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Abstract

An edge w is said to be subdivided if the edge wvis replaced by the
pathp:uwv, Where w is the new vertex. A graph obtained by subdividing each edge
of a graph cis called subdivision of the graph c, and is denoted by s(G). In this

paper, we show that the subdivision of wheel graph sy ) is graceful for even
values of n>4 and cordial for all n>4
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1. Introduction

Rosa [9] introduced the graceful labeling as a tool to attack the Ringel’s
conjecture that the complete graph with 2m+1 vertices can be decomposed into
2m+1 copies of a given tree with m edges.

A function f is called a graceful labeling of a graph G with medges, if f is

an injection from the set of vertices of G to the set {0,1,2,..., m} such that when
each edge UV is assigned the label |f (u)— f (v)| then the resulting edge labels are
distinct. A graph which admits a graceful labeling is called graceful graph.

The cordial labeling was introduced by Cahit [2] as a variation of graceful
labeling. A function f from the set of vertices of a graph G to the set {01} and
for each edge uv assign the label |f(u)— f(v)| is called cordial labeling, if the

number of vertices labeled 0’s and the number of vertices labeled 1’s differ by at
most 1, and the number of edges labeled 0’s and the number of edges labeled 1°s
differ by at most 1.
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Graceful or Cordial labeling are not only useful in theoretical studies, but also
play an important role in applications. The characterization of graceful and cordial
graphs is NP-complete. Due to inherent difficulties of these labeling, researchers
have investigated these labeling on various families of graphs. A wheel W, of

order n is the graph C, + K, for n>3. In [5], Hoede have shown that all wheels

are graceful, for n>3. A gear graph is obtained from the wheel by subdividing
the edges of the cycle in the wheel. Ma and Feng [7] have proved that all the gear
graphs are graceful. Liu [6] have shown that if two or more vertices are inserted
between every pair of vertices of the cycle of the wheel, the resulting graph is
graceful.

In this paper, we show that S(W,) is graceful for even values of n>4and
cordial forall n>4

2. Subdivision of wheels are graceful and Cordial

In this section, we show that the graph S(W,) is graceful, for even

n>4, and cordial, for all N>4. For the convenience of labeling we describe

S(W.) as shown in the following Figure 1.

Figure 1. The graph S(W,)
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Theorem 1. Foreven n>4, the graph S(W,) is graceful.

Proof. Consider S(W,), the subdivision of the wheel W._ of order n, whose
vertices are described as shown in Figure 1.

Observe that
V(SW,))|=3n+1,
|E(S(Wn))| =4n.

Let m=|E(SW,))|-
Define ¢:V(SW,)) —{0,1, 2,...,m} by

¢(uo):O’
m+1—i, forl<i<n
¢(ui): . . )
21—1-2n, for n+1<i<2n
6i-2,  for 1<i<7

pw) = i
4n+1-2i, for E+1si£n

It follows that the labels ¢ (u.)’s, for 0<i<2n, and ¢ (W)’s, for 1<i<n are

distinct.

Let A be the set of edges of S(W,) which are adjacent to u,. Let B
be the set of edges of S(W,) which are incident with any vertex of edges in the
set A. Let C be the set of edges of S(W,)which are notin A and notinB.

Let A, B, C’ be the edge labels of the edges in the sets
A, B, C respectively.

Observe that

A ={m,---,m+1-n},
B'={m-nm-n-1m-n-2,.-,m+1-2n},
C'={m-2n,m-2n-1m-2n-2,---321}.

It follows that the edge labels in the sets A’, B, C’ are distinct and
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AUB'UC'={1,2,3,.,m-1 m}.
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Hence the graph S(W.) is graceful, for even n>4.

Theorem 2. For n>4, the graph S(W.) is cordial.

Proof. We consider the vertex sequence of S(W.) for the matching with certain

0-1 sequence. This matching defines the required cordial labeling. Consider the

description of the vertices of S(W.) as shown in the Figure 1.

We arrange the vertices of S(W.) as the following sequence.

Uy, Uy, Uy,

y Uy

U, U .., W,

n+1?

u

n+2?

u2n—2 ! Wn—2 ' u2n—1’ Vvn—l’ u2n ' Wn'

WZ’un+3""’u2n—i’

w

n—i? u2n—i+l’

w

n—i+1?

l"I2n

—i+2

Table 1. The vertex and edge labels of the graph S(W.)

Natur | Nat | TheO-1 | Relati | The edge label sequence for the set | Relation
eof n | ure | sequence on A B’ C' between
[in of for term | betwe |Eo| and
the | the wise en |E1|
cycle | ver | matching Vol
C.] |tice | withthe and
s of | sequence of V|
SW,) vertices of
S(W,)
4r | 4+1 0(1100)" Vo|= | (1100)" | (1001)" (0" IE,|=|E,|
M+1
4r+1 | 4t | 01100)"211 | Mo|=M| (1100)'1 | (0011)'0 | (10)* 2010010 |Eq|=|E,|
10001
4r +2 4t+3 0(1100) o1z | Ml=MI-} (1100)'11 (1001)"*100011 (01)*200100111 |Eq|=|E,|
101
4r+3 | 4+2 0(1100)"11010 |V,|=]V,| (1100)110 (0011)'000| (10)**1110 |Eq|=|E,|
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The particular 0-1 sequence of length 3n+1 for the corresponding term
wise matching with the sequence of vertices of S(W.) is given in the Table 1.
Let A A, B, B, C, C' are the sets as defined in Theorem 1.

Let V, and V, denotes the set of vertices of S(W,) were assigned the

labels 0’s and 1’s respectively.

Let E, and E, denote the set of edges of S(W,) having the labels 0’s and
1’s respectively.

From the Table 1., it is clear that the number of vertices labeled 0’s and
the number of vertices labeled 1’s are differ by at most 1 and the number of edges
labeled 0’s and the number of edges labeled 1’s are differ by at most 1.

Hence, S(W,) is cordial.

3. Conclusion

It appears that proving the gracefulness of S(W.), for odd values of

n>4, seem to be hard to establish. So we conclude this paper with the

following question.

Is the graph S(W.,) graceful, for odd values of n>47?
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