MANY TOPOLOGICAL ABELIAN GROUPS HAVE
DENSE DIVISIBLE SUBGROUPS

R. C. HOOPER

1. Introduction. If G is a complete, metrizable, topological abelian
group such that the groups

Gm = {« € G|my = « for some y E G}

are dense in G, then Theorem 2.1 of this paper shows that G has a
dense divisible subgroup K. An example appears in §3 of a group G
that is not divisible even though G has a dense divisible subgroup.
Also some of the possibilities are examined when G is itself divisible.
It should be remembered that the set of all divisible elements in an
abelian group forms a subgroup.

2. The existence of dense divisible subgroups. Let G be a complete,
metrizable, topological abelian group. Define G™ = {xEG[ my=x for
some yEG}. Suppose that G™ is dense in G for all m > 0.

Let {U.}s, be an open basis of the identity of G such that
Unp1+ U,y1C U,. Choose an open neighborhood V, of the identity
of G such that

Vn+ "’+VnCUn-
(n! times)
Next a sequence {xi}f,l will be defined inductively. Given xEG,
we suppose x;, 1 St<naregiven withx;=xand (G+1)x;11—%;) E Vi,
whenever x;, x;.1 are defined. Define x,,; so that ((r+1)x,11—%,)

€ V,11. We can choose such an x,4; since G*t! is dense in G. For each
n consider the sequence {y,,,,,.} m=nt+1 Where

Ynmmsn = (m)(m — 1) - - - (n + )%
The claim is that {y,,,,,,},",:,,,H is a Cauchy sequence. For consider
Yami1=Ynm=(m+1)(m) - - - (n+Dxm1—m)(m—1) - - - (n+1)xm
=(m)(m—1) - - - (1+1) [(m+1) 21— 2a] EM)(m—1) - - - (n+1)
Vi 1C Umir.

Thus {y,,,,,.},",:,,,ﬂ forms a Cauchy sequence since Uni1+ Upni1C Un.
Let vy, be the element which { y,,,,,,},,. converges to. The claim is
that (n4+1)y,41=y.. Given Uj, we may choose m so that ¥,.1,» and
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Yu,m Satisfy Vuir1,m —Vut1E Ujpnse and ¥, n—y,€ Ujy1. Thus by the
definition of ¥,,m and Yai1,my (M)(Mm—1) - - - BH+2)Xm — V41 E Ujsnye
and (m)(m—1) - - - (n4+1)xp—y.€ Uji1. Hence

A+ Dyar — ¥ =0+ D¥epr — m)(m — 1) - - - (n 4+ Dan
+mm—1)--(n+ Dan—y. € Uju+ Ujsa C U,

Since this is true for all j, we have (n+1)y.11="9a.
As a consequence 7!y, =y, for all # and y, is divisible for all n.
Furthermore,

y1— X = ()ﬁ - y:,m) + (yx.m - yl.m—x) + (yl.m—l - yl,m—z) + -
+ s =12 T e —2) EUr+ Un+ Uy + - - -
+Us+U,C U+ U,

since for any j2#, Ya, i1 — Y1, S Uji1, Y1,0=2%, Y12 —% =2%—x1E U
and we may choose m so that y;—y1,.E Us.

What this shows since U; can be chosen as small a neighborhood
as desired and since x was arbitrary, is that the divisible elements are
dense in G.

THEOREM 2.1. 4 complete, metrizable topological abelian group G has
a dense divisible subgroup if and only if the G™ are dense in G for all
m>0.

Proor. If the G™ are dense, then it was just shown that G has a
dense divisible subgroup. On the other hand if G has a dense divisible
subgroup H, G*\H =H is dense in G.

The next theorem gives one example of groups which have a dense
divisible subgroup.

THEOREM 2.2. Let G be a topological abelian group. If G has a dense,
cyclic subgroup H and G has no proper open subgroups, then the sub-
groups G* are dense for all n>0.

ProOF. Suppose one of the G* for n>0 is not dense in G. Then if
H;=G"NH, let H, be the closure of H, in H. Since H is algebraically
isomorphic to the integers and H, is not the zero subgroup, H; is
open in H. Hence since H is dense in G, the closure L of H,in G is an
open subgroup of G. But since we supposed that G* is not dense in G,
L would be a proper open subgroup of G which is a contradiction.

A special class of groups like those of Theorem 2.1 are those which
are divisible as well as being complete and metrizable. If H is a divisi-
ble group such that the map ¢y/.:x—(1/n)x is well defined and a con-
tinuous homomorphism for all x & H, then the map ¢/, extends to a
continuous homomorphism of the completion G of H. Naturally
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such a G must be torsion free. Any topological vector space is one ex-
ample of such a group.

Suppose on the other hand G is complete, metrizable, separ-
able, and divisible. Then ¢,:G—G is continuous and onto. Thus by
the open mapping theorem [1, p. 99], ¢. is open.

If G is also torsion free, then the mapping ¢1.:x—(1/n)x is well
defined and is a homomorphism. Since ¢, is open, ¢i/,»=¢; ' is con-
tinuous. The solenoidal group Z,,a=(1, 2, 3, - - ) [2, p. 406 and p.
388] is one example of such a torsion free group G. The a-dic solenoid
2. is compact, connected, divisible, and torsion free. But even though
the mappings ¢1,.» are continuous for all >0, Z, is not a topological
vector space.

The circle group is an example of a connected, complete, metrizable
divisible group such that the mappings ¢, are not well defined for
any n>0.

3. The size of the maximal divisible subgroup of G. If Gy and G, are
topological groups and ¢:G1—G, is a homomorphism, then ¢ is called
almost open [1, p. 14 and p. 89] if for every xEG, y=¢(x), and
neighborhood U of x, the closure of ¢ (U), Cl(¢(U)), is a neighborhood
of ¢(v). If ¢:G1—G: is almost open and H, is a dense subgroup of Gi,
then it can be checked that ¢ restricted to H; is almost open.

Suppose that we are given an almost open homomorphism
¢': Hy—H,. If H, is dense in Gi, H; is dense in G, and ¢:G1—G; is an
extension of ¢’ to Gy, then it can be checked that ¢ is almost open.

Even if the G™ are dense in G, the maps ¢,:G—G do not have to be
almost open. To see this, first define on the additive integers a topol-
ogy called the group series topology. Let a set S={(p;, M.)}.;>, of
pairs of positive integers be given such that M;=2% the greatest
common divisor of {p;}:2,is 1 for all #, and such that 3> J2} M.<p;
for all j. Define

N
U, = {xl x = ) mip;for |m;| < 2-"M,, form,and Nintegers} .

These U, satisfy the axioms [1, p. 46] for a basis of the neighbor-
hoods of the identity for a topological abelian group, i.e., U,= — U,,
and U,u+UnptCU,. For if x, yEUnp1, then x= D, m;p; and
y=>.¥ mip; for some integers m;, m;, N such that [mi| <(1/27+1)
M, ]m{l <(1/2*Y) M, Thus x+y can be written as x+y= D~
(mi4m)p; with |m,~+m{| =(1/2")M;. This proves that x+y& U,
and as a result U1+ U C U,.

If x€EU,, then x= Zf;l m;p; for some integers N, m; such that
?mil <(1/29M,. Thus —x=21, (—m)p: and ' —m.-! =!m,<l
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=(1/2*)M,. Whence —x& U, and therefore — U, = U,.

Furthermore if x& U, then there is a unique set of integers {m;};
with x = Zf’ mip; and Im,l =< M.. For if not for some m;, m;, N, and j,
x=2N, mpi= 20 mip; with |mi| <M, |mi| <M, and j the
largest index such that m;sm). Then |(m;j—m))p;| =|> iz}
(mi—mQ)pil < D71 2M;. But since the p; were chosen so that
pi>32921 M, then we have | (m;—m))p;| >3 D> 321 M, whichisa con-
tradiction. Henceforth if we write x = D>.; m;p;, it will be assumed
that |m,| < M,. Since the greatest common divisor of the elements
of any U, is 1, then the smallest subgroup of the integers containing
any U, is the integers. Thus if the topological group H is the integers
under the topology having a basis of the identity the U,, H has no
proper open subgroups and H™ is dense in H for all m>0.

If ¢;: H—H is defined by ¢s:x—2x, then the claim is that Cl
(¢2(U3)) 1s not a neighborhood of 0. If Cl(¢2(Us)) is a neighborhood
of O, then we can find some U; with =3 such that U;CCl(¢2(Us)).

In particular p;ECl(¢2(U;)) and there is a ¢E¢2(Us) such that
pi—cE Ui lfc= fo.l n:p., all n; are divisible by 2 since cE¢2(Us).
Also

pi—cE U+ ¢(Us) CU+ U.C U,

implies that we can write p;—c= D, ¢:p; with the ¢; unique. Since
2 divides nj, ¢j=1—mn; is not zero. This contradicts the fact that
p;i—cE Ujua. Hence Cl(¢2(Us)) is not a neighborhood of 0 and ¢, is
not almost open.

Let G be the completion of H, the integers, under this topology and
let K be the maximal divisible group of G. K is dense in G by Theorem
2.1. Suppose K =G.

Let ¢4 :x—2x be the extension of ¢, to G. Since G is divisible, ¢, is
onto. But since G is complete and ¢, is continuous and onto, then
¢4 is an open mapping [1, p. 99]. But then since ¢; is almost open,
the restriction ¢, of ¢s to H is almost open. This is a contradiction.
Hence K #G.

Thus we have an example of a complete, metrizable group G such
that even though the G are dense, G is not divisible. The author does
not know whether K is always uncountable when G is uncountable.

BIBLIOGRAPHY

1. T. Husain, Introduction to topological groups, Saunders, Philadelphia, Penn.,
1966.

2. E. Hewitt and K. Ross, Abstract harmonic analysis, Academic Press, New York,
1963.

UNIVERSITY OF NEVADA

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



