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Abstract

We consider the following generalization of distance-regular digraphs. A connected digraph
I' is said to be weakly dlstance regular if, for all vertices x and y with (a(x ), 6( »,x)) = h,
|{z € VI'|(8(x,z2),0(z,x)) = i and (8(z, ¥),3(y,z)) = j}| depends only on h, T and j. We give
some constructions of weakly distance-regular digraphs and discuss the connections to association
schemes. Finally, we determine all commutative weakly distance-regular digraphs of valency 2.
(© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

A digraph T is a pair (X,E) where X is a finite set of vertices and ECX? is a
set of arcs. Throughout this paper we use the term ‘digraph’ to mean a finite directed
graph with no loops. We often write V1" for X and EI' for E. An arc (u,v) of I
is undirected if (v,u) € EI'. A path of length r joining u and v is a finite sequence
of vertices (u=wy,wy,...,w, =0v) such that (w,_;,w,;)€EIl" for t=1,2,...,r. A path
(wg, w1, ..., w,_1) with distinct vertices is called a circuit of length r if (w,_;,wy) € ET.
A shortest circuit is called a minimal circuit. The girth g of I' is the length of a minimal
circuit. If a digraph contains an undirected arc, its girth is 2 by the definition. The
number of arcs traversed in a shortest path joining u and v is called the distance from u
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to v in I, denoted by d(u, v). The maximum value of the distance function in I is called
the diameter d of I'. For any two vertices x, y € VT, define o(x, y)=(0(x, y),0(y,x)).

Let '=(X,E) and I'"=(X',E’) be two digraphs. A bijection ¢ from X to X’ is
an isomorphism from I' to I if (x, y) € E if and only if (o(x),0(y)) € E’. We do not
distinguish between two isomorphic digraphs. An isomorphism from I' to I is called
an automorphism of I'. The set of all automorphisms of I forms a group under the
operation of composition. The group is called the automorphism group and denoted
by Aut(I'). A digraph I' is vertex transitive if Aut(I") is transitive on VTI'.

Lam [5] introduced a concept of distance-transitive digraphs (by requiring that there
exists an automorphism ¢ taking x to x’ and y to y’ whenever d(x, y)=0(x’, ")), and
gave some elementary properties and examples. Damerell [4] generalized this concept
to that of distance-regular digraphs. He proved that the girth g of a distance-regular
digraph of diameter d is either 2, d or d + 1, and that the one with d =g is a coclique
extension of a distance-regular digraph with d =g — 1. Bannai, Cameron and Kahn [1]
proved that a distance-transitive digraph of odd girth is a Paley tournament or a directed
cycle. Leonard and Nomura [6] proved that except directed cycles all distance-regular
digraphs with d =g — 1 have girth g<8. In order to find ‘good’ classes of digraphs
with unbounded diameter, the condition of distance-regularity seems to be too strong.
Damerell [4] suggested a more natural definition of distance-transitivity, i.e., weakly
distance-transitivity. In this paper, we introduce weakly distance-regular digraphs. In
Section 2, we give some constructions of weakly distance-regular digraphs. In Section 3,
connections to association schemes are discussed. In the last section, we determine all
commutative weakly distance-regular digraphs of valency 2.

Definition 1.1 (Damerell [4]). A connected digraph I' is said to be weakly distance-
transitive if, for any vertices x, y, x’ and )’ of I' satisfying d(x, y) =0d(x’, y"), there
exists an automorphism ¢ € Aut(I') such that x’=o(x) and y' =a(p).

Definition 1.2. A connected digraph I' is said to be weakly distance-regular if
P ) =|{z€ VT |d(x,z)=1 and d(z, y) =}

depends only on i J, h and does not depend on the choices of x and y with a(x, y)= h.
The numbers plf’i are called the intersection numbers of TI'.

It is easy to see that a weakly distance-transitive digraph is weakly distance-regular.

A weakly distance-regular digraph I' is commutative if pif’j: pj’!i~ for all 7, , h. Let
Ii(x)={yeVI|od(x,y)=i}. ky=|I;(x)| does not depend on the choice of x € ¥'I" and
k=|I(x)| is called the valency of I'. Clearly, a weakly distance-regular digraph of
valency 1 is a directed cycle.

Let I' be a connected digraph of diameter d. Let 4;; be a square matrix of size
|VT|, whose rows and columns are indexed by vertices of I" such that

(Ai,j)x,y { 1 if d(x, y) = (i),

0 otherwise.
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A; ; is called the (i, j)th adjacency matrix of I'. I' is a weakly distance-regular digraph,
if the span of the set {4;;|0<i,j<d} is closed under multiplication.

Definition 1.3. Let G be a finite group and S a subset of G not containing the identity
element. We define the Cayley digraph I = Cay(G,S) of G with respect to S by

V=G and EI={(x,sx)|x€G, s€S}.

A Cayley digraph I' = Cay(G,S) is connected if and only if G =(S). It is obvious
that Aut(I") contains the right regular representation of G, and so I is vertex transitive.
The following is our main result:

Theorem 1.1. If I' is a commutative weakly distance-regular digraph of valency 2
and girth g, then I' is isomorphic to one of the following:

(1) Cay(Z,.{1.2}).
(2) CaY(ZZ XZq,{(O,l),(l,O)}), 923
(3) Cay(Z,,{1,n—1}), n=3.

(4) Cay(Zy.{1,g+1}).
(5) Cay(Z2,{(0,1),(1,0)}).

2. Constructions

Now we give another characterization of weakly distance-transitive digraphs. Let I’
be a weakly distance-regular digraph. For each vertex x of I', we define

L) ={y e VT |d(x, )= (i, ))}.

It is easy to see that k; ; = |I; ;j(x)| does not depend on the choice of x. For vertices x
and y of I', let

P:5(x,y)={z€VI'|d(x,z)=i and d(z,y)=]}.
If 3(x, y) =, then |P;;(x, ¥)| = pl-(x, »).

The proof of next proposition is similar to the one in the undirected case.

(see [3].)

Proposition 2.1. A connected digraph I’ with diameter d is weakly distance-transitive
if and only if it is vertex tramsitive and the stabilizer of a fixed vertex v is transitive
on the set I ;(v) for each i,j€{0,1,...,d}.

Proposition 2.2. Let G be a finite abelian group and S a subset of G not containing
the identity element. If I' =Cay(G,S) is a weakly distance-regular digraph, then I’
is commutative.
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Proof. Since G is abelian, we write the operation additively. Thus
A%, 7)=(t1,1) if and only if o(—7,—%)=(t1,12).

It is easy to see that
Z2€ P i), (1% ¥) if and only if —Z€ P, j) (i1,i)(—F> —%).

So we have

(t1,12) (t1,12)

P i) = Pl o)t i)

Hence, the desired result follows. [

Remarks. This result can also be obtained as a corollary to the following well-known
result: Let (G,X) be a transitive group with an abelian subgroup H acting regularly
on X. Then the group-type association scheme associated with it is commutative.

Proposition 2.3. Let Z,, be a cyclic group of order 2g. Then
I =Cay(Zy,{1,2})

is a commutative weakly distance-transitive digraph.

Proof. Let 0<x, y<2g — 1. If 0(0,%) = (0, ), then

{_1“ 29—x| |29—vy

M‘[z and { 2 W‘{ 2 w :

where [z] denotes the minimal integer not less than z. We conclude ¥ = . Suppose
not. Without loss of generality, let x be even and y odd. Thus y=x — 1. So

29—y 2g —x+1 29 —x
= = 1
R =
which is impossible. Hence \Fi,j((_))|<l for all i,j. I' is vertex transitive, so it is a

weakly distance-transitive digraph by Proposition 2.1. The commutativity follows from
Proposition 2.2. [

Definition 2.1. Let I" be a digraph, and let ¢ be an integer at least 2. I’ is said to be
a t-coclique extension of I' if

VI'={(u,i)|uc VI and 0<i<t— 1}
and
ET' ={((u1),(v,/)) | (u,0) €ET}.
I'" is said to be a t-clique extension of I if

VI" ={(u,i)|ue VT and 0<i<t — 1}
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and

ET" ={((u,i),(v,)) | (u,v) €EET or u=v and i #j}.

Proposition 2.4. Let I' be a weakly distance-regular digraph of diameter d and girth
g with intersection numbers pif'f. Then a t-coclique extension I of I is weakly
distance-regular if and only if one of the following holds:

(i) kyqg=0. oo
(1) Ky = P01 and 537 = 80 for all 176 ((0.0).00))

Proof. Let 4;; be the (i,/)th adjacency matrix of I', and let 4] ; be the (i,/)th adja-
cency matrix of I''. It is easy to check that
Ao0® 1 if (i,/)=1(0,0),
At/‘,j = Ai,] ®Jt if (la]) é {(Oa O)a (ga g)}a
Agg@Ji+Ao,0 @ — 1) if (i,7)=(9,9),
where [, is the identity matrix of size ¢ and J; is the all one’s matrix of size ¢. For
any i ¢ {(0,0),(9,9)},
A;’A;,g =tA;4g 4 @J + (t — 1)A4; R,

can be written as a linear combination of A4, (0<s,#< max{d,g}) if and only if

(9:9)

(0.0).(a.q) T 1- Note that the latter equation is equivalent to the fol-

kgg=0 or kyg=p
lowing:

Aggdgg= kg»gAO»O + (kg,g - I)Ag»g-
Moreover, if it is the case, then

A‘;ﬂgA;jg =(t kyg+1t— l)Ag’0 +(t-kyg+1t— 2)A"q,g.

For all 7,7 ¢ {(0,0),(g,9)}, AZCA}:tA;Af@)Jt can be written as a linear combination

of A;, (0<s,t< max{d,g}) if and only if plgolio):p;gl;g). Hence the desired result
follows. [J ' .

Corollary 2.5. Let Z, be a cyclic group of order n. Then the following hold.

(1) I'=Cay(Zyy,{1,2,29 + 1,29+ 2,...,2(t — 1)g + 1,2(t — 1)g + 2}) is a commuta-
tive weakly distance-transitive digraph, where t,g>=2.

(2) I =Cay(Z,, {LLg+1,...,(c — g+ 1}) is a commutative weakly distance-
transitive digraph, where t,g>2.

Proof. (1) It is easy to see that I" is isomorphic to a 7-coclique extension of Cay(Zy,
{1,2}). By Proposition 2.3 and Theorem 2.4, I' is a commutative weakly distance-
transitive digraph.
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(2) It is easy to see that I' is isomorphic to a t-coclique extension of a directed
cycle of length g. By Propositions 2.3 and 2.4, the desired result follows. [

Proposition 2.6. Let I' be a weakly distance-regular digraph with intersection num-
bers p . Then a t-clique extension of I' is weakly distance-regular if and only if one
of the jollowmg holds:

(1) k=
(ii) ki1 = p(} Dt and pG0 = pY for all 7,j ¢ {(0,0), (1, 1)},

Proof. The proof is similar to that of Proposition 2.4 and will be omitted. [
Theorem 2.7. Let I'' =(X,Ey),...,I,,=(X,E,) be distance-regular digraphs of girth
3 and diameter 2 with the same intersection numbers. Let X =X", i.e., the direct

product of n copies of X. Two vertices %= (x1,X2,...,%n), 7= (1, V2,-.., ) €EX are
adjacent if there exists some j such that

or(x,y)=1 and x;=y; for all i#].
Then the digraph T’ defined above is a commutative weakly distance-reqular digraph.
Proof. Take X =(x1,...,%,), 7=(V1,...,yn) €X with 5()?,)7)2/;. If

{ilon(xi,y) =1} =s and [{j|0r(x;y) =2} =1

then h = (s+2t,+2s). For any two vertices &' = (x{,....x}), 7' =0,..., ¥, €X with
oF, P =h, if

{ilonGi,y)=1}=s" and [{j|or(xj,y) =2} =1

then (s + 2t,¢t 4+ 2s) = (s +2¢,¢' +25') and so s=s" and r=+¢". Let A,j be the (i, j)th
adjacency matrix of I'. It is easy to check that the span of the set {4, |0<i,j<2n}
is closed under multiplication, so I' is weakly distance-regular. []

Proposition 2.8. For integers n and m with 2<n<m, let
I' =Cay(Z, x Z, {(1,0),(0,1)}).

Then I is weakly distance-regular if and only if n=2 or n=m=3. Moreover, if I'
is weakly distance-regular, then it is weakly distance-transitive.

Proof. Let I' be a weakly distance-regular digraph. Suppose n#2. We will prove
n=m=3. If m+#n, then

P e ((0,0),(1,2)£0 and  pG0 53 ((0,0),(2,1))=0.
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This is impossible. If m =n >4, then
P aran-2((0,0,(22)#0 and  pl375 Y5, 5)((0,0),(3,1)=0.

This is impossible. Hence, n=m =3. Conversely, if n=m<3, then it is easy to
check that I' is weakly distance-transitive. Now we consider the case 2=n<m. If
3((0,0), (%, 7)) = 0((0,0), (&', 7)), then £=%" and j = 7. Thus |I; ;(0)| <1 for all .
By Proposition 2.1, I' is weakly distance-transitive. []

3. Connections to association schemes

In this section, we will discuss the relations between weakly distance-regular digraphs
and association schemes.

Definition 3.1. Let X be a finite set. Let § #R; CX x X, i=0,1,...,d satisfy the fol-
lowing:

(i) Ro={(x,x)|xeX}.

(il)) X x X =RoyU---UR, and RiﬁRj:(Z) if i#].
(iii) 'R; =Ry for some i’ € {0,1,...,d}, where 'R, ={(x,»)|(»,x) ER;}.
(iv) For h,i,j€{0,1,...,d} and (x, y) ERy,

pij={z€X|(x,2) €Ri (2, y) ER}}]
depends only on 4,7, j and does not depend on the choice of (x, y) € R;.

Such a configuration & = (X, {R;}o<i<a) is called an association scheme of class d
on X. If pfj: pffi for all h,i,j €{0,1,...,d}, Z is called a commutative association
scheme. If 'R; =R; for all i, Z is called a symmetric association scheme.

For more information about association schemes we would like to refer readers
to [2].

Let I" be a digraph, and let R; ; = {(x, y) € VI x VT | o(x, v)= (i, j)}. Set I ={(i, )|
R;;#0}. I' is a weakly distance-regular digraph if 2 = (VI,{R;;}: ) is an asso-
ciation scheme.

Theorem 3.1. Let & = ()(, {RO,O,Rl,r(l,l), . 7R1,r(1,t])a - aRq,r(q,l), . ,qu(q,tq)}) be an
association scheme satisfying

Rij={(x,y)eX xX|(»x)ER;;}=R;; and Roo={(x,x)|xeX},

where r(j,i) denotes a positive integer for each i,j. Let A; i be the adjacency
matrix with respect to Rj,r(j,i) and let A :Al,r(l,l)+' . '+Al,r(1,t1)o R:Rl,r(l,l) J---u
Ry 1,1y Then the following are equivalent:

(i) Let I'=(X,R) denote a digraph. Then 0(x, y)=(j,r(j,i)) if and only if (x,y) €
Ri (i), Le., I' is weakly distance-regular.
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(ii) For any non-negative integer s<gq, there exist numbers n(j,r(j,i),s) such that

K t

A=Y 00 r(Ga ). A0, (1)
J=0 i=1
where n(s,r(s,i),s)#0 for all 1<i<t,.
(iii) For any non-negative integers j,i<q and 1<I1<t;, let

~(j,r(j 1) _ (.17, 1))
Pi = Z Pir(i,0)(1,r(1,5))"

1<1<t,1<s<
Then pi""" =0 if j—i>2 and p/"(57 0.

Proof. (i)=-(ii): Suppose (i) holds. Let (x, y) €R; ;). Then

), , = 0 if j>s,
Y n(, (L i),s) if j<s.

Thus (1) holds and n(j,r(j,i),j)#0.

(ii)=-(i): Suppose (ii) holds. Then n(s,r(s,j),s) is the number of paths of
length s connecting x and y with (x, y) € R, s, ) for all 1<s<q, 1<j<t. We claim
that (x,y)eUﬁ’leg,,(g,i) if and only if d(x,y)=/. When /=0 or 1, the claim is
true. Suppose (x, y)eUf’:lR;,,(;,i). Then there exists a positive integer p such that
(X, YYERy 1, py. n(L,r(L, p),1)#0 implies 0(x, y)</. If d(x,y)</, then by induction
(x,»)¢ U, Ri.»1.i)» which contradicts our assumption. Thus d(x, y) = 1. Conversely,
if 0(x,y)=1, then (4'),,#0. Hence, by (1) there exist /; </ and i; such that

(%, ¥) € Riy r1y.ir)-

If [y <1, by induction d(x, y)=1; <[, which is impossible. Thus (x,y)eU;/:lR;,r(;,i),
and so our claim holds. Since (x, y) € R; ;) if and only if (y,x) € R ), it is clear
that d(x, y)=(1,r(1,j)) if and only if (x,¥) €ER1r1,j)-

(i)=(iii): Suppose (i) holds. By the triangle inequality, [;5{;’”””:0 if j —i=2,
and by the connectivity of I, ﬁj(i rlfjl"/))# 0.

(iii))=>(i): Suppose (iii) holds. We claim that if (x,y)€R;, then
d(x, y)=j. We use induction on j. If j=0,1, our claim holds. Now suppose j=>2.
Let R, ,(;,n(x)={y|(x, ) ER; ;i }. Then for y € R; ,(; ) (x), there exist /; and i, such
that R;_1 »(j—1,i)(X)N Re(1,ir),1(¥) # 0 and so d(x, y) <,j. Moreover, for all m<;—2, we
have

tm t
U Rm,r(m,l)(x) N U Rr(l,n),l(y) = (2)7
I=1 n=1

which implies d(x,y)>;. Thus 0O(x,y)=,. Since (x,y)€ER; ;i if and only if
(yax) S Rr(j,i),js (x’ y) € Rj,r(j,i) if and Only if a(x> y) = (]a I"(j, l)) U
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As an obvious corollary we have the following result:

Corollary 3.2. Let I' be a weakly distance-regular digraph with adjacency matrices
AO,OaAl,r(l,l): - :Al,r(l,tl)a e aAq,r(q,l)a - :Aq,r(q,tq) and let (I be the Bose—Mesner
algebra of T'. Then

d+1<dim (D)< 404 +1, 2)

Moreover, if both equalities hold in (2), then I is distance-regular.

4. Proof of Theorem 1.1

Throughout this section, we assume that I" is a commutative weakly distance-regular
digraph of valency 2 and girth g. We firstly prove the following result:

Proposition 4.1. If there exists an arc (u,v) with d(v,u)=q — 1>=g, then I is iso-
morphic to one of the following:

(1) CaY(Zzga{I’i}); - _ -
(2) Cay(Zy x Z4,{(0,1),(1,0)}).

We need the following lemma to prove the proposition:

Lemma 4.2. Assume the hypothesis in Proposition 4.1. For any x € VI, there exist
the following two circuits with only one common vertex

= s oo g— = e —1)-
(X X0, X1, 9-xL] 1) and (x 205215 an 1)

Proof. Let (x=x¢,x1,...,X;,—1) be a minimal circuit and let (x = yo, y1,..., y4—1) be a
circuit with d(yo, 1) =(1,g — 1). If the two circuits have another common vertex y;,
then y; =x,_44+; by 0(y;,x)=¢g — j. Let i be the minimal index such that y; =x,_,;.
Thus we have d(yi, yi+1) = 0(yi, Xg—g+i+1) = (1,g—1). Since ki g1 =1, yip1 =Xg—g1i+1.
By induction, we have y; =x,_4.; for all i <j<gq. Since y; € P g—1),(1,9—1)(Vi=1> Vi+1)>
there exists y; € P(1,g—1),(1,9—1)(¥i—1, yi+1) by the commutativity of I'. By induction,
there exists a path (y;—1 = y/_,, yf,...,y;_l,x) satisfying yj/€P(1,y,1),(1,q,1)(y;_1,yjﬂ),
where i<j<qg — 1 and y,=x. It is clear that yj’;«éyj for all i<j<g — 1. Take
20 =X, Z1=Yls--+sZi—1 = Yi—1» Zi:yz{a"'azqfl:y(;fli then (x():xla"':xqfl) and
(20,21, ...,24—1) are the desired circuits. [J

In the rest of this section, we always assume that all first subscriptions of x are
taken modulo g.

Proof of Proposition 4.1. Let (x¢,0,x1,0,...,X4—1,0) be a minimal circuit. By Lemma 4.2,
for any i, we can take a circuit (x; 0, X;,1,...,X;,g—1) With Xx; | Z X410 and x; 41 Zxi_1,0.
Note that 0(x; 0,X;,1) = 0(xi,q—1,%i,0) = (1, — 1). Then x;0 € P g—1),1,g—1)(Xi—1,0, Xi,1)
for all i. By the commutativity of I, for any i, there exists x{EP(Lq,1),(1,g,1)(xi,1,0, Xi1)-



234 K. Wang, H. Suzukil Discrete Mathematics 264 (2003) 225-236

Since ki 41 =1, we get x, =x,_1,1. So é(x,-_l,l,xl-,l):(l,gf 1) for all i. Let r = [{x; 1,
Xig—1]0<i<g — 1}|. First we consider the case r<2g. Since ki, =1, without
loss of generality, we assume there exist two non-negative integers j<i at most
g — 1 such that x;; =x;,—1. In this case, (x;1,Xj0,...,X;0) is a circuit of length
i —j+2. Since d(x;0,x,1)=(l,g — 1), we have i — j>g —2. Thus i=g — 1, j=0,
and so pE:ZZ:};’(I’q_I):l. By ki 4—1=1 and 0(x;—1,0,xi—1,1)=(l,g — 1), we have
Xi—1,1 EP(l,q_l),(l,q_1)(x,<_1,o,xi,0) for all i. Hence F:Cay(ZZ‘q,{l,2}).

Now assume that » =2g. Suppose all second subscriptions of x are taken modulo g.
We claim that

O(xijoxi ) =(l,g—1) and d(xi_1s1,%01)= (1,9 — 1) for all i, ;.
We will prove our claim by induction on j. Our claim holds for j =¢ — 1,0. Suppose

our claim holds for all integers ¢ — 1,0,1,...,/. By the argument of first paragraph,
we know that [{x; ;_1,x; ;41 |0<i<g — 1}|=2¢. So

30xe 15X 1) = 00x; joxi j42) = (2,4 — 2).

Since x; j € P(1.g—1).(1.g—1)(Xij—15Xi.j+1)s Xija1 € P1.g—1).(1.g—1)(¥ijXij2) bY ki g1 =1,
and so 0(x; j+1,%;j+2) = (1,g—1). Since x; j11€P1,g—1),(1,g—)(Xi—1,j4+1,Xi j+2), BY k1,41
=1 and the commutativity of I, Xi—1,j+2 6P(l’q,1),(1’!],1)(x,',1,j+1,x,"j+2), and so
Oz(xi_17j+2,xi,j+2)=(l,g —1). Thus our claim is valid. We claim that all vertices x; ;
with 0<i<<g—1, 0<j<g—1 are distinct. Suppose not. Without loss of generality we
may assume that xo o =x;; with 1<i<g—1 and 2<j<q — 1. Since there is a circuit
(X0,0,X1,05 - - -5 Xi,0,Xi, 15+ - -, X;,j—1) With x; ;=x0 o of length i + j which includes an arc
(x;,0,x;,1), we have i+j>g. On the other hand, there is a path (x; 0,X;11,0, - - ->X4—1,0,%0,0
=x; ;) of length g —i. Since é(x[,h,x,-,hﬂ):(l,q— 1) for h=0,1,j—1, 0(x;0,%i ;)= .
Thus g—i>j or g =i+j. Since g <g, this is a contradiction. This proves the claim. Now
it is clear that I ~ Cay(Z, x Z,,{(0,1),(1,0)}). Hence, I ~ Cay(Z, xZ,,{(0,1),(1,0)})
by Proposition 2.8. [

Proposition 4.3. If every arc is contained in a minimal circuit, then I' is isomorphic
to one of the following:

(1) Cay(Z,,{1,n—1}).
(2) Cay(Zzg,{i_,F}z.
(3) Cay(Z3,{(0,1),(1,0)}).

If g=2, I'~Cay(Z,,{1,n — 1}). So we only need to consider the case g=>3. We
need the following lemma to prove the proposition:

Lemma 4.4. Assume the hypothesis in Proposition 4.3. For any x € VI, there exist
the following two minimal circuits:

(x:xO)xl)”'axg—l) and (xZJ/OJ’lau'aJ’g—l)

satisfying |{x1,x4—1, 1, yg—1}| =4
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Proof. Let (x =xo,x1,...,x4—1) be a minimal circuit, and let d(y,—1,x)=0(x, y1)=1
with x; # y; and x,_1 # yy—1. If a path (y,_1,x0, y1) is not contained in any minimal
circuit, then every minimal circuit containing the arc (y,—1,xo) [resp. (xo,y1)] must
contain the arc (xo,x;) [resp. (xy,—1,%p)]. So we have

1 —
Pﬁg 1 1;(2J 2)(xo,x1)= {yg—1.%g-1}=2

and

1 —
Pﬁg 11)(2J z)(xoayl)—qu 1H=1L

This is impossible. [J

Proof of Proposition 4.3. Let (xg,0,X1,0,...,X5—1,0) be a minimal circuit. By Lemma
4.4, we can take a circuit (x;0,X;1,...,%,4—1) such that |[{x;_1 0,Xi+1,0,X; 1,%,9—1}| =4
for each i. Xg—1,0 EP(g_l,])7(179_1)()60,0,)(?[]_1’1), SO P(l’g_l)’(g_l’1)()(0,0,)69_1’1)#@ by the
commutativity of I'. ky =2 implies that 0(xy—y,1,x1,0) =1 or 0(xy—1,1,x0,1) = 1. First
we consider the case d(xy—1,1,x1,0) =1. Then p((lzfj 12;(1 —= =2 and 0(x;1,Xi12,0) =1
for all i. It is clear that (x;o,Xi1,Xi+2,0,..-,Xi—1,0) 1S @ minimal circuit for any i.
Thus 0(xi—1,0,%,1)=(2,9 — 2), and so 0(x;—1,1,x;,1)=1 for all i. Hence I' ~ Cay(Z,,,
{Lg+1}).

Now assume that 0(xy—1,1,%01)=1 and a(x(, 1.1,X1,0) 7 1. Suppose all second sub-
scriptions of x are taken modulo g. Then p(1 gff; (1g-1=1 and O(x; 1,Xi42.0)# 1 for
all i. We claim that

é(x,»,j,xH],j) =1 and Xi, j+1 7éx,»+|,j for all l,]

We prove our claim by induction on j. If j=0, our claim is valid. Now suppose
our claim holds for 0,1,...,;. Since x;; € Py—1,1),1,9—1)(Xi j+1,Xi11,;), there exists
xl(,]-€P(I,g_l),(g_l,1)(x,-,j+1,x,-+1’j) by the commutativity of I'. Since k; =2, we get

o r_ (2,9—2) _ : el ;
Xj; =Xit1,j+1 OF Xipoj. If xj ;=Xips ;, then P(1,g71),(1,g71)—2» which is impossible.

So xlf,j:x,-H,jH and 0(x; j+1,%i+1,j4+1) = 1. If there exists i such that x; ;1o =xi41 41,

then 6(x,-,j, xi+|,j+1):(2,g — 2) and Xit+1,j>Xi, j+1 EP(],g_1)j(]jg_l)(xi,j,xi+1’j+|). So
pgjgji(]’g_l) =2, which is impossible. Thus x; ;1> # X1, j+1. So our claim is valid.
We claim that all vertices x;; with 0<i,j<g — 1 are distinct. Suppose not. With-
out loss of generality we may assume that xoo=x;; with 1<i,j<g — 1. Since there
is a circuit (Xxo,0,X1,0,--->X;,0,Xi,1,---,X;,j—1) With x; ;=x0 of length i 4 j, we have
i+ j>=g¢g. On the other hand, there is a path (x;0,Xi41,0,-..,Xg—1,0,%0,0 =;,;) of length
g —i. Hence g —i>j or g=i+ j. Thus i + j=g. Now there is a circuit of length
g containing x;_; 0 and x;;, so we have Pﬁljgiﬂ,(l,g_l):l which is a contradic-
tion. This proves the claim. Thus I' >~ Cay(Z, x Z,, {(0,1),(1,0)}). By Proposition 2.8,
I ~Cay(22,{(0,1),(1,0)}). O

Combining Propositions 4.1 and 4.3, we complete the proof of Theorem 1.1. We
also note that Theorem 1.1 also holds for a weakly distance-transitive digraph.
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5. Concluding remarks

(1) We do not know any example of non-commutative weakly distance-regular di-
graphs, so we think it is important to find such examples.

(2) In Theorem 2.7, the base graph of I is a Hamming graph. It seems interesting that
when an orientation of a distance-regular graph defines a weakly distance-regular
digraph.

(3) Recently, A. Hanaki searched weakly distance-regular digraphs with small number
of vertices using the data of the classification of association schemes of small size
(joint work with 1. Miyamoto). He kindly uploaded the data of his search on his
homepage at: URL: http://kissme.shinshu-u.ac.jp/as/data/wdrdg.
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