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The Absolute Stability Analysis in Fuzzy Control Systems with
Parametric Uncertainties and Reference Inputs
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SUMMARY  This study analyzes the absolute stability in P and PD type
fuzzy logic control systems with both certain and uncertain linear plants.
Stability analysis includes the reference input, actuator gain and interval
plant parameters. For certain linear plants, the stability (i.e. the stable equi-
libriums of error) in P and PD types is analyzed with the Popov or lineariza-
tion methods under various reference inputs and actuator gains. The steady
state errors of fuzzy control systems are also addressed in the parameter
plane. The parametric robust Popov criterion for parametric absolute sta-
bility based on Lur’e systems is also applied to the stability analysis of P
type fuzzy control systems with uncertain plants. The PD type fuzzy logic
controller in our approach is a single-input fuzzy logic controller and is
transformed into the P type for analysis. In our work, the absolute stability
analysis of fuzzy control systems is given with respect to a non-zero refer-
ence input and an uncertain linear plant with the parametric robust Popov
criterion unlike previous works. Moreover, a fuzzy current controlled RC
circuit is designed with PSPICE models. Both numerical and PSPICE sim-
ulations are provided to verify the analytical results. Furthermore, the os-
cillation mechanism in fuzzy control systems is specified with various equi-
librium points of view in the simulation example. Finally, the comparisons
are also given to show the effectiveness of the analysis method.

key words: steady state error, parametric absolute stability, fuzzy logic
control system, Lur’e system, Popov criterion, robust

1. Introduction

Fuzzy logic controller (FLC) has become a conventionally
adopted control algorithm, and has been employed in vari-
ous industrial applications [1], since Mamdani [2] proposed
the first linguistic FLC based on expert experience to con-
trol a laboratory steam engine. The FLC design does not
require an accurate mathematical model. Unlike traditional
nonlinear controllers, FLC can work with imprecise inputs,
and can deal with nonlinearity and uncertainty. Therefore,
many studies are devoted to this field. Conversely, since the
accurate mathematical model is not required to design FL.C,
the design procedure is still based on trial and error. Hence,
the stability and performance of FLC cannot be guaranteed.
Systematic analysis and synthesis schemes [3]-[26] have re-
cently been developed to improve this issue.
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Some methods [3]-[10] adopt the Takagi-Sugeno (T-S)
fuzzy models to determine the stability of fuzzy control sys-
tems by the Lyapunov function or linear matrix inequality
(LMI). The overall plant is first represented as a T-S fuzzy
model by a fuzzy blending of each linear system model. The
controller is then designed based on this T-S fuzzy model by
Lyapunov function or LMI. However, an appropriate fuzzy
model may be difficult to formulate for an arbitrary non-
linear dynamic system. Additionally, a common Lyapunov
function for general cases, and an existing positive-definite
matrix, are both difficult to obtain. Besides the T-S fuzzy
model, Lyapunov functions are also adopted to design and
analyze the robust PD fuzzy controller for bounded uncer-
tainties or nonlinearities of the system, using the Popov-
Lyapunov approach [11]. In addition, the stability on the
T-S fuzzy model is analyzed by the Kharitonov theorem in-
corporated with the Schur and Hurwitz criterions [12]. Re-
cently, the developments of fuzzy logic control designs al-
most focus on the T-S fuzzy models control. The stabil-
ity analyzes all apply the time-domain LMI approach. The
main research directions include model uncertainties [13]—
[20] and time-delay [21]-[23] or both [24], [25]. The stabil-
ity issues due to the reference input influence are not to be
discussed in the T-S fuzzy models control.

Kickert and Mamdani [26] first applied the describing
function approach (DF) to analyze the stability of fuzzy con-
trol systems by granting fuzzy control systems as a multi-
level relay model. The describing function of FLC can, un-
der reasonable assumptions, be obtained to predict the ex-
istence of a limit cycle in fuzzy logic control systems [27],
[28]. DF provides an approximate approach to obtain the
stability of unforced fuzzy control systems. DF may yield
inaccurate or incorrect analysis results, because it is an ag-
gressive and approximate approach. In other words, under
some assumptions, DF can only be applied to analyze fuzzy
system stability successfully. Additionally, the steady state
error and transient response of fuzzy control systems with
the sinusoidal and exponential input describing functions
techniques are analyzed in [29] and [30], respectively.

The choice of parameters in fuzzy control systems with
phase plane approach was proposed in [31]—[33]. Then, the
phase plane analysis can be utilized to design fuzzy rules,
or measure the performance and stability of a specific set
of fuzzy rules. Phase plane analysis is a simple graphical
approach, in which the system trajectories are inspected to
provide information on system stability and performance.
However, it is restricted to second order dynamic systems.

Copyright © 2009 The Institute of Electronics, Information and Communication Engineers



2018

The extension of classical circle criteria is also applied
to analyze the stability of linear systems with fuzzy logic
controllers [34],[35]. The extended circle criteria can be
employed to test the SISO and MIMO systems [34]. The ex-
tended circle criteria for MISO and MIMO are presented in
[35] for testing the robust stability in PI, such as fuzzy con-
trol systems with uncertain plant gains. This algorithm lim-
its the nonlinearity of fuzzy controller to the sector bound.

The Popov is a frequency domain stability criterion for
closed loop nonlinear systems of Lur’e type. Fuzzy control
systems can be regarded as Lur’e type systems. Kandel et
al. [36] adopted the Popov criterion to analyze the stability
of fuzzy control systems with controller as multi-level re-
lay. Furutani et al. [37] utilized the shifted Popov criterion
to manage the fuzzy controller with both time-variant and
time-invariant parts. However, the Popov criteria applied to
the stability analyzes on the fuzzy logic control do not con-
sider the effect of reference input.

On the other hand, the latest research developments
on the Lur’e systems stability analyzes concentrate on the
systems with model uncertainties [38]-[41] and time-delay
[42], [43] or both [44]-[46]. The main approaches include
the time-domain LMI [38]-[44] and the classical frequency-
domain [45], [46] methods. The stability issues due to the
reference input influence are not even discussed except in
[51]. By [51], we can predict that the stability of fuzzy con-
trol systems will crash due to reference input shift, so it is
important to take the reference inputs as one of the parame-
ters for stability analyzes of fuzzy control systems.

On short, the recent stability analysis developments on
the Lur’e type systems almost always use the time-domain
LMI approach. The concerned issues are on uncertainties
and time-delay or both. However, the development direc-
tions don’t concern the reference input influence on stabil-
ity.

Other investigations on fuzzy logic control systems can
be described as follows. Butkiewicz [47] investigated the
steady error of a fuzzy control system with respect to dif-
ferent fuzzy reasoning processes [47]. Tao and Taur [48]
designed a robust complexity-reduced PID-like fuzzy con-
troller for a plant with fuzzy linear model in [48]. Malki et
al. [49] derived a fuzzy PD controller from the conventional
continuous-time linear PD controller [49], in which the pro-
portional and derivative gains are a nonlinear function of the
input signal. The stability of this new type fuzzy PD con-
troller is ensured by the small gain theorem. Taur and Tao
[50] analyzed and designed region-wise linear fuzzy con-
trollers (RLFC) [50], and found that the RLFCs generally
performed better than the PD controllers.

Our work analyzes the absolute stability in P and PD
type fuzzy control systems with both certain and uncertain
linear plants. The control functions in P and PD type fuzzy
controllers are known to be piecewise linear, and can be
described with mathematical equations. The equilibrium
points of each piecewise linear surface in a P type fuzzy
control system with a certain linear plant can be calculated
by this description. The unique error equilibrium point of

IEICE TRANS. FUNDAMENTALS, VOL.E92-A, NO.8 AUGUST 2009

the overall system can be obtained by determining whether
the error equilibrium point located in its own error region.
Therefore, the error equilibrium points in the reference and
actuator gain parameter space can be analyzed. Addition-
ally, the absolute stability can be analyzed using the fre-
quency and time domain approaches. Since a P type fuzzy
control system is a Lur’e system, its stability can be tested
by the Popov criteria in the frequency domain. In the time
domain, the stability can be tested by linearizing the sys-
tem with regard to the equilibrium point. Conversely, the
stability of a P type fuzzy control system can be tested by
the parametric robust Popov criterion [51] incorporated with
the Kharitonov theorem for uncertain linear plant and inter-
val parameters, including actuator gain, reference input and
plant parameters. Notably, the actuator gain can be included
in one of the plant parameters. For a PD type fuzzy control
system, single-input fuzzy logic controller (SFLC) [52] is
introduced into our analysis. In a certain linear plant situa-
tion, the equilibrium point of fuzzy control systems can be
analyzed using the same P type fuzzy analysis concepts. A
PD type fuzzy control system with an SFLC controller can
be transformed into a P type system, so that its stability can
be analyzed with the Popov and linearization methods. The
parametric absolute stability of Lur’e systems can also be
applied to a transformed PD type fuzzy control system when
the plant is uncertain. For comparison with theoretical anal-
ysis, a fuzzy current controlled RC circuit is designed with a
PSPICE model. Simulation results including both numerical
and PSPICE confirm the theoretical analysis. Additionally,
the mechanism of oscillations in fuzzy control systems is
interpreted with a viewpoint of equilibrium points in a sim-
ulation example. Finally, the comparisons also are made to
exhibit the effectiveness of the analysis method. The applied
method parametric robust Popov criterion will be compared
with the robust Lur’e test [54], the robust circle criterion
[54], and the robust Popov criterion [54]. In compared meth-
ods, the stability of uncertain fuzzy control systems which
are considered as stable by compared methods will crash un-
der the effect of the reference inputs. On the other hand, by
the applied analysis method, the stability can be guaranteed
for the certain interval reference inputs. In brief, this study
can provide a valuable reference in designing fuzzy control
systems.

In conclusion, the stability analysis is extended to a
non-zero reference input and an uncertain linear plant. This
is in contrast to the approach employed by Kim et al. [27], in
which DF is derived and applied to analyze the stability of
fuzzy control systems for zero reference inputs and certain
linear plants. The DF method may yield inaccurate or incor-
rect analysis results without restricted assumptions. By con-
trast, the Popov criterion based on the Kharitonov theory can
guarantee an exact stability investigation. Moreover, SFLC
[52] is applied in the analysis of a PD type fuzzy control sys-
tem. SFLC is an efficient FLC, owing to its 1-D fuzzy rules
only. By this feature, the SLFC can be implemented as an
analog circuit and applied for high frequency control. This
work first investigates the steady state error and robust sta-
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bility analysis for linear plants using the proposed structure
transformation. Additionally, an analog fuzzy control sys-
tem is designed with a PSPICE model to verify the analysis
results. Finally, the explanations for unstable oscillations
in fuzzy control systems are presented with the equilibrium
concept.

This paper is organized as follows. Section 2 describes
the P and PD type fuzzy control systems. Section 3 analyzes
the equilibrium points and stability in P type fuzzy control
system. Section 4 then performs the same analyzes in a PD
type fuzzy control system. Section 5 provides simulation
results with Matlab and PSPICE simulators. In Sect. 6, the
comparisons are made to show the superiority of the applied
analysis method. Conclusions are finally drawn in Sect. 7.

2. The Fuzzy Logic Control System

Both P and PD type fuzzy logic control systems include a
linear plant with time-invariant uncertainty, adjustable ac-
tuator gain and reference input. Moreover, the fuzzy logic
controllers are the cores of systems. An FLC can be taken as
multiple bends of piecewise linear functions, since it has sin-
gleton and specific membership functions. Hence, a fuzzy
logic control system can be treated as a Lur’e type system.

2.1 Fuzzy Logic Controller

Consider the fuzzy logic control system in Fig. 1. The IF-
THEN rules in single input fuzzy logic controller can be
described as:

Rule; : If e is M;, then uy is u;, (D

where e is the control error and M; and u; denote fuzzy sets.
If a singleton is applied in a fuzzifier, then the product in-
ference and center average are formulated in the inference
engine and defuzzifier, respectively. The output of the fuzzy
logic controller can be represented as

up =" Qieyu;, 2)
_ Mi(e)
where Q;(e) = —Z Mj(e)'
j

For simplification, this study uses the fuzzy rules and

s y
*@" Hs.p)=Cp)[st - Ap)]' B(p)

G(s,p,K)  Linear Planis

Fuzzy Controller

Fig.1  The P type fuzzy control system.

Table 1  Rules of the fuzzy logic controller.

e NBE | NME | NSE | ZRE | PSE | PME | PBE
uy | NBU | NMU | NSU | ZRU | PSU | PMU | PBU
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membership functions listed in Table 1 [27] and Fig.2 are
adopted in this paper, respectively. Table 2 presents the
fuzzy controller parameters. Figure 3 shows the control
function of the fuzzy controller, which can be described as:

segment 1 : kpe + cp, e € laz,as]
segment 2 : kie +cy, e €lay,as]

ur =o(e) =1 segment3: kpe, e €|—-ay,a]
segment 4 : ke —cy, e € [—ap,—a]
segment S : kye — cp, e €[—az,—as]
3
where
0 <a <a <a3,0<b1 <b2 <b3,6‘1 sz—klaz,
b b, —b bs—b
C2=b3—k2a3,k()=—l,k1= 2 l,andkzz 3 2.
ay a; — ap as —ap
Remark 1: The assumptions 0 < a; < a; < --- < a, and

0 < by < by <+ < by, are satisfied for n multiple bends
of a control function. The control output of the static fuzzy
system is given by:

NBE NMENSE ZRE PSE PME PBE

-a3 a2 -al 0 al ;;2 a3 e
()

NBU NMU NSU ZRU PSU PMU PBU

B b2 b 0 bl b b3
(b)

Fig.2  The membership functions of the fuzzy logic controller.

Table 2  Parameters of the fuzzy logic controller.
NBE | NME | NSE | ZRE | PSE | PME | PBE
e —-a3 —ay —ay 0 ay ap a3
NBU | NMU | NSU | ZRU | PSU | PMU | PBU
us b3 -by -b; 0 by by b3
S (e)
by
=ke+
b,
=ke+
[ S—
u,|=kyg
—a, -a, —a
P e
! a, a, a
e b,
b,
b

Fig.3  The control function of the fuzzy logic controller.
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kne +c,, e € lay, anl,
ur=o(e) =1 koe, e € [-ar,all, “4)
k,,e —Cp, €E€E [—Cln+1, _an]’

bn+1 - bn
where ¢, = b1 — kpapsr, ky = ———,

ap+1 — a_n .
andn = 1,2,3,...,n. The control function satisfies

O<elo(e+e)—o(e)] < k(e)éz, Yee O, Ve eR, (5

where 07(0) = 0,k > 0 and O indicates some neighborhood
of e = 0.

2.2 P Type Fuzzy Logic Control System

Figure 1 illustrates a P type fuzzy control system with a
fuzzy logic controller, a parametric linear time-invariant
system and adjustable parameters, which include actuator
gain K and reference input r. The control function of the
fuzzy controller is a piecewise linear function, and is de-
picted in Fig. 3.

The linear plant H(s, p) shown in Fig. 1 can be pre-
sented as

H(s, p) = C(p)sI = A(p)]”' B (p), (6)

where A(p) € R™" and A(p) is a stable matrix; B'(p) €
R C(p) € R", the parameter vector p exists in a com-
pact and simple connected region P ¢ %!, The transfer func-
tion G(s, p, K) with amplifier gain K € R can be stated as

G(s,p,K) = C(p)[sI — A(p)]"'B(p, K), (7)

where B(p,K) = KB'(p) € R and K € R. The overall
static fuzzy logic control system in Fig. 1 can be described
as:

X = A(p)x + B(p, K)uy,
y = C(p)x, (8)

where the control input u; = o(e); the control error e =
r—y,x € R,e € Rand y € NR; the reference input r is a
constant value, and r is a constant value, and r € ‘R.

The closed loop system is given by

X =A(p)x + B(p, K)o[r — C(p)x]. )

The error equilibrium points and relative stability under
the influence of parameters including actuator gain K, ref-
erence input r and time invariant uncertainty in linear plants
are addressed. The parameter vector is defined as (r, p, K).

2.3 PD Type Fuzzy Logic Control System

This subsection discusses the PD type SFLC depicted in
Fig.4. The SFLC’s output uy is proportional to a negative
signed distance D;. Additionally, the number of the fuzzy
rules, as shown in Table 3 [52], is significantly reduced into
1-D space, as in Table 4, owing to the single input and skew-
symmetric property. Due to the skew-symmetric property of
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=

SFLC

Fig.4  The single-input fuzzy logic control system.

Table 3  Rules of conventional FLC with control error defined as e,;.
eq
éq NB | NS | ZR | PS PB
PB ZR | NS | NS | NB | NB
PS PS | ZR | NS | NS | NB

ZR PS | PS | ZR | NS | NS
NS PB | PS | PS | ZR | NS
NB PB | PB | PS | PS | ZR

Table4  Rules of SFLC.
D; | NBE | NME | NSE | ZRE | PSE PME PBE
us | PBU | PMU | PSU | ZRU | NSU | NMU | NBU

/
=

Ns1:ié+Xe=0
Switching line

Fig.5 The skew-symmetric property in (e,é) and the calculation of
signed distance.

the rule table, (e, ) can be split into five regions. Figure 5
illustrates an example of this division of (e, ¢). The reduced
1-D rules improve the efficiency of the controller by saving
time cost for a look up rule table, although it also adds the
calculation time of signed distance. Therefore, the SFLC is
suitable for implementation in circuit control. The SFLC is
introduced in this section for further equilibrium points and
stability analysis in the following sections.

(1) Calculation of signed distance

The control error in SFLC is defined as
ety =y—r. (10)
The switching line s; as shown in Fig. 5 is given by
s;:€q+ deg = 0. (1

The signed perpendicular distance D, of general point
QO(ey, €4) to a switching line is calculated as follows:

ey + Adey

Vit 2

D, = sgu(s)D = (12)
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(D)

4 -a, -—a

Fig.6  The control function of the fuzzy logic controller in SFLC.

l Fuzzy Controller
Bp|K)
d p=-D, Ul - N
L 4 B(p)|

+

G(s.p.K)

Fig.7  The transition formation in the transformation.

léq + deg| —
where, D = ——— is shown in Fig. 5 and
V1 + A2
(s) = 1 fors;>0
SENS =Y 1 for s; < 0.

The control output uy = ¢(D;) is defined according to the
control rule in SFLC as given in Table 4 and Fig. 4.

(2) The presentation of the SFLC system
The SFLC system can be described as:
X =A(p)x + B(p, Kuy,
y =C(p)x, (13)
where the control input uy = ¢(Dj).
(3) The analytic representation of the SFLC system

If Tables 2, 4 and Fig.2 are applied into the controller in
SFLC, then the control function ¢(-) of the fuzzy controller
is as displayed in Fig. 6. The surface of the fuzzy controller
in SFLC is typically oddly symmetrical; therefore, the con-
trol force is given by

ugp = ¢(Ds) = o(=Dy) = o (p), (14)
where p = —=D; = ¢t de .
2

In the following analysis, this representation as illus-
trated in Fig.7 is applied to PD type analysis. In Sect.4,
the SFLC system is reformatted as a special P type fuzzy
control system, and is employed to analyze the equilibrium
point and stability.
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3. Equilibrium Points and Stability Analysis in P and
PD Type Fuzzy Control Systems

3.1 Equilibrium Point Analysis for P Type Fuzzy Control
Systems with Linear Plants

This section presents the analysis of error equilibrium points
and stability in P type fuzzy control systems. The equilib-
rium point in fuzzy control systems can be derived when
equilibrium points can be solved. Moreover, the stability
of the equilibrium point can be judged with the linearizing
system around the equilibrium or the Popov criterion in the
following subsection. If the error equilibrium points of the
overall system are stable, then the steady state error can be
derived from this result. By (9), let X = 0, then

Ax + B(K)o[r—Cx] =0. (15)
If A~! exists, then (16) is obtained.
x+A'B(K)o(e) = 0, (16)

where e = r — Cx.
Multiply the result by C in (16), and let Cx = r — e,
then

e—r—CA 'B(K)o(e) = 0. (17)

The state equilibrium points represented as x¢, and the
error equilibrium points denoted as e, can be determined
from (16) and (17), respectively.

Assumption 1: The unique solution exists in (17). In other
words, an error equilibrium point uniquely exists. Under
Assumption 1, the error equilibrium points can be solved
from (18) by replacing (4) in each segment.

e —r—CA™'B(K)(kne® +c,)=0
e —r—CA'B(K)(koe®) =0
e —r—CA™'B(K)(knef —c,) =0

n=1,23,.... (18)

if e€lay, ans1],
ifee[—ay,ay],
if e€[~ans1, —anl.

One of these error equilibrium points is the unique
point of the overall system. The unique point is identified
by checking whether e¢ is located in its own error region.

3.2 Stability Analysis for P Type Fuzzy Control Systems
with a Certain Linear Plant

In the certain linear plant case, the stability can be deter-
mined by the time or frequency domain approaches pro-
posed in [51]. In the time domain approach, the eigenval-
ues of the linearizied system (8) can be applied to determine
the stability. In the frequency domain, the Popov criterion is
utilized to test stability.

(1) Frequency domain approach

Consider the error dynamic system for a given param-
eter vector (r, p, K).
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X = A(p)x + B(p)&(-C(p)%), (19)
where X = x — x°(r, p, K), and
0 (=C(p)X) = o[-C(p)x + (1, p, K)] = ole“(r, p, K)].

The error equilibrium point of the P type fuzzy control sys-
tem is given by

e(r,p,K) =r—C(p)x(r, p, K). (20)

The error dynamic system is also of Lur’e type.
The function & satisfies the following sector condition if
e(r,p,K) € O.

0 < 66(8) < k[e“(r, p, K)]é2, Vé € R, 1)

where & = e — €°(r, p, K) and k > 0. By the Popov criterion,
(19) is absolutely stable for a given (r, p, K), if there exists a
real number v = v(r, p, K) satisfying

Re[(1 + jwv)G(jw, p, K)] + >0Vw e R,

(22)

1
kle¢(r, p, K)]

where G(s, p, K) = C(p)[sI — A(p)]"' B(p, K).
(2) Time domain approach

Under an arbitrary parameter vector (r, p, K), if an
equilibrium state x°(r, p, K) of the system exists, then the
stability can be determined from the linearization of (9) near
the state equilibrium point.

Remark 2: If the unique state equilibrium is stable, then the
steady state error in fuzzy control systems can be obtained
from the state equilibrium by e = r — Cx°.

3.3 Stability Analysis for P Type Fuzzy Control Systems
with an Uncertain Linear Plant

In this subsection, the parametric absolute stability can be
tested using the parametric robust Popov criterion incorpo-
rated with Kharitonov theorem, when the parameter vector
(r,p,K) € Ry x P XK, where R,y = [r,7] C R. The value
of e°(r, p, K) is difficult to calculate from the results in the
previous subsection, because fuzzy control function o (-) is
sometimes impossible to obtain mathematically, and param-
eters (r, p, K) vary in a range in real application. Therefore,
the stability analysis by the parametric robust Popov crite-
rion in [51] is adopted to handle this situation.

Theorem 1: Consider the uncertain P type fuzzy control
system (9) satisfying the following conditions. Then, the P
type fuzzy control system is parametric absolute stable.

(1) If the fuzzy controller is continuous, and for some
neighborhood O of e = 0 satisfies

0 < 2[o(e + &) — o(e)] < k(e)e*, Ye € O, Yé € R,
and 0(0) = 0, 23)
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where k(e) is a positive number depending on e € O.

Q@) If

1
-C(PA™ (P)K(p, K) + %0) >0,YpeP (24)
holds, for any (, p, K) € R,.;xPxK and any o satisfying the
sector condition (23), there exists a solution e = e°(r, p, K)
of (17) in O¢(r, p, K), where

0“(r, p, K)
| 2555 7| (when HC(PAT (p)B(p.K)) < 0),

B (25)
[r’ ﬁm] (when r{C(p)A~' (p)B(p.K)} > 0).

and Zy(p) = 1-C(p)A~'(p)B(p, K)k(0). A more detail proof
on (15) and (16) can be referred in the Lemma 1 of [51].

(3) If for a given region R,.; of r and for any p € P, the
condition Og(p) C O is satisfied, and a real number
Vo = v,(r, p, K) exists such that the following inequal-
ity holds

Rel(l + jovo)Gljo, p. K + s > 0, Yo € R,
(26)

where
kgr(p) = max{k(e) : e € Ox(r, p, K)}, 27

and O}(r, p, K) represents the region containing e“(r, p, K)
for all 7 € R,y.

Proof: Since the uncertain P type fuzzy control system (9)
satisfies the conditions described in Theorem 1 of [51], the
P type fuzzy control system with Lur’e type is parametric
absolute stable.

Remark 3: kz(7, p, K) is hard to find, so Corollary 1 is de-
rived for Theorem 1.

Corollary 1: Suppose that R, C O. Moreover, assume that
for any p € P,G(0, p,K) > 0, kp = max{k(e) : e € Ry},
and there exists a real number v, = v,(r, p, K) letting the
inequality hold.

1

Re[(1 + jwvy)G(jw, p, K)] + = >0, Yw € R. 28)
R

The P type fuzzy control system is then parametric absolute

stable.

Remark 4:

(1) This test can be extended to the general P type fuzzy
control functions design.

(2) The assumption in Corollary 1 does not lose generality,
since most systems have G(0, p, K) > 0.

(3) The effect of K can be combined into plant parameters

D



WU et al.: THE ABSOLUTE STABILITY ANALYSIS IN FUZZY CONTROL SYSTEMS

The existence of v, = v,(p) for every p € P should be
guaranteed in Theorem 1 and Corollary 1. This is generally
a difficult problem. Therefore, the parametric robust Popov
criterion incorporated with Kharitonov [51], [53], [54] for
interval Lur’e systems is introduced into a parametric ab-
solute stable analysis.

Consider the following as a family of interval plants

Q(s)

G(s,p,K) = PGs)’

(29)

where Q(s) and P(s) belong to the families of real interval
polynomials Q(s) and P(s), respectively.

Q(s) ={0(s) : O(s) =qo + q15 + -+ -+ qr57,
and g; € [q;, ¢/, foralli=0,...,7},
and
P(s) = {P(s) : P(s) = po+ p1s+ -+ pus”,
and p; € [p;,p;], forall j=0,...,n}. (30)

KiQ(s),i = 1,2,3,4 and K}(s),j = 1,2,3,4 represent the
Kharitonov polynomials associated with Q(s) and P(s),
respectively. The Kharitonov systems associated with
G(s, p, K) are defined as the 16 plants of the following set,

Ki(s)
Gk(s) := { 5
Ki(s)

pls

:i,j€{1,2,3,4}}, 3D

where
KIQ(S) =q, +qfs+q;s2 +q§s3 +q;s4 +q§s5 +qgs6 I
Ké(s) =g +qis+ st + a3  +qist +qis + g+
K3Q(S) =g+ G+ + @i +qist + a5 g+
K4Q(s) =q, +ql+s+q;s2 +q§s3 +q;s4 +q;r55 +qgs6 I
Kp(s)=py+pis+pis”+pis’ +pyst+pss” + pist+- -
K3 (s) =P +p1+S+p£s2+p§s3 +pj{s4 +p§s5 +p356 Foen
Ki(5)=pg+pis+pys*+pis’ +pist+ pss® +pgst+- -
Kp(s)=py +pis+pss*+p3s® +pist+ pis® +pist+-- -

Theorem 2: An P type fuzzy control system is absolutely

stable in sector [0, k] for all G(s) € G(s, p, K), if a real v,

can be obtained by verifying the robust Popov condition for
G(s) € Gk(s) to satisfy inequality (28).

Proof: By Theorem 1, the P type fuzzy control system of
Lur’e type can be tested by the Popov criterion. Hence,
the parametric robust Popov criterion incorporated with
Kharitonov for interval Lur’e systems [51], [53], [54] can be
considered here for parametric absolute stability analysis of
P type fuzzy control systems.

Remark 5: Theorem 2 implies that only 16 Popov plots
need to be drawn from family Gg(s) to check that the P type
fuzzy logic control system is stable when the robust Popov
condition (28) holds for the whole family G(s).
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Transformed Plant

u B(AK) . y'
— o 1 law
a(e) Hpp (s, m-.

Gpp (s, p,K)

Fig.8 The transformed SFLC with the special P type fuzzy control
system formation.

3.4 Transformation SFLC from PD to P Type

In the following, the SFLC is transformed from PD to P
type, so that the equilibrium point and stability can be ana-
lyzed by the transformed special P type fuzzy logic control

system. From Fig. 4, the factor \/11+7 of SFLC is integrated

into both the proportional and derivative factors. The o and
B in Fig. 7 are then defined as

a =

A
——, and B = . (32)
V1 + A2
Assumption 2: CB = 0.

According to Assumption 2 and Fig. 7, the following
derivation can be obtained.

e=r—-y=r—-Cx. (33)
By differentiating both sides, then

é=-Ci=-C(AX + Buy) = —CAx. (34)
From (33) and (34), then

p=ae+pfe=al—-Cx)+p(-CAx) =+ —Cix, (35)

where Cy = (aC + BCA), and I’ = ar.
After transformation, the transformed plant in Fig. 8
can be obtained

Grp(s, p, K) = Ci(p)sl — A(p)]™' B(p, K). (36)

From Fig.8, the special P type transformation from the
SFLC system can be described as:

X =A(p)x + B(p, K)uy,

y = Ci(p)x, (37)
where the control input uy = o<(p), and control error p =
r—y.

The transfer function Hpp(s,p) of the transformed
plant in Fig. 8 can be described as

Hpp(s, p) = C1(p)lsl = A(p)]”'B'(p), (38)

3.5 Equilibrium Point Analysis for PD Type Fuzzy Con-
trol Systems with Linear Plants

From Fig. 7, the equilibrium point can be analyzed
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X =A(p)x + B(p, K)o (p). (39
Letx =0,

0 =A(p)x + B(p, K)o (p). (40)

If A~!(p) exists, then
x+ A (p)B(p. K)o (p) = 0. (41)
By multiplying the result of (40) by C and using (35), then
~C(p)x = C(P)A™ (p)B(p, K)or(ae + p&) = 0. (42)
When t — oo, x = 0 and é = 0 are implied. By ¢ = 0,

¢ —r—C(p)A Y (p)B(p, K)o (ae®) = 0. (43)

Remark 6: The error equilibrium point of the PD type fuzzy
control system is

ef = —e. (44)

3.6 Stability Analysis for PD Type Fuzzy Control Systems
with Linear Plants

The transformed P type of SFLC in Fig. 8 can be employed
to analyze the stability of SFLC for a given (r, p, K).
(1) Frequency domain approach

Consider the error dynamic system in Fig.8 for the
given parameter vector (7, p, K).

% = A(p)X + B(p, K)a(~C1(p)¥), (45)
where

X=x-¥@p,K),
G(=C(p)X) = o[-Ci(p)% + &(r, p, K)] - o[é°(r, p, K)],
and &°(r, p, K) = ' — C1(p)X(r, p, K). (46)

The error dynamic system is also of Lur’e type.
The function & satisfies the following sector condition, if
e(r,p,K)eO.

0 < 85(2) < k[&(r, p, K)]&2, V& € R, A7)

where & = e — é°(r, p, K), and k > 0.

From the Popov criterion, (39) is absolutely stable for
a given (r, p, K), if a real number ¥y = ¥y(r, p, K) exists sat-
isfying

Rel(1 + joso)Grp (o p KOl + 1= > 0,

Yo € R. (48)

(2) Time domain approach

Consider an arbitrary parameter vector (r, p, K) in SFLC.
Suppose that an equilibrium state x°(r, p, K) of the system
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exists. The stability can be determined by the linearization
of (37) near the error equilibrium point.

3.7 Stability Analysis for PD Type Fuzzy Control Systems
with Uncertain Linear Plants

Since the transformed SFLC is a special P type fuzzy con-
trol system as shown in Fig. 8, the parametric Popov crite-
rion [51] incorporated with Kharitonov theorem is adopted
to analyze the stability of PD type fuzzy control systems
with uncertainties.

4. Fuzzy Current Control RC Circuit System Design

The temperature control is an important issue in many in-
dustrial processes or medical applications. The tempera-
ture controls systems are analogous to RC electrical circuits
and are governed by the following third-order equation (49)
[55]. In our design, FLC is applied to control the RC elec-
trical circuits to reach the specified output voltage. In other
words, it is similar to regulate the temperature to desired set
point This section specifies fuzzy current control RC circuit
systems of P and PD types for verifying the theoretical anal-
ysis using PSPICE simulation.

In this section, the circuit structure is specified first.
The fuzzy logic controller is then designed to construct the
fuzzy control function, which is mapping I/O relation of the
fuzzy controller. Finally, some components of the overall
structure of the fuzzy logic control system are introduced.

4.1 The Block Diagram of the Fuzzy Current Control RC
Circuit System

Figure 9 depicts the block diagram of a fuzzy current con-
trol RC circuit. The control objective of this system is to
track a dc constant reference voltage r. To avoid the loading
effect from the circuit of the next stage, the voltage buffer is
utilized to feed the output voltage v3 back into the controller
to generate the control error voltage v,. The core of this
system is the fuzzy controller. Both P and PD type fuzzy
controllers are designed in the circuit system. The control
voltage v, is transformed into the control current i,,. with
a voltage controlled current circuit. Finally, the amplified
current u(¢) from the current amplifier is injected into circuit
plant to let output voltage v to track a reference voltage r.

4.2 Circuit Plant

The circuit plant in Fig. 10 [55] is composed of RC circuits
and external current source control input u(¢). The output

Ve Vo e y=2
7 Subtraction| | Fﬂ;ﬁgifc L ngtzﬁzd | | Current [“) Circuit | | Voltage
voltage circuit PorPDpe)| |ourrent circuit amplifier plant buffer

:

Fig.9  The block diagram of a fuzzy current control RC circuit system.




WU et al.: THE ABSOLUTE STABILITY ANALYSIS IN FUZZY CONTROL SYSTEMS

voltage is v3 Consider the transfer function of circuit plant

Y(s) _ RsCi

HO) =50 =2

(49)

where A = R1R2R3C1C2C3S3 +Ci(R1R,C1Cr + RyR3CLC3 +
RyR3CC3+ R R3C1Cy + R1R3C1C3)S2 + C](R2C2 +R,Cq +
R3C{ + R|C; + R3Cy + R3C3)s + C.

4.3 Fuzzy Logic Controller Circuit

The circuit of a fuzzy logic controller is shown in Fig. 11.
This circuit is designed to construct the control function
of the fuzzy controller. Figure 12 illustrates the relation-
ship between the circuit parameters and the control function

(561, [571.
4.4 Opverall Design Circuit

Figure 11 shows the overall design circuit. For simplifica-
tion, the voltage controlled current circuit, current amplifier
and PD type signal generator are introduced in [58].

(1) Voltage controlled current circuit

¥y
Ry l R, l Ry
u(t) (> e T G T G
Fig.10  The RC circuit plant [55].

Circuit Plant

R1 R2

u(t)

2025

Figure 11 displays the voltage controlled current circuit. If
the following equalities (50) stand, then

Ryes = Ry (50)
va3 val ’
and
V .
i = R—fl (51)

(2) Current amplifier

The current amplifier is designed to normalize the signal
from voltage controlled current circuit and amplifies it. The
control input u(¢) from the current amplifier for the circuit
plant is given by

Ving

T
Ry

Fig.12  The control function of a fuzzy controller with circuit design
parameters.

R3

0

T W T W W
Icw I c2 ‘I’ c3

Voltage controlled current circuit
Rvcd

Rvc3

<
S
o
<
S
o
<
S
o

V8" Fuzzy logic controller

R6f

Sl
R

<
m
m
<
m
<
m
1y

il
cww—i‘\ -

Fig.11

Inverting summing circuit

)

vce

The designed fuzzy current control RC circuit system.
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R
u(t) = iog = _R_Tginvc- (52)
g

(3) PD type signal generation

The derivative and proportional signals are generated by OP
amplifier differentiator and OP inverting amplifier as illus-
trated in Fig. 11.

The OP amp differentiator is designed as

dve
= —R;,Cy— 53
1Ca—- (53)
The value R|,C4 is chosen to meet 8. Conversely, the
OP inverting amplifier is given by

Vp = —7 Ve (54)

Rio
where @ = —.

In Fig. 181, a P type fuzzy control system is chosen
when two switches open at P positions. Conversely, a PD
type fuzzy control system is selected when two switches
close at PD.

5. Simulation Results

In this section, a fuzzy control RC circuit plant as shown in
Fig. 10 is utilized to investigate the parametric equilibrium
points and stability when the circuit plant is certain or un-
certain with P and PD type fuzzy logic controllers, respec-
tively. The varying parameters include reference input r, an
adjustable parameter K and an interval circuit plant param-
eters p.

For the analysis of certain plants, the equilibrium
points under the (r, K) parameter space with stable nota-
tion are given. The phase plane and time waveforms are
given to verify the analytical results. The design circuit
with PSPICE simulation is also provided to check theoreti-
cal analysis. On the other hand, the parametric robust Popov
criterion is employed to test the stability of the parameter
vector (7, p, K) € R,.y X P x K. From this point of view, the
effect of K can be combined into plant parameters by the
previous introduction.

LetRy =R, = R; = 1Q, and C,
(49), the third-order transfer with form

=C2=C3=1Fin

q0 (55)

H(s) = s
p383 + pas? + pis+ po

where g9 = 1,po = 1,p1 = 6,p, = 5 and p3 = 1. From
Fig. 1, combining the adjustable parameter K, the transfer
function is given by

qoK

G(s,K) = 3 > .
p3s” + p2sc+ pi1s+ po

(56)

The state space representation for G(s, K) can be de-
rived
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0 1 0
A(p) = 0 0 1 ,
—-po/ps —pi/ps —p2/p3
0
B(K) = 0 ,
(qoK)/p3
andC(p)=[ 1 0 0 | (57)

The fuzzy rules are adapted in this simulation as follows:

Rule 1 :1If eis NBE, then uy is NBU;,

Rule 2 : If eis NS E, then uy is NSU;

Rule 3 : If e is ZRE, then uy is ZRU, (58)
Rule 4 :If eis PSE, then uyis PSU;

Rule 5 : If e is PBE, then uy is PBU.

Figure 13 illustrates the membership functions. Table 5
shows the fuzzy control system parameters. Figure 3 shows
the control function, where ky = 6,k; =4/9 and c¢; = 5/9.

Consider the following simulation with K = 1 ~ 20, r=
—1 ~ 1 and the initial condition x(0) = [0,0,0]’. Table 6
lists the circuit components in Fig. 11. For practical consid-
erations, the parameters of the fuzzy controller are selected
as Table 6 in order to approach the ideal control function
depicted in Fig. 14.

5.1 P Type Example Demonstrations

(1) Certain linear circuit plant

Under Assumptions 2, the equilibrium points of the
fuzzy control systems in each segment can be calculated us-
ing (18).

rpo — qoKcy

segment 1 : , € € lay, azl,
& Po + Kk
Po
e = | segment2 : ————— €° € [~ay,ai],
Po + qoKko
+ qoK
segment 3 : M, e’ € [—ap, —a1].
po + oKk

(59

The equilibrium point of one segment is ¢ when ¢ — co and

NBI' NSE ZRE PSE PBE

/
AN /\/
\ o/

\/\/\/

/

\ \ /

NBU NSU ZRU PSU PBU

/

/ ‘ \ /

/ / \ f \ \
/ \

/ \ [\ \ e (orp) U

a2 -l 0 al a2 2 bl 0 bl b2

(@ (b)

Fig.13  The membership functions of the fuzzy control system.

Table 5  Parameters of the fuzzy logic controller in simulations.
NBE | NSE | ZRE | PSE | PBE
e(or p) -1 —-0.1 0 0.1 1
NBU | NSU | ZRU | PSU | PBU
us -1 -0.6 0 0.6 1
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Table 6

Circuit Blocks | Circuit components

Circuit plant Ri=Ry=R3=1QandC, =C, =C3 = 1F.
Subtraction Ry =Rs =Rg =R7 =25kQ

circuit and vyer =02 V.

Parameters of the fuzzy current control RC circuit system.

Proportion Rg = 1kQ,R9 = 10kQ and Rip = 1kQ.
circuit

Differentiator | Ry = 10kQ, Rj2 = 0.9kQ and C4 = 100 uF.
circuit

Inverting Ri3 = R4 = Ri5 = Rig = 10kQ.

summing

circuit

Fuzzy le = 2kQ, sz = 121(9, R3f = R5f =400Q
controller R4 = Ry = 13kQ, and Dy and D, : IN4148.
Voltage Ry:1 =Ry»o = Rye3 = Ryeq = 10kQ.
controlled

current circuit

Ry4 and Ry, are chosen to meet the selected K with
voltage controlled current circuit design.

P type design:

Stable Ry, = 1Q and Ry; = 50kQ.

Unstable Ry, = 1Q and Ry, = 40kQ.

PD type design:

Stable Rj; = 1 Q and Ryy = 90kQ.

Unstable Ry, = 1Q and Ry, = 100kQ.

VCC = 15V, VEE = —-15V, VCC1 = 8V, VEE =
-8V, VCC2 =30V, and VEE2 = -30 V.

P type design:

OP amps 1-6 with OPA602, and OP amps 7-8 with
LM675 (Power op amp).

PD type design:

OP amps 1-6 with OPA602, OP amps 7 with OPA501
(Power op amp) and OP amps 8 with LM675.

Current
amplifier

Power source

Operational
amplifiers in

design

1oy —o.sv o 0.5v 1ov
S vous_suzan
v vin fusey

Fig.14  The fuzzy control function with PSPICE simulation by Table 6
parameters.

e — ¢°. Equation (60) can be solved by linearizing (9) and
using (57)

0 1 0
A(r,p) = 0 0o 1 | (60)
-1 +K(r,p,K)) -6 -5

The stability can be determined by A. ¢ € {ky,k} denotes
the slope of e¢ in the control function, and ¢ is determined
by e¢ from (18). In (18), the reference r and actuator gain
K affect e¢. Figure 15 depicts the analysis of the stability of
equilibrium points. The reason for the formation of unstable
oscillations is discussed in Sect.2). Figures 16 and 17 dis-
play the verification of the analysis in Fig. 15, with respect
to P1 (unstable) and P2 (stable point).
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Fig.15  The equilibrium stability of the P type fuzzy control system by
Table 5 for (r, K), where o indicates a stable equilibrium, and X denotes an
unstable equilibrium.

-

a00uv

300uv

200mv

100wy

0
5 Vice:2)
Time

(©)

Fig.16  (a) The phase plane of (e, ¢) when (r, K) = (0.2, 5); (b) The time
waveform when (r,K) = (0.2,5); (c) PSPICE waveform when (r,K) =
0.2,5).

(2) Mechanism of oscillations in the fuzzy control system

In this example, the P type fuzzy control system is a
piecewise-linear system with three segments. An equilib-
rium (e, ¢¢ = 0) exists in every segment for a specific (, K)
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edot

40007
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(©
Fig.17  (a) The phase plane of (e, ¢) when (r, K) = (0.2, 4); (b) The time
waveform when (r, K) = (0.2,4); (c) PSPICE waveform when (r,K) =
0.2,4).

pair. Figure 16(a) shows the three error equilibriums of
every piecewise segment in the phase plane of (e, ¢) when
(r,K) = (0.2,5). Three equilibrium points are represented
as = (stable equilibrium point for segment 1), x (unstable
equilibrium point for segment 2) and V (stable equilibrium
point for segment 3), for segments 1-3, respectively. As-
sume that (e, €) locates in segment 1 initially. (e, ) is pulled
into the equilibrium point ‘x> of segment 1 located in seg-
ment 3. When (e, ¢) enters segment 2, (e, €) is pushed away
from equilibrium point x of segment 2. After (e, é) is pushed
away from segment 2 and enters segment 3, (e, ¢) is pulled
back to the equilibrium point of segment 3 V. The limit cy-
cle is formulated by pushing and pulling.

Conversely (e, €) crosses the segments 1, 2, and 3, is all
pulled into equilibrium points and finally (e, ¢) achieves the
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Table 7  Alternative parameters of the fuzzy logic controller.

NBE | NSE | ZRE [ PSE | PBE
eorp) [ -1 | =001 | 0 001 | 1
NBE | NSE | ZRE | PSE | PBE
uy T | =01 | 0 | ol 1

Fig.18  The equilibrium with the stability of the alternative fuzzy con-
troller by Table 7 for (r, K), where o denotes a stable equilibrium, and X
indicates an unstable equilibrium.

global equilibrium point of segment 2. The authors discuss
in detail the stability under different design parameters [59].

(3) Alternative Control Function

In Fig. 15, the effect of reference for stability is not obvi-
ous. Therefore, the different fuzzy controllers in Table 7
are designed with different control functions. The results in
Fig. 18 specify how the different controllers will influence
the equilibrium points and stability besides r and K.

(4) Uncertain linear circuit plant

In this part, the stability of the fuzzy control system with
interval plant is checked by Theorem 2. In the following
simulations, r € [-1,1], K = 2, Ry ~ Rz and C; ~ C3 in
circuit plant listed in Table 6 with tolerance +5% and kj, = 6
in (28) are selected. The plant (56) for P type fuzzy control
system can be rewritten as

lq,, 951K
G(S,K)= - pt1c3 - +0 20 - pt - »+71’°
[P3,P3]S*+[P2,P2]S +[P1,P1]S+[PO,PO]
(61)
where [g5,q¢1 = [09,1.1], [p5,pi] = [0.74,1.34],

[p3.p3] = [3.87,6.14], [p].pj] = [5.14,6.95], and
[Py, Pl =10.95,1.05].

It should be noted that the effect of interval actuator
gain can be considered into [g, ;1. so we just choose K =
2 in this example.

By Theorem 2, the absolute stability can be tested as
shown in Fig. 19. Because the parameter in numerator is just
one, only eight Popov curves are plotted enough to indicate
the stability in such a case.

5.2 PD Type Example Demonstrations

In the following simulation, 4 = 10 is selected in PD type
fuzzy control system.

(1) Certain linear circuit plant
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60 b ]
g /
=
Real
Fig.19  The Popov plots for the P type fuzzy control system with

uncertain circuit plant.

Fig.20  The equilibriums with the stability of the PD type fuzzy control
system by Table 5 for (r, K), where o indicates a stable equilibrium, and x
denotes an unstable equilibrium.

In this subsection, Fig.7 demonstrates the PD type fuzzy
control system. Under the Assumptions 1, and 2, the er-
ror equilibrium points of the fuzzy control systems in every
segment can be obtained by (43).

e =—¢j
. (rpo—gKc)V1+22
segment 1 : LRIRW N2 5 e e [y, a
g gk wpovieiz * € € L1 a2l
V1+42
={segment 2 : — 20X ¢ € [—qy,a
& 2Kk o VIR [a1, a1l
+qKc)) V1+A2
segment 3 : (PR NIHE - e o 1y g,

AgKky+po V1+2 °
(62)

By linearizing (39) and using (57), (63) can be carried out,
and Fig. 20 can be obtained.

A~(7”P» K) =A _X(r,P’ K)B(K)Cl

0 1 0
= 0 0 1
—(1 + Kx(r,p,K)) =6 =5

(63)

In the following, Figs.21 and 22 verify the analysis in
Fig. 20 with respect to P1 (unstable) and P2 (stable point).

(2) Alternative control function

The alternative controller in Table 7 obviously influences the
equilibrium point and stability, when the reference is vary-
ing. Figure 23 shows the analytical results.
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Fig.21 (a) The time waveform when (r,K) =
waveform when (r, K) = (0.2, 10).
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Fig.22  (a) The time waveform when (r, K) = (0.2, 9); (b) PSPICE
waveform when (r, K) = (0.2,9).

(3) Uncertain linear circuit plant

In this subsection, Fig. 8 is adopted to demonstrate the para-
metric stability of the PD type fuzzy control system. Fol-
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Fig.23  Equilibrium with the stability of the PD type fuzzy control sys-
tems in Table 7 for (r, K), where o denotes a stable equilibrium, and X
indicates an unstable equilibrium.

Imag

Real

Fig.24  The Popov plots for the PD type fuzzy control systems with the
uncertain circuit plant.

lowing transformation, the analytic new plant for PD type
fuzzy systems is given by (38):

RyR3C C5(s + )

—

T= V1 + 2[R R5R;C1C2C35” +RyR3C1 C3(R R2C1 Cy
+RyR3C2C3+C1C3RR3 + R R3C1 C2 +R 1 R3C1 C3)57
+RyR3C C3(RyCr+RyCi+R3C 1 +R1C1 +R3Co+R3C3)s
+RyR3C5C1 1. (64)

Hpp(s)=

In the following simulation, r € [-1,1], K = 1, R} ~
R; and C; ~ Cj in circuit plant, as listed in Table 6 with
tolerance +5% and kj = 6 in (28), are specified to evaluate
the stability of a PD type fuzzy control system. From (36),
the analytic new plant for PD type fuzzy control system can
be recast as

K4y, qy1s + 4y, G5
(P, P31s3+[py, p31s2+py. py1s+1Pg, Byl
(65)

Gpp(s,K)=

where (47,471 = [0.77,1.281, [gy,g5]1 = [7.74,12.76],
[p5.P5] = [6.02,16.37], [p;,p;]1 = [33.34,74.24],
[P}, P{] = [44.33,80.81] and [py, pj] = [8.19,12.22]. The
total of sixteen Popov curves illustrated in Fig. 24 are plot-
ted to verify that the PD type fuzzy control system is stable
according to Theorem 2.
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Table 8  Parameters of fuzzy logic controller for the robust Lur’s test.
nbe nme nse zre pse pme pbe
e —2000 | —-1025 | —1000 0 1000 | 1025 | 2000
nbu nmu nsu zru | psu pmu pbu
iy —740 -350 100 0 100 350 740

Real

Fig.25  The robust Lur’e test.

6. Comparisons with Other Approaches

In this section, we will illustrate the stability of uncertain
fuzzy control systems which are considered as stable by
compared methods will crash under the effect of the refer-
ence inputs. On the other hand, the stability can be tested
with our applied method and guaranteed under the effect of
the reference inputs. It should be noted that the applied para-
metric robust Popov criterion will be comprised with the ro-
bust Lur’e test [54], the robust Circle criterion [54], and the
robust Popov criterion [54]. In the following, we consider
the P type fuzzy control system in Fig. 1 to demonstrate the
comparisons. Because the PD type fuzzy control systems
can be transformed into P type ones, we will not exhibit the
PD cases additionally.

6.1 Robust Lur’e Test

Consider the stable interval plant [54] in Fig. 1:

K(lq7.4q71s + [gy.q3])

 st+p3, pi1s +1py, pi1s2+1pT. pils+ 1Py Py
(66)

G(s,K)

where [y, q5] = [3,3.3], lgy, 471 = [3,32], [py. pgl =
3,41, [py. p{1 = [2,3], [p3. p3] = [24,25], and [p5, p}] =
[1, 1.2]. For the following stability test demonstrations, the
default values in the parameters are chosen: ¢y = 3.2,¢q; =
3.1,pg = 3.5,p1 = 25,p, = 245, and p3 = 1.1. The
parameters in membership functions of the fuzzy logic con-
troller can be chosen such Table 8. The actuator gain K = 1.
The total sixteen robust Lur’e curves will be illustrated to
test the stability of the fuzzy control systems.

From Fig. 25, —1/k;, =~ —1.60 is obtained. Therefore,
the control surface o7(-) of fuzzy logic controller should be-
long to sector bound [0, k;, = 0.63] as shown in Fig. 26, and
the fuzzy logic control system is robust absolutely stable.
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Fig.26  The sector bound from the robust Lur’e test and the control
surface of the fuzzy logic controller.
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Fig.27  The time waveform of the stable test case respect to the robust
Lur’e test.
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Fig.28  The time waveform of the unstable test case respect to the robust
Lur’e test.

If the parameters in membership functions of the fuzzy
logic controller are chosen such Table 8, then the fuzzy con-
trol system is stable. The stable and unstable test cases re-
spect to the robust Lur’e test are with a pulse reference input
for testing r = 0 and a constant input » = 1300, respec-
tively. The stable and unstable output waveforms are shown
in Figs. 27 and 28, respectively. In this case, we can find that
if the reference input is increased, the stability of the fuzzy
control system which is considered as stable will crash.

6.2 Robust Circle Criterion
Suppose the stable interval plant such the previous test and

the parameters in membership functions of the fuzzy logic
controller are chosen such Table 9. The total sixteen ro-
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Table9  Parameters of fuzzy logic controller for the robust Circle
criterion.
nbe nme nse zre | pse pme pbe
e -2000 | —1020 | —1000 | O | 1000 | 1020 | 2000
nbu nmu nsu zru | psu | pmu pbu
ur | 41584 | —1630 | -630 0 630 | 1630 | 4158.4

Real

Fig.29  Robust circle criterion.
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Fig.30  The sector bound from the robust circle criterion and control sur-
face of fuzzy logic controller.

bust circle curves will be illustrated to test the stability too.
From Fig. 29, the circle center located on (-1, 0), and radian
is 0.6138. The circle cut the negative real axis at two points
—1/kc1 = =1.61 and —1/k¢c, = —0.39. Therefore, the con-
trol surface o(-) of the fuzzy logic controller should belong
to the sector bound [kc; =~ 0.62,kc, = 2.59] as shown in
Fig. 30, and the fuzzy logic control system is robust abso-
lutely stable.

If the parameters in membership functions of the fuzzy
logic controller are chosen such Table 9, then the fuzzy con-
trol system is stable. The stable and unstable test cases re-
spect to the robust circle criterion are with a pulse reference
input and a constant input r = 2000, respectively. The stable
and unstable output waveforms are shown in Figs. 31 and 32,
respectively. In this case, we can find that if the reference
input is increased the stability of the fuzzy control system
which is considered as stable will crash, too.

6.3 Robust Popov Criterion
Let’s consider the stable interval plant such the previous test

and the parameters in membership functions of the fuzzy
logic controller are chosen such Table 8. The total sixteen
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Fig.31 The time waveform of the stable test case respect to the robust
circle criterion.
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Fig.32  The time waveform of the unstable test case respect to the robust
circle criterion.
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Fig.33  Robust Popov criterion.

robust Popov plots will be plotted to test the stability too.
From Fig. 33, the Popov line cut the negative real axis at
—1/k, = —0.62 point. Therefore, the control surface o=(-) of
the fuzzy logic controller should belong to the sector bound
[0,k, ~ 1.61] as shown in Fig. 34, and the fuzzy logic con-
trol system is robust absolutely stable.

If the parameters in membership functions of the fuzzy
logic controller are chosen such Table 8, then the fuzzy con-
trol system is stable. The stable and unstable test cases re-
spect to the robust Popov criterion are with a pulse reference
input and a constant input » = 1300, respectively. The sta-
ble and unstable output waveforms are identical the results
as shown in Figs. 27 and 28, respectively. In this case, we
also find that if the reference input is increased, the stabil-
ity of the fuzzy control system which is considered as stable

IEICE TRANS. FUNDAMENTALS, VOL.E92-A, NO.8 AUGUST 2009
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Fig.34 The sector bound from the robust Popov criterion and control
surface of fuzzy logic controller.
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Fig.35  Parametric robust Popov criterion for the reference inputs.
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Fig.36  The time waveform of the stable test case respect to the paramet-
ric robust Popov criterion with a bounded pulse reference.

will crash.
6.4 Parametric Robust Popov Criterion

Let’s suppose the stable interval plant such the previous test
and the parameters in membership functions of the fuzzy
logic controller are chosen such Table 8. If we consider the
reference inputs r = [-990,990], Theorem 1 is applied to
test the absolute stability of this fuzzy logic control system.
By Theorem 1, —1/kp = —1/0.1 = —10 is chosen. The total
sixteen parametric robust Popov curve will be illustrated to
test the robust stability with the reference input in Fig. 35.
From Fig. 35, the fuzzy control system is robust absolutely
stable. Figures 36-38 show the output waveforms for differ-
ent reference inputs: a bounded pulse reference, r = 990 and
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systems with uncertain interval plants can be assured under
the interval range reference inputs by the applied parametric
robust Popov criterion.

100 4

- 7. Conclusions

This work analyzes the parametric absolute stability in P and
PD type fuzzy logic control systems with both certain and
uncertain linear plants with parameters such as the reference
input, actuator gain and interval plan. For certain linear
plants, the Popov and linearization methods are applied to
analyze the stability in both P and PD type fuzzy control
systems under different reference inputs and actuator gains.
The steady state errors of the fuzzy control systems are also
analyzed. For uncertain plants, the parametric robust Popov
criterion based on the Lur’e system is applied to the stability
analysis of P and PD type fuzzy control systems. Moreover,
a fuzzy current controlled RC circuit is designed to com-
pare theoretical analyzes with PSPICE simulation results.
Finally, the oscillation phenomena in fuzzy control systems
are interpreted from the point of view of the equilibriums
in this simulation example. Compared with the other ap-
proaches, the absolute stability analysis of the fuzzy control
systems with respect to a non-zero reference input and an
uncertain linear plant is addressed with the parametric ro-
bust Popov criterion.

o 100 200 300 100 500 600 700 500 900 1000

time(sec)

Fig.37  The time waveform of the stable test case respect to the paramet-
ric robust Popov criterion with the reference input r = 990.
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Fig.38  The time waveform of the stable test case respect to the paramet-
ric robust Popov criterion with the reference input r = —990.
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