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A CLASS OF NON-SOLVABLE FINITE GROUPS 

by ZVONIMIR JANKO 

Let I b e a finite group. If P is a p-subgroup of X different from identity (p is a 
prime), then the normalizer NX(P) of P in X is called a p-local subgroup of X. 

A subgroup Y of X is called a local subgroup of X if Y is a p-local subgroup of X 
for some prime p. 

The purpose of this work is to determine the structure of every non-solvable finite 
group G which has the following property: 

(S) Each 2-local subgroup H of G is solvable and all odd order Sylow subgroups of H 
are cyclic. 

We remark that John G. Thompson has considered in Section 15 of the N-groups 
paper all non-solvable finite groups X with the property that every local subgroup 
of X is solvable and every 2-local subgroup of X has cyclic Sylow p-subgroups for 
all odd primes p. Therefore this work can be considered as a generalization of the 
Thompson's (unpublished) work. Also the occurrence of the Tits simple group of 
order 211 -33-52-13 which is an N-group makes the above problem very complicated. 
Here an N-group is a non-solvable finite group all of whose local subgroups are sol
vable. 

The only known non abelian finite simple groups with the property (S) are: L2(r), 
r > 3, L3(3), M1X, l/3(3), Sz(q), U3(q) where q = 2" ^ 4 and the Tits simple group. 
We shall call these groups SK-groups, 

Let G be a non-abelian finite simple group of the smallest possible order which has 
the property (S) but which is not isomorphic to any SK-group. We have proved 
so far that the group G has the following properties: 

(1) Let T be a fixed Sylow 2-subgroup of G. Then T possesses a normal elementary 
abelian subgroup of order ;> 8. Also T does not normalize any non-identity odd order 
subgroup of G. Here we have used a joint result with J. G. Thompson and also some 
unpublished results of D. Gorenstein and J. H. Walter about centralizers of involu
tions. 

(2) A fixed Sylow 2-subgroup T of G is contained in at least two distinct maximal 
2-local subgroups of G. This result in particular rules out the possibility that T is 
a maximal subgroup of G. Also the chances to determine the structure of T are 
therefore increased. 

(3) Let H be any 2-local subgroup of G. Then the maximal normal odd order sub
group 0(H) of H is equal 1. This is an immediate consequence of (1) and a result of 
D. Gorenstein about simple groups of characteristic 2 type. 
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(4) The group G does not have a maximal 2-local subgroup M with the following 
properties: (i) Every normal abelian 2-subgroup of M is generated by at most two ele
ments. (U) M possesses a non-cyclic normal abelian 2-subgroup A such that CG(a) Ç M 
for every involution a of A. The proof of this result is a straightforward adaptation 
of the corresponding result in Section 13 of the iV-groups paper of J. G. Thompson. 

(5) The group G does not have a maximal 2-local subgroup M such that the maximal 
normal 2-subgroup 02(M) of M is of symplectic type. Here a 2-group X is of symplectic 
type if X is non-cyclic and every characteristic abelian subgroup of X is cyclic. The 
proof of this result is also a straightforward adaptation of the proof of the correspond
ing results in Section 13 of the JY-groups paper of J. G. Thompson. 

(6) Let T be a fixed Sylow 2-subgroup of G. Let Mt and M2 be two distinct maximal 
2-local subgroups of G which contain T. Then we have Mx r\ M2 = T. 

This difficult result is proved in the following way. Assume that the result (6) is 
false. Then it is shown at first that G possesses one and only one maximal 2-local 
subgroup M containing T such that the order of M is divisible by a prime p > 7. 
Also NG(T) ç M. Let N be a maximal 2-local subgroup of G containing T which 
is different from M. Then we have M n N = TD, where D # 1, D is a cyclic odd 
order subgroup and T is normal in TD. Let E be a Hall 2'-subgroup of M contain
ing D and let F be a Hall 2'-subgroup of N containing D. Then it is shown that E 
is a Frobenius group with kernel E' and a complement D and F is cyclic. We have 
| F/D | = 3 or 5 or 15. Also D is a Hall subgroup of F. The following result is crucial. 
For every subgroup D0 of prime order p of D, D0 centralizes a four subgroup of T, 
CG(D0) is non-solvable and a Sylow p-subgroup of G is non-cyclic. By the methods 
of Section 13 of the JV-groups paper of J. G. Thompson it is shown that Çïx(Z(T)) 
has order < 4 and that T0 = Q^ZÇT)) is a normal subgroup of M. This last result 
is very strong and leads quickly to a contradiction. It is shown that D possesses a 
subgroup P of prime order p such that P centralizes T0. It follows that the order 
of D is in fact equal p and that p = 5 or, 7. Also T0 = < z > has order 2, M has no 
normal four subgroups and M = CG(z). We have that Tt = CT(D) is a Sylow 2-sub
group of NG(D) = CG(D) and Tt is either a dihedral group of order 8 or Tx is a direct 
product of a group of order 2 and a dihedral group of order 8. If p = 5, then 
Q?CD) = D x L where L is isomorphic to A6, S5 or S6 and if p = 7, then CG(D) = DxL 
with L m L2(7). Finally, we also get that | F/D \ = 3. In all these results the mini
mality of | G | is used several times. After that we show that NG(T) = M. There 
are normal elementary abelian 2-subgroups of M of order > 8. Let F be one of these 
of the smallest possible order. Then for every subgroup F0 of index 2 of F we show 
that CG(F0) ç M. After that a standard consideration of the weak closure of F 
in T yields a contradiction. 

(7) A Sylow 2-subgroup T of G is self-normalizing in G. In the proof of this result 
the minimality of | G | is used together with a result of C. Sims about primitive permu
tation groups. 

(8) Let M be any maximal 2-local subgroup of G containing the fixed Sylow 2-subgroup T 
of G. Then T= TU where the subgroup U has order 3 or 5 or 15. This result is 
proved by using the methods of Section 13 of the N-groups paper of J. G. Thompson. 
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As a direct consequence of this result we also get that every maximal 2-local subgroup 
of G has order 2ak where a > 0 and k = 3 or 5 or 15. 

As a conclusion we may say that the last result heavily restricts the structure of 
2-local subgroups of G and so it is hoped that the final contradiction will be reached 
showing that there is no counter-example G. This will then show that every non-
abelian finite simple group with the property (S) is an SK-group. 

It is also easily seen that G is an JV-group. 

In the future work the following characterization of the Tits simple group given 
by D. Parrott (unpublished) will be very useful. 

Let X be a finite simple group which possesses an involution z such that the centra
lizer H of z in X has the following properties: 

(i) 02(H) has order 29 and class at least 3. 
(ii) H/02(H) is a Frobenius group of order 10 or 20. 
(iii) If P is a subgroup of order 5 of H, then the centralizer of P in 02(H) is contained 

in Z(02(H)). 

Then H/02(H) has order 20 and X is isomorphic to the Tits simple group. 
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