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Abstract

Differential resultant formulas are defined, for a system P of n ordinary Laurent differential
polynomials in n — 1 differential variables. These are determinants of coefficient matrices of an
extended system of polynomials obtained from P through derivations and multiplications by
Laurent monomials. To start, through derivations, a system ps(P) of L polynomials in L — 1
algebraic variables is obtained, which is non sparse in the order of derivation. This enables
the use of existing formulas for the computation of algebraic resultants, of the multivariate
sparse algebraic polynomials in ps(P), to obtain polynomials in the differential elimination
ideal generated by P. The formulas obtained are multiples of the sparse differential resultant
defined by Li, Yuan and Gao, and provide order and degree bounds in terms of mixed volumes
in the generic case.
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1 Introduction

The algebraic treatment via symbolic computation of differential equations has gained importance
in the last years [34], [23], [27]. In addition, algebraic and differential elimination techniques have
proven to be relevant tools in constructive, algorithmic algebra and symbolic computation [24],
[9], [10], [26], [20]. This work establishes a bridge between the differential elimination problem
for systems of ordinary differential polynomials and the use of sparse algebraic resultants. Let us
consider a system of two ordinary differential polynomials in the differential indeterminates = and
Y,

fl(CU) — y/ +ym —i—l‘/ —I—CL'.%‘/ +ym2 +y’(m’)2,

1
fo(x) =y +y'o + yz' + v’ + 2% + (2)2. (1)

To eliminate the differential indeterminate x (and all its derivatives), they can be seen as two
differential polynomials in the differential indeterminate x, whose coefficients are polynomials in
the differential indeterminate y.

Differential elimination for differential polynomials can be achieved by characteristic set meth-
ods via symbolic computation algorithms [19], [4] (implemented in the Maple package diffalg, [3]
and in the BLAD libraries [2] respectively), see also [15], [26]. These methods do not have an
elementary complexity bound [16] and, the development of algorithms based on order and de-
gree bounds, of the output elimination polynomials, would contribute to improve the complexity.
Searching for order and degree bounds of the elimination polynomials is a problem closely related
to the study of differential resultants.

For a system of sparse algebraic multivariate polynomials Canny and Emiris defined in [5] a
Sylvester type matrix, whose determinant is a multiple of the sparse algebraic resultant, in the
generic case (defined in [17]). Furthermore, the sparse multivariate algebraic resultant can be
represented as the quotient of two determinants, as proved in [13]. These so called Macaulay
style formulas provide degree bounds and furthermore methods to predict the support of the



sparse algebraic resultant. While the studies and achievements on algebraic resultants are quite
numerous, the differential case is at an initial state of development. A rigorous definition of
the differential resultant ORes(B), of a set P of n sparse generic ordinary Laurent differential
polynomials in n — 1 differential variables, has been recently presented in [21] (and in [15], for
the non sparse nonhomogeneous polynomial case), together with a single exponential algorithm in
terms of bounds for degree and order of derivation. A matrix representation of the sparse differential
resultant does not exist even for the simplest cases and, as noted in [21], having Macaulay style
formulas in the differential case would improve the existing bounds for degree and order. The
study of such formulas is the basis for efficient computation algorithms and, it promises to have a
great contribution to the development and applicability of differential elimination techniques.

The first attempt to give Macaulay style formulas for a system P of n ordinary differential
polynomials, in n — 1 differential variables, was made by G. Carra-Ferro in [7]. Previous definitions
of differential resultants were given for two ordinary differential operators, [1], [8] ( refer to [7], [21]
for an extended history of these developments). The differential resultant CFRes(P) of P defined
by Carra-Ferro is the algebraic resultant of Macaulay [22], of a set of derivatives of the differential
polynomials in P. For two non sparse differential polynomials of order 1 and degree 2, say (1),
CFRes(P) is the Macaulay algebraic resultant of the polynomial set ps = {f1, f1, f2, f4}. This is
the greatest common divisor of the determinant of all the minors of maximal order of a matrix
M, whose columns are indexed by all the monomials in z, 2’ and z” of degree less than or equal
to 5. The rows of M are the coefficients of polynomials obtained by multiplying the polynomials
in ps by certain monomials in z, 2’ and 2", see [6] and [28] for details. Observe that, even if f;
and fo are nonsparse in x and z’, the extended system ps is sparse. The polynomials in ps do
not contain the monomial (z”")?, thus the columns indexed by (z”)?, i = 2,...,5 are all zero and
CFRGS(fl, fg) =0.

Carra-Ferro’s construction is not taking into consideration the sparsity of differential polyno-
mials and therefore it is zero in many cases, giving thus no further information. Contemporary of
Carra-Ferro’s construction is the definition of the sparse algebraic resultant in [17] and [32]. Later
on, methods to compute sparse algebraic resultants were developed in [5], [13] via Sylvester style
matrices. Therefore, an alternative natural approach to treat example (1) (using Carra-Ferro’s
philosophy) would be to consider the sparse algebraic resultant formula of ps given in [13]. A
determinantal formula for 2 generic differential polynomials of arbitrary degree and order 1 has
been recently presented in [33].

The system (1) can only be sparse in the degree but if we considered the elimination of two
or more differential variables, the system can be also sparse in the order of derivation of such
variables. This fact motivated the works in [29], [30] and [31] where the linear case is considered,
to focus on the study of the sparsity with respect to the order of derivation, as defined in Section
3. An easy example is given by the next system of 3 polynomials

P={fi=z+a+y+y . fo=z+ta’ +y fa=z+zx+9}

in 3 differential variables z, y and z w.r.t. the derivation 9/0t. The differential resultant of
Carra’Ferro is the determinant of the next coefficient matrix, whose columns are indexed by 3",
xﬂ? A 7y/7 1'/’ y7l.717

1011000000 2"
001 0110000 2
0000101100 2
00 00O0O0OT1O0T1T1 =z
100 ¢t 020000 2
001 00 ¢t 0100 2
00001 O0O0TtTO0O0 =
1001 0000O0O0 2
001 0010O0O0TO0 2
0 00010O0T1O0TO0 2
10000001001 =z |

Thus CFRes(P) = 0 and the reason is the sparsity in the order of derivation of the variable = (the
column indexed by z is zero).

In Section 2, differential resultant formulas are defined for a system P of n ordinary Laurent
differential polynomials in n—1 differential variables. These are determinants of coefficient matrices



of an extended system of polynomials obtained from P through derivations and multiplications by
Laurent monomials (Carra-Ferro’s construction is a particular case). To built such formulas, in
Section 3 the results in [31] are extended to the nonlinear case, namely, an extended system ps(P)
of L polynomials in L — 1 algebraic variables is obtained through the appropriate number of
derivations of the elements of P, which is non sparse in the order of derivation. As explained in
Section 3, this is only possible for systems P that verify the ”super essential” condition, but it is
there proved that every system contains such a subsystem. For n > 3, this is a necessary step to
be able to use the existing formulas for sparse algebraic polynomials in [5] applied to the system
ps(P). An algebraic generic sparse system ags(P) of L polynomials in L — 1 algebraic variables
associated to P is defined, as explained in Section 4, from which a Sylvester style matrix S(P) can
be constructed using the results in [5]. The specialization of S(P), to the differential coefficients
of ps(P), gives a determinantal formula OFRes(P), as explained in Section 5. In [5], det(S(P)) is
guaranteed to be nonzero (under some conditions) so, if 9FRes(P) = 0 then we know that it is not
because of sparsity reasons, but due to the specialization final step. In Section 6 the generic case is
treated. It is shown how these formulas provide order and degree bounds for the sparse differential
resultant ORes(P) of P defined by Li, Yuan and Gao in [21]. To achieve this goal, conditions for
ORes(P) to be a factor of the given differential resultant formulas are explored, providing degree
bounds of ORes(P) in terms of mixed volumes, under the appropriate conditions.

2 Differential resultant formulas

Let D be an ordinary differential domain with derivation 9. Let U = {uy,...,u,—1} be a set of
differential indeterminates over D. By N we mean the natural numbers including 0. For k € N|
we denote by u; the kth derivative of u; and for w;¢ we simply write u;. We denote by {U}
the set of derivatives of the elements of U, {U} = {0%u | u € U, k € N}, and by D{U} the ring
of differential polynomials in the differential indeterminates U, which is a differential ring with
derivation 9. For definitions in differential algebra we refer to [26] and [20].

As introduced in [21], the ring of Laurent differential polynomials generated by U is defined to
be

D{U*} := D[ujk,uj_’i |i=1,...,n—1,keN]},

which is a differential ring under the derivation 0, (emphasize that D{U*} is just notation). Given
a subset U C {U}, we denote by D[U] the ring of polynomials in the indeterminates U and by
D[U*] the ring of Laurent polynomials in the variables U, that is

DIU*] := Dlu, vt | u € U).

Given f € D{UT}, f = >, 0w, where 6, € D and w, is a Laurent differential monomial in
D{U*}. Let us denote the differential support in u; of f by

S;(f) ={k € N| Ow,/0u; # 0 for some ¢ € {1,...,m}},

to define ord(f, u;) := max &;(f) and lord(f,u;) := min &;(f) if &;(f) # 0, otherwise ord(f,u;) =
lord(f,u;) = —oo. Thus, the order of f is the maximum of {ord(f,u) | u € U}.

Let P := {f1,..., fu} be a system of differential polynomials in D{U*}. We assume that:
(P1) The order of f; is 0; > 0,4 =1,...,n. So that no f; belongs to D.
(P2) P contains n distinct polynomials.
(P3) For every j € {1,...,n — 1} there exists ¢ € {1,...,n} such that &;(f;) # 0.

Let [P] denote the differential ideal generated by P in D{U*}. Our goal is to obtain elements of
the differential elimination ideal [P] N D, using differential resultant formulas.

Let us denote by 9P := {9*f; | i = 1,...,n,k € N} and fi[L”] = {0%f; | k € [0,L;] NN},
for L; € N. For this purpose, we consider a polynomial subset ps of 0P, a set of differential
indeterminates U C {U} and sets of Laurent differential monomials Q, f € ps, , in DUF],
verifying:

(ps1) ps =ur, f“d L, e N,



(ps2) ps C DUF] and |U| = [ps| - 1,
(PS3) D peps 12l = 19| and UgepsQs f € GueaDw, (|€2] denotes de number of elements of (2).

Under assumptions (psl), (ps2) and (ps3), we consider a total set of polynomials PS :=
Ufeps§2rf whose elements are

D= Z 0p w, with 0, ,, € D.
weN

The coefficient matrix of the elements in PS as polynomials in the monomials 2, M(PS, Q) = (6,..,),
p € PS, w e Q, is an | x || matrix. We call

det(M(PS,Q)) (2)
a differential resultant formula for P.

Example 2.1. A differential resultant formula was defined by Carra-Ferro in [7] for a system P of
nonhomogeneous differential polynomials in D{U}. In [7], Ly = N—o;,i=1,...,n, N:=Y " | 0,
andU = {u;, | k € [0,NINN, j =1,...,n—1}. The sets of monomials Qy, f € ps and ) are taken
so that M(PS, Q) is the specialization of the numerator matriz of the Macaulay algebraic resultant
[22] of generic algebraic polynomials Py, f € ps of degree deg(Py) = deg(f) in the variables U.
See [7] and [28] for a detailed construction and examples.

If (ps2) holds, the set
v(ps) : ={u;r €U |k € &;(f) for some f €ps,je{l,....n—1}} CU,

verifies |v(ps)| < |ps| — 1. Observe that, if |v(ps)| > |ps| — 1 we cannot guarantee the elimination
of the variables in v(ps).

3 A system ps(P) of L polynomials in L.—1 algebraic variables

In this section, we construct ps(P) C 9P and V(P) C {U} verifying (psl), (ps2) and give conditions
on P so that V(P) = v(ps(P)). In particular, it is precisely stated what it means for the system
‘P to be sparse in the order and under what conditions can this phenomenon be avoided.

Let us denote o0; ; := ord(f;, u;), which equals —oo if &, (f;) = 0 and belongs to N otherwise. Let
us define the order matrix of P by O(P) = (0;,;). Given P; := P\{f:}, i = 1,...,n, the diagonals
of the matrix O(P;) are indexed by the set T'; of all possible bijections between {1,...,n}\{i} and
{1,...,n —1}. The Jacobi number J;(P) of the matrix O(P;) (see [21], Section 5.2) equals

Ji(P) := Jac(O(P;)) := max Z 05.ui) | €Ty
JE{L,on {7}

Throughout the paper, if there is no need to specify, we will simply write J;. Observe that J; is
either —oo or it belongs to N. There exists p; € I'; such that J; = Zje{l,... nI\{i} Qi (5) but p;
may not be unique.

The situation where J; > 0, 7 = 1,...,n is of special interest. Let z;;, ¢ = 1,...,n, j =
1,...,n — 1 be algebraic indeterminates over Q, the field of rational numbers. Let X(P) = (X; ;)
be the n x (n — 1) matrix, such that

Xij = { Li,j5 gj(fz) i 87 (3)

Let X(P;), i = 1,...,n, be the submatrix of X(P) obtained by removing its ith row. It follows
eagsily that

Lemma 3.1. J; > 0 < det(X(P;)) #0,i=1,...,n.



Proof. Tf det(X (P;)) # 0 then the matrix X (P;) has a nonzero diagonal. Thus, there exists 1 € T;
such that
Ji 2 Z %j,u(s) = 0-

JE{L,on {7}

Conversely if J; > 0, there exists u € I'; such that J; = Y .cqy gy %) = 0. Thus
Hje{l,...,n}\{i} Tjug) =0 and det(X(P;)) # 0. [

The notion of super essential system of differential polynomials was introduced in [31], for
systems of linear differential polynomials and it is extended here to the nonlinear case.
Definition 3.2. The system P is called super essential if det(X(P;)) #0, i = 1,...,n. Equiva-
lently, by Lemma 3.1, P is super essential if J; > 0,i=1,...,n.

For j=1,...,n—1 let us define integers in N
Pyj(’P) = min{lord(fi,uj) | GJ(fl) 7é 07 i=1,... 7n}a

3(P) = 3 (P).

We write just 7; and v when there is no room for confusion. If J; > 0,¢=1,...,nthen J;—vy >0
and the sets of lattice points [0, J; —v] NN are non empty. For i = 1,...,n, we define the set of
differential polynomials

ps(P) = U, f17 0, (4)

containing L := Y1, (J; — v + 1) differential polynomials, whose variables belong to the set V(P)
of differential indeterminates

V(P) ={ujr |k €y, M;]NN, j=1,...,n—1},

with M; := m; — v and m; := max{o; ; + J; —v | i =1,...,n}. By [21], Lemma 5.6, if J; > 0,
i=1,...,nthen > "  J;, = Z;le m;. Thus the number of elements of V(P) equals

n—1 n—1 n
(Mj—vj—i—l)=Z(mj—vj—7+l):ZJi—n7+n—l:L—l.
j=1 j=1 i=1

Observe that v(ps(P)) C V(P) and given j € {1,...,n — 1} we have

Ureps(P)S;(f) C [y, M) NN, (5)
but we cannot guarantee that the equality holds.

Definition 3.3. If there exists j such that (5) is not an equality, we will say that the system P is
sparse in the order.

It can be proved as in [31], Section 4, that every system P contains a super essential subsystem
P* and if rank(X(P)) = n — 1 then P* is unique. Namely, the system P* can be obtained as
follows:

1. Consider the system P = {p; = ¢; + Z;:ll Xijuj | l=1,...,m,} of algebraic polynomials

in K[Cl, .. .,Cm][U], K:= Q(Xi,j | Xi,j 7& 0)

2. Compute a reduced Grébner basis B = {eq, €1, ..., en—1} of the algebraic ideal (P) generated
by Pin Kleq, . .., ¢ ][U], with respect to lex monomial order with uq > -+ >wu, >¢1 > -+ >
¢m. We assume that eg < e; < -+ < epn_1. By [9], p. 95, Exercise 10, this can be computed
through an echelon form of the coefficient matrix of the system P.

3. Observe that at least eg € By := BNK[c1,...,em], €0 = D1y xic, xi € K. Let A(eg) :=
{le{1,...,m} | xi #0}.

4. P :={fi |1l € Aley)}.



Example 3.4. Let us consider the systems P = {f1, fo, f3, fa} and P' = {f1, f2, f3, s} with

f1 =2+ uur 1 +ui 2, fo = wiu 2, f3 = uous 1, fa = ui1ug, f5 = ui 2,

11 O 0 11 0 0

_| %21 O 0 n_ | x21 0 0
X(P) B 0 T32 33 and X(P ) o 0 32 3,3

T41 T42 0 T4,1 0 0

P is not super essential but since rank(X (P)) = 3, it has a unique super essential subsystem, which
is {f1, fa}. P’ is not super essential and rank(X (P')) < 3, super essential subsystems are { f1, f2},

{f1, fs} and {fa, f5}.

We prove next that if P is super essential then P is not sparse in the order (Theorem 3.7). For
this purpose we need two preparatory lemmas.

Given j € {1,.. — 1}, the set Z(j) := {i € {1,...,n} | 6;(fi) # 0} is not empty, because
of assumption (773) If P is super essential, the next lemma shows in particular, that |Z(j)| > 2.
Given I,I' € {1,...,n}, let Py p = P\{f[,f[/} Let us denote by X (Pr,r/)? and O(Pr,)’ the
submatrices of X (731, 1) and O(Py ) respectively, obtained by removing their jth column. Observe
that det(X (Pr,1)?) = 0 if and only if Jac(O(Py 1/)?) = —c0.

Lemma 3.5. Let P be super essential and j € {1,...,n — 1}.
1. Giwen I € Z(j), there exists I' € T(j)\{I} such that o; ; —~v; < Jpr —~

2. Given distinct 1,1 € I(j) such that Jac(O(PIj)j) = —o0, there ezists I' € T(5)\{I} such
that og ; —v; < Jir — 7 and, if I #1' then oy j —v; < Jr—~

Proof. We denote X (Pr.1/)? and O(Py 1)’ simply by X7 ;- and Oy 1 in this proof. Let X (P)7 be the
submatrix of X (P) obtained by removing its jth column. By r; we denote the row corresponding
to fr in X(P)’ and by X7 ; , the matrix X (Ps ;. )7 with Pr =P\ fr. fr}-

1. By definition of super essential system, X (Pr) contains a nonzero diagonal. That is, there
exists I’ € Z(j)\{I} and an (n — 2) x (n — 2) non singular submatrix X7 ;» of X(Pr). That
is Jac(Oy ;1) # —oo and

or;—v <Jac(Orr)+or;—v<Jpr—v

2. By 1, there exists I’ € Z(j)\{I} such that Jac(O7 1) # —ocand o7 ; —v; < Jp—7. HIT # I,
let us assume that Jac(Oy,1/) = —oo to get a contradiction. Thus we have det(X7 ;) = 0 and
det(X]’]/) =0.

The (n —2) x (n — 2) matrices X7 ;, A7, and A7 have n — 3 rows in common, namely
X7 - Since det (X 7 1) # 0, the rows of X 7.1.p are linearly independent. This proves that

rank(X7 ;) = rank(X7,;) = rank(A7 ; ;) =n — 3.

Thus row I’ of X7 ; and row T of X7, are a linear combination of the rows of &, , 7.

Therefore both rows I’ and I of X (Pr) can be reduced to the form (0, ...,0,%;,0,...,0). Thus
det(X (Pr)) = 0 contradicting that P is super essential. This proves that Jac(Oj ) # —oo
and

or; —v; <Jac(Orp) +or,; —v<Jr—~n

Lemma 3.6. Let f € D{U*}. Ifke G;(f) but k+1¢ S;(f) thenk+1 € &;(9f).

Proof. Observe that f = A_ 1y k + 4+ A 14, L+ Ay +A1u] gkt Amuly, with A € D{U*},
t=-1,...,—-1,0,1,... msuchthatkk—i—lé@ (Az), l;«éOorA #0andl>1orm>1
The claim follows since

Of =0A_ujj + -+ 0Ag+ -+ 0Anuly + | > hAu | kg
h#0,h=—1



Theorem 3.7. If P is super essential then

UfepS(P)Gj(f) = h/ijj} mNa j =1,.. -, = 1.
That is, ps(P) is a system of L polynomials in L — 1 algebraic indeterminates.

Proof. Given j € {1,...,n — 1}, there exists I € {1,...,n} such that m; = o7; +J1 Recall
M; = mj —v. We can write

[’ijMj] = [7_77077]' - 1] U [mj,jan]‘

1. For every k € [o7 ;, M;]NN, k—o7 ; < M; — = J;—~. By Lemma 3.6, k € 6j(8k_07,1f7).

2. If o7 ; = v; then the first interval is empty. If o7 ; # ~;, there exists I € Z(j) such that
ldeg(f1,u;) = v; and a bijection gy : {1,...,n\{I} — {1,...,n — 1}, with I := pu;*(j)
such that a

- <Ji—v= Z Ol (1) —7-
le{1,..n}\{I}

If there exists k € ([y;, 0r,;] "N)\GS;(fr) then let us consider
k' = max([v;,k — 1] NN) N &S;(fr).

Since k — k' < or; — k' <o5; —7; < Jr—~, by Lemma 3.6, k € Gj(ak_k/fi). Thus, for
ps(fr) as in (4), it holds

(V5,011 NN € Ugeps(£1) S, (f)- (6)
2.1. If or,j > o7 ; — 1 then, by (6) [vj,07; — 1] NN C Ugeps(r)S;(f)-
22. If o5 < — 1 then [yj,07; — 1] = [v;,0r,;] U [or; + 1,07, — 1]. Consequently, if
07, < OIJ—I—J[—’}/ then [o7,; + 1,07 07 —1) Clorj+1l01;+Jr—7]. Lforj+Ji—v < 07 ;
then Jac(O(P; 1)’ ') = —oo since otherwise

o7, <7 tor;+ Jac(O(PIj)j) —v<or;+Jr—v

By Lemma 3.5 (2), there exists I’ € Z(j)\{I} such that o; ; —v; < Jp —v and, if [ # I’
then or ; —v; < Jr —«v. Note this implies

WI,jSOI/,j‘i’JI’ fyandol/ <OIJ+J[7

If oy j < or,j then [or; + 1,07 . — 1] C [or j,01,; + Jp — 7], otherwise oy ; < oy ; and

J
lor+1,07; = 1] =[or; + 1,01 —1]U[or j, 07 ; — 1]
C[OI,]""LO[J‘—FJ[—’Y] [O[/]70[/ + Jp — ]

Thus given k € [o7,; +1, 07 07 ; —1nN,ifk € [or;+1,01;+Jr—7] thenk—o;; < Jr—7
and, by Lemma 3.6, k € &;(0%=°1i f;). Analogously, if k € [or j,0or j + Jp — 7] then
ke 6j(ak_oﬂvjfp).

O

Example 3.8. Let P be a system with v =0,

2 0 T11 T12
O(P) = —oo 1 5 thus X(P) = 0 X233
2 0 1'3’1 .’Eg_yg

Then J; =3, Jo =2 and J3 = 3 and P is super essential. By Theorem 3.7, ps(P) is a system
with 11 polynomials in 10 algebraic variables V = {ui,u11 ..., u1,5, U2, U2,1,-..,U2,3}-

If we consider, for instance, the system ps, with L1 =2 < Jy, Lo = Jy and L3 = J3. We have
10 polynomials in 10 algebraic variables V(P), in this case we cannot guarantee the elimination of
the algebraic variables V(P).



4 Sparse algebraic resultant associated to P

The result in Theorem 3.7, allows the construction of a Sylvester matrix associated to the system
ps(P), choosing orderings on the sets V(P) and ps(P), as it is next explained.

Through a bijection 8 : V(P) — {1,...,L — 1} we establish an ordering of the set of variables
V(P). Let Y = {y1,...,yr—1} be a set of L — 1 algebraic indeterminates over Q. A natural
bijection v : Y — V(P) is defined by v(y;) = 371(l). Given the Laurent polynomial ring D[Y*], v
extends to a ring isomorphism

v D[yi] — D[V(P)i].

Monomials in D[Y*] are y* = y{*---y77", with a = (aq,...,ar_1) € ZL7! and v(y®) =
V(Y1) - o(yp—1)* . Now given f = Y /1 1 aqv(y®) in D[V(P)*], we define the algebraic
support A(f) of f as

A(f) ={aeZ" | aq #0}.

A bijection A : ps(P) — {1,..., L} defines an ordering in the set ps(P). Let us call its inverse
p. We define the algebraic generic system associated to P as

ags(P) = Z ANy | feps(P)y,
a€A(f)
where c{;(f ) are algebraic indeterminates over Q. Thus we have

ags(P) = P, := Z dy*|l=1,...,L
acA(p())

Given !l € {1,..., L}, let us consider sets of algebraic indeterminates over Q
Cr={c, | ac Alp(l))} and C := UL ,C;.

The system of algebraic generic polynomials ags(P) is included in E[Y*], for E := Q(C). Given
a subsystem S C ags(P), its elements are polynomials P = ), a;Mp,, with Mp, monomials in
E[Y*]. We denote by

V() ={yeY|0Mp,/Oy # 0 for some monomial of P € S}. (7)

If P is super essential, Theorem 3.7 implies that V(ags(P)) = YV, so ags(P) is a set of L polynomials
in L — 1 indeterminates ).

A Sylvester matrix Syl(ags(P)) for ags(P) can be constructed as in [5] ( see also [11], [32] and
[13]), where finite sets of monomials Ay, ..., Az, A in E[Y*] are determined. Let (A)g denote the
[E-vector space generated by A. The matrix in the monomial bases of the linear map

(AM)e® - © (AL)e = (Mg : (91,-..,92) = > _ g,
is Syl(ags(P)). In [5] and [32], it is assumed without loss of generality that
(A1) the affine lattice generated by the Minkowski sum }_ ;. . p) A(f) has dimension L — 1.

This technical hypothesis is removed in [11], thus a Sylvester matrix Syl(ags(P)) for ags(P) can
be constructed without any additional assumption.

Let (ags(P)) be the algebraic ideal generated by ags(P) in Q[C][VF]. No reference was found
for the next result, which is proved for the sake of completeness, although it seems natural that it
should exist in the sparse algebraic resultant literature.

Proposition 4.1. det(Syl(ags(P))) € (ags(P)) N Q[C].



Proof. Let us denote D = det(Syl(ags(P))) and S = Syl(ags(P)). Assume A; = {y°tr | h =
1,...,m},l=1,..., L. Let us choose y* € A and define C!, equal to Cla—a,,h if a—oy p, € A(p(1))
and zero otherwise. Let us define the linear map

VET @ 0BT = (A {y he

—oun

L 7
g = (91,17 .o 391,717' .. 39L,17 e 7gL,TL) = Z Zgl,h(yal)hpl - C(ly_gl,hya)-
=1 h=1

The columns of S are indexed by the elements of A. The matrix M (¥) of ¥, in the monomial
bases, is the submatrix of S obtained by removing the column indexed by y®. Observe that S and
M(¥) are matrices with elements in Q[C].

There exists a nonzero g € Ker(¥) N @[C]ZZL:lTL. We can assume w.lo.g. that g1 # 0
There exists a nonsingular matrix E such that det(E) = ¢;1 and the first row of E - S has
all its entries equal to zero, except for the entry in the column indexed by y®, which equals

L T l .
Zl:1 Zh:l gl»hca—m,h . Thus

L T
giaD=det(E-S) =133 guCl .,
=1 h=1

for some vy € Q[C]. If we develop D by the column of S indexed by y* we obtain

L T
D= Z Z rl,hcrleal,hv with 7,3, € Q[CL

=1 h=1

which implies g117,n = Yg1h, L =1,...,L, h=1,...,7. This proves

L 7 L
G Y > TP = CL o ) =7 Y gy P = Cl, y®) =0,

=1 h=1 =1 h=1

and g1 # 0 in the domain Q[C][Y*] implies

L 7
Z Zrl’h(ygly}lpl a Cét—ﬂz,hya) =0.
=1 h=1
Furthermore
L 7 L 7
SN iy =y Y maCl ., =y*D.
I=1 h=1 I=1 h=1

Since D € Q|C], we have

L 7
D=y ¢ Z Zrl,hy‘”*hpl € (ags(P)) N QIC].

=1 h=1
O

By [20], Chapter 0, §11, an ideal Z in a polynomial algebra Q[C] is prime if and only if it has a
generic zero e in El€l, for a natural field extension E of Q. That is, a polynomial in QI[C] belongs
to Z if and only if it vanishes at the generic zero €. In the next proof, concepts as autoreduced set
and pseudo remainder will be used in the algebraic case, we refer to [24].

Given [ € {1,...,L}, let us suppose that C; = {c;,c;., | h = 1,...,} and {7}, T}, | h =
..., i} ={y* | a € A(p(l))}, then

hy
Pr=caTi+ Y cnTin, with by = [A(p(l))] - 1. (8)
h=1

Let C := C\{c1,...,cr} and define,

hy

T _

€ ::—ch’h jl;lh and €:= (C;e1,...,€L). (9)
h=1



Lemma 4.2. The elimination ideal (ags(P)) N Q[C] is a prime ideal with € as a generic zero.

Proof. We only need to prove that e is a generic zero of Z = (ags(P)) N Q[C]. Given G € Z,
G =Y, P, with oy € Q[C][Y*]. Since Pi(e) = ¢T; + 22;1 anrDin = 0 we have G(e) = 0.
Conversely, let G € Q[C] with G(e) = 0. For each [ € {1,..., L}, there exists a monomial N; in the
variables ) such that N; P, € Q[C|[Y]. Furthermore, A = {N;Py,..., NP} is an autoreduced set
with ¢; as leaders. Let G be the pseudo remainder of G w.r.t. A, that is MG =, BiN P, + Go,

for some monomial M in ). Observe that Gy € Q[C][)] because each NP, is linear in ¢;. Hence

GO = Go(ﬁ) = MG(E) - ZB[(E)N[]DI(E) =0
l

and

G = Zﬁl%ﬂ = Z’Ylph v € QY]
] 7

Thus G € T and the result is proved. O

Let us denote the system of generic algebraic polynomials ags(P) by S. The dimension of
(8) N QIC] is by definition the transcendence degree of Q(e) over Q ([20], Chapter 0, §11), let us
denote it by trdeg(Q(e)/Q).

Remark 4.3. Iftrdeg(Q(e)/Q) = L—1 then (S)NQ|C] is a prime ideal of codimension one, which
implies it is a principal ideal. Namely, there exists an irreducible polynomial denoted by R(S) in
ZIC] such that (S)NQ[C] = (R(S)). If trdeg(Q(e)/Q) < L — 1 we define R(S) to be equal to 1.

A vector of coefficients for the system & = {Py,...,Pr} defines a point ¢ of the product of
complex projective spaces P" x ... x P" namely

c=(c1,€1,1,---,C1hy5--+»CLyCL 15+, CL Ay )-
Let us denote P° := ¢;T; + 22’21 ci.p 1y n, C* := C\{0} and define
Zy:={ceP" x...xP" | PF =0,l=1,...,L have a common solution in (C*)“~'}.

By [25], the Zariski closure Z of Zy in P" x ... x P is an irreducible variety. As defined in
[25], if the codimension of Z is one then the sparse resultant Res(S) of the system S = ags(P) is
the irreducible polynomial in Z[C] defining the hypersurface Z. If the codimension of Z is greater
than one then Res(S) is defined to be the constant 1. Observe that (§) N QIC] is included in the
ideal of the variety Z, thus if Z has codimension one then

(Res(S)) = (8) NQ[C] = (R(S)). (10)

It is proved in [5], Section 6 (see also [32]) that det(Syl(ags(P))) is a nonzero multiple of (the
nontrivial) Res(S), thus det(Syl(ags(P))) € (S) N Q[C]. Note that the proof of Proposition 4.1 is
needed only in the case Res(S) = 1.

Given J C {1,..., L}, let us consider the affine lattice £; generated by >, ; A(p(l)),

L= {Zml lon € Alp(l), M €2, N = 1} :

leJ leJ

with £ := Ly 1y Let rank(L;) denote the rank of £;. In [32], the system S; = {P, |l € J} is
said to be algebraically essential if rank(L;) = |J| — 1 and rank(L;/) > |J'|, for each proper subset
J’ of J. The condition,

(A2) there exists a unique algebraically essential subsystem S; of S.

is proved, in [25] and [32], to be a necessary and sufficient for Z to have codimension one (see also
[17]). In such case, Res(S) coincides with Res(Sr), considered w.r.t. the lattice £;, and hence

(81)NQ[Cr] = (R(S1)) = (Res(Sr)), (11)
with Cr = UjerC; and (Sy) the ideal generated by Sr in Q[Cr][V(Sr)*], with Y(Sr) as in (7).



In [25], if S is essential, the degree of Res(S) in C;, I = 1,...,L was proved to equal the
normalized mixed volume

Y sc o (—DF ol (Zje] Qj)
vol(Q) ’

where Q; is the convex hull of A(p(l)) in £ ® R, vol(Q;) its L — 1 dimensional volume, 3. ; Q;
is the Minkowski sum of Q;, j € J and Q a fundamental lattice parallelotope in L.

MV_y(8) = M(Qy, | h e {1,....L\{I}) = (12)

The Sylvester matrix Syl(ags(P)) constructed in [5] and [13] assigns a special role to P, let
us denote S1(P) := Syl(ags(P)). The same construction can be done choosing P, I =2,...,L as
a distinguished polynomial, obtaining a matrix denoted by S;(P). As noted in [5], Section 9 and
[13], Section 4.3, S;(P) has the minimum number of rows containing coefficients of P, its degree
in the coefficients of P, coincides with the degree of Res(S) in the coefficients of P;. Furthermore,
Res(S) can be computed as the ged in Q[C] of the determinants

Dy(P) :=det(S;(P)), I=1,...,L. (13)

Example 4.4. The next system P = {f1, fa} in D{u1}, is a simplified version of a predator-prey
model studied in [12] that we take as a toy example,

3

f1 = asx + (a1 + asx)us +u1 1 + (as + agx)u? + asus3,

fo =a" + (by + bzx)uy + (by + bsw)u? + byus,

with a;,b; algebraic indeterminates over Q, D = Q(t)[a;, b;]{z} and 0 = 2. The first attempt to
eliminate the differential variable uy was done using the Maple package diffalg, [3] (using charac-
teristic set methods). The computation was interrupted with no answer after two hours. We carry
the example to show the elimination of u;. Computations were done with Maple 15.

Since ps(P) = {f1, fa, Ofa}, with Ofy = 2" +bzx'us + (bgz+by )uy 1+bsz'ud+(2bs2+2b )usuy 1+
3bsutuy 1 and V(P) = {ui,u11}, we have the following associated system of algebraic generic
polynomials in Y1,y

Py = ¢ + criy1 + ciaya + syt + cuayd,
ags(P) = ¢ Pa = ca 4 caryn + ca2yf + casy?,
Py = c3+ c31y1 + ca2y2 + C33y7 + a1y + C35y7Y2
Observe that ags(P) is algebraically essential because the linear part of the polynomials in

ags(P), {c1 + c11y1 + c12y2, c2 + ca1y1,¢3 + 311 + 3292} is an algebraically essential system
that verifies (A1). Thus the algebraic resultant Res(P) is nontrivial. Using "toricres04”, Maple
9 code for sparse (toric) resultant matrices by I.Z. Emiris, [5], we obtain a 12 x 12 matriz S1(P)
whose rows contain the coefficients of the polynomials

V1P, g1y Py, s Pry yiPe, y1yePa, yiyePs,
Y15 Po, Y3y3 Po, 1 Pa, y1y2Ps, y1y3 Ps, y1y3 Ps

in the monomials

Y1, Ui, Y1y, YiYe, Y1Ya, YIYS, Y1Vs, YIYS, Y1Ya, Yiys, Y1Ys, Uiy

If the order of the input polynomials is Ps, Ps, P1, we get a 13 x 13 matriz So(P) and if the order
is P3, P1, Py, the matriz S5(P) obtained is 11 x 11, namely

Cc1 Ci2 C11 0 C13 0 C14 0 0 0 0
c3 €32 €31 ¢34 c33 ¢33 0 0O O 0 O
0 0 C1 C12 Ci11 0 C13 0 C14 0 0
0 O 3 c32 c31 €34 c33 ¢35 0 0O O
0 0 0 0 C1 C12 Ci11 0 C13 0 C14
0 0 0 0 c3 c32 c31 €34 c33 c35 O
Co 0 C21 0 C22 0 C23 0 0 0 0
0 C2 0 C21 0 (&%) 0 C23 0 0 0
0 0 C2 0 C21 0 C22 0 C23 0 0
0 0 0 Co 0 C21 0 C22 0 C23 0
L 0 0 0 0 (6] 0 C21 0 C29 0 Co3 i

The determinants of these matrices are

D1(P) = —c3Res(P), Do(P) = ciRes(P) and D3(P) = Res(P).



5 Differential specialization

We are ready to define differential resultant formulas for P, through the specialization of the
previously defined Sylvester matrices.

Given f € ps(P), with f = >, c4(p) alv(y®), let us denote by Ay := {af, | a € A(f)} its
coeflicient set and
A(P) = Uprs(P)Af- (14)

Given [ € {1,..., L}, such that p(l) = f, and ¢, € C;, it holds that ?Y ¢ Aj. Thus we can define
the specialization map

E:C — A(P), by E(c}) = at",

which naturally extends to a ring epimorphism, defining E(y;) = v(y;),
2: QCIYV*] = QAP V(P)*].

Q[A(P)][V(P)*] is included in the differential ring Q{A(P)}H{U*} C D{U*} and obviously
E(P) =p() eps(P),l=1,...,L.

Let us assume that P is supper essential to define the determinants D;(P), I = 1,...,L in (13).
By Proposition 4.1, each D;(P) belongs to the ideal (ags(P)) N Q[C] and

E(Di(P)) € [PIND. (15)

As defined in (2), Z(D;(P)) is a differential resultant formula for P with

~

i =Ji(P) —7(P), U=V(P) and Qs = E(Ax5)), 2 = E(A),

f € ps(P).

Example 5.1. To finish Example 4.4. The specializations Z(D1(P)), Z(D2(P)) and Z(D3(P))
are nonzero polynomials in the differential elimination ideal [P]ND (they are not included due to

their size), in particular Z(D3(P)) = Z(Res(P)).

Observe that, even for nonzero D;(P), Z(D;(P)) could be zero, in which case the perturbation
methods in [14] could be used to obtain a nonzero differential polynomial in [P]ND. Alternatively,
an algorithm to specialize step by step and obtain a factor of the specialization, which is a nonzero
differential polynomial in [P] N D, is proposed next. A similar argument is used in other special-
ization results as [18], p. 168-169 and it was used in the proof of [21], Theorem 6.5 for a system of
non sparse generic non homogeneous differential polynomials.

For i =1,...,n, let us assume that Ay, = {a;,a;% | k=1,...,0;} and {v(y*) | @« € A(f;)} =
{Mi»Mi,k | k= ].,. .. ,li}, then

fi=aiM; +a;a Mg+ -+ ai, My,

In the remaining parts of this section, we consider differential indeterminates a;, ¢ = 1,...,n over
Q and the system

75 = {Fl =, M; + CLi71Mi71 —+ -4 aiJiMi,li | 1=1,... ,n},

of sparse Laurent differential polynomials in D{U*}, with differential domain D := D{ay, ..., a,}.

Observe that ags(P) = ags(P) = {P1,..., P}, thus Di(P) = Dy(P). Let us assume that special-
ization map = : C — A(P) verifies

E’(Cl) - 6kai7 if p(l) - 6kFia (16)
given I € {1,...,L} and as in (8)

hy
P =T, + Zchth)h, with h; := |.A<p(l))| — 1.
h=1



Thus E({ci,cin [ h=1,...,u}) = A,y and

A(P) =

[1]

(C)UZ(c) =Z(C)U{ar,..., 0" Yay,...,an,..., 07" Va,},

with C =CUc and ¢ = {c1,...,c}.
The idea is that, to study the specialization of D;(P) to the coefficients A(P), one can first

study the specialization to the coefficients A(P) and then specialize {a; | i =1,...,n} to {a; | i =
1,...,n}. We dedicate the rest of the section to the first part of this specialization. The results
obtained will be used in Section 6 to study the case of sparse generic differential systems. The
behavior of the specialization of {a; | i = 1,...,n} would depend on the specific domain D to be
considered.

Given a nonzero differential polynomial Q € (ags(P)) N Q[C], note that Z(Q) € [P] N D but we
cannot guarantee that Z(Q) is nonzero. For a subset A of C, define partial specializations

= = = E(c), c€A,
Ea:C— (C\A)UZE(A), by :A(C)z{ C(C) c

AN
which naturally extend to ring epimorphisms
Ea - QYT — Q[(C\A) UE(A)][YVF].

Observe that we leave the monomials in Q[V*] fixed for the moment and, if A = C then Zx (Q[C]) =

Q[A(P)]. Let

Ey+ : QUAMP)IVF] = QIAP)IV(P)F],
be defined by Sy« (1) = v(y).
Algorithm 5.2. e Given a nonzero polynomial Q in (ags(P)) NQ[C].
e Return a nonzero differential polynomial H in [P] N D.
1. Let A:=0 and H := Q.
2. If C\A =0, return Ey+ (H).
3. Choose ¢ € C\A and define A := AU {c}.
4. If EA(H) # 0 then H := ExA(H), go to step 2.
5. H=(c—Z(c))*H, s € N\{0}, set H :==x(H) # 0 and go to step 2.

We prove next that the output of the previous algorithm is a nonzero differential polynomial
in [P]ND. Given ) # A C C, observe that Za(c;) equals d%a;, if ¢; € A, and ¢; otherwise. Let us
consider ideals

IAQ;i = (EA(Pl), ey EA(PL))DAD}i]
generated by Za(ags(P)) in Da[VE], with

D.:{@mﬁA&
A Q[E(C N A)[C\AUEA(c)] if A # 0.

Observe that Z¢ y+ is the ideal generated by E¢(ags(P)) in
De[VE] = QIE(O)][a1,...,0" ar, ... apn, ..., 07" Va, ][ V]
Let Ka := Q(Z(CN A)) if A # 0 and Ky := Q. Observe that
Da C Ka[C\A UZEA(c)]. (17)

Lemma 5.3. Zx y: NKA[C\AUZEA(c)] is a prime ideal.



Proof. As in the proof of Lemma 4.2, we prove that Z = Zx y+ NKA[C\A UZAa(c)] has a generic

zero. Let us define
h;

- Tin
GlA = — Z:A(Cl,h) T" .
h=1
We can adapt the proof of Lemma 4.2 to show that ¢ := (C\A; e, ..., ef) is a generic zero of 7.
Observe that Za(P) = Ea(c)) 11+, Zalcin)Tin and Ea(c) is replaced by €. By [20], Chapter
0, Section 11, 7 is a prime ideal. O

Theorem 5.4. Given a nonzero differential polynomial in (ags(P))NQ|C], the output of Algorithm
5.2 is a nonzero differential polynomial in [P] N D.

Proof. Let ¢ € C\A, if H € T y+ NDp verifies Eo(H) = 0 then H = (¢ — Z(c))*H with H € Da.
By Lemma 5.3 and (17), H € Zp y+ NDa. For A’ = AU {c}, if H € Tp y+ N DA then

SN (H) € IA/J;i NDAa:.

Thus steps 4 and 5 of Algorithm 5.2 return polynomials in Za, y=. If A’ = C then step 2 returns
Ey=+(H) that belongs to (ps(P)) the ideal generated by ps(P) in Q[A(P)][V(P)*], thus Zy+ (H) €
[PIND. O

Therefore, if Dl(ﬁ’) is nonzero, by Proposition 4.1 it can be taken as the input of Algorithm
5.2 and, by Theorem 5.4, we obtain a nonzero differential polynomial in [P] N D.

6 Order and degree bounds

In this section, we prove that the formulas obtained are multiples of the differential resultant
of a system of generic sparse differential polynomials, defined by Li, Gao and Yuan in [21] and
whose definition we include below. This fact is used to give order and degree bounds of the sparse
differential resultant.

Let us consider sets of differential indeterminates over Q, A4; := {a?, |« € A(f;)},i=1,...,n,
A := U, A; and a differential domain © := Q{A}, to define the system P := {Fy,...,F,} of
sparse generic differential polynomials in ©{U*}. The sparse generic polynomial F; in ®{U*}
with algebraic support A(f;) is
Foe S ahuly®).
acA(fi)
which has order o;. The ideal generated by B in D{U*} is denoted by [B]. In this section .J; and

7 denote J;(B) and v (R) respectively. Let A(B) be as in (14) and 9* A, := {0%a | a € A;}, k € N.
It holds

A C A(P) and QIA(R)] = Q[Uj_, A,
with

n Ti kA i
Al { Ur, Uf, 0% A, if 7; €N, (18)

If the differential elimination ideal 3] N ® has dimension n — 1 then [P] N D = sat(ORes(P)),
the saturated ideal determined by an irreducible differential polynomial ORes(*B), which is called
the sparse differential resultant of 9B, [21], Definition 3.10. The saturated ideal of ORes(3) is the set

of all differential polynomials in © whose differential remainder (under any elimination ranking)
w.r.t. ORes(P) is zero, see [26] and [20].

Lemma 6.1. For every H € [R]ND
w; := ord(ORes(P), A;) < ord(H, A;), i=1,...,n.

Proof. Tf ord(H, Ag) = —oo then ord(0Res(B, Ax)) = —oo, since otherwise H cannot be reduced
to zero by an elimination ranking with elementes in Ay greater than the elements of A;, i # k.
Thus the result follows easily from H € sat(ORes(‘P)). O



For i = 1,...,n, let us assume that 4; = {a;,a,5 | k= 1,..., 5} and {v(y*) | @ € A(f;)} =
{Mi,MiJg | k= 1, RN ,li}, then

Fi=a;M;+a; 1M1+ 4+a;, My, (19)

By [21], Definition 3.6, P is Laurent differentially essential if for each i € {1,...,n} there exists
k; € {1,...,1;} such that the differential transcendence degree of the set of monomials {M; y, M; " |
i=1,...,n}over Qisn— 1.

Let Z be a differential ideal in ® = Q{A}. Given a differential field extension £ of @, ¢ in &4
is called a generic zero of 7 if, a differential polynomial F' € ® belongs to Z if and ouly if F'({) = 0,
[26], p. 27. Furthermore, Z is prime if and only if it has a generic zero. Given 4 := A\{a,...,a,},
the differential field extension Q(A, Y*) of Q contains

L
. M; 1
Ci'__ E a; k M, ,v=1,...,n.
k=1

By [21], Corollary 3.12,

C=(A;¢,. -, Cn) (20)
is a generic zero of the differential prime ideal [J3] "D, which has codimension one if and only if P
is Laurent differentially essential. To prove this last claim, in [21], Theorem 3.9, it is proved that
the differential transcendence degree (see [20]) of Q(¢) over Q is |A| — 1 = [A| + n — 1, using the
next result.

Lemma 6.2 ([21], proof of Theorem 3.9). For F = Q(A), B is Laurent differentially essential if
and only if the differential transcendence degree of F{((1,...,Cn) over F isn — 1.

In the remaining parts of this section, let us assume that B is Laurent differentially essential
and therefore that ORes(P) exists. We will use the next result about the order w; of ORes(*B) in
A;.

Lemma 6.3 ([21], Lemma 5.4). For i = 1,...,n, if w; > 0 then w; = ord(0Res(*P), a;) and
w; = ord(ORes(P),a; 1), k=1,...,1;.

In [21], order and degree bounds for ORes(3) were given. Recall that if J; > 0,i=1,...,n
the system ‘B is called super essential in Definition 3.2. The next theorem follows from this fact
and [21], Theorem 5.13. Emphasize that if P is super essential then J; —v > 0,i=1,...,n but
w; > 0 is not guaranted.

Theorem 6.4. Let P be a Laurent differentially essential system. If P is super essential then
w; = ord(ORes(P), 4;) < J; —~, i=1,...,n. (21)

Observe that to obtain the same conclusion, in [21], Corollary 5.11 a much stronger condition
on P than super essential was demanded (namely rank essential, see [21], Definition 4.20). The
same conclusion is obtained later in this section by Remmarks 6.8 and 6.15.

In this section, we revise the order bounds and we provide degree bounds for the sparse differ-
ential resultant of P in terms of normalized mixed volumes. The goal of the next results is to prove
Theorem 6.11 and its corollaries. They explain under which conditions the nonzero specialization
of certain polynomials in the algebraic elimination ideal (ags()) N Q[C] are multiples of the sparse
differential resultant ORes(P3). Those specializations can then be used to give order and degree
bounds of ORes(P).

Given 7 = (71,...,7m,) € N" _ with N_ := NU{—00}, let us define FI" := {F;, 0F;, ..., 0“'F,}
if ; € N and FEW] =0ifr, = —00, i =1,...,n, kj :=max{o,; +7 | ¢ = 1,...,n} —,
j=1,...,n—1and

PS(7) := U?ZlFETi],

V(r) :={ujr | k €y,k]NN,j=1,...,n—1}.
Observe that, if 7, < J; — then PS(7) C ps(P). Let us consider the algebraic generic system
associated to PS(7)

Sri=9 > @y |FePS(r) p C ags(R),
a€A(F)



and assume that S; = {P),, ..., Pl g, } With, as in (8),

he

P=cT, + Z cenTin, t€ A7) i={l,.... s, )} €{1,...,L}. (22)
h=1

The sets of algebraic indeterminates over Q
C’T = UtEA(T)Ct = UtEA(T){Ctvct,h | h= 15 ce ht} and 67’ = CT\{Ct | te A(T)}
together with Y(S,) := {y € ¥ | v(y) € V(7)} describe the ring Q[C,][V(S,)*] that contains S,.
As in (9)
hy T
t,h
€t = — ;Ct’hTt, te A(T)

We assume that the specialization map = : Q[C][V*] — Q[A(B)][V(P)*] defined in Section 5
verifies (16).

Lemma 6.5. Let (S;) be the ideal generated by S, in Q[C,][V(S,)F].

1. (8;) NQ[C,] is a prime ideal with generic zero e, := (Cr; €1, ..., el‘s”).

2. Let w = (w1, ...,wp), with w; = deg(ORes(P), A;). The prime ideal (S,,) N Q[C,,] has codi-

mension one.

Furthermore, there exists an irreducible polynomial R(S,) in Q[Cy] such that (S,) N Q[C.] =
(R(Sw))-

Proof. 1. Analogously to Lemma 4.2 we can prove that €, is a generic point of (S;) N QIC;].

2. Let us assume w.lo.g. that w, > 0 and E(P 5 ) = 0“"F,. By (16) (¢ 5,,) = 0“"an. We

will prove that ¢, .. are algebraically independent over Q(C,). Otherwise, there

5 Clis, -1

exists a nonzero polynomial Q € Q[C,][ci;, - .., cy ] such that Q(e,, ..., €5 ) =0. By
definition of generic zero, Q € (S,)NQ[C,] and, by Theorem 5.4, there exists a nonzero differ-
ential polynomial H € [P]ND = sat(0Res(P)) given by Algorithm 5.2. Observe that 0“~a,,
cannot appear in H, by definition of Q. Thus ord(H, a,) < w, —1 < ord(ORes(P), a,,) = wp,
contradicting that ORes() is the differential resultant, by Lemma 6.3. This proves that

trdeg(@(ew)/(@) = |éw‘ + |Sw‘ —-1= |Cw| -1

and hence (S,,) NQ|C,] has codimension one. The conclusion follows as in Remark 4.3.
O

The second part of the next lemma is part of the proof of [21], Theorem 6.5 and it is used there
to bound the degree of ORes(P).

Lemma 6.6. Let (PS(7)) be the ideal generated by PS(7) in Q[Z(C,)][V(7)*].
1. (PS(7)) NQI[E(C,)] is a prime ideal with generic zero ¢, given by (24).

2. Let w = (w1,...,wy), with w; = deg(ORes(PB), A;). The prime ideal (PS(w)) N Q[E(C,)] has
codimension one and is equal to (ORes(*P)).

Proof. 1. Let ¢ be as in (20) and a; as in (19). If 7; € N, let us define the sets
Ci[”] ={¢,9G,...,0"(;} and a,E»T“] ={a;,...,0%a;},

otherwise these sets are defined to be empty. Agn] was defined in (18). Let a := UP_,al™!
and observe that

QE(C.)] = QU AT (23)
For 0*F; in PS(w) it holds

O"F(¢) = 0Fi (i, 0Gs, ..., 0%¢;) = 0.
Analogously to Lemma 4.2, it can be proved that (PS(w)) N Q[=(C, )] is a prime ideal with
G = (U AT N UL ) (24)

as a generic zero.



2. Similarly to Lemma 6.5, (2) it follows that |[PS(w)| — 1 of the elements in U} ,(; il g,
algebraically independent and therefore this ideal has codimension one.

By Lemma 6.3 and (23), 0Res(P) € Q[=(C,)]. Since ¢ in (20) is a generic zero of [P] N
D = sat(ORes(*P)), it holds dRes(P)(¢) = 0, which means that replacing d%a; by 9*¢,
kE=0,...,w;, ORes(*B) becomes zero (for i € {1,...,n} with w; > 0). This implies that
ORes(P) is an irreducible polynomial in (PS(w)) N Q[E(C, )] and proves the result.

O

Observe that
E((Sr) NQC;]) € (PS(1)) NE(Q[C]). (25)

The next resutl shows that the irreducible polynomials R(S,,) and dRes(B), defining respectively
algebraic and differential elimination ideals of codimension one, are related through the specializa-
tion process.

Proposition 6.7. Let B be a Laurent differentially essential system and w = (w1,...,wy), with
w; = ord(ORes(P), A;). There exists € € Q[E(C)] such that Z(R(S,)) = €ORes(R) and

deg(ORes(PB ““] Zdeg ) Crorryy)s i=1,...,n.

Proof. By Lemmas 6.5, 6.6 and (25)

E((R(8w))) = E((Sw) NQICL]) € (ORes(P)) = (PS(w)) N QE(C.)]-
Thus Z(R(S,)) = €oRes(P), with € € Q[Z(C,,)], which implies the inequality. O

Since a priori we do not know the value of the orders w;, we can use the differential resultant
formulas D;(B), I =1,..., L and Algorithm 5.2 to get new upper bounds of w;.

Remark 6.8. Assuming B to be super esential, to compute D;(B). If Z(D;(B)) # 0 then, by
(15), it belongs to [P ND. Thus, by Lemma 6.1 and construction of D;(*P)

w; < ord(ORes(P), A;) < ord(BE(Dy(B)), 4;) < J; —7, i=1,...,n,
which proves Theorem 6.4 if Z(D;(P)) # 0.

In the remaining parts of this section, let us assume that 9 is super essential, to construct
Di(B),l=1,...,L. Givenl € {1,..., L}, let us assume that D;(F) # 0 and D;(P) =Q1-...-Q»
as a product of irreducible factors in Q[C]. By Proposition 4.1, D;(B) € (ags(P)) N Q[C], which by
Lemma 4.2 has € as a generic zero. Let

Q: {Q € {Qlw“aQr} | Q(G) :O}a
which is nonempty because (ags(3)) N QIC] is prime by Lemma 4.2.

Lemma 6.9. Given Q € Q, there exists a unique 7% € N™ __ such that Q € Q[C,e] and C.e C C,,
for each 7 € N™ _ such that Q € Q[C,].

Proof. Given J = (J1 —~,...,J, =) € N*, C =C;. Thus the next set is nonempty
F={y=01---,m) eN | Q € Q[C,]}.
Then 7% = (71,...,7,), with 7; := min{y; | v € T'}. O

— 00

By Lemma 6.5, (S;e) N Q[C,e] is a prime ideal with generic zero €.qo. The facts that Q €
Q[C,e] and Q(€) = 0, imply that Q(e,e) = Q(e) = 0. Hence @ is an irreducible polynomial in
(S;2) NQ[C,e] and if this ideal has codimension one, it holds

(STQ) n Q[CTQ] = (R(STQ)) = (Q) (26)
Lemma 6.10. Given Q € Q, with 7% = (11,...,7,) if E(Q) # 0 then
wi <ord(2(Q),A) <1 < Ji—7, i=1,...,n.

In particular, if 7, = —oo then w; = —oo.



Proof. Observe that @ € Q[C] implies 7; < J; — v. It is also easy to see that Q € (S;e) N Q[C, <]
implies Z(Q) € (PS(7%))NQ[Z(C,«)] and if Z(Q) # 0 then ord(Z(Q), 4;) < 7;. The first inequality
follows by Lemma 6.1. O

We are ready now to prove the main result of this section.

Theorem 6.11. Let P be a Laurent differentially essential and super essential system. Let us
suppose that there exists Q € Q such that (S;e) N Q[C,e] has codimension one. If Z(Q) # 0 then
E(Q) = €0Res(P), with € € D.

Proof. Let 7% = (11,...,7,), by Lemma 6.10, w; < 75, i = 1,...,n implies

(R(Sw)) = (Sw) N Q[Cw] - (STQ) N Q[CTQ] = (Q)

Since @ is irreducible, @ = aR(S,,), @ € Q. By Proposition 6.7, Z(R(S,,)) = €10Res(*B), for some
¢, €. Thus
E(Q) = a=(R(S,)) = a€10Res(P),

with € = a€; in 2. O]
It would be stronger to replace the assumption Z(Q) # 0 by =(D;()) # 0.

Corollary 6.12. Let B be a Laurent differentially essential and super essential system. Let us
suppose that there exists Q € Q such that (S;e) N Q[C.e] has codimension one. If Z(Di(P)) # 0
then Z(D;(P)) = E€ORes(P), with € € D.

Proof. Since D;(P) = Q' - Q, with Q" € Q[C], by Theorem 6.11, we get
E(Di(PB)) = E(Q)E(Q) = E(Q')€19Res(P),
with € = Z(Q')€; in . O

As in Section 4, let Res(S) be the sparse algebraic resultant of the sparse algebraic generic
system S = ags(3). Even stronger than the assumption of the previous corollary is to assume that
Res(S) is nontrivial and Z(Res(S)) # 0.

Corollary 6.13. Let B be a Laurent differentially essential and super essential system. Let us
suppose that Res(S) is nontrivial. If Z(Res(S)) # 0 then =(Res(S)) = €0Res(P), with € € D.

Proof. As explained in Section 4, Q = Res(S) € Q and
Res(S) € (Sre) NQ[Cre] C () NQ[S] = (Res(S)).
Thus (S,e) N Q|C,<] has codimension one and by Theorem 6.11 the result follows. O

It is natural to wonder what are the conditions on 3 to guarantee Z(D;(P)) # 0 (or E(Q) # 0
for some @ € Q) but these are not even available so far in the linear case, see [31]. This question
is left as a future research direction.

Example 6.14. Let us consider the generic sparse differential system P = {F; = a;+ajjujug, Fo =
Ao+ ag1uitag, Fs = ag+asjuar }, which is easily Laurent differentially essential and super essential.
The modified Jacobi numbers are Jy —vy=1,Jo —vy=1,J3 —v =2 and

ps(P) = {0F1 = Oas + dariuiug + ajiuiiug + ajiuiugr, F1 = a1 + anuqug,
OFy = Jay + Oagiuiuag + a21u11U22 + A21ui U2z, Fo = ag + agiuiuge,

0%F3 = 9%a3 + 9%az1ugr + 20031 u20 + aziuss, OF3 = Oag + Oaziuz + az1uzs, Fy = ag + agjug; }.
The generic algebraic system associated to P is

S = ags(P) = {P1 = c10 + cr1y2y1 + c12y2y3 + c13yay1, Po = c20 + c2192¥1,
P3 = c30 + c31y5y1 + 32953 + C33Y6y1, Pa = cao + ca1ysy1,
P5 = 50 + c51y4 + C52Y5 + c53Y6, Ps = Ce0 + Co1Ya + Co2ys, Pr = cr0 + cr1ya}



We compute D1(B) (using “toricres04”, [5], with Maple 15) which has the next irreducible factors

Q1 = c62, Q2 = 40, Q3 = —Cr0C62C51 + CT0C61C52 — C60CT71C52 + C62C50CT1

Q1 = —cg1¢70 + C71¢60, Q5 = €70, Q6 = C20C40C12€41C33C1 Co2Ch0

— C62€40C70C53C32C13C21 — C2C40C70C20C51C12C41€33 — C71€40C20C12C41C60C33C52

+ €71C60C40C53C10C32C41C21 + €71C40C20C12C41C60C53C31 — 071020060030012@211053

— C71€40C20C32C41C60C53C11 + C40C70C20C61C52C12C41C33 — C40C70C53C10C61C32C41C21

2
— C40C70C20C12C41C53C31C61 T C70C20€30C61C12€C11 €53 + C40C70C20C32C41C53C11C61 -
Only Qs(e) =0, thus Q = {Q¢} and its specialization Z(Qg) # 0,

- 2 a2 2
:(QG) = ﬂ21(—a21a1a2ﬂ11ﬂ315’ as + 2ag1asiazagagdagdag; — a21a318a3a28a1a11
2 2 2
+ agaziagaza;0°asiag; + agpasz; aea;daza; — 2aza2a3010a5,d11
2
+ agiagazaz;0a;dagraig + a21a31a13a36a2a11 — ag1aza;0azdaziaq1as;

2 2 2 2
— a21u2a3a1ag1aa118ﬂ31 + 31050307 + a2a3a1a11a318a218a31 — aglagalauaagaagl).

Observe that e, ..., €7 are algebraically independent, since we can choose monomials y1y2, Y1Ys,
YsYs, Y4, Ys, Yo respectively in each of them that are algebraically independent. Therefore (S) N
Q[C] = (Qs) and E(Qs) = €ORes(P). We can see that E(Qs) = —ag1 H, with H(¢) = 0. Thus
H = ORes(P), which illustrates Theorem 6.11 and in particular Corollary 6.12. With a bit more
work, we can prove that S is algebraically essential so Qg is in fact the sparse algebraic resultant
Res(S). Therefore this example illustrates Corollary 6.13 as well.

Another question for future investigation is, to give conditions on 3 so that D;(3) # 0. Thus
far we assume D;(*P) # 0 and remove the assumption Z(D;(P)) # 0 (or E(Q) # 0), making use of
Algorithm 5.2. If Z(D; (%)) = 0, using Algorithm 5.2 with D;(3) as an input, by Theorem 5.4, we
obtain Hy in [P]ND.

Remark 6.15. Assuming B is a Laurent differentially essential and super essential system with
Di(PB) #0, by Lemma 6.1 and construction of D;(*B) and Hy

Wws S OI‘d(Ho,Ai) S Ji -, 1= 1,...,7’L.
This proves Theorem 6.4 under the assumption D;(%B) # 0.

Let us assume that Hy = Hy -...- H, as a product of irreducible factors. Since []ND is prime
with ¢ as a generic zero, the next set is nonempty

H:={H e {Hy,...,Hs} | H({) =0}.
Lemma 6.16. Given H € H and 0 = (01, ...,0,), with o; := ord(H, A;), it holds
OJZ'SO'Z'SJZ'—’}/7 Z:].,,TL

Proof. Since H({) = 0 and ( is a generic zero of [B]ND then H € [P ND. By Lemma 6.1 and
construction of D;(*P) and H, the result follows. O

Given H € H and 0 = (01, ...,04), with o; := ord(H, A4;), by Lemma 6.6 (PS(¢)) NQ[E(C,)] is

a prime ideal with ¢, as a generic zero. We have H € Q[=(C,)] and H(¢) = 0, thus H(¢,) = 0 and

€ (PS(0)) NQ[E(C,)]. I Z(H) := (PS(0)) N Q[E(C,)] has codimension one then Z(H) = (H)
and, by Lemma 6.16,

(ORes(P)) = (PS(w)) NQ[E(Cw)] € (H). (27)

Hence H = adRes(P), a € Q because H is irreducible. The previous construction proves the next
result.

Theorem 6.17. Let P be Laurent differentially essential and super essential system. Let Hy be
the output of Algorithm 5.2 with D;(B) # 0 as an input. If there exists H € H such that Z(H) has
codimension one then Hy = €ORes('B), with € € D.



To finish, we give degree bounds of ORes(P) in terms of normalized mixed volumes. As men-
tioned in Section 4, if Res(S) is nontrivial, for S = ags(P) then D;(P) # 0 has Res(S) as an
irreducible factor. Furthermore, if S is algebraically essential (and hence Res(S) non trivial)

deg(Res(S), C)) = MV_x5)(S), f € ps(R), (28)
as in (12).

Theorem 6.18. Let P be a Laurent differentially essential and super essential system such that
S = ags('P) is algebraically essential. If =(Res(S)) # 0 then

deg(ORes(P), A")) < deg(Z(Res(S)), A) < 3 deg(Res(S), Cron g, Z MV_y ot 1(S),
k=0

Res(S)

with T = (T1,...,Tn) given by Lemma 6.9.

Proof. By Corollary 6.13, Z(Res(S)) = €0Res(B). The result follows from Lemma 6.10 and
(28). 0O

Example 6.19. If B = {Gq,...,G,} is a non sparse system, with G; a nonhomogeneous generic
polynomial of order o; and degree d;, it was proven in [21], Theorem 6.18 that S = ags(P) is
algebraically essential and degree bounds for ORes(*B) in terms of mized volumes are given in this
case.

If Z(Res(S)) = 0, we can use Res(S) as an input of Algorithm 5.2, that returns a nonzero
polynomial Hy € [B]|ND. Assuming Hy = H; - ... Hs as a product of irreducible factors, the
set H(Res(S)) = {H € {Hy,...,Hs} | H(¢) = 0} is nonempty. Given H € H(Res(S)), we have
o; = ord(H, A;) < 7;, and by construction of Hy

deg(H, AE””) < deg(Hp, A 1] < Zdeg Res(S), Cxox 1,))- (29)
k=0

Furthermore, if Z(H) has codimension one then 0Res(P) = aH, a € Q. If S is algebraically
essential then Res(S) is nontrivial and the next result follows from (29) and (28).

Theorem 6.20. Let P be a Laurent differentially essential and super essential system such that
S = ags(P) is algebraically essential. If there exists H € H(ORes(PB)) such that Z(H) has codi-
mension one then

deg(ORes(B), AE(”]) = deg(H, AE(”]) < Z deg(Res(S), Crary,)) = Z MV_xox £ (S),
k=0 k=0

with TRS) = (11,...,7,) given by Lemma 6.9 and o; = ord(H, A;).

7 Conclusions

Given a system P of n Laurent sparse differential polynomials in n — 1 differential variables U
(P € D{U}), a method has been designed to compute differential resultant formulas, which provide
differential polynomials where the variables U have been eliminated, elements of the differential
elimination ideal [P] N'D. The steps of this method are:

1. Through derivation obtain an extended system ps(P) of P with L polynomials in L — 1
variables.

2. Compute determinants of Sylvester matrices D;(P),l = 1,..., L of an sparse algebraic generic
system S associated to P.

3. The specialization E(D;(P)) of D;(P) to the coefficients of ps(P) is a differential resultant
formula for P and it belongs to the differential elimination ideal [P] N D.



For a generic system 3, if Z(D;(*B)) is nonzero then it was shown that, under appropriate conditions
on &, it is a multiple of the sparse differential resultant ORes(*B) defined by Li, Yuan and Gao in
[21]. If 2(D;(*B)) = 0, for D;(P) # 0 an algorithm is given to still obtain an element H of the
differential elimination ideal, which is proved to be a multiple of the sparse differential resultant,
in the appropriate situation. If the sparse algebraic resultant Res(S) is nontrivial, its degree can
be computed in terms of normalized mixed volumes, we use those to give bounds of the degree of

ORes(P).

It would be interesting to study the appropriate conditions on 3 that guarantee to have nonzero
determinats D;(*B), I = 1,..., L, or furthermore Z(D;(*P)) # 0. If =(D;(P)) # 0, it still remains
to give close formulas to describe ORes(P) as a quotient of two determinants, as it was done by
D’Andrea in the algebraic case, [13]. If Z(D;()) = 0, one would need to have more control on
the method to obtain the multiple H of ORes(B), to give closed formulas to compute H and the
extraneous factor.
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