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Abstract  
In this  paper,  we develop a mechan ism,  which we call s tructured contextual  
sys tem,  (SCS for short , )  to deal  with some non-f in i te ly-based  algebraic  
specif icat ions.  The suff ic ient  condi t ion for conf luence  and t e rmina t ion  of 
this  kind of sys t ems  is also considered,  based  on a genera l iza t ion  of the  
appoach  by O'Donell. 

i. Introduction 

Up to now much of work has been done on the specification of abstract 
data types in the algebraic approach ([ADJ 78]) and on its implementation 
by term rewrite systems (short: TRS) ([De 85] [HO 80]). This work provides 
a sound foundation for the definition of semantics of specification 
languages, (e.g. [BG 79]), for theorem-proving ([De 83]), for program 
deve lopment  ([CIP-L] [De 83]). 

One r e s t r i c t i o n  of the  up to now r e s e a r c h  is t h a t  mos t  of the work, espe- 
cially t h a t  d iscuss ing ope ra t iona l  p roper t i e s  of TRS's, has  assumed t h a t  the  
se t  of rewri te  ru les  with var iables  is finite,  i.e. the  TRS's are  finitely based,  
a l t hough  this  is no t  n e c e s s a r y  f rom the  viewpoint of the  algebraic  and  
opera t iona l  semant ics .  In fact ,  some a b s t r a c t  da t a  types  can  only be 
specified by an infinite se t  of equa t ions  with variables,  i.e. t hey  are  non- 
f in i te ly-based (el. [Ta 79], [DMT 85] and  the  following sections).  We define 
a mechan i sm,  which we call s t ruc tured  contextual  system,  to describe such 
non-f in i te ly-based  specif icat ions.  The desc r ip t ion  is an ex tens ion  of the  
convent iona l  TRS's. In addit ion,  we can  use th is  m e t h o d  to express  condi- 
t ional  rewri te  sys t ems  (see [Ka 83]), and  the  express ions  suggest  a simple 
imp lemen ta t i on  in t e r m s  of the i r  syn t ac t i c a l  s t r u c t u r e .  

tn o rde r  to cons ide r  t he  ope ra t iona l  p rope r t i e s  of an SCS, we genera l ize  
the  suff ic ient  cond i t ion  for  conf luence  and  t e r m i n a t i o n  proposed  by [Ro 73] 
and [O'D 77]. To be able to deal  with more  real  conven t iona l  TRS's, f irst  we 
ex t end  the  no t ion  of non-over lapping  by a new not ion called nan-  
inferrer/r ig,  which forms the  cen t ra l  p a r t  of a weaker  suff icient  condi t ion  
for  conf luence  and  t e r m i n a t i o n  of conven t iona l  TRS's. Then we apply the  
f u n d a m e n t a l  idea to SCS. We feel t h a t  the  ex tens ion  is in tui t ively  c lear  and  
understandable. 

IThis work is supported by the Commission of the European Community under the 
ESPRIT Programme in the PROSPECTRA Project. ref#390 
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This  p a p e r  is a c o m p a c t  f o r m  of [Qi 86a] ,  [Qi 86b],  [Qi 86c] ,  w h e r e  p r o o f s  
f o r  t h e  new t h e o r e m s  a n d  m o r e  m o t i v a t i n g  e x a m p l e s  c a n  be  f o u n d .  The  
work  c o i n c i d e s  wi th  t h e  a p p r o a c h  of P r o g r a m  D e v e l o p m e n t  by  S p e c i f i c a t i o n  
a n d  Trans f fo r rna t ion  (cf.  [PROSPECTRA]), a n d  c a n  be  u s e d  to  he lp  in des ign -  
ing a t r a n s f o r m a t i o n  c a l c u l u s  and  a t r a n s f o r m a t i o n  l a n g u a g e  (cf. [K-B 86]).  
In S e c t i o n  2, s o m e  widely  u s e d  bas ic  n o t a t i o n s  a n d  r e s u l t s  a r e  r e p e a t e d  
br ief ly .  S e c t i o n  3 c la r i f i e s  t h e  de f in i t i on  of SCS. In S e c t i o n  4 we c o n s i d e r  
the  g e n e r a l i z a t i o n  of su f f i c i en t  c o n d i t i o n  f o r  c o n f l u e n c e  a n d  t e r m i n a t i o n  of 
c o n v e n t i o n a l  TRS's, a n d  use  t he  idea  to  e x p l a i n  s u c h  a c o n d i t i o n  fo r  SCS. 
In S e c t i o n  5, 6, we c o n s i d e r  r e l a t e d  work  a n d  f u r t h e r  r e s e a r c h .  

2. Notations and Some Known Results 

In this section we summarize some of the notions and known results 

developed in [ADJ 78] [De 85] [0'D 77] [H0 80], which are necessary in our 
paper. 

We use <S,~> (or short: Y.) to denote a signature with sort set S and finite 

function fami]y Y.: <~w.s>,eS',seS. An S-indexed family of denumerable vari- 

able sets will be denoted as X: <Xs>se s. T Z denotes <Tz,s>sc s, where TZ, ~ 

denotes the set of those terms constructed only by functions in ~ and has 

an outermost function of the arity w->s. Tz(X ) denotes the family of sets of 

terms possibly with variables. For a term t, Var(t) denotes the set of all 
variables in t. If Var(t)=¢, t is a ground term. A specification <S,Y~,E> con- 

tains a signature and a denumerable set E of equations in Tz(X ). An equa- 

tion is expressed as t=t'. Note that the syntactical identity is also 

expressed as t=t', but no ambiguity is possible because of the different con- 
texts. 

The ancestor relation < (ancestor of) is an ordering on N" satisfying 

r~l~ a iff5 co', t01~'=~ m If neither of them is an ancestor of the other, then 
a~l.l_a~ 2 (independence~. ~ means v ~,~'6[I, ~I~' or ~=~'. 

For an occurrence ~efl of a term t, t/~ denotes the subterm cut from t 
at ~. t:~ denotes the outermost function of t/~. 

If we consider that the equations of a specification are oriented in a 
proof system, then we call it a term rewrite system (short: TRS). In this 
c a s e  we cal l  e a c h  e l e m e n t  of E a ru le .  t = t '  is c a l l ed  steady iff Var ( t )DVar( t ' ) ,  
and  left-linear iff e a c h  v a r i a b l e  o c u r r s  a t  m o s t  o n c e  in t. Two r u l e s  ui=U i, 
i=1,2, a r e  c a l l e d  non-overlapping iff f o r  t h e i r  i n s t a n c e s  ti=t i, i=t,2, if ~ co, 

t l /~=t m t h e n ~  ~ '  ~ ' ~  a n d  u l :~ '  is a va r i ab l e .  

Given a t e r m  t. Assume±f~, f~cOcc(t) .  P a r a l l e l  s u b s t i t u t i o n  in t e r m  t a t  f] 
by  t '  is d e n o t e d  as  t[f~<-t '] .  Fo r  s h o r t  we wr i t e  t [ c < - t ' ]  i n s t e a d  of t [ t - l ( c ) <  - 
t ' ]  f o r  ceXuZ.  An a s s i g n m e n t  a r e p l a c e s  e a c h  v a r i a b l e  wi th  s o m e  t e r m .  We 
def ine  a q u a s i - o r d e r i n g  < in Tr.(X) in t e r m s  of a s s i g n m e n t :  u < t  iffB a, au  = t. 
We def ine :  t - t '  (variable-renaming) iff t < t '  a n d  t '< t .  
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Let  -, be  t h e  r e d u c t i o n  r e l a t i o n  on t e r m s  in t h e  c o m m o n  s e n s e .  A n o r m a l  
f o r m  of a t e r m  t is a t e r m  t '  s u c h  t h a t  t - ,* t '  a n d  t h e r e  is no t "  s u c h  t h a t  
t ' -~ t" .  A TRS is c a l l e d  confluent iff f o r  t e r m s  t,  t 1, t a, if t -~ ' t  1 a n d  t -~ ' t  a, t h e n  

t ' ,  t l * * t  ' a n d  t2**t ' .  A TRS is c a l l ed  terminating iff a n y  s e q u e n c e  of i t s  
r e d u c t i o n s  will t e r m i n a t e .  C o n f l u e n c e  o r  t e r m i n a t i o n  w.r. t ,  g r o u n d  t e r m s  
m e a n s  t h a t  we c o n s i d e r  t h e  TRS on ly  h a v i n g  g r o u n d  r u l e s .  We c a n  a s s u m e  
t h a t  a TRS c o n t a i n s  o n l y  g r o u n d  r u l e s  e v e n  if i t  h a s  r u l e s  wi th  v a r i a b l e s .  In 
f ac t ,  we c a n  i m a g i n e  t h a t  a r u l e  wi th  v a r i a b l e s  r e p r e s e n t s  all i t s  p o s s i b l e  
g r o u n d  i n s t a n c e s  if t h e  TRS is g e n e r a t e d .  

We d i s c u s s  in t h i s  p a p e r  on ly  t h e  fo l lowing  full replacement strategy: 
R e d u c e  a t e r m  a t  all i t s  r e d e x e s  f r o m  i n n e r m o s t  to  o u t e r m o s t .  R e p e a t  t h e  
a b o v e  p r o c e s s  a s  a who le  un t i l  a n o r m a l  f o r m  is f o u n d .  

A TRS is c a l l e d  relatively terminating if a n y  t e r m  will r e a c h  a n o r m a l  
f o r m  a f t e r  a f in i te  n u m b e r  of r e d u c t i o n s ,  w h e n e v e r  t h i s  t e r m  h a s  a n o r m a l  
f o r m .  S i n c e  we sha l l  m a i n l y  d i s c u s s  r e d u c t i o n s  of g r o u n d  t e r m s  u n d e r  t h e  
full r e p l a c e m e n t  s t r a t e g y ,  in t h i s  p a p e r  c o n f l u e n c e  m e a n s  c o n f l u e n c e  w.r.t .  
g r o u n d  t e r m s ,  t e r m i n a t i o n  m e a n s  r e l a t i v e  t e r m i n a t i o n  u n d e r  t h e  full  
r e p l a c e m e n t  s t r a t e g y  w.r . t ,  g r o u n d  t e r m s .  

3. Structured Contextual System 

The notion of structured contextual system (SCS for short) is developed 
to describe some non-finitely-based equational systems or TRS's, without 
the need to introduce any auxiliary symbols. It can also be used to specify 
the algebras given by some conditional equational systems. 

3.1. Motivations 

E x a m p l e  1 ([DMT 85]) 
Let f g and h be l-ary functions and x be a variable. Equation set Ifgihx 
= fgJhx, i,j~N~ is non-finitely-based. 

E x a m p l e  2 
Let  a s s u m e  a f u n c t i o n  s e t  I f ( _ ~ _ ) , h ( _ ) , a , b , c l .  An a l g e b r a  is s p e c i f i e d  by  
t h e  e q u a t i o n s  I h ( t )  = h ( t ' )  I, w h e r e  t '  c o r r e s p o n d s  to  t s u c h  t h a t  all  
o c c u r r e n c e s  of s y m b o l  a in t a r e  r e p l a c e d  by  s y m b o l  b in t ' .  E.g. 
h ( f ( f ( c , a ) , a ) )  = h ( f ( f ( c , b ) , b ) )  is a n  e q u a t i o n  in t h i s  se t .  This  s p e c i f i c a t i o n  
is a l so  n o n - f i n i t e l y - b a s e d .  A r e a l  e x a m p l e  of  t h i s  a l g e b r a  is t h e  t r a n s f o r -  
m a t i o n  of all  f u n c t i o n  d e c l a r a t i o n s  a n d  t h e i r  ca l l s  in a p r o g r a m  f r a g -  
m e n t  i n to  p r o c e d u r e  ones .  (See  [BaW6 82] a n d  [Qi 86b] . )  

3.2. Informal Explanation of SCS 
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Before we make  any  formal definitions, we t ry  f irst  to explain the  not ions  
by an example  of SCS specifying the  a lgebra  given in Example 1. 

Example 3 

DMT' 
sorts:  s 
subsort~: s', ~ 'cs  
opna:  f, g, h : s-*s 
e q n s :  f o r  a l l  x:s; (v, V):(s ' , [ ' )  

f ( g ( v ) )  = f (v)  
where  s:h(x) = ~':h(x) 

g(v)  = gv 
g(v)  = v 

fig. 1 

Exp!anat ions:  Compared with the  t r ad i t iona l  a lgebraic  specification,  we 
have the  following extensions:  

l. s' and ~' are  two sor ts  r e la ted  to the  original sor t  s. 

2. v and  v are  two assoc ia ted  variables of two assoc ia ted  sor ts  s' and ~', 
resp. x is a variable in the  convent iona l  sense.  

3. The legal t e rms  of s' is defined by the  left  column following s' in the  
where-par t ,  and those  of ~' by the  r ight  co lumn following 5'. 

4. The m e c h a n i s m  for computa t ion  is un i f i ca t i on / co -gene ra t i on .  E.g. if we 
are going to prove DMT' ~ f(g(g(h(a)))) = f(g(h(a))) (*), we do the  follow- 
ing: 

a) We a t t e m p t  to use f(g(v)) = f(v) to unify  (*), and  find out  t h a t  (*) is 
t rue  in DMT' if we can find assoc ia ted  pair  of t e rms  (g(h(a)), g(h(a))) 
for iv, V) in S' and S'. 

b) For  this  purpose,  we use g(v) = g(v) in where -pa r t  to conf i rm 
(g(hia)),  g(hia))),  and find out  t h a t  the  above is t rue  if (h(a), hia))  is 
a possible i n s t an t i a t ed  pair  for iv, v) in S' and S'. 

c) F u r t h e r m o r e ,  by h(x) = h(x) in where-par t ,  we know t h a t  we will 
succeed  if we in s t an t i a t e  x with a. 

What we have achieved by SCS is t h a t  some c o n t e x t u a l  p roper t i e s  appea r  
syntac t ica l ly .  

3.3. Definition of SCS 

Defm3tion I (TGS) 
A t e r m  gene ra t i on  sys t em (short:  TGS) on a given s igna tu re  SIG:<Sb,E>, 
which is called base s igna ture  of this TGS, is a tr iple <S,V,P> such t h a t  
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i. each scS corresponds to a base sort, denoted as base(s)CSb; 

2. V=<Vs>sE s is a family of denumerable sets of distinct variables. We 

denote vCV~ as v:s; 

3. PcSxTz(V ) is a finite set of productions, which are denoted as <s:u> 

or  s:u wi th  uCTz,base(s)(V ). 

A TGS in the SCS of Example 3 contains the production set IS':h(x), 

S':g(v), S' :g(v')l  over  t h e  base  s i g n a t u r e  (ISI, I f ,g ,h ,al)  wi th  w . r i ab le  fami ly  
(Ix .... Is,/v,v' . . . ts, ,Iv .... I~')~ The o t h e r  TGS con.rains t he  p r o d u c t i o n  se t  IS':h(x), 

s':g(v) I. 

Remark: Two productions differ, if they are not identical. That is, not 

identical u,u'cT£(V) constitute different productions <s:u>, <s:u'>, even 

when they are equal under a variable-renaming. 

Note that the base signature can be considered as a TGS over itself. We 

denote this TGS as SIG(V) for a base signature SIG. From now on we ~ssume 

all TGS's in a common context are based on the same signature. 

Definition 2 (production) 
Let A=<S,V,P> be a TGS on <Sb,~> and teTr(V). Let vcVar(t) and v:s for 

some seS. Let p=<s:tp>eP. Then 

(i) t->>v,pt[v<-t' ] (t produces t[v<-t'] .at v by p) iff~ t'eTZ, base(s)(V ) such 
that 

a) t '  ~ tp 

b) Var(t )  nVar( t ' )  =¢ 

(ii) -->>A d e n o t e s  ->>v.p fo r  some  v a n d  p in A. ->>~ d e n o t e s  t he  
ref lexive  a n d  t r a n s i t i v e  c l o s u r e  of -->>A- 

Remark :  P o i n t  a) a n d  b) s a y  t h a t  a new t e r m  is g e n e r a t e d  w i t h o u t  vari-  
able  conf l ic t s .  

Def in i t ion  3 
Let  A=<S,V,P> be a TGS. I ts  l a n g u a g  e is de f ined  as TA=ItcTI; I 2 
veV,v->>~tl. For t'eTz(V), we define the language of A(t') as TA(t')=ItcT~ I 

t°->>~tl. Note that variables only serve as a place-holder for the terms 

of a certain sort. If t'=v with v:s, we can write A(s) for A(v), TA(s ) for 

TA(v ). We assume here that TGS's have no productions that can never be 

used in the language generation. Note that we always have TA(s)cTi:,base(s) 

for TGS A on <Sb,~]>. 

It is obvious that the TGS of any column in the equation part of Example 

3 produces the language Ifgihx I X6Tlf.g,h,a I, icNI. 

Definition 4 

Let V be a variable family indexed by sort sets S. A relation m on V is said 
to be s o r t - p r e s e r v i n ~  iff for  (v0,v'0), (Vl ,V' l )em , v0,vl:SeS iff v '0,v ' l :s 'eS.  
F o r  a s o r t - p r e s e r v i n g  r e l a t i o n  m, an  i n d u c e d  r e l a t i o n  im on S is de f ined  
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by: (s , s ' )e im ifr~ (v,v ' )em with v:s, v':s'. 

Note t h a t  t he  r enaming  of t e r m s  is so r t -p rese rv ing .  

Defini t ion 5 (ATGS) 
Let A=<S,V,P>, A=<S,V,P> be two TGS's. Assume t h a t  we have  a sor t -  
p rese rv ing  b i jec t ion  mv on V, called var iable  assoc ia t ion ,  and a bi ject ion 
mp: PxP, cal led p r o d u c t i o n  associa t ion .  An a s soc i a t ed  TGS (ATGS for  
shor t )  is a 4- tuple  <A,~,,mv,mp> such  t h a t  

1. if (<s: t>,<g: t>)emp for  some t and t, t h en  for  the  i nduced  map imv of 
my, (s,g)eimv, and 

2. no t  bo th  (<s:u>,p)Emp and  (p ' ,<s: t>)Emp for  any s, u, t, p and  p'. 

Remarks:  

1. The i n t r o d u c t i o n  of the  above two as soc ia t ions  is based  on the  r e m a r k  
made  a f t e r  Definition 1 and  the  f ac t  t h a t  V is a family of d e n u m e r a b l e  
sets.  Otherwise the  no t ion  of bag (cf. [MW 85]) should be i n t roduced .  

2. The Point .2  means  t h a t  t e r m s  of a so r t  can  no t  be p r o d u c e d  in bo th  
TGS's. 

In Example  3, the  mp is exp re s sed  by = The o c c u r r e n c e s  of x on both  
sides of (<s ' :hx>,<g' :hx>) ( abb rev i a t ed  as hx=hx  t he r e )  should be unde r -  
s tood  as two var iab les  of two so r t s  with equ iva len t  se ts  of terms,  which a re  
wel l - formed t e r m s  in the  sense  of conven t iona l  a lgebra ic  specif icat ion.  The 
sor t s  for  fgv=fv a re  a n o n y m o u s  b e c a u s e  no var iab les  a re  d e c l a r e d  explici t ly  
for  them.  All t he se  n o t a t i o n s  will be formal ly  clar i f ied l a t e r  on. 

Definit ion 8 ( a s soc i a t ed  p roduc t ions )  

Let <A,~,,mv,mp> be an ATGS with A=<S,V,P>, A=<S,V,P>. Let 
(<s:t'>,<~:t'>)emp. Let u, UeTz(V ). For (v,V)emv, v:s, ?:~, let t=u[v<-i(t')], 
t=U[V<-T(t')] under two variable-renamings i and T. We say that 
u->>v,<s:t.>t and U->>v,<mp>[ are associated iff for any v'eVar(t') 
v'EVar(['), if (v',v')emv, then (i(v'),l(Y'))Emv. 

Remark:  The above def ini t ion r equ i r e s  t h a t  i and T a re  so d e t e r m i n e d  t h a t  
my be tween  t and  t r e s p e c t s  the  original  mv be tween  var iab les  in t '  and t ' .  
Note that, t he  p r o d u c t i o n s  may still be a s s o c i a t e d  even  if vCVar(u) or 
vcVar(u).  

Examples  of a s soc i a t ed  p r o d u c t i o n  s teps  a re  t hose  p r o d u c t i o n  s teps  
given in the  Point .  a. b, c, of the  exp l ana t i ons  made  a f t e r  Example  3. 

Definit ion 7 

(i) Let AA=<A,A,mv,mp> be an ATGS. Assume t h a t  a t  l eas t  one of 
veVar( t l ) ,  vEVar(t l)  is t rue .  Let  (v,V)emv and (p,~)emp.  

<tl,tl>-->>v,p.~,p<t2,t2>, or <tl,tl>-->>AA<t2,t2> , pronounced as co___- 
produces~ iff tl->>v,pt 2 and [l->>v,pt2 are associated. 

We use ->>~A to denote the reflexive and transitive closure of ->>AA- 
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(ii) The  l a n g u a g e  of AA is GAA=I<t,[> ! t , t e T  z. ~ (v,V)cmv: 
<v,v>->>l,<t,i:>l. 
We call  e l e m e n t s  of GAA g r o u n d  e q u a t i o n s .  We d e n o t e  t h e s e  e q u a -  
t i ons  as  <t,L>. 

In E x a m p l e  3, we h a v e  <v,V>->>'<gihx,gJhx>,  w h e r e  i~j a n d  xCTif,g,h,ali. 

R e m a r k :  In (ii) we h a v e  in f a c t  d e f i n e d  all t h e  poss ib le  g r o u n d  i n s t a n c e s  
r e p r e s e n t e d  by  an  ATGS. T h a t  is why we cal l  t h e m  g r o u n d  e q u a t i o n s .  

If we w a n t  to  ge t  t h e  s e t  of t he  e q u a t i o n s  of c e r t a i n  f o rm ,  we c a n  i n d i c a t e  
t h e  m a i n  e q u a t i o n  (o r  m o t h e r  e q u a t i o n  in [K-B 86])  in an  ATGS as  a s t a r t  
p o i n t  f o r  t h e  p r o d u c t i o n  of g r o u n d  e q u a t i o n s .  Note  t h a t  f r o m  now on we 
de f ine  the  n o t i o n s  in t h e  c o n t e x t  of TRS. We c a n  also do t h e  s a m e  fo r  e q u a -  
t i ona l  s y s t e m .  

Definition 8 (SCR) 
Let AA be an ATGS. Assume (v,v)emv for v:s, v:~ with base(s)=base(~). A - 

structured contextual rule (short: SCR) w.r.t. (s.~) is denoted as AA(s,~) 

or  AA(v,v). I ts  l a n g u a g e  is d e f i n e d  by: GAA(S,~)=GAA(V,V)=I<t,t> I t , teT~, 

<v,v>-->>AA<t,t> I. 

In the above case, if <s:t'>, <~:t'> are the only productions for sorts s and 
~, resp., and they will never be used af.ter the first application, we can 

denote AA(s,~) as AA(t',['). In Example 3, fgv = f9 correspond to t' and t', 

resp. Its language TDM T, = ~<fgihx,fglhx> I i>j, xeTlf,g,h,aII. The notion of SCR 
s impl i f ies  t h e  f o r m  of t h e  t r a n s f o r m a t i o n a l  l a n g u a g e  s u g g e s t e d  in [K-B 86]. 

We a s s u m e  t h a t  AA(v,9) c o n t a i n s  no  p r o d u c t i o n  a s s o c i a t i o n s  which  a r e  
n e v e r  u s e d  in t h e  g e n e r a t i o n  of i ts  l a n g u a g e .  

Def in i t ion  9 (SCS) 
A structured contextual TRS (short: SCS) is a triple <Sb,E,E> such that E 

is a finite set of SCR's. 

The language of the above E can be denoted as GE= I,J G R, which is an 
RoE 

enumerable set of ground rules. The semantics of <Sb,~],E> is the seman- 

tics of <Sb,Y.,GE>. 

3.4. SCS a s  G e n e r a l i z a t i o n  of  C o n v e n t i o n a l  TRS 

Assume  t h a t  two ATGS AA, BB have  t h e  s a m e  s o r t s ,  f u n c t i o n s  a n d  v a r i a b l e  
set .  BB is ca l l ed  a bas. e ATG____SS of AA if GBBcGaA. C o n s i d e r  two ATGS's AA i, 
i=1,2,  wh ich  h a v e  a c o m m o n  b a s e  ATGS BB. T h e n  we m a y  h o p e  t h a t  we do 
not have to describe BB two times. 

In an  SCS E, all SCR's have  a c o m m o n  base ,  w h i c h  spec i f i e s  all legal  t e r m s  
on  t h e  b a s e  s i g n a t u r e .  We a s s ign  a s p e c i a l  S b - i n d u c e d  fami ly  of v a r i a b l e  
se t s  X s u c h  t h a t  t h e  fol lowing holds:  
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1. If xEX a n d  x:s, t h e n  x' :s  impl i e s  x'EX. 

2. F o r  (x ,X)emv,  xeX iff XeX. T h e n  we c a n  l e t  mv x d e n o t e  t h e  p a r t  of mv 
t h a t  is on  X. 

3. Le t  b a s e ( s ) = b a s e ( N ) = s  b. Le t  (xi,Xi)emvx, xi:s i a n d  xi:s i wi th  
base(s i )=Sib=base(g i ) ,  f o r  l< i<n .  F o r  e a c h  f e e  wi th  a r i t y  S I b . , , S n b ~ S b  , 

t h e r e  is (<s:f(x i ..... Xn)>,<~:f(X i ..... Xn)>)Emp, a n d  t h e r e  a r e  x,X~X with 
X:S, X:S. 

Due to  t h e  a b o v e  p r o p e r t i e s  of X, we c a n  s impl i fy  t h e  n o t a t i o n s  by  us ing  
on ly  ha l f  of X, ha l f  of t h e  s o r t  s e t  fo r  X and  c o n s i d e r i n g  mv x as  i d e n t i c a l  
r e l a t i o n .  T h e n  f o r  a n y  s o r t s  wi th  v a r i a b l e s  in X, 
( < s : f ( x  1 ..... Xn) >, <~:f(X I ..... Xn) >) c a n  b e d e n o t e d  as  
(<s: f (x  1 ..... Xn)>,<s:f(x i ..... Xn)> ). <SIG(X),SIG(X),Ix, Ip> is a ba se  ATGS fo r  all 
SCS's on  t h e  b a s e  s i g n a t u r e  SIG a n d  d e n o t e s  n o t h i n g  e l se  t h a n  a c o n v e n -  
t i o n a l  TRS wh ich  ha s  no  r e w r i t e  ru les .  In g e n e r a l ,  we do  n o t  have  to  spec i fy  
t h e  poss ib l e  c o - p r o d u c t i o n s  of  v a r i a b l e s  in X. One of s u c h  v a r i a b l e  x is g iven  
in E x a m p l e  3. In th i s  case ,  t h e  SCR's of t h e  f o r m  AA(t,t) with Var(t)CX, 
V a r ( t ) c X  a r e  c o n v e n t i o n a l  r e w r i t e  ru les .  This  m e a n s  t h a t  SCS c o n t a i n s  t he  
c o n v e n t i o n a l  TRS as  a spec ia l  case .  

If we n o t  on ly  allow the  g r o u n d  r u l e s  as  t h e  l a n g u a g e  of an  SCS, b u t  also 
r u l e s  wi th  v a r i a b l e s  in X, us ing  G(X) to  d e n o t e  th i s  l a n g u a g e ,  t h e n  we con -  
s t i t u t e  a c o n v e n t i o n a l  TRS <Sb,E,G(X)> wi th  an  in f in i t e  ( b u t  e n u m e r a b l e ! )  
r u l e  se t .  In t h i s  s ense ,  we h a v e  a c h i e v e d  a d e s c r i p t i o n  of some  n o n - f i n i t e l y -  
b a s e d  TRS. In add i t i on ,  all t h e  d i s c u s s i o n s  f o r  SCS a r e  val id fo r  c o n v e n -  
t i o n a l  TRS's. 

The  v a r i a b l e s  in X a r e  ca l l ed  t e r m i n a l ,  o t h e r s ,  n o n - t e r m i n a l .  

4. S u f f i c i e n t  CondiUon for  Conf luence  a n d  Terminat ion  

4.1. Genera l i za t ion  of t h e  Classical  Suff ic ient  Condi t ion  

L a t e r  on  in  th i s  p a p e r ,  " c l a s s i c a l  a p p r o a c h "  m e a n s  t h e  a p p r o a c h  of [O'D 
77], " c o n v e n t i o n a l  r u l e "  m e a n s  r e w r i t e  r u l e  w i t h o u t  n o n - t e r m i n a l  va r i ab l e s .  

The  m a i n  p a r t  in t h e  c l a s s i c a l  su f f i c i en t  c o n d i t i o n  f o r  c o n f l u e n c e  and  t e r -  
m i n a t i o n  b y  O'Donell  (cf.  [O'D 77])  is n o n - o v e r l a p p i n g  of t h e  r e w r i t e  ru les .  
The fo l lowing e x a m p l e  shows  t h a t  s o m e  TRS's a r e  i n t u i t i v e l y  c o n f l u e n t ,  
a l t h o u g h  t h e  c o n d i t i o n  of n o n - o v e r l a p p i n g  fails.  

Example 4 
Let  a TRS c o n t a i n  r u l e s  h ( f ( x , a ) ) = h ( f ( x , b ) ) ,  f ( c , x ) = f ( d , x )  on  f u n c t i o n s  I 
h (_ ) ,  f (_ ,_ ) ,  a, b, c, d]. I t  d o e s  n o t  s a t i s f y  t h e  n o n - o v e r l a p p i n g  p r o p e r t y  
b e c a u s e  f o r  t h e  i n s t a n c e s  h ( f ( c , a ) ) = h ( f ( c , b ) ) ,  f ( c , a )= f (d , a ) ,  
h ( f (x ,a ) ) : l= f (_~_)c~- . "  However ,  t h e s e  two r u l e s  will n o t  d e s t r o y  
c o n f l u e n c e ,  a s  i l l u s t r a t e d  by  t he  fol lowing d i a g r a m :  
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h ( f ( c , a ) ) . ~  
h ( f ( d , a ) ~  - h ( f ( c , b ) )  

~ h ( f ( d , b ) )  ~ 
fig.2 

This example  r e p r e s e n t s  a large class of rewri t ings,  where  rea l  s u b t e r m  
changes  of two ru les  h a p p e n  only within a c o m m o n  con tex t ,  bu t  t hese  
changes  a re  i n d e p e n d e n t .  The TRS is over lapping  b e c a u s e  of the  common  
con t ex t .  In t he  above example  the  func t i on  f is a c o n t e x t ,  within which a 
and c can  be r e w r i t t e n  into b and  d, resp.  

In o r d e r  to develop a suf ic ient  cond i t ion  cons ide r ing  the  above example ,  
we genera l i ze  the  classical  cond i t ion  by rep lac ing  the  no t ion  of non-  
over lapping  with n o n - i n t e r f e r i n g .  Including non-ove r l app ing  as a specia l  
case,  it allows two ru les  to over lap,  bu t  forb id  t h e m  to change  d e p e n d e n t  
sub te rms .  In the  following, we explain  this  no t ion  informal ly  by examples .  
We claim t h a t  any n o n - i n t e r f e r i n g  TRS, which is, in addi t ion,  lef t - l inear ,  
s teady ,  c o n s i s t e n t  ( for  t hese  no t ions  cf. [O'D 77]), is c o n f l u e n t  and  t e r -  
minat ing.  For  more  de ta i l s  one should r e f e r  to  [qi 86c]. 

More exac t l y  speaking,  two ru les  t l = t  1, t a= t  2 a re  said to be non.- 
i n t e r f e r ing  iff if t hey  a re  bo th  appl icable  to (i.e. unif iable with) a t e r m  t, 
t h e n  the  following holds:  

1. They  do n o t  c h a n g e  d e p e n d e n t  s u b t e r m s  of t. 

2. Each of t h e m  should  be still appl icable  to the  t e r m  ob ta ined  a f t e r  appli- 
ca t ion  of the  o t h e r  one  to  t. 

3. Since bo th  ru les  a r e  appl icable  to one  t e rm,  we can  a s sume  t h a t  u is in 
t 1 the  s u b t e r m  t h a t  is unif iable with t 2. We r equ i r e  t h a t  if a var iab le  x 

in u c o r r e s p o n d i n g  to a by  t2=[  2 c h a n g e d  s u b t e r m  in t 2, t hen  e a c h  

o c c u r r e n c e  of x in [I should  be in a s u b t e r m  unif iable  with t 2. 

Example  5 

a) The ru le  se t  lh(f (x ,a) )=g(f(x ,b) , f (x ,c) ) ,  f(d,x)=f(e,x)~ is non-  
in t e r fe r ing .  E.g. the  rewri t ing  of t e r m  h(f(d,a))  will t e r m i n a t e  and the  
unique  n o r m a l  f o r m  is g(f(e ,b) , f(e ,e)) ,  no m a t t e r  in which o r d e r  t he  
ru les  a re  applied.  

b) The ru le  se t  I f(x,c)=f(x,f(x,d)) ,  f (a ,x)=f(b ,x) l  is non - in t e r f e r i ng .  

c) The rule set lh(f(x,a),y)=g(f(x,g(y))), f(c,x)=f(d,x), b=eI is non- 
interfering. 

d) The rule set i h(f(c,a))=g(f(c,b),f(c,b)), f(c,x)=f(d,x) I is not non- 
interfering, since the application of the second rule to term h(f(c,a)), 
to which both rules are applicable, yields term h(f(d,a)), to which the 
first rule is no longer applicable. 

~) The rule set lh(f(x,a))=g(f(x,b),x), f(c,x)=f(d,x)I is not non- 
interfering, since the second occurrence of x on the right-hand side 
of the first rule is not in a subterm that is unifiable with the second 
rule. (Compare with the Example b.) 



177 

f) The rule  set  Ih(f(x,a))=g(f(x,g(x))),  f(e,x)=f(d,x)I is no t  non- 
in te r fe r ing  for the  same reason  as above. (Compare with the  Exam- 
ple c.) 

4.2. Suff icient  Condit ion for  Confluence and  Te rmina t ion  of SCS 

We first claim t h a t  an  SCS is c o n f l u e n t  and t e rmina t i ng  if it is left- l inear,  
s teady,  cons i s t en t  and  non- in te r fe r ing .  We omit  the  def ini t ions of the  o the r  
not ions  in the  con tex t  of SCS and give a very brief  informal  explana t ion  of 
the  not ion of non- in ter fer ing .  For  more  detai ls  abou t  non- in te r fe r ing  and 
o the r  not ions,  one may re fe r  to [Qi 86c]. 

Compared with convent ional  TRS's, we have in an SCS a where-par t ,  which 
defines the  possible pairs  of t e rms  i n s t an t i a t ed  for assoc ia ted  variables on 
both  sides of a rule. Since the  s t r u c t u r e s  of possible ins tances  are  given by 
an SCS, we do no t  feel much  more  difficult t h a n  in the  convent iona l  case to 
fo rmula te  the  not ion of non- in te r fe r ing  (and the  whole suff icient  condi- 
tion). However, for t echn ica l  reasons ,  we have to requi re  t h a t  the  overlap- 
ping par t s  of two SCS's have the  same sort-  and  s u b s o r t - s t r u c t u r e  (up to 
renaming) .  Then we can localize the  defini t ion by consider ing the  
cor responding  p roduc t ion  associa t ions  of the overlapping parts .  

5. Other  Approaches  to Non-Fini tely-Based TRS 

Some o t h e r  invest igat ions in this a rea  have been done. Taylor in [Ta 79] 
has  ana lysed  the  non-f in i te ly-based specif icat ions.  [DMT 85] discussed the  
possibili ty of describing non-f in i te ly-based specif icat ions  by auxil iary sym- 
bols. For  example,  for  the  specif icat ion in Example i, [DMT 85] has  given a 
solut ion using an auxi l iary symbol g': lfgx=fg'x,  g 'gx=gg'x,  g 'hx=hxl .  In 
[BMR 86] a t r a n s f o r m a t i o n  sy s t em in the  above style based  on the  t r ans fo r  ~ 
mar ion language  0PTRAN (see [MWW 86]) is discussed.  However, these  aux i -  
l iary symbols  have no original semant ics .  This is undesi rable ,  especially in 
an use r - in te rac t ive  system. 

Another  app roach  to cope with the  non-f in i te ly-based  specif icat ion is 
condi t ional  equa t iona l  system. By describing the  following condi t ional  
specif icat ion using SCS, we can  see the  essent ia l  re la t ionsh ip  between 
them.  

DIV2 
BOOL + NAT + 
sorts: 
opns: div2: Nat-~Nat 

even: Nat-*Bool 
eqns: for  all n : Nat 

even(succ(succ(n))) = even(n) 
even(succ(O)) = false 
even(O) = t rue  
even(n) = t rue  ~> 

DIV2' 
BOOL + NAT + 
sorts:  
subsor ts :  Even,HalfcNat  
o p n s :  div2: Nat-*Nat 
eqns: fo r  all (v,V):(Even,Half) 

div2(v) = V 
where  

Even: succ(succ(v))  = Half: succ(v) 
0 = 0 

div2(suec(succ(n)))  = succ(div2(n)) 
div2(0) = 0 



178 

In the notations of SCS, we do not need the auxiliary boolean function 
"even" to define the partiality of div2. Instead, we give the structure of the 

possible terms directly. Note that the SCS suggests a more efficient imple- 

mentation. 

6. F u r t h e r  R e s e a r c h e s  

[0'D 85] d i scusses  the  topic  of designing a p r o g r a m m i n g  language  based  
on the  equa t i ona l  logic. Our a p p r o a c h  could  be a basis for  a t r a n s f o r m a t i o n  
language ,  an  e x t e n s i o n  of t he  l anguage  of [0'D 85]. A d r a f t  d iscuss ion has  
been  made  in [K-B 86]. For  open  ques t ions  see [Qi 86c]. 

From the  t h e o r e t i c a l  po in t  of view, we feel t h a t  the  SCS style of descr ib-  
ing an equa t i ona l  spec i f ica t ion  might  be of some use in the  s tudy  of e r r o r  
a lgebra .  (See [Kre 86] for  a n o t h e r  i n t e r e s t i ng  app roach . )  

Ano the r  p roblem,  which is of i n t e r e s t  f r om the  p rac t i ca l  as well as 
t h e o r e t i c a l  po in t  of view, is how to simplify the  de sc r i p t i on  of SCS. 

We have i n t r o d u c e d  a suff ic ient  cond i t ion  fo r  n o n - i n t e r f e r i n g  of an SCS. 
How to i m p l e m e n t  this  check ing  m e c h a n i c a l l y  r e q u i r e s  a lot of imp lemen ta -  
t ion work. But  we feel t h a t  t he  des igne r  of an  SCS should  write the  sys t em 
in a way to ease  this checking.  

If we cons ide r  a ca lcu lus  of p r o g r a m  d e v e l o p m e n t  or  t r a n s f o r m a t i o n ,  (see 
e.g. [Pe 84], [JHW 86],) it is n a t u r a l  to ask w h e t h e r  SCS could  c o n t r i b u t e  to 
the  f r a m e w o r k  of a calculus ,  and  which kind of in f luences  it might  have on 
the  ca lculus .  Among o the rs ,  t h e r e  would be the  ques t ion  of compos i t ion  of 
t r a n s f o r m a t i o n  o p e r a t i o n s  and val ida t ion  of a t r a n s f o r m a t i o n  aga ins t  the  
original  s e m a n t i c s  of the  sou rce  language.  
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