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Denoting the nonnegative integers by N and the signed integers by Z, we let S
be a subset of Z™ for m = 1, 2,... and f be a mapping from S into N. We call fa
storing function on § if it is injective into N, and a packing function on S if it is
bijective onto N. Motivation for these concepts includes extendible storage
schemes for multidimensional arrays, pairing functions from recursive function
theory, and, historically earliest, diagonal enumeration of Cartesian products.
Indeed, Cantor’s 1878 denumerability proof for the product N? exhibits the
equivalent packing functions fcan,or(x, ) = {either xor y} + (x + »)(x +y + 1)/2
on the domain N2, and a 1923 Fueter-Pélya result, in our terminology, shows
Jfcantor the only guadratic packing function on N2, This paper extends the preceding
result. For any real-valued function f on .S we define a density S -+ f = lim,.
/)¢S O f-Y([—n, +n)}, and for any packing function f on S we observe the
fact S =~ f = 1. Using properties of this density, and invoking Davenport’s
lemma from geometric number theory, we find all polynomial storing functions
with unit density on N, and exclude any polynomials with these properties on Z,
then find all quadratic storing functions with unit density on N2, and exclude any
quadratics with these properties on Z X N, Z*% The admissible quadratics on N?
are all nonnegative translates of fcantor - An immediate sequel to this paper ex-
cludes some higher-degree polynomials on subsets of Z2

1. INTRODUCTION AND SYNOPSIS

Cauchy [5, pp. 140-158]. in his “Cours d’analyse,” presents a diagonal
enumeration of arrays {a;; :i,j = 1, 2,...} to interpret a double series as a
single summation. Specifically, he visits successive diagonals {a,; : i + j = n}
for n = 1, 2,... and proceeds left-to-right down each line. Cantor [2, 3],
in his cardinality researches, uses this same pattern in a more fundamental
way to prove the denumerability of the positive rational numbers. Indeed
he applies this enumeration scheme to the lattice {(;,f): 7,/ = 1, 2,...} and

* A summary of this work [15] was presented at the SIAM 1976 National Meeting on
16-18 June 1976, Chicago, 111
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extends his result, by induction, to all finite Cartesian products of
denumerable sets. Also Cantor associates the polynomial

fGH =i+ G+ -DE+j—2)2 (1.1)

with the indicated pattern, since it gives the resulting integer location of the
pair (i, j). Moreover Chowla [6] exhibits an m-variable generalization of the
polynomial (1.1) which effects a direct polynomial enumeration of the
m-dimensional positive lattice.

Some expositors of set theory have preferred other schemes for two-
dimensional enumeration, but then have found no polynomial formula for
the induced sequential locations. Indeed Fueter and Pélya [12] concatenate
two individual notes as a joint paper which proves (1.1)and the corresponding
f(j, i) the only quadratic polynomials associated with any such pattern;
while Pélya and Szego [20, Vol. 2, Problem 243] show the inadmissibility
of any nonquadratic polynomial which has highest-degree homogeneous
part vanishing nowhere on the first quadrant. Our paper, together with its
sequel (Lew and Rosenberg [16]), introduces an “almost complete”
enumeration of denumerable sets yielding nontrivial extensions of these
uniqueness results. We discuss a larger collection of domains, and exclude
a larger family of polynomials.

Here we prefer the origin at zero, and thus define the set N = {0, 1, 2,...},
but we meet negative integers in this work, hence also recall the set
Z = {0, -1, &-2,...}. The symbol R, as usual, denotes the set of real numbers.
We now consider a mapping f: N® — N or, more generally, suppose an
arbitrary subset S of Z™ and then consider a mapping /S — N. We call f
a storing function on S if it is an injective map into N, and a packing function
on S if it is a bijective map onto N. (Descriptive convenience at certain points
motivates broader definitions in our formal development.) Two such maps
will be called equivalent, in the context of this discussion, if they differ only
by a permutation of their arguments. A natural problem, on appropriate
domains S, is then to find all polynomial packing functions up to equivalence.
Section 2, for illustrative purposes, contains a thorough treatment in one
dimension (m = 1), and the remainder of this paper offers a partial analysis
in two dimensions (m = 2), while an immediate sequel (Lew and Rosenberg
[16]), via more intensive methods, obtains stronger theorems for the two-
dimensional! case. Further, unpublished work includes some m-dimensional
results.

Storing functions in two variables play an important role in recursive
function theory (Davis [8, p. 43]; Minsky [18, p. 182]), and some works in
this field describe such maps as pairing functions (Rogers [21, p. 64]). That
theory requires only one such function, in principle, but many authors
provide several examples, with different ranges. These functions extend
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various definitions from one positive integer variable to corresponding pairs,
and thus generalize important concepts, by induction, to m such variables.
Thus Hammer, in unpublished correspondence (Barlaz [1]), independently
questions the uniqueness of (1.1) in this context, and analogously, in a still-
unsolved problem (Hammer [13]), seeks also any polynomial bijections from
Z? onto Z. However, the principal motivation for our terms, and ‘this investi-
gation, is the flexible computer storage of multidimensional arrays, and,
specifically, planar arrays. First Rosenberg [22-25] and then Stockmeyer
[27] have studied extendible schemes for such storage, which allocate array
positions uniquely to numbered memory cells, and permit array expansion
positively along any axis, but entail no storage reshuffling whatever at any
time. The common alternative of array storage by rows (respectively,
columns) demands such reshuffling on adjunction of farther columns (res-
pectively, rows).

If we restrict our attention to a large array in one plane quadrant, then
we may label an arbitrary point by coordinates (x, y), both in N, and we may
designate its storage location by f(x, y), also in N. An extendible scheme
for such allocations requires f to be a storing function; and full utilization
of memory cells requires f to be a packing function. Rapid computation of
storage locations requires f to have a simple formula; hence the program for
this investigation assumes f to be a polynomial. An integer shift of the poly-
nomial (1.1) provides two equivalent possibilities as packing functions:

Seantor(%, ¥) = {either x or y} + (x 4+ y)x + y + 1)/2. (1.2)

Our results for the domain N2 support the implicit conjecture of the Fueter—
Pélya [12] paper:

No other polynomials represent packing functions. (1.3)

Our results for the domains Z X N, Z2 suggest the impossibility of any
polynomial packing functions. Even our partial proof of these conjectures,
given the existence of more efficient extendible schemes (Rosenberg [25]),
strongly recommends the use of more diverse formulas in devising storage
algorithms for two-dimensional arrays. The much larger class of all poly-
nomial storing functions prompts no comparably neat conjecture about its
form. Indeed (x + y)™ + x on N2 represents such a function for any m > 2;
while the mth Chowla [6] polynomial, by a shift of origin, becomes a packing
function f(x, ,..., X,,) of degree m on N™ hence yields a storing function
f(x, »,0,...,0) of degree m by restriction.

A synopsis of our results demands the mention of one further concept.
Given any subset S C Z™ and any map f: Z™ — R, we introduce the level
sets f~Y[—n, -+n]) and the density .

S + f =1Lim (1/n) #{S 0 f[—n, +n]}. (1.4)
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Since we cannot always assume the existence of this limit, we write, more
generally, S + f for the lim inf and S f for the lim sup. Fueter’s half of
the Fueter-Pélya [12] paper supposes a quadratic injection f(x,y) into
{1, 2,...}, generalizes the Riemann zeta function to a Dirichlet series

L(s) = Y {f(x, »)™*: (x, ) € N¥, (1.5)

and considers the associated residue at s = 1. However, Fueter’s residue,
for any injective map f, equals N? — f by Ikehara’s theorem (Widder [28,
pp. 233-236]); and the hypothetical alternative

1 ~tf(z,y). 2
lim ¢ 3 e« (x, y) € N3, (16)

for any negatively bounded function f, is also N* — fby Karamata’s theorem
(Widder [28, p. 192]). Pélya’s half of the same paper supposes a polynomial
mapping f(x, y) of degree d, isolates its homogeneous part f(x, y) of highest
degree, and considers the associated area of the region {(x,y):0 < x,
0 < y,fdx, ¥) < 1}. However, Pélya’s area, for any quadratic injection f;
equals N2 = f by our Proposition 4.3, and the density (1.4), for an arbitrary
function f, is the more serviceable concept in noncoincident situations.
Indeed, specialization of our S =+ f yields the standard asymptotic density
of number theory (Niven and Zuckerman [19, p. 240]). Moreover S — f = 1
for packing functions on S, and §= f < | for storing functions on S.
Thus § =+ f # 1 implies that fis not a packing function. Hence we broaden
our investigation from its previous goal to seek all polynomial storing func-
tions with unit density.

Section 2 extends these densities to arbitrary domains and derives some
basic properties of these constructs; it defines storing and packing functions
in the same generality and proves model results in one dimension. Propo-
sition 2.3, in particular, establishes zero density for all nonlinear polynomials
which represent storing functions on N or Z. Theorem 2.4, for domain N,
considers polynomial storing functions with unit density, and obtains the
form f(x) = x + ¢ with nonnegative integral c. Our definitions preclude
linear storing functions on Z, but Theorem 2.5 describes the storing functions
of least degree. Section 3 introduces some concepts of plane affine geometry
which facilitate the study of two-dimensional problems; it proves structural
lemmas for later use which delimit storing functions on arbitrary sectors.
Indeed, Proposition 3.4 avoids some case analysis of Fueter, and Corollary 3.5
excludes all linear polynomials in two variables.

Section 4 treats quadratic storing functions on N2 Lemma 4.2 calculates
Pélya’s area for these f, and Proposition 4.3 relates this area to N2 = f.
Quadratic polynomials of nonparabolic type have transcendental density
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by Corollary 4.4, whence quadratic storing functions with unit density have
form

fGe ) =fcantor(x; y) +a(x +y) + b, with a,beN, .7

by Theorem 4.5. Thus the only quadratic packing functions on N? are the
Cantor polynomials, as before. Finally, Section 5 presents other two-dimen-
sional results. Theorem 5.1, again for domain N2, obtains the quadratic
storing functions with density . The domain Z2% by Theorem 5.3, admits
no polynomial storing functions below fourth degree. The domain Z X N,
by Corollary 5.4, admits no quadratic storing functions with unit density.

Hence this paper characterizes all polynomial packing functions of one
variable, but essentially describes only quadratic packing functions of
two variables. To complete an analysis in two dimensions requires some
counterpart of Proposition 2.3. Our immediate sequel (Lew and Rosenberg
[16]) to the present work contains a partial result of this kind: a nonquadratic
polynomial f(x, y) on N% Z X N, or Z? cannot be a storing function with
unit density either when f is sectorially increasing or when deg(f) < 4.
Either requirement for this nonexistence assertion is a nontrivial extension of
the Pélya-Szegd [20, Vol. 2, Problem 243] result. Thus the conjecture (1.3)
becomes more plausible, but a stronger two-dimensional statement is not
available, though the one-dimensional analog is quite elementary. The
lattice-point enumerations in the present work apply a fundamental lemma
of Davenport [7], but the density calculations in our sequel invoke many
other results of geometric number theory, wherefore the introductory remarks
in this sequel review some relevant literature in that field. Our estimates in
these papers involve the O and o notation of Bachmann and Landau (Landau
[14, pp. 59-65, 883]; Erdélyi [11, Chap. 1]).

2. GENERAL THEORY IN ONE DIMENSION

Here we consider real-valued functions with arbitrary domains and define
our various densities in this context, then introduce storing and packing
functions in the same generality and obtain certain basic properties for
future use. Also we treat polynomial storing functions in a single real variable
and prove model results for the domains N and Z, to develop the simplest
case of our analysis and illustrate our goals for higher dimensions. If § is
an arbitrary set then #4(S) denotes the cardinality of S; if fis an arbitrary
function then f| S denotes its restriction to S. Let X be an arbitrary set of
points, and X, be a countable subset of X. If S is an arbitrary subset of X’
then

(# | Xo)(S) = #(Xo N ) 2.1)
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in the stated notation. Moreover # | X, is a positive measure and all subsets
S are measurable sets. If £, in particular, is a real-valued (hence measurable)
function on X, then f| S, by composition, induces a measure (# | Xy) o (f]S)*
on R; that is, any Borel subset B C R has measure

[(# | Xo) o (f18)U(B) = #[Xon SN f-1(B)]. 2.2)

The conceptual framework of measure theory motivates seeking an
“average density” for this set function. We suppress X, in our notation
because we fix X, in each application, and we define upper and lower densities
by

S = f =Tm (1/m) #{Xo 0 S O f7([—n, +-n])},

2.3)
§ = f = lim (1/n) #{Xo NS O f7([—n, +n])}.
Clearly these limits are well defined in [0, +oo]; indeed
0<S+f<S+f<+ow. (2.4)

If also the two limits are equal then the set S will be called f~amenable, and
the common limiting value will be written S =- f. The motivation for this
language is the theory of semigroup means (Day [9]). Thus S = f= 0
implies S ~f=0, and S+ f= 4o implies S+ f = +oo. For the
identity mapping id on simple real subsets S we may see that § + (c o id) =
¢S + id) with any positive ¢; for certain functions f with integer values
we shall find that S = fis a standard asymptotic density from number theory
(Niven and Zuckerman [19, p. 240]). Thus we shall describe S = fas a density,
but represent it as a quotient, because we must eventually treat both S and f
as variables, hence cannot conveniently write either as a subscript.

The following two lemmas further validate this notation, and have many
later uses.

LeMMA 2.1. Let f X — Rand S,, S, C X. Then for arbitrary S, , S,
($5:U8) + <SG FNH+S=)) 2.5)
and for any disjoint such subsets
G1V8) =f =G =)+ (S =) (2.6)
while for f-amenable disjoint subsets
(51U Sg) +f = (S +f)+(S: + ) o)

641/10/2-3
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" Proof. Standard limit theorems yield the two inequalities. [

LeMMA 2.2. Let f| (XN S) be an injective map into —k + N for some
nonnegative integer k (where r 4+ N = {r,r 4+ 1,r + 2,...} for any real
number r).

(1) Then S + f is the asymptotic density of (1 + N) N f(Xy, N S), and
0<S=/<S+f<1 2.8

for any such f; hence S + f = 1 implies S = f = 1.
(2) Ifalso NCf(X,NS) then indeed S — f = 1.

Proof. (1) The initial hypothesis yields the two inequalities

HHxeXyNnS <K< <k +1,

.9)
#xeX, NS0 <f(x) <n} <n
To find, respectively, S + for the asymptotic density, we take the sum or the
second cardinality, then divide by n and evaluate the lim inf (Niven and
Zuckerman [19, p. 240]).

(2) The set 1 4 N has unit asymptotic density. []

The setting of these initial remarks permits the definition of other basic
concepts. Let X be an arbitrary set of points, and again X, a countable
subset of X. Let S be an arbitrary subset of S, so that X, NS is always
countable, and let f be a real-valued function on X. Then f will be called
a storing function (on S) if f| (X, N S) is an injective map into N, and f
will be called a packing function (on S) if f| (X, N S) is a bijective map onto N.
Clearly if f'is a storing function on S then also f'is a storing function on any
included set. Moreover if fis a storing function on S then S = f < 1, by
Lemma 2.2.1, while if f is a packing function on § then § = f= 1, by
Lemma 2.2.2. Therefore if S — f 5= 1 for some function £, then f cannot be
a packing function on S. Thus we shall seek systematically all storing
functions with unit density in order to find conveniently all packing functions
within some interesting family.

Polynomial storing and packing functions on certain grids are the principal
subject of this paper and its sequel. Later we take X = R? and specify
X, = Z?, so that a storing function on any plane set is a storing function
on the contained lattice points; but we can obtain suitably complete results
in one dimension, which will foreshadow our less exhaustive conclusions in
other cases. Hence we let X = R, X, = Z for the remainder of this section,
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and we let f be a polynomial function on X = R. Certain arguments involve
the finite-difference operators

A (x) = Af(x) = fix + 1) — f(x),

(2.10)
A7f(x) = Ad"f(x) for n=1,2,...
We characterize the polynomial packing functions on N, and describe the
simplest storing functions on Z. Our first, simple proposition is noteworthy
because its multidimensional counterparts are still incomplete.

ProrosiTioN 2.3. If deg(f) = 2, where f is a polynomial storing function
onS = Nor Z, then S = f = 0, whence f is not a packing function on either
Nor Z.

Proof. Degree 2 or more implies increasingly large gaps between
successive values. [

THEOREM 2.4. (1) The most general polynomial storing function with unit
density on N has the form f(x) = x + ¢ with arbitrary ¢ in N. (2) The only
polynomial packing function on N is the identity map on N.

Proof. Proposition 2.3 excludes nonlinear polynomials. The rest is
obvious. [

A linear polynomial cannot be a storing function on Z, since it assumes
negative values for some arguments; a nonlinear polynomial cannot be a
packing function on Z, since it has zero density by Proposition 2.3. Hence
there are no polynomial packing functions on Z, although there are infinitely
many storing functions with zero density. However, any polynomial storing
function on Z must have even degree, by its nonnegativity, whence the final
result of this section will classify the storing functions of minimal degree.
Specifically, for a, b in Z we let

g(a, b; x) = (a/2) x(x — 1) + bx, Q.10

and for polynomials of this kind we let
G ={glab;)3<a0<b<af2}. (2.12)
THEOREM 2.5. (1) If f(x) == g(+(x — x0)) + ¢, , where ge G, x,€ Z,
¢ €N, then f is a quadratic storing function on Z, and conversely. (2) If
J(x) = g(Lx), where g € G, then also min f(Z) = f(0) = 0, and conversely.

(3) If f(x) = g(x), where g € G, then furthermore g(—1) > g(1) > g(0) = 0,
and conversely.
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- Proof. 1If g is any polynomial (2.11) in G, then g | R assumes its minimum
at x = } — (b/a). Thus g | R has its minimum in (0, ), by (2.12), and g | Z
assumes its minimum at 0, by

gD =a—b>gl)=5b>g0) =0. (2.13)

However g | Z takes integer values, and so g(Z) C N. If g | Z takes equal
values at any distinct integers p, g, then g | R would assume its minimum at
the midpoint (p + ¢)/2. But (p + q)/2 cannot be a point of (0, §), whence
£ must be a storing function on Z, and g(—x), g(x + xp), g(x) + ¢, are also
storing functions on Z. Hence our three direct assertions are proved, and
only their converses need be established. However, if the quadratic poly-
nomial f defines an injective map from Z into N, then f| Z assumes its
minimum ¢, at a unique x,in Z, and if

Jix 4+ xp) — ¢ =gx) = @/ x(x — 1)+ bx + ¢ (2.14)

for some constants a, b, ¢, then g has the properties of the original f. More-
over ¢ = g(0) = 0, and b = Ag(0) is an integer, and a = 43f(0) is a positive
integer. Finally, if g(0) < g(1) << g(—1) then we obtain (2.13) on substitution,
and g(x) € G; while if g(0) < g(—1) < g(1) then we replace x by —x,
and g(—x)eG. [

3. AUXILIARY RESULTS IN Two DIMENSIONS

We review several affine concepts for the plane R? then discuss poly-
nomial storing functions of two variables, and obtain some preliminary facts
in this setting. This paper characterizes only gquadratic polynomials, but
these results anticipate also future applications. Specifically, we introduce
rays emanating from the origin, and we consider sectors lying between such
rays. Integer unimodular matrices, as affine mappings, transform these
geometric entities in obvious ways, and preserve the set Z2 of plane lattice
points. We restrict polynomials to single rays and observe their properties
on these simpler domains. A polynomial storing function on a nontrivial
sector, immediately via our analysis, cannot be a linear function on any
included rational ray or, therefore, on R2

To adapt preceding definitions and study two-dimensional problems,
we put X = R?%, X, = Z?and suppose f: X — R. If U denotes any real 2 x 2
matrix (? 9) then U defines a mapping

% 3) > (%) U = (px + ry, ax + 5y), G1)
W_hich carries R? into R?, hence takes any subset S into -

SU = {(x, ») U: (x, ) € S}. (.2)
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We let Uf be the resultant fo U; that is,

W ¥, y) = F(x, ») U). (3.3)
If U, in particular, is an invertible matrix, then
U ) U = f(x,y)  on R (3.4)
Any real pair (g, b) with a® + b* = 0 generates a ray w(a, b) via
w(a, b) = {(ta, tb): t > O}, (3.5)

and any point in this set provides another generator for the same ray. Such
a ray will be called, respectively, rational or algebraic if the coordinates of
some generator are rational or algebraic. Indeed a rational ray, by this
definition, contains a point with integer coordinates. If a ray is, respectively,
not rational or not algebraic then it will be called irrational or transcendental.
Clearly a ray, in more intuitive language, is a half line from the origin, and
our subdivision of all rays is a classification by their slopes. Any two rays
w; and w, in R? determine the closed sector S(w, , w,) between them: this
consists of the origin together with all rays which lie counterclockwise
between w, and w, . Hence S(w, w) = « U {(0, 0)} but otherwise S(w, , w,) #
S(wy , wy). If w; and w, are rational rays then S(w,, w,) will be called a
rational sector; also the plane R2, by convention, will be considered a rational
sector.

The next two lemmas about integer unimodular matrices explore their
relationship with our other concepts.

LemMa 3.1, If U = 9 such that ps — gr = det(U) = L1, then

1 af S 4
U-1 = det(U) (_r p) (3.6)
and U induces a bijection from R? onto R, If U is an integer unimodular matrix,
so that also p, q, r, s are integers, then U~ is an integer unimodular matrix
and U produces a bijection from Z? onto Z*. If U is a proper integer unimodular
matrix, 5o that also det(U) == 1, then the mapping

W, 0) > (x,y) = (w,©) U = u(p, q) + olr, 5) (3.7

sends the first quadrant onto the sector S(w(p, q), w(r, s)) and sends N* onto
the lattice points of this sector; while the mapping (x, y) — (4, v) = (x,y) U2
sends this sector onto the first quadrant, and the sector lattice-points onto all
lattice points of this quadrant.
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Remark. These results are obtained easily by direct calculation, and are
collected here for convenient reference.

LemMA 3.2. If S is an f~amenable subset of R* and U is an integer uni-
modular matrix, then

S+ f=8U1=Uf 3.8)

If'S is an arbitrary subset and - becomes either = or -+, then the corresponding
relation is also true.

Proof. The set X, SN fY([—n, +n)) in definition (2.3) has the same
cardinality, by Lemma 3.1, as the set

Xo " SUN[UfFH[—=n, +n]) ={Xo NSO fY[—n, +nD} U [0 (3.9)

Let f(x, y) be a real polynomial in the real variables x, y; that is, let

o ®

&, y) =3 Y auxiy’. (3.10)

=0 j=0

with real coefficients a;; , and assume a;; = 0 except for a finite set of pairs
(i, /). Also let d(f) be the total degree of £, and specifically put d(f) = —o
for identically zero f. Let f; be the homogeneous part of f with degree k,
so that

a(s)
fx,3) = ¥ filx, y) (3.11)
k=0
in this notation. If w is any ray in R? and (g, b) is any generator of w, then
d(r)
Sf(ta, tB) = Y t*fi(a, b) 3.12)
k=0

is a polynomial in ¢. If (¢, ) is any other generator of w, then (¢, d) = (wa, wb)
for some positive w; thus fi(a, b) has the same sign for all generators (g, b),
and fi(w) > 0 (or =0, or < 0) is a meaningful statement for any such
ray. Moreover (3.12) has the same degree d(w, f) for all generators (a, b),
and

d(w, f) < d(f) (3.13)

for arbitrary rays, while d(w, f) = d(f) precisely when fyy)(w) # 0. In
addition, if U is any real invertible 2 X 2 matrix, then, by (3.4),

d(wU™, Uf) = d(w, f). (3.14)
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We now use these concepts to prove some auxiliary results which further
our attempts to describe polynomial packing functions. Our arguments
involve the partial difference operators

Axf(x’y) ﬂf(x + l’y) —f(x’y)’ Aﬂf(x’y) :f(x,y + 1) ""f(x’y)‘
(3.15)

Proposition 3.4 is our main conclusion; Corollary 3.5 is its first application.

LemMmA 3.3. Let f(x, y) be a real polynomial of form (3.10), and let [
take integer values on some set G(p,q) = {(x,y)eZ%p < x < p +d(f);
g <y < g+ d(f)} with p, q integers. (1) Then the coefficients a,; are all
rational numbers. (2) The zero set for any form f, with some nonvanishing
coefficients is a finite union of algebraic rays together with the origin.

Proof. (1) The differences {4.:4,/f(p, q):i,j < d(f)} take integer values
by our assumptions, and are integer linear combinations of the a;; which
form a triangular system for these coefficients. (2) Any nonzero f, , by part
(1), is a polynomial with rational coefficients. [J

PRrROPOSITION 3.4. Let S(w, , wy) be a plane sector with nonvoid interior,
and let f(x,y) be a polynomial storing function on this sector. (1) Then the
coefficients of f(x, y) are rational numbers not all equal to zero. (2) Moreover
fan(x, ¥) = 0 at all points (x, y) in this sector; and d(w, f) = 2, fyw.p(w) >0
on all rational rays o in this sector.

Proof. (1) Any such sector includes a grid G(p, q), and any storing
function takes some nonzero values. Hence f;(,)(x, y) has some nonvanishing
coefficients. (2) Any rational ray  in the sector has a generator (p, q) with
P, q relatively prime integers; and the values f{(mp, mgq), by hypothesis, are
distinct nonnegative integers for m = 0, 1, 2,.... Thus d(w, f) = 1 by (3.12)
and fy,.n(w) > 0 by definition. Those rational rays in the sector which
contain no zeros of f;)(x, y) must form a dense subset, by Lemma 3.3.2.
Moreover on such rational rays, by our previous result,

fd(f)(xs y) = fd(cu,f)(x’ y) > 09 (316)

whence for any sector point, by continuity, f;»(x, y) = 0. These remarks
prove the first and third inequalities; a preliminary normalization simplifies
the remaining arguments.

We can find integers (r, , 5o) for which psy — gr, = 1, then choose integers
(r, 5) of form (r, + mp, 54 + mq) so that S(w(p, g), w(r, 5)) has an arbitrarily
narrow aperture while still ps — gr = 1. Interchanging x and y does not
affect the desired result; whence we can assume o # w, and we can require
a(r, s) C S(w, , wy). Moreover U = (? 9), by (3.14), yields an admissible
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transformation of the result, and the corresponding U, by Lemma 3.1,
maps S(w(p, q), w(r, s)) onto the first quadrant. Hence we may specialize
S(wy , w,) to the first quadrant, and also take w as the positive x axis. Now
the desired inequality asserts deg[ f(x, 0)] = 2 while the preceding paragraph
implies deg[f(x,0)] > 1. Hence we may assume f(x,0) = a + bx with
nonzero b, and we need only obtain a contradiction in this special case.

Clearly f(x, y) has form (3.10) with rational a;;, and 0 = g,y = a5y = -
by our assumption. However, a = ay = f(0,0)e N and b = a =
4.1(0, 0) € Z; moreover f(N, 0) = 0, whence b > 0. If we let k be the least
common denominator of the nonzero a;; , and we define

X ) =x + kt- Y Y ayxi(bkey, (3.17)

=0 j=1

then we have x,(x, ¢) an integer for any x, ¢ in N, and we note

fle, bkt) = a+ bx + bkt - Y, Y ayxi(bkey=

=0 j=1

= a + bxy(x, 1) = f(ox, 1), 0). (3.18)

But /| N? is an injective mapping, whence {(x, y)e N2 f(x,y) <a} is a
finite set {(x; , ¥;): i = 1,..., n}. Thus if the integer bkt > y, = max( y; s..., ¥n)
then f(x, bkt) > a, whence if the integer t > y,/bk then x,(x,t) > 0.
Hence (3.18) with any nonnegative integer x contradicts the injectiveness of

SIN% O

COROLLARY 3.5. Let f(x,y) be a polynomial storing function on a plane
set S, where S includes a closed sector with nonvoid interior. Then d(f) = 2,
50 that f cannot be linear.

Proof. By hypothesis, S includes a rational ray w, and by (3.13),
d(f) zdw,f) =22. O

4. QUADRATIC FUNCTIONS ON THE FIRST QUADRANT

Fueter and Pélya [12] have established that the Cantor polynomials of
(1.3) are the only quadratic packing functions on N2. This section further
shows that positive translations of (1.3) are the only such quadratic storing
functions with unit density. We write an arbitrary quadratic polynomial in
the computationally more tractable form

F(x, 9) = (b20/2) x(x — 1) + byyxy + (bos/2) Wy — 1)+ biox + by ¥ + beo
4.1
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and determine systematically the most general b;; under our broader assump-
tions, using a well-known estimate from geometric number theory to replace
rigorously our lattice-point enumeration by Pélya’s area. This area, or
equivalently N2 — f, is a transcendental number unless f; as in the earlier
argument, has parabolic type; and the injectiveness of f yields the detailed
form of the b;; . We have just noted a result, in Corollary 3.5, which eliminates
polynomials of first degree, but have proved so far no analog of
Proposition 2.3, which might exclude polynomials of higher degree. Our
immediate sequel (Lew and Rosenberg [16]) obtains a partial such conclusion.
The following lemma avoids several Fueter-Pélya cases.

Lemma 4.1. (1) If in (4.1) all b;; are integers then f maps Z* into Z; if
in addition
by >0, by > 0, by > —(baobe)* ', 4.2

then f has a lower bound on N*. (2) Conversely if f is a storing function on N2,
then the b,; are integers satisfying (4.2).

Proof. (1) Clearly (4.1) with integers b,;; takes integer values on Z2
and (4.2), except at the origin, implies

0 < 2fx,y) = [Xb;r/)z - yb:éz ? 2xy - [by + (b2ob02)1/2] (4.3)

on the first quadrant. Thus f(x, y) > 0 for any (x, y) in the first quadrant
with sufficiently large x* + % (2) Conversely for 0 < i + j <{ 2 we see that
b; = 4,470, 0) € Z, and by Proposition 3.4.2 we note that by, =
2£,(1,0) > 0, by, = 2f3(0, 1) > 0. If w(p, q) is any ray strictly within the
first quadrant, and f,(x, ¥) = 0 on this ray, then fy(x, y) = const - (py — gx)?
by Proposition 3.4.2, and ¢/p is an irrational number as well. However the
b;; are rational, so that this is impossible. Hence (4.3) holds for all nontrivial
(x, ) in the first quadrant, although the first bracket vanishes for some
(xy, Vo) in this quadrant. Substituting the latter values and canceling the
positive quantity 2x,y, we obtain by; + (byhee)/? > 0. [

Any quadratic storing function (4.1) on N2 has a well-defined shape number
y = bu(baghg) ™2 > —1 (4.4)

by Lemma 4.1. By standard results from analytic geometry, the level curves
f(x,y) = c are ellipses, parabolas, or hyperbolas according as |y | is,
respectively, <1, =1, or >1. These three cases will require slightly different
arguments.

LeMmmA 4.2.  Let the quadratic polynomial (4.1) satisfy relations (4.2), and
let the region

Dy(fim) ={(x,y)0<x,0<y filx,y) <n} 4.5)
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have area A f,n). Then A\ f, n)/n = p(byy , y), where p(-, *) is independent
of n. If y = 1, in particular, then

pbay, y) = = (bzoboz)_m- (4.6)
If |yl <1, so that y = cos a with 0 < a < 7, then
p(by , ¥) = bi'a ctn o = (byybyy) 2 o csC . @.7
If y > 1, 50 that y = cosh B with 0 < B < o0, then

plby , ¥) = by'fctnh B = (bzoboz)—l/2 B csch B. (4.8)

Proof. If y = 1 then Dy f, n) is the right triangle {(x, y):0 < x, 0 < y,
xb® + ybyl? < (2n)'/%} and (4.6) is an immediate consequence. If y # 1
and r, 8 denote polar coordinates then

Ao, fn = [ dbj2si(cos 6, sin 0) 4.9)
0
Ift = (boz/bzo)l/z - tan 0 and Q(t) = 1 + 2'yt + t2 then

Af, ol = Gy [ © o). (4.10)

We might evaluate the last integral by elementary methods, but instead
use a device from complex variable theory (Carrier et al. [4, pp. 79-80]).
We recall that log 7 is a multivalued function for complex #, and assert that

(bu/y) plbr > ¥) = —Qmi)™? fc log ¢ di/Q(1) (4.11)

for a suitable contour C. For small enough positive ¢ and large enough
positive A, this C runs just above the real axis from ¢ to A, circles once about
the origin at radius A in the counterclockwise direction, runs just below the
real axis from A to e, circles once about the origin at radius e in the clockwise
direction. However if y 7 41 then Q(¢) has distinct roots ¢, and ¢, ; indeed
if ¥ = cos o then the roots are —exp(-+-ix), while if ¥ = cosh B then the
roots are —exp(+-). We take a branch of log ¢ which has a cut along the
positive real axis, and we evaluate (4.11) by residues to obtain

(bufy) p(byy s y) = —(log t; — log t,)/(t; — ta). (4.12)

The appropriate values of the logarithms yield (4.7) and (4.8) in these two
cases. [
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ProOPOSITION 4.3. If f is a quadratic polynomial (4.1) with the properties
(4.2), hence if f is a quadratic storing function on N2, then N% = f = p(by, , y)
for the defined p(:, *).

Proof. First, if ¥ = 1 then we can introduce u = xb}? + ybyjZ, so that
f(x,¥) = (u?/2) + (linear terms) + by, ; and if x, y > 0 then we can find
real numbers b.., n,, so that

@+ b <2(x,y) + 2np < (w + b)) (4.13)

Thus we derive the inclusion 7, C {first quadrant} N f~Y¥[—n, +n}) C T_,
where we define the triangies

T: ={x):0<x%0<yu<—bs+ (@Qn+2n) .  (414)

The corresponding subsets of lattice points form an ordered triple in the
same way. However the area of T, approximates the contained number of
lattice points, and a bound for the error is 1 + | PAT)! + | P(T:)| by
Davenport’s lemma [7]. Here P,(-) denotes the projection onto the x axis,
and | P,(-)| denotes the length of this projection. Hence the cardinality
#N2 O fY[—n, +n])} of (2.3) has upper and lower bounds which are
both (n/by,) + O(nA/?) for large n.

For y # 1 the symbol A(f, n) will denote the area of {first quadrant} N
f¥[—n, +n]) and the coefficients b,; will determine real numbers x,,
Yo » ¢ with

2f (%, y) = bao(x — x0* + 2b1u(x — Xl ¥ — o) + bool ¥ — yo)* + 2¢. (4.15)
If | y | < 1, indeed, then f(x, y) = n s an ellipse with major axis O(n'/2), and

#HNEO ([ —n, +nD} = A(f,n) + O(*?)  as n— +oo (416)
by Davenport’s lemma [7]. Thus displacement of the origin yields

ACf,m) = A fon—c) + (| %] + 130 1) O(n'/?) = Ay(f, n) + O(n'?) (4.17)

for large n. If y > 1 instead, then f(x, ) = n is a hyperbola, while
(¥ = p)/(x — xp) = (bu/bgs) - [—1 £ (1 — y~2)172] (4.18)

are its asymptotes, and their slopes are both strictly negative. By (4.15)
and simple algebra, the intercepts of this hyperbola with x = x,and y = y,
are both O(n'/?). By (4.18) and simple geometry, the projections of {first
quadrant} N f~Y([—n, +n]) on the x and y axes are both O(n'/2 + | x, | +
| yo D). Thus (4.16) and (4.17) are valid as before. [
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COROLLARY 44. (1) If y = 0 then N? = f = @/2(bybea)/2. (2) If y # 1
then N® = f is a transcendental number. (3) If 0 <<y << 1 then (byby) ™t/ <
N2=f<bl <LI1 <y <<+ then by < N? = f < (boghps) 2% < 1.

Proof. To obtain (1) we use (4.7). To obtain (3) we note

alsinag <1 <altana for 0 <a < n/2,

(4.19)
BltanhB <1 < fBlsinhf for 0 <PB < -Foo.

To prove (2) we let ¢ = N2 = f, and for |y | < 1 we define 8 = in. If &
is algebraic then 0 £ B = (byybyeo)t/%(y?2 — 1)1/2 is algebraic, and in any
case, cosh B = y = by (bybge) /2 is algebraic. Thus exp(f), exp(—pB), and
unity are linearly dependent over the algebraic numbers, which is impossible
by a theorem of Lindemann ([17]; Siegel [26, p. 23]). [

THEOREM 4.5. (1) The most general quadratic storing function with unit
density on N2 is

f,9) = Hx + y¥x +y+ 1)+ {either xor y} + a(x + y) + b (4.20)

with a,b in N. (2) The most general quadratic packing function on N*® is
(4.20) witha = b = 0.

Progf. The polynomials f of (4.20) map the diagonals {(x, y)e N%
x + y = n} for each n into sequences of consecutive integers. The gap
between 0 and f(0, 0) is b integers; the gap between any two neighboring
sequences is a integers. Hence f is one-to-one for all admissible a, b, and
onto N for a = b = 0. Moreover in mapping the (n + 1)(n + 2)/2 pairs
with x + y < n, we skip only & + na elements of N, and we have N2 = f = 1
for all such f. Thus the proof of both assertions requires only the converse
half of (1).

Conversely if N2 — f = 1 by hypothesis then y = 1 by Corollary 4.4.2,
50 that b = (byobpe) 12 = 1 by Proposition 4.3, and byy = by, = by, by
Lemma 4.1.2. We now have

fee ) =x+x+y+D+ax+y)+b+cx (4.21)

for some integers a, b, c. We also find b = f(0, 0) > 0 by hypothesis, and
we may assume ¢ == 0 by xy symmetry. However, if ¢ = 0 then f'is constant
on diagonals, while if ¢ > 2 then

fm,(c—1Dm—a—1)=f0,cm—a) (4.22)

whence if m is large enough then f'is not one-to-one. Thus ¢ = 1. Moreover
if @ < 0 then
f(n + a, —a) = f(0,n + 1). (4.23)

whence if n > —a then f'is not one-to-one. Thusa > 0. [
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5. FURTHER RESULTS ON PLANE SECTORS

To display further the range of our concepts, we apply them to some other
natural questions. We find no quadratic storing functions with unit density
on Z X N, and exclude all polynomial storing functions below fourth
degree on Z% The main results of our sequel (Lew and Rosenberg [16]),
extending our analogy with Proposition 2.3, eliminate many higher-degree
polynomials on these domains. However if f(x, y) satisfies (4.1) and if
v = 1, then

N? = S = (bgobog 12— bﬁl, .1

whence (N? = f)~1 is a positive integer. Thus, having just determined all
quadratic storing functions on N2 with unit density, we first describe here
all such functions on N? with density 1. All such polynomials with density
1 or } are strictly increasing functions on this domain, whereas such poly-
nomials with density 1 may be strictly increasing functions only outside
a bounded subset. Our characterization, as before, requires no prior speci-
fication of .

THeoREM S.1. The most general quadratic storing function f on N?, with
N2 = f =1, has one of the following two forms, up to xy symmetry:

fa,N=x+2)x+2y+142a)+by+c with a,ceN, (5.2)
where either b = 2, or b = 1, or b = —1, or a is positive and b = —2;

e =x+»Wx+y+a+bx—+c with aceN, (53)
where either b = 1, 0orb = 2, or a is even and b = 4,

Proof. 1If fsatisfies (4.1) and N2 — f = §, then y = | by Corollary 4.4.2
and

(b2() H bll H b02) = either (13 2> 4)’ or (2’ 2’ 2)’ or (4, 27 1) (54)

by (5.1). We ignore the last case by xy symmetry, examine the other two
alternatives with all b,; integers, and derive the expressions (5.2), (5.3) with
undetermined integer coefficients. However, if f has form (5.2) then
¢ = f(0,0) = f(—1 — 2a,0); whence if f is a storing function then
a,c =0 %# b Moreoverif |b| z3andu=a-+ l,v=(+1D(]b|~—1),
then 0 < u << v/2 and

flo+1,0) = flv — 2u, u) for b >0,

5.5)
f,0) =fv + 1 —2u,u) for b <.
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Hence f cannot be a storing function unless | b| < 2. Alternatively if f
has form (5.3) then ¢ = f(0, 0) = (0, —a), whence g, ¢ > 0 # b as before
and b > 0 by xy symmetry. However, if b > 3 and v = a + 1,
v=1(a+ 1)b—1)2, then 0 <u <v and f(u,v —u) = f(0,v + 1), so
that f| N% cannot be an injective map unless g and b are even. Further, if
b>4 and u=2a+2), v=(@+2b—1)2, then 0 <u <v and
f(,v—u) = f(0,v + 2), so that f| N2 cannot be an injective map unless
a is even, b = 4, Hence a storing function of form (5.3) must have b < 2
except in this last case.

Conversely if f has either specific form then f| N? is integer-valued and
Nt - f= 4. Moreover f(0,0) = ¢ > 0 and both partial differences are
always positive, whence f(N2?) C N. Thus f need only be shown injective.
However, if f satisfies (5.2) then f(v — 2y, y) = }(?® + v + 2av) + by + ¢,
which is monotone, for fixed v, as y varies in [0, v/2]. Moreover if 0 < b < 2
then

2f(+ 1,0 —2f(0,0/2) =2 +2a+ (2 —b)v > 0, (5.6)

while if —2 < b < O then
2f0,v/2) — 2f(v — 1,00 =2a+ 2+ b)v = 0. (5.7

Thus £, on successive diagonals {(x, y): x 4 2y = m)}, takes disjoint sets of
integer values except when a = 0 and & = —2, in which case (5.7) becomes
an equality. Alternatively if f satisfies (5.3) then f(x,v — x) = ¢v* + av +
bx + ¢, which is increasing, for fixed », as x increases in [0, »]. Moreover if
0 < b < 2 then

fOv+1D—f@®,00=14+a+2—b)v>0; (5.8)

whence f, on successive diagonals {(x, y): x + y = m}, takes disjoint sets
of integer values. Further, if @ is even and & = 4 then

flx,v — x) = v* + ¢ = v 4 c(mod 2); (5.9
wherefore successive diagonals must have disjoint values; and
fO,v+2)—f(»,0) =4+ 2a >0, (5.10)
so that all diagonals must exhibit disjoint values. []

Let S be an arbitrary subset of R® which is a closed system under com-
ponentwise addition, and let f be a real-valued function on S. Then f is
strictly increasing on S if

f(xy) <f(x+ay-+b) whenever (a, b), (x, y)eS  (5.11)

with a® + b2 5 0; while fis eventually increasing on § if it satisfies (5.11)
for all (x, y) outside a bounded subset of S. The positivity of all partial
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differences shows the polynomials of Theorems 4.5 and 5.1 to be strictly
increasing functions on N2. However, a polynomial storing function on N2
need not be a strictly increasing function, by the next resuit,

CoroLLARY 5.2. (1) If fis a quadratic storing function on N2, and y = 1,
N2 = f> 1 then fis a strictly increasing function on N2. (2) However, N® - f
can here take no smaller value, since

fO,y) =3x+»GBx+3y—5+3y+1 (5.12)

is also a storing function on N?, and vy = 1, N® = f = L, while f is eventually
increasing but not strictly increasing:

Proof. (1) All such polynomials are those of Theorems 4.5 and 5.1,
since N2 = fis 1 or % by (5.1). (2) Clearly N2 — f = 4, and byg, by, byp > 0;
whence 4., 4,f > 0 for sufficiently large x + y, and f'is eventually increasing
on N2 Moreover f(x,y) is a monotone function on each diagonal
{(x,»): x +y =m}, and

f,m—=1) <f(m+1,0) <f0O,m) < f(m,1) (5.13)

by direct calculation. Thus values of f on successive diagonals will overlap,
but no values of f on N2 can coincide. Substitution and (5.13) now yield
0 = f(1,0) = min f(N?®), which shows f not strictly increasing but never-
theless a storing function. [

The integer unimodular images of the first quadrant are all rational proper
subsectors of half planes, and the related matrix transformations of the
polynomials (4.20) give the corresponding quadratic storing functions with
unit density. However, this work now examines larger sectors, and the sequel
(Lew and Rosenberg [16]) considerably strengthens our remarks, but the
conclusions do not fully parallel Section 2. Indeed Proposition 2.3 implies
the nonexistence of polynomial packing functions on Z, whereas the next
theorem states partial results for polynomial storing functions on Z2. The
associated maps into memory cells would define extendible storage schemes
for rectangular arrays which can add new elements on all four sides.

THEOREM 5.3. (1) There exist no odd-degree polynomial storing functions
on Z* (2) There exist no quadratic storing functions on Z2 (hence no such
packing functions as well). (3) There exists a quartic storing function on Z2.

Proof. (1) If f has leading terms of odd degree, then f assumes negative
values for some integer arguments. (2) If f(Z?2) is a subset of Z, where

2

[ =33 amiy (5.14)

i=0 j=0
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for some real coefficients a;;, then all 2a;; are integers by Lemma 4.1.2.
We exhibit two distinct points of Z* which yield the same value of f. Indeed
if ayy = ay = O then f(x, y) = f(—x, —y) for all integers x, y; while if a,
and a,, are not both zero then

FQant, —2a,t) = f(—2ant, 2a,4t) (5.15)

for all integers t. (3) Clearly f(x, y) = g(h(x), h(»)) is a quartic storing
function on Z2, where g is any polynomial of Theorem 4.5, and 4 is any
polynomial of Theorem 2.5. []

If we require surjective mappings rather than injective ones, then we
generate an open problem from Theorem 5.3. A famous result of Fermat
and Legendre (Dickson [10, Vol. II, Preface]) states that any nonnegative
integer is the sum of three triangular numbers, hence implies that

[y, 2) =[xx — 1) +y(y — 1) + 2z — D)2 (5.16)

maps Z? onto N. However, no polynomial can map Z onto N, since a linear
polynomial must take negative values at some integer points, while a non-
linear polynomial must have zero density by Proposition 2.3. These facts
motivate the question, for the intermediate case, whether a polynomial can
map Z2 precisely onto N. A related problem of Hammer [13], presently also
without solution, seeks a polynomial bijection from Z?2 onto Z instead.

Proposition 4.3 for the first quadrant also yields a corollary for the upper
half plane which delimits storage schemes of hybrid type. Again X = R*
and X, = Z2.If g and A are the polynomials of Theorem 5.3.3, then f(x, y) =
g(h(x), y) is a cubic storing function on Z X N. Again the stronger results
of our sequel exclude further storing functions with unit density.

COROLLARY 5.4. Let f be a quadratic polynomial of form (4.1) which is
a storing functionon Z X N. (1) Then all b;; are integers and |y | < 1, whence

(Z X N) + f = 7/(bybgs — b, (5.17)

(2) Thus no quadratic f can have unit density; so no such f can be a packing
Sfunction. .

Proof. (1) If fulx, ¥) = f(x, y) for the given f, then both f: have form
(4.1) with the same by, by, , but these fi attach opposite signs to by, .
However, both f. are storing functions on N2, whence all b,; are integers by
Lemma 4.1.2, and b,y , by, > O from either case. If y:+ denote the corre-
sponding values for fi, then y, =y > —1, y. = —y > —1 by
Lemma 4.1.2. If y, = cosa, with 0 < a, <= then y_ = cos a_ with
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a_ =7 — o, . However, f| ({0} X N) has zero density by Proposition 2.3,
wherefore

(Z X N)+f=(N2+f)+ N? - f) = (ap + 2 )/(bagheo)'/? sin
(5.18)

by Lemma 2.1. Substitution now yields (5.17). (2) The resulting density
is a transcendental number (Lindemann [17]). [
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