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Abstract 

 

An edge uv  is said to be subdivided if the edge uv is replaced by the 

path uwvP : , where w  is the new vertex. A graph obtained by subdividing each edge 

of a graph G is called subdivision of the graph G , and is denoted by )(GS . In this 

paper, we show that the subdivision of wheel graph ( )nS W  is graceful for even 

values of 4n  and cordial for all 4n . 

 

Keywords: Graph labeling, graceful labeling, cordial labeling, subdivision of 

graphs 

 

1. Introduction 
 

Rosa [9] introduced the graceful labeling as a tool to attack the Ringel’s 

conjecture that the complete graph with 12 m  vertices can be decomposed into 

12 m  copies of a given tree with m edges. 

A function f  is called a graceful labeling of a graph G  with m edges, if f  is 

an injection from the set of vertices of G  to the set  0,1,2,...,m  such that when 

each edge uv  is assigned the label ( ) ( )f u f v  then the resulting edge labels are 

distinct. A graph which admits a graceful labeling is called graceful graph.  

 

The cordial labeling was introduced by Cahit [2] as a variation of graceful 

labeling. A function f  from the set of vertices of a graph G  to the set  0,1  and 

for each edge uv  assign the label ( ) ( )f u f v  is called cordial labeling, if the 

number of vertices labeled 0’s and the number of vertices labeled 1’s differ by at 

most 1, and the number of edges labeled 0’s and the number of edges labeled 1’s 

differ by at most 1. 
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Graceful or Cordial labeling are not only useful in theoretical studies, but also 

play an important role in applications. The characterization of graceful and cordial 

graphs is NP-complete. Due to inherent difficulties of these labeling, researchers 

have investigated these labeling on various families of graphs. A wheel nW  of 

order n  is the graph 1KCn   for 3n . In [5], Hoede have shown that all wheels 

are graceful, for 3n . A gear graph is obtained from the wheel by subdividing 

the edges of the cycle in the wheel. Ma and Feng [7] have proved that all the gear 

graphs are graceful. Liu [6] have shown that if two or more vertices are inserted 

between every pair of vertices of the cycle of the wheel, the resulting graph is 

graceful.  

 

In this paper, we show that ( )nS W  is graceful for even values of 4n and 

cordial for all 4n . 

 

2. Subdivision of wheels are graceful and Cordial 
 

In this section, we show that the graph ( )nS W  is graceful, for even 

4n  , and cordial, for all 4n  . For the convenience of labeling we describe 

( )nS W  as shown in the following Figure 1. 
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                 Figure 1.   The graph ( )nS W  
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Theorem 1.  For even 4n  ,  the graph ( )nS W  is graceful. 

Proof.  Consider ( )nS W , the subdivision of the wheel nW  of order n , whose 

vertices are described as shown in Figure 1. 

Observe that 

  ( ( )) 3 1nV S W n  , 

 ( ( )) 4nE S W n .                                 

Let ( ( ))nm E S W . 

Define  : ( ( )) 0,1, 2,...,nV S W m   by  

0( )u = 0, 
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It follows that the labels ( )iu ’s, for 0 2i n  ,  and ( )iw ’s, for 1 i n   are 

distinct. 

 Let A  be the set of edges of  ( )nS W  which are adjacent to 0u . Let B  

be the set of edges of ( )nS W  which are incident with any vertex of edges in the 

set A . Let C  be the set of edges of ( )nS W which are not in A  and not in B . 

 Let  , ,A B C    be the edge labels of the edges in the sets 

, ,A B C respectively. 

Observe that  

 nmmA  1,, ,  

 nmnmnmnmB 21,,2,1,   , 

 1,2,3,,22,12,2  nmnmnmC . 

It follows that the edge labels in the sets , ,A B C    are distinct and 
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 1, 2, 3,..., 1,A B C m m      . 

Hence the graph ( )nS W  is graceful, for even 4n  .                 

 

Theorem 2. For 4n  , the graph ( )nS W  is cordial. 

 

Proof.  We consider the vertex sequence of ( )nS W  for the matching with certain 

0-1 sequence. This matching defines the required cordial labeling. Consider the 

description of the vertices of ( )nS W  as shown in the Figure 1. 

We arrange the vertices of ( )nS W  as the following sequence. 

0 1 2 1 1 2 2 3 2 2 1 1 2 2, , ,..., , , , , , ,..., , , , , ,...,n n n n n i n i n i n i n iu u u u u w u w u u w u w u            

2 2 2 2 1 1 2, , , , , .n n n n n nu w u w u w         

Table 1. The vertex and edge labels of the graph ( )nS W  
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4r  4 1t 
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4 1r   4t  2)1100(0 t
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(0011) 0r  4 2(10) 010010r  
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0 1 1V V 

 
(1100) 11r

 

1(1001) 100011r
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4 3r   4 2t 

 

10(1100) 11010t

 
0 1V V

 

(1100) 110r

 

(0011) 000r

 

4 1(10) 1110r  
0E = 1E  
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The particular 0-1 sequence of length 3 1n  for the corresponding term 

wise matching with the sequence of vertices of ( )nS W  is given in the Table 1. 

Let , , , , ,A A B B C C    are the sets as defined in Theorem 1. 

Let 0V  and 1V  denotes the set of vertices of ( )nS W  were assigned the 

labels 0’s and 1’s respectively. 

Let 0E  and 1E  denote the set of edges of ( )nS W  having the labels 0’s and 

1’s respectively. 

From the Table 1., it is clear that the number of vertices labeled 0’s and 

the number of vertices labeled 1’s are differ by at most 1 and the number of edges 

labeled 0’s and the number of edges labeled 1’s are differ by at most 1. 

Hence, ( )nS W  is cordial.   

 

3. Conclusion 
 

 It appears that proving the gracefulness of ( )nS W , for odd values of 

4n  , seem to be hard to establish. So we conclude this paper with the 

following question. 

 

Is the graph ( )nS W  graceful, for odd values of 4n  ? 
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