Matlab to extract the corresponding sharp interface position of the
grain boundary, and the obtained sharp grain boundary configuration is visualized in figure 1
as the red curved surface). The output of the isosurface routine in Matlab (figure 2) is an array
listing vertices comprising each triangle and the other array containing the coordinates of each
of these vertices. Armed with this list of triangles and their coordinates, we can easily calculate
the face area (dA) and surface normal unit vector (n̂). In equations (3) and (4), we apply the
driving force to move the grain boundary along the direction normal to the isosurface. The
pinning forces along the x- and y-direction are canceled out due to their geometrical symmetry.
Therefore, the particle pinning force is given as follows:

Fp = ξmax

∫
n̂·ẑ dA = ξmax�. (5)

3
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Figure 2. The grain boundary pinned by a second-phase particle. The applied driving force (ξ ) for
grain boundary movement is ξmax. The sharp grain boundary (red curved plane) is determined by
isosurface subroutine in Matlab with the linear interpolation flag. The gray ellipsoid is the second-
phase particle and its equation is ((x − 50)2/19.22) + ((y − 50)2/19.22) + ((z − 45)2/39.32) = 1.
The grain boundary is visualized by patch command in Matlab and the ellipsoid is visualized by
ellipsoid command. dA represents a small area comprising three vertices, and the normal unit
vector (n̂) is determined by vertices coordinates.

4. Pinning forces by spherical and ellipsoidal particles

The analytic relations of the particle pinning force were derived by Zener [1] for a spherical
particle and by Ryum et al [11] and Nes et al [12] for an ellipsoidal particle. Zener and
Ryum et al and Nes et al assumed that the interfacial energy between matrix and second-phase
particle is isotropic [1, 11, 12]. Also, Ryum et al [11] and Nes et al [12] only considered the
situation that a second-phase particle meets a grain boundary at the right angle. Zener derived
the following relation [1]:

Fp = πrσgb, (6)

where σgb is the grain boundary energy and ris a spherical particle radius. In our simulation,
the non-dimensional grain boundary energy σgb is 0.536. We compared the pinning forces
calculated from equations (5) and (6) in figure 3. We found that Zener’s theory shows overall
good agreement with our phase-field simulation; the differences at a given particle radius (r)
is less than 6%.

Figure 4 is an illustration of two cases of interactions between a grain boundary and a
second-phase particle considered by Ryum et al [11] and Nes et al [12]. The pinning force for
case I is derived analytically [11, 12] and given by [11, 12]:

Fp = F S
p

2

(1 + ε)ε1/3
, (7)

where F S
p is the pinning force of a same-volume spherical particle and ε = b/a is the

eccentricity of the ellipsoidal particle [11, 12].
We compared equations (5) and (7) for ellipsoidal particles with different eccentricities

in figure 5. Couturier et al also showed that the oblate particle is more effective in particle
pinning in case I compared with the same-volume spherical or prolate particle [24] and this
prediction is consistent with our simulation result.

4
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Figure 3. The pinning forces calculated from the Zener’s theory [1] (equation (6)) are plotted using
black squares, and the pinning forces calculated from the phase-field simulation (equation (5)) are
plotted using red circles. The difference between two pinning forces at given particle radius (r) is
at most 6%.

Figure 4. Schematic illustration of two cases of particle–grain boundary interaction in [11, 12].
Ryum et al and Nes et al only considered the cases when a boundary meets a particle under the
right angle. The illustration is re-drawn by current authors.

In case II, Ryum et al and Nes et al estimated the pinning force numerically [11, 12]:

Fp = σgb

∫
cos θ dl (8)

and cos θ and dl are given as follows [11, 12]:

cos θ =
{(

∂x

∂y

)2

+

(
∂x

∂z

)2

+ 1

}−1/2

, (9)

dl =
{

1 +

(
∂z

∂y

)2
}1/2

dy. (10)

Ryum et al [11] and Nes et al [12] assumed that a second-phase particle makes a planar hole
on the grain boundary. They fitted the curve from the numerical integration piecewise, and
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Figure 5. The pinning forces calculated from Ryum et al and Nes et al’s expression [11, 12]
(equation (7)) are plotted using black squares, and the pinning forces calculated from the phase-
field simulation (equation (5)) by red circle. The volumes of all particles are identical but the
eccentricities are different. The difference between two pinning forces from equation (7) and
equation (5) at a given eccentricity (ε) is at most 5%.

their results are given as follows [11, 12]:

Fp = F S
p

(1 + 2.14ε)

πε1/2
when ε � 1,

Fp = F S
p ε0.47 when ε < 1. (11)

Based on the comparison of phase-field simulation results and equation (11), we found that
equation (11) is not very accurate. Therefore, we propose a new fitting function (equation (12))
for the pinning force for case II,

Fp = F S
p (5.04 − 4.38e−ε/11.58 − 0.40e−ε/0.35) when (0.30 � ε � 4.63). (12)

We assumed that the eccentricity of ellipsoidal particle ranges from 0.3 to 4.63. Results from
equations (8), (11) and (12) are plotted in figure 6. The agreement between equations (8) and
(12) is much better than the that between equations (8) and (11) especially when the eccentricity
(ε) is larger than 1.

The agreement between the phase-field simulation and Ryum et al and Nes et al’s theory
is fairly good for case II (equation (12)) (figure 7). Also, we found that the newly constructed
fitting function in this work shows better agreement compared with the Ryum et al and Nes
et al’s fitting function (equation (11)).

5. Pinning force by a cuboidal particle

Cuboidal precipitates are quite common for cubic precipitates in a cubic matrix, e.g., gamma-
prime precipitates in the Ni-alloy matrix in Ni-based superalloys [3, 5–9]. Easterling et al
already evaluated the pinning force applied by a cuboidal particle using the theoretical
approach [25]. We performed phase-field simulations to measure pinning forces applied by a
cuboidal particles, and the results will be compared with the analytic theory. In this paper, we
introduced three assumptions:

(1) The interface energy between the matrix and the particle is isotropic;

6
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Figure 6. Fp/F
s
p curves from the equations (8), (12) and (11). The black curve is obtained

from equation (8) numerically. Equation (11) (blue curve) is the fitted function of Fp/F
s
p in [11].

Equation (12) (red curve) is the new fitted function of Fp/F
s
p for 0.30 � ε � 4.63. The agreement

between the red and black curves is significantly better than that between the blue and black curves
for ε > 1.

Figure 7. Fp/F
s
p curves from the phase-field modeling and equations (11) and (12) for case II in

figure 4. Equation (12) (red triangles) is the new fitted function of Fp/F
s
p in this work, showing

significantly improved agreement compared with the equation (11) (blue circles) by Ryum et al
and Nes et al [11, 12].

(2) A grain boundary meets a second-phase particle at the right angle;
(3) The particle makes sharp-cornered square hole on the grain boundary.

With the above three assumptions, we derived the cuboidal particle dragging force in figure 8
as follows:

Fp = σgb × (2c + 2d) × cos 45◦ =
√

2(c + d)σgb. (13)

We compared the pinning force by a cubic (edge length c = d = e) with that of a sphere
(radius r) with the same volume in equation (14). Since V = c3 = (4π/3)r3,

F cubic
p = 2

√
2cσgb = 2

√
2 3

√
4π

3
rσgb, (14)

7
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Figure 8. The grain boundary (red line) pinned by a cuboidal particle (blue line). The edge lengths
of the cuboid are c, d and e. Since the interface energy between matrix and particle is isotropic,
the dihedral angle between grain boundary and the cuboid face is 45◦.

where F c
p is the cubic particle Zener force. The pinning force by a spherical particle (F s

p ) is
given in equation (6). Therefore,

F cubic
p = 2

√
2cσgb = 2

√
2 3

√
4π

3
rσgb ≈ 1.45F sphere

p . (15)

To examine the accuracy of equation (13), we introduced one cuboidal particle in a simulation.
The edge lengths are given as c = 39, d = 39 and e = 38. The pinning forces from
equation (13) and (5) are 59.13 and 61.95, respectively. The dragging force from equation (5)
was approximately 4.8% higher than the force from equation (13), and this discrepancy is
higher than that of the spherical particle case; the difference between the dragging forces
from equation (5) and (13) is smaller than 0.6%. The cuboidal particle and the captured grain
boundary are visualized in figures 9(a) and (b). As shown in figures 9(a) and (b), the hole on the
grain boundary is round-cornered rather than sharp-cornered right-angle rectangle. Therefore,
the fourth assumption we made is not strictly true in phase-field simulations. Therefore, it is
understandable that the pinning forces from equations (5) and equation (13) for the cuboidal
particle are slightly different.

The thermodynamic driving force for particle pinning is the reduction in the grain boundary
area. Therefore, the particle pinning force increases with the increase in the area of the hole
on the grain boundary. We found that the hole develops rounded corners in our simulations.
According to Cahn and Hilliard [26], there is a contribution of the gradient energy to the
interfacial energy. If the hole is a square with sharp corners, the gradient energy goes to
infinity at the corners. Consequently, the square with rounded corners is more favorable than
one with sharp corners for pinning the motion of grain boundary.

According to equation (13), the dragging force does not depend on the length of edge
(c) which lies along the z direction (direction of grain boundary movement). To validate this
result, we measured the dragging forces of three rectangular cuboids with c = d = 39 and
e = 38, 25, 12. The pinning force of three rectangular cuboids from equation (13) is the same
value of 59.13, and force from equation (5) is 61.95 regardless e values.

Indeed, the particle pinning force does not depend on the edge length c according to
table 1. The result is consistent with the analytic theory given by equation (13).

Zener force increases as the hole area on the grain boundary (A = cd) increases according
to table 1.

8
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Figure 9. The grain boundary (red plane) pinned by the rectangular cuboids (grey cubic). (a) side
view (b) top view. The hole on the grain boundary is rounded-corner in (a) and (b).

Table 1. Particle dragging forces applied by three rectangular cuboids. The lengths of three edges
c, d and e in figure 8 are given in the table. The dragging forces from equations (13) and (5)
increased as the hole area on the grain boundary (A = cd) increased.

c d e Fp (equation (13)) Fp (equation (5))

33 33 38 50.03 51.91
39 39 38 59.13 61.95
45 45 38 68.22 70.91

6. Comparing effectiveness of grain growth inhibition

In order to compare the effectiveness of grain growth retardation by spherical, ellipsoidal and
cuboidal particles, we introduced four assumptions:

(1) The volume of particle is the same;
(2) A grain boundary meets a particle under a right angle;

9
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Figure 10. Fp/F
s
p curves of ellipsoidal particle for case I (black curve) of ellipsoidal particle,

case II (red curve) of ellipsoidal particle, case I of cuboidal particle (blue curve) and case II of
cuboidal particle (green curve). We assumed that the grain boundary meets a particle under a right
angle and edge lengths c and d of the cuboidal particle in figure 8 are same. Aspect ratio (ar) of
the cuboidal particle is given by e/c and the eccentricity (ε) of the ellipsoidal particle is given by
b/a. The definition of length a and bis described in figure 4.

(3) c = d in figure 8;
(4) The aspect ratio of the cuboidal particle (ar = c/e) is introduced. The pinning force of

the cuboidal particle is compared with the force of the ellipsoidal particle when ar = ε

(aspect ratio of the cuboidal particle = eccentricity of the ellipsoidal particle).

The key factor in determining pinned average grain size is the maximum pinning force
[1, 11]. In figure 10, the maximum driving force by an ellipsoidal particle arise in case I when
ε < 1. If ε > 1, the maximum driving force is obtained from case II. We found that when
the aspect ratio or the eccentricity is larger than 0.35, the ellipsoidal particle is more effective
in pinning rather than the cuboidal particle. However, the aspect ratio or the eccentricity is
below 0.35, the cuboidal particle is more effective in pinning. In addition, we compared the
ratio of distances crossed by the dragging phase and driving phase for the spherical particle
(ε = 1) and the cubic particle (ar = 1). We found that the ratio of cubic particle (2.0) is higher
than that of spherical particle (1.3). Therefore, the cubic particle is more effective in particle
pinning comparing with the spherical particle in our study.

7. Conclusion

We performed phase-field simulations to quantitatively measure the interaction between a
second-phase particle and a grain boundary. We found that Zener’s theory for the spherical
particle and Ryum et al and Nes et al’s theory for an ellipsoidal particle when the particle meets
a grain boundary under the right angle predict pinning forces which are in good agreement
with results from phase-field simulations. We derived the expression for the pinning force of a
grain boundary by a cubic particle with an assumption that the particle makes the square hole
on the grain boundary. The pinning forces calculated from the expression are slightly different
from the pinning forces from the phase-field simulations. This difference can be attributed
to the rounded corners of the square hole arising from the phase-field simulations. We found
that when the aspect ratio or the eccentricity is larger than 0.35, the ellipsoidal particle is

10
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more effective in pinning rather than a cuboidal particle while when the aspect ratio or the
eccentricity is below 0.35, the cuboidal particle is more effective in pinning.

We are presently employing phase-field simulations to evaluate the particle pinning force
under more realistic condition taking into account coherency for the particle-matrix interface
as well as the Zener force by an ellipsoidal second-phase particle intersecting with a grain
boundary along any arbitrary angle.
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