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ABSTRACT

A polynomial-time continuation algorithm is presented for a class of linear
complementarity problems with positive semidefinite matrices. The linear extrapola-
tion technique is combined with the Newton iteration in the predictor-corrector
procedure of the algorithm to numerically follow the solution curve of the homotopy
equations arising from the perturbed Karush-Kuhn-Tucker condition. The conver-
gence rate of the method is proved to be 1 — 4/(7Vn ) after each cycle consisting of
one extrapolation between two Newton steps.

1. INTRODUCTION

Let M be an n X n matrix, and g € R". The problem of finding an
(x, y) € R*" satisfying

y=Mx+gq, (x,y) >0, xTy=0 (1)

is called the linear complementarity problem (abbreviated LCP). The LCP
has many applications in linear and convex quadratic programs and bimatrix
games [15].

A traditional method for the LCP is the pivoting algorithm [15]. Although
it has been widely used over decades, the theoretical exponential-time
complexity of the algorithm in the worst case still stimulates researchers
to find more efficient polynomial-time methods. With the appearance of
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Karmarkar’s fundamental work on a projective algorithm for linear program-
ming [8], path-following interior-point methods have attracted tremendous
attention in the field of mathematical programming. For some repre-
sentative work, see [6, 7, 11, 13, 14, 16—19] and the references therein.
Recently, several new algorithms belonging to the category of the interior-
point method have been proposed for solving LCPs (see e.g. [2, 3, 10, 11]),
and a good survey and unified approach is given in [9]. These methods have
the polynomially bounded computational complexity, in contrast to the tradi-
tional pivoting method. Kojima et al. [10] first give a polynomial-time
algorithm for a class of LCPs with positive semidefinite matrices, based on
the theoretical formulation given by Megiddo [12]. In their method one-step
Newton iteration is used for each updated equation successively. So this
method may also be called a predictor-corrector algorithm with only zero-
order prediction. This observation leads to the development of the first
general predictor-corrector algorithm given in [2] with a one-step Euler’s
method as “prediction” and a one-step Newton’s method as “correction.”
With the increase in the algebraic precision order in the prediction step, the
convergence is faster even though we take account of more computational
work per iteration.

In this paper we use the secant approach to the prediction instead of
the tangent approach in [2], to avoid the Euler iteration. For simplicity of
presentation, we use only the linear extrapolation technique between two
Newton iterations. That is, within each cycle, after one Newton iteration step
is performed, we linearly extrapolate the previous iterate and the current one
to “predict” the next one, and then one Newton iteration from this predicted
one is performed to get the next iterate. In each such cycle, we need to solve
two systems of linear equations coming from the Newton iteration, but the
decrease of xTy, which measures how nearly x and y are complementary, is
at the approximate rate of 1 — 4/(7Vn ), a better complexity result than the
ones given in [10] and [2].

The next section is the description of the predictor-corrector algorithm
using the extrapolation technique. We prove the polynomial convergence of
the algorithm in Section 3. Some conclusions and final remarks are given in
the last section.

2. THE ALGORITHM

We are given the LCP (1) with the following assumptions:

(i) n > 3. (The problem with n < 2 is trivial.)
(i) M is positive semidefinite with no zero rows.
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Throughout this paper, ||x|l = (L7, x?)/* denotes the usual Euclidean
spectral norm for x € R", and || Al| stands for the corresponding matrix norm
of A € R"*". That is, || All = sup{|| Ax||: [|x|| < 1} is the square root of the
maximal eigenvalue of ATA. For vE€ R™, v> 0 means v, > 0 for i =
1,...,m.

Let

Swe ={(x,y) > 0:y =Mx +q}.

We assume that S, is not empty in what follows. It is well known that the
system of following homotopy equations

XYe — pe = 0, (2)
y—Mx—qg =0 (3)

has a unique solution (x( u), y(w)) for each p > 0 when the matrix M is
positive semidefinite (see, e.g., [2] for a proof). Here e is the n-dimensional
vector of entries 1, and for a vector x € R", X is the corresponding diagonal
matrix with the diagonal entries x;. Our purpose is to numerically follow this

path (x(w), y(w)) from a starting interior feasible point. For this purpose we
define

r
x
XYe — ——ye
n

5(6) = {(x, y) € S < ef—y}.

n

Note that a point (x,y) € S, satisfies (2) if and only if XYe —
(x"y/n)e = 0. Moreover, since (x"y/n)e is the orthogonal projection of the
vector XYe onto the straight line {Ae: A € R},

T

-2

n

= min|| XYe — Ael|.
AER

Suppose an initial strictly feasible point (x*, y') € S(55) is known. Given
a precision € > 0, the algorithm is the following:

Step 0: Let 6 =2/(TVn), k = 1.

Step 1. Let p' = (1 — 8)Xx*)Ty*/n. Solve the equations (2) and (3)
using one-step Newton iteration, starting from (x*, y%), with p = p', to
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get (x', y") = (x*F — Ax, yk — Ay). Here (Ax, Ay) satisfies the following
equations:
YEAx+ XkAy =X Yke — p'e,
Ay=MAx.
Step 2: Let 1=x"—(1—-8)Ax, §=y' —(1-8)Ay, and & =
(1 — 8)u'. Use one-step Newton iteration to solve (2) and (3) with u = fi

and the starting point (%, ) to get (£, §) = (£ — A%, § — A§). Here
(A%, Ag) satisfies the following equations:

]

YAZ+ XA§ = XYe — fre,
Aj = MAZ.

Step 3: Let x**' =% y*"1=§ k=k+ 1
Step 4: If(xk)Tyk < ¢, then stop. Otherwise, go to Step 1.

REMARK 1. The initial point (x', y') € S(55) can be obtained by means
of the construction of an “artificial LCP” as in [10].

REMARK 2. In Step 2, the point (%, ) is obtained from the extrapolation
through the two points (x*, yk) and (x', y").

In the next section, we shall prove that after one cycle of iteration,

T 4 T
(xk+1) yk+1 < (1 _ m)(xk) yk

approximately. Thus our method will generate a sequence of points {(x*, y*)}
with values of (x*)Ty* decreasing at least linearly with the global conver-
gence ratio about 1 — 4/(7Vn ) along the sequence. This convergence rate is
better than the one proposed in [10] and is an improvement on the one given
in [2] which uses the one-step Euler’s method as predictor and the one-step
Newton’s method as corrector.

3. CONVERGENCE ANALYSIS

In this section, we will give the analysis of the previous algorithm. To this
purpose, we need to explore the implementation of the algorithm after each
cycle of iteration.
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For any >0 and (x,y) €S,,, let (x,y) =(x — Ax,y — Ay) be

obtained from solving (2) and (3) by one-step Newton iteration starting at
(x, y). Then (Ax, Ay) satisfies

YAx + XAy = XYe — pe, (4)
Ay =MAx. (5)
The following lemma will be used frequently.
LEMMA 3.1. Let u = (XY) V/2(XYe — pe). Then:
® y =Mz +gq.
(i) XYe = pe + AXAy.
(iii) 1A X Ayll < llull® /2.
(iv) (Ax)T Ay < llull/2.
W x"y/n > p.
Proof. From (5), it is easy to see that y = Mx + g implies ¥ = Mx + ¢,

which gives ().
Since (Ax, Ay) satisfies (4) and (5), we have

XYe = (X — AX)(Y — AY)e
=XYe — (YAx + XAy) + AXAy
= XYe — (XYe — pe) + AX Ay
= pe + AXAy.

Thus (i) is true.

Let D = (XY ™12, Multiplying the equation (4) by the matrix (XY )~!/2
from the left, we have

D 'Ax + DAy = (XY) '} (XYe — pe).
Since M is positive semidefinite,

(D_le)TDAy =Ax"TAy=Ax"MAx > 0.
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By a fundamental lemma introduced in [10], |D™' Ax[[IDAyll < lull® /2.
Hence,

JIAXAyl =IID"'AXDAyl <ID"'AXIIID Ayl

. llee?
<ID7TAx(IDAyll <
This proves (ii).
(iv) follows from
T . T . llull?
(Ax) Ay =(D 'Ax) DAy <D 'Ax|lIDAyll < 5

Lastly, noting that M is positive semidefinite, from (ii) we have

'y =e"XYe =np + (Ax)TAy
=np+ (Ax) MAy > np.

This completes the proof. [ ]

Now suppose (x, y) € $(8) for some 8 € (0,1). Let p = x"y/n and
w =(1 — 8)p with 6§ €(0,1). Then we solve (2) and (3) with g in (2)
replaced by ', using one-step Newton iteration starting at (x, y). That is, we
define

x'=x — Ax, y' =y — Ay,
where (Ax, Ay) is the unique solution of the equations (4) and (5) with w in

(4) replaced by p'.
Let u’ = (XY) /2(XYe — p'e). We then have

'l <l(xx )2 I xve — well®
“[xxy 2 xve = pell® + (s — w)el)
< (1 - 0)_1;L'1(02;L2 + nﬁzuz)

=(1-0) (02 +nd)u=[(1-0)(1-28)] (6% +nd>)u.
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The first equality above is from the fact that e is the orthogonal projection
of the vector XYe on the straight line expanded by e, and the last inequality
follows from the definition of the spectral norm of a matrix and the condition
that (x, y) € S(6). From Lemma 3.1,

llu|? (6% +nd*)p

X'Y'e — plell = IAX Ayl < < (6
I e— el = yll 3 MDD (6)
and
ll|I? (6% + né2)u
Ax) Ay < < . 7
(Ax)" Ay <=5 2(1 - 6)(1 - 8) (D
Put

" 6% + nd*
T 2(1-6)1-8)

Then [|[X'Y'e — u'ell < 6'p’. Now we prove the following proposition.
ProposiTION 3.1. If 0 + 0’ < 1, then (x', y') € S(§").

Proof. By (i) of Lemma 3.1, y' = Mx’' +¢g. Now we show that
(x’,4y’) > 0. By the given condition, ' < 1. It follows that |X'Y'e —
el < u'. Thus xiy; >0 for i = 1,2,...,n. Suppose x; < 0 and y; <0
for some i; then x; < Ax; and y; < Ay,. Since (x, y) € S(9), |x,y, — pl <
Ou. Hence,

0% + né?

Il—0)u<xy <Ax, Ay, <[ AXAyll < ————— 4.
( Y <xy, <Ax; Ay, <l yll =)

This means
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Therefore

02 + nd?

6+0' >0+ —— > 1.
2(1 - 0)

This is a contradiction.
To finish the proof, note that

1T, 1

€

X
Hx'y'e - <IX'Y'e—pel<@'p <90

by (v) of Lemma 3.1. Hence (x',y") € S(8"). [ |

Now we assume for the moment that (x', y') > 0. Define

x"—(1-8)Ax, g=y' —(1-28)Ay.

x

Here we assume that 6 and 8 are chosen such that (%, §) > 0.

Let o = (1 — &)’ = (1 — 8)%u. Then we solve (2) and (3) with u in (2)
replaced by i, using one-step Newton’s iteration starting at (%, §). That is,
we define

f=i-A%,  §=i-A7,

where (A%, A7) satisfies (4) and (5) with X, Y, and p in (4) replaced by X,
Y, and f1, respectively. 3

Let @ = (XY) /% XYe — jre). Then [[AXAGl < llal®/2 and (AZ)"
Ag < I|ﬁ||2/2 by Lemma 3.1. Now we estimate lizll. Since

X¥e=[X' —(1—8)AX][Y —(1-38)AY]e

—X'Y'e—(1—-8)[Y'Axr+ X Ayl + (1 -8)"AXAy,
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taking consideration of (i) of Lemma 3.1, we get
X¥e— e =X'Y'e—jie — (1 — 8)(Y' Ax + X'Ay) + (1 — 8)*AXAy
=X'Y'e—jie— (1 -8)[(Y-AY)Ax + (X —AX)Ay]
+(1 - 8%)AXAy
=X'Y'e—jie— (1 —8)[YAx + XAy — (AYAx + AXAy)]
+(1-8)*AXAy
=X'Y'e— jie — (1 — 8)[XYe — p'e]
+[2(1-8) + (1 - 8)°] axay
=(X'Y'e— we) ~ (1 — 8)[XVe — el
+[2(1 - 8) + (1 - 8)°] axAy
=[1+2(1-8)+(1-6)"]aXAy — (1 - 8)(XYe — pe).
(8)
Hence,
IX¥e — el < [1+2(1 - 8) + (1 - 8)°|Iaxayl
+(1 = 8)lIXYe — pell
= (2 - 8)’IAXAyll + (1 — 8)[| XYe — well

(2 — 8)%(6% + ns?)

ST - 0)(1-93) W (1= 8)om

n.

2 —8\26% +nd? 0
= +
(1—5)2(1—0) 1-68
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Let

. 2 — 85\26% +nd? 6
6= + .
(1—5 201-6) 1-39

We thus have
I XYe — fiell < 6ia.
It follows immediately that

- 172

()

if in addition 8 < 1. This together with (9) implies

|-y o

_ SRS 72 R B 61'/2
<] (&) e - el « ——
1-6)
Therefore,
_ lal* 6%
HAX Al < < —,
2 (1 - 6)
and
llall® 0%
(A5) A7 < < —
2 (1 - 6)
Now, from (i) of Lemma 3.1,
52
| XYe — frell = IAXA Gl <« ———=— .
I i<saa*

Denote 6 = 62/2(1 — 6). Then

| XYe — fell < 6.

JIU DING

(9)

(10)
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Let i = £7{/n. Then from (v) of Lemma 3.1, i > ji. Moreover, since fie is
the orthogonal projection of the vector XYe onto the line through e, we get

IXYe — jiell < | XYe — frell < 62 < . (11)

On the other hand, from (ii) of Lemma 3.1, we obtain

R Ty _ eTAXAy
H=——=u+
n n
o (AD"A§ 6*
—pt+t—L <
# n o - 0"

A

\ 6
p' = (1-8)?°1+—
n

A

=(1—8)(1+g I (12)

In summary, we have the following assertion.

PROPOSITION 3.2. With the same notation_as above, if 6 and & are
chosen such that (x', y') > 0, (%, §) > 0, and 6 < 1, then

@ IX'Y'e — pel < 8'u,

(i) |1 XYe — frell < 6,

Gi)) | XYe — fell < 6,

v) o< — 820+ 6/n)u.

PROPOSITION 3.3. Suppose 8 + 6’ < 1. If 6 < 1, then (%, ) € S(6).
In addition, if 6 < 2 — V2, then (£, §) € S().

Proof. Since y = Mx + g and y' = Mx' + g, from
f=x"—(1-298)Anx, g=y —(1-26)Ay,
we have
Mi=Mx'" — (1 —8)MAx=Mx"—(1~8)Ay

=y ' —g—-(1-38)Ay=§—gq.
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That is, § = MX + q. Thus, § = M + g by (i) of Lemma 3.1. Now we
prove (&, i) > 0. Suppose not; there would be an index i such that &, =
x;— (1 —8)Ax; <0and 7, — (1 — 8) Ay, < 0. Then from (6),

(I1=-6)p <xjy; < (1 - 8)2 Ax; Ay,
<(1-8)°IAXAyll < (1-8)6'w.
Hence

1<0 +(1-8)0" =1+ (1-8)76

:[1+(1—8)2] 0 + nd7
2(1 - 6)(1 — 8)
-+ a-87a-s 6" + nd” _
2(1 — 0)(1 - 8)

(2 - 8)%(6% + nd?) <
2(1 - 6)(1 -~ 8)°

which is a contradiction to the assumption. From (8),

~T ~ T

x Ax) MAx
—2=ﬁ+(2—3)2(—)——>ﬁ-

n n

Hence,
- iTg - _ . iy
XYe — —e|| < || XYe — frell < O < 6——.
n n

This proves (%, §) € S(8).
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If in addition 6 < 2 — \/_ then from (iii) of Proposition 3.2 we have
£,0,> 0 for each i, since § = 6%/[2(1 — 6)] < 1. Suppose £, <0 and
g; < 0 for some i. Then

1

. . 62
1-0)a<#i, <AZAf <|AXAfll <« ———@.
( Y <E g y <=5 "
It follows that
62— 46+ 2 <0.
Thus 6 > 2 — V2 , a contradiction. This completes the proof. [
By Proposition 3.2 and Proposmon 3.3, if we choose the two parameters &
and 6 such that 8 + 8’ 2—\/_, and 6 < 9, then (%, §) € S(9),
and
T4 0\ xT
o 2
n

The best choice of & and 6 satisfies the following optimization problem:
ax{8:0+06'<1,6<2-v2,0<6)

In particular, we obtain the following result needed for our algorithm in the
previous section.

_ THEOREM 3.1. Choose 8=2/(TVn) and 6= 15. Then 6+ 0’ <1,
0<2—v2, and § < 0. Thus (%, 4) € S(6) and

oy 97 11
<1- + -
# T | 588n  2lnvn | 147n®
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Proof. For =2/ (7Vn) and 6 = 5, considering n > 3, we get
0% + nd?
+
2(1 - 8)(1 - o)

1 )Y+

it 2(1 - £)(1 - 2/(7Vn))
1 625

<12 " T2936(1 - 2/(7V3))

6+6' =9

<02<1,

i 2—6\20% + nd> 0

= +
1-8) 2(1—-6) 1-6

2(1+ ! )Z(é)2+:~9+ i
1-2/(Wn) | 2(1—1) 1-2/(7n)

1 ® 625 1
< (1 1o 2/(7V3) ) 12936 12(1 — 2/(7V3))

<0.33312 <2 — V2,

and

62 0.333122 1
— < < —
2(1~6)  2(1—0.33312) 12

f=

Hence from Proposition 3.3, (%, §) € S(6) < 8(9). Now (iv) of Proposition
3.2 gives

we [ g ) (1 aa)e

L N,
W | 49n 120 J*

L 97 1 1
={1- + - + . u
T 588n  olnvm | 147n2 M

. of, 8
< (1 =811+ —
n
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In [10], the complexity bound of the O(n3°L) algorithm for the LCP is
1 — 1/(8Yn) after one Newton iteration. Thus after two iterations, with the
same notation in their algorithm,

! 2 Lt 1
sl-—=jp=|1-—4+—|u
H 8/n | 4/ 64n )"

The predictor-corrector algorithm proposed in [2] has the complexity bound
1 — 2/(5V/n) after one cycle of one Euler iteration and one Newton itera-
tion. Therefore our algorithm has a better complexity.

4. CONCLUSIONS

In this paper, a polynomial-time predictor-corrector algorithm is pre-
sented for a class of LCPs with positive semidefinite matrices, based on a
simple linear extrapolation technique combined with Newton’s iteration. The
corresponding complexity bound is shown to be much better than the one
given in [10] and is better than the one in [2] using Euler’s method as
prediction. Also, now we don’t need to solve systems of linear equations
related to Euler’s iteration. Instead we always solve systems of linear equa-
tions of the same type related to Newton’s iteration, which makes the
algorithm easier to implement.

For the LCPs, the linear-extrapolation approach for the prediction step
has some advantage over the higher-order ones in that we can always keep
the iterates feasible, that is, yk = Mx* + q for all k. We expect that if the
linear extrapolation is used before each Newton iteration instead of every two
Newton iterations as given here, the complexity bound will be better. On the
other hand, we may apply the quadratic polynomial extrapolation technique
to the algorithm to speed up the convergence, since the system of nonlinear
equations (2) and (3) is actually a quadratic polynomial one.

REFERENCES

1 E. L. Allgower and K. Georg, Predictor-corrector and simplicial methods for
approximating fixed points and zero points of nonlinear mappings, in Mathemati-
cal Programming: The State of the Art (A. Bacham, M. Grotschel, and B. Korte,
Eds.), Springer-Verlag, New York, 1983.

2 J. Ding and T. Y. Li, A polynomial-time predictor-corrector algorithm for a class
of linear complementarity problems, SIAM . Optim. 1(1):83-92 (1991).



214

3

10

11

12

13

14

15

16

17

18

19

JIU DING

J. Ding and T. Y. Li, An algorithm based on weighted logarithmic barrier
functions for linear complementarity problems, Arabian J. Sci. Eng. 15(4B):
679-685 (1990).

A. Fiacco and G. McCormick, Nonlinear Programming: Sequential Uncon-
strained Minimization Techniques, Wiley, New York, 1968.

K. R. Frish, The Logarithmic Potential Method of Convex Programming, Memo-
randum, University Inst. of Economics, Oslo, Norway, 1955.

C. C. Gonzaga, Large-Steps Path-Following Methods for Linear Programming:
Barrier Function Method, Report ES-210/89, Dept. of Systems Engineering and
Computer Sciences, COPPE-Federal Univ. of Rio de Janeiro, Brazil, 1989.

C. C. Gonzaga, Large-Steps Path-Following Methods for Linear Programming:
Potential Reduction Method, Report ES-211/89, Dept. of Systems Engineering
and Computer Sciences, COPPE—Federal Univ. of Rio de Janeiro, Brazil, 1989.
N. Karmarkar, A new polynomial-time algorithm for linear programming, Combi-
natorica 4:373-395 (1984).

M. Kojima, N. Megiddo, T. Noma, and A. Yoshise, A Unified Approach
to Interior Point Algorithms for Linear Complementarity Problems, Research
Report RJ 7493(70008), IBM Almaden Research Div., San Jose, Calif., 1990.

M. Kojima, S. Mizuno, and A. Yoshise, A polynomial-time algorithm for a class of
linear complementarity problems, Math. Programming 44:1-26 (1989).

M. Kojima, S. Mizuno, and A. Yoshise, An O(/n L) Potential Reduction Algo-
rithm for Linear Complementarity Problems, Research Report, Department of
Information Sciences, Tokyo Inst. of Technlogy, Tokyo, Japan, 1987.

N. Megiddo, Pathways to the optimal set in linear programming, in Proceedings
of 6th Mathematical Programming Symposium of Japan, Nagoya, Japan, 1986,
pp- 1-35.

R. C. Monteiro and 1. Adler, Interior path-following primal-dual algorithms,
part i: Linear programming, Math Programming 44:27-41 (1989).

R. C. Monteiro and I. Adler, Interior path-following primal-dual algorithms,
part ii: Convex quadratic programming, Math. Programming 44:43-66 (1989).
K. G. Murty, Linear Complementarity, Linear and Nonlinear Programming,
Heldermann, Berlin, 1988.

J. Renegar, A polynomial-time algorithm based on Newton’s method for linear
programming, Math. Programming 40:59-94 (1988).

J. Renegar and M. Shub, Simplified Complexity Analysis for Newton LP Meth-
ods, Tech. Report 807, School of Operations Research and Industrial Engineer-
ing, Cornell Univ., Ithaca, N.Y., 1988.

Y. Ye, Interior Algorithms for Linear, Quadratic and Linearly Constrained
Convex Programming, Ph.D. Thesis, Dept. of Engineering-Economic Systems,
Stanford Univ., Stanford, Calif., 1987.

Y. Ye, Further development on the interior algorithms for convex quadratic
programming, preprint, Dept. of Engineering-Economic Systems, Stanford Univ.,
Stanford, Calif., 1987.

Received 23 February 1992; final manuscript accepted 12 May 1992



