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80. Introduction

The objective of these notes is to present the basic aspects of the theory of
insurance, concentrating on the part of this theory related to life insurance. An
understanding of the basic principles underlying this part of the subject will form a
solid foundation for further study of the theory in amore general setting.

Throughout these notes are various exercises and problems. The reader should
attempt to work all of these.

Also, problem sets consisting of multiple choice problemssimilar to thosefound
on examinations given by the Society of Actuaries are provided. The reader should
work these problem setsin the suggested time allocation after the material has been
mastered. The Tablesfor Exam M provided by the Society of Actuaries can be used
as an ad in solving any of the problems given here. The Illustrative Life Table
included hereisacopy of thelife table portion of these tables. The full set of tables
can be downloaded from the Society’s web site. Familiarity with these tablesis an
essential part of preparation for the examination.

Readers using these notes as preparation for the Society of Actuaries examina-
tion should master the material to the extent of being able to deliver acourse on this
subject matter.

A calculator, such asthe one alowed on the Society of Actuaries examinations,
will be useful in solving many of the problems here. Familiarity with this calculator
and its capabilities is an essential part of preparation for the examination.
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81. Overview

The central theme of these notesis embodied in the question, “What isthe value
today of arandom sum of money which will be paid at arandom timein the future?’
Such arandom payment is called a contingent payment.

The theory of insurance can be viewed as the theory of contingent payments.
The insurance company makes payments to its insureds contingent upon the oc-
currence of some event, such as the death of the insured, an auto accident by an
insured, and so on. Theinsured makes premium paymentsto the insurance company
contingent upon being alive, having sufficient funds, and so on. A natural way to
model these contingencies mathematically isto use probability theory. Probabilistic
considerations will, therefore, play an important role in the discussion that follows.

The other central consideration in the theory of insurance is the time value of
money. Both claims and premium payments occur at various, possibly random,
points of time in the future. Since the value of a sum of money depends on the
point in time at which the funds are available, a method of comparing the value
of sums of money which become available at different points of time is needed.
This methodology is provided by the theory of interest. The theory of interest will
be studied first in a non-random setting in which all payments are assumed to be
sure to be made. Then the theory will be developed in a random environment, and
will be seen to provide a complete framework for the understanding of contingent
payments.
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§2. Elements of the Theory of Interest

A typical part of most insurance contracts is that the insured pays the insurer
a fixed premium on a periodic (usualy annual or semi—annual) basis. Money has
timevalue, that is, $1 in hand today is more valuable than $1 to be received one year
hence. A careful analysis of insurance problems must take this effect into account.
The purpose of this section is to examine the basic aspects of the theory of interest.
A thorough understanding of the concepts discussed hereis essential.

To begin, remember the way in which compound interest works. Suppose an
amount A is invested at interest rate i per year and this interest is compounded
annually. After 1 year, the amount in the account will be A+iA = A(1 +1i), and this
total amount will earn interest the second year. Thus, after n years the amount will
be A(1 +i)". The factor (1 +1i)" is sometimes called the accumulation factor. If
interest iscompounded daily after the same n yearsthe amount will be A(1+ %)365”.
In this last context the interest rate i is called the nominal annual rate of interest.
The effective annual rate of interest isthe amount of money that one unit invested
at the beginning of theyear will earn during the year, when theamount earned ispaid
at the end of the year. In the daily compounding example the effective annual rate
of interest is (1+ 5-)*° — 1. Thisisthe rate of interest which compounded annually
would provide the same return. When the time period is not specified, both nominal
and effective interest rates are assumed to be annual rates. Also, the terminology
‘convertibledaily’ is sometimes used instead of ‘ compounded daily.” Thisservesas
areminder that at the end of a conversion period (compounding period) the interest
that has just been earned istreated as principal for the subsequent period.

Exercise2-1. What isthe effective rate of interest corresponding to an interest rate
of 5% compounded quarterly?

Two different investment schemes with two different nominal annual rates of
interest may in fact be equivalent, that is, may have equal dollar value at any fixed
date in the future. This possibility isillustrated by means of an example.

Example 2-1. Suppose | have the opportunity to invest $1 in Bank A which pays
5% interest compounded monthly. What interest rate does Bank B have to pay,
compounded daily, to provide an equivalent investment? At any timet in years

the amount in the two banks is given by (1 + %)m and (1 + %)36& respectively.

Finding the nominal interest rate i which makes these two functions equal is now

an easy exercise.

Exercise 2-2. Find theinterest ratei. What is the effective rate of interest?
Situations in which interest is compounded more often than annually will arise
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§2: Elements of the Theory of Interest 5

frequently. Some notation isneeded to discussthese situations conveniently. Denote
by i™M the nominal annual interest rate compounded m times per year which is
equivalent to the interest ratei compounded annually. This means that

imy\™ )
<1+m) =1+1.

Exercise 2-3. Compute 0.05(2),

An important abstraction of the idea of compound interest is the idea of con-
tinuous compounding. If interest is compounded n times per year the amount after
t yearsis given by (1+ in)m. Letting n — oo in this expression produces €', and
this corresponds to the notion of instantaneous compounding of interest. In this
context denote by 6 the rate of instantaneous compounding which is equivalent
to interest rate i. Here 6 is called the force of interest. The force of interest is
extremely important from a theoretical standpoint and also provides some useful
quick approximations.

Exercise 2-4. Show that 6 =In(1 +1i).

Exercise 2-5. Find the force of interest which is equivalent to 5% compounded
daily.

The converse of the problem of finding the amount after n years at compound
interest is as follows. Suppose the objective is to have an amount A n years hence.
If money can be invested at interest rate i, how much should be deposited today in
order to achieve this objective? The amount required is A(1 +i)™. This quantity is
called the present value of A. Thefactor (1+i)™* isoften called the discount factor
and is denoted by v. The notation v; isused if the value of i needs to be specified.

Example 2-2. Suppose the annual interest rate is 5%. What is the present value of
a payment of $2000 payable 10 years from now? The present value is $2000(1 +
0.05)° = $1227.83,

The notion of present value is used to move payments of money through time
in order to simplify the analysis of a complex sequence of payments. In the ssimple
case of the last example the important idea is this. Suppose you were given the
following choice. You may either receive $1227.83 today or you may receive $2000
10 years from now. If you can earn 5% on your money (compounded annually)
you should be indifferent between these two choices. Under the assumption of an
interest rate of 5%, the payment of $2000 in 10 years can be replaced by a payment
of $1227.83 today. Thusthe payment of $2000 can be moved through time using the
idea of present value. A visual aid that is often used isthat of atime diagram which



§2: Elements of the Theory of Interest 6
shows the time and amounts that are paid. Under the assumption of an interest rate
of 5%, the following two diagrams are equivalent.

Two Equivalent Cash Flows

$2000  $1227.83

_ 10 0 .
time (years) time (years)

The advantage of moving amounts of money through time is that once all
amounts are paid at the same point in time, the most favorable option is readily
apparent.

Exercise 2-6. What happens in comparing these cash flows if the interest rate is
6% rather than 5%7?

Notice too that a payment amount can be easily moved either forward or back-
ward intime. A positive power of vis used to move an amount backward intime; a
negative power of vis used to move an amount forward in time.

In an interest payment setting, the payment of interest of i at the end of the
period is equivalent to the payment of d at the beginning of the period. Such a
payment at the beginning of a period is called a discount. Formally, the effective
annual rate of discount isthe amount of discount paid at the beginning of a year
when the amount invested at the end of the year isaunit amount. What relationship
between i and d must hold for a discount payment to be equivalent to the interest
payment? Thetime diagram is as follows.

Equivalence of Interest and Discount
i d
0 1 0 1

Therelationship isd = iv follows by moving the interest payment back in time
to the equivalent payment of iv at time 0.

Exercise 2—7. Denote by d™ the rate of discount payable m times per year that is
equivalent to a nominal annual rate of interest i. What is the relationship between
d™ and i? Between d™ and i(™? Hint: Draw the time diagram illustrating the two
payments made at time 0 and 1/ m.

Exercise 2-8. Treasury bills (United States debt obligations) pay discount rather
than interest. At arecent sale the discount rate for a 3 month bill was 5%. What is
the equivalent rate of interest?
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The notation and the relationships thus far are summarized in the string of
equalities
_ jmy ™M dmy ™™
1+i= <1+> = (1—) =vi=¢.
m m

Another notion that is sometimes used is that of smpleinterest. If an amount
A is deposited at interest rate i per period for t time units and earns simple interst,
the amount at the end of the period is A(1 +it). Simple interest is often used over
short time intervals, since the computations are easier than with compound interest.

The most important facts are these.

(1) Once an interest rate is specified, a dollar amount payable at one time can
be exchanged for an equivalent dollar amount payable at another time by
multiplying the original dollar amount by an appropriate power of v.

(2) The five sided equality above allows interest rates to be expressed relative
to a convenient time scale for computation.

These two ideas will be used repeatedly in what follows.
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Problems
Problem 2—1. Show that if i > O then

d<d?®<d® < Ik 6 < Mk i® <i® <.

Problem 2—2. Show that limm_ o d™ = limp_ . i™ = 8.

Problem 2—-3. Calculate the nominal rate of interest convertible once every 4 years
that is equivalent to anominal rate of discount convertible quarterly.

Problem 2—4. Interest rates are not always the same throughout time. In theoretical
studies such scenarios are usually modelled by allowing the force of interest to
depend on time. Consider the situation in which $1 is invested at time O in an
account which pays interest at a constant force of interest 6. What is the amount
A(t) inthe account at timet? What isthe relationship between A’ (t) and A(t)? More
generally, suppose the force of interest at timetis §(t). Arguethat A’ (t) = S(t)A(t),
and solve this equation to find an explicit formulafor A(t) in terms of §(t) aone.

Problem 2-5. Suppose that a fund initially containing $1000 accumulates with a
force of interest 6(t) = /(1 +t), fort > 0. What is the value of the fund after 5
years?

Problem 2—6. Suppose afund accumulates at an annual rate of ssimple interest of i.
Wheat force of interest o(t) provides an equivalent return?

Problem 2—7. Show that d = 1 —v. Isthere asimilar equation involving d™?
Problem 2-8. Show that d = iv. Isthere asimilar equation involving d™ and i™?

Problem 2-9. Show that if interest is paid at rate i, the amount at time t under
simple interest is more than the amount at time t under compound interest provided
t < 1. Show that the reverse inequality holdsif t > 1.

d

Problem 2-10. Compute the derivatives ;d and av 0.



§2: Elements of the Theory of Interest

Solutionsto Problems

Problem 2-1. An analytic argument is possible directly from the formulas.
For example, (L+i™M/m™=1+i =€’ s0i™ = m(e’™-1). Consider masa
continuous variable and show that the right hand side is a decreasing function
of mfor fixed i. Can you give a purely verbal argument? Hint: How does
an investment with nominal rate i® compounded annually compare with an
investment at nominal ratei®® compounded twice ayear?

Problem 2-2. Sincei™ = m((1 + i)™ - 1) the limit can be evaluated directly
using L'Hopitals rule, Maclaurin expansions, or the definition of derivative.

Problem 2-3. Therelevant equation is (1 +4i®¥) e - (1-d“@/4) -

Problem 2—4. In the constant force setting A(t) = €' and A'(t) = SA(t).
The equation A’ (t) = J(t)A(t) can be solved by separation of variables to give

At) = A(O)efc: 3eds,

5
Problem 2-5.  The amount in the fund after 5 years is 1000(-}[0 s -
1000€"®-In(M = 6000.

Problem 2-6. Theforce of interest must satisfy 1 + it = el 3% for a1 > 0.
t
Thus / 6(s) ds = In(1+it), and differentiation using the Fundamenta Theorem
0
of Calculus shows that thisimplies 6(t) = i/(1 +it), fort > 0.

Problem 2-7. 1-d™/m=v/™

Problem 2-8. d™/m=vYmMiM/m,

Problem 2-9. The problem isto show that 1 +it > (1 +i)!if t < 1, with the
reverse inequality for t > 1. The function 1 + it is alinear function of t taking

the value 1 whent = 0 and the value 1 +i whent = 1. The function (1+i)tisa
convex function which takesthevalue 1 whent = 0and 1 +i whent = 1.

d _d_ N a2 d._d A1
Problem 2-10. ad—a(l 1 (A+)) = (A+) ,anddv6—dv( In(v)) = -v .

9



§2: Elements of the Theory of Interest

Solutionsto Exercises

Exercise2-1. Theequation to be solved is (1 +0.05/4)* = 1+i, wherei isthe
effective rate of interest.

Exercise 2-2. Taking t™" roots of both sides of the equation shows that t plays
noroleindeterminingi and leadsto theequationi = 365((1+0.05/ 12)1%365-1) =
0.04989.

Exercise2-3. 0.052 = 12((1 + 0.05)¥12 - 1) = 0.04888.
Exercise 2-4. The requirement for equivalenceisthat €® = 1 +i.

Exercise 2-5. Heree® = (1+ 0.05/365)3%, so that § = 0.4999. So asarough
approximation when compounding daily the force of interest is the same as the
nominal interest rate.

Exercise2-6. The present valuein this caseis $2000(1 +0.06)° = $1116.79.

Exercise2-7. A payment of d™/mmadeat time 0 isrequired to be equivalent
to a payment of i(M/m made at time 1/m. Hence d™/m = v¥™M(M/m. Since
vVm=(1+)Y™ = 1+i™M/mthisgivesd™/m= 1-v¥Mor 1+i = (1-d™/m) ™.
Another relation is that d™/m—i™/m = (d™/m){i™/m).

Exercise 2-8.  The given information is d® = 0.05, from which i can be
obtained using the formula of the previous exercise asi = (1-0.05/4)™% -1 =
0.0516.
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§3. Cash Flow Valuation

Most of the remainder of these noteswill consist of analyzing situations similar

to the following. Cash payments of amounts Cy, Cy, ..., C, are to be received at
timesO, 1, ..., n. A cash flow diagram is asfollows.
A General Cash Flow
Co C Cn
0 1 .. n

The payment amounts may be either postive or negative. A positive amount denotes
acash inflow; a negative amount denotes a cash outflow.

There are 3 types of questions about this general setting.

(2) If the cash amounts and interest rate are given, what is the value of the cash
flow at agiven time point?

(2) If theinterest rate and all but one of the cash amounts are given, what should
the remaining amount be in order to make the value of the cash flow equal
to agiven value?

(3) What interest rate makes the value of the cash flow equal to a given value?

Here are afew simple examples.

Example 3-1. What isthe value of this stream of payments at agiventimet? The
payment C; made at timej is equivalent to apayment of C;v ™! at timet. So the value
n

of the cash flow stream at timetis >~ Civi ™,
j=0

Example 3-2. Instead of making payments of 300, 400, and 700 at the end of
years 1, 2, and 3, the borrower prefers to make a single payment of 1400. At what
time should this payment be made if the interest rate is 6% compounded annually?
Computing all of the present values at time 0 shows that the required timet satisfies
the equation of value 300(1.06)* + 400(1.06)? + 700(1.06) 3 = 1400(1.06), and
the exact solution ist = 2.267.

Example 3-3. A borrower is repaying aloan by making payments of 1000 at the
end of each of the next 3 years. The interest rate on the loan is 5% compounded
annually. What payment could the borrower make at the end of the first year in
order to extinguish theloan? If the unknown payment amount at the end of the year
is P, the equation of value obtained by computing the present value of all payments
at theend of thisyear isP = 1000+ 1000v+1000v2, wherev = 1/1.05. Computation
gives P = 2859.41 asthe payment amount. Notice that the same solution isobtained
using any time point for comparison. The choice of time point asthe end of thefirst
year was made to reduce the amount of computation.
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83: Cash Flow Valuation 12

Problems

Problem 3-1. What rate of interest compounded quarterly is required for a deposit
of 5000 today to accumulate to 10,000 after 10 years?

Problem 3-2. Aninvestor purchases an investment which will pay 2000 at the end
of one year and 5000 at the end of four years. The investor pays 1000 now and
agrees to pay X at the end of the third year. If the investor uses an interest rate of
7% compounded annually, what is X?

Problem 3-3. A loan requiresthe borrower to repay 1000 after 1 year, 2000 after 2
years, 3000 after 3 years, and 4000 after 4 years. At what time could the borrower
make a single payment of 10000 to repay the loan? Assume the interest rate is 4%
effective.

Problem 3-4. A note that pays 10,000 3 months from now is purchased by an
investor for 9500. What is the effective annua rate of interest earned by the
investor?
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Solutionsto Problems

Problem 3-1. The equation of value is 5000(1 + i/4)* = 10000, from which
i =0.0699.

Problem 3-2. The equation of value today is 2000v + 5000v* = 1000 + Xv3
wherev = 1/1.07. Thus X = 5773.16.

Problem 3-3. The exact time't is the solution of 1000v + 2000v2 + 3000V +
4000v* = 10000v!, wherev = 1/1.04. Thust = 2.98 years.

Problem 3-4. The equation involving the annual rate of interest i is 9500(1 +
i)Y4 = 10000, from which i = 0.2277.

13



84. Sample Question Set 1

Solve the following 6 problemsin no morethan 30 minutes.

Question 4-1. Fund A accumulates at aforce of interest 05t attimet (t = 0).

Fund B accumulates at a force of interest 0.05. You are given that the amount in
Fund A at time zero is 1,000, the amount in Fund B at time zero is 500, and that the
amount in Fund C at any timet is equa to the sum of the amount in Fund A and
Fund B. Fund C accumulates at force of interest 6. Find 6.

31
A —
660
21 2+eb?
B. — D. ———
440 44+ 2091
1+t E 2+ bl
22 + 20eb1 T 22+ 20t

Question 4-2 . Gertrude deposits 10,000 in abank. During the first year the bank
credits an annual effective rate of interest i. During the second year the bank credits
an annual effectiverate of interest (i—5%). At theend of two yearsshehas12,093.75
in the bank. What would Gertrude have in the bank at the end of three yearsif the
annual effective rate of interest were (i + 9%) for each of the three years?

A. 16,851

B. 17,196 D. 17,936

C. 17,499 E. 18,113

Queﬁtiog 4-3 . Fund X starts with 1,000 and accumulates with a force of interest
o = 15 for 0 <t < 15. Fund Y starts with 1,000 and accumulates with an

interest rate of 8% per annum compounded semi-annually for the first three years
and an effectiveinterest rate of i per annum thereafter. Fund X equals Fund Y at the
end of four years. Calculatei.

A. 0.0750
B. 0.0775 D. 0.0825
C. 0.0800 E. 0.0850
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84: Sample Question Set1 15

Question 44. Jeff puts100into afund that paysan effective annual rate of discount

, . 2t
of 20% for the first two years and a force of interest of rate 6 = Z+g 2<t<4,

for the next two years. At the end of four years, the amount in Jeff’s account is the

same as what it would have been if he had put 100 into an account paying interest at

the nominal rate of i per annum compounded quarterly for four years. Calculatei.
A. 0.200

B. 0.219 D. 0.285

C. 0.240 E. 0.295

Question 4-5 . On January 1, 1980, Jack deposited 1,000 into Bank X to earn
interest at the rate of j per annum compounded semi-annually. On January 1, 1985,
he transferred his account to Bank Y to earn interest at the rate of k per annum
compounded quarterly. On January 1, 1988, the balance at Bank Y is1,990.76. If
Jack could have earnedinterest at therate of k per annum compounded quarterly from
January 1, 1980 through January 1, 1988, his balance would have been 2,203.76.
Calculate theratio k/j.

A. 125
B. 1.30 D. 140
C. 135 E. 145

Question 4-6 . You are given two loans, with each loan to be repaid by a single
payment in the future. Each payment includes both principal and interest. The
first loan is repaid by a 3,000 payment at the end of four years. The interest is
accrued at 10% per annum compounded semi-annually. The second loan is repaid
by a 4,000 payment at the end of five years. The interest is accrued at 8% per
annum compounded semi-annually. These two loans are to be consolidated. The
consolidated loan is to be repaid by two equal installments of X, with interest at
12% per annum compounded semi-annually. The first payment is due immediately
and the second payment is due one year from now. Calculate X.
A. 2459

B. 2485 D. 2521

C. 2504 E. 2,537
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Answersto Sample Questions

Question 4-1. TheamountinfundA attimetisA(t) = 1000/ 75 % = 1000+50t,
the amount in fund B at timet is B(t) = 500e®%' and the amount in fund C at time
tis C(t) = A®t) +B(t). So & = C'(2/C(2) = (A'(2) + B'(2)/(AQ2) + B(2)) =
(50 + 256°1)/ (1100 + 5006”1 = (2 + €°1)/ (44 + 20e"1). D.

Question 4-2 . From the information given, 10000(1 +1i)(1+1i —0.05) = 12093.75,
from whichi = 0.125. Thus 10000(1 +i + 0.09)° = 17, 936.13. D.

Question 4-3 . After 4 years the amount in fund X is 15000/ (15 — 4) = 15000/ 11
and theamount infund Y is1000(1.04)°(1+i). Equating thesetwo givesi = 0.0777.
B.

Question 44 . The amount Jeff actually has is 100(1 - 0.20)‘Zef245‘dt = 312.50,
while what he would have under the other option is 100(1 + i/4)6. Equating and
solving givesi = 0.2952.E.

Question 4-5. Thegiveninformation givestwo equations. First, 1000(1+j/2)1°(1+
k/4)'? = 1990.76 and second 1000(1 +k/ 4)%? = 2203.76. The second givesk = 0.10,
and using thisin thefirst givesj = 0.0799. Thusk/j = 1.25. A .

Question 4-6 . From the information given, 3000(1.05)8 + 4000(1.04) 0 = X +
X(1.06)72, from which X = 2504.12. C .



85. Annuities, Amortization, and Sinking Funds

Many different types of financial transactions involve the payment of a fixed
amount of money at regularly spaced intervals of time for a predetermined period.
Such a sequence of payments is called an annuity certain or, more simply, an
annuity. A common example is loan payments. The concept of present value is
easily used to evaluate the worth of such a cash stream at any point intime. Hereis
an example.

Example 5-1. Suppose you have the opportunity to buy an annuity, that is, for
a certain amount A > 0 paid by you today you will receive monthly payments of
$400, say, for the next 20 years. How much is this annuity worth to you? Suppose
that the payments are to begin one month from today. Such an annuity is called an
annuity immediate (a truly unfortunate choice of terminology). The cash stream
represented by the annuity can be visualized on atime diagram.

An Annuity Immediate

$400 400 .- «-+ $400  $400

| T x x \
0 1 2 239 240

Clearly you would be willing to pay today no more than the present value of the
total payments made by the annuity. Assume that you are able to earn 5% interest
(nominal annual rate) compounded monthly. The present value of the paymentsis

240 05 _
S+ E)-J 400.
=1

This sum is simply the sum of the present value of each of the payments using the
indicated interest rate. This sum is easily found since it involves a very simple
geometric series.

Exercise 5-1. Evaluate the sum.

Since expressions of this sort occur rather often, actuaries have devel oped some
special notation for this sum. Write a, for the present value of an annuity which
pays $1 at the end of each period for n periods.

The Standard Annuity Immediate

1 n-1 N n+1

Then 1o\
an:ZVj: |

n
=1
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85: Annuities, Amortization, and Snking Funds 18

where the last equality follows from the summation formulafor a geometric series.
The interest rate per period is usually not included in this notation, but when such
information is necessary the notation is api. The present value of the annuity in the
previous example may thus be expressed as 400855; o5/12-

A dlightly different annuity isthe annuity due which isan annuity in which the
payments are made starting immediately. The notation &, denotes the present value
of an annuity which pays $1 at the beginning of each period for n periods.

The Standard Annuity Due
1 1 0 0
0 1 e n-1 n n+1
Clearly .
IS Vi
an = ZVJ =
j=0 d

where again the last equality follows by summing the geometric series. Note that n
still refersto the number of payments. If the present timeis denoted by time O, then
for an annuity immediate the last payment is made at time n, while for an annuity
due the last payment is made at time n — 1, that is, the beginning of the nth period.
Evidently, an = vayn, and there are many other similar relationships.

Exercise 5-2. Show that an = vay.

The connection between an annuity due and an annuity immediate can beviewed
in the following way. In an annuity due the payment for the period is made at the
beginning of the period, whereas for an annuity immediate the payment for the
period is made at the end of the period. Clearly a payment of 1 at the end of the
period is equivalent to the payment of v = 1/(1 + 1) at the beginning of the period.
This gives an intuitive description of the equality of the previous exercise.

Annuity payments need not all be equal. Here are a couple of important special
modifications.

Example 5-2. An increasing annuity immediate with a term of n periods pays
1 at the end of the first period, 2 at the end of the second period, 3 at the end of
the third period, ..., n a the end of the nth period. What is (Ia)n, the present
value of such an annuity? From the definition, (Ia)y = Zjnzljvj. Although this
is not a geometric series, the same technique can be used. This procedure gives
(la)y —v(la)y = v+ V2 + ...+ V"= nv™! which gives (1a)y = (@y —nvV™)/(1-v) =
(Bn —nvM)/i.

Exercise 5-3. A decreasing annuity immediate with aterm of n periods pays n
at the end of the first period, n — 1 at the end of the second period, n — 2 at the end
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of thethird period, ..., 1 at the end of the nth period. Find (Da),, the present value
of such an annuity.

Exercise 54. An annuity immediate with 2n— 1 payments pays 1 at the end of the
first period, 2 at the end of the second, . . ., n at the end of the nth period, n—1 at the
end of then+ 1st period, ..., 1 a the end of the 2n— 1st period. What is the present
value of this annuity?

Example 5-3. A deferred annuity is an annuity in which the payments start at
some future time. A standard deferred annuity immediate in which payments are
deferred for k periods, hasthefirst payment of 1 made at timek+ 1, that is, at theend
of year k + 1. Notice that from the perspective of a person standing at time k, this
deferred annuity immediate looks like a standard n period annuity immediate. The
present value of ak year deferred, n year annuity immediate is denoted yjan. The
present value of the deferred annuity at time k is ay. Bringing this to an equivalent
value at time O gives yjan = V¥an. A time diagram shows that the deferred payments
can be obtained by paying back paymentsthat are received during thefirst k periods.

Thus yjan = ampg — ag.
Exercise 5-5. What isan?

Theoretically, an annuity could be paid continuously, that is, the annuitant
receives money at aconstant rate of 1 dollar per unit time. The present value of such
an annuity that pays 1 per unit time for n time periods is denoted by a5. Now the
value at time 0 of such acontinuously paid annuity can be computed asfollows. The
value of the dt dollarsthat arrivein thetimeinterval fromttot+dt isvidt = e dt.

n
Hence a = / edt =~
0 o
Annuity payments can be made either more or less often than interest is com-
pounded. In such cases, the equivalent rate of interest can be used to most easily
compute the value of the annuity.

Example 5-4. The symbol a” denotes the present value of an annuity immediate
that pays 1/m at the end of each mth part of a period for n periods under the
assumption that the effective interest rate isi per period. For example, if m = 12
and the period is ayear, payments of 1/12 are made at the end of each month. What
is aformula for al™ assuming the effective rate of interest isi per period? Notice
here that the payments are made more frequently than interest is compounded.
Using the equivalent rate i™ makes the computations easy. Using geometric series,
ay) = Ly +i™/m)d = (1= V)™ = jag/i™.

Exercise5-6. Thesymbol &7 denotesthe present value of an annuity duethat pays
1/m at the beginning of each mth part of a period for n periods when the effective
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periodic interest rate isi. Find aformula for 41" assuming the effective periodic
rate of interest isi.

Exercise 5-7. The symbol (1a){" is the present value of an annuity that pays 1/m
at the end of each mth part of the first period, 2/m at the end of each mth part of
the second period, ..., n/mat the end of each mth part of the nth period when the
effective annual interest rateisi. Find acomputational formulafor (1a)3".

Thusfar the value of an annuity has been computed at time 0. Another common
time point at which the value of an annuity consisting of n paymentsof 1iscomputed
is time n. Denote by s; the value of an annuity immediate at time n, that is,
immediately after the nth payment. Then s; = (1 + i)"a, from the time diagram.
Thevaue s, iscalled theaccumulated value of theannuity immediate. Similarly
%, isthe accumulated value of an annuity dueattimenand & = (1 +1)"an.

Exercise 5-8. Similarly, S, & and s, are the values of the corresponding annu-
ities just after time n. Find aformulafor each of these in terms of ;.

Exercise 5-9. What do the symbols (I s); and (15), represent?

Now a common use of annuities will be examined.

Example5-5. Youaregoingtobuy ahousefor which the purchase priceis$100,000
and the downpayment is $20,000. You will finance the $80,000 by borrowing this
amount from a bank at 10% interest with a 30 year term. What is your monthly
payment? Typically such aloan is amortized, that is, you will make equal monthly
payments for the life of the loan and each payment consists partially of interest and
partialy of principal. From the banks point of view this transaction represents the
purchase by the bank of an annuity immediate. The monthly payment, p, is thus
the solution of the equation 80000 = paggsio10/12- 1N this setting the quoted interest
rate on the loan is assumed to be compounded at the same frequency as the payment
period unless stated otherwise.

Exercise 5-10. Find the monthly payment. What is the total amount of the pay-
ments made?

An amortization tableis atable which lists the principal and interest portions
of each payment for aloan which is being amortized. An amortization table can be
constructed from first principles. Denote by by the loan balance immediately after
the kth payment and write by for the original loan amount. Then the interest part
of the kth payment isiby_; and the principal amount of the kth payment isP —iby_;
where P is the periodic payment amount. Notice too that by, = (1+i)b,—P. These
relations allow the rows of the amortization table to be constructed sequentially.
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Taking a more sophisticated viewpoint will exhibit a method of constructing
any single row of the amortization table that is desired, without constructing the
whole table. In the prospective method the loan balance at any point in time
is seen to be the present value of the remaining loan payments. The prospective
method gives the loan balance immediately after the kth payment as by = Pa.
In the retrospective method the loan balance at any point in time is seen to be
the accumulated original loan amount less the accumulated value of the past loan
payments. The retrospective method gives the loan balance immediately after the
kth payment as by = by(1 +i)¥ — Psg. Either method can be used to find the loan
balance at an arbitrary time point. With this information, any given row of the
amortization table can be constructed.

Exercise 5-11. Show that for the retrospective method, bo(1+i)<—Psg = by + (ibp —
P)sq.

Exercise 5-12. Show that the prospective and retrospective methods give the same
value.

A further bit of insight is obtained by examining the case in which the loan
amount is an, SO that each loan payment is 1. In this case the interest part of the kth
payment is ia—z17 = 1 — v"™**1 and the principal part of the kth payment is v*™«*1,
This shows that the principal payments form a geometric series.

Finally observethat the prospective and retrospective method apply to any series
of loan payments. The formulas obtained when the payments are not all equal will
just be messier.

A second way of paying off aloan is by means of asinking fund.

Example 5-6. As in the previous example, $80,000 is borrowed at 10% annual
interest. But this time, only the interest is required to be paid each month. The
principal amountistoberepaidinfull at theend of 30 years. Of course, the borrower
wantsto accumul ate aseparatefund, called asinking fund, which will accumulateto
$80,000 in 30 years. The borrower can only earn 5% interest compounded monthly.
In this scenario, the monthly interest payment is 80000(0.10/12) = 666.67. The
contribution ¢ each month into the sinking fund must satisfy CSsgg100512 = 80000,
from which ¢ = 96.12. As expected, the combined payment is higher, since the
interest rate earned on the sinking fund is lower than 10%.

Hereis asummary of the most useful formulas thus far.

1- vih-1 .
= | S = : = Vv

an
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. 1=\ . ov"-1 v
adn = d Sv = d = dn
any — NV" S-n _
(la)y= (190 = " = v(la)

n- nv"-— _
©a), = - 9 = " =v"(Daln
Vin =

The reader should have firmly in mind the time diagram for each of the basic
annuities, as well as these computational formulas.



85: Annuities, Amortization, and Snking Funds 23

Problems

Problem 5-1. Show that a5 < ap < &y. Hint: This should be obvious from the
picture.

Problem 5-2. Trueor False: For any two interest ratesi andi’, (1+1)™"(1+i'sy) =
1+(i" - i)an;.

Problem 5-3. True or False: i = i +i.
an S

i i
Problem 5-4. Trueor False: &{" = (i(m) + m> an.

Problem 5-5. Show that ag; = an(1 + V).
Problem 5-6. Show that azy = an + V'agy = a5 + V2"an.

Problem 5-7. Suppose an annuity immediate pays p at the end of the first period,
pr at the end of the second period, pr? at the end of the third period, and so on, until
afina payment of pr"* is made at the end of the nth period. What is the present
value of this annuity?

Problem 5-8. John borrows $1,000 from Jane at an annual effective rate of interest
i. He agrees to pay back $1,000 after six years and $1,366.87 after another 6 years.
Three years after his first payment, John repays the outstanding balance. What is
the amount of John’s second payment?

Problem 5-9. A loanof 10,000 carriesaninterest rate of 9% compounded quarterly.
Equal loan payments are to be made monthly for 36 months. What is the size of
each payment?

Problem 5-10. An annuity immediate pays an initial benefit of one per year, in-
creasing by 10.25% every four years. The annuity is payable for 40 years. If the
effective interest rate is 5% find an expression for the present value of this annuity.

Problem 5-11. Humphrey purchases ahome with a$100,000 mortgage. Mortgage
payments are to be made monthly for 30 years, with thefirst payment to be made one
month from now. The rate of interest is 10%. After 10 years, Humphrey increases
the amount of each monthly payment by $325 in order to repay the mortgage more
quickly. What amount of interest is paid over the life of the loan?

Problem 5-12. On January 1, an insurance company has $100,000 which isdueto
Linden as alife insurance death benefit. He chooses to receive the benefit annually
over a period of 15 years, with the first payment made immediately. The benefit
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he receives is based on an effective interest rate of 4% per annum. The insurance
company earns interest at an effective rate of 5% per annum. Every July 1 the
company pays $100 in expenses and taxes to maintain the policy. How much money
does the company have remaining after 9 years?

Problem 5-13. A loan of 10,000 isto be repaid with equal monthly payments of p.
The interest rate for the first year is 1.9%, while the interest rate for the remaining
2 yearsis 10.9%. What is p? What is the balance after the 6th payment? After the
15th payment? What are the principal and interest components of the 7th payment?
Of the 16th payment?

Problem 5-14. A loan of 10,000 isto be repaid as follows. Payments of p are to
be made at the end of each month for 36 months and a balloon payment of 2500 is
to be made at the end of the 36th month as well. If the interest rate is 5%, what is
p? What is the loan balance at the end of the 12th month? What part of the 13th
payment isinterest? Principal ?

Problem 5-15. A loan is being amortized with a series of 20 annual payments. If
the amount of principal in the third payment is 200, what is the amount of principal
in the last 3 payments? The interest rate is 4%.

Problem 5-16. A loanisamortized with 10 annual installments. The principal part
of the fifth payment is 20 and the interest part is 5. What is the rate of interest on
the loan?

Problem 5-17. A loan isamortized with payments of 1 at the end of each year for
20 years. Along with the fifth payment the borrower sends the amount of principal
which would have been paid with the sixth payment. At the time of the sixth
payment, the borrower resumes payment of 1 until the loan is repaid. How much
interest is saved by this single modified payment?

Problem 5-18. A loan of 1000 is being repaid by equal annual installments of 100
together with a smaller final payment at the end of 10 years. If the interest rate is
4%, show that the balance immediately after the fifth payment is 1000 — 60sg .

Problem 5-19. A loan of 1200 is to be repaid over 20 years. The borrower is to
make annual payments of 100 at the end of each year. The lender receives 5% on
the loan for the first 10 years and 6% on the loan balance for the remaining years.
After accounting for the interest to be paid, the remainder of the payment of 100 is
deposited in a sinking fund earning 3%. What is the loan balance still due at the
end of 20 years?

Problem 5-20. A loan isbeing repaid with 10 payments. The first payment is 10,
the second payment is 9, and so on. What is the amount of interest in the fourth
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payment?

Problem 5-21. A standard per petuity immediateisan annuity which pays 1 at the
end of each period forever. What is ax, the present value of a standard perpetuity
immediate? A standard perpetuity due pays 1 at the beginning of each period
forever. What is &, the present value of a standard perpetuity due?

Problem 5-22. A standard perpetuity due has a present value of 20, and will be
exchanged for a perpetuity immediate which pays R per period. What is the value
of R that makes these two perpetuities of equal value?

Problem 5-23. You are given an annuity immediate paying $10 for 10 years, then
decreasing by $1 per year for nine years and paying $1 per year thereafter, forever.
If the annual effective rate of interest is 5%, find the present value of this annuity.

Problem 5-24. A loanisbeing repaid with a payment of 200 at the end of the first
year, 190 at the end of the second year, and so on, until the final payment of 110
at the end of the tenth year. If the interest rate is 6%, what was the original loan
amount?

Problem 5-25. A loanisbeing repaid with a payment of 200 at the end of the first
year, 190 at the end of the second year, and so on, until the final payment of 110 at
the end of the tenth year. The borrower pays interest on the original loan amount
at arate of 7%, and contributes the balance of each payment to a sinking fund that
earns 4%. If the amount in the sinking fund at the end of the tenth year is equal to
the orginal loan amount, what was the original loan amount?

Problem 5-26. A loan of 1 wasto be repaid with 25 equal payments at the end of
the year. An extra payment of K was made in addition to the sixth through tenth
payments, and these extra payments enabled the loan to be repaid five years early.
Show that K = (agg — ag))/ az5183.

Problem 5-27. A loan isbeing repaid with quarterly payments of 500 at the end of
each quarter for seven years at an interest rate of 8% compounded quarterly. What
isthe amount of principal in the fifth payment?

Problem 5-28. A borrower is repaying a loan with 20 annual payments of 500
made at the end of each year. Half of the loan is repaid by the amortization method
at 6% effective. The other half of the loan is repaid by the sinking fund method
in which the interest rate is 6% effective and the sinking fund accumulates at 5%
effective. What is the amount of the loan?

Problem 5-29. A loanof 18000ismadefor 12 yearsinwhichthelender receives6%
compounded semiannually for thefirst six years and 4% compounded semiannually
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for the last six years. The borrower makes seminannual payments of 1000, and
the balance after paying interest is deposited into a sinking fund which pays 3%
compounded semiannually. What is the net amount remaining on the loan after 12
years?

Problem 5-30. Theinterest on an inheritance invested at 4% effective would have
been just sufficient to pay 16000 at the end of each year for 15 years. Payments
were made as planned for thefirst five years, even though the actual interest earned
on the inheritance for years 3 through 5 was 6% effective instead of 4% effective.
How much excess interest had accumulated at the end of the fifth year?



85: Annuities, Amortization, and Snking Funds

Solutionsto Problems

Problem 5-1. Isn't the chain of inequalities ssmply expressing the fact that
getting agiven amount of money sooner makesit worth more? An analytic proof
should be easy to give too.

Problem 5-2. True sinceV'(1+i'sy) =V +i'an = 1-iay +i' apni.

Problem 5-3. True Write/(1-v") =v/(v"-1)=(v"-1+1)/(v"-1) =
1+ 1/(v" - 1), multiply by i and use the definitions. This also has a verbal
explanation. 1/an is the periodic payment to amortize a loan of 1 with n
payments. Theloan can also be paid off by paying i per period and contributing
1/s, to asinking fund. Similar reasoning shows that /a8 = i™ + 1/s™ and
1al" = dm + 8.

Problem 5-4. True, since &M = (1+i)Yma" = (1 +i™/m)(i/i™)an.

Problem 5-5. Breaking the period of length 2n into two periods of length n
gives agy = an + V'an, and the result follows.

Problem 5-6. Just break the period of length 3n into two pieces, one of length
n and the other of length 2n.

n
Problem 5-7. Direct computation gives the present value as Z pritty =
=1
(pv—pv™ ™M/ (L - vr) = p(1 ="/ (1 +i —r), provided vr # 1.

Problem 5-8. From Jane's point of view the equation 1000 = 1000(1 +i)™® +
1366.87(1 + i)™*? must hold. The outstanding balance at the indicated time is
1366.87(1 + i), which is the amount of the second payment.

Problem 5-9. Aninterest rate of 9% compounded quarterly isequivalent to an
interest rate of 8.933% compounded monthly. The monthly payment istherefore
10000/ &g ggg3/12 = 10000/ 31.47 = 317.69.

Problem 5-10. Each 4 year chunk isasimple annuity immediate. Taking the
present value of these chunks forms an annuity due with payments every 4 years
that are increasing.

Problem 5-11. The initial monthly payment P is the solution of 100,000 =
Paggp. The balance after 10 years is Pagzg so the interest paid in the first 10
years is 120P - (100, 000 — Pagzg). To determine the number of new monthly
payments required to repay the loan the equation Pagzg) = (P + 325)ag should be
solved for x. Since after x payments the loan balance is 0 the amount of interest
paid in the second stage can then be easily determined.

Problem 5-12. Since the effective rate of interest for the insurance company
is 5%, the factor (1.05)7Y2 should be used to move the insurance company’s
expenses from July 1 to January 1.

Problem 5-13. The present value of the monthly payments must equal the

27
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original loan amount. Thus 10000 = pagsjo o192 + (1 +0.019/ 12)?pasz, 100/12»
from which p = 303.49. The balance after the sixth payment is most easily
found by the retrospective method. The balance is 10000(1 + 0.019/12)® —
303.49s550 g19/12 = 8267.24. The balance after the 15th payment is most easily
found by the prospective method. The balance is 303.49a57) 1912 = 5778.44.
The interest portion of the 7th payment is (0.0109/12)(8267.24) = 13.09 and
the principal portion is 303.49 — 13.09 = 290.40. Similar computations give the
interest portion of the 16th payment as 52.49 and the principal portion as 251.00.

Problem 5-14. The payment p = 235.20 since 10000 = pagg 51 + (1 +
.05/12)7%62500. Using the retrospective method, the loan balance at the end of
the 12th month is 10000(1 + .05/ 12)2 — pspz o5/1, = 7623.65. The interest part
of the 13th payment is 31.77.

Problem 5-15. If p is the annual payment amount, the principal part of the
third payment is pv'® = 200. Thus p = 405.16, and the loan balance after the
seventeenth payment is pagg o4 = 1124.36.

Problem 5-16. Let p denote the annual payment amount. Then pv® = 20 and
p(1-v8) = 5. Adding these two equations gives p = 25, so V® = 0.8, from which
i =0.0379.

Problem 5-17. Theborrower savesthe interest on the sixth payment, which is
1—y20-6+1 = 1 _\/15.

Problem 5-18. The retrospective method gives the balance as 1000v™> —
100sg (4, Which re-arranges to the stated quantity using theidentity v" = 1+is,.

Problem 5-19. The amount in the sinking fund at the end of 20 years is
40s5(1.03)° + 28sp5 = 937.25, so the loan balance is 1200 — 937.25 = 262.75.

Problem 5-20. The loan balance immediately after the third payment is
(Da)7 = (7 - ag)/i, so the interest paid with the fourth payment is 7 — ag.

Problem 5-21. Summing the geometric series gives aw = 1/i and & = 1/d.
These results can aso be obtained by letting n — o in the formulas for a5 and

4n.

Problem 5-22. From the information given, 1/d = 20 (and so d = 1/20) and
Rv/d =20. Sincev=1-d=19/20, R=20/19.

Problem 5-23. What is the present value of an annuity immediate paying
$1 per year forever? What is the present value of such an annuity that begins
payments k years from now? The annuity described here is the difference of a
few of these.

Problem 5-24. The payments consist of alevel payment of 100 together with
adecreasing annuity. The present value of these payments at the date of issue of
theloanistheloan amount, whichistherefore 100agg o5 +10(Da)7g o = 1175.99.

Problem 5-25. Let A be the original loan amount. The contribution to the
sinking fund at the end of year j is then 100 + 10(11 - j) — .07A, and these
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contributions must accumulate to A. Thus 100sgg g, + 10(DS)7g 04 — -07ASTg 04 =
A, from which A = 1104.24.

Problem 5-26. Denote the original payment amount by p. Then p = 1/agg.
The fact that the additional payments extinguish the loan after 20 years means
1 = pagy + V°Kag. Thus K = (azg — &)/ VPagags. The result follows since

V(agg) — agg) = @y — g

Problem 5-27. Usingi = 0.02, the loan balance immediately after the fourth
payment is 500azz, so the principal part of the fifth payment is 500 — 10&g; =
310.86.

Problem 5-28. Denote by L the loan amount. From the information given,
(500 - L/ (285510 05) — 0.03L)S5510.05 = L/2, so that L = 500/ (1/ 255505 + 0.03 +
1/ 2a551 o) = 5636.12.

Problem 5-29. The semiannual contributions to the sinking fund are 460 for
thefirst six years and 640 for the last six years. The sinking fund balance at the
end of 12 yearsis (1.015)*2460Sg10 015 + 640510 015 = 15518.83. So the net loan
balance is 18000 — 15518.83 = 2481.17.

Problem 5-30. The accumulated interest is (24000 — 16000)s5 o = 25468.80.

29
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Solutionsto Exercises
Exercise 5-1. The sum is the sum of the terms of a geometric series. So
Z2(1+5)7 400 = 400((1+0.05/12)~(1+0.05/12) 1)/ (1~(1+0.05/12) %) =
60, 610.12.

Exercise 5-2. Thisfollows from the formulas for the present value of the two
annuities and the fact that d = iv.

Exercise5-3. The method of the example could be used again, but the formula
can also be obtained from (la)y + (Da)y = (n + 1)an, which gives (Da)y =
(n—an)/i.

Exercise 5-4. The present value is (la)y + V'(Da); = (1 + a5 — V" —
Viag)/i = (1= V")(1+ aq)/i = &nan.

Exercise5-5. Thisisthe present value of an annuity with paymentsof 1 which
start at the beginning of period k + 1 (that is, at time k) and continue for a total
of n payments. Thus &8 = V<&n = 8 — 8-

Exercise 5-6. Asin the previous example, 8" = (1 - v")/d™ = dan/d™,

Exercise 5-7.  Proceeding as in the derivation of the formula for (1a)n gives

m _ da—nv"
(I a)ﬁ - j(m

Exercise 5-8. Direct computation using the parallel factsfor the values at time
0givest = isy/i™, &M = j5,/d™, and & = isy/ .

Exercise5-9. Thesymbol (Is)n isthevalue of anincreasing annuity immediate
computed at time n; (18)n isthe value of an increasing annuity due at time n.

Exercise 5-10. Using the earlier formula gives aggg)01¢/1, = 113.95 from
which p = 702.06 and the total amount of the paymentsis 360p = 252740.60.

Exercise 5-11. Simply usetheidentity v" = 1+is,.

Exercise5-12. Direct computation using theformulasgivesas— = v *(an—ag)
and P = by/ an gives Par—q = bov*(an — ag)/an = bo(1 +i)¥ - Psg.



86. Sample Question Set 2

Solve the following 12 problemsin no more than 60 minutes.

Question 6-1 . The present value of a series of payments of 2 at the end of every
eight years, forever, isequal to 5. Calculate the effective rate of interest.
A. 0.023

B. 0.033 D. 0.043

C. 0.040 E. 0.052

Question 6-2 . An annuity immediate pays an initial benefit of one per year,
increasing by 10.25% every four years. The annuity is payable for 40 years. Using
an annual effectiveinterest rate of 5%, determine an expression for the present value
of thisannuity.

A, (1+V2)sg

D. a0l
B. (1+V)agy S
Cry)
C. 2 E. —
i a
Question 6-3 . Determine an expression for Z’;
g tag
A. ——
2a§|
B @*tSs D, 1t@*S
1+ag+Sy BtH
c. B*s E. Lttt
G+t l+ag+s;

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Question 64 . Which of the following are true?

I (- (L +i) = 8
[1. The present value of a10 year temporary annuity immediate paying 10 per month
for the first eight months of each year is 120ag al2,.

[11. The present value of a perpetuity paying one at the end of each year, except
paying nothing every fourth year, is el

iSZII
A. landll only
D. I, Il,and Il
B. landlll only
E. Thecorrect answer isnot given
C. IlandlIll only by A,B,C,orD

Question 6-5. Warren has a loan with an effective interest rate of 5% per annum.
He makes payments at the end of each year for 10 years. The first payment is
200, and each subsequent payment increases by 10 per year. Calculate the interest
portion in the fifth payment.

A. 58
B. 60 D. 65
C. 62 E. 67

Question 6-6 . An investment fund accrues interest with force of interest 6 =
m for 0 <t < 1. Attime zero, there is 100,000 in the fund. At time one
thereis 110,000 in the fund. The only two transactions during the year are a deposit
of 15,000 at time 0.25 and awithdrawal of 20,000 at time 0.75. Calculate K.

A. 0.047

B. 0.051 D. 0.150

C. 0141 E. 0154
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Question 6-7 . You are given an annuity immediate with 11 annual payments of
100 and a final balloon payment at the end of 12 years. At an annual effective
interest rate of 3.5%, the present value at time O of al the paymentsis 1,000. Using
an annual effective interest rate of 1%, calculate the present value at the beginning
of the ninth year of all remaining payments.

A. 412
B. 419 D. 439
C. 432 E. 446

Question 6-8. Using an annual effective interest ratej > 0, you are given
(1) The present value of 2 at the end of each year for 2n years, plus an additional
1 at the end of each of thefirst n years, is 36
(2) The present value of an n-year deferred annuity immediate paying 2 per year
for nyearsis6

Calculate]j.
A. 0.03
B. 0.04 D. 0.06
C. 0.05 E. 0.07

Question 6-9. An 11 year annuity hasaseriesof payments 1, 2, 3,4, 5,6, 5, 4, 3,
2, 1, with the first payment made at the end of the second year. The present value
of thisannuity is 25 at interest ratei. A 12 year annuity has a series of payments 1,
2,3,4,5,6,6,5,4,3, 2,1, with the first payment made at the end of the first year.
Calculate the present value of the 12 year annuity at interest ratei.

A. 295

B. 300 D. 310

C. 305 E. 315
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Question 6-10 . Joan has won alottery that pays 1,000 per month in the first year,
1,100 per month in the second year, 1,200 per month inthethird year, etc. Payments
are made at the end of each month for 10 years. Using an effective interest rate of
3% per annum, calculate the present value of this prize.

A. 107,000
B. 114,000 D. 135,000
C. 123,000 E. 148,000

Question 6-11 . A 5% 10 year loan of 10,000 is to be repaid by the sinking fund
method, with interest and sinking fund payments made at the end of each year. The
effective rate of interest earned in the sinking fund is 3% per annum. Immediately
before the fifth year's payment would have fallen due, the lender requests that the
outstanding principal be repaid in one lump sum. Calculate the amount that must
be paid, including interest, to extinguish the debt.

A. 6,350
B. 6,460 D. 6,850
C. 6,740 E. 7,000

Question 6-12 . A company agrees to repay a loan over five years. Interest
payments are made annually and a sinking fund is built up with five equal annual
payments made at the end of each year. Interest on the sinking fund is compounded
annually. You are given

(1) The amount in the sinking fund immediately after the first payment is X

(2) The amount in the sinking fund immediately after the second payment is'Y
(3) YYX =209

(4) The net amount of the loan immediately after the fourth payment is 3,007.87

Calculate the amount of the sinking fund payment.
A. 1931

B. 2,031 D. 2231

C. 2131 E. 2431
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Answersto Sample Questions

Question 6-1. Theinformationgivenisthat 2572, V¥ = 5, Using geometric series
givesthisequation asV8/ (1 - V) = 5/2, fromwhichv = (5/7)Y8 and i = 0.0429. D .

Question 6-2 . Note that (1.05)? = 1.1025, so that the quadrennial increaseisv=2.
Writing out directly the present value of the payments gives (v + V2 + V3 +V4) + (V3 +
VAV V) + (W + VB + v+ VB) + .+ (VI + v + 2L+ v?2) which re-arranges to

2
a5 + V-agg, or B.

Question 6-3. Writeag = v+Vv2+Vv¥+V* +V°, and to likewise for ag. Multiply top
and bottom by v to get answer C.

Question 6-4 . That | istruefollowsfrom (a, —d/8)(1+i) = (1-d-e™)e’/§ =
(ve® — ™)/ § = a—. Il isfalse, since the middle factor should be &g. 111 isalso
false. The correct valueis sy/ds. E.

Question 6-5. Theloan balance at the beginning of the fifth year is 240v + 250v2 +
...+290v® = 1337.84, wherev = 1/(1.05). Theinterest for thefifth year istherefore
0.05(1337.84) = 66.89. E.

Question 6-6 . The equation of valueis 100e)s % + 15e/us® — e /u &t = 110,
Simplifying gives (425/4)K + 95 = 110 from which K = 12/85 = 0.1411. C.

Question 6-7. From thegiven information, 1000 = 100axq 455 +(1.035) 2B, where
B isthe amount of the balloon payment. Thus B = 150.87. The present value at the
beginning of the ninth year is 100ag o, + (1.01)™B = 439.08. D.

Question 6-8 . Looking at the first annuity as paying 3 for 2n years and taking
back 1 in each of the last n years shows that 36 = 3az; — 6/ 2, from which ag; = 13.
Similarly, 6 = 2ag; — 2an, SO a8y = 10. But 6 = 2v"an a'so, so that V' = 6/20 Finaly,
10=ay = (1-V")/i =(1-(6/20))/i, fromwhichi = 7/100. E.

Question 6-9 . Write T for the present value of the twelve year annuity and
E for the present value of the eleven year annuity. Looking at a time diagram
shows that T — E = ag, and direct computation gives E = vagag = (ag)®>. Thus
T=E+ag=25+5=230. B.

Question 6-10 . By breaking off the increasing part from a constant payment of
1000 per month for thelife of the payments, the present valueis 1000Sg o312 80103+
(1.03)™1100sp g3)u2 (1@)g = 147928.85. E.

Question 6-11 . The annual sinking fund contribution is 10000/ s o3 = 872.31.
The amount in the sinking fund just before the fifth payment is 872.31s3 13(1.03) =
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3758.88. The amount dueis 10000 — 3758.88 + 500 = 6741.12. C.

Question 6-12 . The sinking fund payment is X. Let the loan amount be A. Then
X =As. AlsoY =X1+i)+X = (2+i)X = 209X. Thusi = .09. Findly
A —Xsz = 3007.87. So X = 3007.87/(sg — s5) = 2130.85. C.



87. Brief Review of Probability Theory

Another aspect of insurance isthat money is paid by the company only if some
event, which may be considered random, occurs within a specific time frame. For
example, an automobile insurance policy will experience aclaim only if thereisan
accident involving the insured auto. In this section a brief outline of the essential
material from the theory of probability isgiven. Almost al of the material presented
here should be familiar to thereader. The concepts presented herewill play acrucial
role in the rest of these notes.

Theunderlying object in probability theory isasamplespace S, whichissimply
aset. This set is sometimes thought of as the collection of all possible outcomes
of a random experiment. Certain subsets of the sample space, caled events, are
assigned probabilities by the probability measure (or probability set function)
which is usualy denoted by P. This function has afew defining properties.

(1) ForanyeventEJ S 0< P[E] < 1.

(2 P[O]=0and P[] =1.

(3) If Ei,Ey, ... areeventsand E; n Ej =0 fori ¢j then P[U:x’:]_ E,] = Zioil P[E,]

From these basic facts one can deduce all manner of useful computational formulas.
Exercise 7-1. Show that if A [0 B are events, then P[A] < P[B].

Another of the basic conceptsisthat of arandom variable. A random variable
is afunction whose domain is the sample space of arandom experiment and whose
range is the real numbers.

In practice, the sample space of the experiment fades into the background and
one simply identifies the random variables of interest. Once arandom variable has
been identified, one may ask about its values and their associated probabilities. All
of theinteresting probability information is bound up in the distribution function of
the random variable. The distribution function of the random variable X, denoted
Fx(t), isdefined by the formula Fx(t) = P[X < t].

Two types of random variables are quite common. A random variable X with
distribution function Fy is discrete if Fy is constant except at at most countably

many jumps. A random variable X with distribution function Fx is absolutely
t

continuous if Fx(t) :/ C?SFX(S) dsholdsfor al real numberst.

If X isadiscrete random variable, the density of X, denoted fx(t) is defined by
the formula fx(t) = P[X = t]. There are only countably many values of t for which
the density of a discrete random variableisnot 0. If X is an absolutely continuous

random variable, the density of X is defined by the formulafy(t) = ;Fx(t).

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Example 7-1. A Bernoulli random variableisarandom variable which takes on
exactly two values, 0 and 1. Such random variables commonly arise to indicate the
success or failure of some operation. A Bernoulli random variable is discrete.

Exercise 7—2. Sketch the distribution function of aBernoulli random variable with
P[X=1] =13.

Example 7-2. An exponentially distributed random variable Y with parameter
A > 0isanon-negative random variable for which P[Y > t] = e*' fort > 0. Sucha
random variableis often used to model the waiting time until a certain event occurs.
An exponential random variable is absolutely continuous.

Exercise 7-3. Sketch the distribution function of an exponential random variable
with parameter A = 1. Sketch its density function also.

Exercise7-4. A randomvariable X isuniformly distributed onaninterval (a, b) if
X representsthe result of selecting anumber at random from (a, b). Find the density
and distribution function of arandom variable which isuniformly distributed on the
interval (O, 1).

Exercise 7-5. Draw apicture of adistribution function of arandom variable which
is neither discrete nor absolutely continuous.

Another useful tool istheindicator function. Suppose Aisaset. Theindicator
function of the set A, denoted 14(t), is defined by the equation

1 iftOA
1 =
A {o ift A

Exercise 7-6. Graph the function 1 1)(t).

Exercise 7-7. Verify that the density of a random variable which is exponential
with parameter A may be written 1%L ) (X).

Example 7-3. Random variables which are neither of the discrete nor absolutely
continuoustypewill arisefrequently. Asan example, supposethat aperson hasafire
insurance policy on ahouse. The amount of insuranceis $50,000 and thereisa$250
deductible. Supposethat if thereisa fire the amount of damage may be represented
by arandom variable D which hasthe uniform distribution on theinterval (0, 70000).
(Thisassumption meansthat the personisunderinsured.) Supposefurther that inthe
time period under consideration thereisaprobability p = 0.001 that afirewill occur.
Let F denote the random variablewhichis 1 if afire occurs and is O otherwise. The
size X of the claim to the insurer in this setting is given by

X=F [(D - 250)1[250’50000](D) + (50000 - 250)1(50000,00)(D)} .
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Thisrandom variable X is neither discrete nor absolutely continuous.

Exercise 7-8. Verify the correctness of the formula for X. Find the distribution
function of the random variable X.

Often only the average value of a random variable and the spread of the
values around this average are al that are needed. The expectation (or mean)
of a discrete random variable X is defined by E[X] = > tfx(t), while the ex-

t
pectation of an absolutely continuous random variable X is defined by E[X] =
tfx(t) dt. Notice that in both cases the sum (or integral) involves terms of the

form (possible value of X) x (probability X takes on that value). When X is neither
discrete nor absolutely continuous, the expectation is defined by the Riemann—
Stidtjesintegra E[X] = /=, t dFx(t), which again has the same form.

Exercise 7-9. Findthe mean of aBernoulli random variableZ withP[Z = 1] = 1/3.

Exercise 7-10. Find the mean of an exponential random variable with parameter
A =3

Exercise 7-11. Find the mean and variance of the random variable in the fire
insurance example given above. (The variance of a random variable X is defined
by Var(X) = E[(X - E[X])?] and is often computed using the alternate formula
Var(X) = E[X?] - (E[X])%)

The per centiles of adistribution (or random variable) are also sometimes used.
A pth percentile 7, of arandom variable X isanumber for which P[X = ;] 2 1-p
and P[X < 7] = p. When X has an absolutely continuous distribution, these two
conditions can be replaced by the single condition P[X < mp] = p. Whenp=1/2,a
pth percentileis called amedian of X.

Example 7-4. The median of the uniform distribution on the interval (0, 1) is 1/2.
The median of an exponentia distribution with parameter A is—1In(1/2)/A. Notice
that this differs from the mean of the exponential distribution.

An important computational fact isthat E[X + Y] = E[X] + E[Y] for any random
variables X and Y for which the expectations exist.

Computation of conditional probabilitieswill play animportant role. If Aand B
are events, the conditional probability of A given B, denoted P[A|B], is defined by
P[A|B] = P[A n B]/P[B] aslong as P[B] # 0. The intuition captured by the formula
is that the conditional probability of A given B is the probability of A recomputed
assuming that B has occured. This intuitive understanding is often the means by
which conditional probabilities are computed. The formal defintion is only used to
derive ways of manipulating these conditional probabilities.
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Example 7-5. Two cards are drawn from a deck of 52 cards without replacement.
Suppose A is the event that the second card drawn isred and B is the event that the
first card drawn isred. The (unconditional) probability of A is 26/52, since half of
the cards are red. The conditional probability P[A|B] = 25/51, since knowing that
thefirst card is red leaves a deck of 51 cards of which 25 are red.

TheeventsAand B areindependent if P[A|B] = P[A]. Theintuition underlying
the notion of independent eventsis that the occurance of one of the events does not
ater the probability that the other event occurs.

Similar definitions can be given in the case of random variables. Intuitively,
the random variables X and Y are independent if knowledge of the value of one of
them does not effect the probabilities of events involving the other. Independence
of random variables is usually assumed based on thisintuition. One important fact
isthat if X and Y are independent random variables then E[XY] = E[X] E[Y]. A
second important computational fact isthat for independent random variables X and
Y, Var(X +Y) = Var(X) + Var(Y).

The conditional expectation of X given Y, denoted E[X]Y], is the random
variable which intuitively represents the expectation of X recomputed assuming the
value of Y is known. For independent random variables E[X|Y] = E[X]. A generd
fact, known as the theorem of total expectation, is that for any random variables
Xand Y, E[E[X|Y|]] = E[X]. Thisfact is often used to simplify the computation
of expectations. A guiding principal in the application of thisformulaisthat if in
attempting to compute E[X] the computation would be easy if the value of another
random variable Y were known, then compute E[X]Y] first and use the theorem of
total expectation.

Example 7-6. Oneiteration of an experiment is conducted asfollows. A single six
sided dieisrolled and the number D of spots up is noted. Then D coins are tossed
and the number H of heads observed is noted. In this case, E[H|D] = D/2, and
E[H] = E[D]/2 = 3.5/2. Direct computation would be quite involved.

When two or more random variables are studied at the same time, the prob-
abilistic behavior of all the random variables as a group is usually of interest.
The joint distribution function of the random variables X and Y is defined by
Fxv(st) = P[X <sY <t]. Asmilar definition is made for the joint distribution
function of more than two random variables. The joint distribution is discrete if
Fx v I1sconstant except for countably many jumps; the joint distribution is absolutely

s gt 2
continuous if Fxy(st) = / / 858VFX’Y(U’ v)dudyv for al sand t. If Xand Y

are jointly discrete, the joint density of X and Y is fxy(s;t) = P[X = s Y = t];
if X and Y are jointly absolutely continuous the joint density of X and Y is
fxv(st) = az—thx,y(s, t). If Xand Y are independent, fx v(s,t) = fx(9)fv(t).
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Problems

Problem 7-1. Suppose X has the uniform distribution on the interval (0, a) where
a> 0isgiven. What is the mean and variance of X?

Problem 7-2. The moment generating function of arandom variable X, denoted
My(t), is defined by the formula Mx(t) = E[€”]. What is the relationship between
M (0) and E[X]? Find a formula for Var(X) in terms of the moment generating
function of X and its derivativesat t = 0.

Problem 7-3. Expressthe Maclaurin expansion of My(t) in terms of the moments
E[X], E[X?], E[X?]....of X. Hint: What is the Maclaurin expansion of e?

Problem 7—4. Find the moment generating function of aBernoulli random variable
Y for which P[Y = 1] = 1/4.

Problem 7-5. A random variable X hasthe binomial distribution with parameters
n and p if X counts the number of successes in n independent Bernoulli trials
n

each with success probability p. Use the fact that X = > B; where B, ..., B, are
=1

independent Bernoulli random variables to compute the mean and variance of X.

Wheat is the moment generating function of X?

Problem 7-6. A random variable G hasthe geometric distribution with parameter
p if Gisthetrial number of the first successin an infinite sequence of independent
Bernoulli trials each with success probability p. Let B denote the Bernoulli random
variable which is 1 if the first trial is a success and zero otherwise. Argue that
E[G|B] = B+ (1-B)E[1+ G], and use thisto compute E[G]. Also find the moment
generating function of G and Var(G)

Problem 7—7. A random variable N has the negative binomial distribution with
parametersr and p if N isthetrial number of thefirst successin an infinite sequence
of independent Bernoulli trials each with success probability p. Find the mean,
variance, and moment generating function of N. Hint: Isn't N the sum of r
Independent geometric random variables?

2

Problem 7-8. Show that c(ijt InMx(t)| = E[X]and (;jtz InMx(t)] = Var(X). This
=0 t=0

is useful when the moment generating function has a certain form.

Problem 7-9. Find the moment generating function of arandom variable Z which
has the exponentia distribution with parameter A. Use the moment generating
function to find the mean and variance of Z.
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Problem 7-10. The probability generating function of a random variable X,
denoted Px(2), is defined by Px(2) = E[Z'], for z > 0. Probability generating
functions are often used instead of moment generating functions when the random
variable X is discrete. What is the relationship between the probability generating
function and the moment generating function?

Problem 7-11. A double indemnity life insurance policy has been issued to a
person aged 30. This policy pays $100,000 in the event of non-accidental death
and $200,000 in the event of accidental death. The probability of death during the
next year is 0.002, and if death occurs there is a 70% chance that it was due to an
accident. Write arandom variable X which represents the size of the claim filed in
the next year. Find the distribution function, mean, and variance of X.

Problem 7-12. In the preceding problem suppose that if death occurs the day of
the year on which it occurs is uniformly distributed. Assume also that the claim
will be paid immediately at death and the interest rate is 5%. What is the expected
present value of the size of the claim during the next year?

Problem 7-13. Suppose X and Y are independent random variables with X hav-
ing the exponential distribution with parameter A and Y having the exponen-
tial distribution with parameter . Find the distribution of the random variable
XOY =min{X, Y}. Hint: Compute P[X Y >t].

Problem 7-14. Property insurance typically only pays the amount by which the
loss exceeds a deductible amount. Suppose the random variable L denotes the size
of the loss and d > 0 is the deductible. The insurance payment would then be
L-dif L > d and zero otherwise. For convenience, the function x, = xif x> 0
and 0 otherwise. Compute E[(L — d).] when L has an exponential distribution with
parameter A.

Problem 7-15. Property insurance typically also has a limit on the maximum
amount that will be paid. If L isthe random amount of the loss, and the maximum
paid by the insurance isa > 0, then the amount paid by the insurance company is
L Oa. Compute E[L Oa] when L has an exponential distribution with parameter A.

Problem 7-16. Trueor False: For any number aand any number x, (x—a).+(xa) =
X.

Problem 7-17. Show that for a rozoandom variable Y which is discrete and takes non—

negative integer values, E[Y] = Z P[Y = i]. Find asimilar alternate expression for
i=1

E[Y2].
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Problem 7-18. Suppose Y is a hon-negative, absolutely continuous random vari-
able. Show that E[Y] = / PLY > 1] dt.
0
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Solutionsto Problems
Problem 7-1. E[X] = &/2 and Var(X) = a?/12.

Problem 7-2. M{(0) = E[X].

Problem 7-3. Since€* = Z X</K!,
k=0

Mx(t) = E[€”]

= E[i(tx)k/ k']
k=0

=) E[XNtUKL.
k=0
Thus the coefficient of t¢ in the Maclaurin expansion of Mx(t) is E[X¥]/K!.

Problem 7-4. My(t) = 3/4 +¢€/4.

Problem 7-5.  Since E[B;] = p, E[X] = np. Since Var(B)) = p(1 - p),

Var(X) = np(1 - p). Now Mx(t) = E[¢¥] = E[e 5] = E[e®: .. 8] =
E[¢®] .. E[€®] = (L-p + p)"

Problem 7-6. If the first trial is a success, then G = 1, while if the first
trial is a failure, the average waiting time until the first success will be 1 plus
E[G], since the trials are independent. The theorem of total expectation gives
E[G] = 1+ (1-p)E[G], from which E[G] = /p. A similar argument shows that
E[€°|B] = €B + (1 - B)Mg+(t), from which Mg(t) = pe/(1 - (1 - p)e'). From
this, Var(G) = (1 - p)/p?.

Problem 7—7. SinceN isthe sum of r independent geometric random variables,
E[N] =r/p, Var(N) = r(1 - p)/p?, and My(t) = (pe'/ (1 - (1 - p)&"))".

Problem 7-9. M(t) = A/(A -t) for 0=t < A.

Problem 7-10.  From the definition, Px(2) = Mx(In(2)), or equivalently,
Mx(t) = Px(et)

Problem 7-11. Let D bearandom variablewhichis1if theinsured diesin the
next year and O otherwise. Let A be arandom variable whichis 2 if death isdue
to an accident and 1 otherwise. Then X = 100000AD.

Problem 7-12. If U isuniformly distributed on theintegersfrom 1 to 365 then
E[100000ADW/] is the desired expectation. Herev = 1/(1 + 0.05(69/365).

Problem 7-13. Since X and Y areindependent, P[X OY > t] = P[X > t] P[Y >
t] = et fort > 0. Thus X Y is exponential with parameter A + .

Problem 7-14. Here E[(L —d).] = €*9/A.
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Problem 7-15. HereE[L Oa] = (1-e*?)/1

Problem 7-16. True. What does this have to do with the preceding two
problems?

Problem 7-17. Hint: In the usual formula for the expectation of Y write
i =Y, 1 and then interchange the order of summation.

Problem 7-18. Useatrick like that of the previous problem. Doubleintegrals
anyone?

45
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Solutionsto Exercises

Exercise 7-1. Using the fact that B = A O (B\ A) and property (3) gives
P[B] = P[A] + P[B\ A]. By property (1), P[B\ A] = 0, so the inequality
P[B] = P[A] follows.

Exercise 7-2. The distribution function F(t) takes the value O for t < 0, the
value2/3for0<t< landthevaluelfort=>1.

Exercise 7-3. Thedistribution function F(t) isOift < Oand1-€ fort > 0.
The density functionisOfort < 0ande™ fort > 0.

Exercise 7-4. The distribution function F(t) takes the value O for t < 0, the
valuet for 0 <t < 1 andthevaluelfort > 1. The density function takes the
value1for 0 <t < 1and O otherwise.

Exercise 7-5. The picture should have a jump and also a smoothly increasing
portion.

Exercise 7-6. This function takes the value 1 for 0 < t < 1 and the value 0
otherwise.

Exercise7-8. Thedistribution function F(t) takesthevalueQif t < 0, thevalue
(1-0.001)+0.001x(250/ 70000) for t = O (because X = Oif either thereisnofireor
theloss caused by afireislessthan 250), the value0.999+0.001 x (t+250)/ 70000
for 0 <t < 50000 — 250 and the value 1 for t = 49750.

Exercise7-9. E[Z] =0x(2/3)+1x (1/3)=1/3.

Exercise 7-10.  The expectation is [, tf(t)dt = [ t3e™dt = 1/3 using
integration by parts.

Exercise 7-11. Notice that the loss random variable X is neither discrete
nor absolutely continuous. The distribution function of X has two jumps:
one a t = 0 of size 0.999 + 0.001 x 250/ 70000 and another at 49750 of size
0.001 - 0.001 x 50000/ 70000. So E[X] = 0 x (0.999 + 0.001 x 250/70000) +
49730 10,001/ 70000 dt + 49750 x (0.001 — 0.001 x 50000/ 70000). The quantity

0
E[X?] can be computed similarly.



88. Survival Distributions

An insurance policy can embody two different types of risk. For some types
of insurance (such as life insurance) the variability in the claim is only the time at
which the claim is made, since the amount of the claim is specified by the policy.
In other types of insurance (such as auto or casualty) thereis variability in both the
time and amount of the claim. The problems associated with life insurance will be
studied first, since this is both an important type of insurance and also relatively
simple in some of its aspects.

The central difficulty inissuing life insurance isthat of determining the length
of the future life of the insured. Denote by X the random variable which represents
the future lifetime of a newborn. For mathematical simplicity, assume that the
distribution function of X is absolutely continuous. The survival function of X,
denoted by s(x) is defined by the formula

S(X) = P[X > X] = P[X = X]

where the last equality follows from the continuity assumption. The assumption
that s(0) = 1 will aways be made.

Example 8-1. In the past there has been some interest in modelling survival func-
tionsin an analytic way. The smplest model isthat due to Abraham DeMoivre. He

assumed that s(x) = 1 — p for 0 < X < @ where o is the limiting age by which

al have died. The DeMoivre law is simply the assertion that X has the uniform
distribution on the interval (0, ®).

Lifeinsurance is usually issued on a person who has already attained a certain
age x. For notational convenience denote such alife aged x by (x), and denote the
future lifetime of alife aged x by T(x). What is the survival function for (x)? From
the discussion above, the survival function for (x) is P[T(X) > t]. Some standard
notation is now introduced. Set

th = P[T(X) > 1]

and
tOx = P[T(X) < t].

When t = 1 the prefix is ommitted and one just writes p, and gy respectively.
Generally speaking, having observed (x) some additional information about the
survival of (x) can be inferred. For example, (X) may have just passed a physical
exam given as a requirement for obtaining life insurance. For now this type of
possibility is disregarded. Operating under this assumption

= PIT() > 1] = P[X > X+ t]X > ] = S(:(;)t).

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Exercise 8-1. Write asimilar expression for (qy.
Exercise 8-2. Show that fort = S, {pyx = t-sPx+s sPx-
There is one more special symbol. Set
fulx = P[t<T(X) <t+y]

which represents the probability that (x) survives at least t and no more thant +u
years. Again, if u =1 one writes0x. The relations {y0x = t+uOx ~ tOx = tPx — t+uPx
follow immediately from the definition.

Exercise 8-3. Prove these two equalitites. Show that ¢jy0x = tPx uOxst-

Exercise84. Computepy for the DeMoivrelaw of mortality. Conclude that under
the DeMoivre law T(x) has the uniform distribution on the interval (0, o — X).

Under the assumption that X is absolutely continuous the random variable T(x)
will be absolutely continuous as well. Indeed

_s(x+1)
s(x)

P[T(X) <t]=P[xsX<x+t|X>x =1

so the density of T(X) is given by

- (x+t)  fx(x+t)
s(X) 1-Fx(®)
Intuitively this density represents the rate of death of (x) at timet.

1ET(x) (t) =

Exercise 8-5. Use integration by parts to show that E[T(X)] = /0 wtpx dt. This
expectation is called the complete expectation of life and is denoted by &,. Show
also that E[T(x)?] = 2 /0 £y cit.

Exercise 8-6. If X follows DeMoivre'slaw, what is &?

The quantity
_ K _ K
PTIER® T
representsthe death rate per unit age per unit survivor for those attaining agex, andis
called the force of mortality. Intuitively the force of mortality is the instantaneous
‘probability’ that someone exactly age x dies at age x. (In component reliability
theory this function is often referred to as the hazard rate.) Integrating both sides
of this equality gives the useful relation

s = e~ [t}
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Exercise 8-7. Derivethislast expression.

Exercise 8-8. Show that py = e usds
Exercise 8-9. What properties must aforce of mortality have?
Exercise 8-10. Show that the density of T(x) can be written fr((t) = tpx txs-

If the force of mortality is constant the life random variable X has an expo-
nential distribution. Thisis directly in accord with the “memoryless’ property of
exponential random variables. Thismemoryless property also hastheinterpretation
that aused articleis as good asanew one. For human lives (and most manufactured
components) thisis afairly poor assumption, at least over the long term. The force
of mortality usually isincreasing, although thisis not always so.

Exercise 8-11. Find the force of mortality for DeMoivre's law.

The curtate future lifetime of (x), denoted by K(X), is defined by the relation
K(xX) = [T(X)]. Here[t] isthe greatest integer function. Note that K(x) is a discrete
random variable with density P[K(x) = k] = P[k < T(X) < k+ 1]. The curtate
lifetime, K(x), represents the number of complete future years lived by ().

Exercise 8-12. Show that P[K(X) = K] = kPx Ox+«-

Exercise 8-13. Show that the curtate expectation of life e, = E[K(X)] is given by
the formulag, = X7 i+1px. Hint: E[Y] = X2, P[Y 2 i].
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Problems

Problem 8-1. Suppose i =t for t = 0. Calculate \py iy and &,.

d d,
Problem 8-2. Calculate a—xtpx and &ex.
Problem 8-3. A life aged (40) is subject to an extra risk for the next year only.
Suppose the normal probability of death is 0.004, and that the extra risk may be
expressed by adding the function 0.03(1 —t) to the normal force of mortality for this

year. What is the probability of survival to age 417?

Problem 8-4. Suppose gy is computed using force of mortality iy, and that g, is
computed using force of mortality 2u,. What is the relationship between gy and ¢}, ?

Problem 8-5. Show that the conditional distribution of K(x) given that K(x) = kis
the same as the unconditional distribution of K(x + k) + k.

Problem 8-6. Show that the conditional distribution of T(x) giventhat T(x) > tis
the same as the unconditional distribution of T(x +t) +t.

Problem 8-7. The Gompertz law of mortality is defined by the requirement that
;= Act for some constants A and c. What restrictions are there on A and c for this
to be aforce of mortality? Write an expression for (p, under Gompertz’ law.

Problem 8-8. Makeham’s law of mortality is defined by the requirement that
u; = A+ Bc' for some constants A, B, and c. What restrictions are there on A, B and
c for this to be a force of mortality? Write an expression for (p, under Makeham’s
law.
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Solutionsto Problems

t © _
Problem 8-1. Herep, = & Jorosds — o2 g & = / Py dt = V2m/2.
0

0 d, ] o
Problem 8-2. a—xtpx = (px(tx — Uxst) aNd a(ex = /o a—xtpx dt = ué - 1.

1
Problem 8-3. If u istheusual forceof mortality thenpgg = € Jo naois+0.03(1-9) 05

Problem 8-4. The relation p, = (px)? holds, which gives a relation for the
death probability.

Problem 8-5. P[K(X) < k+I|K(X) =2 K] = P[k < K(X) < k+I]/P[K(X) = K] =
10k = P[K(x+K) + k<1 +K].

Problem 8-6. Proceed asin the previous problem.

Problem 8-7. A force of mortality must always be non-negative and have
infinite integral. Thus A > 0 and ¢ = 1 are required here. Direct substitution
givespy = exp{ —-A(c* — )/ Inc}.

Problem 8-8. If c < 1then A> Oisrequired, whileif c=1thenA+B > 0is
required. Substitution givesp, = exp{-At — B(c* — c*')/ Inc}.

51
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Solutionsto Exercises
Exercise8-1. gy =P[T(X) <t] = P[X<x+t|X>x] =P[x< X < x+1t]/P[X >
X] = (S(X) = s(x + 1))/ S(x).

Exercise8-2. px = s(x+t)/s(X) = s(x+s+(t—9))/s(X) = (S(x+s+(t—9))/s(x+
9))(S(X + S)/S(X)) = t-sPx+ssPx- What does this mean in words?

Exercise 8-3. For thefirst one, 0« = P[t < T(X) S t+u] = P[x+t < X <
tHu+X|X > X] = (s(x+t) =s(t+u+x))/S(X) = (S(x+1) =S(X) +S(x) ~s(t+u+x))/s(x) =
t+uOx — tOx- The second identity follows from the fourth term by simplifying
(S(x+t) = s(t + u+x)/s(X) = tPx — t+uPx. For thelast one, y,0x = P[t < T(X) <
t+u] = Px+t< X<t+u+xX>xX = (s(x+t)—s(t+u+Xx)/s(x) =
(S(x + )/ S (S(t +X) = S(t + U+ X))/ S(X+1) = tPx uGhest

Exercise 84. Under the DeMoivre law, s(X) = (o — X)/® so that (pyx =
(0 —=—x-t)/(w—-Xx) for 0 <t < @ —x. Thusthe distribution function of T(x) is
t/(w —X) for 0 < t < w — X, which is the distribution function of a uniformly
distributed random variable.

Exercise 8-5. E[T(X)] = [, tfrpo(t)dt = = [t (X + t)/s(x) dt = [;" s(x +
t)/s(x) dt = f0°° tPx dt. Thefact thelim;_ ., S(x+1t) = Oisassumed, since everyone
eventually dies. The other expectation is computed similarly.

Exercise 8-6. Under DeMoivre'slaw, & = (w —x)/ 2, since T(X) is uniform on
theinterval (0, @ — X).

Exercise 8-7. [y udt = [ =S (t)/s(t)dt = —In(s(x)) + In(s(0)) = —In(s(x)),
since s(0) = 1. Exponentiating both sides to solve for s(x) gives the result.

Exercise8-8. Fromthe previousexercise, s(x+t) = e'fo KOS g ng thisfact,
the previous exercise, and the fact that (py = S(x + t)/S(X) gives the formula.

Exercise 8-9. The force of mortality must satisfy ux = 0 for all x, and
/ Ux dx = oo, Thislast condition is needed to make)l(im s(x) = 0.
0 — 00

Exercise 8-10. Since fry(t) = —s' (x + t)/s(x) and §' (x + t) = =S(X + )1yt DY
the previous exercise, the result follows.

Exercise 8-11. From the earlier expression for the survival function under
DeMoivre's law s(X) = (0 — X)/ o, so that uy = =5 (X)/s(X) = /(e — X), for
0<x< .

Exercise8-12. P[K(X) = k] = P[k < T(X) < k+1] = (S(x+K)-s(x+k+1))/s(x) =
((s(x+ k) = s(x + k + 1))/ s(x + K))(S(X + K)/ S(X)) = kPx G-

Exercise 8-13. E[K(¥)] = Y2, PIK(X) =i] = 32, P[T(X) = i] = D2, ipx =
E;ozojﬂpx-



890. Life Tables

In practice the survival distribution is estimated by compiling mortality datain
the form of alifetable. An example of alife table appears later in these notes.

The conceptual model behind the entries in a life table is this. Imagine that
at time O there are | newborns. Here |y is caled the radix of the life table and is
usually taken to be some large number such as 10,000,000. These newborns are
observed and | is the number of the original newborns who are still aive at age x.
Similarly ,dx denotes the number of the group of newborns alive at age x who die
before reaching age x + n. Asusual, when n = 1 it is supressed in the notation.

EXerCi% 9_1- ShO\N thd ndX = IX - |X+n.

l
Theratio " is an estimate of s(x) based on the collected data. Assume that in
0

I
fact s(x) = = for non-negative integer values of x. Since earlier the assumption was

made that the life random variable X is absolutely continuous, the question arises
asto how the values of the survival function will be computed at non-integer values
of x.

Under the assumption of the uniform distribution of deaths in the year of
death, denoted UDD, the number alive at age x + t, where x is an integer and
0<t<1,isgivenby

[yt = Iy — tC.

The UDD assumption means that the age at death of those who will die at curtate
age x isuniformly distributed between the agesx and x + 1. In terms of the survival
function the UDD assumption means

s(x+t) = (1L -t)s(x) +ts(x + 1)

wherexisaninteger and0 < t < 1. The UDD assumption isthe one most commonly
made.

Direct application of the UDD assumption and the earlier definitions shows that
under UDD

tOx = to,
tPx = 1 —tqy,

and o
M+t = 1_7,[qx

whenever xisanintegerand0 <t < 1.

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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The assumption of a constant force of mortality in each year of age means
that L.+ = Uy for each integer agex and 0 < t < 1. Thisisequivaent to the formula
Px = (py)' and aso to s(x +t) = s(x) € where u = —Inp,. The constant force
assumption is lesswidely used than UDD.

Having observed (x) may mean more than simply having seen a person aged X.
For example, (X) may have just passed a physical exam in preparation for buying
a life insurance policy. One would expect that the survival distribution of such a
person could be different from s(x). If thisis believed to be the case the survival
function is actually dependent on two variables. the age at selection (application
for insurance) and the amount of time passed after the time of selection. A lifetable
which takes this effect into account is called a select table. A family of survival
functionsindexed by both the age at sel ection and time are then required and notation
such as g+ denotesthe probability that a person dies between yearsx+i and x+i+1
given that selection ocurred at age x. As one might expect, after a certain period
of time the effect of selection on mortality is negligable. The length of time until
the selection effect becomes negligable is called the select period. The Society of
Actuaries (based in Illinois) uses a 15 year select period in its mortality tables. The
Institute of Actuariesin Britain uses a 2 year select period. The implication of the
select period of 15 yearsin computationsisthat for eachj = O, lj+154j = Ixs1ssj.

A life table in which the survival functions are tabulated for attained ages only
is called an aggregrate table. Generally, a select life table contains afinal column
which constitutes an aggregate table. The whole table isthen referred to as a select
and ultimate table and the last column is usually called an ultimate table. With
these observations in mind the select life tables can be used in computations.

Exercise 9-2. You are given the following extract from a3 year select and ultimate
mortality table.

X I I+ Ig+2 I3 X+3
70 7600 73
71 7984 74
72 8016 7592 75

Assume that the ultimate table follows DeMoivre's law and that diy = dige1 =
dpy+2 for al x. Find 1000(2;20;711)-
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Problems

Problem 9-1. Use the life table to compute 1,p,0 under each of the assumptions
for fractional years.

Problem 9-2. Show that under the assumption of uniform distribution of deathsin
the year of death that K(x) and T(x) — K(x) are independent and that T(x) — K(x) has
the uniform distribution on the interval (0, 1).

Problem 9-3. Show that under UDD &, = g + .
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Solutionsto Problems
Problem 9-1. Under UDD, px = (1 —t) +tpx SO y2p20 = /2 + 1/2py

1 1 9,607,896 — t - A
3t 356iTe0: Under constant force, {px = (Px)' SO v2P20 = +/Pzo-

Problem 92. ForO0<t< 1, P[K(X) =k T(X) -K(X) <t] = P[k < T(X)
K+ 1] = kPt = kPx(t = thxsi) = tPIK(X) = K].

IN

Problem 9-3. Use the previous problem to see that & = E[T(X)] = E[K(X) +
(TK)—K(X)] = ex+E[T(X) —K(X)] = &x+ 1/ 2, since T(x) —K(X) hasthe uniform
distribution on the unit interval.



80: LifeTables 57

Solutionsto Exercises

Exercise 9-1. Since ,dy isthe number alive at age x who die by age x + n, this
is simply the number alive at age x, which is Iy, minus the number alive at age
X+ n, which is lyn.

Exercise9-2. Theobjectiveisto compute 1000220;71) = 1000(2p71) —4Pp7yy) =
1OOO(|[71]+2 - |[71]+4)/|[71] = 1000(|[71]+2 - |75)/ I [71]» where the effect of the selec-
tion period has been used. To find the required entries in the table proceed as
follows. Since8016-7592 = 424 and using the assumption about the number of
deaths, Ij75+1 = 8016—212 = 7804 and l7543 = 7592—212 = 7380. Sincetheulti-
mate table follows DeMoivre's Law, 17143 = (7600 + 7380)/ 2 = 7490. Again us-
ing the assumption about the number of deaths, lj71+2 = (7984 +7490)/2 = 7737
and |[71] = 7984 + 247 = 8231. So 10002|2C][71] = 1000(7737 - 7380)/8231 =
43.37.



810. Sample Question Set 3

Solve the following 6 problemsin no more than 30 minutes. You should
have the Tablesfor Exam M available for these problems.

. . 1 . . o
Question 10-1. You are given s(X) = Tox Determine the median future lifetime
of (y).

A. y+1
D. 1
B. y y
1
C. 1 E. —
1+y

Question 10-2 . You are given i, = 0.1 for all ages x > 0. The probability that
(30) and (50) will diewithin 10 years of each other isp. Calculate p.

A. 0.1et?

B. 0.5¢™ D. 05(1-¢€P)

C. et E. 1-¢t

Question 10-3. Givené, = 25,1, = w—X, 0 < x < w, and T(X) isthe futurelifetime
random variable, calculate Var(T(10)).

A. 65
B. 93 D. 178
C. 133 E. 333

Question 104 . For a certain mortality table you are given 1(80.5) = 0.0202,
1(81.5) = 0.0408, u(82.5) = 0.0619, and that deaths are uniformly distributed
between integral ages. Calculate the probability that a person age 80.5 will die
within two years.

A. 0.0782
B. 0.0785 D. 0.0796
C. 0.0790 E. 0.0800

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Question 10-5 . The future lifetimes of a certain population can be modeled as
follows. Eachindividual’s future lifetimeis exponentially distributed with constant
hazard rate 6. Over the population, 6 isuniformly distributed over (1, 11). Calculate
the probability of surviving to time 0.5 for an individual randomly selected at time
0.

A. 0.05
B. 0.06 D. 011
C. 0.09 E. 012

Question 106 . An insurance agent will receive a bonus if his loss ratio is less
than 70%. You are given that hisloss ratio is calculated as incurred losses divided
by earned premium on his block of business. The agent will receive a percentage of
earned premium equal to 1/3 of the difference between 70% and hislossratio. The
agent receives no bonus if hisloss ratio is greater than 70%. His earned premium
is 500,000. Hisincurred losses are distributed according to the Pareto distribution

600,000 3 :
Fx)=1- <x+600000> , X > 0. Calculate the expected value of his bonus.
A. 16,700
B. 31,500 D. 50,000

C. 48,300 E. 56,600
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Answersto Sample Questions

Question 10-1 . From the information given, P[T(y) > t] = s(y +t)/s(y) = (1 +
y)/(1+y+t), and thisisequal to /2whent=1+y. A.

Question 10-2 . Since the force of mortality is constant, both lives have the same
exponential distribution. Thus p = P[T(30) < T(50) < T(30) + 10] + P[T(50) <
T(30) < T(50) + 10] = 2 / (€% — g MO0y ey = 1 — gl = 1 — gL E,

0

Question 10-3 . From the form of I, mortality follows DeMoivre's law. Thus
o =50 since & = 25. Therandom variable T(10) istherefore uniformly distributed
on theinterval (0, 40) and Var(T(10)) = 133.33. C.

Question 104 . Under UDD, piy4 = qx/ (1 —tgy) sothat gy = py+o5/ (1 + 0.5uy405)-

NOW 2Pgos = 05Ps05Ps105Ps2 = 1gaes (1 = Oe1)(1 — 0.50g2). The expression for
5Pso.s comes from the fact that pgy = 05Ps0 0.5Ps05. Using the information gives the
survival probability as 0.9218 and the death probability as 0.0781. A.

11
Question 10-5. The desired probability is E[e*%¢] = / e dt/10 = 0.120. E.
1

Question 106 . If L istheincurred loss, the expected bonusis (500000/ 3)E[(.7 —
L/500000).], using the given information. Now (a—x). +(x[Ja) = a, so the expected
bonus can be written as (1/ 3)(350000- E[L (J350000]) = (1/3)(350000—-300000(1-
(600000/ 950000)?)) = 56, 555 using the formula on the supplied tables. E.



811. Status

A life insurance policy is sometimes issued which pays a benefit at a time
which depends on the survival characteristics of two or more people. A statusisan
artificially constructed life form for which the notion of life and death can be well
defined.

Example11-1. A common artificial lifeformisthe statuswhichisdenotedn. This
isthe life form which survives for exactly n time units and then dies.

Example 11-2. Another common statusisthejoint life statuswhich is constructed
asfollows. Given two life forms (x) and (y) the joint life status, denoted x : vy, dies
exactly at the time of death of thefirst to die of (x) and (y).

Exercise 11-1. If (x) and (y) are independent lives, what is the survival function of
the status x : y?

Exercise 11-2. What is survival function of x : m?

Occasionally, even the order in which death occurs is important. The status

)% : Nisastatuswhich dies at the time of death of (x) if the death of (x) occurs before
time n. Otherwise, this status never dies.

) . 1
Exercise 11-3. Under what circumstances does x : i die?

A final status that is commonly used isthe last survivor status, X:y, whichis
alive aslong as either (x) or (y) isalive.

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Problems

Problem 11-1. Use the life table to compute pagso and pzgz5 assuming (40) and
(50) are independent lives.

Problem 11-2. Find a formula for the survival function of >1< ;T in terms of the
survival function of (x).

Problem 11-3. If the UDD assumption isvalid for (x), does UDD hold for )1( :n?

1
Problem 11-4. Find aformulafor the survival function of x : 1.

1
Problem 11-5. If the UDD assumptionisvalid for (x), does UDD hold for x : ni?
Problem 11-6. If the UDD assumption isvalid for (x), does UDD hold for x : n?

Problem 11-7. If the UDD assumptionisvalid for each of (x) and (y) and if (x) and
(y) are independent lives, does UDD hold for x : y?
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Solutionsto Problems

H — _ 9,287,264 8,897,913
Problem 11-1. From independence, pso:so = PaoPso = 9315166 8.950.001 ° Also

Pzs0 = 1 — dao0so0, by independence.

Problem 11-2. P[T(X: M) = 1] = for 0 <t < nand P[T(X: 1) = 1] = npy
fort=n.

Problem 11-3. The UDD assuption holds for >l<: nif and only if P[T(>1<: n) =
K+1] = (L-tP[T(X: M) = K] + tP[T(X: ) = k+ 1] for all integers k and all
0 <t <1 Now usetheformulafor the survival function found in the previous
problem to see that UDD does hold for the joint status.

1
Problem 114. HereP[T(x:m)>t] =1ift < nandisequal to,gx if t = n.

Problem 11-5.  Using the previous formulafor the survival function showsthat
UDD failsto hold on theinterval (n—1,n).

Problem 11-6. The survival function for x : mis t) = (px for t < n and zero
for t = n. So again the UDD condition will fail to hold on the interval (n— 1, n).

Problem 11-7. The survival function for the joint status is S(t) = pxpy, and
in general UDD will not hold for the joint status.

63
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Solutionsto Exercises

Exercise 11-1. Thejoint life status survivest time unitsif and only if both (x)
and (y) survivet time units. Using the independence gives s(t) = Py tpy.

Exercise 11-2. Since a constant random variable is independent of any other
random variable, s(t) = pxtpn = px if t <nand 0if t > n, by using the previous
exercise.

1
Exercise 11-3. The status x : T dies at time n if (X) is still alive at time n,
otherwise this status never dies.

64



§12. Valuing Contingent Payments

The central theme of these notesis embodied in the question, “What isthe value
today of arandom sum of money which will be paid at arandom timein the future?’
This question can now be answered. Suppose the random amount A of money is
to be paid at the random time T. The value of this payment today is computed
in two steps. First, the present value of this payment Av' is computed. Then the
expectation of this present value random variable is computed. This expectation,
E[AV'], isthe value today of the random future payment. The interpretation of this
amount, E[AV'], is as the average present value of the actual payment. Averages
are reasonable in the insurance context since, from the company’s point of view,
there are many probabilistically similar policies for which the company is obliged
to pay benefits. The average cost (and income) per policy istherefore a reasonable
starting point from which to determine the premium.

The expected present valueisusually referred to asthe actuarial present value
in the insurance context. In the next few sections the actuarial present value of
certain standard parts of insurance contracts are computed.

Insurance contracts generally consist of two parts: benefit payments and pre-
mium payments. A life insurance policy paying benefit b, if death occurs at time
t has actuarial present value E[byv']. In this context the actuarial present valueis
also called the net single premium. The net single premium is the average value
of the benefit payments, in todays dollars. The net single premium is the amount
of the single premium payment which would be required on the policy issue date
by an insurer with no expenses (and no profit requirement). The actuarial present
value of the premium payments must be at least equal to the actuarial present value
of the benefit payments, or the company would go bankrupt.

In the next section methods are devel oped for computing the net single premium
for commonly issued life insurances. The following section devel ops methods for
computing the actuarial present value of the premium payments. These two sets of
methods are then combined to enable the computation of insurance premiums.
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§13. Lifelnsurance

In the case of life insurance, the amount that is paid at the time of death is
usually fixed by the policy and is non-random. Assume that the force of interest
is constant and known to be equal to 6. Also simply write T = T(x) whenever
clarity does not demand the full notation. The net single premium for an insurance
which pays 1 at the time of death is then E[v'] by the principle above. The net
single premium would be the idealized amount an insured would pay asalump sum
(single premium) at the time that the policy isissued. The case of periodic premium
payments will be discussed |ater.

A catalog of thevarious standard types of lifeinsurance policiesand the standard
notation for the associated net single premium follows. In most cases the benefit
amount is assumed to be $1, and in al cases the benefit is assumed to be paid at the
time of death. Keep in mind that a fixed constant force of interest is also assumed
andthat v=1/(1+i) = €.

I nsurances Payable at the Time of Death

Type Net Single Premium

n-year pure endowment A 1= nEx = E[V' e (T)]
n-year term Ay = E[V 1o (T)]

whole life A= E[VT]

n-year endowment Acn = E[VI™]

m-year deferred n-year term minx = EIVT Lo (T)]

whole life increasing mthly (1AM = E[VI[Tm+ 1]/m]
n-year term increasing annually (1A);, = EIVI[T + 1 110.(T)]
n-year term decreasing annually (DA); . = EVI(n = [T])1j0n(T)]

The bar isindicative of an insurance paid at the time of death, while the subscripts
denote the status whose death causes the insurance to be paid. These insurances are
now reviewed on a case-by-case basis.

The first type of insurance is n-year pure endowment insurance which pays
the full benefit amount at the end of the nth year if the insured survives at least n
years. The notation for the net single premium for a benefit amount of 1 |sA 1 (or
occasionally in this context ,E4). The net single premium for a pure endowment is
just the actuarial present value of alump sum payment made at a future date. This
differsfrom the ordinary present value simply because it also takesinto account the
mortality characteristics of the recipient.

Exercise 13-1. Show that Eyx = V"' ,px.

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Thesecondtype of insuranceisn-year term insurance. Thenet singlepremium
for abenefit of 1 payable at the time of death for aninsured (x) is denoted Al This
type insurance provides for abenefit payment only if thei nsured dieswithin n years

of policy inception, that is, at the time of death of the status x ;1.

The third type of insurance is whole life in which the full benefit is paid no
matter when the insured dies in the future. The whole life benefit can be obtained
by taking the limit asn — oo in the n-year term insurance setting. The notation for
the net single premium for a benefit of 1isA,.

Exercise 13-2. Supposethat T(x) has an exponential distribution with mean 50. If
the force of interest is 5%, find the net single premium for a whole life policy for
(x), if the benefit of $1000 is payable at the moment of death.

Exercise 13-3. Show that A, = A;m + V" ,pAn by conditioning on the event
T(X) = n and also by direct reasoning from a time diagram by looking at the
difference of two policies.

The fourth type of insurance, n-year endowment insurance, provides for the
payment of the full benefit at the time of death of the insured if this occurs before
time n and for the payment of the full benefit at time n otherwise. The net single
premium for a benefit of 1 is denoted Agn.

Exercise 13—4. Show that Ay = A;m +A 1
. X

Exercise 13-5. Use the life table to find the net single premium for a 5 year pure
endowment policy for (30) assuming an interest rate of 6%.

Them-year deferred n-year term insurance policy provides providesthe same
benefits as n year term insurance between times m and m+ n provided the insured
livesmyears.

All of theinsurances discussed thusfar have afixed constant benefit. Increasing
whole life insurance provides a benefit which increase linearly in time. Similarly,
increasing and decreasing n-year term insurance provides for linearly increasing
(decreasing) benefit over the term of the insurance.

Direct computation of the net single premium for an insurance payable at
thg time of death is impossible using only the life table. For example, A, =
/0 ViiPulixer dt. Aswill be seen below, under the UDD assumption, all of these net
single premiums can be easily related to the net single premium for an insurance

that is payable at the end of the year of death. The definition and notation for
these net single premiums will now be introduced. The only difference between
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these insurances and those already described is that these insurances depend on the
distribution of the curtate life variable K = K(x) instead of T. The following table
introduces the notation.

I nsurances Payable the End of the Year of Death

Type Net Single Premium

n-year term Ay = E[V o (K)]

whole life A= E[V¢]

n-year endowment Acn = E[VCD]

m-year deferred n-year term minAx = E[VC " mnem (K)]
whole life increasing annually (1A), = E[V**Y(K + 1)]

n-year term increasing annually (1A),, = EIVCHK + 1)1 (K)]

n-year term decreasing annually (DAY = E[V<*(n = K)jon (K)]

These policies have net single premiums which can be easily computed from
theinformation in the lifetable. To illustrate the ease of computation when using a
life table observe that from the definition

00

- + + dX+
Ax:ZVk 1kpqu+k = ZVk ! k-
k=0

k=0 I X

In practice, of course, the sum isfinite. Similar computational formulas are readily
obtained in the other cases.

Exercise 13-6. Show that A L= A L and interpret the result verbally. How would
X X:
you compute A L using the life table?
X:

Under the UDD assumption formulas relating the net single premium for in-
surance payable at the time of death to the corresponding net single premium for
insurance payable at the end of the year of death can be easily found. For example,
in the case of awholelife policy

A, = E[e79T¥]
= E[e‘5(T(X)—K(X)+K(X))]
— E[e—S(T(X)—K(X))] E[e—c‘SK(X)]

— ;(1 _ e—6)e6 E[e—S(K(x)+1)]
i
= *Ax
0
where the third equality springs from the independence of K(x) and T(x) — K(X)
under UDD, and the fourth equality comes from the fact that under UDD the
random variable T(x) — K(x) has the uniform distribution on the interval (0,1).
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Exercise 13-7. Can similar relationships be established for term and endowment
policies?

Exercise 13-8. Use the life table to find the net single premium for a 5 year
endowment policy for (30), with death benefit paid at the moment of death, assuming
an interest rate of 6%.

Exercise 13-9. An insurance which pays a benefit amount of 1 at the end of the
mth part of the year in which death occurs has net single premium denoted by A,
Show that under UDD i™ A™ = § A,.

One consequence of the exercise above is that only the net single premiums for
insurances payable at the end of the year of death need to be tabulated, if the UDD
assumption is made. Thisleads to a certain amount of computational simplicity.
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Problems

Problem 13-1. Write expressions for all of the net single premiums in terms of
either integrals or sums. Hint: Recall the form of the density of T(x) and K(x).

Problem 13-2. Show that 6,5\)1(_“ =iAy_, but that 6An 2 iAcn, in general.

Problem 13-3. Usethe life table and UDD assumption (if necessary) to compute
A21, AQl:§|1 and A%la

Problem 13-4. Show that Iy
AX - _ ==
i V(I A)x.

Problem 13-5. Assume that DeMoivre's law holds with @ = 100 and i = 0.10.
Find Agp and Agg. Which islarger? Why?

Problem 13-6. Suppose u,+; = 1 and i = 0.10. Compute A, and A%_n. Do your
answers depend on x? Why? '

Problem 13—7. Suppose A« = 0.25, Axz0 = 0.40, and A, 55 = 0.55. Compute A 1_|
:20
and A)](__m. "

Problem 13-8. Show that
(1A)x = VOx + V[A1 + (1 A)xs1] Px.
What assumptions (if any) did you make?

Problem 13-9. What change in A, results if for some fixed n the quantity Qy., iS
replaced with gy, + C?
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Solutionsto Problems

Problem 13-1. The densities required are frp(t) = Px et aNd fxpy(K) =
kPx Ox+k respectively.

Problem 13-2. §A; = &(Ac— €9 BAxn) = 1A — IV A = i
Problem13-3. UsedAy = iAo, Ay g = A%1-§|+5E21 and the previous problem.

Problem 13-4. Just differentiate under the expectation in the definition of A,.

Problem 13-5. Clearly Agy > Agp since the insurance is paid sooner in the
continuous case. Under DeMoivre's law the UDD assumption is automatic and
A — 1 70 6t

A30 - 70 fo e dt

Problem 13-6. Using the form of u gives A, = / ete ™y dt = u/(u + §).
0

Similarly, Ay = p(1- e "(+9)y/ (11 + 8). The answers do not depend on x since
the lifetime Is exponential and therefore agel ess.

Problem 13-7. Thetwo relations A, = Ay VO A0 and A g = Ayt

V'hpx along with thefact that A 1 = v, ,p give two equations in the two sought
:201
after unknowns. "

Problem 13-8. Either the person diesin thefirst year, or doesn’t. If shedoesn’t
buy an increasing annually policy for (x + 1) and awhole life policy to make up
for the increasing part the original policy would provide.

Problem 13-9. The new benefit is the old benefit plus a pure endowment
benefit of cv at time n.

71
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Solutionsto Exercises

Exercise 13-1. Sinceif the benefit is paid, the benefit payment occurs at time
N, nEx = E[V'1ne)(T(X))] = VIP[T(X) 2 n] = V.

Exercise 13-2.  Under the assumptions given the net single premium is
E[1000v"™®] = [.” 1000e%%!(1/50)e™V*° dt = 285.71.

Exercise 13-3. For the conditioning argument, break the expectation into two
pieces by writing A = E[V'] = E[V! 10,q(T)] +E[V' 1(n;)(T)]. Thefirst expecta-
tionisexactly A%_ For the second expectation, using the Theorem of Total Ex-
pectation gives E[V' L(nw)(T)] = E[E[V' 11« (T)|T = n]]. Now the conditional
distribution of T giventhat T > n isthe same as the unconditional distribution of
T(x+n)+n. Using thisfact givesthe conditional expectation asE[V 1) (T)|T =
n] = E[VTONL 0o (T(X+ 1) + )] Loy (T) = VWA Line)(T). Taking expecta-
tions gives the result. To use the time diagram, imagine that instead of buying
awhole life policy now, the insured pledges to buy an n year term policy now,
and if alive after n years, to buy awholelife policy at timen (at age x + n). This
will produce the same result. The premium for the term policy paid now is Al

and the premium for the whole life policy at timenis Ay.,. Thislatter premi um
isonly paid if the insured survives, so the present value of this premium is the
second term in the solution.

Exercise 13-4. Using the definition and properties of expectation gives Acn =
E[V Lo (T) + V' Lnes)(T)] = EIV' Loy (T)] + E[V' 1) (T)] = Ay + AL

Exercise 13-5. The net single premium for the pure endowment policy is
V55p30 =Bz == 0.74091.

Exercise 13-6. AT]"I = E[an[nyw)(T)] = E[an[n,oo)(K)] = AT]"I = Vnnpx =
X: X:
Vyen/ Ix.

Exercise 13-7. Sinceterm policies can be expressed as a difference of premi-
ums for whole life policies, the answer isyes.

Exercise 13-8. The net single premium for a pure endowment policy is
s5E30 = 0.74091. For the endowment policy, the net single premium for a 5
year term policy must be added to this amount. From the relation given earlier,
A 127 = Az — 5E30Ass. The relationship between insurances payable at the time

of death and insurances payable at the end of theyear of deathisused to complete
the calculation. This gives Ayyg = (i/ §)(0.10248) - (i/ §)(0.74091)(0.12872) +
0.74091.

Exercise 13-9.  Notice that [mT(X)] is the number of full mths of a year
that (X) lives before dying. (Here [a] is the greatest integer function.) So the
number of mths of a year that pass until the benefit for the insurance is paid
is[mT(X)] + 1, that is, the benefit is paid at time ([mT(x)] + 1)/m. From here
the derivation proceeds as above. AM = E[VIMTI*/m] = E[AIMT-K+K)]+1)/m] =
E[VC]E[VIMT-KI*D/m] - Now T - K has the uniform distribution on the interval
(0,1) under UDD, so [m(T — K)] has the uniform distribution over the integers
0,..., m—1. So E[VIMT=K/m] = erfol VM (Um) = (Um)(1 - v)/ (L -vY™)
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from the geometric series formula. Substituting this in the earlier expression
givesAlM = AV VY™ 1/ m)(1-v)/ (L-vY™) = A8/i™ sincei™ = m(vYm-1).



§14. Life Annuities

The premium payment part of the insurance contract is examined by developing
techniques for understanding what happens when premiums are paid monthly or
annually instead of just when the insurance isissued. In the non—+random setting a
sequence of equal payments made at equal intervals in time was referred to as an
annuity. Here interest centers on annuities in which the payments are made (or
received) only as long as the insured survives.

An annuity in which the payments are made for a non—random period of time
is called an annuity certain. From the earlier discussion, the present value of an
annuity immediate (payments begin one period in the future) with a payment of 1
in each period is

while the present value of an annuity due (payments begin immediately) with a
payment of 1 in each periodis

1i
o
|
|
<
o

These formulas will now be adapted to the case of contingent annuities in which
payments are made for arandom time interval.

Suppose that (x) wishes to buy a life insurance policy. Then (x) will pay a
premium at the beginning of each year until (x) dies. Thus the premium payments
represent alifeannuity duefor (x). Consider the casein which the payment amount
is1. Sincethe premiumsareonly paid annually theterm of thislife annuity depends
only on the curtate life of (x). There will be atotal of K(x) + 1 payments, so the
actuaria present value of the paymentsis & = E[agg] where the left member is
anotational convention. Thisformula gives

1- vK<X>+1] _1-A

d - d
as the relationship between this life annuity due and the net single premium for a
wholelife policy. A similar analysis holds for life annuities immediate.

8« = Elagpge1] = El

Exercise 14-1. Compute the actuarial present value of a life annuity immediate.
What is the connection with awhole life policy?

Exercise 14-2. A life annuity due in which payments are made m times per year
and each payment is 1/m has actuarial present value denoted by &™. Show that
AM + dm 5™ =1,

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Example 14-1. The Mathematical Association of America offers the following
aternative to members aged 60. You can pay the annual dues and subscription rate
of $90, or you can become alife member for a single fee of $675. Life members
areentitled to all the benefits of ordinary members, including subscriptions. Should
one become alife member? To answer this question, assume that the interest rateis
6% so that the Life Table at the end of the notes can be used. The actuarial present
value of alife annuity due of $90 per year is

1-Aso _ 901 —-0.36913

0 1-v  1-1/1.06

= 1003.08.

Thus one should definitely consider becoming a life member.

Exercise 14-3. What isthe probability that you will get at |east your money’sworth
if you become alife member? What assumptions have you made?

Pension benefits often take the form of a life annuity immediate. Sometimes
one has the option of receiving ahigher benefit, but only for afixed number of years
or until death occurs, whichever comesfirst. Such an annuity iscalled atemporary
life annuity.

Example 14-2. Suppose a life annuity immediate pays a benefit of 1 each year
for n years or until (X) dies, whichever comes first. The symbol for the actuarial
present value of such a policy is a.y. How does one compute the actuarial present
value of such a policy? Remember that for alife annuity immediate, payments are
made at the end of each year, provided the annuitant is alive. So there will be a
total of K(x) O'n payments, and axn = E[> 9™ Vi]. A similar argument applies
in the case of an n year temporary life annuity due. In this case, payments are
made at the beginning of each of n years, provided the annuitant is aive. In this
case &en = E[Y Y] = B[] where the left member of this equality
introduces the notation.

Exercise 14-4. Show that Axn = 1—d&.n. Find asimilar relationship for a.n.

Especialy in the case of pension benefits assuming that the payments are made
monthly is more realistic. Suppose payments are made m times per year. In this
case each payment is 1/m. One could begin from first principles (this makes a good
exercise), but instead the previously established facts for insurances together with
the relationships between insurances and annuities given above will be used. Using
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the obvious notation gives

m _ L= A
(m —
&= Tqm
_ 1w
- dm
_1-75(1-d&)
B dm
id . i™—j

+
imgm > imgm

where at the second equality the UDD assumption was used. Since this relationship
: . . id =i
is very useful, the actuaria symbols o(m) = g and B(m) = g
introduced. The value of these functionsfor selected values of mareincluded in the
Tables for Exam M. The above relationship is then written as &M = o(m)a, — B(m)

using these symbols.

Exercise 14-5. Find a similar relationship for an annuity immediate which pays
1/'mmtimes per year.

Exercise 14-6. An myear deferred n year temporary life annuity due pays 1 at the
beginning of each year for n years starting m years from now, provided (x) is alive
at the time the payment isto be made. Find aformulafor .y, the present value of
this annuity. (When n = o, the present value is denoted r,, 8y.)

A useful idealization of annuities payable at discretetimesisan annuity payable
continuously. Such an annuity does not exist in the ‘real world’, but serves as a
useful connecting bridge between certain types of discrete annuities. Suppose that
the rate at which the benefit is paid is constant and is 1 per unit time. Then during
thetimeinterval (t, t+ dt) theamount paid isdt and the present value of thisamount
ise %t dt. Thus the present value of such a continuously paid annuity over a period
of nyearsis 5

—on
an =/ne‘5tdt -1-¢
0 0

A life annuity which is payable continuously will thus have actuarial present value

1- e—ST(x)
ay = E[&W] = E[T]
Exercise 14-7. Show that A, = 1 — 8a,. Find asimilar relationship for a.n.

Thereisone other idea of importance. In the annuity certain setting one may be
interested in the accumulated value of the annuity at a certain time. For an annuity
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due for a period of n years the accumulated value of the annuity at time n, denoted
by &, isgivenby & = (1 +1)"8y = % The present value of &, is the same as
the present value of the annuity. Thus the cash stream represented by the annuity is
equivalent to the single payment of the amount &, at time n. Thislast notion has an
analog in the case of life annuities. In the life annuity context

nExScn = 8xn

where \Ex = V"1« is the actuaria present value (net single premium) of a pure
endowment of $1 payable at time n. Thus 5. represents the amount of pure
endowment payable at time n which is actuarialy equivalent to the annuity.
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Problems
Problem 14-1. Show that under UDD
a, < a? < a?¥ < [Tk a, < 0Tk &2 < &2 < 4,

Give an exampleto show that without the UDD assumption some of theinequalities
may fail.

Problem 14-2. Trueor false: A%_m =1- da%_n. Hint: When does>1( a die?
Problem 14-3. Trueor fase: §:n < &.

Problem 14-4. Usethe life table to calculate the actuarial present value of $1000
duein 30 yearsif (40) survives.

Problem 14-5. Usethelife table to compute ay;.

Problem 14-6. Find a general formula for 8, and use it together with the life
table to compute s)108z.

Problem 14-7. Prove axn = 1Ex &win.
Problem 14-8. Show that 5(1a)q + TV' = ag.

Problem 14-9. Use the previous problem to show that §(1a), + (IA), = a,. Here
(1a)y isthe actuarial present value of an annuity in which payments are made at rate
t at timet. Isthere asimilar formulain discrete time?

Problem 14-10. Show that & = 1+ a,and that 1 +a{ = &0 + 1V p,.

Problem 14-11. Show that & = 8y — V" nPpx &xn and use this to compute &,, 3.
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Solutionsto Problems

Problem 14-1. Intuitively, as the type of annuity varies from left to right,
the annuitant receives funds sooner and thus the present value is higher. A
direct argument begins with &M = (1 - AMM)/d™. Now d™ increases with m,
whileunder UDD A(™ = (i/i™)A, alsoincreaseswith m. Sothenumerator of the
expression for &M decreaseswith mand the denominator increaseswith m, sothe
value decreaseswithm. A similar argument worksfor a™ = (1—(i/d™)Ag)/i™.
If (X) must die 5 months through the year, &2 = 1/2 < 1/3+VvY3(1/3) = &9, at
least for some values of v.

Problem 14-2. Thestatusdiesonly if (X) diesbeforetimen. Theresultistrue.

Problem 14-3. False, since $cn = &en/nEx = Vb + V™ npx + ... +
V3PP 2V +v™a L avl= g

Problem 14-4. Thevalueis 1000s0E4 = 1000v° 5315422,

Problem 14-5. Here ay; = a(«0)8y; — (), under UDD.
Pr0b|em 14—6 m|nax = mEXaX+m - m+nEXaX+rn+n.

Problem 14-7. The payment made at the end of the first year is only made
if (X) survivesthe year. From the point of view of the end of the first year, the
annuity immediate looks like an annuity due for (x + 1).

Problem 14-8. Use integration by parts starting with the formula §(ia)q =
T
) / te dt.
0

Problem 14-10. The annuity due pays 1 now for sure, and the remaining
payments look like an annuity immediate. For the temporary annuity due, the
payment of 1/m now is certain, and the last payment of the annuity immediate
isonly made upon survival. Therest of the payments are the same.

Problem 14-11. To buy alife annuity due, buy an n year temporary annuity
due today, and if you are till alive n years from now buy alife annuity due.
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Solutionsto Exercises

. . KO =
Exercise 14-1. Inthis case, E[aggy)] = E[VY] = 1A

Exercise14-2. Herethereare[mT]+1 payments, so using the geometric series
formula gives &M = E[Y"170 ) (1/m/™) = E[(1/m)(1 - vmTIIm)/ (1 — yUm)],
Now m(1 - v¥™) = d™, which gives the resuilt.

Exercise 14-3. To get your money’sworth, you must live long enough so that
the present val ue of the annual duesyou would pay if you were not alife member
will exceed $675. This gives a condition that K(60) must satisfy if you are to
get your moneys worth.

Exercise 14-4. For the first one acn = E[2¥5™"] = B[22 1 0 (K)] +
E[ 1w (K)] = E[25 10041 (K)] + E[5 Ly (K)] = (VA)(L = Acn).
A similar argument shows that axny = (1/ |)(A%_n + V™).

Exercise 14-5. The argument proceeds in a similar way, beginning with the
relation ag(m) - l_v}umm A .

Exercise 14-6. Direct reasoning gives mindy = axmem — axm.
Exercise 14-7. Thefirst relationship follows directly from the given equation

and the fact that A, = E[e°T™®]. Since T(x : M) = T(x) On asimilar argument
gives acn = (1 6)(1 — Acn)-

80
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Solve the following 6 problemsin no morethan 30 minutes.

Question 15-1 . You are given ggo = 0.020, gs; = 0.022, and the fact that deaths
are uniformly distributed over each year of age. Calculate &,
A. 1447

B. 1457 D. 1477

C. 1467 E. 1487

(12~ Ay

uestion 152 . Simplify —%&,
Q P A + A

A. A
B. A D Ayq
C ) AX:II E . A 1

Question 15-3 . Z; isthe present value random variable for an n-year continuous
endowment insurance of 1 issued to (x). Z, isthe present value random variable for
an n-year continuous term insurance of 1 issued to (x). Calculate Var(Z;), given that
Var(Zy) = 0.01, v" = 0.30, ,px = 0.80, and E[Z;] = 0.04.

A. 0.0036
B. 0.0052 D. 0.0144
C. 0.0098 E. 0.0148

Question 154 . You aregiven 6 =0, /mttpX dt = g, and Var(aq) = hwhere T is

0]
the future lifetime random variable for (x). Express &, in terms of g and h.
A. h-g

B. vh-g D. v2g-h
C. vg-h E. v2h-g

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Question 15-5. An insurance company has agreed to make payments to aworker
age x who was injured at work. The payments are 150,000 per year, paid annually,
starting immediately and continuing for the remainder of the worker’s life. After
the first 500,000 is paid by the insurance company, the remainder will be paid by a
reinsurance company. Theinterest ratei = 0.05 and p, = (0.7)', forO<t < 5.5and
tpx = Ofort > 5.5. Calculate the actuarial present value of the paymentsto be made
by the reinsurer.
A. Lessthan 50,000

B. At least 50,000 but less than
100,000 D. At least 150,000 but less than
200,000
C. At least 100,000 but less than
150,000 E. Atleast 200,000

Question 156 . For atwo year term insurance on a randomly chosen member
of a population you are given that 1/3 of the population are smokers and 2/3 are
nonsmokers. The future lifetimes follow a Weibull distribution with t = 2 and
0 = 1.5 for smokers, and T = 2 and 6 = 2.0 for nonsmokers. The death benefit is
100,000 payable at the end of the year of death, andi = 0.05. Calculatethe actuarial
present value of thisinsurance.

A. 64,100

B. 64,300 D. 64,900

C. 64,600 E. 65,100
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Answersto Sample Questions
Question 15-1 . Here

&1 = E[T(60) 01.5]
1.5
- / t Peoklaon dt + LEP[T(60) > 1.5]
0

15
= Oso/ 2 + Psole1 /1 tdt + 1.5ps01/2P61
=1.477.

D.

Question 15-2. Thenumerator isthe actuarial present value of an insurance which
pays nothing for death in the first year, 2 for death in the second year, and so on.

Thus (1A)x — A>1<-II = VPy(Axs1 + (IA)x+1) and theratioisvp, = A 1. E.
‘ x1

Question 15-3. Here Z, = vI®15(T(X)) and Z; = V"1 (T(X)) + Zz. Since the
indicators multiply to zero, E[Z2] = v?"py + E[ZZ] = (.30)%(.80) + .01 + (.04)2 =

0.0836, and by additivity of expectation, E[Z;] = V"npx + E[Z,] = (.30)(.80) +.04 =
.28. Thus Var(Z,) = .0836 — (.28)> = 0.0052. B.

Question 154 . Since § = 0, an = T and thus h = Var(T). Also since E[T?] =
/0 Py dt, 29 = E[T?]. Hence &, = E[T] = /2g=h. D.

55

Question 15-5 . The actuarial present value is / 150000e‘5ttpx dt = 55978.85,
10/3
approximately. B.

Question 15-6 . The actuarial present value is 100000(1/3(vFs(1) + V3(Fs(2) -
Fs(1))) + 2/3(vFn(L) + VA(Fn(2) — Fn(1))) where Fg(t) = 1 - e 19’ jsthe lifetime
distribution for smokers and Fy(t) = 1 - e®?” is the lifetime distribution for
nonsmokers. Plugging in gives the value as 64,558.99. C.



816. Net Premiums

The techniques developed for analyzing the value of benefit payments and
premium payments are now combined to compute the size of the premium payment
needed to pay for the benefit.

To develop the ideas consider the case of an insurer who wishes to sell afully
discrete wholelife policy which will be paid for by equal annual premium payments
during the life of the insured. The terminology fully discrete refers to the fact that
the benefit is to be paid at the end of the year of death and the premiums are to
paid on a discrete basis as well. How should the insurer set the premium? A first
approximation yields the net premium, which is found by using the equivalence
principle: the premium should be set so that actuarial present value of the benefits
paid is equal to the actuarial present value of the premiums received. Using the
equivalence principlethe net premium P for afully discretewholelife policy should
satisfy

E[V®*] = PE[&kgyer]

or
AX - Pax = 0
From here the net premium, which in this case is denoted Py, is easily determined.

Exercise 16-1. Usethelifetable to find the net premium, Pz, for (30) if i = 0.06.

The notation for other net premiums for fully discrete insurances parallel the
notation for theinsurance policiesthemselves. For example, the net annual premium
for an n year term policy with premiums payable monthly is denoted P(ll:]).

X

Exercise 16-2. UsethelifetabletofindP; . WhatisP{? ?
30:101 30101

Exercise 16-3. An h payment whole life policy is one in which the premiums are
paid for h years, beginnning immediately. Find a formula for Py, the net annual
premium for an h payment whole life policy.

Example 16-1. As a more complicated example consider a recent insurance ad-
vertisement which | received. For a fixed monthly premium payment (which is
constant over time) one may receive a death benefit defined as follows:

100000 1[0,65)(K(X)) + 75000 1[65,75)(K(X))
+ 50000 1[75,80)(K(X)) + 25000 1[80785)(K(X)).

What is the net premium for such a policy? Assume that the interest rate is 5% so
that the life table can be used for computations. Using the equivalence principle,

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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the net annual premium P is the solution of the equation

Pa("2_ = 100000 Ay + 75000 gs-j10A + 50000 75 jsAy + 25000 gg-5Ay

X

in terms of certain term and deferred term insurances.
Exercise 16-4. Compute the actual net monthly premium for (21).

The methodology for finding the net premium for other types of insurance is
exactly the same. The notation in the other casesisnow briefly discussed. The most
common type of insurance policy is one issued on a semi-continuous basis. Here
the benefit is paid at the time of death, but the premiums are paid on adiscrete basis.
The notation for the net annual premium in the case of awhole life policy is P(Ay).
The net annual premium for a semi-continuous term policy with premiums payable
mthly is P(M (A;(.m). The notation for other semi-continuous policiesis similar.

Policies issued on afully continuous basis pay the benefit amount at the time
of death and collect premiumsin the form of a continuous annuity. Obviously, such
policies are of theoretical interest only. The notation here is similar to that of the
semi-continuous case, with abar placed over the P. Thus P(A,) isthe premium rate
for afully continuous whole life policy.

The equivalence principle can also be viewed in adightly different way that is
more useful for a probabilistic analysis of the insurance process. For concreteness
consider the case of a fully discrete whole life policy with benefit 1 and annual
premiums. The prospective loss on such a policy when the annual premium is P
isthe loss random variable L = V¥®*1 — Pag. Notice that L is nothing more
than the present value, at the time the policy is issued, of the difference between
the policy benefit expense and the premium income. The equivalence principle sets
the premium P so that E[L] = O, that is, the expected loss on the policy is zero. A
more detailed probabilistic analysis of the policy can be made by studying how the
random variable L deviates from its mean. This will be discussed in more detall
later.

Exercise 16-5. For the fully discrete whole life policy with premium P, what is
Var(L)?
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Problems
Problem 16-1. Show that if § = 0 then P(A)) = 1/&,.

Problem 16-2. Arrange in increasing order of magnitude: P@(A,,25), P(As35),
P(Ayz5)-

Problem 16-3. If 15P4s = 0.038, P 515 = 0.056 and Agp = 0.625 find Pﬁs-ﬁ
Problem 16-4. Use the equivalence principle to find the net annual premium for
afully discrete 10 year term policy with benefit equal to $10,000 plus the return,
with interest, of the premiums paid. Assume that the interest rate earned on the
premiumsisthe same asthe interest rate used in determining the premium. Usethe
life table to compute the premium for this policy for (21). How does this premium
compare with 1OOOOP%1_EI?

Problem 16-5. A level premium whole life insurance of 1, payable at the end of
the year of death, isissued to (x). A premium of G is due at the beginning of each
year provided (X) survives. Suppose L denotes the insurer’s loss when G = Py, L"
denotestheinsurer’slosswhen Gischosensothat E[LM] = -0.20, and Var(L) = 0.30.
Compute Var (L.

Problem 16-6. A policy issued to (x) has the following features.
(1) Premiums are payable annually.
(2) Thefirst premium is twice the renewal premium.
(3) Term insurance coverage for $100,000 plus the difference between the first
and second premium is provided for 10 years.
(4) An endowment equal to thefirst year premium ispaid at the end of 10 years.
(5) Death claims are paid at the moment of death.

Use the equivalence principle to find an expression for the renewal net annual
premium.

Problem 16-7. A $1000 whole life policy is issued to (50). The premiums are
payable twice ayear. The benefit is payable at the moment of death. Calculate the
semi-annual net premium given that Asp = 0.3 and i = 0.06.

Problem 16-8. Polly, aged 25, wishes to provide cash for her son Tad, currently
aged 5, to go to college. Polly buys a policy which will provide a benefit in the
form of atemporary life annuity due (contingent on Tad's survival) in the amount of
$25,000 per year for 4 yearscommencing on Tad's 18th birthday. Polly will make 10
equal annua premium payments beginning today. The 10 premium payments take
theform of atemporary life annuity due (contingent on Polly’ssurvival). According
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to the equivalence principle, what is the amount of each premium payment? Use
the life table and UDD assumption (if necessary).

Problem 16-9. Snow White, presently aged 21, wishes to provide for the welfare
of the 7 dwarfsin the event of her premature demise. She buys awhole life policy
which will pay $7,000,000 at the moment of her death. The premium payments for
the first 5 years will be $5,000 per year. According to the equivalence principle,
what should her net level annual premium payment be thereafter? Usethellifetable
and UDD assumption (if necessary).

Problem 16-10. The Ponce de Leon Insurance Company computes premiums for
its policies under the assumptions that i = 0.05 and uy = 0.01 for all x > 0. What
Is the net annual premium for a whole life policy for (21) which pays a benefit of
$100,000 at the moment of death and has level premiums payable annually?
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Solutionsto Problems

00

Problem 16-1. If 6 =0, sz/ th‘LLxﬂdt:land ax:/ tpxdt=°ex.
0 0

Problem 16-2. Thisisrealy aquestion about the present value of annuities,

since the insurance isthe same in al cases. The ordering follows from a,,55 <

@ <
A58 < Q078

Problem 16-3. Use the two equations P,s15 = P1 __ + 15E45/8,575 and

4515
_ Ass — 15Ea5As0 _ ) . L )
——— — =P /&, 7z with the given information.
zlts:EI Py = 15P45 — 15E45A60/ 845,13 g

Problem 16-4.  The present value of the benefit is 100001151 (K) +
pvi* 's".ml 0,10)(K) where p is the premium. The actuarial present value of the
benefit is 10000A; o P&, 19 — P10Ex &g The equivalence principle gives the
premium as 10000 %_ll ag-

Problem 16-5. The loss random variable is (1 + G/ d)v¥*! — G/d from which
the mean and variance in the two cases can be computed and compared. In
particular Var(L) = (1+ Py/d)?Var(VC®*1) and Var (LD = (1+ G/d)?Var(v<®¥*1),
Also (1 + Py/d)E[VK*1] = P,/d = 0, from which 1 + P,/d = -1/(A, - 1), while
(1+G/d)E[VK*] -G/ d = -0.20, fromwhich 1+ G/d = -1.2/ (Ax—1). Thisgives
(1+G/d)/(1+Py/d) = 1.2 and Var(LY) = (1.2)?(0.30).

Problem 16-6. If Pistherenewal premium then (100000 + P)Axm +2P1oEx =
P+ P,

Problem 16—-7. The annual premium p satisfies pagz) = 1000Asp. UDD gives
Aso = (8/i)Aso, from which &s is obtained. Finaly, 42 = o(2)aso - B(2), and
the values of oc and 3 can be obtained from the interest rate function table.

Problem 16-8. The premium p satisfies pa,s 15 = 2500013)485. AlSO 8,515 =
85 — 10E25835 and 131485 = &5 — 17E4820.

Problem 16-9. The premium p satisfies 7000000A;; = 50004, g + PsE218z.

Problem 16-10. Here 100000Ay; = Pa,;. Now since the force of mortality is
constant, the future lifetime random variable is exponentially distributed so that

Aoy = / €910.01e %% dt = 0.01/(8 + 0.01). Under the UDD approximation,
0 _
a1 = (1 - A21)/d = (1 - (5/|)A21)/d
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Solutionsto Exercises
Exercise 16-1. From thetable, P3g = Az 839 = 0.10248/15.8561.

Exercise 16-2. Now P; o =A _|/a30—| Also A1 = Azp — 10E30A40.
30: 1 30:10
Similarly, 85575 = 8s0 — 10E308400. The other prem|um differs only in the

denominator, since P{*? = - a%z)j aétz)j = a2 - 1E3a. Since

30 _l
al? = o(12)ag - B(12) and asimilar expression holdsfor 52, the value of the
annuity can be computed from the life table using the interest rate function table
aswell. Note that the UDD assumption has been used here.

Exercise 16-3. Py = Adag.

Exercise 164. The net monthly premium is P/12 where P = (100000A1 - +
21:44]

75000V 44pp1 A1 =t 50000v54pp1A1 _ + 25000v%° soP21AL )/a;lf)_| These

5: 75:
values can be computed from the life table using the techmques of an earlier
exercise.

Exercise 16-5. Using & = (1 -V")/d and a little algebra gives L = (1 +
P/d)VK(X)+1 - P/d, sothat Var(L) = (1 + P/d)ZVar(vK(X)"l).
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A morerealistic view of theinsurance businessincludes provisionsfor expenses.
The profit for the company can also be included here as an expense.

The common method used for the determination of the expense loaded pre-
mium (or the gross premium) is a modification of the equivalence principle. Ac-
cording to the modified equivalence principle the gross premium G is set so that
on the policy issue date the actuarial present value of the benefit plus expenses is
egual to the actuarial present value of the premium income. The premium isusually
assumed to be constant. Under these assumptions aformulato determine G can be
easily written. Assume that the expenses in policy year k are e.; and are paid at
time k — 1, that is, at the beginning of the year. The actuarial present value of the
expensesis then given by

K(x)

EY Vel = ZVk@kpx
p

k=0

Typically expenses are dependent on the premium. Also the sales commission is
usually dependent on the policy size.

Example17-1. Supposethat thefirst year expensesfor a$100,000 semi-continuous
whole life policy are 20% of premiums plus a sales commission equal to 0.5% of
the policy amount, and that the expenses for subsequent years are 10% of premium
plus $5. The gross premium G for such apolicy satisfies

100000A, + (0.20G + 500) + (0.10G + 5)a, = Géy.

Animportant, and redlistic, feature of the above example is the large amount of
first year expense. Expenses are now examined in greater detail.

Example 17-2. Let's look at the previous example in the case of a policy for a
person aged 21. Assume that the interest rate is 6% and that the life table applies.
Then B

100, 000A,; + 495 + 58,

0.9a, -0.1

From this gross premium the company must pay $500 in fixed expenses plus 20%
of the gross premium in expenses ($120.85), plus provide term insurance coverage
for thefirst year, for which the net single premiumis 100, 000A; - = $102.97. Thus
there is a severe expected cash flow strain in the first pollcy yearI The interested

reader may wish to examine the article “ Surplus Loophol€e’ in Forbes, September
4, 1989, pages 44-48.

= $516.76.

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Expenses typically consist of two parts. The first part of the expenses can be
expressed as a fraction of gross premium. These are expenses which depend on
policy amount, such as sales commission, taxes, licenses, and fees. The other part
of expenses consist of those items which are independent of policy amount such
as data processing fees, printing of actual policy documents, clerical salaries, and
mailing expenses.

Studying the gross premium as afunction of the benefit provided can be useful.
Denote by G(b) the gross premium for a policy with benefit amount b. The value
G(0) represents the overhead involved in providing the policy and is called the
policy fee. Typically thepolicy feeisnot zero. Theratio R(b) = G(b)/biscalled the
premium rate for a policy of benefit b and reflects (approximately) the premium
change per dollar of benefit change when the benefit amount is b.

Exercise 17-1. In the example above find R(b), the premium rate for a policy of
benefit b.
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Problems

Problem 17-1. The expense loaded annual premium for an 35 year endowment
policy of $10,000 issued to (30) is computed under the assumptions that

(1) salescommission is 40% of the gross premium in the first year
(2) renewa commissions are 5% of the gross premium in year 2 through 10
(3) taxes are 2% of the gross premium each year

(4) per policy expenses are $12.50 per 1000 in thefirst year and $2.50 per 1000
thereafter

(5)1=0.06
Find the gross premium using the life table.

Problem 17-2. A semi-continuouswholelifepolicy issuedto (21) hasthefollowing
expense structure. Thefirst year expenseis0.4% of the policy amount plus$50. The
expensesin years 2 through 10 are 0.2% of the policy amount plus $25. Expensesin
the remaining years are $25, and at the time of death there is an additiona expense
of $100. Find aformulafor G(b). Compute G(1) and compare it to Ay.

Problem 17-3. Your company sells supplemental retirement annuity plans. The
benefit under such a plan takes the form of an annuity immediate, payable monthly,
beginning on the annuitant’s 65th birthday. Let the amount of the monthly benefit
payment be b. The premiums for this annuity are collected via payroll deduction
at the end of each month during the annuitant’s working life. Set up expenses for
such a plan are $100. Subsequent expenses are $5 each month during the premium
collection period, $100 at the time of the first annuity payment, and $5 per month
thereafter. Find G(b) for a person buying the plan at age x. What is R(b)?

Problem 17-4. A single premium life insurance policy with benefits payable at the
end of the year of death isissued to (x). Suppose that

(1) Ax=0.25

(2)d=0.05

(3) Sadles commission is 18% of gross premium

(4) Taxes are 2% of gross premium

(5) per policy expenses are $40 the first year and $5 per year thereafter

Calculate the policy fee that should be charged.



Problem 17-1.

Gagy -

Problem 17-2.

Problem 17-3.

Problem 17-4.
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Solutionsto Problems
10000A,, 35+ 0.35G +0.05G8,, 15 + (0.02G + 25) 80,35 + 100 =

bAg1 +0.002b + 25 +0.002bé,; 35 + 25851 + 100A21 = G(b)&g1.
12bgs— A2 +5x 12412 + 95+ 100, 1xEx = G(b)x 12af(;l§g,__x|'

G(b) = bA; +0.18G(b) + 0.02G(b) + 35 + 53.

93
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Solutionsto Exercises
Exercise 17-1. Sincethe premium is bR(b) when the benefit is b, the modified
equivalence principle gives bA, + (0.20bR(b) + 0.005b) + (0.200R(b) + 5)a, =
bR(b)&, from which R(b) = (bA + 0.005b + 54)/b(0.94, — 0.20).

94
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Solve the following 8 problemsin no morethan 40 minutes.

Question 18-1. Simplify (540201 _ a40:2_|02)20E40 _d
a40:%|)
A. 0O
D. &4 A 1
leto - w020 -7 1
P

20E40

Question 18-2. A fully discrete 20 year endowment insurance of 1 isissuedto (40).
The insurance also provides for the refund of all net premiums paid accumulated at
interest rate i if death occurs within 10 years of issue. Present values are calculated
at the sameinterest rate i. Using the equivalence principle, the net annual premium
payable for 20 years for this policy is A“im Determine k.

A.  10P40 a1g

B. Gz~ (1A D. 84030 — 84015 + 10E40 85
C.  &yp101 + Sto110E40 E.  10E0(3s010 * 5m1)

Question 18-3. A 20 payment whole life insurance with annual premiums hasthe
following expenses:

First Years Years
Year 2-10 11 and after
Per Policy 50 20 20
Percent of Premium 110% 10% 5%

You are given &, = 16.25, 8,15 = 8.00, and 8,55 = 12.00. Gross premiums are
equal to the expense loaded premium and are expressed asfg + h wheref istherate
per $1 of face amount, g is the face amount, and h isthe policy fee. Calculate h.

A. 27.00

B. 29.58 D. 3550

C. 3325 E. 3944

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Question 184 . For a continuous whole life annuity of 1 on (x), T(x), the future
lifetime of (x), follows a constant force of mortality of 0.06. Theforce of interest is
0.04. Calculate Pr(aggy) > ax)-

A. 040
B. 044 D. 048
C. 046 E. 0.50

Question 18-5 . The distribution of Jack’s future lifetime is a two point mixture.
With probability 0.60, Jack’sfuture lifetime followsthe Illustrative Life Table, with
deaths uniformly distributed over each year of age. With probability 0.40, Jack’s
future lifetime follows a constant force of mortality u = 0.02. A fully continuous
whole life insurance of 1000 is issued on Jack at age 62. Calculate the benefit
premium for thisinsurance at i = 0.06.

A. 31
B. 32 D. 34
C. 33 E. 35

Question 18-6. Forawholelifeannuity dueof 1 on(x), payableannually gy = 0.01,
Ox+1 = 0.05,1 = 0.05, and &1, = 6.951. Calculate the changein the actuarial present
value of this annuity due if py.; isincreased by 0.03.

A. 0.16

B. 0.17 D. 019

C. 018 E. 0.20
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Question 18-7 . Company ABC issued afully discrete three year term insurance of
1000 on Pat whose stated age at issue was 30. You are given gz = 0.01, gz; = 0.02,
O = 0.03, 33 = 0.04, andi = 0.04. Premiumsare determined using the equivalence
principle. During year 3 Company ABC discoversthat Pat was really age 31 when
the insurance was issued. Using the equivalence principle, Company ABC adjusts
the death benefit to the level death benefit it should have been at issue, given the
premium charged. Calculate the adjusted death benefit.

A. 646
B. 664 D. 750
C. 712 E. 963

Question 18-8. Thepricing actuary at Company XY Z setsthe premium for afully
continuous whole life insurance of 1000 on (80) using the equivalence principle
and the assumptions that the force of mortality is 0.15 and i = 0.06. The pricing
actuary’s supervisor believes that the Illustrative Life Table with deaths uniformly
distributed over each year of age is a better mortality assumption. Calculate the
insurer’s expected loss at issue if the premium is not changed and the supervisor is

right.
A. -124
B. -26 D. 37

C. O E. 220
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Answersto Sample Questions

Question 18-1. UsiNg 20E40%0551 = @ugag1 @nd déygsg = 1 — Aygzg 0ives

(Sio70~ a4°:2_“’2)2°E4° —d = (1 - 20Ea0)/ 84070 — d
(amm)
= (1 — 20E40 — d8y035)/ 840701
= (A0 — 20E40)! 840751

A A
Allo:m Qo201
a Lllo:ﬂ'

B.
Question 18-2 . The equivalence principle gives
Payoz0 = Asozal + E[PScaorr VY 109 (K (40))].

Now the expectation is equal to P(8,,15 — aggj10P40- Thus

K = 840701 — Q40101 *+ Sp120P40
= V1010p40350;m| + agp110P40
= 10E40(8s0.151 + S1a1)-

E.

Question 18-3. Theequation for the gross premium P is gAx+30,08,+0.05P&, 55 +
0.058, .75+ P = P&, 55, fromwhich h = (30+204&)/ (&35 —1—0.058, 75— 0.058, 55) =
35.5. D.

Question 184 . Here

]
aq = / e 0% gt = (1— e0%T)/0.04,
0
and a, = / g0 0% gt = 10 Thus Plaq > 10] = P[T > In(0.6)/0.04] =
eOGIn(.6)/.O4 :00.46. C.

Question 18-5. Here the premium P satisfies

0.6(1000)(/ 6)Acz + 0.4(1000) [~ 0.02¢70% e
_p (O.6(1 _(i/8)As)! 6 +0.4 / = (500 dt) ’
0

fromwhich P =31. A.
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Question 186 . Since &, = 1 + VP&d1 = 1+ VPy + V2PyPrs1der and &g = 1+
VPx+18x+2, thegiveninformation showséy., = 6.577. Theorigina valueisd, = 7.553
while the modified value is 7.730. The differenceis0.177. C.

Question 18-7 . Using the information and direct computation gives the original
premium as 18.88. The adjusted benefit is therefore 664, again by direct computa-
tion. B.

Question 18-8 . For the original calculations, a = 1/(u + 8) and A = 1 - 8a, O
the premium charged is 150. Using the Illustrative Life Table gives the loss at issue
with this premium as 1000A — 150a = —124. A.
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The study of the basic aspects of life insurance is now complete. Two different
but similar directions will now be followed in the ensuing sections. On the one
hand, types of insurance in which the benefit is paid contingent on the death or
survival of more than one life will be examined. On the other hand, the effects of
competing risks on the cost of insurance will be studied.

Thefirst areaof study will beinsurancein which thetime of the benefit payment
depends on more than one life. Recall that a status is an artificially constructed
life form for which there is a definition of survival and death (or decrement). The
simplest type of statusisthe singlelife status. The single life status (x) dies exactly
when (x) does. Another simple status is the certain status n. This status dies at
the end of n years. The joint life status for the n lives (x3), ... (xy) is the status
which survives until the first member of the group dies. This status is denoted by
(X1X2...%,). Thelast survivor status, denoted by (X1Xz...X5) is the status which
survives until the last member of the group dies.

When discussing agiven statusthe question naturally arisesasto how onewould
Issue insurance to such a status. If the constituents of the status are assumed to die
independently this problem can be easily solved in terms of what is aready known.

Example 19-1. Consider afully discrete whole life policy issued to the joint status
(xy). The net annual premium to be paid for such a policy is computed as follows.
Using the obvious notation, the premium, P, must satisfy

Ay = Pay,.
Using the definition of the joint life status gives
Axy - E[VK(X)DK(y)+1]

and

which are obtained as previoudly.

Exercise 19-1. Obtain an expression for Ay, in terms that can be computed from
the life table.

Exercise 19-2. IsAy + Ay = A+ A)?

A useful technique for writing computational formulas directly is to ask the
question “Under what conditions is a payment made at time t?’ The answer will
usually provide a computational formula.

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Example 19-2. What is &,,? This annuity makes a payment of 1 at time k if and
only if both (x) and (y) are aive at timek, and the probability of thisis pyy = kPx kPy-

Thus &,y = > Vepeby.
k=0

If oneiswilling to assume an analytical law of mortality computationsinvolving
joint lives can be simplified. Recall that two of the common analytical laws of
mortality are the Gompertz and Makeham laws. The Gompertz law has force of
mortality ux = Bc*. The joint survival of two independent lives (x) and (y) is
probabilistically identical with the survival of asinglelife (w) if and only if

Hiy)+s = Hxes T Hyss = Hwss.

When (x) and (y) have mortality which follows Gompertz' Law thisrelation holdsif
w satisfiesc* + ¢¥ = ¢¥. A similar observation applies to Makeham'’s law for which
the force of mortality is u, = A+ Bc*. Inthis case, however, mimicing thejoint life
(xy) requires the use of ajoint life (ww) at equal ages. Here w is the solution of
2" =c+0.

Exercise 19-3. Verify these assertions.

A status can also be determined by the order in which death occurs. The idea

here is similar to that used for term insurance earlier in which the status>1< : i fails
at the time of death of (x) provided (X) diesfirst. Asamore complicated example

the status (X : % dies at the time of death of (y) provided (y) is the second to die.
Hence this status lives forever if (y) dies before (x). An insurance for such a status
Isasimple case of what isknown asacontingent insurance. Again, if thelivesare
assumed to fail independently the computations can be reduced to those involving
cases aready considered.

Exercise 19-4. Show that if X and Y are independent random variables and one
of them is absolutely continuous then P[X = Y] = 0. Hence under the standard
assumptions of this section no two people can die simultaneously.

One model for joint lives which allows for simultaneous death is the common
shock model. Theintuitionisthat thetwo lives behave amost independently except
for the possibility of death by acommon cause. The model isasfollows. Let THX),
THy), and Z be independent random variables. Assume that THx) and T(y) have
the distribution of the remaining lifetimes of (xX) and (y) as given by the life table.
Therandom variable Z represents the time of occurrence of the common catastrophe
which will kill any survivors. The common shock model is that the true remaining
lifetimes of (x) and (y) are given as T(X) = min{ THX), Z} and T(y) = min{ THy), Z}
respectively. The key computational fact is that under the common shock model
tPxy = tPx tPy P[Z = 1].
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Exercise 19-5. What is the probability that (x) and (y) die simultaneously in this
model?

For the special casein which TH(x), TH(y), and Z have exponential distributions
with parameters py, uy, and u, respectively, computations for the common shock
model arerelatively easy, and will be explored in the problems.
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Problems

Problem 19-1. Show

Py = tPxy + tPx(1 — ¢Py) + Py (L — (Py).

Problem 19-2. Suppose uy = /(110 — x) for 0 < x < 110. Find 10P20:30, 10P5530»
and &.50.

Problem 19-3. Find an expression for the actuaria present value of a deferred
annuity of $1 payable at the end of any year as long as either (20) or (25) isliving
after age 50.

Problem 19-4. Find the actuarial present value of a 20 year annuity due which
provides annua payments of $50,000 while both (x) and (y) survive, reducing by
25,000 on the death of (x) and by 12,500 on the death of (y).

Problem 19-5. Show that nq)l(y = ”qx;% + nOx nPy-
Problem 19-6. Show that A;(y - Ax§ =Ay—A,.

Problem 19-7. If u, = 1/(100 — x) for O < x < 100, calculate 25q25_g0.

Problem 19-8. If the probability that (35) will survive for 10 years is a and the
probability that (35) will die before (45) is b, what is the probability that (35) will
die within 10 years after the death of (45)? Assume the lives are independent.

Problem 19-9. Suppose that in the common shock model TH(x), THy), and Z have
exponential distributions with parameters L1y, 1y, and u, respectively. Find the net
single premium for a continuous wholelife policy of 1 onthejoint life (xy). Assume
the force of interestis 6 > 0.

Problem 19-10. Find an expression for the net single premium for a continuous
wholelifepolicy of 1issuedto (>1<y), astatuswhich failswhen (x) diesif T(x) < T(y).

Problem 19-11. Find an expression for the net single premium for a continuous

whole life policy issued to (x%), where the benefit is paid on the death of (y) if
T(X) < T(y).
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Solutionsto Problems

Problem 19-1. pgy = P[[T(X) = t] O [T(y) = t]] = P[T(X) = t, T(y) 2
t]+P[T(X) =2t, T(y) <t] +P[T(X) <t, T(y) =1].

Problem 19-2. Fromtheform of theforce of mortality, DeMoivre'sLaw holds,
SO 10P20:30 = 10P20 10P30 = (80/90)(70/80). Als0, 10P55755 = 1 — 10020 10030, and

. _/°° Olt_/sogo—tso—tdt
€20:30 = A tP20:30 AL = A 90 80

Problem 19-3. 30|20 + 25|825 ~ 30| 820:25-

Problem 19-4. The annuity pays 12,500 for 20 years no matter what so the
actuarial present value consists of 3 layers giving 25, 0008, 25 + 12, 5000855 +
12, 5008

Problem 19-5. The event that (x) dies first and within n years occurs if (y)
dies second within n years (so that both di€) or (X) dies within n years and (y)
survives n years.

Problem 19-6. If (X) diesbefore (y), theinsurance on the left side pays 1 at the
death of (X) and takes back 1 at the death of (y); the insurance on the right side
does the same. If (y) dies before (x) the insurance on the left side pays nothing,
and neither does the insurance on theright side.

Problem 19-7. DeMoivre's Law holds and a picture showsthat the probability
isthe area of atriangle, which is (1/2)25%/(50)(75) = 1/12.

Problem 19-8. P[T(35) > T(45) +10] = [ P[T(35) > t + 10];pusfias+ At =
5 PIT(35) > t+10|T(35) = 10]P[T(35) = 10]ipasiias« dt = @ [y P[T(45)+10 >
t + 10](pasilast dt = a [y (1Ppas)’tlas+ At = [ —tPasyiPasdt = a/2. Thus the
desired probability is1-a/2 - b.

Problem 19-9. InthiscaseT(xy) hasanexponential distributionwith parameter
Ux + ty + L, SO the net single premium is (uy + uy + uz)/ (Lx + ty + iz + 6).

Problem 19-10. The net single premium is / v‘tpx/,Lxmpy dt.
0

Problem 19-11. The premium is / VO Pyl Ot
0
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Solutionsto Exercises

Exercise 19-1. Using the independence gives Py = tPutPy, SO that Ay =
E[VK0*I] = > ko Vk+1(kpxy ~kr1Pxy) = Do \/‘J'l(kpxkpy ~ kr1Pxk+1Py)-

Exercise 19-2. Intuitively, either (x) diesfirst or (y) diesfirst, so the equation
istrue. This can be verified by writing the expectationsin terms of indicators.

Exercise19-3. Under Makehamtherequirement isthat (A+Bc**S)+(A+BcY*s) =
(A+Bc"*®) + (A+Bc"*s) for all s, and thisholdsif c* +¢¥ = 2¢V.

Exercise 194. If X is absolutely continuous, P[X = Y] = / P[Y =

X] fx(X) dx. This probability is zero since P[Y = X] is non zero for at most
countably many values of x.

Exercise 19-5. Inthe common shock model, (x) and (y) die ssmultaneously if
THX) > Z and THy) > Z. By conditioning on the value of Z the probability of

simultaneousdeathis | P[TY(x) > ZP[THy) > 7f,(2) dzwhen Z is absolutely

continuous. Here the in_dwependence of TH(x) and TH(y) was used.



§20. Multiple Decrement Models

In contrast to the case in which astatusis defined in terms of multiple lives, the
way in which a single life fails can be studied. This point of view is particularly
important in the context of the analysis of pension plans. In such a setting a person
may withdraw from the workforce (a‘death’) due to accident, death, or retirement.
Different benefits may be payable in each of these cases. A common type of
insurance in which a multiple decrement model is appropriate is in the double
indemnity life policy. Here the benefit is twice the face amount of the policy if
the death is accidental. In actuarial parlance the termination of a statusis called a
decrement and multiple decrement modelswill now be developed. These models
aso go by the name of competing risk modelsin other contexts.

To analyze the new situation, introduce the random variable J = J(x) whichisa
discrete random variable denoting the cause of decrement of the status (x). Assume
that J(X) has as possible values the integers 1,...,m. All of the information of
interest is contained in the joint distribution of the random variables T(x) and J(X).
Note that this joint distribution is of mixed type since (as aways) T(X) is assumed
to be absolutely continuous while J(x) is discrete. The earlier notation is modified
in afairly obvious way to take into account the new model. For example,

=P[0<T(X) <t,J(X) =]].
and
=P[T(x) > t,3(X) =]].

Here .qY givesthe marginal density of J(x). To discussthe probability of death due
to all causes the superscript (7) isused. For example,

A =PI < =) )
=1

and asimilar expression for the survival probability holds. Although .g{® +p{® = 1
a similar equation for the individual causes of death fails unlessm = 1. For the
force of mortality from all causes

@0~ frw®
“tOPT) > 1]

as before, and the force of mortality dueto causej is

0 — fT(x) J(X) (t; J)
PTE) > ]
The force of mortality due to cause j represents the instantaneous death rate in an
imaginary world inwhich causej isthe only possible cause of death. For thisreason,
m

and also directly from the defining formula, u{® = >~ u@.

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Care must be exercised in the use of these formulas. In particular, while

t
P = exp(- [ uddg)

the inequality t

Py # expf{ - /0 il ds)
is generally true. This latter integral does have an important use which is explored
bel ow.

Animportant practical problem isthat of constructing a multiple decrement life
table. To see how such a problem arises consider the case of a double indemnity
whole life policy. Assume that the policy will pay an amount $1 at the end of the
year of death if death occurs due to non-accidental causes and an amount of $2 if
the death is accidental. Denote the type of decrement as 1 and 2 respectively. The
present value of the benefit is then

VO™ 103 3(9) + 2V 15 (3(9) = IpIv,

To compute the net premium the expectation of this quantity must be computed.
Thiscomputation can only be completed if pd’ isknown. How arethese probabilities
calculated?

There are two basic methodologies used. If alarge group of people for which
extensive records are maintained is available the actual survival datawith the deaths
in each year of age broken down by cause would also be known. The multiple
decrement table can then be easily constructed. Thisis seldom the case.

Example20-1. Aninsurancecompany hasathriving businessissuing lifeinsurance
to coal miners. There are three causes of decrement (death): mining accidents, lung
disease, and other causes. From the company’s vast experience with coal miners a
decrement (life) table for these three causes of decrement isavailable. The company
now wantsto enter thelifeinsurance businessfor salt miners. Here the two causes of
decrement (death) are mining accidents and other. How can the information about
mining accidents for coal miners be used to get useful information about mining
accidents for salt miners?

A simple-minded answer to the question raised in the example would be to
simply lift the appropriate column from the coal minerslife table and use it for the
salt miners. Such an approach fails, because it does not take into account the fact
that there are competing risks, that is, the accident rate for coal minersisaffected by
the fact that some miners die from lung disease and thus are denied the opportunity
to die from an accident. The death rate for each cause in the absence of competing
risk is needed.
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To see how to proceed the multiple decrement processis examined in abit more
detail. As mentioned earlier, u{, the instantaneous death rate due to cause j, is the
death rate in an imaginary world in which cause j is the only cause of decrement.
Intuitively, thisis because a person can not simultaneously die of 2 causes. Thuson
aninstantaneous basis, thereisno competing risk. Thisfact leadsto theintroduction
of the quantities

. t
PO = ep(~ [ ulldg
and
Y =1-p0.
The probability ;q.?) is called the net probability of decrement (or absolute rate
of decrement). The absolute rate of decrement ;q.?) isthe probability of decrement

for (x) within t years in the imaginary world in which cause | is the only cause of
decrement.

These probabilities may be used to obtain the desired entries in a multiple
decrement table as follows. First

m
0 = [1n?

m
since, as remarked earlier, u? = Y~ u9. This shows how one can pass from the
j=1
absolute rate of decrement to total survival probabilities. Note that this relationship
implies that the rates are generally larger than the total survival probability.

Connecting the rates of decrement to the entries in the multiple decrement
table can be accomplished under several differnet types of assumptions. As afirst
illustration, suppose that the force of mortality for each decrement over each year
of age in the multiple decrement table is constant. This means that ul; = u@ for
O<t<1landl<j<m Consequently, u? = ul? too. So

/ P s ds
= /O p&’) ud ds

@
_ MK
= “)((T) (T) ‘u)((f) ds

_ud (1)
7y Ox
u( )

Inp (T)

In p@
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or briefly,

) ()7 (0
0 _ ax’/ o
= (p0)

X

From this relation the rates of decrement can be found if the multiple decrement
table is given. Conversely, if all of the rates of decrement are known, the multiple
decrement table can be constructed by using this relation and the fact that 1 — ¢” =

m
O =110
j=1

This solves the problem of computing the entriesin a multiple decrement table
under the stated assumption about the structure of the causes of decrement in that
table.

Exercise 20-1. What happensif p{® = 1?

Exercise 20—2. Show that the same formularesultsif one assumesinstead that the
time of decrement due to each cause of decrement in the multiple decrement table
has the uniform distribution over the year of decrement. (This assumption means
that .q¥ =t [g0.)

Exercise 20-3. Assume that two thirds of all deaths at any age are due to accident.
What is the net single premium for (30) for a double indemnity whole life policy?
How does this premium compare with that of a conventional whole life policy?

The previous computations were based on assumptions about the causes of
decrement within the multiple decrement table. In some contextsit ismore sensible
to make assumptions about the structure of the individual causes of decrement as
if each were acting independently, that is, to make assumptions about the absolute
rate of decrement in the single decrement tables.

Example 20—2. Suppose we are designing a pension plan and that there are two
causes of decrement: death and retirement. In many contexts (such as teaching)
retirements might be assumed to al occur at the end of ayear, while deaths can occur
at any time. How could we construct a multiple decrement table which reflects this
assumption?

The key observation here is that the force of mortality due to cause j can
be computed in two ways. within the multiple decrement table, and within the
imaginary world in which cause | is the only cause of decrement. The results of
these two computations must be equal, since on an instantaneous basis there are no
competing risks. Thus

d . d i
0 1 ()
ds*® _ o _ ds™k

sp@ Hoos sp>’<<j) '
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This key relationship, together with assumptions about mortality within the single
decrement table, is sufficient to find the connection between the rates of decrement
and the multiple decrement table.

One common assumption about asingle decrement isthe assumption of uniform
distribution of deaths in the year of death. In the multiple decrement context this
trandates into the statement that for 0<t< 1

tq;(j) = tq;(j)-

Using thisassumption together with the key relationship above permitsthefollowing
type of computation. The computations are illustrated for the case of 2 causes of
decrement. In this setting

0= [ oloubos

/ pr(l) pr(2) & ) ds
d q'(l)
/ Ot r(z)ds " ds

'
X

- q:(l) / pr(z) ds
=4 [ (1~ ds
— ql(l)(l 1 I(Z))

with a similar formula for ¢®. This procedure could be modified for different
assumptions about the decrement in each single decrement table.

Exercise 204. Construct a multiple decrement table in which the first cause of
decrement is uniformly distributed and the second cause has all decrements occur
at the end of the year. The pension plan described in the example above illustrates
the utility of thistechnique.

Another approximation which isused to connect single and multiple decrement
tables makes use of the life table functions

/ Lot O

x+l

I—x

which are sometimes used in the single decrement case. Intuitively, Ly isthe number
of person years lived by those dying with age between x and x + 1. Hence L, isa
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weighted average of |, and l,.; with the weights determined by the pattern of death
in that year of age. So my, = d,/Ly is perhaps a more reasonabl e estimate of ¢ than
some other measures which have been used. The function m, is called the central
death rate at age x.

In the context of a multiple decrement table the central rate of death isused in
a special technique, called the central rate bridge. This technique is now briefly
described. Define

0 = / Blmadt o
- 1
/ o dt /0 P dt
and
0 = / PO dt @
/ Pl dt / Pl dt
and

/ POl dt 0

/0 PO dt / PO dt

The central rate bridge is based on the following approximation. First, under the
UDD assumption in each single decrement table

m)'((J') =

q. 1()
2q>’< (0N
Second, under the UDD assumption in the multiple decrement table
(J)
- 20

Thirdly, under the constant force assumption in the multiple decrement table
‘u(J) m)'((J)

Now assume that all of these equalities are good approximationsin any case. This
assumption provides away of connecting the single and multiple decrement tables.
There is no guarantee of the internal consistency of the quantities computed in this
way, since, in general, the three assumptions made are not consistent with each
other. The advantage of this method is that the computations are usually simpler
than for any of the ‘exact’ methods.

m’((])

i) —
M = GE

Exercise 20-5. Show that each of the above equalities hold under the stated as-
sumptions.
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Problems

Problem 20-1. Assume that each decrement has a uniform distribution over each
year of age in the multiple decrement table to construct a multiple decrement table
from the following data.

Age o 0 ? g

62 0.020 0.030 0.200
63 0.022 0.034 0.100
64 0.028 0.040 0.120

Problem 20-2. Rework the preceding exercise using the central rate bridge. How
different is the multiple decrement table?

Problem 20-3. In adouble decrement table where cause 1 is death and cause 2 is
withdrawal it isassumed that deaths are uniformly distributed over each year of age
while withdrawals between ages h and h + 1 occur immediately after attainment of
age h. In this table one sees that 1) = 1000, ¢ = 0.24, and d$§ = 0.06d%. What
is gi5”? How does your answer change if all withdrawals occur at midyear? At the
end of the year?

Problem 20-4. The following data was collected from independent samples at
various stages of the development of the apple maggot.

Number of Deaths by Cause

Development Number 1 (predator) 2 (parasite) 3 (disease) 4 (other)
Stage x Observed
0 (egg) 977 0 0 687 14
1 (early larvae) 963 0 224 126 87
2 (late larvae) 153 65 12 0 0
3 (early pupae) 435 88 143 10 0
4 (late pupae) 351 78 45 19 54

Usethegiven datato construct amultipledecrement lifetableusing I, = 10, 000.

Problem 20-5. Refer to the preceding problem and find the absol ute rate of decre-
ment for each stage of development and each cause of decrement.

Problem 20-6. Refer to the previous problem and construct the multiple decrement
table that would hold if death by disease were completely eliminated.

Problem 20—7. How would you construct a multiple decrement table if you were
given g\, gi@, and g®? What assumptions would you make, and what formulas
would you use? What if you were given gV, @, and g®?
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Solutionsto Problems

Problem 20-1. First, plJ = (.98)(.97)(.80) and o = 1 - p2. Also pi¥) =

) _ In p'(J)
1-g.Y. Fromtherelationgl) = n pf(f)
62

o9 thefirst row of the multiple decrement

table can be found.

Problem 20-3. From the information dé%) = 240 and dg%)) = 14. Since with-
drawals occur at the beginning of the year there are 1000 — 240 = 760 people
under observation of whom 14 die. So i = 14/760. If withdrawals occur at

year end al 1000 had a chance to die so g,tY = 14/1000.

]I?rlcl)blem 20-4. The life table constructed from the given information is as
ollows.

X Iy dy d® d? d® d@
0 (egg) 10000.00 7175.03 0.00 0.00 7031.73 143.30
1 (early larvae) 2824.97 1281.95 0.00 657.11 369.62 255.22
2 (late larvae) 1543.03 776.56 655.54 121.02 0.00 0.00
3 (early pupae) 766.47 424.64 155.06 251.97 17.62 0.00
4 (late pupae) 341.83 190.88 75.96 43.82 1850 52.59
5 (adult) 150.95

This can aso be given asfollows.

X Px O i q? @ o
0 (egg) 0.2825 0.7175 0.0000 0.0000 0.7032 00143
1 (early larvae) 0.5462 04538 0.0000 0.2326 0.1308 0.0903
2 (late larvae) 0.4967 05033 0.4248 0.0784 0.0000 0.0000
3 (early pupae) 0.4460 0.5540 0.2023 0.3287 0.0230 0.0000
4 (Iate pupae) 04416 0.5584 0.2222 0.1282 0.0541 0.1538

Problem 20-5. Under the UDD assumption in the multiple decrement table,
the absolute rates of decrement are as follows.

x Px i o ¢ ¢ q
0 (egg) 0.2825 0.7175 0.0000 0.0000 0.7103 0.0249
l(ealylavae) 05462 04538 00000 02665 01600 01134
2 (late larvae) 049%7 05033 04460 01033 00000 00000
3 (early pupae) 0.4460 0.5540 0.2554 0.3807 0.0330 0.0000
4 (Iate pupae) 0.4416 0.5584 0.2777 01711 0.0762 0.2016

Problem 20-6. Under UDD in the multiple decrement table, after setting the
absolute rate of decrement for disease to zero, the multiple decrement table
would be asfollows.

X P O i q? @ ¢
0 (egg) 09751 0.0249 0.0000 0.0000 0.0000 0.0249
1 (early larvae) 0.6503 0.3497 0.0000 0.2519 0.0000 0.0978
2 (late larvae) 0.4967 0.5033 0.4248 0.0784 0.0000 0.0000
3 (early pupae) 04612 05388 0.2053 0.3336 0.0000 0.0000
4 (Iate pupae) 0.4780 05220 0.2300 01327 0.0000 0.1593

Problem 20—7. The central rate bridge could be used. Isthere an exact method
available?
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Solutionsto Exercises
Exercise 20-1. What would this mean for u{” and the derivation?

Exercise 20-2.  The assumption is that (¥ = tg? for all j. Hence p(? =
1-t9Q and ulls = Lq¥/p = qP/4p{. Substitution and integration gives

i O] DO
) = ¢ Jo wsas — (1 - q@)¥/d”. Since p(? = 1 - g, the result follows by
substitution.

Exercise 20-3. The actuarial present value of the benefit is (1/3) x 1 x A, +
(2/3) x 2 x Ay = (5/3)Ay, from which the premium is easily calculated.

Exercise 20-4.  Since cause 1 obeys UDD, g = /¥ f spi@ ds as in the
derivation above. For cause 2, pi@ = 1fors< 1, so g = q/. For cause 2
proceed as in the derivation above to get g = f PLO L@ ds. Now g, is
0 except for ajump of sizeq® at s= 1. Hence q(z) (5) pl® = @1 -qg D).
Notice that the integral has been interpreted asaSt|e|tJes integral in order to take
the jump into account.

Exercise 20-5. Under UDD in thesmgledecrement tabletpx(” 1- tq'“) and
tp)'((J)‘u(J) - q'(J) '(l) fl q'(J) dt/f (1- tq'(J)) dt = '(J)/(l '(J)) Under
UDD in the multiple decrement table 18 = q¥/4p{? so that subst|tut|on gives
the result. Under the constant force assumption in the multiple decrement table,
1 = 1 foral j and ml) = ¥ = M9 by substitution.

114



§21. Sample Question Set 6

Solve the following 9 problemsin no morethan 45 minutes.

Question 21-1 . A lifeinsurance on John and Paul pays
(2) 1 at the death of John if Paul isalive
(2) 2 at the death of Paul if Johnisalive
(3) 3 at the death of John if Paul is dead
(4) 4 at the death of Paul if John is dead.

John and Paul are independent risks, both age x. Calculate the actuarial present
value of the insurance provided.

A. T7A,-2A,
B. 7A - 4A D. 10A,-4Ay
C. 10/5\)( - ZAXX E. 10/5\)( - SAXX

Question 21-2 . You are given |y, = Iy and dy, = Iy = lxs1y41. Which of the
following is equivalent to d,, — d,d,?

+ Oy, |
A. Ix+1|y+1 W
_ rap
B. lxlya Pl * By PxGly + OxPy
Ox0y D. Lly TQy
PxCy * Ox
Iy [};Xpypy} E. Ldy [pxOx + aypy]

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Question 21-3. In adouble decrement table you are given

X 0 @ 1

X X X
25 0.01 0.15
26 0.01 0.10 8,400

Calculate the effect on dS if 2 changes from 0.15 to 0.25.
A. decreaseby 10

B. decreaseby 5 D. increaseby 10

C. increaseby 5 E. increaseby 15

Question 214 . Given thefollowing datafrom a double decrement table, calculate
d2.

(1) 1§) = 500

(2) o3 = 0.050

(3) ¢ = 0.500

(4) 1053 = 0.070

(5) 2/Geg = 0.042

(6) .02 = o 600

(7)1 =
A. 100
B. 105 D. 114
C. 109 E. 119

Question 21-5 . A multiple decrement table has 2 decrements, death (d) and
withdrawal (w). Withdrawals occur once a year three-fourths of the way through
the year of age. Deaths in the associated single decrement table are uniformly
distributed over each year of age. You are given I%Y = 1000, g™ = 0.2, and
19, = 720. Calculate d@.

A. 80

B. 83 D. 93

C. 90 E. 95
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Question 21-6. Inatripledecrement table, lives are subject to decrements of death
(d), disability (i), and withdrawal (w). The total decrement is uniformly distributed
over each year of age, I = 25,000, 1%, = 23,000, m® = 0.02, and m = 0.05.
Calculate ¥, the probability of decrement by disability at age x.

A. 0.0104

B. 0.0112 D. 0.0128

C. 0.0120 E. 0.0136

Question 21-7 . In a double decrement table, 1) = 1000, o’ = 0.100, ¢ =
0.300, 1,05 = 0.075, and 1) = 472. Calculate q<2)

A. 011
B. 0.13 D. 015
C. 014 E. 017

Question 21-8 . For alast survivor insurance of 10,000 on independent lives (70)
and (80) you are given that the benefit, payable at the end of the year of death, is
paid only if the second death occurs during year 5. Mortality followsthe Illustrative
Life Table, and i = 0.03. Calculate the actuarial present value of this insurance.

A. 235

B. 245 D. 265

C. 255 E. 275

Question 21-9 . For alast survivor whole life insurance of 1000 on (x) and (y)
the death benefit is payable at the moment of the second death. The independent
random variables TH(x), T"(y), and Z are the components of acommon shock model.
TH(x) has an exponential distribution with T ®(t) = 0.03 for t > 0. THy) hasan
exponential distribution with uyT D(y)(t) = 0.05fort > 0. Z the common shock random
variable, has an exponential distribution with u#(t) = 0.02 for t > 0. The force of
interest is 6 = 0.06. Calculate the actuarial present value of this insurance.
A. 0.216

B. 0271 D. 0.368

C. 0326 E. 0423
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Answersto Sample Questions

Question 21-1. The present value of benefit random variableis\W1;cp + 2V71p; +
3VJ1P<J +4VP13<p =3V +4VP—2VJ13<p—2VP1p<J. The eXpeCtatlon isthus 7/5\)(—2/5\)0(.
A.

Question 21-2 . From the given information, dy, — dydy = Ixly — lxalyes — dydy =
(|x+1+dx)(|y+1+dy)_|x+1|y+1_dxdy = I><+1dy"'|y+1dx = |x+1|yQy+|y+1|xC1x = |x+1|y+1(Qy/py+
O/ Px)-A.

Question 21-3 . With the current table d) = 84, and I2(1 - .01 - .15) = 8400 so
19 = 10000. With the change, I$) = 10000(1 - .01 - .25) = 7400 giving the new
value of di = 74. A.

Question 214 . The first 3 facts give I = 500 — 25 - 250 = 225. The fourth
fact gives 0.07 = pqy), so d¥) = 35. The sixth fact gives 0.60 = o + p2qQ
and using what has been determined, déi) = 50 so that lgs = 140. The fifth fact
gives 0.042 = g2pIplg, from which d = 21, from which the last fact gives
d@ =140-21=119. E.

Question 21-5. Sincep{? = p/@pl™, theinformation givenyieldsp!@ = 9. Thus
under the UDD assumption, there are 75 deaths in thefirst three-fourths of the year,
leaving 925 alive of which 20% withdraw. Thus there are 740 left alive after the
withdrawals, of which 20 must die since l,,; = 720. Thus there were 95 deaths. E.

Question 21-6 . Under the UDD assumption, my) = g®/(1 - 0.5¢"). Since q{? =
2000/25000 = 0.08, ¢ = g{? - ¢ - g™ = 0.08—0.96(0.02) - 0.96(0.05) = 0.0128.
D.

Question 21-7 . From the information, p$y = (.9)(.7) = .63 so that I$) = 630.
Now 19 = p§Ja so that o = .075/.63. Thus diY = 75 and d = 83. Hence
g = 83/630 = 0.131. B.

Question 21-8. The benefit ispaid if (70) diesin year 5 and (80) diesin year 4 or
before, or if (80) diesinyear 5and (70) diesin year 5 or before. This probability is
5664051 47.31 2660734, 2660734 113.69 5396001
a- )+ a- ) = 0.27223.
6616155 1000 3914365° 3914365 1000 6616155
Multiplication of the probability by 10, 000v° gives the value as 234.83. A.

Question 21-9 . The value of a last survivor policy is the sum of the individual
policies minus the value of a joint survivor policy. Now T(x) has an exponential
distribution with parameter .05; T(y) is exponential with parameter 0.07; and the
joint life is exponential with parameter 0.10. The desired value is thus .05/.11 +
.07/.13-.1/.16 = 0.368. D.



§22. Insurance Company Oper ations

The discussion thus far has been about individual policies. In the next few
sections the operations of the company as awhole are examined. This examination
begins with an overview of the accounting practices of an insurance company. This
isfollowed by a study of the behavior of the loss characteristics of groups of similar
policies. Thislast study leads to another method of setting premiums for a policy.

Copyright O 2006 Jerry Alan Veeh. All rights reserved.



§23. Net Premium Reserves

A realistic model for both insurance policies and the method and amount of
premium payment is now in hand. The next question is how accounting principles
are applied to the financial operations of insurance companies.

A basic review of accounting principles is given first. There are three broad
categories of items for accounting purposes. assets, liabilities, and equity. Assets
include everything which is owned by the business. Liabilities include everything
which is owed by the business. Equity consists of the difference in the value of the
assets and liabilities. Equity could be negative. In the insurance context liabilities
are referred to as reserve and equity as surplus. When an insurance policy is
Issued the insurance company is accepting certain financial obligationsin return for
the premium income. The basic question is how this information is reflected in
the accounting statements of the company. Keep in mind that this discussion only
concerns how the insurance company prepares accounting statements reflecting
transactions which have occurred. The method by which gross (or net) premiums
are calculated is not being changed!

Example 23-1. Suppose the following data for an insurance company is given.

Income for Year Ending December 31, 1990

Premiums 341,000

Investment Income 108,000

Expenses 112,000

Claims and Maturities 93,000

Increases in Reserves —

Net Income —

Balance Sheet
December 31, 1989 December 31, 1990

Assets 1,725,000 —
Reserves — 1,433,000
Surplus 500,000 —

The missing entries in the tables can be filled in as follows (amounts in thou-
sands). Total income is 341 + 108 = 449 while total expenses are 112 + 93 = 205,
so net income (before reserve contributions) is 449 — 205 = 244. Now the reserves
at the end of 1989 are 1, 725 — 500 = 1, 225, so the increase in reserves must be
1,433 - 1,225 = 208. The net income is 244 — 208 = 36. Hence the 1990 surplus
1S 536 and the 1990 assets are 1,969.

The central question in insurance accounting is*“How are liabilities measured?’

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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The answer to this question has some very important consequencesfor the operation
of the company, aswell as for the financial soundness of the company. The general
eguation is

Reserve at timet = Actuarial Present Value at timet of future benefits
— Actuarial Present Value at timet of future premiums,

The only accounting assumption required is one regarding the premium to be used
in thisformula. Isit the net premium, gross premium, or ???

The only point of view adopted here is that liabilities are measured as the
net level premium reserves. This is the reserve computed under the accounting
assumption that the premium charged for the policy is the net level premium. To
see that this might be a reasonable approach, recall that the equivalence principle
sets the premium so that the actuarial present value of the benefit is equal to the
actuarial present value of the premiums collected. However, after the policy is
issued the present value of the benefits and of the un-collected premiums will no
longer be equal, but will diverge in time. This is because the present value of the
unpaid benefits will be increasing in time and the present value of the uncollected
premiumswill decreaseintime. The discrepency between these two amounts at any
time represents an unrealized liability to the company. To avoid a negative surplus
(technical bankruptcy), this liability must be offset in the accounting statements of
the company by acorresponding asset. Assume (for smplicity) that this asset takes
the form of cash on hand of the insurance company at that time. How does one
compute the amount of the reserve at any timet under this accounting assumption?
This computation isillustrated in the context of an example.

Example 23-2. Consider afully discrete whole life policy issued to (x) in which
the premium is payable annually and is equa to the net premium. What is the
reserve at time k, where k is an integer? To compute the reserve simply note that
if (X) has survived until time k then the (curtate) remaining life of x has the same
distribution as K(x + k). The outstanding benefit has present value VK&*W*1 while
the present value of the remaining premium income is 8g a1 times the annual
premium payment. Denote by L the random variable which denotes the size of the
futureloss at timek. Then

(L = VO — P,

The reserve, denoted in this case by (Vy, is the expectation of this loss variable.
Hence
ka = E[kl—] = Ax+k - I:)xax+k~

Thisis called the prospective reserve formula, since it is based on a look at the
future performance of the insurance portfolio. The prospective reserve formulais
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the statement that the reserve at the end of policy year k is the expected future loss
on the policy.

A word about notation. Inthe example above the reserve has been computed for
adiscrete whole life policy. The notation for the reserves for other types of policies
parallel the notation for the premiums for the policy. Thus kV1 is the reserve at
time k for afully discrete n year term policy. When discussi ng general principles
the notation V is used to denote the reserve at time k for ageneral policy.

Exercise 23-1. What types of policies have reserves tV(A)l(_m), kV(A%_n), and \V(&)?

Certain timing assumptions regarding disbursements and receipts have been
made in the previous computation. Such assumptions are aways necessary, so they
are now made explicit. Assume that a premium payment which isdue at timet is
paid at time t+; an endowment benefit due at timet ispaid at time t+; a death benefit
payment due at time t is assumed to be paid at time t—, that is, just before time t.
Interest earned for the period is received at time t—. Thus{Vy includes any interest
earned and also the effects of any non-endowment benefit payments but excludes
any premium income payable at timet and any endowment payments to be made at
timet. Also assume that the premium charged is the net level premium. Therefore
the full technical description of what has been computed is the net level premium
terminal reserve. One can also compute the net level premium initial reserve
which is the reserve computed right at timet. Thisinitia reserve differs from the
terminal reserve by the amount of premium received at timet and the amount of the
endowment benefit paid at timet. Ordinarily oneis interested only in the terminal
reserve.

In the remainder of this section methods of computing the net level premium
terminal reserve are discussed. For succintness, the term ‘reserve’ is aways taken
to mean the net level premium terminal reserve unless there is an explicit statement
to the contrary.

Exercise 23-2. Show that \V, = 1 - %

reasonable?

. From this II(im KV = 1. Why is this

A

Exercise 23-3. Use the Life Table to compute the reserve for the first five years
after policy issue for afully discrete whole life policy to (20). Assume the policy
amount is equal to $100,000 and the premium is the net premium.

The reserve can be viewed in a different way. Typically an insurance company
has many identical policies in force. One may benefit by studying the cash flow
associated with this group of policies on the average. Hereis an example.

Example 23-3. Let usexamine the expected cash flow associated with awholelife
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policy issued to (X). Assume the premium is the net level premium and that the
policy is fully discrete. In policy year k + 1 (that isin the time interval [k, k + 1))
there are the following expected cash flows.

Time Income Cash on Hand

k— (benefitsjust paid, interest just received)  (Vy

k I:)x ka + Px

K+1- —Ox+k kKVx + Px— Ox+k

k+1- i(ka + Px) (1 + i)(ka + Px) = Ok

Thisfinal cash on hand at time k+1- must be equal to thereservefor the policies
of the survivors. Thus

Pk k1 Vx = (1 + i)(ka + PX) ~ Ox+k-

This provides an important formula connecting successive reserves.
Exercise 23-4. Show that 1 Exik k+1Vx = kVx + Px = VOyk-

The analysis of the previous exampleillustrates a general argument connecting
the reserves at successive time points.

«V = Actuarial Present Value at time k of benefits payablein [k, k + 1)
— Actuarial Present Value at time k of premiums payablein [k, k + 1)
+ Actuarial Present Value at time k of the reserves at timek + 1.

Such recursive formulas for reserves are especially useful for computational pur-
POSES.

Example 23-4. Asamore concrete illustration of the cash flow analysis, consider
afully discrete 1,000,000 5 year term insuranceissued to (21). Using thelllustrative
Life Table, this policy has net annual premium 1069.72. The expected cash flow
anaysisisasfollows.

Expected  Expected Expected Expected  Expected Expected

Premium Benefit Reserve Total Interest Net
Year k Income Payments  Contributions  Reserves Income  Cash Flow
1 1069.72 1061.73 72.18 72.18 64.18 0.00
2 1068.59 1095.56 41.48 113.65 68.45 0.00
3 1067.42 1132.51 5.77 119.43 70.86 0.00
4 1066.20 1173.10 -35.75 83.67 7114 0.00
5 1064.95 1217.54 -83.67 0.00 68.92 0.00

Notice that the reserves build up in the earlier, low mortality years in order to
compensate for the higher mortality rate in the later years.

Example 23-5. In contrast to the previous example, consider the same policy with
expenses of 400 at policy inception, sales commission of 20% of gross premium for
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each of the first 2 years and 10% of the premium for each year thereafter, and an
annual profit of 35% of the premium. The gross premium is 2289.64, and the cash
flow analysisis asfollows.

Expected Expected Expected Expected Expected Expected Expected Expected Expected

Premium  Benefit Reserve Total Interest Policy = Commission  Policy Net
Year k Income Payments Contributions Reserves Income Expenses Payments Profits  Cash Flow
1 2289.64 1061.73 72.18 72.18 37.82 400.00 457.93 801.37 -465.75
2 2287.21  1095.56 41.48 113.65 38.14 0.00 457.44 800.52 -69.65
3 228470 113251 5.77 119.43 50.09 0.00 228.47 799.65 168.40
4 2282.11 1173.10 -35.75 83.67 60.46 0.00 228.21 798.74 178.27
5 2279.42 121754 -83.67 0.00 68.92 0.00 227.94 797.80 188.73

Because of the expenses, the cash flow in the early yearsis negative.
Exercise 23-5. What is the expected total cash flow over the life of the policy?

There are other waysto computethereserve. First the reserve may be viewed as
mai ntai ning the bal ance between income and expenses. Sinceat timeOthereserveis
0 (because of the equivalence principle) the reserve can also be viewed as balancing
past income and expenses. This leads to the retrospective reserve formula for a
fully discrete whole life policy as

kExkVx = Pxéx;El - A;(:I?l'
Thisformulais derived as follows. Recall that
A= A;(:RI + kapx Ak

and
a=a.pgt kapx Atk
Sincethereserve at time 0 is zero,

0= Ax - anx = (A>]<‘:E| + kapx Ax+k> - I:)x (ax:ﬂ + kapx ax+k>

wherek isan arbitrary positiveinteger. Rearranging termsand using the prospective
formulafor the reserve given above produces the retrospective reserve formula.

Exercise 23-6. Sometimes the retrospective reserve formulais written as
hVx = Pxéx;ﬁllhEx — nkx = Px gx;ﬁl = hky

where pky isc_alled the accumulated cost of insurance. Find an expression for k.
How would ;ky be computed?

Example 23-6. The retrospective formula can also be written entirely in terms of
premiums. In the case of the whole life policy,  Vyx = (Py — P;(ﬂ)/ P .
- xK
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Exercise 23—7. Verify the formula given in the example.
A retrospective reserve formula can be written for any type of policy.

Obtaining expressions for the reserve for any of the many possible types of
insurance policy is now relatively straightforward. Doing thisisleft as an exercise
for the reader. One should keep in mind that the important point here is to be able
to (ultimately) write aformulafor the reserve which one can compute with the data
available in the life table. Hence continuous and/or mthly payment schemes need
to be reduced to their equivalent annual forms. Recursive formulas are also often
used.
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Problems

Problem 23-1. Trueor False: ForO<k<n, Vyn=1- M What happens at
X
k=n?

Problem 23-2. Find aformula for the reserve at the end of 5 years for a 10 year
term policy with benefit $1 issued to (30) on anet single premium basis.

Problem 23-3. Show thatforO<t<n
t\_/(Ax:n) = (p(AxH:n_—ﬂ) - IE)(AXZTI)> ax+t:n_—t'l-

Thisis called the premium difference formula for reserves. Find similar formulas
for the other types of insurance.

Problem 23-4. ShowthatforO<t<n

V(Acn) = (1_ P(Acn) ) _

= | Autr.
I:)(Ax+t:n_—t'l) e

Thisis caled the paid up insurance formula for reserves. Find similar formulas
for the other types of insurance.

Problem 23-5. Find P%'m if nVx = 0.080, P, = 0.024 and P 1= 0.2.
. X

Problem 23-6. Given that 10V3s = 0.150 and that 2»0V3s = 0.354 find 10Vas.

Problem 23-7. Write prospective and retrospective formulas for 33V (Ag), the re-
serve at time 20 for a semi-continuous 40 payment whole life policy issued to
(20).

Problem 23-8. For ageneral fully discrete insurance let us suppose that the benefit
payable if death occurs in the time interval (h— 1, h] is b, and that this benefit is
paid at time h, that is, at the end of the year of death. Suppose also that the premium
paid for thispolicy at timehism,. Show thatforO<t<1

Pk etV + VO B = (1 +1)' (V. + 7).
This gives a correct way to interpolate reserves at fractional years.
Problem 23-9. In the notation of the preceding problem show that forO<t<1

— 1t
etV =V (1-tOxeket Dirn + 1-tPxrkrt ke1V) -

Problem 23-10. Show that under UDD, [V (Axn) = (i/S)EV;(_m + v 1
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Problem 23-11. Show that under UDD, pVAR = Vi + B(M)nP{RV;, . This gives
the reserves for a policy with mthly premium payments in terms of the reserves for
apolicy with annual premium payments.

Problem 23-12. Show that [V(™(An) = IV(Acn) + ﬁ(m)hP(m)(,E\X;f‘.)kv)l(_f_i under
uUDD. :

Problem 23-13. The amount at risk in year k for a discrete insurance is the
difference between the benefit payment payable at the end of year k and V. Find
the mean and variance of the amount at risk in year 3 of a5 year term policy issued
to (30) which pays a benefit of 1 at the end of the year of death and has net level
premiums.

Problem 23-14. Suppose that 1000,V(A,) = 100, 1000P(A,) = 10.50, and § =
0.03. Find ay..

Problem 23-15. CalculateygVss giventhat Pys = 0.014,P 1 = 0.022, and P 555 =
- 201

0.030. =

Problem 23-16. A fully discretelife insuranceissued to (35) has a death benefit of

$2500 in year 10. Reserves are calculated at i = 0.10 and the net annual premium
P. Caculate gy giventhat gV + P = 1oV = 500.
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Solutionsto Problems

Problem 23-1. Use the prospective formula and Axn + dayn = 1 to see the
formulaistrue. When k = n thereserveis 1 by the timing assumptions.

Problem 23-2. Prospectively the reserve iSA%S'E'

Problem 23-3. Use the prospective formula and the premium definitions.

Problem 23-5. From the retrospective formula Ex,Vx = Pxaxn — A;m. Now
divide by a.n. '

Problem 23-6. Use the prospective formula and the relation A + da, = 1to
Obta' n kVX = 1 - ax+k/ ax.

Problem 23-7.  The prospective and retrospective formulas are 5V (A) =
Agp — Pam:m and ‘218V(A20) = (Pazo:m - A%o%l)/ 20E20.

Problem 23-8. The value of the reserve, given survival, plusthe present value
of the benefit, given death, must equal the accumulated val ue of the prior reserve
and premium.

Problem 23-13. Theamount at risk random variable is 1;5 (K(30)) - 3V%0.§.

Problem 23-14. Use the prospective reserve formula and the relationship
A+ 6a, = 1.

Problem 23-15. Usethe retrospective formula

Problem 23-16. By thegeneral recursionformula;Eq10V = oV +P-2500v044.

128
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Solutionsto Exercises

Exercise 23-1. t\_/(A)l(.n) is the reserve at time t for a fully continuous n year
term insurance policy, kV(A%n) is the reserve at time k for a semi-continuous n
year term policy, and V(&) IS the reserve at time k for alife annuity.

Exercise23-2. Since Ay +day = 1, kVx = Ak — (A 8) 8k = 1 - dauk — (1 -
da) i 8x = 1 — &yaid By

Exercise23-3. Thereserveamountsare easily computed using the previousex-
ercise as 100000, V4o = 100000(1 - 16.4611/16.5133) = 316.11, 100000,V =
649.17, 1000005V, = 985.59, 100000,Vyo = 1365.57, and 1000005Voq =
1750.71.

Exercise 23-4. Just multiply the previous equation by v = (1 +i)™.

Exercise 23-5. The expected total cash flow over thelife of the policy is zero,
since that is the requirement used in determining the gross premium.

Exercise 23-6. kg = A%-H/ kEx, which can be easily computed from the life
table using previous identities.

Exercise 23-7. Divide the retrospective formula by «E to isolate the reserve
term. Then use the fact that \E/&, 3 =P 1.
xK



8§24. Asset Shares

An aternate methodol ogy used to study an insurance portfolio isto examinethe
progress of the asset share, or contribution to the company assets, associated with
agiven group of identical policies. Formally, the asset share for agroup of policies
at timek istheratio of total company assets generated by these policies at timek to
the number of such policiesin force at time k.

Asset share computations can be most easily visualized in a situation in which
the company sold, at time0, |, policies of the given typeissued to agroup of insureds
aged x and to assume that the results in each period will be the probabilistically
expected amounts. Let (AS denote the asset share at time k (on aterminal basis),
If(?k denote the number of original policy holders surviving to age x + k, G denote
the gross premium, ¢, denote the fraction of the gross premium paid at time k for
expenses, g, denote the per policy expenses at time Kk, df(?k denote the number of
policy holders dying at age (x + k), by+1 denote the benefit paid at time k + 1 for a
death at age x + k, and d, the number of policy holders withdrawing at age (x + k).
Standard cash flow analysis gives the fundamental relationship

1ASIDs = (AS+G = GG~ ) (1+IE ~ berdlk — 1 CV d

where +1CV is the cash value, or withdrawal benefit, paid to those insureds who
cancel their policy at age x + k. Typically, x+1CV = 1V, the reserve for the policy
at time k + 1. The insurance is assumed to be on a fully discrete basis and the
cash value is paid at the end of the year of withdrawal. Dividing both sides of this
eguation by I(X?k produces a second useful recursion formula connecting successive
asset shares

w1ASPD, = (AS+ G(L - &) — &) (1 +1) = bruagio — k1 CV %

Some of the uses of thisidea are now illustrated.

One natural use of the idea of asset shares is to determine the gross premium
G required in order to achieve a certain asset goal at afuture time. To do this, note
that multiplying the first equation above by V¢ gives

tASVIO L = ASVIS, = (G(L - c) — 8) VI,
- (bk+ld)(<JJ;)k +11CV d>(<-2+)k ver,

Copyright 00 2006 Jerry Alan Veeh. All rights reserved.
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Using the fact that AS = 0 and summing this telescoping series gives

n-1
ASVID, = 3 (et ASV G, —kASV IS )
k=0

n-1
=G> (1- )V IG,
k=0

n-1
-3 e |§<?k
k=0
n-1 ! 5
- Z (bk+1d)((+)k + k+1CV d)((+)k) Vk+l.
k=0

One can now easily solve for the gross premium G.

A technique similar to the asset share computation can be used for a different
purpose. Suppose the asset requirement for the kth year of policy life, (F, is set so
that with this amount on hand there is a high probability of meeting all expenses.
Then as before

w1F Pk = (F + G~ &G —a) (1 +1) ~ bt — a1 CV G

If these computations were done under conservative assumptions the company may
wish to return part of the excess to the insured in the form of dividends. Let (D
denote the amount available for dividends at the end of the kth period. Also denote
with a hat the values of the respective quantities which were observed in practice.
Then

(ke2F + ke1D) Py = (F + G = &G = &) (1 +71) = beea 83 — ke1CV 63
Subtracting the first equation from the second gives

1D Py =(F + G)( —1i)
+[(Gox + 8)(L +i) = (G& + &L +1)]
+ (1= 1F) b (9, — &5
+ (1CV = k1F)(@F, — 62

Exercise 24-1. Write a formula for 1D under the additional assumptions that
k+1CV = 1 F and that dividends are paid to insureds who die or withdraw.

Computations similar to the above can be used to compare the predicted asset
share with that obtained in experience.
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Problems

Problem 24-1. If 1(AS, isthe asset share at the end of 10 years based on premium
G; and 10AS; isthe asset share at the end of 10 years based on premium G, find a
formulafor 1pAS; — 10AS,.

Problem 24-2. A policy providing death benefit of $1000 at the end of the year
of death has a gross premium of $25. Suppose we are given i = 0.05, 10AS = 160,
C1o = 0.1, ey9 = 2.50, ¢, = 0.003 (decrement 1 is death), g%, = 0.1 (decrement 2
iswithdrawal), and ;,CV = 170. What is 1;AS?
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Solutionsto Problems

Problem 24-1. 10AS; - 10AS; = (G1 — Go) Ypo(d — V21D /1,

Problem 24-2. Use the relation 1,1 ASP(Y, = (\AS+G(1-c) - &) (1 +i) -
B 10 + kr1CV 4%
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Solve the following 8 problemsin no morethan 40 minutes.

Question 25-1 . You are given the following values calculated at 6 = 0.08 for two
fully continuous whole life policies issued to (X):

Death Variance
Benefit Premium of Loss
Policy #1 4 0.18 3.25
Policy #2 6 0.22

Calculate the variance of the loss for policy #2.

A. 433
B. 5.62 D. 6.83
C. 6.37 E. 974

Question 25-2 . Which of the following are correct expressions for 'V (Ayn) for
t<h?

l. [hp(AxH;n__—ﬂz - hp(Ax:m)} Arthetl
. [1 - “P(AX:")} A

~ nP(Acrn)
1. hP(Acn)Sca = tkx
A. landll
B. landlll D. All
C. Illandlll E. Noneof A,B,C,orD

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Question 25-3 . A fully discrete whole life insurance provides for payment of its
net level reserve in addition to the face amount of 1. t\7x is the reserve for this
insurance, and ,Vx = 0. Which of the following are expressions for the net annual
premium?
5 Ztaéax—l Vt+qu+t
Ag=x1
1. 2Py .
1. Ztaiz)x_l \/Hlt.l'QX(l + t+1Vx)
ay

A. landll

B. landlll D. All

C. Handlll E. Noneof A,B,C,orD

Question 254 . A fully discretewholelifeinsuranceisissuedto (x). You aregiven
that PX = %, tVX = 0.5, and éx+t = 1.1 CﬂlCUlaIel

A. O
B. 0.04 D. 0.10
C. 0.05 E. 025

Question 25-5. For afully discrete two year term insurance of 400 on (x), i = 0.1,
400P§'<:§| = 74.33, 4001\/%:2 = 16.58, and the contract premium equals the benefit
premium. Calculate the variance of loss at issue.

A. 21,615

B. 23,125 D. 31,175

C. 27,450 E. 34,150
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Question 256 . For a 10 year deferred whole life annuity of 1 on (35) payable
continuously mortality follows DeMoivre'slaw with @ = 85. Theinterest ratei =0
and level benefit premiums are payable continuously for 10 years. Calculate the
benefit reserve at the end of five years.

A. 938
B. 9.67 D. 10.36
C. 10.00 E. 1054

Question 25-7 . For afully discrete whole life insurance with non-level benefits
on (70) the level benefit premium for this insurance is equal to Psy. AlsO, Qrosk =
Oso+k + 0.01 fork =0,1,...,19, gg = 0.01368, (V = Vs fork=0,1,...,19, and
11Vs0 = 0.16637. Calculate by;, the death benefit in year 11.

A. 0482
B. 0.624 D. 0.648
C. 0.636 E. 0834

Question 25-8 . For afully discrete 3 year endowment insurance of 1000 on (x),
Ox = Ox+1 = 0.20, i = 0.06, and 1000P, .3 = 373.63. Calculate 1000(;V,.3 — 1Vy3)-
A. 320
B. 325 D. 335

C. 330 E. 340
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Answersto Sample Questions

Question 25-1 . If L, isthe loss for Policy #1 then Ly = 4v" — 0.18an = (4 +
.18/.08)v" —0.18/.08 and similarly L, = (6+0.22/0.08)v" —.22/.08. ThusVar(L,) =
(8.75)2Var(vT) = (8.75/6.25)2Var(L,) = 6.37. C.

Question 25-2 . The prospective formula would give | except that the first term
should be for an h —t payment premium. So | isincorrect. Similarly in Il the
denominator factor should have aleft subscript of h—t. Only |11 iscorrect. E.

Question 25-3 . Direct application of the equivalence principle shows that 111 is
correct. The general reserve formula gives \V = V(1 + :1V) = P + Vi1 V.
Multiply this by V¢ and sum to see that P = 320  V*! g/ &5, and | holds.
Considering the special casein which x = @ — 1 showsthat Il fails. B.

Question 254 . Here 0.5 = {V, = Aut — Pxdt = 1 — (d + Py)ay., from which
d=1/11andi=1/10. D.

Question 25-5. The information about the reserve and premium give gy+1 = 0.25.
Using this and the premium information gives g, = 0.17. The loss at issue random
variable L = (400v~P)1(, (K (X)) +(400v2 = Pv=P)1(3; (K (X)) = (Pv+ P) 1z (K (X)),
and these terms are digjoint. Since E[L] = 0, Var(L) = E[L?] = (400v - P)%q, +
(400v2 — Pv — P)?p,Qy+1 + (PV + P)%,p, = 34150.56. E.

Question 25-6. Herepss = 1 —-t/50 for 0 < t < 50. The premium P satisfies
50 10 45

/ tPss dt = P/ tPss dt giving P = 16/9. Ther&eerveattime5isthen/ tPao dt—
10 0 5

5
P / Do dt = 9.38. A.
0

Question 25—7 . Using the formulaconnecting successive reserves gives peo11Vso =
(10Vs0+Ps0) (1+1)—0so and al so pgo11V = (10V +Pso) (1+1) —Qgoby1, Sincethe premiums
are the same. Thefirst term on the right side of each equation is the same, so using
the first equation the value of this common term is ggg + Peo11Vso = 0.1777. Using
thisin the second equation gives by; = 0.6479. D.

Question 258 . Since this is an endowment, (1000,V + 1000P)(1 + i) = 1000,
fromwhich 1000,V = 569.76. Using the retrospective reserve formula, p,1000,V =
1000P(1 + i) — 1000qy, giving 1000,V = 245.06. Thus 1000(,V —1V) = 324.70. B.
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An insurance company has a large number of policies in force at any given
time. This creates a financial risk for the company. There are two aspects to the
problem of analyzing this risk. First, one must be able to estimate the amount of
risk. Secondly, one must be able to model the times at which claims will occur in
order to avoid cash flow difficulties. The problem of modeling the amount of risk
will be studied first.

Intheindividual risk model theinsurerstotal risk Sisassumed to beexpressable
intheform S= X; +... + X, where Xy, ..., X, are independent random variables
with X; representing the loss to the insurer on insured unit i. Here X; may be quite
different than the actual damages suffered by insured unit i. In the closed model
the number of insured units n is assumed to be known and fixed. A model in which
migration in and out of the insurance system is allowed is called an open model.
The individual risk model is appropriate when the analysis does not require the
effect of time to be taken into account.

The first difficulty is to find at least a reasonable approximation to the proba-
bilistic properties of thelossrandom variables X;. This can often be done using data
from the past experience of the company.

Example26-1. For short term disability insurancetheamount paid by theinsurance
company can often be modeled as X = cY where c is a constant representing the
daily rate of disability payments and Y is the number of days a person is disabled.
One then is ssimply interested in modelling the random variable Y. Historical data
can be used to estimate P[Y > y]. In this context P[Y > y], which was previously
called the survival function, is referred to as the continuance function. The same
notion can be used for the daily costs of a hospitalization policy.

The second difficulty is to uncover the probabilistic properties of the random
variable S. In theoretical discussions the idea of conditioning can be used to find
an explicit formula for the distribution function of a sum of independent random
varibles.

Example 26—2. Suppose X and Y are independent random variables each having
the exponential distribution with parameter 1. By conditioning

PX+Y <] :/OOP[X'FYStIY:y]fY(y)dy
t
:/O P[X < t-y]fy(y) dy
t
= / (l—e_(t_y)) fy(y) dy
0
=1-et-tet
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fort= 0.

Thisargument hasactually shownthat if X and Y areindependent and absol utely
continuous then

Fxoe() = [ Fx(t=y)f(y) .

This last integral is called the convolution of the two distribution functions and is
often denoted Fyx [IFy.

Exercise 26-1. If X and Y are absolutely continuous random variables show that
X +Y isaso absolutely continuous and find a formula for the density function of
X+Y.

Exercise26-2. Findasimilar formulaif X and Y are both discrete. Usethisformula
to find the density of X + Y if X and Y are independent Bernoulli random variables
with the same success probability.

An approach which requiresless detailed computation isto appeal to the Central
Limit Theorem.

Central Limit Theorem If Xy,..., X, are independent random variables then the

distribution of Z X; is approximately the normal distribution with mean Z E[Xi]
| 1 i=1

and variance Z Var (X;).
i=1
The importance of this theorem lies in the fact that the approximating normal
distribution does not depend on the detailed nature of the original distribution but
only on the first two moments.

Example 26-3. You are aclaims adjuster for the Good Driver Insurance Company
of Auburn. Based on past experience the chance of one of your 1000 insureds being
involved in an accident on any given day is0.001. Your typical claimis$500. What
is the probability that there are no claims made today? |If you have $1000 cash
on hand with which to pay claims, what is the probability you will be able to pay
all of todays claims? How much cash should you have on hand in order to have a
99% chance of being ableto pay all of todays claims? What assumptions have you
made? How reasonable are they? What does this say about the solvency of your
company?

Using the Central Limit Theorem, if an insurance company sold insurance at
the pure premium not only would the company only break even (in the long run)
but due to random fluctuations of the amount of claims the company would likely
go bankrupt. Thus insurance companies charge an amount greater than the pure
premium. A common methodology is for the company to charge (1 + 6) times
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the pure premium. When this scheme is followed 6 is called the relative security
loading and the amount 6 x (pure premium) is called the security loading. This
is a reasonable procedure since the insureds with larger expected claims pay a
proportionate share of the loading. The relative loading 6 is usually adjusted to
achieve a certain measure of protection for the company.

Example 26-4. Suppose that a company is going to issue 1,000 fire insurance
policies each having a $250 deductible, and a policy limit of $50,000. Denote by
F; the Bernoulli random variable which is 1 if the ith insured suffers a loss, and
by D; the amount of damage to the ith insureds property. Suppose F; has success
probability 0.001 and that the actual damage D; is uniformly distributed on the
interval (0,70000)). What isthe relative loading so that the premium income will be
95% certain to cover the claims made? Using the obvious notation, the total amount
of claims made is given by the formula

1000
S= > Fi [(Di — 250)1;25050000) (D) + 50000150000.0) (Di)]
i=1
where the F’s and the D’s are independent (why?) and for each i the conditional
distribution of D; given F; = 1 is uniform on the interval (0,70000). The relative
security loading is determined so that

P[S< (1+06)E[]] =0.95.
Thisis easily accomplished by using the Central Limit Theorem.

Exercise 26-3. Compute E[S] and Var(S) and then use the Central Limit Theorem
tofind 6. What is the probability of bankruptcy when 6 = 0?

Another illustration is in connection with reinsurance. Good practice dictates
that an insurance company should not have all of its policy holders homogeneous,
such as all located in one geographical area, or al of the same physical type. A
moments reflection on the effect of a hurricane on an insurance company with all
of its property insurance business located in one geographic area makes this point
clear. Aninsurance company may diversify its portfolio of policies (or just protect
itself from such a concentration of business) by buying or selling reinsurance. The
company seeking reinsurance (the ceding company) buys an insurance policy from
the reinsurer which will reimburse the company for claims above the retention
limit. For stop loss reinsurance, the retention limit applies on a policy-by-policy
basis to those policies covered by the reinsurance. The retention limit plays the
same role here as a deductible limit in a stop loss policy. Usually there is one
reinsurance policy which covers an entire package of original policies. For excess
of lossreinsurance, theretention limit is applied to the total amount of claimsfor the
package of policies covered by the insurance, not the claims of individual policies.
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Example 26-5. You operate alife insurance company which has insured 2,000 30
year olds. Thesepoliciesareissued invarying amounts. 1,000 peoplewith $100,000
policies, 500 people with $500,000 poalicies, and 500 people with $1,000,000 poli-
cies. The probability that any one of the policy holders will die in the next year is
0.001. Stop loss reinsurance may be purchased at the rate of 0.0015 per dollar of
coverage. How should the retention limit be set in order to minimize the probabil-
ity that the total expenses (claims plus reinsurance expense) exceed $1,000,000 is
minimized? Let X, Y, and Z denote the number of policy holdersin the 3 catagories
dying in the next year. Then X has the binomial distribution based on 1000 trials
each with success probability 0.001, Y has the binomial distribution based on 500
trials each with success probability 0.001, and Z has the binomial distribution based
on 500 trials each with success probability 0.001. If the retention limit isset at r
then the cost C of claims and reinsurance is given by

C = (100000 O r)X + (500000 Or)Y + (1000000 [Ir)Z
+0.0015 [1000(100000 — r)* + 500(500000 — r)* + 500(1000000 — )] .

Straightforward, computations using the central limit theorem provides an estimate
of P[C = 1, 000, 000].

Exercise 264. Verify the validity of the above formula. Use the central limit
theorem to estimate P[C > 1,000, 000] as a function of r. Find the value(s) of r
which minimize this probability.
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Problems

Problem 26-1. The probability of an automobile accident in agiven time period is
0.001. If an accident occurs the amount of damage is uniformly distibuted on the
interval (0,15000). Find the expectation and variance of the amount of damage.

Problem 26-2. Find the distribution and density for the sum of three independent
random variables each uniformly distributed on the interval (0,1). Compare the
exact value of the distribution function at a few selected points (say 0.25, 1, 2.25)
with the approximation obtained from the central limit theorem.

Problem 26-3. Repeat the previous problem for 3 independent exponentia random
variables each having mean 1. It may help to recall the gamma distribution here.

Problem 26-4. A company insures 1000 essentially identical cars. The probability
that any one car isin an accident in any given year is 0.001. The damage to a car
that is involved in an accident is uniformly distributed on the interval (0,15000).
Wheat relative security loading 6 should be used if the company wishes to be 99%
sure that it does not lose money?
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Solutionsto Problems

Problem 26-1. The amount of damage is BU where B is a Bernoulli variable
with success probability 0.001 and U has the uniform distribution.

1000
Problem 264. Thelossrandom variableis of the form Z BiU;.
i=1
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Solutionsto Exercises

Exercise 26-1. Differentiation of the genera distribution function formula
above gives fx.y(t) = [ fx(t = y)fv(y) dy.

Exercise 26-2. In the discrete case the same line of reasoning gives fx.y(t) =
>y Tx(t=y)fv(y). Applyingthisinthe Bernoulli case, fv(t) = 3114 (,5)PY(1-

P (J)P(L-p)™ =P -p™™ S (5) () = (TR -pm

Exercise 26-3. Theloading 6 is chosen so that 6E[F/Var(S) = 1.645, from
the normal table. When 6 = 0 the bankruptcy probability is about 1/2.

Exercise26-4. Direct computation using propertiesof thebinomial distribution
gives E[C] = (100000 Or) x 1 + (500000 Or) x (1/2) + (1000000 Or) x (1/2) +
0.0015 [1000(100000 - r)* +500(500000 - r)* + 500(1000000 — r)+2] and also
Var(C) = (1000000r)?x0.999+(50000001r)?x0.999/ 2+(100000001r)>x0.999/ 2.
The probability can now be investigated numerically using the Central Limit
Theorem approximation.
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827. The Coallective Risk M odel and Ruin Probabilities

Some of the consequences of the collective risk model will now be examined.
In the collective risk model the time at which claims are made is taken to account.
Here the aggregate claims up to time t is assumed to be given by SN X, where
X1, Xo, . .. areindependent identically distributed random variables representing the
sizes of the respective claims, N(t) is a stochastic process representing the number
of claimsup totimet, and N and the X’s are independent. The object of interest is

theinsurer’s surplus at time t, denoted by U(t), which is assumed to be of the form

N(t)
U)=u+ct=> X
k=1
where u is the surplus at timet = 0, and ¢ represents the rate of premium income.
Special attention will be given to the problem of estimating the probability that the
insurance company has negative surplus at some timet since this would mean that
the company is ruined.

To gain familiarity with some of the ideas involved, the smpler classical gam-
bler’s ruin problem will be studied first.
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§28. Stopping Times and Martingales

A discrete time version of the collective risk model will be studied and some
important new concepts will be introduced.

Supposethat agambler entersacasino with zdollars and playsagame of chance
in which the gambler wins $1 with probability p and loses $1 with probability
g = 1-p. Suppose aso that the gambler will quit playing if hisfortune ever reaches
a > zand will be forced to quit by being ruined if his fortune reaches 0. The main
interest is in finding the probability that the gambler is ultimately ruined and the
expected number of the plays in the game.

In order to keep details to a minimum, the case in which p = q = /2 will
be examined first. Denote by X; the amount won or lost on the j™ play of the
game. These random variables are all independent and have the same underlying
distribution function. Absent any restrictions about having to quit the game, the
fortune of the gambler after k plays of the gameis

k

Now inthe actual game being played the gambler either reacheshisgoal or isruined.
Introduce a random variable, T, which marks the play of the game on which this
occurs. Technically

T =inf{k:z+> X =0ora}.

Such a random variable is called a random time. Observe that for this specific
random variablethe event [T < k] depends only on the random variables X, . . ., Xx.
That is, in order to decide at time k whether or not the game has ended it is not
necessary to look into the future. Such special random times are called stopping
times. The precise definition is as follows. If X, Xy, ... are random variables and
T is a nonnegative integer valued random variable with the property that for each
integer ktheevent [T < k] dependsonly on Xy, ..., Xk then T issaid to beastopping
time (relative to the sequence Xy, Xo, .. ).

The random variable z + 3, X is the gambler’'s fortune when he leaves the
casino, which is either a or 0. Denote by w(2) the probability that the gambler
leaves the casino with 0. Then by direct computation E[z + Zszl X1 =a(l-y(2).
A formula for the ruin probability y(z) will be obtained by computing this same
expectation in a second way.

Each of the random variables X; takes values 1 and -1 with equal probability,
s0 E[X] = 0. Hence for any integer k, E[>"; Xj] = 0too. Soitisat least plausible
that E[>; X] = 0 as well. Using this fact, E[z+ >, X|] = z, and equating this
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with the expression above givesz = a(1 - w(2). Thusy(2) =1-zZafor0O<z<a
are the ruin probabilities.

There aretwo important technical ingredients behind thiscomputation. Thefirst
iIsthe fact that T isastopping time. The second is the fact that the gambling game
withp =q = 1/2isafar game. The notion of afair game motivates the definition
of amartingale. Suppose My, M1, M, ... are random variables. The sequenceisa
martingale if E[Mg|My-1, ..., Mg] = M-, for al k = 1. In the gambling context, if
My isthe gambler’sfortune after k plays of afair game then given My, the expected
fortune after one more play is still My-;.

Exercise 28-1. Show that My = z+ YK, X; (with Mo = 2) isamartingale.

Example 28-1. The sequence My = 2 and M, = (z+ Z}‘zlxj)z —-kfork>1lisalso
amartingale. Thisfollows from the fact that knowing M, ..., M-, isthe same as
knowing Xy, ..., Xk-1 and the fact that the X’s are independent.

Exercise 28-2. Fill inthe details behind this example.

The important computational fact is the Optional Stopping Theorem which
states that if { My} isamartingale and T is a stopping time then E[M1] = E[Mg]. In
the gambling context this says that no gambling strategy T can make a fair game
biased.

Example 28-2. Using the martingale My = 72 and My = (z+ Z}‘zl X,-)2 -k for
k = 1 along with the same stopping time T as before can provide information
about the duration of the gambler’s stay in the casino. The random variable Mt =
(z + Zszl X,-)Z—T has an expectation whichiseasily computed directly tobe E[M+] =
a’(1 - y(2)) - E[T]. By the optional stopping theorem, E[M1] = E[Mg] = Z.
Comparing these two expressions gives E[T] = a%(1 - y(2)) - 22 = az— 2 as the
expected duration of the game.

The preceding example illustrates the general method. To analyze a particular
problem identify a martingale My and stopping time T. Then compute E[M+] intwo
ways, directly from the definition and by using the optional stopping theorem. The
resulting equation will often reveal useful information.

Uncovering the appropriate martingale is often the most difficult part of the
process. One standard method is the following. If X, Xs, ... are independent and
identically distributed random variables define

et Z}(:l X
W= —
E[e' 2]
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Notice that the denominator is nothing more than the moment generating function
of the sum evaluated at t. For each fixed t the sequence W is a martingale (here
Wy = 1). This follows easily from the fact that if X and Y are independent then
E[€®] = E[eé*] E[€"]. This martingale is called Wald’s martingale (or the
exponential martingale) for the X sequence.

Exercise 28-3. Show that {W : k = 0} is a martingale no matter what the fixed
valueof tis.

In many important cases a non-zero value of t can be found so that the denom-
inator part of the Wald martingale is 1. Using this particular value of t then makes
application of the optional stopping theorem neat and easy.

To illustrate the technique consider the following situation which is closer to
that of the collective risk model. Suppose the insurer has initial reserve z and
that premium income is collected at the rate of ¢ per unit time. Also, X, denotes
the claims that are payable at time k, and the X’s are independent and identically
distributed random variables. Theinsurersreserve at timekisthen z+ ck—z}‘:l X =
z+ Z}‘zl(c —X;). Denote by T the time of ruin, so that

k
T=min{k:z+ck-> X <0}.
j=1

The objective isto study the probability w(2z) that ruin occurs in this setting.

As afirst step, notice that if E[c — Xj] < O, ruin is guaranteed since premium
income in each period is not adequate to balance the average amount of claimsin
the period. So to continue, assume that E[c — X;] > 0.

Under this assumption, suppose there is a number 7 so that E[e"¢X)] = 1.
This choice of 7 in Wald's martingale makes the denominator 1, and shows that
My = eT(Z+°"_Eik:1X") is a martingale. Computing the expectation of Mt using the
Optiona Stopping Theorem gives E[M1] = E[Mg] = ™. Computing directly gives
E[M] = E[er(Z+CT_ZJT:1X") |T < ©] y(2). Hence

w(2) = €Y E[e@T L9 |T < o],

A problem below will show that T < O, so the denominator of this fraction is larger
than 1. Hence y(2) < €. The ruin probability decays exponentially as the initial
reserve increases.

The usual terminology defines the adjustment coefficient R = —7. Thus
v(2) < e ™. A large adjustment coefficient impliesthat the ruin probability declines
rapidly astheinitial reserve increases.
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Problems

Problem 28-1. By conditioning on the outcome of the first play of the game show
that in the gambler’'sruin problem w(2) = py(z+ 1) + qu(z—-1). Showthatif p=¢
thereis a solution of this equation of the form y(2) = C;, + C,zand find C, and C;
by using the natural definitions y(0) = 1 and y(a) = 0. Show that if p# qthereisa
solution of the form y(2) = C; + C,(g/p)* and find the two constants. This provides
a solution to the gambler’s ruin problem by using difference equations instead of
probabilistic reasoning.

Problem 28-2. In the gambler’s ruin problem, show that if p # q the choicet =
In(g/ p) makes the denominator of Wald's martingale 1. Use this choice of t and the
optional stopping theorem to find the ruin probability in this case.

Problem 28-3. Suppose p # q in the gambler’s ruin problem. Define My = z and
My =z+ 2};1 X; —k(p—q) for k = 1. Show that the sequence My isamartingale and
useit to compute E[T] in this case.

Problem 28-4. Suppose that ¢ > 0 isanumber and X is a random variable which
takes on only non-negative values. Suppose aso that E[c — X] > 0. Show that if
¢ — X takes on positive and negative values then there is a number 7 < 0 so that
E[e5¢X] = 1.



§28: Stopping Times and Martingales

Solutionsto Problems

Problem 28-2. w(2 = %_

Problem 28-3. E[T] = - & 0%,

Problem 28-4. Define a function f(v) = E[€X]. Then f'(v) = E[(c -
X)) and '’ (v) = E[(c - X)?€" €] > 0. Thusf is a convex function and
the graph of f is concave up. Now f(0) = 1 and f'(0) = E[(c — X)] > 0. Thus
the graph of f is above 1 to the right of 0, and below 1 (initially) to the left of
0. Since ¢ — X takes on negative values, lim, _, -, f(v) = o, so there is a negative
value of v a which f(v) = 1, by continuity.
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Solutionsto Exercises

Exercise28-1. KnowingMy, ..., My_; isthesameasknowing Xy, ..., Xk-1. SO
E[Mc[Mo. ... Mica] = EIMK[Xo, ... Xia] = 2+ 3715 X +E[Xu| X, ... Xea] =
My-1 since the last expectation is O by independence.

2 2
Exercise 28-2. First write M = (z+ SIS X+ Xk) -k= <z+ S Xi) +
2X(z+ Z}‘;ll X;) + X2 — k. Take conditional expectations using the fact that Xy is
independent of the other X’sand E[X,] = 0 and E[X?] = 1 to obtain the result.

k k-1
Exercise28-3. IndependencegivesE[e 2 %1 = gl 2 X]xE[e™]. Direct
computation of the conditional expectation gives the result.
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The ideas developed in connection with the gambler’s ruin problem will now
be used to compute the ruin probability in the collective risk model. Since the
processes are now operating in continuous time the details are more complicated
and not every step of the arguments will be fully justified.

In this setting the claims process is ZN“) Xk where Xy, X, ... are independent
identically distributed random variables representing the sizes of the respective
claims, N(t) is a stochastic process representing the number of claims up to timet,
and N and the X's are assumed to be independent. The insurer’s surplusis given by
U(t) = u+ct— > % X,, whereu > Oisthe surplusat timet = 0 and ¢ > Oistherate
at which premium income arrives per unit time. The probability of ruin with initial
surplus u will be denoted by y/(u).

Asinthediscretetime setting, the Wald martingalewill be used together withthe
Optional Stopping Theoremin order to obtain information about the ruin probability.
Here the denominator of the Wald martingale is E[e"V®], and the first step isto find

av# 0sothat E[ev<°“25:(t1) %J] = 1 no matter the value of t.

The new element in this analysis is the random sum )% X,. Now for each

fixed t, N(t) is a random variable which is independent of the X's. The moment
generating function of this sum can be easily computed by conditioning on the value
of the discrete random variable N(t).

E[e" D% = E[E[eVEE—“f XIN(]]
= 3" E[e" SEXNG) = ] PING) = )

j=0

= 3 E[e" XX P[N(Y) = ]

j=0

8

=Y (E[e™]) PN =]
j=0

=3 ¢"ED PN = ]
i=0

= Mg (In(Mx(v))).

Hencethereisavz0sothat E[eV(Ct‘Zk=1 XJ] = 1if and only if € My (In(Mx(-V))) =
1for al t. Suppose for now that there isanumber R > 0 so that

e My (In(Mx(R)) = 1

for al t. Thisnumber Ris called the adjustment coefficient. The existence of an
adjustment coefficient will be investigated a bit later. Using —R asthe value of v in
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Wald’'s martingal e shows that

W, = g Ruret- S0 %)
isamartingale.

Define a stopping time T, by T, = inf{s: u+cs—Yp% X, < 0 or = a} where
ais an arbitrary but fixed positive number. Intuitively, T, is a stopping time in an
appropriate sensein the new continuoustime setting. Now by the Optional Stopping
Theorem, E[W;,] = e ™. Direct computation gives

N(Ta) N(Ta)
E[Wr,] = E[e RU*cTa et xk>|u +CTa— Y Xc<O]Plu+cT,- Z X < 0]
k=1 k=1
N(Ta) N(Ta)
+ E[e Rt Zklxk)|u+cT =Y Xeza Plu+cT,— > Xc=al.
k=1 k=1

Since this equation is valid for any fixed positive a, and since R > 0, limits can be
takenasa — o. Sincelim, . P[u+cT,—> k4% X) < 0] = y(u) andlim, ..e =0
the following result is obtained.

Theorem. Suppose that in the collective risk model the adjustment coefficient R > 0
satisfies € F My (IN(Mx(R))) = 1 for all t. Let T = inf{s: u+cs— Y5 X < 0}
be the random time at which ruin occurs. Then

e Ru

<eh

u) =
Y eS0T < o

Exercise 29-1. Why isthelast inequality true?

Asin the discrete time model, the existence of an adjustment coefficient guar-
antees that the ruin probability decreases exponentialy as the initial surplus u
increases.

In general there is no guarantee that an adjustment coefficient will exist. For
certain particular types of model s the adjustment coefficient can explicitly be found.
Moreover, a more detailed analysis of the claims process can be made in these
special cases.

The more restrictive discussion begins by examining the nature of the process
N(t), the total number of claims up to timet. A common assumption is that this
process is a Poisson process with constant intensity A > 0. What this assumption
means isthe following. Suppose Wy, W, ... are independent identically distributed
exponential random variables with mean 1/A and common density A& **1g.x(X).
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The W's are the waiting times between claims. The Poisson process can then
be viewed as the number of clams that arrive up to time t. This means that
N(t) =inf{k: Zr:llvvj > t}. It can be shown that for any fixed t the random variable
N(t) has the Poisson distribution with parameter At and that the stochastic process
{N(t) : t = 0} hasindependent increments, that is, whenevert; <t, < ... <t,are
fixed real numbers then the random variables N(t;) — N(ty), ..., N(t,) — N(t.-1) are
independent. Using this, direct computation gives

E[e™] = > e"P[N(t) = ]
=0

=" eleM(Atylj!
=0

= ey (e"A)/j!
=0

= M-

This simple formula for the moment generating function of N(t) leads to a smple
formula for the adjustment coefficient in this case. The general equation for the
adjustment coefficient was earlier found to be e My (In(Mx(R))) = 1. Taking
logarithms and using the form of the moment generating function of N(t) showsthat
the adjustment coefficient is the positive solution of the equation

A+cR= lMx(R)

An argument similar to that given in the discrete time case can be used to show that
there is a unique adjustment coefficient in this setting.

Exercise 29-2. Verify that the adjustment coefficient, if it exists, must satisfy this
equation.

Example 29-1. Suppose all claims are for a unit amount. Then My(v) = €” so the
adjustment coefficient is the positive solution of A + cR = AeR. Note that there is
no solution if c< A. But in this case the ruin probability is clearly 1.

Exercise 29-3. Show that if ¢ < AE[X] the ruin probability is 1. Show that if
¢ > AE[X] the adjustment coefficient always exists and hence the ruin probability
islessthan 1.

The previous exercises suggest that only the case in which ¢ > AE[X] is of
interest. Henceforth write ¢ = (1 + 8)AE[X] for some 6 > 0. Here 6 isthe relative
security loading.

Even more detailed information can be obtained when N(t) is a Poisson process.
To do this define a stopping time T, = inf{s : U(s) < u} to be the first time that
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the surplus falls below itsinitial level and denote by L; = u - U(T,) the amount by
which the surplus falls below itsinitial level. Then

PITu < @ La2Y] = o gvera 81)E[X] /y C(1- Fx(0) dx

The proof of thisfact israther technical.

proof :  Leth > 0besmal. Then P[N(h) = 0] = €*" = 1, P[N(h) = 1] = Ahe*" = 1h and
P[N(h) = 2] = 0. Denote by R(u, y) the probability that with an initial surplus of u the first
time the surplus drops below 0, the surplus actually drops below —y. Conditioning on the
value of N(h) gives

00

R(u,y) = (1-Ah)R(u+ch,y) + Ah (/u R(u =X, y)fx(X) dx+/
0 u

+ch+y

fx(X) dx) .

Re-arranging gives

— u 00
Ruy)-Ru+chy) _ 4 R(u+ch,y) + A / R(u - x, y)fx(x) dx + A / fiy (X) dx.
ch Cc C Jo C Jusch+y

Now take limitsash - 0to obtain
] A A A
-R'(u,y) =-—R(u,y) + —/ R(u = x, y)fx(x) dx + —/ fx(X) dx.
c cJo C Jusy

Since R(u,y) < w(u) < e R, both sides can be integrated with respect to u from 0 to .
Doing this gives

[ 00 u 0 00
R(O,y)=—)(;/O R(u,y)du+i/0 /O R(u—x,y)fx(x)dxdu+)é/0 / fx(X) dx dul.
uty

Interchanging the order of integration in the double integrals shows that the first double
integral is equa to / R(u, y) du, while the second double integral is equal to
0

/yo0 /Ox_yfx(x) dudx = /ym(x—y)fx(x) dx

= [ o dx-ypix 2y
y
= [ a-Faox
y
after integration by parts. Substitution now completesthe proof after usingc = (1+0)AE[X].

This formula has two useful consequences. First, by taking y = 0, the proba-
bility that the surplus ever drops below itsinitial level is1/(1 + 8). Second, an
explicit formulafor the size of the drop below theinitial level is obtained as

1

P[Li <y[Ty < o] = m

/O (1 - Fy () dx.
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This expression can be evaluated in certain cases.
Exercise 29-4. Derivethisexpression for P[L; < y|T, < ].

Exercise 29-5. What isthe conditional distribution of L; given T, < o if the claim
size has an exponential distribution with mean 1/67?

Exercise 29-6. Show that the conditional moment generating function of L, given
Ty < 00 is(Mx(t) — 1)/ (tE[X]).

This information can also be used to study the random variable L which repre-
sents the maximum aggregrate loss and is defined by L = maxeof S X, — ct} .
Note that P[L < u] = 1 - y(u) from which the distribution of L has a disconti-
nuity at the origin of size 1 — w(0) = 6/(1 + 0), and is continuous otherwise. In
fact a reasonably explicit formula for the moment generating function of L can be
obtained.

Theorem. If N(t) is a Poisson process and L = MaXso{ Ztlz(tl) Xy — Cct} then

OE[X]Vv

ML) = T @+ o)XV = Mx(v)'

proof :  Note from above that the size of each new deficit does not depend on the initial starting
point of the surplus process. Thus

L=) A

=1

where A, Ay, ... are independent identically distributed random variables each having the
same distribution as the conditional distribution of L; given T, < o, and D is a random
variable independent of the A’s which counts the number of times a new deficit level is
reached. From here the moment generating function of L can be computed using the
same methodology as earlier to obtain My (t) = Mp(InMx(t)). Since D is geometric with
success probability 1/(1 + 6) and A has the same distribution as L, the computations can
be completed by substitution and simplification. i

Exercise 29-7. Complete the details of the proof.

This formula for the moment generating function of L can sometimes be used
to find an explicit formula for the distribution function of L, and hence y(u) =
1-P[L <u].

Example 29-2. Suppose X is exponential with mean 1 and that 6 = 1. Then
substitution gives M, (t) = 3 + 3%, after using long division (or partial fractions).
The second termishalf of the moment generating function of an exponential random

variable with mean 1/ 2, while the first term is half the moment generating function
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of a random variable that is degenerate at zero. The ruin probability is therefore
w(u) = P[L > u] = e?/2for u> 0. Notice that y(0) = 1/2.

N
The analysis of random sums of the form > X; in which the X's are inde-

=1
pendent and identically distributed has played ékey role in the preceding anal-
ysis. The distribution of such a sum is called a compound distribution, with
N as the compounding variable and X as the compounded variable. The condi-
tioning method used earlier shows that the moment generating function of such

N
a sum is My(InMy(t)). The first two moments are E[Z X] = E[N]JE[X] and
j=1
Var(ZjN=1 X;) = E[N] Var(X) + (E[X])? Var(N). These formulas are very useful com-
putationally.

The case in which the compounding variable is Poisson is especially interest-
ing. A random variable S has the compound Poisson distribution with Poisson
parameter A and mixing distribution F(x), denoted CP(A, F), if Shasthe same dis-
tribution as Zj'il X; where Xy, X,, . .. areindependent identically distributed random
variables with common distribution function F and N isarandom variable which is
independent of the X’s and has a Poisson distribution with parameter 1.

Example 29-3. For each fixed t, the aggregate claims process CP(At, Fy).

Example 294. If S has the CP(A,F) distribution then the moment generating
function of Sis

Ms(v) = exp{ A / :(euv ~ 1) dF()}.

This follows from the earlier general derivation of the moment generating function
of arandom sum.

Exercise29-8. Supposethat Shasthe CP(A, F) distribution and T hasthe CP(o, G)
distribution and that Sand T are independent. Show that S+ T has the CP(A +

8, 45F + :2G) distribution.

This last property is very useful in the insurance context. Because of this
property the results of the analysis of different policy types can be easily combined
into onegrand analysis of the company’s prospectsasawhole. A compound Poisson
distribution can aso be decomposed.

Example 29-5. Suppose each claim is either for $1 or $2, each event having
probability 0.5. If the number of claims is Poisson with parameter A then the
amount of total claims, S, is compound Poisson distributed with moment generating
function

Ms(v) = exp{0.51(e" — 1) + 0.5A(? — 1)}.
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Hence S has the same distribution as Y; + 2Y, where Y; and Y, are independent
Poisson random variables with mean A/2. Thus the number of claims of each size
are independent!

Example 29-6. The collective risk model can be used as an approximation to
the individual risk model. In the individual risk model the claim amount is often
represented by a product B;X; in which B is a Bernoulli random variable which
represents whether aclaimis paid or not and X is the amount of the claim. Then

o
X
I
N
B
l
M z
Y

=1 =1

where N has a Poisson distribution with parameter P[B = 1] and X], X}, ... are
independent random variables each having the same distribution as X. Thus the
distribution of BX may be approximated by the CP(P[B = 1], Fx) distribution.

The analysis of the aggregate loss random variable L introduced the idea of
mixing. A mixture of distributions often arises when the outcome of an experiment
is the result of atwo step process.

Example 29-7. A student is selected at random from the student population and
given an examination. The score Sof the student could be modeled asthe result of a
two stage process. The selection of the student from the student population could be
considered asthe selection of an observation from anormal population with mean 70
and variance 100. Thisisastatement about the distribution of student abilities. Such
amodel is stating that the average student score is 70. Let the random variable M
denote theresult of thisselection. The selected student then takes a particular exam,
and the score on the exam depends on the ability M and the variability caused by the
examination itself. So the final score might have the normal distribution with mean
M and variance 16. Conditioning on M shows that the moment generating function
of the score S on the examination is Ms(t) = E[E[€S|M]] = E[eM*8] = gTo+58¢%)
making use of theform of the moment generating function of thenormal distribution.
So the score Sis normally distributed with mean 70 and variance 116.

Example 29-8. In an earlier example the distribution of L was computed. The
distribution could be interpreted as the result of atwo stage experiment. In thefirst
stage, the surplus either drops below its initial level or it doesn’'t. In the second
stage, the amount by which the surplus drops below the initial level is determined.
In the particluar case consider, with 6 = 1, thereisa50% chance the surplus doesn’t
drop below itsinitial level. So L = 0 with probability 1/2. If the surplus does drop
below itsinitial level, the size of the drop has an exponential distribution with mean
V2

Some additional examples of mixing are given in the problems.
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Problems

Problem 29-1. If N has a Poisson distribution with parameter A express P[N = K]
in terms of P[N = k —1]. This gives a recursive method of computing Poisson
probabilities.

Problem 29-2. Show that if X takes positive integer valuesand Shasthe CP(A, Fy)
distribution then xP[S = X] = > 2, AKP[X = K]P[S = x— K] for x > 0. This
is called Panjer’s recursion formula. Hint: First show, using symmetry, that
E[X|S=x N =n] =x/nfor 1<j < nand then write out what this means.

Problem 29-3. Suppose in the previous problem that A = 3 and that X takes on the
values 1, 2, 3, and 4 with probabilities 0.3, 0.2, 0.1, and 0.4 respectively. Calculate
P[S=K] for 0 < k < 40.

Problem 29-4. Suppose S, has a compound Poisson distribution with A = 2 and
that the compounded variable takes on the values 1, 2, or 3 with probabilities 0.2,
0.6, and 0.2 respectively. Suppose S, has a compound Poisson distribution with
parameter A = 6 and the compounded variable takes on the values 3 or 4 with
probabilities 1/2 each. If S, and S, are independent, what is the distribution of

S +&?

Problem 29-5. The compound Poisson distribution is not symmetric about its
mean, as the normal distribution is. One might therefore consider approximation of
the compound Poisson distribution by some other skewed distribution. A random
variable G is said to have the Gamma distribution with parameters o and 3 if G has
density function
fo(¥) = r[za)xa-le-ﬁﬂ(o,w) ).

Itisuseful to recall the definition and basic properties of the Gammafunctioninthis
connection. One easily computes the moments of such a random variable. In fact
the moment generating functionisMg(v) = (B/B — v)*. Thecaseinwhich  =1/2
and 2¢ is a positive integer corresponds to the chi—square distribution with 2¢
degrees of freedom. Also the distribution of the sum of n independent exponential
random variables with mean 1/ 8 is a gamma distribution with parameters n and S3.
For approximation purposes the shifted gamma distribution is used to approximate
the compound Poisson distribution. This means that an «, 3, and x is found so that
X + G has approximately the same distribution as the compound Poisson variate.
The quantities x, o, and 3 are found by using the method of moments. The first
three central moments of both random variables are equated, and the equations are
then solved. Show that when approximating the distribution of acompound Poisson
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random variable Sthe method of moments leads to

Lo AvaOP 4 ()
[E[(S-E[S)3]2 ~  (E[x3])2

B _ 2Var (S _ 2E[X2]
E[S-E[9)]  EXT

AVar (S _ o,

Es-egy

22 (Ex)°

*=HS - EX]

Problem 29-6. A random variable X isamixture of exponential random variables
if the value of X is determined in the following way. Fix a number 0 < p < 1.
Perform a two stage experiment. In the first stage, select a number U at random in
the interval (0, 1). For the second stage, proceed as follows. If U < p select the
value of X to be the value of an exponentia random variable with parameter A;. If
U > p select the value of X to be the value of an exponential random variable with
parameter A,. Show that the density of X is fx(X) = pA.e™* + (1 — p)A,e*2X for
X = 0. Show that the moment generating function of X is E[e¥] = % + %
Problem 29-7. What isthe density of arandom variable X with moment generating
function E[”] = (30 - 9t)/2(5-1t)(3—-t) forO< t < 3?

Problem 29-8. In the continuous time model, if the individua claims X have
density fyx(x) = (3> + 7&"™)/2 for x > 0 and 8 = 1, find the adjustment coefficient
and y(u).

Problem 29-9. Inthecontinuoustimemodel, if theindividual claims X arediscrete
with possible values 1 or 2 with probabilities 1/4 and 3/4 respectively, and if the
adjustment coefficient isIn(2), find the relative security loading.

Problem 29-10. Useintegration by partsto show that the adjustment coefficient in
the continuoustime model isthe solution of the equation / e€*(1-Fx(X))dx =c/A.
0

Problem 29-11. In the continuous time model, use integration by parts to find
M_,(t). Find expressions for E[L,], E[L?] and Var(L;). Here L, is the random
variable which is the amount by which the surplus first falls below itsinitial level,
given that this occurs.

Problem 29-12. Find the moment generating function of the maximum aggregate
loss random variable in the case in which al claims are of size 5. What is E[L]?
Hint: Use the Maclaurin expansion of Mx(t) to find the Maclaurin expansion of
M (t).
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Problem 29-13. If w(u) = 0.3e7 + 0.2e”™ + 0.1€""Y, what is the relative security
loading?

Problem 29-14. If L isthe maximum aggregate |oss random variable, find expres-
sions for E[L], E[L?], and Var(L) in terms of moments of X.

Problem 29-15. In the compound Poisson continous time model suppose that
A =3,c =1, and X has density fx(x) = (€ + 16e%)/3 for x > 0. Find the relative
security loading, the adjustment coefficient, and an explicit formula for the ruin
probability.

Problem 29-16. In the compound Poisson continous time model suppose that
. 9 . . .
A =3,c =1, and X hasdensity fx(X) = 2—;e‘3"’5 for x > 0. Find the relative security

loading, the adjustment coefficient, and an explicit formulafor the ruin probability.
What happensif ¢ = 20?

Problem 29-17. The claim number random variable is sometimes assumed to have
the negative binomial distribution. A random variable N issaid to have the negative
binomial distribution with parameters p and r if N counts the number of failures
before the rth success in a sequence of independent Bernoulli trials, each having
success probability p. Find the density and moment generating function of arandom
variable N with the negative binomial distribution. Define the compound negative
binomial distribution and find the moment generating function, mean, and variance
of arandom variable with the compound negative binomial distribution.

Problem 29-18. In the case of fire insurance the amount of damage may be quite
large. Three common assumptions are made about the nature of thelossvariablesin
thiscase. Oneisthat X hasalognormal distribution. Thismeansthat X = & where
Z isN(u, 0?). A second possible assumption is that X has a Pareto distribution.
Thismeansthat X hasadensity of the form oo/ X**1 1, .;)(X) for some o > 0. Note
that a Pareto distribution has very heavy tails, and the mean and/or variance may
not exist. A final assumption which is sometimes made is that the density of X isa
mixture of exponentials, that is,

fx(t) = (0.7)A.€71" + (0.3) A7

for example. After an assumption is made about the nature of the underlying
distribution one may use actual data to estimate the unknown parameters. For each
of the three models find the maximum likelihood estimators and the method of
moments estimators of the unknown parameters.

Problem 29-19. For automobile physical damage a gamma distribution is often
postulated. Find the maximum likelihood and method of moments estimators of the
unknown parametersin this case.
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Problem 29-20. One may also examine the benefits, in terms of risk reduction,
of using reinsurance. Begin by noting the possible types of reinsurance available.
First thereis proportional reinsurance. Here the reinsurer agreesto pay afraction
o, 0 < a < 1, of each individual claim amount. Secondly, there is stop—oss
reinsurance, in which the reinsurer pays the amount of the individual claim in
excess of the deductible amount. Finally, there is excess of loss reinsurance in
which the reinsurer pays the amount by which the claims of a portfolio of policies
exceeds the deductible amount. As an example, the effect of stop— oss reinsurance
with deductible d on an insurer’s risk will be analyzed. The amount of insurer’'s
risk will be measured by the ruin probability. In fact, since the ruin probability is
so difficult to compute, the effect of reinsurance on the adjustment coefficient will
be measured. Recall that the larger the adjustment coefficient, the smaller the ruin
probability. Initially (before the purchase of reinsurance) the insurer’s surplus at
timetis

N(t)

U)=u+ct-> X

j=1
where ¢ = (1 + B)AE[X] and N(t) is a Poisson process with intensity A. The
adjustment coefficient before the purchase of reinsurance is the positive solution of

A +cr = AMx(r).

After the purchase of stop loss reinsurance with deductible d theinsurer’s surplusis

N(t)
U'(t) =u+c't=> (X Od)

=1

where ¢' = ¢ — reinsurance premium. Note that this process has the same structure
asthe original one. The new adjustment coefficient is therefore the solution of

A +c'r = AMymq(r).

By examining the reinsurance procedure from the reinsurer’s standpoint the rein-
surer’s premium is given by

(1+ 6")AE[(X — d)1g.0)(X)]

where ' isthe reinsurer’s relative security loading. With this information the new
adjustment coefficient can be computed. Carry out these computationswhen A = 2,
0 =0.50, 6' =0.25,d = 750, and X has a exponential distribution with mean 500.

Problem 29-21. Repeat the previous problem for the case of proportional reinsur-
ance.

Problem 29-22. The case of excess of loss reinsurance leads to a discrete time
model, since the reinsurance is applied to a portfolio of policiesand the reinsurance
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is paid annually (say). The details here a similar to those in the discussion of the
discretetime gamblersruin problem. Analyzethe situation described in the previous
problem if the deductible for an excess of loss policy is 1500 and the rest of the
assumptions are the same. Which type of reinsurance is better?

Problem 29-23. In the discrete time model, suppose the X’'s have the N(10, 4)
distribution and the relative security loading is 25%. A reinsurer will reinsure a
fractionf of thetotal portfolio on aproportional basisfor apremium whichis 140%
of the expected claim amount. Find the insurers adjustment coefficient asafunction
of f. What value of f maximizes the security of the ceding company?
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Solutionsto Problems

Problem 29-2. By symmetry, E[X1|S = x,N = n] = x/n while direct com-
putation gives E[X;|S = x,N = n] = > 2 kP[X; = k|]S=xN =n]. Now
P[X1 = kS =xN =n] = P[X; = k,Zjn:lXj = xN =n] = P[X; =
K] P[Zj":zxj = x=KP[N =n] = P[X; =K P[er‘:2>(j = x-KP[N =n-
1JA/In = P[Xy = K| P[S= x-k,N = n—1]JA/n. Making this substitution gives
XP[S=xN=n] = ,; AkP[X; = K] P[S= x -k N = n-1]. Summing both
sides on n from 0 to o gives the result.

Problem 29-4. The sum has a compound Poisson distribution with 4 = 8.

Problem 29-6. Compute the distribution function of X by conditioning on
U to obtain Fx(X) = P[X; < X]p+ P[X; < X] (1 - p) for x = 0 where X; and
X, are exponentialy distributed random variables with parameters 4; and A,
respectively.

Problem 29-7. Use partia fractions and the previous problem to see that X
isamixture of two exponentialy distributed random variables with parameters
M=3andA, =5andp =14

Problem 29-8. Here Mx(t) = (5t — 21)/(t - 3)(t — 7) and E[X] = 5/21. This
leadsto R=1.69. Also M| (t) = 1/2-0.769/(t — 1.69) — 0.280/(t — 6.20) using
partial fractions. Hence the density of L is f_(t) = 0.769e 15 + 0.280e762
together with ajump of size 1/2 att = 0. (Recall that L has both a discrete and
absolutely continuous part.) Thus y(u) = 0.454e 6% + 0,045¢ 7620,

Problem 29-9. Here 6 = 10/7In(2) — 1 = 1.0609.

Problem 29-11. The density of Ly is f.,(t) = (1 - Fx(t))/E[X] for t = O.
Integration by parts then gives M, (t) = (Mx(t) — 1)/tE[X]. Using the Maclaurin

2
expansion of M (t) = 1+tE[X] +t2E[X?]/2+. ..thengivesM, () = 1+ 2Eg[<x]] t+
3
6EIE[(X]] t2 + ..., from which the first two moments of L; can be read off.

Problem 29-12. My (t) = 56t/ (1+5(1+ O)t —€*) = 1+t XL + .

Problem 29-13. Here 6 = 2/3 since y(0) = 1/(1+ 6).

Problem 29-14. Substitute the Maclaurin expansion of Mx(t) into the expres-
sion for moment generating function of L in order to get the Macluarin expansion
of M_(t).

Problem29-15. Here6 = 4/5andR = 2. AlsoMy(t) = 4/9+(8/9) 5% +(4/9) ;%
so that y(u) = (4/9)e™? + (1/9)e™.

Problem 20-16. HereMx(t) = 2 (3/5-t)2 sothat E[X] = 10/3and 6 = -9/10

when ¢ = 1. Since 6 < 0, there is no adjustment coefficient and the ruin
A 1
probability is1. Whenc =20, 6 = 1and R= 0.215. AlsoM_(t) = 5—0.119/(t—

164
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0.215) + 0.044/(t — 0.834) by partia fractions. The density of the absolutely
continuous part of L isfy(t) = 0.119e %2 — 0,044e7%83% and the distribution
of L hasajump of size 1/2 at the origin. So y(u) = 0.553¢ 2% - 0,053¢ 0834,

Problem 29-17. The compound negative binomial distribution is the distribu-
N
tion of the random sum Z Xi where N and the X’s are independent, N has the

i=1
negative binomial distri blution, and the X's all have the same distribution. Now
PIN =K = (4" p'(1-p)* for k= 0 and My(t) = p'(1 - (1 - p)&)". Now use
the general result about the moment generating function of arandom sum.

Problem 29-20. Here Mx(t) = (1 - 500t)™* for t < 1/500. The adjustment
coefficient before reinsurance is then R = 1/1500. The reinsurance premium is
(1 + 0.25)2E[(X = 750)1(750,)(X)] = 278.91 and the insurer's new adjustment
coefficient is the solution of 2 + (1500 — 278.91)R = Mxrso(R) which gives
R =0.00143.

Problem 29-21. Asinthe preceding problem, R = 1/ 1500 before reinsurance.
Supposetheinsurer retains 100(1-o)% of theliability. Thereinsurance premium
isthen (1 + 6")AoE[X] = 1250c.. The adjustment coefficient after reinsurance
is then the solution of 2+ (1500 — 1250ct)R = 2M1-)x(R) = 2Mx((1 - a)R). So
R = (2-a)/500(50:° - 110t +6) which isalways at least 1/ 1500. Noticethat since
0' < 0 here, the insurer should pass off al of the risk to the reinsurer. By using
o = 1 theinsurer collects the difference between the original and reinsurance
premiums, and has no risk of paying a claim.

Problem 29-22. The computational details here are quite complicated. In
atime interval of unit length the total claims are C = Z]-’ilxj where N is a
Poisson random variable with parameter 1. Now recall that in the discrete time
setting the adjustment coefficient is the solution of the equation E[eRX¢©)] = 1.
As before ¢ = 1500. Also Mc(t) = e¢Mx0-D 5o the adjustment coefficient
before reinsurance is 1/1500. The reinsurance premium with deductible 1500
isA(1+ 6")E[(C - 1500)L(1500,=)(C)] = 568.12. This is obtained numerically
by conditioning on the value of N and using the fact that conditional on N =k,
C has a gamma distribution with parameters oo = k and = 1/500. The new
adjustment coefficient solves E[eR(1500-568.12-CI1500)] = 1,

Problem 29-23. Here M(t) = el the premium income is 12.5 for each
time period, and the adjustment coefficient is the solution of e 25My(t) = 1
which gives R = 1.25. The reinsurance premium is 14f so that after reinsurance
the adjustment coefficient satisfies e 5 14DtMy((1 - f)t) = 1, which gives
R=(5-8f)/4(1-2f +2). Thevaluef = 1/4 produces the maximum value of
R, namely 4/3.

165
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Solutionsto Exercises

Exercise 29-1. SinceR > Oand u+cT - ZE:(P Xc < Owhen T < o the
denominator expectation is at least 1.

Exercise29-2. My-u(-R) = 1 holdsif and only if —ctR - At(Mx(R) - 1) = 0,
which trandates into the given condition.

Exercise 29-3. If ¢ < AE[X] premium income is less than or equal to the
average rate of the claim process. So eventualy the company will be ruined
by a run of above average size claims. By Maclaurin expansion, Mx(R) =
1+ E[X]R+E[X?]R?/2+ ... and al of the coefficients are positive since X isa
positive random variable. So A + cR-AMx(R) = (c-AE[X])R-E[X?]R?%/2-...
is a function which is positive for R near 0 and negative for large values of R.
Thus there is some positive value of R for which this function is zero.

Exercise 29-4. From the definition of conditional probability, P[L; < y|T, <
o] = P[L; £y, Ty < «]/P[T, < o] and the result follows from the previous
formula and the fact that P[T, < o] = 1/(1 + 0).

Exercise 29-5. Sincein this case Fx(t) = 1 - e for t > 0, direct substitution
givesP[Ly < y|Ty< ] =1-e % fory> 0.

Exercise29-6. GivenT, < othedensity of L, is(1-Fx(y))/E[X] fory > 0. Us-
ing integration by partsthen givesthe conditional moment generating function of
Lyas [, eY(1-Fx(y))/E[X] dy = €¥(1 - Fx(Y))/tEIX] |5 + 5~ e¥Fx (y)/tE[X] dy =
(Mx(t) — 1)/tE[X]. Notice that the unconditional distribution of L; hasajump of
size 6/(1 + 0) at the origin. The unconditional moment generating function of
L1is6/(1+ 0) + (Mx(t) — 1)/ (1 + 6)tE[X].

Exercise 29-7. Since P[D = k] = (6/(1+ 0))(1/(1L+ 0)< fork = 0,1,2,...,

D
conditioning gives M (t) = E[et ZJ'=1A"] = E[Ma(H)P] = Y pp Ma(t)X(6/(1 +
0))(1/ (1 + 0))¢ = (6/(1 + 6))/ (1 - Ma(t)/ (1 + 8)) = 6/(1 + 6 — Ma(t)) and this
simplifies to the desired result using the formula of the previous exercise.

Exercise29-8. Usingtheindependence, Mgt (v) = Mg(v)Mr(v) and theresult
follows by substituion and algebraic rearrangement.
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830. Sample Question Set 8

Solve the following 13 problemsin no more than 65 minutes.

Question 30-1. Lucky Tom finds coins on hisway to work at a Poisson rate of 0.5
coins/minute. The denominations are randomly distributed with 60% of the coins
worth 1, 20% of the coins worth 5, and 20% of the coins worth 10. Calculate the
conditional expected value of the coins Tom found during his one-hour walk today,
given that among the coins he found exactly ten were worth 5 each.

A. 108

B. 115 D. 165

C. 128 E. 180

Question 30-2 . You are given that the claim count N has a Poisson distribution
with mean A, and that A has a gamma distribution with mean 1 and variance 2.
Calculate the probability that N = 1.

A. 019
B. 024 D. 034
C. 031 E. 0.37

Question 30-3. A special purposeinsurance company isset up toinsureonesingle
life. Therisk consists of asingle possible claim. The claim is 100 with probability
0.60, and 200 with probability 0.40. The probability that the claim does not occur
by timetis1/(1+t). Theinsurer'ssurplusat timetisU(t) = 60+ 20t — (t), where
S(t) isthe aggregate claim amount paid by timet. Theclaimispayableimmediately.
Calculate the probability of ruin.

A. 47
B. 3/5 D. 3/4
C. 2/3 E. 7/8

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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Question 304 . Taxicabs|eave ahotel with agroup of passengers at a Poisson rate
of A =10 per hour. The number of peoplein each group taking a cab isindependent
and is 1 with probability 0.60, 2 with probability 0.30, and 3 with probability 0.10.
Using the normal approximation, calculate the probability that at least 1050 people
leave the hotel in a cab during a 72 hour period.

A. 0.60
B. 0.65 D. 0.75
C. 0.70 E. 0.80

Question 30-5 . A company provides insurance to a concert hall for losses due
to power failure. You are given that the number of power failuresin a year has a
Poisson distribution with mean 1, the ground up loss due to a single power failure
Is 10 with probability 0.3, 20 with probability 0.3, and 50 with probability 0.4.
The number of power failures and the amounts of |osses are independent. Thereis
an annual deductible of 30. Calculate the expected amount of claims paid by the
Insurer in one year.

A. 5
B. 8 D. 12
C. 10 E. 14

Question 30-6 . An investment fund is established to provide benefits on 400
independent lives age x. On January 1, 2001, each lifeisissued a 10 year deferred
whole life insurance of 1000 payable at the moment of death. Each life is subject
to a constant force of mortality of 0.05. The force of interest is 0.07. Calculate the
amount needed in the investment fund on January 1, 2001, so that the probability,
as determined by the normal approximation, is 0.95 that the fund will be sufficient
to provide these benefits.
A. 55,300

B. 56,400 D. 59,300

C. 58,500 E. 60,100
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Question 30—7 . You are given that the number of claims has mean 8 and standard
deviation 3, while the individual losses have a mean of 10,000 and a standard
deviation of 3,937. Using the normal approximation, determine the probability that
the aggregate loss will exceed 150% of the expected loss.

A. ®(1.25)
B. ®(L5) D. 1-®(L5)
C. 1-d(1.25) E. 15(0(1)

Question 30-8 . An insurance company sold 300 fire insurance policies. One
hundred of the policies had a policy maximum of 400 and probability of claim per
policy of 0.05. Two hundred of the policies had a policy maximum of 300 and a
probability of claim per policy of 0.06. You are given that the claim amount for each
policy is uniformly distributed between 0 and the policy maximum, the probability
of more than one claim per policy is 0, and that claim occurrences are independent.
Calculate the variance of the aggregate claims.

A. 150,000
B. 300,000 D. 600,000
C. 450,000 E. 750,000

Question 30-9. A risky investment with aconstant rate of default will pay principal
and accumulated interest at 16% compounded annually at the end of 20 years if it
does not default, and zero if it defaults. A risk free investment will pay principal
and accumulated interest at 10% compounded annually at the end of 20 years. The
principal amounts of the two investments are equal. The actuarial present values of
the two investments are equal at time zero. Calculate the median time until default
or maturity of the risky investment.
A9

B. 10 D. 12

C. 1 E. 13
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Question 30-10. For aninsurer withinitial surplusof 2 the annual aggregate claim
amount is 0 with probability 0.6, 3 with probability 0.3, and 8 with probability 0.1.
Claims are paid at the end of the year. A total premium of 2 is collected at the
beginning of each year. The interest rateisi = 0.08. Calculate the probability that
the insurer is surviving at the end of year 3.

A. 074
B. 0.77 D. 0.85
C. 0.80 E. 0.86

Question 30-11 . X isarandom variable for aloss. Losses in the year 2000 have
adistribution such that E[X Od] = -0.025d? + 1.475d - 2.25for d = 10, 11, . .., 26.
Losses are uniformly 10% higher in 2001. Aninsurance policy reimburses 100% of
losses subject ot adeductible of 11 up to amaximum reimbursement of 11. Calculate
the ratio of expected reimbursementsin 2001 over expected reimbursements in the

year 2000.
A. 110.0%
B. 110.5% D. 111.5%
C. 111.0% E. 112.0%

Question 30-12 . Insurance for a city’s snow removal costs covers four winter
months. There is a deductible of 10,000 per month. The insurer assumes that the
city’s monthly costs are independent and normally distributed with mean 15,000
and standard deviation 2,000. To simulate four months of claim costs, the insurer
usesthe Inverse Transform M ethod where small random numbers correspond to low
costs. The four numbers drawn from the uniform distribution on [0, 1] are 0.5398,
0.1151, 0.0013, and 0.7881. Calculate the insurer’s simulated claim cost.
A. 13,400

B. 14,400 D. 20,000

C. 17,800 E. 26,600
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Question 30-13 . A new insurance salesperson has 10 friends, each of whom is
considering buying a policy. Each policy isawhole life insurance of 1000 payable
at the end of the year of death. The friends are all age 22 and make their purchase
decisions independently. Each friend has a probability of 0.10 of buying a policy.
The 10 future lifetimes are independent. S is the random variable for the present
value at issue of thetotal payments to those who purchase the insurance. Mortality

followsthe Illustrative Life Table and i = 0.06. Calculate the variance of S.
A. 9,200

B. 10,800 D. 13,800

C. 12,300 E. 15,400
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Answersto Sample Questions

Question 30-1. If A, B, and C are the number of coins of the respective denomina-
tionsfound by Tom, then A, B, and C are independent Poisson random variableswith
parameters 18, 6, and 6 (per hour). Thus E[A+ 5B + 10C|B] = 18 + 50 + 60 = 128.
C.

Question 30-2 . Here P[N = 1|A] = Ae™, so P[N = 1] = E[Ae™]. Since
Ma(t) = E[€"] = (0.5/0.5-t)°° from the giveninformation, the desired probability is
the derivative of the moment generating functionatt = —=1. ThusP[N = 1] = 0.1924.
A.

Question 30-3 . The company is ruined if there is a claim of 100 before time 2
or aclaim of 200 before time 7. So ruin occurs if there is any claim before time
2, or a clam of 200 between times 2 and 7. The ruin probability is therefore
2/3+ (7/8-2/3)(0.40) = 3/4. D.

Question 304 . The number N of cabs leaving the hotel in a 72 hour period
Is Poisson with parameter 720. If A, B, and C are the number of 1, 2, and 3
person cabs then these random variables are independent Poisson random variables
with parameters 432, 216, and 72. The mean number of people leaving is then
432 + 2(216) + 3(72) = 1080 and the variance is 432 + 4(216) + 9(72) = 1944, and
the approximate probability is P[Z >= (1050 — 1080)/v/1944] = P[Z >= —0.680] =
0.751.D.

Question 30-5 . The expected amount is E[(L — 30).] = E[L — 30] - E[(L -
30)1j030)(L)], Where L is the loss due to power failure. Now P[L = 0] = €,
P[L = 10] = 0.3¢* and P[L = 20] = 0.3¢’! + (0.3)%¢1/2. So the last expecta-
tion is -30e™! - (20)0.3e* - 10(0.3e™* + (0.3)%e1/2) = -14.51. Using this gives
E[(L - 30),] =29-30+14.51 = 1351. E.

Question 306. Thelossrandom variable for theith policy is
Li = 1000€ "1 1{10.)(T}),
where T; isthe future lifetime of the ith policy holder. Thus
E[Li] = 1000 1: et 05e~ % dt = 125.49

and

00

E[L7] = 10007 | 056" dit = 39,300,
10

from which Var(L;) = 23,610. For thetotal loss S E[F = 50,199 and Var(S) =
9440000. The amount required is 50199 + 1.645v/9440000 = 55, 253. A.
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Question 307 . Thetotal loss T has E[T] = 8(10,000) = 80,000 and Var(T) =
8(3937)% + 32(10, 000)? = 1023999752. Thus

P[T = 120000] = P[Z = 40000/ /Var(T)] = P[Z = 1.25].
C.

Question 30-8. Each of the one hundred policies has expected 10ss 200(0.05) = 10
and mean square loss (400)?(.05)/ 3, giving the per policy variance as 2566.66. For
each of the two hundred policiesthe meanlossis 150(0.06) = 9 and the mean square
lossis (300)2(0.06)/ 3, giving the per policy variance as 1719. Thetotal varianceis
therefore 100(2566.66) + 200(1719) = 600, 466. D.

Question 309 . The time T until default has an exponential distribution with
parameter 1. Hence (1.16)%°e?% = (1.10)% and u = 0.0531. The median of the
distribution of T is—In(1/2)/u = 13.05. (If this had turned out to be larger than 20,
the median of T J20, which iswhat is sought, would be 20.)E.

Question 30-10 . Making atree diagram with i = O shows that the survival prob-
ability is 0.738. This follows because the initial cash on hand is2 + 2 = 4, so the
possible cash at the end of the first year is either 4, 1, or —4. The first two of these
cases lead to cash at the end of year 2 of 6, 3, or =2, or 3, 0, and =5. From here, the
probability of ruininyear 3iseasily determined. The only changeusingi = 0.08 is
to make the reserve strictly positive at a node where the reserveisOusingi = 0. A.

Question 30-11. Firstnotethat (x—a).[a = x[J(2a)—xa. For 2000, the expectation
ISE[(X-11), 011] = E[X 022] - E[X J11] = 7.15. For 2001 the expectation is
E[(1.1X - 11), 011] = 1.1E[(X - 10), UJ10] = 1.(E[X U 20] — E[X [0 10]) = 7.975.
Theratiois7.975/7.15 = 1.115. D.

Question 30-12 . The corresponding z values are 0.10, 1.2, —3.0, and 0.80, from
the normal table. The corresponding costs are 15200, 12600, 9000, and 16600, and
the costs after the deductible are 5200, 2600, 0, and 6600, giving a total cost of
14,400. B.

Question 30-13. Themean of each policy is0.1(1000)A, and the second moment
is 0.1(1000)?2A,, from which the variance of each policy is 1584.30, using the
values from the table. The variance for al of the policiesis therefore 15843. E.



831. Related Probability Models

In the next section a probability model is discussed which can be used for
transactions other than life insurance.

Discretetime Markov chains are often used as modelsfor a sequence of random
variables which are dependent. One application of such stochastic processesisasa
model for the length of stay of a patient in a nursing home.

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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In many situations the random variables which serve naturally as a model are
not independent. The simplest kind of dependence allows future behavior to depend
on the present situation.

Example 32-1. Patientsinanursing homefall into 3 categories, and each category
of patient has a differing expense level. Patients who can care for themselves with
minimal assistance are in the lowest expense category. Other patients require some
skilled nursing assistance on a regular basis and are in the next higher expense
category. Finaly, some patients require continuous skilled nursing assistance and
are in the highest expense category. One way of modeling the level of care a
particular patient requires on a given day is as follows. Denote by X; the level of
care this patient requires on day i. Here the value of X; would be either 1, 2, or
3 depending on which of the 3 expense categories is appropriate for day i. The
random variables { X;} are not independent.

Possibly the simplest type of dependence structure for a sequence of random
variablesis that in which the future probabilistic behavior of the sequence depends
only on the present value of the sequence and not on the entire history of the
sequence. A sequence of random variables{X, : n=0,1,...} isaMarkov chain if

() P[X,0{0,1,2,3,...}] =1foral nand
(2) for any real numbersa < b and any finite sequence of non-negative integers
ty <t < UIK ty <t

P[a < th+1 < b|Xt1, .. .,th] = P[a < th+1 < letn]

The second requirement is referred to as the Markov property. Intuitively, the
Markov property means that the future behavior of the chain depends only on the
present and not on the more distant past.

The possible values of the chain are called states.

Exercise 32-1. Show that any sequence of independent discrete random variables
isaMarkov chain.

Because of the simple dependence structure avital role is played by the tran-
sition probabilities P[X+1 = j| Xy = i]. In principle, this probability depends not
only on the two states i and j, but also on n. A Markov chain is said to have
stationary transition probabilitiesif the transition probabilities P[Xn.1 = j| X, = ]
do not depend on n. In the examples here, the transition probabilities will always
be assumed to be stationary, and the notation P;j = P[Xn1 = || X, = i] will be used.

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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If the chain has non-stationary transition probabilities the notation P{) would be
needed.

Thetransition probabilitiesare collected into thetransition matrix of thechain.
When the transition probabilities are stationary, the transition matrix is P = [P;;].
When the transition probabilities are not stationary the matrix P, = [P{)] holds the
transition probabilities from the state occupied at time n.

Exercise 32-2. Show that if P isatransition matrix then >°; P;; = 1 for eachi.

The transition probabilities together with the distribution of X, determine com-
pletely the probabilistic behavior of the Markov chain.

Example 32-2. In the previous nursing home example, suppose the transition
09 005 0.05

matrix isP = (0.1 08 01 ) The probability that a patient who enters at

0 005 095
timeOinstate 1isin state 1 at time 1 and state 2 at time 2 isthen 0.9 x 0.05, using

the first two entriesin the first row of the transition matrix.

Example 32-3. In many cases, costs are associated with each state. In the nursing
home example, suppose the cost of being in state i for one day isi, and that this
expense must be paid at the end of the day. The expected present value of the costs
for the first two days of care for a patient entering in state 1 at time O would be
1v+ (0.9 x1+0.05x 2+ 0.05 x 3)V2. Herev isbased on the daily interest rate. This
computation again uses the first row of the transition matrix.

Example 32—4. In more complicated models, costs may be associated with the
transitions between states. The typical convention is that the transitions occur
at the end of each time period and the transition costs are incurred at that time
point. The transition costs are typically collected into a matrix, with the (i, j) entry
of the matrix ,C being the cost of a transition from state i to state j at time n.

011
Suppose in the nursing home example the transition costsare ,C = |1 O 1)

110
for n = 1. Such amatrix indicates a cost of 1 for any day the patient changes care

level. Suppose the costs of being in a particular state are as before. The actuarial
present value of the expenses for the first 2 days for a patient entering in state 1 is
(1+0.1x1)v+(0.90x1+0.05x2+0.05%3+0.90x0.1x1+0.05x0.2x 1+0.05x0.05x 1)v2.
The last termsin each case represent the expenses for state transitions at the end of
the day.

Example 32-5. The gambler’s ruin problem illustrates many of the features of a
Markov chain. A gambler enters a casino with $z available for wagering and sits
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down at her favorite game. On each play of the game, the gambler wins $1 with
probability p and loses $1 with probability g = 1 — p. She will happily leave the
casino if her fortune reaches $a > 0, and will definitely leave, rather unhappily,
if her fortune reaches $0. Denote by X, the gambler’s fortune after the nth play.
Clearly { X} isaMarkov chain with P[Xq = Z] = 1. The natural state space hereis
{0,1,...,a}.

Exercise 32-3. Findthe (a+ 1) x (a+ 1) transition matrix.

Even with the simplifying assumption of stationary transition probabilities the
formulafor the joint distribution of the values of the chain is unwieldy, especialy
since in most cases the long term behavior of the chain is the item of interest. For-
tunately, relatively simple answers can be given to the following central questions.

(D) If {X,} isaMarkov chain with stationary transition probabilities, what isthe

l[imiting distribution of X,?
(2) If sisastate of a Markov chain with stationary transition probabilities how
often isthe processin state s?

As a warm up exercise for studying these questions the n step transition
probabilities defined by Py = P[Xnm = j|Xm = i] and the corresponding n step
transition probability matrix P™ will now be computed.

Exercise 32—4. Show that P[X+m = j|Xm = i] does not depend on m.

Theorem. The n step transition probability matrix is given by P™ = P" where P is
the transition probability matrix.

proof : Thecasen =1 being clear, theinduction step is supplied.

Pirjj = P[Xnem = J[Xm =1]

= P[[Xn+m = J] n <U[Xn+m—l = k])]lxm = I]

k=0

= Z Pl[Xn+m =, Xnem-1 = K] [ Xm = 1]
k=0

= " P[Xsm = j 1 Xneme1 = K X = 1] P[Xosm-1 = K[ Xm = ]
k=0

=Y P[Xasm = j[Xaem-1 = K PXnme1 = K| X = ]
k=0

=D PaPi”.
k=0

The induction hypothesis together with the formula for the multiplication of matrices
conclude the proof. i
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When the transition probabilities are not stationary the matrix of probabilities
kpg,j) = P[Xn+k = j |Xn = I] is obtained by kPn = [kpg,j)] = PnPn+1 e Pn+k—1-

Using this lemma gives the following formula for the density of X, in terms of
the density of Xo.

(P[X=0] P[X =1 ...)=(P[X =0 PX=1 ...)P"

If the transition probabilites are not stationary, the matrix P" must be replaced by
matrix product PoP; . .. Ph-1.

Exercise 32-5. Verify that thisformulais correct.

Consequently, if X, convergesin distributionto Y asn — o then

(PlY=0] P[Y=1] ...)=lim(PX=0] PX,=1] ...)
=lim(PXo=0] PX=1] ...)P"
=im(P% =0 PXo=1] ..)P™
=(P[Y=0] P[Y=1] ...)P

which gives a necessary condition for Y to be a distributional limit for the chain,
namely, the density of Y must be a left eigenvector of P corresponding to the
eigenvalue 1.

Example 32-6. For the nursing home chain given earlier there is a unique left
eigenvector of P corresponding to the eigenvalue 1, after normalizing so that the
sum of the coordinatesis 1. That eigenvector is (0.1202,0.1202,0.7595). Thus a
patient will, in the long run, spend about 12% of the time in each of categories 1
and 2 and about 76% of the timein category 3.

Exercise 32—6. Find the left eigenvectors corresponding to the eigenvalue 1 of the
transition matrix for the gambler’s ruin chain.

Example 32—7. Consider the Markov chain with transition matrix P = (g (1)>

This chain will be called the oscillating chain. The left eigenvector of P corre-
sponding to the eigenvalue 1 is (1/2 1/2). If the chain starts in one of the states
thereis clearly no limiting distribution.

Exercise 32—7. Show that this last chain does not have alimiting distribution.

The oscillating chain example shows that a Markov chain need not have a
limiting distribution. Even so, this chain does spend half the time in each state,
so the entries in the left eigenvector do have an intuitive interpretation as long run
fraction of the time the chain spends in each state.
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The nursing home chain is an example in which the limiting behavior of the
chain does not depend on initial state of the chain. For the gambler’s ruin chain,
the limiting behavior does depend on the initial state of the chain, asis intuitively
reasonable. The distinction between these two types of behavior can be understood
with abit of effort.

For each state i define the random variable N; to be the total number of visits
of the Markov chain to the state i. Possibly, N; = . A state i for which P[N; =
o|Xo = i] = 1is astate which is sure to be revisited infinitely many times. Such
a state is said to be recurrent. A non-recurrent state, that is, a state i for which
P[N; = o|X, = i] < 1lissaid to betransient. Amazingly, for atransient state i,
P[N; = 00| Xy = i] = 0. Thusfor each state i the random variable N; is either aways
infinite or never infinite.

Exercise 32-8. Show that if i is a transient state then N; is a geometric random
variable, given that the chain starts at i.

Checking each state to see whether that state is transient or recurrent is clearly
adifficult task with only the tools available now. Another useful notion can greatly
simplify the job. The state j is accessible from the state i if there is a positive
probability that the chain can start in state i and reach statej. Two statesi and j are
said to communicate, denoted i - J, if each is accessible from the other.

Example 32-8. Consider the coin tossing Markov chain X in which X, denotesthe
outcome of the nth toss of afair coin in which 1 corresponds to a head and 0 to a
tail. Clearly O 1.

Example 32-9. In the gambler’s ruin problem intuition suggests that the states O
and a are accessible from any other state but do not communicate with any state
except themselves. Such states are absorbing. The other states all communicate
with each other.

Exercise 32-9. Prove that the intuition of the preceding exampleis correct.

Example 32-10. In the nursing home example, all states communicate with each
other.

Importantly, if i & ] theni isrecurrent if and only if j is recurrent.
Exercise 32-10. For the coin tossing chain, isthe state 1 recurrent?
Exercise 32—11. What are the recurrent states for the gambler’s ruin chain?

The existence of transient states in the gambler’s ruin chain forced the limiting
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distribution to depend on theinitial state. Thefact that all states of the nursing home
chain communicate caused the limiting behavior to not depend on the initia state.

In order to described completely the behavior of the limiting relative frequency
of the occupation time of agiven state, some additional notationisrequired. Denote
by fi ; the probability that the chain ever enters statej given that the chainis currently
in state i. Denote by ;; the expected number of time steps between visits to state
I. (For atransient state, pj; = o and it is possible for u;; = c even for arecurrent
state.) The central result in the theory of Markov chains says that for any two states
I and j, given that the chain begins at time zero in state i,

lim total number of visitsto statej by timen _ fij
noe n r

Thisistheresult that was anticipated based on previous examples. For thegambler’s
ruin chain, the expectations y;; # o only when j is one of the absorbing states, and
the limiting relative frequencies always depend on the initial statei. For the nursing
home and oscillating chains the probabilities fi; = 1 for all i and j since all states
communicate and are recurrent. The limiting relative frequency does not depend on
theinitial state in such cases.

The distinction between the existence of this limiting relative frequency and a
limiting distribution depends on the notion of the period of a state, and will not be
explored here.
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Problems

Problem 32-1. Suppose the chain has only finitely many states all of which com-
municate with each other. Are any of the states transient?

Problem 32-2. Suppose N;; isthetotal number of visits of the chain to statej given

that the chain beginsin state i. Show that for i #j, E[N;;] = Z E[N;] Pix. What
k=0

happensifi =j?

Problem 32—3. Suppose the chain has both transient and recurrent states. Relabel
the states so that the transient states are listed first. Partition the transition matrix in

to blocksP = (POT P ) Explain why the lower left block isazero matrix. Show
R

that the T x T matrix of expectations E[N;;] asi and j range over the transient states
is(l -Pr)™.

Problem 32—4. In addition to the 3 categories of expensesin the nursing home ex-

ample, consider also the possibilities of withdrawal from the home and death. Sup-
08 005 001 0.09 0.05

05 045 004 00 O0.01
posethe corresponding transitionmatrixisP = | 0.05 0.15 0.70 0.0 0.10
00 00 00 10 o0

00 00 00 00 10
where the states are the 3 expense categories in order followed by withdrawal and

death. Find the limiting distribution(s) of the chain. Which states communicate,
which states are transient, and what are the absorption probabilities given the initial
state?

Problem 32-5. An auto insurance company classifies insureds in 2 classes: (1)
preferred, and (2) standard. Preferred customers have an expected loss of $400 in
any one year, while standard customers have an expected loss of $900 in any one
year. A driver who is classified as preferred this year has an 85% chance of being
classified as preferred next year; adriver classified as standard this year has a 40%
chance of being classified as standard next year. Losses are paid at the end of each
year and i = 5%. What is the net single premium for a 3 year term policy for an
entering standard driver?
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Solutionsto Problems

Problem 32-1. No. Since all states communicate, either all are transient or
al are recurrent. Since there are only finitely many states they can not all be
transient. Hence all states are recurrent.

Problem 32-2. The formulafollows by conditioning on the first step leaving

statei. When i = j the formulais E[N;;] = 1+ > E[N;] Pix, by the same

k=0
argument.

Problem 32-3. Going from arecurrent state to atransient stateis not possible.
Express the equations of the previous problem in matrix form and solve.

Problem 32-4. The 3 expense category statescommunicate with each other and
are transient. The other 2 states are recurrent and absorbing. The probabilities
fij satisfy fos = 0.8fg4 + 0.05f1 4 + 0.05f, 4 + 0.09 and 2 other similar equations,
from which fo4 = 0.382, 14 = 0.409, and f, 4 = 0.601.

Problem 32-5. From the given information the transition matrix is P =

.85 .15
( 6 4
driver are found from the second row of P? to be (.75 .25). The premium is
900v + (.6 x 400 + .4 x 900)V? + (.75 x 400 + .25 x 900)v® = 1854.90.

>. The two year transition probabilities for an entering standard

182
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Solutionsto Exercises

Exercise 32—1. Because of the independence both of the conditional probabil-
itiesin the definition are equal to the unconditional probability Pla < X; ., < b].

Exercise32-2. Y Pij =3 P[X =j|Xo=i] =PX  OR|X=i] =1

100 0 0 . 0
qgq 0 p 0 0 . 0
0 g 0Op 0. 0
Exercise 32-3. 00q9goO0p. 0
0 00O O0O 1

Exercise 32—4. Useinduction on n. The case n = 1 istrue from the definition
of stationarity. For the induction step assume the result holdswhen n = k. Then
P[Xkrr4m = j1Xm = 1] = Dy P[Xksr+m = J, Xkem = B[ X = 1] = > P[Xir14m =
i1 Xm = BIP[Xiem = bIXm = 0] = >0 P[Xue1 = j|1X = BIP[Xk = b[Xp = i] =
P[Xk+1 = j|Xo =], asdesired.

Exercise 32-5.  P[Xn = K] = >, P[Xy = K|Xo = i]P[Xo =] = > _; P\ P[Xo = i]
which agrees with the matrix multiplication.

Exercise 32-6. Matrix multiplication shows that the | eft eigenvector condition
implies that the left eigenvector x = (Xo,...,Xs) has coordinates that satisfy
Xo + OX1 = Xg, OX2 = X1, PXk-1 + P = X for 2 < k< a—2, pXa—2 = Xa-1 and
PXa-1 +Xa = Xq. From these equations, only xq and x, can be non-zero, and these
two values can be arbitrary. Hence al left eigenvectors corresponding to the
eigenvalue 1 are of theform (c,0,0,...,0,1-c) forsomeO<c< 1.

Exercise 32—7. P[X, = 1] is0 or 1 depending on whether n is odd or even, so
this probability has no limit.

Exercise 32-8. Let p be the probability that the chain ever returns to state
i given that the chain starts in state i. Since i is transient, p < 1. Then
P[Ni = k|Xo =i] = p¥(1-p) fork =0, 1,.. ., since once that chain returnsto i it
forgetsit ever left.

Exercise 32-9. If the current fortuneisi, and i isnot O or a, then the fortune |
can be obtained in |j —i| plays of the game by having |j —i| wins (or losses) in
arow.

Exercise 32-10. Yes, lisrecurrent since state 1 is sure to be visited infinitely
often.

Exercise 32-11. The only recurrent statesare 0 and a.



§33. Sample Question Set 9

Solve the following 3 problemsin no morethan 15 minutes.

Question 33-1 . In the state of Elbonia all adults are drivers. It isillegal to drive
drunk. If you are caught, your driver’'s license is suspended for the following year.
Driver’s licenses are suspended only for drunk driving. If you are caught driving
with a suspended license, your license is revoked and you are imprisoned for one
year. Licenses are reinstated upon release from prison. Every year, 5% of adults
with an active license have their license suspended for drunk driving. Every year,
40% of drivers with suspended licenses are caught driving. Assumethat all changes
in driving status take place on January 1, all drivers act independently, and the adult
population does not change. Calculate the limiting probability of an Elbonian adult
having a suspended license.

A. 0.019
B. 0.020 D. 0.036
C. 0.028 E. 0.047

Question 33-2. For the Shoestring Swim Club, with three possible financial states
at the end of each year, State 0 means cash of 1500. If in state O, aggregate member
charges for the next year are set equal to operating expenses. State 1 means cash
of 500. If in state 1, aggregate member charges for the next year are set equal to
operating expenses plus 1000, hoping to return the club to state 0. State 2 means
cash lessthan 0. If in state 2, the club is bankrupt and remainsin state 2. The club
Is subject to four risks each year. These risks are independent. Each of the four
risks occurs at most once per year, but may recur in a subsequent year. Three of the
four risks each have a cost of 1000 and a probability of occurrence 0.25 per year.
The fourth risk has a cost of 2000 and a probability of occurrence 0.10 per year.
Aggregate member charges are received at the beginning of the year, and i = O.
Calculate the probability that the club isin state 2 at the end of three years, given
that itisin state O at time O.

A. 024
B. 0.27 D. 0.37
C. 030 E. 0.56

Copyright O 2006 Jerry Alan Veeh. All rights reserved.



833: Sample Question Set9 185

Question 33-3 . Rainis modeled as a Markov process with two states. If it rains
today, the probability that it rains tomorrow is 0.50. If it does not rain today, the
probability that it rains tomorrow is 0.30. Calculate the limiting probability that it
rains on two consecutive days.

A. 012

B. 014 D. 019

C. 0.16 E. 022
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Answersto Sample Questions
Question 33-1. If the states are D(riving), S(uspended), and J(ailed) the transition

95 05 0
matrix is | .6 0 .4 |. Thelast column shows that 0.4rs = &3 while the
1 0 O

second column showsthat 0.057p = ms. Combining these with the requirement that
mp + ms+ my = 1givesms = 1/21.4 = 0.0467. E.

Question 33-2 . Thetransition probabilities are Py, = 0.9(0.75)® = 0.3796, Py, =
0.9(?) (0.25)(0.75)° = 0.3796, Py, = 0.2406, P1g = Py, P11 = Pgy, and Py, = Poy.

Thedesired prObabI | Ity is P02 + PO0P02 + Poo Poo P02 + P00P01 PlZ + POl P12 + POl Pll PlZ +
P01 P]_() P02 = 0.562. E.

Question 33-3 . Using the four states RR, RS, SR, and SS for the occurrence of
05 05 0 O

0O 0 03 07
05 05 0 O

0O 0 03 07
The first two stationary equations show that g = mrs = T While the last two

equations show that 0.7r = 0.31ss. Thus mrg = 3/16 = 0.1875. D.

R(ain) or S(un) on pairs of days givesthe transition matrix



X

X

0 10,000,000

5 9,749,503
10 9,705,588
15 9,663,731
20 9,617,802
21 9,607,896
22 9,597,695
23 9,587,169
24 9,576,288
25 9,565,017
26 9,553,319
27 9,541,153
28 9,528,475
29 9,515,235
30 9,501,381
31 9,486,854
32 9471591
33 9455522
34 9438571
35 9,420,657
36 9,401,688
37 9,381,566
38 9,360,184
39 9,337,427
40 9,313,166
41 9,287,264
42 9,259,571
43 9,229,925
44 9,198,149
45 9,164,051
46 9,127,426
47 9,088,049
48 9,045,679
49 9,000,057
50 8,950,901
51 8,897,913
52 8,840,770
53 8,779,128
54 8,712,621
55 8,640,861
56 8,563,435
57 8,479,908
58 8,389,826
59 8,292,713
60 8,188,074
61 8,075,403
62 7,954,179
63 7,823,879
64 7,683,979
65 7,533,964

1000
20.42
0.98
0.85
0.01
1.03
1.06
1.10
1.13
1.18
1.22
1.27
1.33
1.39
1.46
153
161
1.70
1.79
1.90
2.01
2.14
2.28
243
2.60
278
2.98
3.20
3.44
371
4.00
431
4.66
5.04
5.46
5.92
6.42
6.97
7.58
8.24
8.96
9.75
10.62
11.58
12.62
13.76
15.01
16.38
17.88
19.52
21.32
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ax
16.8010
17.0379
16.9119
16.7384
16.5133
16.4611
16.4061
16.3484
16.2878
16.2242
16.1574
16.0873
16.0139
15.9368
15.8561
15.7716
15.6831
15.5906
15.4938
15.3926
15.2870
15.1767
15.0616
14.9416
14.8166
14.6864
14.5510
14.4102
14.2639
14.1121
13.9546
13.7914
13.6224
13.4475
13.2668
13.0803
12.8879
12.6896
12.4856
12.2758
12.0604
11.8395
11.6133
11.3818
11.1454
10.9041
10.6584
10.4084
10.1544
9.8969

1000A,

49.00

35.59

42.72

52.55

65.28

68.24

71.35

74.62

78.05

81.65

85.43

89.40

93.56

97.92
102.48
107.27
112.28
11751
122.99
128.72
134.70
140.94
147.46
154.25
161.32
168.69
176.36
184.33
192.61
201.20
210.12
219.36
228.92
238.82
249.05
259.61
270.50
281.72
203.27
305.14
317.33
329.84
342.65
355.75
369.13
382.79
396.70
410.85
425.22
439.80
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1000%A,
25.92
8.45
9.37
11.33
14.30
15.06
15.87
16.76
17.71
18.75
19.87
21.07
22.38
23.79
2531
26.95
28.72
30.63
32.68
34.88
37.26
39.81
42.55
45.48
48.63
52.01
55.62
59.48
63.61
68.02
72.72
77.73
83.06
88.73
94.76
101.15
107.92
115.09
122.67
130.67
139.11
147.99
157.33
167.13
177.41
188.17
199.41
211.13
223.34
236.03

10005E,
728.54
743.89
744.04
743.71
743.16
743.01
742.86
742.68
742.49
742.29
742.06
741.81
74154
741.24
740.91
740.55
740.16
739.72
739.25
738.73
738.16
737.54
736.86
736.11
735.29
734.40
733.42
732.34
73117
729.88
728.47
726.93
725.24
723.39
721.37
719.17
716.76
714.12
711.24
708.10
704.67
700.93
696.85
692.41
687.56
682.29
676.56
670.33
663.56
656.23

100040Ex
541.95
553.48
553.34
552.69
551.64
551.36
551.06
550.73
550.36
549.97
549.53
549.05
548.53
547.96
547.33
546.65
545.90
545.07
544.17
543.18
542.11
540.92
539.63
538.22
536.67
534.99
533.14
531.12
528.92
526.52
523.89
521.03
517.91
514.51
510.81
506.78
502.40
497.64
492.47
486.86
480.79
474.22
467.12
459.46
451.20
442.31
432.77
422.54
411.61
399.94

100040Ex
299.89
305.90
305.24
303.96
301.93
301.40
300.82
300.19
299.49
298.73
297.90
297.00
296.01
294.92
293.74
292.45
291.04
289.50
287.82
286.00
284.00
281.84
279.48
276.92
274.14
271.12
267.85
264.31
260.48
256.34
251.88
247.08
241.93
236.39
230.47
224.15
217.42
210.27
202.70
194.72
186.32
177.53
168.37
158.87
149.06
139.00
128.75
118.38
107.97
97.60
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X Ix 10000« 4 1000A; 1000%A, 1000sEx 1000i0Ex  100040Ex
66 7,373,338 2329 0.6362 45456 24920 648.27 387.53 87.37
67 7,201,635 2544 93726 46947  262.83  639.66 374.36 77.38
68 7,018,432 27.79 91066 48453 27692  630.35 360.44 67.74
69 6,823,367 30.37 8.8387 499.70 29146  620.30 345.77 58.54
70 6,616,155 3318 85693 51495 30642  609.46 330.37 49.88
71 6,396,609 36.26 82988 530.26 321.78  597.79 314.27 41.86
72 6,164,663 39.62 80278 54560 337.54  585.25 29751 34.53
73 5920394 4330 7.7568 560.93  353.64 57181 280.17 27.96
74 5,664,051 4731 7.4864 57624 370.08 55743 262.31 22.19
75 539,081 5169 7.2170 59149  386.81 « 542.07 244.03 17.22
76 5117,152 5647 6.9493 606.65 403.80 525.71 225.46 13.04

77 4828182 6168 6.6836 621.68 421.02  508.35 206.71 9.61
78 4,530,360 67.37 6.4207 636.56  438.42  489.97 187.94 6.88
79 4225163 7356 6.1610 651.26 45595  470.57 169.31 4.77
80 3914365 8030 5.9050 665.75 47359  450.19 151.00 3.19
81 3,600,038 87.64 56533 680.00 49127 428.86 133.19 2.05
82 3284542 9561 54063 693.98 50896  406.62 116.06 1.27
83 2970496 10428 5.1645 707.67 526.60  383.57 99.81 0.75
84 2,660,734 11369 4.9282 721.04 54415  359.79 84.59 0.42
85 2,358,246 12389 4.6980 734.07 56157 33540 70.56 0.22
86 2,066,090 13494 4.4742 746.74 578.80  310.56 57.83 011
87 1,787,299 14689 42571 759.03 59579 28544 46.50 0.05
88 1524758 15981 4.0470 770.92 61251  260.21 36.61 0.02
89 1,281,083 17375 3.8442 78241 62892 23511 28.17 0.01
90 1,058,491 188.77 3.6488 79346 64496  210.36 21.13 0.00
91 858,676 20493 3.4611 80409 660.61  186.21 15.42 0.00
92 682,707 22227 32812 81427 67583 16290 10.91 0.00
93 530,959 240.86 31091 82401 69059  140.69 7.47 0.00
94 403,072 260.73 29450 83330 70486  119.79 4.93 0.00
95 297,981 28191 27888 84214 71861  100.43 3.13 0.00
96 213,977 30445 2.6406 85053  731.83 82.78 1.90 0.00
97 148,832 328.34 25002 85848  744.50 66.97 1.10 0.00
98 99,965 353.60 23676 86599  756.61 53.08 0.60 0.00
99 64,617 380.21 22427 873.06  768.13 41.15 0.31 0.00
100 40,049 408.10 21253 879.70  779.08 31.12 0.15 0.00
101 23,705 43729 20152 88594  789.44 22.92 0.07 0.00
102 13,339 467.65 19123 891.77  799.21 16.36 0.03 0.00
103 7,101 49894 18166 89719  808.39 11.37 0.01 0.00
104 3,558 531.20 1.7275 90226  817.00 7.56 0.00 0.00
105 1668 564.15 1.6450 906.98  825.03 4.93 0.00 0.00
106 727 59835 15686 91143  832.53 2.99 0.00 0.00
107 292 63014 15005 915.64  839.25 1.76 0.00 0.00
108 108 666.67 14343 92047  845.83 0.98 0.00 0.00
109 36 69444 13812 92708  851.12 0.52 0.00 0.00

110 11 73187 13223 94340 857.04 0.26 0.00 0.00



O U1 O X

1
15
20

22
23
24
25
26
27
28
29
30
31
32
33

35
36
37
38
39

41

GRER

46
47

49
50
51
52
53

55
56
57
58
59
60
61
62
63

65

A
16.1345
16.6432
16.4660
16.2187
15.9005
15.8272
15.7502
15.6696
15.5851
15.4967
15.4041
15.3073
15.2062
15.1005
14.9901
14.8750
14.7549
14.6298
14.4995
14.3640
14.2230
14.0766
13.9246
13.7670
13.6036
13.4344
13.2594
13.0786
12.8919
12.6994
12.5011
12.2971
12.0873
11.8720
11.6513
11.4252
11.1941
10.9580
10.7172
10.4720
10.2227

9.9696
9.7131
9.4535
9.1911
8.9266
8.6602
8.3926
8.1241
7.8552

1000A
86.73
57.93
67.96
81.96
99.97
104.12
108.48
113.04
117.82
122.83
128.07
133.55
139.27
145.26
151.50
158.02
164.82
171.90
179.27
186.94
194.92
203.21
211.81
220.74
229.99
239.56
249.47
259.70
270.27
281.16
292.39
303.94
315.81
328.00
340.49
353.29
366.37
379.74
393.37
407.24
421.35
435.68
450.20
464.90
479.75
494.72
509.80
524.95
540.15
555.36

1000%Ayx
50.89
16.51
18.13
21.67
27.00
28.33
290.77
31.33
33.01
34.82
36.77
38.87
41.12
43.55
46.16
48.96
51.96
55.18
58.63
62.32
66.26
70.48
74.98
79.77
84.89
90.32
96.11
102.25
108.76
115.65
122.95
130.67
138.80
147.38
156.41
165.90
175.85
186.28
197.18
208.57
220.44
232.79
245.62
258.93
272.69
286.91
301.56
316.62
332.09
347.92
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Axx+10
16.2844
16.4093
16.1541
15.8187
15.3934
15.2962
15.1945
15.0883
14.9774
14.8617
14.7411
14.6154
14.4845
14.3484
14.2068
14.0598
13.9071
13.7488
13.5848
13.4150
13.2393
13.0579
12.8705
12.6774
12.4784
12.2737
12.0633
11.8474
11.6260
11.3994
11.1677
10.9311
10.6898
10.4441
10.1944

9.9409
9.6840
9.4240
9.1614
8.8966
8.6301
8.3623
8.0938
7.8249
7.5563
7.2885
7.0221
6.7574
6.4952
6.2360

1000Ax:x+10
78.24
71.17
85.62
104.60
128.67
134.18
139.94
145.95
152.22
158.77
165.60
172.71
180.12
187.83
195.84
204.16
212.80
221.76
231.05
240.66
250.60
260.88
271.48
28241
293.68
305.26
317.17
329.39
341.92
354.75
367.87
381.26
394.92
408.82
422.96
437.31
451.85
466.57
481.43
496.42
511.50
526.66
541.86
557.08
572.28
587.44
602.53
617.50
632.34
647.02

10002Ax:x+10
34.71
19.17
22.70
28.49
37.00
39.11
41.39
43.83
46.46
49.28
52.31
55.56
59.03
62.75
66.72
70.97
75.50
80.34
85.48
90.96
96.78
102.96
109.52
116.46
123.80
131.56
139.75
148.38
157.46
166.99
177.00
187.48
198.44
209.88
22181
234.22
247.10
260.46
274.27
288.54
303.24
318.35
333.85
349.73
365.94
382.46
399.26
416.30
433.53
450.93
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X Ayx 1000A 1000%A 8yx+10 1000Ax+10 1000%Axx+10
66 7.5866 570.57 364.09 5.9802 661.50 468.44
67 7.3187 585.74 380.58 5.7283 675.76 486.02
68 7.0520 600.83 397.35 5.4809 689.76 503.62
69 6.7872 615.82 414.36 5.2385 703.48 521.21
70 6.5247 630.68 431.58 5.0014 716.90 538.72
71 6.2650 645.37 448.96 4.7701 730.00 556.11
72 6.0088 659.88 466.46 4.5450 742.74 573.34
73 5.7565 674.16 484.03 4.3263 755.11 590.36
74 5.5086 688.19 501.64 4.1146 767.10 607.12
75 5.2655 701.95 519.23 3.9099 778.69 623.59
76 5.0278 715.41 536.75 3.7125 789.86 639.71
77 4.7959 728.54 554.16 3.5227 800.60 655.46
78 4.5700 741.32 571.41 3.3406 810.91 670.79
79 4.3507 753.74 588.45 3.1663 820.78 685.67
80 4.1381 765.77 605.25 2.9998 830.20 700.08
81 3.9326 777.40 621.75 2.8412 839.18 713.99
82 3.7344 788.62 637.91 2.6905 847.71 727.37
83 3.5438 799.41 653.70 2.5476 855.80 740.21
84 3.3607 809.77 669.08 24125 863.44 752.49
85 3.1855 819.69 684.02 2.2851 870.66 764.20
86 3.0181 829.16 698.48 2.1652 877.44 775.34
87 2.8587 838.19 712.45 2.0527 883.81 785.89
88 27071 846.77 725.89 1.9475 889.77 795.86
89 2.5633 854.91 738.79 1.8493 895.33 805.25
90 24274 862.60 751.14 1.7579 900.50 814.05
91 2.2991 869.86 762.91 1.6731 905.30 822.29
92 21784 876.70 774.11 1.5947 909.73 829.96
93 2.0651 883.11 784.73 1.5226 913.81 837.06
94 1.9590 889.11 794.77 1.4564 917.56 843.63
95 1.8600 894.72 804.22 1.3958 920.99 849.67
96 1.7678 899.93 813.09 1.3405 924.12 855.21
97 1.6823 904.77 821.39 1.2920 926.87 860.10
98 1.6032 909.25 829.12 1.2458 929.48 864.78
99 1.5304 913.38 836.29 1.2091 931.56 868.49

100 1.4635 917.16 842.92 1.1706 933.74 872.43
101 1.4022 920.63 849.02 1.1395 935.50 875.61
102 1.3466 923.78 854.60 1.1124 937.03 878.39
103 1.2963 926.63 859.66 1.0892 938.35 880.78
104 1.2510 929.19 864.25 1.0695 939.46 882.81
105 1.2104 931.49 868.37 1.0531 940.39 884.50
106 11741 933.54 872.07 1.0397 941.15 885.89
107 1.1439 935.25 875.16 1.0289 941.76 887.00
108 1.1147 936.90 878.15 1.0205 942.24 887.87
109 1.0944 938.05 880.24 10141 942.60 888.54

110 1.0715 939.35 882.60 1.0093 942.87 889.03



1 0.06000
2 0.05913
4 0.05870
12 0.05841
00 0.05827

8§835. Interest Rate Functions at 6%

dm
0.05660
0.05743
0.05785
0.05813
0.05827

i/im
1.00000
1.01478
1.02223
1.02721
1.02971
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d/d™
1.00000
0.98564
0.97852
0.97378
0.97142

oa(m)
1.00000
1.00021
1.00027
1.00028
1.00028

B(m)
0.00000
0.25739
0.38424
0.46812
0.50985



836. Practice Examinations

The remaining sections contain practice examinations. These were constructed
from old Course 150 examinations of the Society of Actuaries and also some of the
relevant parts of Course 3 examinations. Each practice examination consists of 8
guestions and should be completed in no more than 40 minutes.

Copyright O 2006 Jerry Alan Veeh. All rights reserved.



837. Practice Examination 1

1. For an insurance company you are given
(1) Surplusat timet — 1is 1,220,000
(2) Reserves at timet are 4,805,000
(3) Premiums for year t are 850,000
(4) Expensesfor year t are 350,000
(5) Investment Income for year t is 512,000
(6) Claimsfor year t are 335,000
(7) Net Income for year t is 552,000

Premiumsand expenses are paid at the beginning of theyear. Claimsand investment
income are paid at the end of the year. Calculate the interest rate earned on assets
for year t.

A. 0.07
B. 0.08

0.09

o 0

0.10

m

0.11
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2. Upon payment of a death benefit a beneficiary age 40 is given the following
options:
(2) alump sum payment of 10,000
or
(2) an annual payment of K at the beginning of each year guaranteed for 10
years and continuing as long as the beneficiary is alive.

The two options are actuarialy equivalent. You are given i = 0.04, A, = 0.30,
Asy = 0.35, and Azlm-ml = 0.09. Calculate the value of K.

A. 538
B. 543
C. 545
D. 548

E. 549

3. A continuouswholelifeinsuranceisissued to (50). Z isthe present valuerandom
variable for thisinsurance. You are given

(1) Mortality follows DeMoivre's Law with @ = 100
(2) Smpleinterest withi = 0.01
(3) by = 1000 - 0.1t?

Calculate E[Z]

A. 250

w

375

500

o 0

625

m

750



837: Practice Examination1 195

4. A 25 year mortgage of 100,000 issued to (40) isto be repaid with equal annual
paymentsat the end of each year. A 25 year term insurance has adeath benefit which
will pay off the mortgage at the end of the year of death including the payment then
due. You are giveni = 0.05, 8,555 = 14, and 040 = 0.2. Calculate the net annual
premium for this term insurance.

A. 405
B. 414
C. 435
D. 528

E. 694

5. Which of the following are true?

I t+u0x = (Ot fOrt=0andu=0

1. 4Oxst 2 qux fort=0andu =0

[11. If mortality follows DeMoivre's Law, the median future lifetime of (X) equals
the mean future lifetime of (x).

A. landll

B. landlll

C. llandlll

D. All

E. Noneof A,B,C,orD
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6. A fully continuous insurance policy isissued to (x) and (y). A death benefit of
10,000 is payable upon the second death. The premium is payable continuously
until the last death. The rate of annual premium is K while (x) is aive and reduces
to 0.5K upon the death of (X) if (X) diesbefore (y). Calculate K giventhat 6 = 0.05,
ax =12, a, = 15, and a,, = 10.

A. 7961
B. 86.19
C. 8824
D. 93.75
E. 103.45

7. You are given
(1) V2 = 0.75
(2) Ot = 0.2
(3) AX+t+1 = 0.5
(4) 2Ax+t+]_ = 0.3

(5) kL is the random variable representing the prospective loss at the end of k
yearsfor afully discrete whole life insurance issued to (X)

Var(;L
Calculate (t(ilz).
A. 09
B. 10
C. 11
D. 12
E. 13
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8. You are given that mortality follows DeMoivre's Law with @ = 100 and that
x and y are independent lives both aged 90. Calculate the probability that the last
survivor of x and y will die between ages 95 and 96.

A. 0.05
B. 0.06

0.10

o 0O

0.11

m

0.20
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Solutionsto Practice Examination 1

1. SinceNet IncomeisPremiumsplus Investment Income minus Expenses, Claims,
and change in Reserves, the change in reserves is 125,000. So the reserves at time
t—1are4,680,000. Thusthe assetsat timet — 1 are 5,900,000. The return on assets
is512/(5900 + 850 — 350) = 0.08. B.

2. The equation of value is 10000 = K (&g + V*°10Pa0ds0). Since Asp = 1 — désy,
as0 = 16.9. SlnceA40 Aq L0l + V1010p40A50, V1010p40 =0.60. Fi naIIy, am = 8.433.

Using these values glvesK 538.3484. A.

3. Thediscount factor for an amount paid at timet under simpleinterestis 1/ (1+it).
50 50

Thus E[Z] = (1/50) /0 (100-0.1t)/(1+0.01t) dt = (1/50) A 1000 - 10t dt = 750.

E.

4. The present value of the benefit is Pagsgg v V0111025 (K (40)), where
P = 100000/ agg 05 = 7095.25 is the annual mortgage payment. The expected
value of this benefit is (P/ d)(Al . V2,500). Now Ag T Asozm — VPsPa0 =

1 - déyy55 — V*°25ps0 = 0.0971. Pluggl ng in and dividi ng the expected value of the
benefit by &,,75 gives the annual premium as 434.68. C.

5. I istrue since t+y0x = tOx + tPxulx+t = tOxuOx+t + tPxulx+t = uOxet- 11 IS true since
tjullx = tPxuOxst- 1 istruesince under DeMoivre'slaw, T(x) isuniformly distributed.
D.

6. Here Ay = Ac+ Ay — Ay = 1-5a+1-8a, - (1-8a,) = 0.15. The annuity
for the premium has present value (K/ 2)ag, + (K/ 2)ay. Thus 10000(0.15) = (29/2)K
and K =103.448. E.

7. Here (L = VK&0+1 _ p(1 — K&0+1) ) = (1 + PIAWK0*1 — p/d. Similarly,
wil = (1 + PIA)WKOH D — p/d. The ratio of the variances is therefore (A —
A§+t)/ (CAcrte1 — A>2<+t+1)- NOW Ayst = OtV + Prrt VA1 = 0.5196, and 2Ayet = Qa2 +
Pyt V22 A1 = 0.33. Hence the varianceratiois 1.2. D.

8. Thejoint distribution of T(x) and T(y) isuniform over asguare of side length 10.
The event in question only occurs if the pair (T(x), T(y)) liesin an L shaped strip
with vertices at (0, 5), (5,5), (5,0), (6,0), (6,6), and (0,6). Since the area of this
strip is 11, the probability is 11/100. D.



838. Practice Examination 2

1. From alife table with a one year select period you are given

X lix dix &
85 1000 100 5.556
86 850 100

Assume that deaths are uniformly distributed over each year of age. Calculate
&z0)-

A. 504
B. 513
C. 522
D. 530
E. 539

2. L isthe loss random variable for a fully continuous whole life insurance of 1

issuedto (). You aregiven that the premium hasbeen determined by the equivalence
principle, that Var(v') = 0.0344, and that E[v'] = 0.166. Calculate Var(L).

A. 0.0239
B. 0.0495
C. 0.4896
D. 0.8020
E. 1.2470

Copyright O 2006 Jerry Alan Veeh. All rights reserved.



§38: Practice Examination2 200

3. For adouble decrement table you are given

(1) Each decrement is uniformly distributed within each year of age in the
associated single decrement table.

(2) 189 = 1000
(3) g2 = o 20
(4) dYg =

Calculate ,LL(%)S

A. 0.082

w

0.086

0.090

o 0

0.094

m

0.098

4. For a continuous whole life insurance (Z = v', T = 0), we have E[Z] = 0.25.
Assume the forces of mortality and interest are each constant. Calculate Var(Z).

A. 0.04
B. 0.08

0.11

© 0O

0.12

m

0.19
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5. For afully continuous whole life insurance of 1 issued to (x) the expense aug-
mented loss variable is given as

Le=L+X

where

(1) L=v"-P(A)an
(2 X=1+(g-ean
(3) I istheinitial expenses
(4) g isthe annual rate of continuous maintenance expense
(5) eisthe annual expense loading in the premium
(6) 6 =0.05
(Ma=12
(8) Var(v") =0.1
(9) g = 0.0010

(10) e=0.0033

Net and expense loaded premiums are calculated according to the equivalence
principle. Calculate Var(Le).

A. 0.252
B. 0.263
C. 0.278
D. 0.293

m

0.300
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6. Aninsurancecompany decidestowaiveall future premiumson afully continuous
whole life insurance policy of 1000 issued to (x). The variance of the loss random
variable after the change is 81% of the variance of the loss random variable before
the change. The force of interest is 0.03. Calculate 1000P(A,).

A. 3.00
B. 333
C. 3.67
D. 390
E. 420

7. (Iza)y isequal to E[Y] where

V= (la)n ifO<T<n
(13)n + N(njar=) if T =n.

You are given that u, = 0.04 for all x and that 6 = 0.06. Calculate c;jn(l}-“a)x.

A. npeoln
B. 10e0n
C. —g0in
D g0ln
E. 10

8. Calculate 15V 555 given that Pz = 0.03, A}EE = 0.06, d = 0.054, and
15k45 =0.15. .

A. 0.55
B. 0.60
C. 065
D. 0.70
E. 0.75
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Solutionsto Practice Examination 2
1. From the given table, lgs = 900 and lg; = 750. Also, &g5 = (1/2) + €5 =

(1 2)+pigs) (1+€ss), &se) = (1 2)+€86) = (1/ 2)+pyaey (1+€57) and egs = Pas(1+eg7). The
first equation givesegs = 4.6178, using thisvalueinthethird gives (1+eg;) = 5.5413,
and using this in the second gives &g¢ = 5.3894. E.

2. Here L = (1 + P/S)vT = P/§. Since E[L] = 0 by the equivalence principle,
P/é = E[VT]/(1-E[V']) = 0.1990. So Var(L) = (1 + P/§)?Var(v") = 0.0495. B.

3. Fromthe UDD assumption in the single decrement table, g = of ®(1-0.5¢' @),
s0 ') = 0.09 from the given information. Again by UDD, u{) = g P/(1-tq ()
giving u$s = 0.0942. D.

4. Using the given information, E[Z] = /0oo etuetdt = u/(u + 8) = 1/4. Thus

3u = 5. Also E[Z3] = /0 TePtyettdt = ul(u +28) = U7. So Var(Z) =
17-1/16 = 9/112 = 0.0804. B.

5. HereLe = V' -P(A)aq +1 +(g—€)am = V' (1+ P(A,)/ 5 + (e—g)/ §) + constants.
So Var(Le) = Var(vT)(1 + P(A))/ 8 + (e—g)/ §)? = 0.2933. D.

6. Herewriting P for 2000P(Ay), Lorigina = (1000+P/ )vT =P/ § and Laster = 1000V .
So theratio of the variancesis 1000%/ (1000 + P/ §)? = 0.81. Thus P = 3.33. B.

7. The random variable Y is the expected present value of a cash stream which is
tift<nandnift=n Computing directly using the given information yields

n o
E[Y] = / te®dt + n / e %ltdt = 100 - 100e 1", The derivative is therefore
10691 B, ’

8. Here 15k45 = AiSE/ 15E45, SO 15E45 = 0.40 and A45:E| = 0.46. Thus a45E| = 10.
The retrospective method gives 15V 525 = (Pas2518us18 — A}E -El)/ 15E45 = 0.60. B.



839. Practice Examination 3

1. You are given that
(1) dy=kforx=0,1,2,...0-1

(2) &0z01 = 18
(3) Deaths are uniformly distributed over each year of age.

Cdculate 30/10030-

A.

w

© 0

m

0.111

0.125

0.143

0.167

0.200

2. A whole life insurance pays a death benefit of 1 upon the second death of (x)
and (y). In addition, if (X) dies first a payment of 0.5 is payable at the time of his
death. Mortality follows Gompertz law. Calculate the net single premium for this

insurance.
A. A1+ 5) wherec” = o
B. 2(Ac+A)-A,(2+ 5;) wherec” = o
C. Aul+5;) wherec" =c+¢
D. 2(Ac+A)-Ay2+ %) wherec” = ¢+ ¢f
E. Ac+A-Ay(1-L5) wherec = ¢ +¢

Copyright O 2006 Jerry Alan Veeh. All rights reserved.



839: Practice Examination3 205

3. P{ is the net annua premium for a fully discrete whole life insurance of 1
calculated using mortality table A and interest ratei. P2 is the net annual premium
for afully discrete whole life insurance of 1 calculated using mortality table B and
interest ratei. For all agesthe probability of survival from age x to age x + 1 hasthe
relationship p¢ = (1 +c)p2, where the superscript identifies the table. Determine an
expression for P¢ — P2 in terms of functions based on table B.

A. A (atinterest ratei) —A, (at interest rate 1=

1+c

B. A (atinterest rate =) A, (at interest rate )

C. — (at interest ratei) —— (aI interest rate =<

1+C

D. — (aI interest rate 1=¢) —— (aI interest ratei)

1+c

E. Py (atinterest ratei) —Py (at interest rate =-¢

1+c

4. For amultiple decrement table with 3 decrements you are given that each decre-
ment is uniformly distributed within each year of agein the associated single decre-

1 1 1
ment table. Also you are given gV = 1@ = and /@ = 1o Calculate

20" ™ 10’

2
N

A. 0.081

B. 0.091

C. 0.093

D. 0.095

E. 0.100
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5. A wholelifeinsurance has annual premiums payable at the beginning of the year
and death benefits payable at the moment of death. The following expenses are
allocated to this policy at the beginning of each year:

% of Premium Per 1000 of Insurance Per Policy
First Year 30% 3.00 150
Renewal 10% 0.00 50

You are given that A, = 0.247 and that 4, = 13. A level policy feeis used to
recognize per policy expenses in the expense loaded premium formula. Calculate
the minimum face amount such that the policy fee does not exceed 50% of the
expense loaded premium.

A. 2,650
B. 3,000
C. 3,450
D. 5,300

E. 6,000

6. For aselect and ultimate mortality tablewith aoneyear select period g, = 0.50x.
Determine Ay — Ay.

A. 2A[1x]:II(1 - Ay)

B. A (1-Au)

C. A[lx]:ﬂ(l — Apera)
D. 05A; (1-Aq)

05A 1-A
[1X]:II( )
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7. A multiple decrement table has two causes of decrement: (1) accident; (2) other
than accident. You are given

(1) u{® = Afor someA>0
(2) u{? =B’ for someB>0,c> 1

What is the probability that (X) dies due to accident?

AR
&

&

B. =
A

C. A&
1

D.
A&
E 1-2
&

8. You are given that 10Ez = 0.35, agg = 5.6, and i = 0.10. Calculate A%o-m'

A. 0.05
B. 0.10
C. 015
D. 020

m

0.25
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Solutionsto Practice Examination 3

1. Thefirst and third assumptionsimply that lifetimes obey DeMoivre'slaw. Since
30110030 = P[30 < T(30) < 40], evidently w > 60 since none of the answers are zero.
Now Fro20)(t) = t0oz01 = t/ (@ —20) for O<t < 20 and is 1 for Iargert Thusthe

distribution hasajump at t = 20, so that 18 = &,55 = (1/ (@ - 20)) /0 tdt+20(1-
20/ (o — 20)) = 20 — 200/ (w — 20). Thus @ = 120 and the desired probability is
10/(w —30) = 1/9=0.111. A.

2. Choose w so that ¢ = ¢+ ¢’. Then py = tpw under Gompertz law, and
A;(y / O Prybliet At = Ay(C¥/c"). The premium is Ag + (U 2)A;|<y A+ A -
Ay + (U2)Au(cc") = Ac+ A = Ay + (U2)A,(c/cY) = A+ A, — Ay(1 - c¥/cY). E.

3. HerePA-PB = (1-d&)/ & - (1 - d&B)/ &) = 1al-1/88. Now & = >~ Vel =

k=0
ka(l +¢)p® = &8 at interest rate i' where /(1 +i') = (1 +¢)/(1 +1i), that is

=(@—-c)(1+c).D.
1 1 1
4 Heed® = [ pOu@dt = [P0 O Bt = ¢ [@-va0a-

t/19) dt = 0.09478, upon compuiti r%g the integral by multiplying Ol(jt the integrand.
D.

5. B.

6. Here A, = v, + VP Axra and Ay = VO + VP Axer Since the select period is 1
year. Thus A, — Ay = (U 2)vo(1 — Axsa) = VO (1 — Axa) = A[lx] _ﬂ(l - Ax1). B.

7. The probability is /0 " pOu® dt = AR, C.

A.



840. Practice Examination 4

1. You are given the following extract from a 3 year select and ultimate mortality

table:

X I I+ [x+2 I3 X+3
70 7600 73
71 7984 74
72 8016 7592 75

Assume that the ultimate table follows DeMoivre’s Law and that diyy = djy+1 =
d[x]+2 forx = 70,71, 72. Cdculate 1000(2|2q[71]).

A.
B.
C.
D

E.

26.73

32.43

43.37

47.83

48.99

2. You are given ,Ps = 0.046, P55 = 0.064, and Ass = 0.640. Calculate P%s-m'

A.

w

o 0

m

0.008

0.014

0.023

0.033

0.039
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3. You aregiven that L istheloss random variable for afully continuouswhole life
insurance issued to (25), and that Var(L) = 0.2, Ass = 0.7, and 2Ays = 0.3. Calculate

20\7('5‘25)-
A. 03
B. 04
C. 05
D. 06

E. 07

4. (X) and (y) purchase a joint-and-survivor annuity due with an initial monthly
benefit amount equal to 500. You are given

() If (x) predeceases (y) the benefit amount changes to 300 per month
(2) If (y) predeceases (x) the benefit changes to B per month

(3) The annuity is actuarially equivalent to asingle life annuity due on (x) with
amonthly benefit amount equal to B

(4) &2 = 10
(5) & = 14
(6) &> =8

Cdculate B

A. 520

w

680

725

o 0O

800

m

1025
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5. Youaregiventhefollowingfor adoubledecrement table: u{ly s = 12, g = 0.01,
and each decrement is uniformly distributed over each year of age in its associated

single decrement table. Calculate 1000q.

A.
B.
C.
D

E.

9.95

10.00

10.05

10.10

10.15

6. For a single premium, continuous whole life insurance issued to (x) with face

amount f you are given
()A=0.2

(2) Percent of premium expenses are 8% of the expense loaded premium
(3) Per policy expenses are 75 at the beginning of the first year and 25 at the

beginning of each subsequent year

(4) Claim expenses are 15 at the moment of death
(5)i=5%
(6) Deaths are uniformly distributed over each year of age
(7) The expense loaded premium isexpressed asgf + h

Calculate h.

A.

w

o 0

m

505

508

511

514

517
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7. Anindividual age 30 purchases a fully continuous 50,000 20 year endowment
policy. At the end of 10 years she surrenders the policy in return for reduced
paid up insurance. You are given Ao = 0.538, 3,55 = 4.18, P(Ay,zq) = 0.027,
0 = 0.06, and cash values are equal to the net level premium reserves. Calculate
the reserve on this reduced amount of insurance five years after the origianal policy
was surrendered.

A. 17,600
B. 19,500
C. 23,000
D. 24,100
E. 26,200

8. You aregiven that mortality follows DeMoivre's Law and that Var(T(50)) = 192.
Calculate o.

A. 98

B. 100
C. 107
D. 110

m

114
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Solutions to Practice Examination 4

1. The given facts imply in order l;5 = 7380, l74 = 7490, lj71+2 = 7737, and
|[71] = 8231. Thedesired prObablllty is (|[71]+2 - |75)/|[71] = 43.37/1000. C.

2. Here Ay = 20P25325_| and A25_| P25_|325_| Also Aos = A% 5 + 20E25Au5.
Equating this to the first expression for Ags gives »oPos = P% - + 20E25Au5/ 895,55
SinceAgs o = A%5m+20E25, Possa = P1 E|+2°E25/ Ay555- Using thesetwo equations
involving P1 __ to eliminate the term |nvoIV| ng E givesP; _ =0.0140. B.
25:201 25:201

3. HereL = (1+ PIS)VI - P/§, so Var(L) = (1 + P/8)?Var(v"). From E[L] = 0,
Ay = (PI8)/(1+ PI§). Using these two facts gives a quadratic equation in P/,
fromwhich P/ § = 1. Finally, 50V(Ags) = Ass — (P/5)(1 - Ags) = 2As5 — 1 = 0.40. B.

4. Theequation of valueis 12B&(? = 3600&(" + 12B&{? + (2400 - 12B)&(?, from
which the given information yields B = 725. C.

5. Here ™. = ¢'®/(1 - 0.50'?), from which Y = 0.01. Also g@ = @ (1 -
0.5q' ™) from which ¢ = 21199 and o = q' (1 - 0.5 @) = 198/(199)(100) =
9.949/1000.A.

6. The equation of value is fA, + 0.08P + 50 + 253, + 15A, = P, from which
h = (50 + 2534, + 15A,)/0.92. Since 1 —da, = A, = (8/i)A,, computation gives
h=516.89. E.

7. C.

8. Since T(50) is uniform on the interval (0, w — 50), Var(T(50)) = (w — 50)%/12,
Thusw = 98. A.



841. Practice Examination 5

1. Y isthe present value random variable for a 30 year temporary life annuity of 1
payable at the beginning of each year while (x) survives. You are given i = 0.05,
30Px = 0.7, ZAQ(@' = 0.0694, and Ay = 0.1443. Calculate E[Y?].

A.
B.
C.
D

E.

35.6

47.1

206.4

218

233.6

2. You are glven 10V = 0.1 and 10Vas = 0.2. Cdlculate 20Vos.

w

© O

m

0.22

0.24

0.26

0.28

0.30

3. A multiple decrement table has two causes of decrement: (1) death by accident
and (2) death other than by accident. You are given that a fully continuous whole
lifeinsuranceissued to (x) pays 1 on anon-accidental death and 2 if death results by
accident and that u{Y = 8, the force of interest. Calculate the net single premium
for thisinsurance.

A.
B.
C.
D

E.

(1+8)A
(2 + 8)A,
A+1
2-A

1
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4. Theexpenseloaded premium, G, for afully discrete 3 year endowment insurance
of 1000 issued to (x) is calculated using the equivalence principle. Expenses are
paid at the beginning of each year. You are given

(1) 1000P, 5 = 323.12

(2) G=402.32

o= %

(4) Qs = %

(5)1=0.10

(6)
Expenses Percentage of Premium Per Policy
First Year 30% 8
Renewal 10% 4

Calculate the expense reserve at the end of the first year.

A. -40
B. -54
C. -62
D. -65
E. -71

5. You are given that A;(.m = 0.4275, 6 = 0.055, and ux = 0.045for all t. Calculate
AXZTTI'

A. 0.4600

B. 04775

0.4950

o 0O

0.5245

m

0.5725
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6. L isthelossrandom variablefor afully discrete 2 year term insurance of 1 issued
to (xX). The net level annual premium is calculated using the equivalence principle.
You aregiven gy, = 0.1, g1 = 0.2, and v = 0.9. Calculate Var(L).

A. 0119
B. 0.143
C. 0.160
D. 0.187

E. 0.202

7. You are given that male mortality is based on a constant force of mortality
with 4 = 0.04, and that female mortality follows DeMoivre’'s Law with @ = 100.
Calculate the probability that a male age 50 dies after afemale age 50.

A. 05(1-3e?)
B. 05(1-€?)

0.5

© 0O

0.5(1+e?)

m

0.5(1+ 3e?)
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8. For afully discrete participating whole life insurance of 1000 issued to (35) you
are given
(1) Thefund shareis equal to the cash value

(2) Dividends are paid at the end of each year, up to and including the year of
death or withdrawal

(3) The cash value at the end of 20 yearsis 304
4)i=004

(5) a9 = 0.010; &9 = 0.005

(6) €19 = 4.00; &9 = 3.00

(7) G=15.00

(8) 0D = 15.02

Cdculate’.

A. 7.5%

w

1.7%

7.9%

o 0O

8.1%

m

8.3%
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Solutionsto Practice Examination 5
1. HereY = (U/d)(1 - V<" 1j0,30)(K) = V¥ 1300 (K)), s0 that ?E[Y?] = 1 - 2(Ay - +
v¥5p,) + ZA%_m +v®5p,, which gives E[Y?] = 218.00. D.

2. Notice that Pos = Axs/8ys = (1 — déys)/éys, so that Ps + d = 1/as. Thus
10V2s = Ags — Pasdips = 1 — (Pos + d)&ys = 1 — &gs/ 8ps. Similarly, 10Vas = 1 — 8us/ags
and Vo5 = 1 — 8us/8ps. Hence Vo5 = 1 —8us/éps = 1 — (1 — 10Vas)(1 — 10Vas) =
1-(.9)(.8) =.28. D.

3. Thenet single premium is A, + / e pPuld dt = A + da, = 1. E.
0
4. C.

_ _ _ _ n
5. Ononehand Acn = Ay +Vpc = Ay + e0In Also Ay = / et (y) dt =
(u/p + 8)(1-e"). Solving thislast equation gives e %" = 0.05, and using thisin
the first equation gives Ay = 0.4775. B.

6. Here L = vl (K) + V215 (K) = P = Pvlj1.(K). Since E[L] = 0, P = 0.1303,
Then squaring gives Var(L) = E[L?] = V20x + V*pOy1 + P? + PAV2p, — 2PVa, —
2PV3p,Oye1 + 2P?vp, = 0.1603. C.

50

7. Conditioning on the time of death of the female gives / (1/50)e %% dt = (1 -
0

e?)/2. B.

8. A.



842. Practice Examination 6

1. Assume mortality follows DeMoivre's Law for 0 < x < w. Which of the follow-
ing expression equal u,?
A < -
l. 1+0'5mx,forx_ o-1
.o forOsn<sw-x-1

1
1.

X

A. landll only
B. landlll only
C. Il andlll only
D. I, 1l,and I

E. Noneof A,B,C,orD

2. For adouble decrement table where cause 1 is death and cause 2 is withdrawal
you are given

(1) Deaths are uniformly distributed over each year of age in the associated

single decrement table

(2) Withdrawals occur at the beginning of each year

(3) 1) = 1000

(4) 953 = 0.25

(5) d¥ = 0.04d2

Calculate g,

A. 0.0089
B. 0.0100
C. 0.0114
D. 0.0133
E. 0.0157
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3. Zisthe present value random variable for a specia continuous whole life insur-
anceissued to (X). You are given for all t that ., = 0.01, & = 0.06, and b, = >,
Calculate Var(2).

A.
B.
C.
D

E.

0.033

0.037

0.057

0.065

0.083

4. Aninsurance benefit pays 1 at the later of n years or the failure of the status xy.
Which of the following correctly express the net single premium for this benefit?
| V' Oy + V" Py Aseryen

[V (nprx+n + npyAy+n - npxyAx+n:y+n + nqu)

A.

w

o O

m

None
| only
[l only
[ only

Noneof A, B, C,or D

5. You are given spsp = 0.9, speo = 0.8, gss = 0.03, and ggs = 0.05. Calculate

5| O50:60-
A.

B.

o 0O

m

0.0011

0.0094

0.0105

0.0565

0.0769
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6. A whole lifeinsurance issued to (25) provides the following benefits.

(1) the death benefit, payable at the end of the year of death, is equal to 20,000
up to age 65 and 10,000 thereafter

(2) the net single premium is refunded at age 65 if the insured is still aive

You are given
(1) A =0.1
(2) As=0.2
(3) 20p25 = 0.8
@HvP =02

Calculate the net single premium for thisinsurance.

A. 2,000

w

2,400

3,000

o 0O

4,000

m

4,800

7. Listheloss—at—issuerandom variablefor afully continuous wholelifeinsurance
of 1 with premiums based on the equivalence principle. You are given

(1) E[V?"] = 0.34
(2) E[V'] = 0.40.

Calculate Var(L).

A. 0.080

w

0.300

0.475

o 0O

0.500

m

1.125
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8. You are given

(1) Z is the present value random variable for an insurance on the lives of (x)
and (y) where

7= viIO  T(X) < T(y)
10 T > T(Y)

(2) (x) is subject to a constant force of mortality 0.07
(3) (y) issubject to a constant force of mortality 0.09
(4) () and (y) are independent lives

(5) 6 = 0.06.

Calculate E[Z].

A. 0191

w

0.318

0.409

o 0

0.600

m

0.727



842: Practice Examination6 223

Solutions to Practice Examination 6

1
1. Sincem, = qX// Py dt = 204/ (2 — q), M/ (1 + 0.5m,) = gx = uy under UDD,
0
and | isok. Also, n0x = 1/ (0 —X) = Ox = Uy, S0 Il holds. 11l failssince & = (o —x)/2
under DeMoivre. A.

2. Herep'sg 1A -

= 750/1000for t > 0 sincewithdrawals occur at the beginning of each
year and g = 0.25. Using thisgives g = / DS HSe, dt = / 0 O p’ B dt =

0.75¢'%. Since d? = 250, dY = 10 and ¢§) = 0.01. Using this gives g
0.0v/0. 75 0.0133. D.

3. Using the given information E[Z] = / e 0000t 01 dt = 1/2 and E[Z3]
0
/ 10130 01 dt = 1/3, so that Var(Z) = 1/12 = 0.0833. E.
0

4. | fails because ,py, should be ,pgy. Il fails since the formuladoes not account for
the case in which Xy dies before n. 11l holds since it is equivalent to the corrected
formof I. D.

5. Direct reasoning gives P[5 < T(50: 60) < 6] = P[T(50) < 5]P[5 < T(60)
6] + P[T(60) < 5]P[5 < T(50) < 6] + P[5 < T(50) < 6]P[5 < T(60) < 6]
(0.1)(0.8)(0.05) + (0.2)(0.9)(0.03) + (0.9)(0.03)(0.8)(0.05) = 0.01048. C.

1IN

6. Theequation for the premium P is P = 20000A5 — 10000V 10p,5A¢5 + PV 40025,
from which P = 2000 using the given information. A.

7. HereL = V' —Paq = (L+P/S)VI —P/§. SinceE[L] =0, PI§ = A/(1-A) = 2/3.
Thus Var(L) = (1 + P/ 8)2Var(v") = (1 + 2/3)%(0.34 — (0.40)?) = 0.50. D.

8. Thegiven information and definition of Z gives

E[Z] = /0 ) / " 6709%/(0,07)09™(0,09)e % dy dix

= (0.07)(0.09)/(0.15)(0.22)
= 0.1909.
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1. Which of the following functions can serve as aforce of mortality?
(1) Bc*whereB>0,0<c<1,x=0
(2) B(x+ 1) whereB>0,x=0
B) k(x+1)"wherek>0,n>0,x=>0

A.

w

o 0

m

2. Z isthe present value random variable for an n—year endowment insurance of 1
issued to (X). The death benefit is payable at the end of the year of death. Y isthe
present value random variable for a special n—year temporary life annuity issued to
(x). A payment of 1 is made at the end of each year for nyearsif (x) isalive at the

1land 2 only
1 and 3 only
2 and 3 only
1,2,and3

The correct answer isnot given by A, B, C, or D.

beginning of that year. You are given
(1) Var(2) = 0.02

(2)i =0.05
Calculate Var(Y).
A. 80
B. 84
C. 88
D. 9.2
E. 96

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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3. You are given
(1) P, =0.01212
(2) 20Px = 0.01508

(3)P ; =0.06942
x:101
(4) 10VX =0.11430

Calculate 23V,

A. 0.04264

w

0.11430

0.15694

o 0O

0.20548

m

0.31978

4. For adouble decrement table you are given

B I
30 0.075 130
31 0.020 0.050 1850

32 54

Calculate 303

A. 0.0555

w

0.0577

0.0614

© 0O

0.0656

m

0.0692
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5. You are given
(2) 1000(1A)sp = 4996.75
(2) 1000A; _=5.58
50:1
(3) 1000As; = 249.05
(4)i=0.06

Calculate 1000(| A)51.

A. 5,042

w

5,073

5,270

o 0

5,540

m

5,571

6. A fully discrete whole life insurance of 1 with alevel annual premium isissued
to (X). You are given
(D) L is the loss at issue random variable if the premium is determined in
accordance with the equivalence principle.
(2) Var(L) =0.75
(3) LY is the loss at issue random variable if the premium is determined such
that E[LY] = -0.5.

Caculate Var(L").

A. 0.3333

w

0.5625

0.7500

o O

1.1250

m

1.6875
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7. You aregiven
(1) Mortality follows Makeham’s law.
(2) (ww) isthe equivalent equal age status for the joint life status (xy).
(3) () and (y) are independent livesand x #y.

Which of the following are true?
(1) tPw = (P (:py)
(2) tpx *+ tPy < 2Pw
(3) axy = am

A. None

w

1 only

2only

© 0O

3only

m

The correct answer isnot given by A, B, C, or D.

. 1 . .
8. Youaregiven Fx(x) =1- 1 for x = 0. Which of the following are true?

1
(1) xpo = X+ 1
(2) pao = 0.02

(3) 10p39 = 0.80

A. 1land2only

B. land3only

C. 2and3only

D. 12,and3

E. Thecorrect answerisnot givenby A, B, C, or D
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Solutionsto Practice Examination 7

1. Snce0<c<1], /m Bc*dx < o, so (1) does not work. (2) and (3) both give
0
non-negative functions with infinite integral, and so both work. C.

2. Here
Z = V"0 (K) + V' ) (K)

and Y = agapidion(K) + 8ulme(K) = (i) = (i) on(K) = (W) e (K) =
(1-2)/i. Thus Var(Y) = Var(Z)/i? = 8. A.

3. Now §8Vx = Aw10 ~ 20Px3x+1o;ﬁ| and 10V = Axio — Pxéx10- AlSO, A = Pyéx
and A, = 20anx;z_|’ and equating these gives anx = 20Px8,.15. Using the relations
& = &g + V10Px810 aNd &5 = &.1g + VI%10Px841010 tOgEther with the fact

that P 1_| = v op,/ &, 19 alows the previous equality to be rewritten as Py 10 =
110
20PXax+1O_| + (20Px — Px)/P 1 . Using this in the expression for 1oVy gives 10Vy =

L
2BVi = (oPx — P/P 1_from which V, = 0.156939. C.

4. Direct computation using the given table entries gives 159 = 2000, d$J = 20 and
a5 = 0.01. Also g = 0.07 so that I) = 1720.5. Thus 3q(1) = o + pQgsy +
PPl = 0.01 + (0.925)(0.02) + (0.925)(0.93)(54/1720.5) = 0.0555. A.

5. Now (IA)sg = Asp + Vpso(1A)s; and Asp = Ay L + VpsoAs; = 0.23914. Since
VOso = 5.58/1000, vpso = (1.06)(0.9941). Pluggi ng in gives (1A)s; = 5072.99. B.

6. HereL = (1 + P/d)W*! - P/d and L" = (1 + P d)v**! — P/ d. The equivalence
principle gives E[L] = 0, fromwhichP/ld = A/(1-A) and 1+ P/d = /(1 - A).
Since E[LY] = -1/2, (1 + PYd) = (3/2)/(1 - A)). So Var(LY/Var(L) = 9/4, giving
Var(LY) = 27/16 = 1.6875. E.

7. Here(:pw)? = tpx Py, S0 (1) isfalse. Using thefact that ;p., = -/iPx Py and squaring
the proposed inequality (2) shows that (2) holds if and only if (;px —py)> < 0. So
(2) isfalse. Using the fact that ag = ay + a, — a,y, and asimilar fact for amw, shows
that (3) holds if and only if a, + a, = 2a,,, and this holds since ;py + :py = 2:pw, as
was shown in disproving (2). D.

8. (1) istrue since ypg = S(X) = 1 — Fx(X). (2) istrue since g = =S (49)/5(49) =
(U (x+ 1))/ (A (x+ 1))‘)(:49 = 1/50. (3) holds since 1ppz9 = S(49)/s(39) = 0.80. D.
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1. For afully discrete whole life insurance of 10,000 issued to (X) the asset share
goal at the end of 20 yearsisK. A tria gross premium, H, resultsin an asset share
at the end of 20 years equal to ,0AS,. You are given

(1) H =100

(2) K = 20AS, =500

(3 ck=05fork=0and ¢, =0.1for 1 < k < 19 where ¢, denotes the fraction
of the gross premium paid at time k for expenses.

(4)i=0.05

(5) 20p? = 0.5

(6) Z&go Vipl? = 9.

G isthe gross premium that produces an asset share at the end of 20 years equal to
K. Calculate G.

A. 110.96
B. 11224
C. 12447
D. 130.86
E. 13247

2. You aregiven
(1) A, and a, are based on force of interest 5 and force of mortality fy..
(2) Al and &, are based on force of interest k + § and force of mortality .
(3) A" is based on force of interest § and force of mortality K + L.

Determine Al' — A,.

A. kay

B. Al -A

C. A +ka

D. (k-d)a, + da
E. 6(ax—-a)

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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3. For afully continuous continuously decreasing 25 year term insurance issued to
(40) you are given
(1) by = 100085 for 0< t < 25
(2) Fully continuous net annual premium is 200

(3) A50:E| =06
(4)i=0.05and 6 =0.04879

Calculate the net premium reserve at the end of 10 years for this insurance.

A. 600

w

650

700

o 0O

750

m

800

4. For atriple decrement table you are given
(1) g5 = A
(2) 95 = 208
B u, =log2,0<t<1

Assume a constant force of decrement for each decrement over each year of age.
Calculate 10000,

A. 531
B. 630
C. 750
D. 766

m

794
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5. You are given
(1) Mortality follows DeMoivre's Law.

@) quo:slas =08
(3) (80) and (98) are independent lives.

Cdculate .

A. 100

w

102

105

© 0O

107

m

110

6. A 10year deferred fully discrete whole life insurance isissued to (x). The death
benefit during the deferral period is the return of the net level annual premiums
accumulated with interest at the rate used to calculate the premium. The death
benefit after the deferral period is 10,000. Premiums are payable only during the
deferral period. You are given

(1)i=0.03

(2) 10px = 0.88
(3) &xr10 = 12.60
(4) & = 16.70.

Calculate the net level annual premium.

A. 350

w

433

522

o 0

536

m

633
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7. You aregiven
(1) Ax=0.25
(2) AX+20 =0.40

(©) Az = 0.55
(4)i =0.03 and 6 = 0.02956.

Assume deaths are uniformly distributed over eachyear of age. Calculate 1000A, 55

A. 550

w

551

552

© 0O

553

m

554

8. For afully discrete whole life insurance you are given
(1) Gross annual premium is 10.0
(2) Net annual premium is 9.0

(3) Expenses, incurred at the beginning of each year, are 0.5 in thefirst year and
increase at a compound rate of 10% each year.

(4) px =0.9for dl x
(5) i =0.06.

Calculate the expected surplus at the end of year 3 for each initial insured.

A. 04

w

0.7

1.0

o 0O

14

m

1.9
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Solutionsto Practice Examination 8
1. B.

2. HereA!! = /0 " O (L +K)E o K it = Al +ka! = 1-(5+K)al +kal = 1-5al.
ThusAl! —Ay=1-6a, - (1-6a) = 6(a—a). E.

25
3. The prospective formula gives 1oV = / bV 0,1 0Psottsor-10 At — 20085, 7).
10

Writing b, = 1000(1 - v?>')/§ and breaking the integral as the sum of two terms
shows that w0V = (1000/ 5)/5%0EI - (1000/ 5)V1515q50 - ZOOasoﬁ = (1000/ 5)(A50E| -

Vi) — 2008y, 15 = 798.99. E.

4. Generaly g® = In(p' ?)g®/ Inp®. Thisand (2) gives2In(p’ ™) = In(p'@). Now
(3) givesp' W =1/2. Thus p’(z) =1/4and q'(z) =3/4. C.

5. Thejoint distribution of T(80) and T(98) is uniform over a rectangle with side
lengths @ — 80 and w — 98. The region in which (98) dies first consists of a
triangle with both legs of length @ — 98 and a rectangle with sides of length w — 98
and w - 80 - (w —98) = 18. The probability that (98) dies first is therefore
((1/2)( ~98) + 18(c» ~ 98) ) / (@ ~ 98)(e ~ 80) = (/2 - 31)/(w ~ 80). Setting
thisequal to 0.8 and solving gives o = 110. E.

6. The equation of value is Pa,.q5 = 10000v°10pcAx+10 + B[PV 1 1)0.10)(K)] =
10000v1010pyAxs10 + Pa,.151 — Paggopx- Rearranging and solving gives P = 536.009.
D.

7. Azg = Ac = VPP (Acr2o — 1), which gives v¥p, = 1/2. Similarly, A,z =
A, = VP00 (Axs20 — 1) = 550.74/ 1000, using the usual relationship between A, and
A B.

8. The net premium can not contribute to the surplus nor cover expenses. So the
extra 1 in gross premium over net premium must cover expenses and contribute to
the surplus. The accumulated expected surplusistherefore (1-.5)(1.06)%+(0.9)(1-
.5(1.1))(1.06) + (0.9)%(1 - .5(1.1)?)(1.06) = 1.389. D.
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1. For adouble decrement table you are given
(1) o = 0.02
2) _
(2) 97 =0.06
(3) Each decrement is uniformly distributed over each year of age in the double
decrement table.

Calculate 10000,".
A. 2057
B. 20.59
C. 2061
D. 20.63
E. 2065

2. For afully continuous 20 year deferred life annuity of 1 issued to (35) you are
given

(1) Mortality follows DeMoivre's law with @ = 75

2i=0

(3) Premiums are payable continously for 20 years.

Calculate the net premium reserve at the end of 10 years for this annuity.

A. 1.667
B. 3.889
C. 6333
D. 6.667
E. 7.222

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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3. You are given
(1) 108« =4.0
(2) & =10.0
(3) 8¢ = 15.0
(4)v=0.94.

Caculate A;(m.

A. 024

w

0.34

0.44

o 0

0.54

m

0.64

4. Z isthe present value random variable for an n year term insurance payable at
the moment of death of (x) with b, = (1 +i)'. Determine Var(Z).

A. O

B. 0«

o O
>

|
el

X

m
S
>;(>
|
~—~
S
0
X
<
N
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5. You are given
(1) (70) and (75) are independent lives.
(2) Mortdlity follows DeMoivre's law with @ = 100.
(3) azs = 8.655.

Calculate Ay .
70:75

A.

w

o 0

m

0.2473

0.2885

0.3462

0.4167

0.6606

6. Assume mortality follows DeMoivre's law for 0 < X < w. The median future
lifetime of (x) is denoted by m(x). Which of the following are equal to i for
lsx<w-17?

| QX—l

. px—l
1

o,

" 1+0.5m,

A.

w

o 0O

m

| and Il only
I and 111 only
[l and Il only
[, 11, and Il

The correct answer isnot given by A, B, C, or D.
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7. A specia fully discrete 2 year endowment insurance with a maturity value of
1000 isissued to (x). The death benefit in each year is 1000 plus the net premium
reserve at the end of that year. You are given

(1)i =0.10
(2) G = (0.1)(L.1)K, for k = 0, 1.

Calculate the net level annual premium.

A. 508

w

528

548

o 0O

568

m

588

8. A fully discrete three year endowment insurance of 1000 issued to (x) hasalevel
expense loaded premium, G, equal to the net level premium plus an expense loading
e. You are given

(1) Expensesincurred at the beginning of the year are 18% of G plus 13 in the
first year and 7% of G plus5 in the renewal years.

(2) The expense reserve two years after issue equals —16.10.
(3) G =342.86.

Calculate 1000P, 5.

A. 252.05

w

275.90

297.76

o 0O

305.14

m

329.96
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Solutionsto Practice Examination 9

1. Here g® = g® In(p' )/ Inp®, and g = 0.08 from the given information. So
0.02/0.08
o' = (p) = 0.97937, which gives 1000’ @ = 20.63. D.

2. Here Py = 1 —t/40 for O < t < 20 and is zero otherwise. Using i = O then
20
gIVeS g5 = /o 1-1t/40dt = 15. Similarly, ass = 10, and from the equation

Pags 55 = VP%0pssass, P = 1/3. Using the retrospective reserve method, the reserve
after 10 yearsis (1/3)ags.1g/ 10P35 = 3.8889. B.

3. Since & = &.1g + V10Pxéx+10 aNd 108 = V1%10Py8yx, &g = 6. Now 15 = § 45 =
& 151/ V1%10Px, SO VI10py = 6/15. Findlly, Ay = Actal —v%py = 1-da, 15— 6/15 =
0.24. A.

4. Here Z is Bernoulli, with success corresponding to death before time n. Thus
Var(Z) = nOxnpx- D.

5. Here A, = / " ViProPrstizes dt = (1/30) / " \iprs dt = 275/ 30 = 0.2885. B.
0 0

0:

6. Here g1 = 1/(w — X+ 1), SO Qy-1/Ppx-1 = 1/(w —X), and | holds. Il holds since
mM(X) = (o —x)/ 2. 111 holds since m, = 2q,/(2 — ). D.

7. Theequation of value for the premium P is 1000v2p,py:1 + (1000 + 5V )V2PyQxey +
(1000 + 1V)vagy = P(1 + pyv). Now ,V = 1000, and the general formula connecting
successive reserves gives py12V = (1 +1)(1V + P) — 0+1(1000 + ,V). Using these
gives 1009 =,V + P. Using these two facts and the given values in the equation of
value gives P = 528.01. B.

8. C.
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1. You aregiven
(2) 15P30 = 0.030
(2) P3y1g = 0.046
(3) P, __ =0.006
30:151

Calculate Ass.

A. 0462

w

0.600

0.692

o 0O

0.785

m

0.900

2. Zisthepresent valuerandom variablefor aspecial increasing wholelifeinsurance
with benefits payable at the moment of death of (50). You are given

()b =1+0.1t
(Qv,=(1+011)72

(3) tPso tso+t = 0.02for 0<t < 50
(4)log2=0.7,log3=11

Calculate Var(2).

A. 001

w

0.02

0.03

o 0

0.04

m

0.05
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3. For adouble decrement table you are given

(1) q@ = 2@
(2 a®+ @ =g +0.18

Calculate g@.

A.

w

© 0O

m

4. You are given

0.2

0.3

0.4

0.6

0.7

(1) Desaths are uniformly distributed over each year of age

(2)i =0.04 and § = 0.0392
(3) nEx = 0.600
(4) Acn = 0.804

Calculate 1000P(Ayn).

A.

w

o 0O

m

153

155

157

159

161
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5. You are given
(1) Deaths are uniformly distributed over each year of age

)

X Iy
35 100
36 99
37 96
38 92
39 87

Which of the following are true?

l. 1]2036 = 0.091

1. mg; = 0.043

I11. 9330335 = 0.021

A. landll only

B. landlll only

C. IlandlIll only

D. I, 1l,and I

E. Thecorrect answer isnot givenby A, B, C, or D

6. You aregiven
(1) tke = 0.30
(2) tEx=0.45
(3) At = 0.52

Calculate V(A)).

A. 022

w

0.24

0.30

o 0O

0.39

m

0.49
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7. In the SOA Company’s rate manual, the expense loaded annual premium for a
fully discrete whole life insurance issued to (x) has a premium rate per 1000 of
insurance equal to 12. You are given

(1) Expensesincurred at the beginning of the year are 70% of the expense loaded
premium plusaper policy expense of 17 inthefirst year, 10% of the expense
loaded premium plus a per policy expense of 8 in the renewal years.

(2) A = 0.125
(3)d=0.05

Sistheassumed average policy size used by the SOA Company to derive the expense
loaded premium. Calculate S

A. 410

B. 1791
C. 2287
D. 2355

E. 2623

8. You aregiven

(1) Var(an) = 7o

(2) Lyt = K for all t
(3) 6 = 4k

Cdculate k.

A. 0.005

w

0.010

0.015

o 0O

0.020

m

0.025
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Solutionsto Practice Examination 10

_ N _ N . .
1. Since Axp = Ay 1 15E30A45, 15P30 = Py 1 Ass(15E30/ 8g757).  Similarly,

Pom = Py - * 15E0/ Ay g, COMbINING Gives Ass = (15Pso0 P1 )/(Pyog -

2. Direct computation gives E[Z] = / (0.02)dt = 0.2In6. Also E[Z?] =

o 1+0.1t

© 1
/O @+ 017?002 dt = 0:2(5/6). Thus Var(2) = 0.0871. D.

3. Nowg®=1-p® =1-(1-¢ (1))(1_q: (2)) — qr(1)+qr (2)_ql (1)ql @ gubdgituti ng
this expressionin (2) and using (1) gives g’ @ = 0.06. D.

4. Now 1000P(An) = 804/4.n. Since Al = 0.804 - 0.600 = 0.204, A, =
(6/1)(0.204), giving &n = 5.2021. Thus the premlum is154.55. B.

5. Since 12036 = (96 — 87)/99 = 0.0909, | holds. Since mg; = 037/ (1 — 037/ 2) =
4/(96-2) = 0.0426, Il holds. Since 330385 = 5(0.33)/(92-2.5) = 0.0186, |11 fails.
A.

6. HereP = Aj/a, = 1/a,—8,50P/ 6 = 1/(1-A,) = 0.5848, since A = A%_ﬁﬂExAxﬁ =
(Ex(tky + Agst) = 0.369. Hence the reserve is Ayt — Pa: = (L+ PI8)Au: — (PI§) =
0.2393. B.

7. Thegivendatayield & = 17.5. The equation of valueis SA, + 84, +9+0.1Ga, +
0.6G = Gay, where G is the gross premium. Now G = (S1000)12 from the rate
table information. Using this and solving for Sgives S = (84, + 9)((0.012)(0.94, —
0.6) - A = 2623.23. E.

8. Sincean = (1-VT)/8, Var(an) = Var(v')/52. Now E[V'] = / " ettt It =
0

/ edteMkdt = k/(S + k) = U5, Similarly, E[(vV)?] = k/(25 + k) = /9. So
Var(v") = 1/9 - 1/25 = 0.0711. Thus from the first equation here, k = 0.20. D.



847. Practice Examination 11

1. Y isthe present value random variable for an annual life annuity due of 1 issued
onthelivesof (x) and (y). For thefirst 15 years apayment is madeif at least one of
(x) and (y) isalive. Thereafter, apayment is made only if exactly one of (x) and (y)
isalive. You are given

(1) 4y, = 7.6
(2) 4, =9.8
(3) 4 =116
(4) 158 = 3.7

Calculate E[Y].

A. 97

w

9.9

10.1

o 0O

10.3

m

10.5

2. For adouble decrement table you are given
(1) 1D = 105w
(2) 19 =105 -x

Calculate u$ for x = 1.

AL
c L
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3. You are given
(1) 1000A«n = 563
(2) 1000A, = 129
(3)d =0.057
(4) 1000,E, = 543

Calculate ) ax.

A.

w

© 0O

m

4. You are given

7.07

7.34

7.61

7.78

7.94
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(1) Deaths are uniformly distributed over each year of age

(2) tas5 = 0.5

Calculate &,53.

A.

w

o 0O

m

0.4

0.5

0.6

0.7

0.8
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5. For adouble decrement table you are given

X I o 4
35 1000 39 41
36 — — 69
37 828 — —

Assume each decrement isuniformly distributed over each year of age in the double
decrement table. Calculate the absolute rate of decrement dueto cause 1 for age 36.

A. 0.026
B. 0.050
C. 0.064
D. 0.080
E. 0.100

6. You aregiven
(1) A1 — A = 0.015

(2)i = 0.06
(3) g = 0.05

Caculate A + Aiq.

A. 0.60

w

0.86

1.18

o 0O

1.30

m

1.56
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7. You aregiven
(2) Fully continuous whole life insurances of 1 are issued to both Matthew and

Zachary.

(2) Fully continuous net level annual premiums for each insurance are deter-

mined in accordance with the equivalence principle.

(3) Matthew is subject to a constant force of mortality ;.
(4) Because of his hang gliding hobby, Zachery is subject to a constant force of

mortality u; + .

(5) Theforce of interest is 6 for both insurances.

Determine the excess of Zachary’s premium over Matthew’s premium.

A.

B.

Uy
H2
Hi— U2

6,&2
(U1 + o + 6)(Ug + 0)

Haplp + U5 = Oy
(tg + p2)(us + o + 6)

8. Z isthe present value random variable for a discrete whole life insurance of 1
issued to (x) and (y) which pays 1 at the first death and 1 at the second death. You
are given

D a=9

(2)ay =13

(3)i=0.04

Calculate E[Z].

A.

w

o 0O

m

0.08

0.28

0.69

1.08

1.15
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Solutions to Practice Examination 11
1. Here E[Y] = a)zy = 15|axy =a + ay - axy - 15|élxy =10.1. C.

2. Here u® = -41@/10) = 1/(1D +1@). Now I& +12 = 105v + 104 = 1054, - 1,
which givesthe value of u? = 1/(1054, - 1). E.

3. First note that ,ja, = nExaxn. Since A, = A% + nExAun and Ay = A;m + By,
the given information ylelds Ay = 109/543. Thus 1+ aun = 8un = (1-Aun)/d=
14.022, and using thisin thefirst equation gives ,ja, = 7.071. A.

4. By UDD, /2 = pyss = gas/ (1 — 0.5045), from which ggs = 0.40. Thus &3 =
1 1

[ pust= [ 1-t(0.40)dt = 080. E.

0 0

5. Using the table gives | = 920 and d = 23. Since g® = In(p' )q@/ In(p®),
p' = (p®)d?a? = (828/920)%%2 = 0.9740, from which g ¥ = 0.0260. A.

6. Since Ay = vOy + VPKAx+1, the given information yields A, = 0.5841, giving
A+ A =1.1832. C.

7. For Matthew, a = / edtetldt = 1/(8 + y), from which the premium is

Ala= (1-d6a)/a=Va-35 = yy. Similarly, the premium for Zachery is u; + Uy,
giving the difference as u,. B

8. Here E[Z] = Ac+ A, = 1-da, +1-da, =2-d(2+a, +a,) = 1.0769. D.



848. Practice Examination 12

1. You aregiven

k aEl k—lqu
1 1.00 0.33
2 1.93 0.24
3 2.80 0.16
4 3.62 0.11

Calculate &,3.

A. 16

B. 18

C. 20

D. 22

E. 24

2. You aregiven
(1) Mortality follows de Moivre's law
(2) Var(T(15)) = 675

Calculate &s.

A. 375

w

40.0

42.5

o 0O

45.0

m

47.5
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3. L, isthelossat issue random variable for afully continuous whole lifeinsurance
of 1 onthelifeof (x) with anet level annual premium determined by the equivalence
principle. You are given

() a,=5.0

(2) 6 =0.080

(3) Var(L,) = 0.5625
L, isthe loss at issue random variable for this insurance with a premium which is

4/3 times the net level annual premium. Calculate the sum of the expected value of
L, and the standard deviation of L,.

A. 03
B. 04
C. 06
D. 07
E. 09

4. A fully discrete last survivor insurance of 1 isissued on two independent lives
each age x. Net annual premiums are reduced by 25% after the first death. You are
given

(1) A=04

(2) Ax =055

(3) & =10.0

Calculate theinitial net annual premium.

A. 0.019
B. 0.020
C. 0.022
D. 0.024
E. 0.025



848: Practice Examination 12 251

5. G isthe expense loaded level annua premium for a fully discrete 20 payment
whole life insurance of 1000 on thelife of (x). You are given

@pG=21

(2) 1000A = 202

(3) &35 = 11.6

(4)d=0.06

(5) Expenses are incurred at the beginning of the year

(6) Percent of premium expenses are 12% in the first year and 3% thereafter
(7) Per policy expenses are k in thefirst year and 2 in each year thereafter

Caculate k.

A. 58

w

6.8

7.8

© 0O

8.9

m

11.2

6. For amultiple decrement table you are given
() pP® =1-003t,0<t<1
@ uP =002t,0<t<1

Calculate m(Y.

A. 0.00970

w

0.00985

0.00995

o 0O

0.01000

m

0.01015
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7. Anincreasing wholelifeinsurance paysk + 1 at the end of year k+ 1 if (80) dies
inyeark+1,k=0,1,2,.... Youaregiven

(1) v=0.925

(2) The net single premium for thisinsuranceis 4 if ggy = 0.1.

P is the net single premium for this insurance if ggg = 0.2 and g is unchanged for
al other ages. Calculate P.

A. 340
B. 3.66
C. 375
D. 387
E. 39
8. You are given
(1) k < 0.5n, where k and n are integers
(2) kVX:nl = 0.2
(3) &xn + Aokl = 2ax+k:ﬁ|
Calculate  V, -

A. 020
B. 025
C. 030
D. 035

m

0.40
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Solutionsto Practice Examination 12

1. Direct computation gives 8,4 = 1(0.33) + 1.93(0.24) + 2.80(0.16) + 3.62(0.11) +
3.62(1-0.33-0.24-0.16-0.11) = 2.218. D.

2. From the variance information (w — 15)%/12 = 675, so @ = 105. Thus T(25) is
uniform on (0, 80) and & = 40. B.

3. Hare P, = Ala = (1 - 6a)/a = 0.12. Since Var(L,) = (1 + P,/ 8)>Var(v"),
Var(v") = 0.090. Now E[L,] = —(P41/3)a = —0.20 by using the premiuminformation.
Also, Var(L,) = (1+P,/ §)?Var(v") = 0.81. Therequired sumis+0.81-0.20 = 0.70.
D.

4. Theequation of valueisAg = P((1/4)8x+(3/4)axx). NOw Az = 2A—Ay = 0.25.
Als0 8z = 28, — 8. From (1) and (3), d = 0.06, and from (2), &« = 7.5. Plugging
ingives P = 0.0222. C.

5. Theequation of value is 1000A, +0.03G&, 55 + 0.09G + 28, + k—2 = G&,.55. The
given information yields &, = 13.3, and plugging in then givesk = 7.802. C.

1 1
6. Herer?) = [l dy [ p{? dt = 0.009949. C.
0 0

7. For the origina mortality, 4 = vggy + VPgS = Vv(0.1) + v(0.9)S from which
S=4.6937. Now P =v(0.2) +v(.8)S = 3.6583. B.

8. Here \Vxn = A — Pxn@ena = 1 = 8eimial 8xn SINCE Py = Acn/8xn =
Vawn —d. Similarly, Vi = 1= 8ozl &arima-  From this and (3), (1 -
ka:ﬁl)_l = &yl éx+k:nT| =2- (1 - ka+k:W|): and solvi ng gives ka+k:nT| =1/4. B.



849. Practice Examination 13

1. You aregiven
(1) (x) and (y) are independent lives
(2) (ww) isthe equivalent joint equal age status for (xy) assuming Makehams's
law withc =2

(3) (2) isthe equivalent single life status for (xy) assuming Gompertz's law with
c=2

Caculate z— w.

A -2
B. -1
C. 0
D. 1
E. 2

2. T isthe random variable for the future lifetime of (x). Determine Cov(ag, v').

A, (R2-2A)IS

B. (AA-?A)
C. 0

D. (A-A)
E. (Ac-A)I5
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3. You are given

n Ay (1A)
65N 65N
4 0.10 0.250
5 0.133 0.385
6 0.164 0.571

Calculate (DA)1 _.
65:8

A. 0227

w

0.369

0.394

o 0O

0.413

m

0.580

4. For aspecial fully discrete whole life insurance of 1000 issued on thelife of (75)
Increasing premiums my are payable at timekfork=0,1,2,.... You are given

(1) 7 = mo(L +i)"

(2) Mortality follows de Moivre's law with @ = 105

(3)i =0.05

(4) Premiums are calculated in accordance with the equivalence principle.

Cdlculate .

A. 331

w

39.7

44.3

o 0O

51.2

m

56.4
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5. For afully discrete whole life insurance with level annual premiums on the life

of (X) you are given
(1)1 =0.05
(2) Oxen-1 = 0.004

(3) Theinitial reserve for policy year his 200
(4) The net amount at risk for policy year his 1,295

(5) & = 16.2

Calculate the terminal reserve for policy year h— 1.

A.

w

o 0O

m

179

188

192

200

205

6. For adouble decrement table where cause 1 isdeath and cause 2 isdisability you

assume

(1) Disabilities occur at the beginning of each year

(2) Desths occur at the end of each year
(3) gi¥ = 0.010
4i=0.04

H is the net single premium for a one year term insurance issued to (64) which
refunds the net single premium at the moment of disability and pays 1000 at the
moment of death if disability has not occurred. Calculate H.

A.

B.

o 0O

m

9.52

9.62

9.78

10.00

10.24
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7. You aregiven
(1) g7 = 0.040
(2) 471 =0.044
(3) Deaths are uniformly distributed over each year of age.

Cal CUl ate °e70E| .

A. 1435

w

1.445

1.455

o 0

1.465

m

1.475

8. Z isthe present value random variable for an insurance on the lives of Bill and
John. Thisinsurance provides the following benefits.

(2) 500 at the moment of Bill’sdeath if Johnisalive at that time, and
(2) 1000 at the moment of John’s death if Bill is dead at that time.

You are given
(2) Bill’ssurvival function follows de Moivre's law with @ = 85
(2) John's survival function follows de Moivre's law with o = 84
(3) Bill and John are both age 80
(4) Bill and John are independent lives

(5)yi=0
Calculate E[Z].
A. 600
B. 650
C. 700
D. 750
E. 800
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Solutionsto Practice Examination 13

1. From the given information 2+ 2¥ = 2x 2% and 2* + 2 = 2%, so that 22" = 2
fromwhichz-w=1. D.

2. Sincean = (1-V")/ 8, E[anv'] = (A—2A)/S8. Thus Cov(aq, V') = E[agv'] -
E[aq] E[V'] = (A-2A)/6 —A(1-A)/ S = (A2 -2A)/45. A.

3. H DA = 6A - (1A =0.413. D.
ere( )%5:3 é5:§| ( )%5:3

29
4. Since T(75) is uniform on (0,30), Azs = > V**!/30 = ag/30 = 0.5124. The
k=0

29 29

actuarial present value of the premiumsis > mpzsV< = mo > (30—K)/30 = 716(30-
k=0 k=0

14.5). Thus o = 1000A75/ (30 — 14.5) = 33.05. A.

5. From (3), 200 = -,V + & and from (4), 1295 = b — V. The general reserve
relationp,V = (1+i)(r-1V+m)—bqthen gives,V = 204.82, fromwhich b = 1499.82.
Since bA, = &, using the value of b and (5) gives & = 21.16, which from (3) gives
-1V = 178.84. A.

6. HereH = 1000q' “v = 9.615. B.

1.5 1 0.5
7. Here &,,1q = /0 Prodt = /0 1-tadt+pro [ 1-tandt = 14547. C.

8. HereE[Z] = 500P[Bill dies before John] +1000P[John dies after Bill]. Now the
joint distribution of John and Bill’s remaining lives is uniform over a rectangle of
area 20. The part of this region in which John dies after Bill is a triangle of area
(0.5)(4)(4) = 8, giving the probabilities as 0.4. Thus E[Z] = 1500(0.4) = 600. A.



850. Practice Examination 14

1. For aspecial decreasing term insurance on the life of (x) you are given
(1) Z isthe present value random variable and

7 = VK+1_4 0<K<5
- S5
0 K=5

(2)i = 0.05
(3) P,g =0.19

Calculate the net level annual premium for thisinsurance.

A. 0.010
B. 0.012
C. 0014
D. 0.016
E. 0.018
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2. Z is the present value random variable for an n year term insurance of 1 on
the life of (x). Z; is the present value random variable for an n year endowment
insurance of 1 on thelife of (x). You are given

(1) v'=0.20

(2) npx = 0.50

(3) E[Z1] = 0.23

(4) Var(Z;) = 0.08

(5) Death benefits are payable at the moment of death

Calculate Var(Zy).

A. 0.034

w

0.044

0.054

o O

0.064

m

0.074

3. For afully discrete life insurance on the life of (x) you are given
(1) ;AS= 39
(2).CV=0
(3) The probability of decrement by death, g, equals O
(4) The probability of decrement by withdrawal, ¢(?, equals 0.1
(5) 6@ = 0.2; all other experience factors equal the assumptions

Calculate ;AS.

A. 347

w

35.1

39.0

o 0

42.9

m

43.9
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4. You are given S¢q = aen/ nEx. Which of the following are true?
I. njAx = n+1)Ax = V Oxin nEx
II. Ax:'n] _Axm = dr:]LEX

. S —Sen =

A.

w

o 0O

m

n+l Ex

[ and Il only
[ and 111 only
[1and 11 only
[, 11, and Il

The correct answer isnot given by A, B, C, or D

5. You aregiven
(1) gx = 0.25
(2) In(4/3) =0.2877

Based on the constant force of mortality assumption, the force of mortality is u,
0 < s < 1. Based on the uniform distribution of deaths assumption the force of
mortality isuB, 0 < s< 1. Calculate the smallest ssuch that 2 > uf..

A.

B.

o 0

m

0.4523

0.4758

0.5001

0.5242

0.5477
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6. Y isthe present value random variable for a benefit based on (x) such that

Y—{a" 0<T(X)<n
“lag T(®>n

Determine E[Y].

A. an

w

Axn + n|ax

al'l‘|'n|ax

© 0O

n + V" 3yin

m

nOx on + n|ax

7. You are given that g, = 0.25, Gg, = 0.12, and gy, = 0.14. Calculate q N

A. 0.02

w

0.04

0.11

o O

0.16

m

0.23

8. You are given that Ay = 0.20 and d = 0.08. Calculate -1 Vyn.

A. 090

w

0.92

0.94

o 0O

0.96

m

0.98
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Solutionsto Practice Examination 14
1. Simplification gives Z = (V<"1 = ?)/(1 - W°) for K < 5. Thus E[Z] = (Mg -
50/ (1= V°) = (A.g — V) (1 -V°). From (3), 4,5 = 1/(P,g +d) = 4.2084. The
desired premium solves E[Z] = P&, g, and plugging in gives P = 0.0176. E.

2. HereZ, = Z3 V") (T) and Z3 = ZZ +Vv*"1.6)(T). Using the given information
produces E[Z,] = 0.23 + (.2)(.5) = 0.33, and E[Z3] = 0.08 + (0.23)? + (0.2)?(0.5) =
.1529, giving Var(Z,) = 0.0440. B.

3. E.

4. | istrue since nAc = nr1)Ax = nExAxin = nr1iExPxintt = nEx(Axin = VPxenAxini) =
nExVOx+n. Il istruesince A iy = A;m+nEXAX+n:I| =Awmn = A;m+nEXv = AcnHnEx(V—
1). Il faillssince 8,11 — Sen = &t/ n+1Ex — &cn/ nEx = (1 + 8xn)/ ne1Ex — axn/ nEx =
U1 Ex + aen(U 1 Ex — 1/ Ex), and thislast term is not zero. A.

5. Here us = —=In(.75) = In(4/3) while u2 = 0.25/(1 - 0.25s) = 1/(4 - s). Thus
ug. = paif andonly if /(4 -s) = In(4/3) or s= 4 - 1/ In(4/3) = 0.5242. D.

6. HereY = aml[o,n) (T) +aﬂ1[n,m)(T) = anl[o,n)(T) + (1—VT)1[nyoo)(T)/6. ThusE[Y] =
annOx + (1 8)npx — (1/5)n|Ax- Now n|Ax = nBAwn = nEx(1 - 6aun) = nEx - 5n|ax-
Making this substitution and simplifying gives E[Y] = a5 + & C.

7. Thedesired probability isthe probability that (y) dies during the next year while
(x) is still aive. This can occur if (y) dies and (xX) doesn't, or if both die with (x)
dying after (y). The associated probabilities are gy — ggy = 0.11 and G, = 0.12,
giving the total probability as 0.23. E.

8. Here \Vyn = 1 because of the endowment part. So the standard recursion gives
Pp=(Q+i)(-1Vxn + ©) —qso that p-1Vyn = V—7x. The premium & = Acn/8xn =
dAcn/ (1 — Acn) = 0.02. Using this gives the reserve as 0.90.A.



851. Practice Examination 15

1. Zisthe present value random variable for awhole life insurance of 1 payable at
the moment of death of (x). You are given .+ = 0.05for t = 0 and that 6 = 0.10.

Which of the following are true?
d

I =0
II.E[Z] = 1
1. Var(z) = L

A. landll only

B. landlll only

C. IlandlIll only

D. I, 1l,and 1l

E. Thecorrect answerisnot givenby A, B, C, or D
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2. For a 30 year deferred, annual life annuity due of 1 on (35) you are given that
R is the net single premium for this annuity if the net single premium is refunded
at the end of the year of death for death during the deferral period, and N is the net
single premium for this annuity if the net single premium is not refunded. Which
of the following correctly expresses R — N~.

| Pasa01 30/95
C1-A
35:301
| (Ass_l Ass)
' d 1-A
(1-A _OI)
m (1- d<5135_|) 30335
da35:_|
A. None
B. lonly
C. Il only
D. Il only
E. Thecorrect answer isnot givenby A, B, C, or D

3. Which of the following are true?

l. P 2 prt fort=0andr =0

I1. 1Oyt 2 O fort=0andr =0

[11. If s(x) follows DeMoivre’'s Law, the median future lifetime of (x) equals the
mean future lifetime of (X)

A. landll only

B. landlll only

C. Illandlll only

D. I, Il,and Il

E. Thecorrect answer isnot givenby A, B, C, or D
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4. An insurance company issues a fully discrete whole life insurance on (x). You
aregiven

(1) Thelevel expenseloading, c, is5

(2) Expenses g, incurred at the beginning of policy year k are

Policy Year k Ec-1
1 10
2 8
3 6

(3)i =0.05
(4) px = (1.08) *fork=1,2,...
(5) Net premium reserves are recognized as the measure of liabilities

For thispolicy, thecompany plansto establishinitial surplus, u(0), such that expected
assets equal expected liabilities at the end of 3 years. Calculate u(0).

A. 579

B. 842

9.36

o 0

9.75

m

12.28
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5. You are given that T(x) and T(y) are independent, that the survival function for
(x) follows DeMoivre's Law with @ = 95, and that the survival function for (y) is
based on a constant force of mortality .. = p fort > 0. Assumethat n < 95 - x.
Determine the probability that (x) dies within n years and predeceases (y).

gHn
A.
95 -x
ne #n
B.
95 -x
1-¢g#n
c ~—&
u(95-x)
1-¢g#n
D.
95 -x
gHn
E. 1-e*"+
95 - x

6. You aregiven u, = A+e*for x = 0, and that ¢spp = 0.50. Calculate A.

A. -0.26
B. -0.09
C. 0.00
D. 0.09

m

0.26
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7. You aregiven
(1) X isthe present value random variable for a 25 year term insurance of 7 on
(35)
(2) Y isthe present value random variable for a 25 year deferred, 10 year term
insurance of 4 on the same life
(3) E[X] = 2.80, E[Y] =0.12
(4) Var(X) =5.76, Var(Y) = 0.10

Calculate Var(X + ).

A. 475

w

5.19

5.51

o 0O

5.86

m

6.14

8. For a double decrement table you are given ¢;® = 1, ;g = 1, and ¢, = L.

Calculate /(.

A. 14
B. 15
C. 16
D. 17

m

1/8
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Solutionsto Practice Examination 15
1. Because of the constant force of mortality, A, does not depend on x and |
holds. Now E[Z] = / e lte 0%t 05dt = 0.05/0.15 = 1/3, and similarly E[Z?] =
0.05/0.25 = 1/5. Thus|l holdsand 111 fails. A.

2. First 30|a.35 + RA1 - =R soR = 3Q|a35/(1 A1 _|) Also N = 30|a35! SO
30

R-N = A15%|30|a35/(1 A1 _|) and | fails. Now A35 = A - + 30E35A65 and

30E35A65 = 30E35(1 865) = 30E35 d30|ag5 Maki ng this SJbStltUtlon shows that 11

holds. 111 fails since Il has endowment insurances where the correct formula has
term insurances. C.

3. | failssince tPx = tPurPxst- |1 holdssincerOx = ¢PxiOx+r. 111 holds since T(x) has
auniform distribution. C.

4. B.

5. Conditioning onthetimeof death of (x) gives / " 951)(e‘“X dx = (1-e*")/ u(95-
o 95—
x). C.

0.5
6. Here 0.5 = yopo = el A€M = gN2-@D)  ghlving gives A = 0.0889. D.

7. Here XY = O sincetheir dependenceon T is supported in digoint intervals. Thus
E[(X + Y)?] = E[X?] + E[Y?] = Var(X) + (E[X])? + Var(Y) + (E[Y])?. The given
information and this formula gives Var(X +Y) = 5.188. B.

8. Since; ;g = pPqY,, thegiveninformationyieldsp{® = 3/4. Since(1-q' )(1-
q @) = p(T) the given information givesg' ™ = 1/7. D.



852. Practice Examination 16

1. Which of the following are true?

d
l. 87)( nEx = nEx(.ux - .ux+n)

0
1. = 0Ex = oEultben + 8)
nEx t—nEx+n

fort=n

A. landll only
B. landlll only

[l and Il only

o 0

[, 11, and Il

E. Thecorrect answer isnot givenby A, B, C, or D

2. For a10 year term insurance of 10,000 with death benefits payable at the end of
the year of death of (30) you are given

(1) A, _ =0.015
_30:101
(2 30101 — 8
(3) 10E30 =0.604
(4)i=0.05
(5) Deaths are uniformly distributed over each year of age

(6) Level truefractional premiums are determined in accordance with the equiv-
alence principle

Calculate the additional annual premium for thisinsurance if premiums are paid in
monthly rather than semi-annual installments.

A. 0.05
B. 0.10
C. 015
D. 0.20
E. 025
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3. For a2 year select and ultimate mortality table you are given
(1) Ultimate mortality follows the Illustrative Life Table:

(2) g = 0.504 for al x
(3) gpg+1 = 0.5y for all x
(4) lig) = 10,000

Calculate ljg7).

A.

w

o 0

m

4047

4076

4094

4136

4158

X
93
94
95
96
97
98
99

Ix
530,974
403,084
297,988
213,982
139,088

73,021
23,732

ok
127,890
105,096
84,006
74,894
66,067
49,289
23,732

271
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4. You are given
(1) Mortality follows Gompertz' law for both (35) and (40)
(2ct°=4
©) A35:40 =0.6
(4) T(35) and T(40) are independent
Calculate A

35:40

A. 020

w

0.24

0.28

o 0O

0.30

m

0.32

5. A wholelife insurance of 10,000 payable at the moment of death of (x) includes
a double indemnity provision. This provision pays an additional death benefit of
10,000 during the first 20 years if death is by accidental means. You are given
8 = 0.05, 1{?) = 0.005 for t = 0, and uY = 0.001 for t = 0, where ¥ is the force
of decrement due to death by accidental means. Calculate the net single premium
for thisinsurance.

A. 910
B. 970

1030

o 0O

1090

m

1150



852: Practice Examination 16 273

6. A 10 year deferred life annuity due on (X) includes a refund feature during the
deferral period providing for return of the net single premium with interest at the
end of the year of death. Interest is credited at ratei. You are given i = 0.05 and
the terminal reserve at the end of 9 years equals 15.238. Calculate the net single
premium for this annuity.

A. 9355
B. 9.823
C. 14512
D. 15.238

E. 16.000

7. You are given that mortality followsthe Illustrative Life Table:

X Iy 10000 10004, 1000(2A,)
54 8,712,711 8.24 349.09 157.36
55 8,640,018 8.96 361.29 166.63
56 8,563,495 9.75 373.74 176.33
64 7,684,067 19.52 481.32 269.94
65 7,534,074 21.32 495.53 283.63
66 7,373,448 23.29 509.86 297.73

and that i = 0.05. Calculate 2Ag;1-

A. 0329

w

0.402

0.476

o 0O

0.550

m

0.631
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8. Gisthegrossannual premium for afully discrete whole life insurance. You are

given

(1) No deaths or withdrawals are expected during the first two policy years
(2i=01
(3) Expenses are incurred at the beginning of each policy year

(4) Percent of premium expenses are 7% of G each year

(5) Per policy expenses are 10 for year 1 and 2 for year 2

(6) The expected asset share at the end of year 2, ,AS, equals 12.66

Calculate G.

A.

w

o 0O

m

12.25

12.35

12.45

12,55

12.65
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Solutionsto Practice Examination 16

1. Notethat ,E, = e ®"e” LT #s9  The Fundamental Theorem of Calculusthen gives

8anX = nEx(ux — Ux+n) @nd | holds. Similarly, ;n”EX = —nEx(ux«n + 6) and Il fails.

Theratioin Il simplifiesto - Ex:ny and 111 fails. E.

. : — p@x?@
2. The equations for the two annual premium rates are 10000, __ = P&

and 10000A, _ = PUa(,. Now &" = a(m)a, - B(m), so from & =

a0 + 10E308y , making this substitution and solving gives &0~ = o:(M)ago15 —
B(M)(10Ez — 1). Now a(2) = 1.000, B(2) = 0.2561, o(12) = 1.000 and B(12) =
0.4665. Making these substitutions gives P2 = 18.9879 and P2 = 19.1893 for a
difference of 0.2013. D.

3. Since the ultimate table is given, ljgg = log/ ProgiProg+1 = 116079 using the
given information. Similarly, lig77 = loo/ PorPrer+1 = 46979. Since by (4) ljog IS
renormalized to 10000, the renormalized value of isljg7; = 1000046979/ 116079) =
4047.2. A.

4. Because of Gompertz' law, 11(35 : 40); = Uszss + Haost = BC (1 + ) = Buzsy
by (). Thus Assuo = 3A1  and A, =0.60/3=0.20. A.

(o]

5. Here A, = / e 00 00%tn 005 dt = 0.005/0.055 = 1/11, and aso Ay =
0 .

20
05t 0005t 001 dt = (1 — € 99%5(29)/55 = 0.0121. The sum of these two times
0
10,000 gives the premium as 1030.88. C.

6. The retrospective method gives E, oV = P — P E[v " DvK*11,6(K)] since the
premium P is refunded with interest if death occurs in the deferral period. The
expectation is gqy, and making this substitution gives v3gV = P = 9.822, using the
given information. B.

7. Here 2A55 = 2A55:E| - 102E55 + 102E552A65, where 102E55 = V20|65/|55. Rearrangl ng
and using the table gives A 15 = 0.4020. B.

8. D.
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1. A fully discrete whole life insurance with annual premiums payable for 10 years
Isissued on (30). You are given the death benefit is equal to 1000 plus the refund
of the net level annual premiums paid without interest, and that premiums are
calculated in accordance with the equivalence principle. Determine the net annual
premium for this insurance.

A 1000Az
" 8gqo + 1010/ As0
B 1000Azg
" 8g1e — 1010/A%0
1000A3
C. -
80101 — (I A)%o:ﬁl
D 1000Az
gm0 (IA)%O:El +1010/A30
1000A
E 30

Ay — (IA =10 10/A:
30:10 ( )%O:El 10|30

2. A multiple decrement table has two causes of decrement. (1) accident and
(2) other than accident. You are given u{" = 0.0010 and p{® = 0.0005(10°%)V.
Determine the probability of death by accident for (x) in terms of &,.

A. 0.0005&,
B. 0.0010&,
C. 0.0050&
D. 0.0100v&,
E. 0.05008,
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3. Youaregiventhat deathsare uniformly distributed over each year of age, i = 0.05,
O35 = 0.01, and that A36 = 0.185. Calculate Ags.

A. 01797
B. 0.1815
C. 0.1840
D. 0.1864
E. 0.1883

4. For aspecial fully discrete whole life insurance on (55) you are given

(1) Initial net annual premiums are level for 10 years. Thereafter, net annual
premiums equal one-half of initial net annual premiums.

(2) Death benefits equal 1000 during the first 10 years, and 500 thereafter

(3) Ass = 0.36129, Ags = 0.49553, 8s5 = 13.413, &g5 = 10.594, |55 = 8, 640, 918,
les = 7,534,074

(4)i =0.05, vi° = 0.613913

Calculate theinitial net premium.

A. 854

w

10.81

17.08

o 0

21.62

m

34.16
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5. Which of the following are correct expressions for (V(A,)?

| Ax+t_Ax
. 1_Ax+t o
o P(A;.)
1 PRS- k) &
tEx

1. [P(Ar) ~ P(A)]

A. landll only

B. landlll only

C. Ilandlll only

D. I, 1l,and I

E. Thecorrect answer isnot givenby A, B, C, or D

6. You are given gx = 0.04, p: = 0.04 + 0.001644t for 0 <t < 1, and py =
0.08 + 0.003288t for 0 < t < 1. Calculate g.

A. 00784
B. 0.0792

0.0800

o 0O

0.0808

m

0.0816
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7. A whole life insurance of 1 with benefits payable at the moment of death of
(x) includes a double indemnity provision. This provision pays an additional death
benefit of 1 for death by accidental means. S is the net single premium for this
insurance. A second whole life insurance of 1 with benefits payable at the moment
of death of (x) includes a triple indemnity provision. This provision pays an
additional death benefit of 2 for death by accidental means. T is the net single
premium for thisinsurance. You are given

(1) Theforce of decrement for death by accidental meansis constant and equal

tou
(2) Theforce of decrement for death by other meansis constant and equal to 5u

(3) There are no other decrements

Determine T - S.

S
A —
12
S
B. —
8
S
C. =
7
S
D. -
4
S
E. =
2
. -0.024
8. For (X) you are given Ly = Tn(0.4) fort = 0, and 6 = 0.03. Calculate the
probability that arg will exceed 20.
A. 045
B. 0.55
C. 067
D. 074

m

0.82
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Solutionsto Practice Examination 17

1. Here 1000Ag0 + PE[VK*Y(K + 1) 10,10 (K)] + 10PE[VK* 10,0 (K)] = Py 151, from
which P = 1000A30/ (a3o:m| - (| A)%Om - 1010|A30). E.

2. Here.q® = /O PPud dt = 0.0018,. B.

3. HereA35 = A%S'II-I-VpgSASG = (IV/ 6)q:35+Vp35A36 =0.1842. Now Ags = (5/|)A35 =
0.1797. A. '

4. Here 1000As5 — 50019Es5A65 = P(a55 - (1/ 2)10E55365). The glven information
yields 10Ess = V1% egs/lss = 0.5353, and using this and the other given values yields
P =21.618. D.

5. The prospective formula gives VA = Aut — P(A)aws: = Aut — (Ada)awt =
(At —A)/(1-A) using a, = (1 - Ay)/ 8. Thisshowsthat | fails. The retrospective
formulagives|l directly. 111 rearrangesto be equal to | after inserting the definitions
of the premiums, so |1 failstoo. E.

6. SINCe Uy« = 2Uyt, Py = (Px)?, from which gy = 1 - (1 - gx)? = 0.0784. A.

7. Now uf® = 6u so that S = / POu( dt +/ Vp@p dt = 6u/ (5 + 6u) +

w/ (6 +6u) = 7ul (6 + 6u). Similarly, direct computation gives T = 8u/(6 + 6u).
SoT-S=pul/(6+6u)=97. C.

8. Here Pla;; > 20] = P[(1 - V")/6 > 20] = P[T > In(1 - 208)/ In(V)] =
exp(—u In(1 = 206)/ In(v)) = 0.4493. A.
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1. A company issuesfully discrete level premium whole life insurances of 1000 on
each of 1000 independent lives age 90. You are given

(1) Premiums are determined by the equivalence principle
(2) There are no expenses or taxes

(©)
X I, A, 10004,
9 1,058,511 3.630 827.13
01 858,696 3.404 837.89
92 682,723 3.175 848.80
93 530,974 2936 860.15
(4)i =0.05

(5) Death isthe only decrement

Calculate the expected total fund the company will have at the end of 3 years.

A. 95,800

w

107,500

113,300

o 0O

121,400

m

135,200
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2. L istheloss at issue random variable for afully discrete whole life insurance of
1 on (x). The annual premium charged for this insurance is 0.044. You are given
A = 040, & = 10, and Var(L) = 0.12. An insurer has a portfolio of 100 such
insurances on 100 independent lives. Eighty of these insurances have death benefits
of 4 and 20 have death benefits of 1. Assume that the total loss for this portfolio is
distributed normally. Calculate the probability that the present value of the gain for
this portfolio is greater than 22.

A. 001
B. 0.07
C. 010
D. 016
E. 025

3. Two independent lives, both age x, are subject to the same mortality table.
Calculate the maximum possible value of pgx — +Px.

AL
B. 1
c. !
D. 1

m
=
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4. For atwo year select and ultimate mortality table you are given

[X] |[x] |[x]+1 lyio X+2
30 1000 908 995 32
31 996 994 088 33
32 994 990 982 34
33 987 983 970 35

Which of the following are true?
I 2P[31 > 2P[30)+1
I1. 1)03y > 1)0305+1
1. 20331 > 2Q[317+2

A. None

w

| only

Il only

o 0O

[ only

m

The correct answer isnot given by A, B, C, or D

5. Youaregiventhat 1000qgey = 13.76, Ao = 0.34487, and Ag; = 0.35846. Calculate
i

A. 0.050

w

0.055

0.060

o 0

0.065

m

0.070
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6. For atriple decrement table you are given
(1) Each decrement has a constant force of decrement over each year of age
(2) The following table of values

j 4

1 0.2

2 0.4

3 0.6
Calculate g@.
A. 0.20
B. 023
C. 026
D. 0.30
E. 033

7. Z isthe present value random variable for an insurance on (x) defined by

Z:{m—mwﬂ K=0,1,2345
0 K=>6

where VK*1 is calculated at force of interest 5. Which of the following are true?

I. Z is the present value random variable for a 5 year decreasing term insurance
payable at the end of the year of death of (x).

11 E[Z] = Y06~ K) Ay

l11. E[Z?] calculated at force of interest § equals E[Z] calculated at force of interest
20

A. landll only
B. landlll only

[l and 11 only

o 0O

[, 11, and I

E. Thecorrect answer isnot givenby A, B, C, or D
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8. Listhelossat issue random variable for afully continuous whole life insurance
of 2 on (x). Thisinsurance has atotal level annual premium rate of 0.09. You are
given . = 0.04fort = 0and 6 = 0.06. Calculate Var(L).

A. 0.02
B. 0.09
C. 032
D. 056
E. 110
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Solutionsto Practice Examination 18

1. DirectcomputationgivessV = 1000Ag3—Pagz = 191.15, sinceP = 1000Agy/ 890 =
227.86. Now the reserve only exists for the survivors, so the amount the company
will have, on average, is 1000(lg3/190)191.15 = 95, 885. A.

2. Now E[L] = A, —0.0444, = -0.04, and for the total portfolio the loss, T,
has E[T] = 80(4)(-0.04) + 20(-0.04) = -12.8 and Var(T) = (80)(16)Var(L) +
20Var(L) = 156. Using the normal approximation gives P[T < -22] = P[Z <
(—22 - (-12.8))/v156] = P[Z < -0.7376] = 1-0.77 = 0.23. E.

3. Sincepx = 1-(1-py)?, the maximum value of the differenceisthe same asthe
maximum value of the quadratic x — x? on theinterval 0 < x < 1, whichis1/4. C.

4. Direct computation gives ,ppa;; = 988/996 = 0.9920 and ,pzg+1 = 988/998 =
0.9900 so | holds. Also 1)qpayy = (994/996)(994 — 988)/994 = 0.0060 and 1/0j30j+1 =
(995/998)(995 — 988)/995 = 0.0070, so 1 fails. Finally, »q33 = 17/987 = 0.0172
while 2031142 = 18/988 = 0.0182 and Il fails. B.

5. Since Asp = VOeo + VPsoAe1, 1 +1 = (Qeo + PeoPe1)/ Ao = 1.065. D.

6. Here p® = €12 and p'® = &04, so that q@ = @ In(g @)/ In(p™®) = 0.4(1 -
e12)/1.2 = 0.2329. B.

7. | fails since the factor given is (6 — K) and not (5 — K). 1l holds by direct
computation, and 111 fails due to the presence of the (6 — K) term. E.

8. SinceL = 2" —0.09aq = (2+0.00/ S)V" —0.09/ 8, Var(L) = (2+0.09/ §)2Var(v").

Now E[V'] = / edetydt = u/(u + &) and E[V¥] = u/(u + 28) by similar
0

computations. So Var(v") = 0.09 and Var(L) = 1.102. E.



855. Practice Examination 19

1. Sisthe actuarial present value of a continuous annuity of 1 per annum payable
while at least one of (30) and (45) isliving, but not if (30) isalive and under age 40.
Which of the following is equal to S?

|. &us + 830 ~ Ag0.45:101

I1. @us + 10)830 — A30:45

I11. s + 10/830 — 10/830:45

IV. @45 + 101330 ~ 83045701

A. None
B. lonly
C. llonly
D. Il only
E. IVonly

2. Assume mortality follows DeMoivre’'sLaw for 0 < x < w. Which of the follow-
ing expressions equal Li?

28,
||.n|qx,0SnS(D—X—1
N — % ycw-1
1+05m - ¢

A. landll only

B. landlll only

C. Ilandlll only

D. I, 1l,and I

E. Thecorrect answer isnot givenby A, B, C, or D
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3. You are given
(1) Ass = 0.17092,A4 = 0.20799
(2) &35 = 17.410616, &40 = 16.632258
(3)i =0.05
(4) Deaths are uniformly distributed over each year of age
(5) «(4) = 1.00019, B(4) = 0.38272
(6) 10005V35 = 44.71
(7) 85 = 17.031204

Calculate 1000(s V5P — 5Vas).

A. 017

w

0.45

1.00

o 0O

3.72

m

3.81
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4. For afully discrete level benefit whole life insurance you are given
(1) Expenses, incurred at the beginning of each year, are

Type of Expense Expense
Fraction of premium 0.25
Per 1000 of Insurance 2.00
Per Policy 30.00

(2) The assumed average policy sizeis 20,000
(3) Sisthe expense loaded level annua premium for an insurance of 25,000 if
the approximate premium rate method is used for per policy expenses

(4) T isthe expense loaded level annual premium for an insurance of 25,000 if
the policy fee method is used for per policy expenses

Calculate S—-T.
A. 0.00
B. 250
C. 500
D. 7.50
E. 10.00

5. Which of the following can serve as survival functionsfor x > 0?
[. s(X) = exp(x — 0.7(2* - 1))

1
II.s(x):m
1. s(X) = exp(—x?)

A. landll only

B. landlll only

[l and Il only

o 0

[, 11, and Il

E. Thecorrect answerisnot givenby A, B, C, or D
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6. Z isthe present value random variable for a special whole life insurance with
death benefits payable at the moment of death of (x). You are given (for t = 0)
by = "%, & = 0.06, and uy.¢ = 0.01. Calculate Var(Z).

0.037
0.057
0.063

0.083

m o O © »

0.097

7. You aregiven gy = 0.5, gy+1 = 0.5, gy+2 = 1.0, and ;ax = (-3.5),E4. Cdculatei.

Wik A

m o O ©m »

Mlw wIN NI

8. For atriple decrement table you are given
(1) Each decrement is uniformly distributed over each year of agein its associ-
ated single decrement table

(2) ¢.© = 0.1000
(3) ¢.@ = 0.0400
(4) ¢ = 0.0625

Calculate 1000qQ.
A. 94.00
B. 94.55
C. 9496
D. 95.00
E. 100.50
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Solutionsto Practice Examination 19

1. Direct reasoning gives the value of the annuity as a5 — agp15 = 8s0 + aus —
A3045 ~ Az:79) = 10330 + 8us — Agous, AN 11 holds. 111 and 1V fails since the last term
in each expression is not equal to aszy4s. | fails since the difference of | and Il is
easily seen to be non-zero. C.

2. Since ux = 1/(w —x) and & = (w —x)/2, | holds. Il aso holds since 0« =
(o =x=n)/(®w —X)) (I (@0 —n-Xx)) = uy. 111 also holds by algebraic manipulation
1
from my = q/ / (1-tgy) dt) = 2q/(2 - ). D.
0

3. Since agg = ol(4)ags — B(4) = 17.0312 and similarly &%) = 16.2527, 1000P%) =
1000Ass/ 4% = 10.0357. Thus the reserve is 10005V = 1000A - 1000Pg‘2ag‘2 =
44.8828. Subtracting the given value for 10005V55 gives the difference as 0.1728.
A.

4. E.

5. A survival function must have s(0) = 1 and be non-increasing. | fails since
S (X) =s(X)(1-0.7(2In2)) > O for x near 0. 1l and |11 both work. C.

6. Direct computation givesE[Z] = / g"08tg 0087001t 0] it = 1/2 while E[Z?] =
0
1/3 by similar direct computation. So Var(Z) =1/3-1/4=1/12 = 0.0833. D.

7. SiNCEQysn = 1, & = 1+ VP +V2p = 1+V/I2+V?/4sincep, = 1/2 and ,p, = 1/4.
Since Gv = a(1 +i)™ = -2, the given information becomes -v?/2 - V3/2 =
-3.5v%/4, fromwhichv =2(3.5/4-1/2) =3/4andi = 1/3.B.

1 1

8. From the given information g = / POu® dt = / g1 -t -
0 0

tq'?) dt = 0.09496. C.
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1. You aregiven
(1) (x) issubject to auniform distribution of deaths over each year of age
(2) (y) is subject to a constant force of mortality of 0.3
(3 O, = 0.045
(4) T(x) and T(y) are independent

Calculate g.

A. 0.052

w

0.065

0.104

o 0O

0.214

m

0.266

2. For afully discrete 3-year endowment insurance of 1000 on (X) you are given
(2) kL isthe prospective loss random variable at time k
(2)i=0.10
(3) &3 = 2.70182
(4) Premiums are determined by the equivalence principle.

Calculate ;1L given that (x) diesin the second year from issue.

A. 540

w

630

655

o 0O

720

m

910
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3. For adouble decrement model
(1) 'Y =1-1/60, for0<t <60
() 'Y =1-1/40,for0<t <40

Calculate u$2(20).

A. 0.025

w

0.038

0.050

© 0O

0.063

m

0.075

4. For independent lives (35) and (45)
(1) sp3s = 0.90
(2) spss = 0.80
(3) Gao = 0.03
(4) g0 = 0.05

Calculate the probablity that the last death of (35) and (45) occursin the 6th year.

A. 0.0095

w

0.0105

0.0115

o 0O

0.0125

m

0.0135



856: Practice Examination20 294

5. For afully discrete whole life insurance of 100,000 on (35) you are given
(1) Percent of premium expenses are 10% per year

(2) Per policy expenses are 25 per year

(3) Per thousand expenses are 2.50 per year
(4) All expenses are paid at the beginning of the year

(5) 1000P3; = 8.36

Calculate the level annual expense loaded premium using the equivalence principle.

A.

w

o 0O

m

930

1041

1142

1234

1352

6. Kings of Fredonia drink glasses of wine at a Poisson rate of 2 glasses per day.
Assassins attempt to poison the king’swine glasses. Thereisa0.01 probability that
any given glass is poisoned. Drinking poisoned wine is always fatal instantly and
isthe only cause of death. The occurences of poison in the glasses and the number
of glasses drunk are independent events. Calculate the probability that the current

king survives at least 30 days.

A.

B.

o 0O

m

0.40

0.45

0.50

0.55

0.60
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7. Insurance losses are a compound Poisson process where

(1) The approvals of insurance applications arise in accordance with a Poisson
process at arate of 1000 per day.

(2) Each approved application has a 20% chance of being from a smoker and an
80% chance of being from a non-smoker.

(3) Theinsurances are priced so that the expected |oss on each approval is—100.

(4) The variance of the loss amount is 5000 for a smoker and is 8000 for a
non-smoker.

Calculate the variance for the total losses on one day’s approvals.

A. 13,000,000
B. 14,100,000
C. 15,200,000
D. 16,300,000
E. 17,400,000

8. Z isthe present value random variable for awhole life insurance of b payable at
the moment of death of (X). You are given

(1) 6 =0.04
(2) ux(t) =0.02fort =0
(3) The single benefit premium for thisinsuranceis equal to Var(Z).

Calculate b.
A. 275
B. 3.00
C. 325
D. 350
E. 375
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Solutionsto Practice Examination 20

1 1 1
1. Direct computation gives Oy, = / tPxlUx+eePy dY = O / {py dt = o / g0 dt =
0 0 0
ax(1 - €723)/0.3, from which g, = 0.0521. A.

2. The premium is 1000A 3/&.3 = 1000(1 — d&a,3)/&.3 = 279.21. The loss is
1000v — 279.21 = 629.88. B.

3. Since ud(t) = tp’f{(),/tp’“) the given information yields u 9 (20) = uid(20) +
12 (20) = 1740 + 1/20 0.0750. E.

4. Direct reasoning givesthe probability as (0.90)(0.03)(1-0.80) +(0.80)(0.05)(1 -
0.90) + (0.90)(0.80)(0.03)(0.05) = 0.0105. B.

5. The gross premium G satisfies 100, 000Ass + 0.10G8azs + 25835 + 250835 = Gags,
from which G = (100, 000P35 + 275)/0.90 = 1234.44. D.

6. Poisoned glasses appear at a Poisson rate of 0.02 per day or 0.60 per 30 days. So
the probability of survival ise % = 0.5488. D.

7. Thesmokersand non-smokersarrive according to i ndependent Poisson processes
with rates of 200 and 800 per day respectively. Thetotal varianceisthus200Var(S)+
(E[S])?200 + 800Var(N) + (E[N])2800 where Sand N are the loss variables for an
individual smoker and non-smoker. Substitution givesthisvalueas 17, 400, 000. E.

8. HereE[Z] = / be 'e™0920,02 dt = b/3, and similarly E[Z?] = b¥/5. Since the
premium is equal to the variance, b/ 3 = b?/5 — b?/9 from which b = 3.75. E.
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1. For aspecial 3 year term insurance on (30) you are given
(1) Premiums are payable semiannually.
(2) Premiums are payable only in the first year.
(3) Benefits, payable at the end of the year of death, are

Kk bk+1
0 1000
1 500
2 250

(4) Mortality followsthe lllustrative Life Table.
(5) Deaths are uniformly distributed within each year of age.
(6) i =0.06.

Calculate the amount of each semiannual benefit premium for thisinsurance.

A. 13

w

14

15

o 0

1.6

m

1.7

2. A loss X follows a 2-parameter Pareto distribution with o = 2 and unspecified
. 5

parameter 6. You are given E[X — 100|X > 100] = éE[X —-50|X > 50]. Calculate

E[X - 150|X > 150].

A. 150
B. 1/5

200

o 0O

225

m

250
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3. The scores on the final exam in Ms. B’s Latin class have a normal distribution
with mean 6 and standard deviation equal to 8. 6 is a random variable with a
normal distribution with mean equal to 75 and standard deviation equal to 6. Each
year Ms. B chooses a student at random and pays the student 1 times the student’s
score. However, if the student fails the exam (score < 65) then thereis no payment.
Calculate the conditional probability that the payment islessthan 90 given that there
IS a payment.

A. 077
B. 0.85
C. 0.88
D. 092

E. 1.00

4. For aMarkov model with three states, Healthy (0), Disabled (1), and Dead (2)
0.70 0.20 0.10
(1) The annua transition matrix is given by | 0.10 0.65 0.25 | with the

0 0 1
states listed vertically and horizontally in the order 0, 1, 2.

(2) There are 100 lives at the start, all Healthy. Their future states are indepen-
dent.

Calculate the variance of the number of the original 100 lives who die within the
first two years.

A 11
B. 14
C. 17
D. 20

m

23
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5. Aninsurance company issuesaspecial 3 year insuranceto ahigh risk individual.
You are given the following homogeneous Markov chain model.

D

State 1 active
State 2 disabled
State 3 withdrawn
State 4 dead

04 02 03 01

Thetransition probability matrix is 0(')2 0(')5 2 063 with the states listed

O 0 o0 1
vertically and horizontally inthe order 1, 2, 3, 4.

(2) Changesin state occur at the end of the year.

(3) The death benefit is 1000, payable at the end of the year of death.
(4)i=0.05

(5) Theinsured is disabled at the end of year 1.

Calculatetheactuarial present val ue of the prospective death benefitsat the beginning
of year 2.

A. 440
B. 528

634

o 0O

712

m

803
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6. For afully discrete whole life insurance of b on (x) you are given
(1) oy = 0.02904
(2)i =0.03
(3) Theinitial benefit reserve for policy year 10 is 343.
(4) The net amount at risk for policy year 10is 872.
(5) & = 14.65976.

Calculate the terminal benefit reserve for policy year 9.

A. 280

w

288

296

o 0O

304

m

312

7. For aspecia fully discrete 2 year endowment insurance of 1000 on (X) you are
given

(1) Thefirst year benefit premium is 668.

(2) The second year benefit premium is 258.

(3) d =0.06.

Calculate the level annual premium using the equivalence principle.

A. 469

w

479

489

o 0O

499

m

509
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8. For anincreasing 10 year term insurance you are given
(1) bx+; = 100,000(1 +k) fork=0,1,...,9
(2) Benefits are payable at the end of the year of death.
(3) Mortality followsthe lllustrative Life Table.
(4)i=0.06
(5) The single benefit premium for thisinsurance on (41) is 16,736.

Calculate the single benefit premium for this insurance on (40).

A. 12,700

w

13,600

14,500

o 0O

15,500

m

16,300

301
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Solutionsto Practice Examination 21

1. The semiannual premium P satisfies the equation 1000vQzy + 500V2PagCar +
250v3,p300s2 = P + Pv¥2y,5ps0. Thelifetable givesP = 1.276. A.

2. SinceX = (X=X),+X0Ox, E[X=x|X > X]P[X > X] = E[(X—X).] = E[X]-E[X[X].
Using the formulas for the Pareto distribution found in the tables for exam M shows
that E[X —x|X > X] = x+ 6. Thegiveninformation implies 100+ 6 = (5/3)(50+ 6),
from which 6 = 25 and E[X — 150|X > 150] = 150 + 25 = 175. B.

3. Since E[€] = E[E[€]6]] = E[e*®4/2] = g100%2 tha student score S has
a normal distribution with mean 75 and variance 100. The desired probability is
P[S< 90|S> 65] = P[-1 < N(0, 1) < 1.5]/P[N(0, 1) > —1] = 0.9206. D.

4. The probability that a single individual goes from healthy to dead in 2 years or
lessis 0.1 + (0.7)(0.10) + (0.2)(0.25) = 0.22. So the number dying within 2 years
Is binomial with parameters 100 and 0.22, giving the variance as 100(0.22)(0.78) =
17.16. C.

5. To collect, the insured must die in either 1 or 2 years, giving the value as
1000(0.30v + v2((0.2)(0.1) + (0.5)(0.3))) = 439.90. A.

6. The premium P = bAJ/&c = b(1 — da)/&, = 0.0391b. Also 343 = gV + P,
872 =b~40V, and (9V +P)(1.03) = b9 + Pxsa10V = Oro(D—10V) +10V. Using the
earlier information inthelast equation gives 1oV = 327.97, fromwhich b = 1199.97,
P =46.92 and ¢V = 296.08. C.

7. On the one hand 1000A, 5 = 668 + 258vpy, while also 1000A,.5 = 1000vgy +
1000v2py, since thisis endowment insurance. Equating these two expressions gives
px = 0.91 and A 5z = 0.888 from which the premium is 1000dA /(1 — A.z) =
479.05.B.

8. Here 100, OOO(IA)l - = 16, 736. Now by reasoning from the time line diagram,

100,00001A); _ = 100 000A1 _+100,000vDuo <(IA)1 - 10v1°9p41q50> Using
the relation A1 — Ay — 10E40A50 and the life table gives the value as 15, 513. D.



§58. Practice Examination 22

1. For afully discrete whole life insurance of 1000 on (X)
(1) Death isthe only decrement.
(2) The annual benefit premium is 80.
(3) The annual contract premium is 100.

(4) Expenses in year 1, payable at the start of the year, are 40% of contract
premiums.

(5)i =0.10
(6) 1000, V, = 40

Calculate the asset share at the end of the first year.

A. 17
B. 18
C. 19
D. 20
E. 21

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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2. For acollective risk model the number of losses, N, has a Poisson distribution
with A = 20. The common distribution of the individual losses has the following
characteristics.

(1) E[X] =70

(2 E[XO30] =25

(3) P[X > 30] =0.75

(4) E[X?|X > 30] = 9000

An insurance covers aggregate losses subject to an ordinary deductible of 30 per
loss. Calculate the variance of the aggregate payments of the insurance.

A.
B.
C.
D

E.

54,000
67,500
81,000
94,500

108,000

3. For acollective risk model
(1) The number of losses has a Poisson distribution with A = 2.
(2) The common distribution of the individual lossesis

X fx(X)
1 0.6
2 0.4

An insurance covers aggregate losses subject to a deductible of 3. Calculate the
expected aggregate payments of the insurance.

A.

B.

o 0O

m

0.74

0.79

0.84

0.89

0.94
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4. A discrete probability distribution has the following properties:
(D pc=cl+dpafork=12,...
(2 po=05

Caculatec.

A. 0.06

w

0.13

0.29

o 0O

0.35

m

0.40

5. A fully discrete 3 year term insurance of 10,000 on (40) is based on a double
decrement model, death and withdrawal:

(1) Decrement 1 is death.

2 ud®)=002,t=0

(3) Decrement 2 iswithdrawal, which occurs at the end of the year.
@ q9,=004k=012

B)v=0.95

Calculate the actuarial present value of the death benefits for thisinsurance.

A. 487

w

497

507

o 0O

517

m

527
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6. You aregiven
(1) &30.751 = 27.692
(34@:1—%xmxsw
(3) T(x) isthe future lifetime random variable for (x).

Calculate Var(T(30)).

A. 332

w

352

372

o 0O

392

m

412

7. For afully discrete 5 payment 10 year decreasing term insurance on (60) you are
given
(1) bx+1 = 1000(10-k) fork=0,1,...,9
(2) Level benefit premiums are payable for five years and equal 218.15 each.
(3) geok = 0.02 +0.001k, k=0,1,...,9.
(4)i=0.06

Calculate ,V, the benefit reserve at the end of year 2.

A. 70

w

72

74

o 0

76

m

78
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8. You aregiven
(1) T(x) and T(y) are not independent.
(2) Gsk = Qs = 0.05,k=0,1,2,...
(3) kP = 1.02pykpy, k=1,2, ...

Into which of the following ranges does eqy, the curtate expectation of life of the
last survivor status, fall?

A. ey<257

B. 25.7<6gy<26.7

C. 26.7<egy<27.7
D. 27.7<ery<287
E. 287<ey
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Solutionsto Practice Examination 22

1. Intermsof the gross premium G, ;ASpy = (G —expenses)(1+i) — 1000q,. Using
(6), px1Vx = 80(1 + i) — 1000qy, from which g, = 48/960, and thus ;AS = 16.8. A.

2. The problem is to compute Var(zj'il(xj —-30);). By the usua conditioning
argument, this variance is E[N]Var((X - 30).) + (E[(X — 30).])? Var(N). Using the
relation X = (X 030) + (X — 30). together with (1) and (2) gives E[(X — 30),] =
70 - 25 = 45. Now E[(X —30)?] = E[(X - 30)?|X > 30] P[X > 30]. Squaring
out and using (3) and (4) gives this value as 3,375. Thus the variance sought is
20(1, 350) + (2,025)(20) = 67,500. B.

3. Theobjectiveisto compute E[(Y; X —3).]. Therelation W = W3+ (W-3),
allows the computation of E[ (Zj“:l Xj) [J3] to be made instead. A table of values
yieldsthislast expectation as2.0636, and theoriginal expectationas2(1.4)-2.0636 =
0.7364.A.

4. Thisisan(a, b, 0) distribution, from which the probabilities are negative binomial
probabilities. C.

5. Since withdrawal is always at the end of the year, p{? = €°9(0.96) = 0.9410
for al x. The actuarial present value is 10,000(v(1 — € %) + v?p{)(1 — €%%2) +
V(p)(1 - e0%) = 506.60. C.

40
6. Here T(30) is uniform on the interval (0, ® — 30), SO &7 = /0 tPzo dt =
40
1-t/(w - 30)dt = 40 — 800/ (w — 30). Equating this to the given value yields

0
® = 95, and Var(T(30)) = (65)%/12 = 352.08. B.

7. SinceyV = Otherecursivereserveformulagives (oV +218.15)(1+i)—-10, 000gy =
px 1V, from which ;V = 31.8765. Using the recursion again gives (,V +218.15)(1 +
1) —9,0000+1 = pPx+1 2V, from which ,V = 77.659. E.

8. Sinceey =6 +g -6y, ande, =g = > Pk = > (095 = 19, and ey =
k=1 k=1

f:(l.oz)(o.gs)Zk = (1.02)(0.95)%/ (1 - (0.95)?) = 9.4415, ey = 28.5585. D.
k=1



859. Practice Examination 23

1. Subway trains arrive at your station at a Poisson rate of 20 per hour. 25% of the
trains are express and 75% are local. The types and number of trains arriving are
independent. An express gets you to work in 16 minutes and alocal gets you there
in 28 minutes. You alwaystakethefirst trainto arrive. Your co-worker alwaystakes
thefirst express. You are both waiting at the same station. Calculate the conditional
probability that you arrive at work before your co-worker, given that alocal arrives
first.

A. 3%
B. 40%
C. 43%
D. 46%
E. 49%

2. Beginning with the first full moon in October deer are hit by cars at a Poisson
rate of 20 per day. Thetime between when adeer ishit and when it is discovered by
highway maintenance has an exponential distribution with a mean of 7 days. The
number hit and the times until they are discovered are independent. Calculate the
expected number of deer that will be discovered in the first 10 days following the
first full moon in October.

A. 78
B. 82
C. 86
D. 90
E. %4

Copyright O 2006 Jerry Alan Veeh. All rights reserved.
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3. You are given
(1) ux(t) =0.03,t=0
(2) 6 =0.05
(3) T(x) isthe future lifetime random variable.
(4) g isthe standard deviation of aggy).

Calculate Plar > ax — g]-

A. 053

w

0.56

0.63

© 0O

0.68

m

0.79

4. (50) isan employeeof XY Z Corporation. Future employment with XY Z follows
adouble decrement model.

(1) Decrement 1 isretirement.

() ud(t)=0for0<t<5and u(t) = 0.02fort > 5.

(3) Decrement 2 is leaving employment with XY Z for al other causes.
(4) u@(t) =0.05for 0< t < 5and u@(t) = 0.03fort > 5.

(5) If (50) leaves employment with XY Z he will never rgjoin XY Z.

Calculate the probability that (50) will retire from XY Z before age 60.

A. 0.069

w

0.074

0.079

o 0

0.084

m

0.089
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5. For alife table with a one year select period, you are given

(1)
X lix dix lx+1 &
80 1000 90 8.5
81 920 20

(2) Desths are uniformly distributed over each year of age.

Calculate &g;;.
A. 80
B. 81
C. 82
D. 83
E. 84
6. For afully discrete 3 year endowment insurance of 1000 on (x), i = 0.05 and

Px = Px+1 = 0.7. Calculate the second year terminal benefit reserve.

A. 526
B. 632

739

o 0O

845

m

952
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7. For afully discrete whole life insurance of 1000 on (50) you are given
(1) Theannual per policy expenseis 1.
(2) There is an additional first year expense of 15.
(3) The claim settlement expense of 50 is payable when the clam is paid.
(4) All expenses, except the claim settlement expense, are paid at the beginning

of the year.

(5) Mortdity follows DeMoivre's law with @ = 100.
(6)i =0.05

Calculate the level expense loaded premium using the equivalence principle.

A.

B.

E.

C.
D

27

28

29

30

31

8. Therepair costs for boats in a marina have the following characteristics.

Boat Type
Power boat
Sailboat
Luxury yachts

Number Repair Probability Mean Repair Cost Repair Cost Variance

100 0.3 300 10,000
300 0.1 1000 400,000
50 0.6 5000 2,000,000

At most one repair is required per boat each year. The marina budgets an
amount Y equal to the aggregate mean repair costs plus the standard deviaton of the
aggregate repair costs. Calculate Y.

A.

B.

o 0

m

200,000
210,000
220,000
230,000

240,000
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Solutionsto Practice Examination 23

1. If an express arrives within 28 — 16 = 12 minutes, the co-worker will arrive
first. Since 12 minutes is 1/5 hour, and since the times between express trains is
exponential with mean 1/5, the probability the co-worker does not arrive first is
9 =0.3679. A.

2. The probability that a deer hit at time't is discovered by time 10 is 1 — e (1%V/7,
Given the number of deer hit, the times at which they were hit are each uniform on
theinterval from 0to 10. So the probability that a deer that ishit in thefirst 10 days

10
is discovered in the first 10 daysis (1/10) / 1-e@V7 gt = 0.4677. Sincethere
0

are 200 hits on the average in 10 days and each hit is discovered with probability
0.4677, the expected number of discoveriesis 200(0.4677) = 93.55. E.

3. Under the exponential life model, A, = u/(u + &) = 3/8 and A, = u/ (u + 268) =
3/13, by direct computation. Thus a, = (1-A,)/6 = 12.5. Also, since arg =
(1-VT)/8, Var(arg) = (A« — A2)/ 82, s0 g = 6.0048. The desired probability is
Plargy) > 6.5] = P[v" < 0.6752] = P[T > 7.8537] = & 78570 = 0,7901. E.

4. Inorder toretireat age 50+t the empl oyee must survive all causesto thisage and
10

then instantly retire. So the probability is / POuD, dt = / PO Aud dt =

5

10
/ g0 1-0.02tg-0.1-003 () ()9) (it = é(e—o.zs — g050) = 0,0689. A.
5

5. Direct computation from the table gives piggy = 910/1000, pgy; = 830/920,
and pg; = 830/910. By UDD, &gy = U2+ egy = U2+ pg(l+em) = U2+

Prsoj (1 + Ps1(1 + €g2)), from which 1 + ez, = 8.5421. Similarly, &gy = 1/2 + gy =
1/2+ p[gl](l + 882) =8.2065. C.

6. Usingthegiveninformationyieldsa, 5 = 1+Vvp,+V2pxPxs1 = 2.111. So using the
prospective method, 1000,V = 1000(A,,,3—Px38,7) = 1000(v—(1-da, 3)/a.3) =
526.31. A.

7. The equivalence principle gives 1000As, + 185 + 15 + 50A5p = Gagy. Using
DeMoivre, Asp = Y2 kPO = Yo 3K L1 = ag5/50 = 0.3651. Then
asp = 13.3325 and G = 30.8799. E.

B
8. The repair cost for each category is of the form > X; where B is a binomial
i=1
random variable counting the number of boats of that type which need repair
and X; is the repair cost for the jth boat. The expected cost is thus 30(300) +
30(1000) + 30(5000) = 189, 000, and the variance is ((300)2(21) +30(10, OOO)) +

(10002(27) + 30(400, 000) ) + (5000%(12) + 30(2, 000, 000) ) = 401, 190, 000. Thus
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Y =189, 000 + 20, 029 = 209, 029. B.



860. Practice Examination 24

1. For an insurance

(1) Losses can be 100, 200, or 300 with respective probabilities 0.2, 0.2, and
0.6.

(2) Theinsurance has an ordinary deductible of 150 per loss.
(3) YP isthe claim payment per payment random variable.

Calculate Var(YP).

A. 1500

w

1875

2250

o 0O

2625

m

3000
2. Youaregiven u, = 0.05for 50 < x < 60 and u, = 0.04for 60 < x < 70. Calculate
4114050-

A. 038

B. 0.39

0.41

o 0

0.43

m

0.44
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3. Thedistribution of aloss X is atwo point mixture. With probability 0.8, X has
atwo parameter Pareto distribution with o = 2 and 6 = 100. With probability 0.2,
X has a two parameter Pareto distribution with & = 4 and 6 = 3000. Calculate
P[X < 200].

A. 0.76
B. 0.79
C. 082
D. 0.85

E. 088

4. For a specid fully discrete 5 year deferred whole life insurance of 100,000 on
(40) you are given

(1) The death benefit during the 5 year deferral period is return of benefit

premiums paid without interest.

(2) Annual benefit premiums are payable only during the deferral period.

(3) Mortality followsthe lllustrative Life Table.

(4)i=0.06

) (IA)io;g =0.04042

Calculate the annual benefit premiums.

A. 3300

w

3320

3340

o 0O

3360

m

3380
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5. You are pricing a specia 3 year annuity due on two idependent lives, both age
80. The annuity pays 30,000 if both persons are alive and 20,000 if only one person
isalive. You are given

kPso
0.91

0.82
0.72

WN P~ X

and that i = 0.05. Calculate the actuarial present value of this annuity.

A. 78,300

w

80,400

82,500

o 0O

84,700

m

86,800

6. Company ABC sets the contract premium for a continuous life annuity of 1
per year on (X) equal to the single benefit premium calculated using 6 = 0.03 and
ux(t) = 0.02, for t = 0. However, a revised mortality assumption reflects future
mortality improvement and is given by u,(t) = 0.02 for t < 10 but u,(t) = 0.01 for
t > 10. Calculate the expected loss at issue for ABC (using the revised mortality
assumption) as a percentage of contract premium.

A. 2%
B. 8%
C. 15%
D. 20%

m

23%
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7. A group of 1000 lives each age 30 sets up a fund to pay 1000 at the end of the
first year for each member who diesin thefirst year, and 500 at the end of the second
year for each member who diesin the second year. Each member paysinto the fund
an amount equal to the single benefit premium for a special 2 year term insurance
with

(1) Benefits b; = 1000 and b, = 500

(2) Mortality followsthe lllustrative Life Table.

(3)i =0.06
The actual experience of the fund is as follows.
k Interest Rate Earned Number of Deaths
0 0.070 1
1 0.069 1

Calculate the difference, at the end of the second year, between the expected
size of the fund as projected at time 0 and the actual fund.

A. 840
B. 870
C. 900
D. 930

m

960
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8. In acertain town the number of common colds an individual will get in ayear
follows a Poisson distribution that depends on the individual’s age and smoking
status. The distribution of population and the mean number of colds are as follows.

Proportion of Population ~ Mean number of colds

Children 0.30 3
Adult non-smokers 0.60 1
Adult smokers 0.10 4

Calculate the conditional probability that a person with exactly 3 common colds
inayear isan adult smoker.

A. 012
B. 0.16
C. 020
D. 024
E. 028
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Solutionsto Practice Examination 24

1. The definition of Y means that it is the conditional distribution of the claim
size given that a claim is made. Since the deductible is 150, aloss of 100 will not
generate a claim. So the values of YP are 50 with probability 0.2/0.8 = 0.25 and
150 with probability 0.6/0.8. The variance is directly computed to be 1875. B.

2. Using the given information gives 4pso = € @%@ and 1,pg, = e 00960048 =
€%, S0 4114050 = aPso(1 — 14Ps0) = €7°%°(1 - €7°%%) = 0.3783. A.

3. Using theinformation in table A.2.4.1 of the tables for exam M gives the proba-
bility as 0.8(1 — (100/300)2) + 0.2(1 - (3000/ 3200)*) = 0.7566. A.

4. The premium G satisfies 100, 000sE40Ass + G(IA)lela = G8,yg. Since a3 =
Auo — sEa0fus, direct use of the tables gives G = 3362.51. D.

5. The probability that exactly one of the two is adive at time k is the complement
of the probability that either both are alive or both are dead, that is, 1 — (pso)? — (1 -
«Pso)?. Using thisand direct reasoning gives the value as 30, 000 + 30, 000v(0.91)? +
20, 000v(1 - (0.91)? - (1 - 0.91)?) + 30, 000v?(0.82)? + 20, 000v*(1 - (0.82)> — (1 -
0.82)?) = 80431.70. B.
00 1

6. Originaly, a, = / e 003002 gt = 20, Therevised valueis /

0 0
g 003tg0.27001t-10) gt = (1 - €799)/0.05+ €7%5/0.04 = 23.032. Thelossisthus 3,

10

or 300/ 20 = 15% of the original premium. C.

0
e—0.03t e—0.0Zt dt+

7. The expected balance is 0, since the premium is the net premium. The net
premium is 1000vQs + 500v?pso0z = 2.1587. The fund starts with 2, 158.70, earns
interest at the given rates and pays one claim at the end of each year, leaving 900 at
the end of 2 years. C.

8. The probability of exactly 3 colds for asingle person of each groupise3e’/3! =
0.2240, e113/3! = 0.0613, and €44%/3! = 0.1954 respectively. Baye's theorem
(or direct reasoning) gives the desired probability as 0.1(0.1954)/((0.1)(0.1954) +
(0.6)(0.0613) + (0.3)(0.2240)) = 0.1582. B.
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