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The number of spanning trees in graphs or in networks is an important issue. The evaluation of this number not only is interesting
from a mathematical (computational) perspective but also is an important measure of reliability of a network or designing electrical
circuits. In this paper, a simple formula for the number of spanning trees of the Cartesian product of two regular graphs is
investigated. Using this formula, the number of spanning trees of the four well-known regular networks can be simply taken into

evaluation.

1. Introduction

In this paper, we deal with simple undirected graphs having
no self-loop or multiple edges and consider the Cartesian
product of two regular graphs only. It is well known that, for
designing large-scale interconnection networks, the Carte-
sian product is an important method to obtain large networks
from smaller ones, with a number of parameters that can
be easily calculated from the corresponding parameters for
those small initial graphs. The Cartesian product preserves
many nice properties such as regularity, transitivity, super
edge-connectivity, and super point-connectivity of the initial
regular graphs [1-6]. In fact, many well-known networks can
be constructed by the Cartesian products of simple regular
graphs, for example, Boolean n-cube networks, hypercube
networks, and lattice networks.

Alternatively, the study of the number of spanning trees in
a graph has a long history and has been very active because
the problem has different practical applications in different
fields. For example, the number characterizes the reliability
of a network and, in physics, designing electrical circuits,

analyzing energy of masers, and investigating the possible
particle transitions [7-10]. The larger degree of points a
network has, the more I/O ports and edges are needed and
the more cost is required.

The number of spanning trees of some special network
has been taken into evaluation [11-20]. Recently, some
authors derived results about the counting where the number
of spanning trees can be found from [21-29]. However, the
study for spanning trees of the Cartesian product of regular
graphs remains an open and important invariant.

The number of spanning trees of Boolean n-cube net-
works, lattice networks, and generalized Boolean n-cube
networks has been taken into account [13, 17, 18]; these
networks belong to the class of networks Q,, with two regular
graphs Q; and G which is defined recursively by Q, = Q,_;
G for n > 2. In this paper, we will present the formula of
the number of spanning trees of the Cartesian product of
regular graphs. Using this present formula, the main results
in [13,17, 18] can be obtained much more simply and will be
extended.



2. The Number of Spanning Trees

Definition 1. Let G be a graph with n pointslabeled 1,2,...,n.
The adjacency matrix of G, A(G), is an n x n matrix with the
ith row and jth column entry given by

1 if points i and j are adjacent W

A(G)); =
[A©)]y {0 ortherwise.

The Kirchhoff matrix of G, H(G), is equal to D(G) — A(G),
where D(G) is an nxn diagonal matrix whose diagonal entries
are the degree of point n and A(G) is the adjacency matrix.
Thus the ith row and jth column entry is given by

[H(G)];
deg(i) ifi=j
=4-1 if i# j and points i and j are adjacent
0 ortherwise.

)

Lemma 2 (see [30]). IfG is a graph on n points with Kirchhoff
matrix H(G) and H;(G) is the submatrix of H(G) obtained
by removing the ith row and jth column then the number of
spanning trees of G, t(G), is any cofactor of H(G). That is,
t(G) = (-1)" det(H;(G)).
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Lemma 3. If A is an n x n triangulable matrix, which has n
eigenvalues, then the sum of product of any n— 1 eigenvalues of
A is the sum of all principal minors of A.

Proof. Let p(A) be the character polynomial of A and
A Ay ..., A, are neigenvalues of A. Then

pPA)=(A-1)(A-1y)--(A-1,). (3)

From (3), we obtain the following.
(a) The coefficient of A = (-1)"!
(the sum of product of any n — 1 eigenvaules of A).
On the other hand,

p(\) = det (AT - A)

AW - ap

(2;912 o T,
| T A7 = ay, —n (4)
— —a R QR
a1 21 nn

where A = [aij] and \? = Afori=1,2,...,n

So we only need to prove that the coefficient of A in
det(AI — A) is the sum of all principal minors of A. Let A;;
denote the principal minor of A obtained by removing the
ith row and ith column from A.

By (4), we obtain the following:

the coefficient of A" = (-1)""A (taking A@ =A@ oy 2 O)
the coefficient of A% = (-1)"'A,, (taking AW =@ )@ o a0 0)
(5)
the coefficient of A™ = (-1)" "4, (taking AW =A@ o a0 0).

(b) So the coeflicient of A = Y the coefficient of A0 =
(1) N A+ Ay -+ A
Hence the theorem is proved due to (a) and (b). ]

Since a real symmetric matrix is with the property that the
sum of its rows (and its columns) is zero, the rank of H(G) <
n—1.8S0 0 is the smallest eigenvalue. We write the eigenvalues
of H(G) as an ordered list:

0=1,(G) <A (G) <A, (G)+- <A, ,(G). (6)

The main result in Kelmans and Chelnokov [31] can also be
obtained by the following method.

Lemma 4 (see [31]). If the eigenvalues of the Kirchhoff matrix
H(G) of the n points graph G are 0 = A,(G) < A1,(G) <
Ay (G) -+ < A, (G) then t(G), the number of spanning trees
of G, is given by

n—1
t(G) = %HA,. Q). )

i=1

Proof. By Lemmas 2 and 3,

n—1
[T
i=1

= the sum of product of any n — 1 eigenvaules of H (G)

= the sum of all principal minors of H (G) =n-t(G).
(8)

Hence t(G) = (1/m)[ 11 L(G). O

Lemma 5. Let the eigenvalues of the adjacency matrix A(G) of
the regular graph G be written by u; <u,--- <u, ; <u, =n,
where r is the degree of the regular graph G; then, the number
of spanning trees of G is given by

t(G) =

n—1
H (r—u;). 9)
i=1

S|
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Proof. We know H(G) = rI, — A(G), where I, is the identity
n X n matrix. Since u; is the eigenvalue of A(G) for i =
1,2,...,n—1, there exists eigenvector x; fori = 1,2,...,n— 1,
such that A(G)x; = u;x;. So (vI, — H(G))x; = u;x;, rl,x;
H(G)x; = ujx;, rx; H(G)x = u;x; and H(G)x; = rx; —u;x;.

We obtain H(G)x; = (r—u;)x;. Thus r—u; is the eigenvalue
of HG) fori=1,2,...,n—1.

Hence the lemma is proved by Lemma 4. O

3. Cartesian Product and Kronecker Product

Definition 6. Let G = (N, E) denote a connected graph with
N set of all points and E set of all edges in G and let {u, v}
denote edge joining points u and v. Let G; = (N, E;) for
i = 1,2; the Cartesian product of G, and G, is defined by
G, xG, = (N,E), where N = N; x N,, E = E; x E,, and
{(uy,vy), (uy, v,)} € Eifand only if u; = u, and {v,,v,} € E,
orv, = v, and {u;,u,} € E;.

Definition 7 (see [32]). Let B = [bij] be an n X n matrix and
C an m x m matrix; then, the Kronecker product BxxC is
defined as the mn x mn matrix with block description

b,,C b,C -+ b, C
by C by,C -+ by, C

e (10)
b,,C b,C - b,C

The Kronecker sum is defined by B+rC = Bxgl,, + I, xxC,
where I is the k x k identity matrix for k = m,n. Let M be an
mn x mn matrix. M can be partitioned into #* blocks which

are denoted by B,g fora = 1,2,...,nand f = 1,2,...,n. That
is,

Bu Blz Bln

By By -+ By,

M = . . . . > (11)

Bnl Bn2 e Bnn
where Bz is the m x m matrix for « = 1,2,...,nand § =
1,2,...,n. Miscalledann xn (m x m) block matrix.

Lemma 8. If A is an nxn matrix and B, C are m X m matrices
then

(1) Axg(B+C) = AxgB + AxxC,
(2) (B+ C)xgA = BxgA + CxgA.

A(Gy) [A(G))] )51
[A(G)], 1 A(Gy)
A(G, xG,) = :
m [A(G)],,

(A (Gl)]nz m

[A(G, )],, 11l
L [A(G)],1 T

[A (Gl)] 13Im
[A (Gl)]231

Im [A(Gl).]n 13I

[A(GD)],, 5L

Proof. The lemma is easily obtained. O

Lemma 9. If the products AB and CD are defined then

(AB)xg(CD) = (A xx C)(BxgD).
Proof. Let A = [a;;] be anm x n matrixand B = [b;] annx p
matrix
[a,C -+ a,C][buD - b,D
(AxgC) (BxgD) = | - Do
3 C -+ a,,C| [byD -+ b,,D
Zalkbkch ZalkbkpCD
k=1 k=1
n ' - n
Y @by CD -+ Y a,,b,CD
L k=1 k=1
= (AB) Xk (CD).
(12)
O
Lemma 10. If P and Q are invertible then (P><KQ)’1 =
P % Q7L
Proof. Consider
(PxxQ) (P'%Q ") = (PP™") x4 (QQ ") )
= ImXKIn = Imn’
where Pism x mand Q is n X n. ]

4. The Number of Spanning Trees of
the Cartesian Product of Regular Graphs

Lemma 11. If the points of G, and G, are labeled by
Uy, Uy, .. U, and vy, v,, ..., v, respectively, and points of G, x
G, are ordered lexicographically, that is, the label of (u;,v;) is
smaller than that of (u.,v;) if and only ifi < k and j < I, then
A(G, X G,) = A(G)) +x A(G,).

Proof. Since A(G; x G,) is an mn x mn matrix, A(G, x G,) is
an n x n (m x m) block matrix. By the definition of G, x G,,
we describe

: [A(Gl)]1n 1'm
- [A(G)], L

[A(G)]; L
[A(G)] L
: : (4
AG)  [AG)],yulm
C[AG)Lpaln AG)




where [A(G, )] is the (4, j) entry of the adjacent matrix A(G,)
of G, and A(Gz) is the m x m adjacent matrix of G,. We know

A (GZ) Ome
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I xxA(G,) is an mn x mn matrix; it can be described as an
nx n (m x m) block matrix

=]

mxm Omxm Omxm
Omxm A (GZ) Omxm e Omxm Omxm
ILxgA(Gy)=| : oL o (15)
Omxm 0m><m Omxm e A (GZ) 0m><m
Omxm Omxm Omxm T Omxm A (G2)
where 0,,,.,, is the m x m zero matrix. Since A(G;)xgI,, is an
mn X mn matrix, it can be described as an nxn (1 xm1) block
matrix
0pp1xm [A (G )]12 m [A (Gl)]m[m [A (Gl)]l,nqlm [A (Gl)]LnIm
[ (G )]21 m Omxm [A (Gl)]231m e [A (Gl)]z,nq m [A (Gl)]z,nlm
(G) %], : : : (16)
[A(G )]n I [A(G )]n12m [A(G, )]n N Omsn [A(G, )]nlnm
[A(G 1)]n n [AG)], ] [A(Gl)]n m o [AG)],, I Osm

Clearly A(G, x G,) = A(G,)xkl,, + L xxA(G,) = A(G,) +x
A(G,). O

Lemma 12. Let G; be the regular graph of degree r; fori = 1,2;
then, the degree of G, X G, is | + 1. If the number of the points
of G, (resp., G,) is n (resp., m) and the points of G, x G, are
ordered lexicographically then H(G, X G,) = H(G,)+H(G,).

Proof. By Lemmas 8 and 11,
H(Gl x GZ) = (7’1 + rZ)Imn -
- (A(G) +xA(Gy))

- (A(G)) xgI, + LxgA(G,))

A(G, xG,)
=(r+72) L,
=(r+72) L
= (Nl — 1Lk A(G2))

A(Gy) xTn)

- I, A(G,))
A(Gy) xTn)
A(Gy)) + (-

= I,xgH (G,) + H (Gy) Xk 1,

+ (rZImn -

= (InXKrIIm
+ (TZInXKIm -

= Ixg (1, A(G))) xx 1,

= H(G)) +xH (G,),
(17)

where I,,,,,, is the mn x mn identity matrix. O

Lemma 13. If A and B are triangulable matrices then the
eigenvalues of A + B are given by o+ 3, respectively, as o and
B vary through the eigenvalues of A and B.

Proof. Since A and B are triangulable, there exist invertible
matrices Q and P such that A; = QAQ ' and B, = PBP™! are
upper triangular. If A and B are n x n and m X m matrices,
respectively, by Lemmas 9 and 10,

A +.B, = Axel, + LBy
= (QAQ ") %« (Pr,,P )
+(Qr1,Q ") %« (PBP™)
= (QxxP) (AQ ' x¢L,,P™")
+(QxxcP) (1, Q"% BP™)
= (QxxP) (Axkl,,) (Q ' xP™)
+(QxxP) (1,xcB) (Q P ™)
= (Q«P) [(Axkl,,) + (LxxB)] (Q ' xxP™")
= (QxxP) [(Axgl,) + (LxkB)] (QxxP)

= (QxP) (A+,B) (QXKP)_I
(18)

So A+;B is similar to A,;+;B; and they have the same
eigenvalues. Obviously A, +,B; = A;xgI,, +I,xB, is upper
triangular with diagonal entries given by & + 3, respectively,
as a and f3 vary through the eigenvalues of A, and B,. Hence
the eigenvalues of A+ B are « + f3, respectively, as « and 3
vary through the eigenvalues of A and B. O
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Theorem 14. Let G, and G, be the regular graphs with degrees
m and n, respectively. If the eigenvalues of the adjacency matrix
A(G,) are written as oy < &y <, < &, = m and
the eigenvalues of the adjacency matrix A(G,) are written as
Br < By < By < B, = n, then the number of spanning

trees of the Cartesian product G, x G, is

t(G, xG,) = %H[(mJF”)_(“i“Lﬁj)]’ (19)
ij
,m}p x {1,2,...

where i and j satisfy (i,j) € {1,2,... ,n} —

{(m, n)}.

Proof. We know G, X G, has mn points and the degree of G x
G, is m + n. By Lemma 11, A(G; x G,) = A(G,)+¢A(G,). By
Lemma 13, the eigenvalues of A(G; x G,) are o;; + ; for i =
1,2,...,mand j = 1,2,...,n The result follows by Lemma 5.

O

Theorem 15. If G, and G, are the regular graph of degrees
m and n, respectively, the eigenvalues of the Kirchhoff matrix
H(G,) are written as 0 = Ay < A;--- < A, and the
eigenvalues of the Kirchhoff matrix H(G,) are written as 0 =
Yo £ V10 £ Vu_1» then the number of spanning trees of the
Cartesian product of G, and G, is

t(GGCb)=;£;[](lr+w), (20)

i,j

where i and j satisfy (i, j) € {0,1,...,m — 1} x {0,1,...,n —

1} - {(0,0)}.

Proof. By Lemma 12, H(G, x G,) = H(G))+xH(G,). By
Lemma 13, the eigenvalues of H(G, x G,) are A; + y; for

5
i=0,1,...,m—-1land j=0,1,...,n— 1. Hence by Lemma 4,
the result follows. O

5. The Number of Spanning Trees of
the r"-Lattice Network

Definition 16 (see [17,18]). The r"-lattice networks R(r, n) are
defined as

forn=1

R(rmy = 1% (21)
R(r,n-1)xK, forn=x>2,

where K, is a complete graph of r points.

When r = 2, R(2,n) is well known, the Boolean n-cube
network.

We denote R(r,n) = Kﬁl) X Kﬁz) X e X Kf").

Lemma 17. The eigenvalues of H(K,) are r with multiplicity
r — 1 and 0 with multiplicity 1.

Proof. Since H(K,) = rI, — ],, where ], is the matrix of all
ones, letting Py (A) be the character polynomial of H(K, ), we
obtain by Gaussian elimination

1 1 1 cee 1
0A-r -1 ..
PK'(A)=)LO 0 /\—T'-'
SRR (22)
0 0 0 0 A-r
=AMA-r)""
Hence the result follows. O

Lemma 18. If the distinct eigenvalues of the Kirchhoff matrix
H(R(r,n)) are0 =Ay <A, --- <A, | <A, then

Ay = with multiplicity C (n,n) =1

=)
|

Ay = r with multiplicity (r —1)C(n,n— 1)

N
1

2r with multiplicity (r — 1)°C (n,n)

(23)

A,y = (n=1)r with multiplicity (r —1)""'C (n,1)

A, = nr with multiplicity (r — 1)"C (n,0),

where C(n,) = n!/rl(n - r)\.

Proof. Since R(r,n) = Kfl) foZ) X -fo")and by Lemma 13,
we obtain each of eigenvalues of H(R(r,n)) = Y. one of
eigenvalues of H (Kﬁi)).

Hence if we take the eigenvalue 0 of H (Kfi)) fori =
1,2,...,n then A, = 0 with multiplicity C(n,n) = 1. If we
take the eigenvalue r ofH(Kﬁl)) for someonel € {1,2,...,n}
and the eigenvalue 0 ofH(Kii)) foreachi € {1,2,...,n} = {l}

then A, = r with multiplicity (r — 1)C(n,n — 1). If we take
the eigenvalue r of H (Kfl)) and H (Kﬁm)), respectively, for
I,m € {1,2,...,n} and the eigenvalue 0 of H(Kﬁ")) for each
i € {1,2,...,n} — {I,m}, then A, = 2r with multiplicity
(r —1)*C(n, n). We keep performing the same process. Hence
the result follows. O

The main theorem in [17, 18] can be obtained much more
simply by Theorem 19 as follows.



Theorem 19 (see [17]). The number of spanning trees of R(r, n)
is

n .
tR(r,m)) =r" "V (24)
i=2

Proof. Since the degree of R(r,n) is n(r — 1), the number
of points of R(r,n) is r". By Lemma 18 and Theorem 15, we
obtain

t(R(r,n))

1 _)(r— ) (r—1)2
_ r_n . rC(n,n 1)(r-1) . (Zr)C(n,n 2)(r-1)

_3)(r-1)3 1y 1
. (Sr)C(n,n 3)(r-1) . (nr)C(n,O)(r 1) — -
r

. Clmn=D(r=D+Clnn=2)(r=1)*+C(nn=3)(r=1)++++C(n,0)(r-1)"

n )
. l_ll-C(n,n—i)(r—l)x
i=1

_ i . rr”—l . ﬁiC(n,n—i)(r—l)i

n )
_ rr”—n—l HiC(n,i)(r—l)’ )
i=2

(25)
O

Corollary 20 (see [18]). The number of spanning trees of the
Boolean n-cube network B,, is

n
t(B,) =2" " [ (26)
i=2

Proof. Since B, = R(2,n), by Theorem 15, the result follows.
O

6. The Number of Spanning Trees of
the 2 x 3--- x n-Lattice Network

Definition 21. The 2 x 3--- x n lattice network Q, can be
defined recursively by Q, = K, and Q,, = K,, x Q,,_;.
Thus Q, has »! points. We denote Q,, = K, x K3 x---x K.

Theorem 22. The number of spanning trees of Q,, is

o PN § RGPS
t(Q,) = ;H [1 <Z rj> . @)

—-1
i=12<r<ry<-<r;<n \ j=1

Proof. Since the eigenvalues of H(K,) are r with
multiplicity » — 1 and 0 with multiplicity 1, the distinct

Y Cn — 1,i) = 2" eigenvalues of Q, are 0 and

Mathematical Problems in Engineering

Mi iy, = 2 g1 1 With multiplicity (ry = 1)(r,=1) -+ (r;= 1),
where r;,7,,...,1;, satisfying 2 < r, <1, < --- < 1; <1,
i=1,2,...,n—1, are nonzero eigenvalues of H(Krl),
H(K,),...,H(K,), respectively, and take zero eigenvalues
for the remaining H(K,), where r#r,ry....,1; 7 =
2,3,...,n — 1. By Lemmal3 and Theorem 15, the result
follows. O

Example 23. The number of spanning trees of Q; and Q,
is as shown in Figurel, where t(Q;) = (1/3!)2(2_1)3(3_1)
2+ 3)FVED Z 75 and 1(Q,) = (1/4)2@ V36 D40D (54
3)2-DG-1) N O SN Gl o S S
4)@DG-DED — 1620609272381440.

7. The Number of Spanning Trees of
the Generalized Boolean n-Cube Network

Definition 24. The generalized Boolean n-cube network
BR(r,n) can be defined by

C, forn=1
BR(r,n) = (28)
BR(r,n-1)x K, forn=>2,

where C, is a cycle with r points. One denotes BR(r,n) = C, x
K, x---xK,.
Setting E,, is the n X n matrix by

0100---0
0010 -0
E, = ol ,
0000 -1
1000 -
1 i+1 (29)
0 - 0 0 1 0 0 0
0 00 0 1 0 0
E, = :
0 1 0 0 0 0
0 1 0 0 0 0

Lemma 25. The eigenvalues of the adjacent matrix A(K,) are
—1 with multiplicity r — 1 and r — 1 with multiplicity 1.

Lemma 26 (see [33]). If B is a sequence matrix, A is an
eigenvalue of B, and f is a polynomial then f(A) is the
eigenvalue of f(B).

Lemma 27. The eigenvalues of the adjacent matrix A(C,) are
2 cos(2mk/n) fork =0,1,2,...,n— 1.
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Qy =K, xK3 xKy

000 001 002 003

103

123

FIGURE 1

Q= K; xK;
00 01 02
)
N\
O O
10 11 12
Proof. Since
A -10 -0
0 A -10 0
det(AL, -E,)=|: ¢ -. -. o
0 -+ 0 A -1
10 -0 A (30)
=1 An—l + (_1) (_1)n+1(_1)n—1
=A"-1,
the eigenvalues of E, are e®™ ™ for k = 0,1,2,...,n —

1. It follows that A(C,) = E, + E"'. By Lemma 26, the
eigenvalues of A(C,,) are e kImi  (gCrkimiyn=l _ Qmk/mi
(eZHki—(Zﬂk/n)i) — e(Zn’k/n)i + e—(27‘rk/n)i _ ZCOS(Zﬂk/H) for k =
0,1,2,...,n—1. O

The main theorem in [13] can be obtained much more
simply as follows.

Theorem 28 (see [13]). The number of spanning trees of
BR(r,n) is

t (BR (r,n)) = r2r@" -1
nl( .r—l ( ) 27Tk ) >C(Vl—1,i) (31)
X 11_[ i+1—-cos— .
i=1 \ k=1 r

Proof. 1t follows that the points of BR(r,n) are r - 2" and
the degree of any edge of BR(r,n) is n + 1. By Lemma 25,

the eigenvalues of the adjacent matrix A(K,) are —1 and 1.
By Lemmas 13 and 27, the distinct eigenvalues of the adjacent
matrix A(BR(r, n)) are

2k
(n—2i—1)+2cosi k=0,1,...,r—1
r (32)

with multiplicity C (n - 1,1),

wherei =0,1,...,n-1.

When k = 0and i = 0, the eigenvalueis n+1. When k = 0
andi=0,1,...,n— 1, the eigenvalues are (n — 2i — 1) + 2. By
Theorem 14,

t (BR (r,n))

n—1
L T+ 1) = (0= 2i = 1) + 2))°0
re2 i

r—1n—1 C(n—1,i)
: ]_ﬂ_[<(n + 1)—<(n—2i—1) +2cos @»

k=1i=0 r

1 n-1
— H(Zi)C(n—l,z‘)
i=1

r.on-11

r—1n-1 . 2tk C(n—1,i)
HH2 z+1—c057 .

k=1i=0
(33)



) 1 iy -1 Cln-14) n-1 1 1

Since ]/ 2" M) = 22 =22 and []/2¢" ) =
n=1_

2% 7! hence

1 2 (12" T Cn1,0)
t(BR(r,n)) = ——2 2 i ’
(BR(r,m) = — 1‘1[

r—1n-1 . 21tk C(n—1,i)
. HH i+1—-cos— .
r

k=1i=0

(34)

Since [];_}sin*(wk/r) = r* and [[;_,(1 — cos(2mk/r)) =
iy 2sin®(mk/r) = 12/2" asi = 1,

n—1

n-1 .

¢ (BR (1’, i’l)) _ r2r(2 -1)-n+1 | |1-C(n71,l)
i=1

r-1n-1 . 27k C(n—1,i)
. HH i+1—-cos—
r

k=1i=1 (35)
_ r2r(2"’1—1)—n+1
_ _ C(n-1,i)
n 1( 'T 1 ( zn_k >> n-bi
X 11_[ i+1—-cos— .
L r
i=1 k=1
L]

8. The Number of Spanning Trees of
the Hypercube Network

Definition 29. The hypercube network H(r,m) can be
defined by

C form=1
H(r, = " 36
(rym) <1H(r,m— 1)xC, formz=2, (36)

where C, is a cycle with r points.

Theorem 30. The number of spanning trees of H(r,m) is

< 27l
(m—Zcos%), (37)
i=1

where 1}, 1L,,..., 1, satisfy (I,1,,...,1,) € {0,1,...,r — 1} x
{0,1,...,r =1} x---x{0,1,...,7 — 1} - {(0,0,...,0)}.

27'"71
t(H (r,m)) = — H
p
Il

Proof. 1t follows that the points of H(r,m) are r"" and the
degree of any edge of H(r,m) is 2m. By Lemma 26 and
Theorem 14,

1 = 2l
t(H(r,m)) = — H 2m—2) cos —
e el i=1 r

2m ! & 2l
= — 1_[ m-— ) cos— |,
r I i-1 r

Lk

(38)

where 1,,1,,...,1,, satisty (I;,1,,...,1,) € {0,1,...,r — 1}
{0,1,...,r =1} x---x{0,1,...,r = 1} = {(0,0,...,0)}. O
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9. Conclusion

Due to the high dependence of the network design and
reliability problem, electrical circuits designing issue are
on the graph theory. For example, the larger degree of
points a network has, the more I/O ports and edges are
needed and the more cost is required. The evaluation of
this number not only is interesting from a mathematical
(computational) perspective but also is an important issue
on practical applications. However, the study for spanning
trees of the Cartesian product of regular graphs remains an
open and important invariant. In this paper, the eigenvalues
of the Kirchhoff matrix of Cartesian product of two regular
graphs, G, and G,, are given by A + y as A and y vary through
the eigenvalues of the Kirchhoff matrices H(G,) and H(G,),
respectively. By this result, the formula for the number of
spanning trees of the four regular networks can be simply
obtained. Using this formula, the main results in [13, 17, 18]
can be obtained much more simply and will be extended.
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