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Abstract
In this work Dirichlet series k(s) = § 3}51 , associated with Thue
n=1

-Morse sequence w(n) is considered. It is known, that this function has
an analytical continuation to a whole complex plane as entire function
with trivial zeros on negative real line and imaginary line. The func-

t
tion A(t), satisfying integral equation fA(Y) = [ A(u)du, naturally
0

appears in the representation of the function «(s). The main result of
this article is two representations of £(s)I'(s), one of whom is defined
for s < 0 and provides Dirichlet series with complex exponents, mul-
tiplied by a function 27°/2+%/2, As a corollary we prove, that k(s) is
entire function of order 2.

Keywords: Dirichlet series, Thue-Morse sequence.

1 Introduction
Thue-Morse sequence is defined inductively by
w(0) = 1,w(2n) = w(n),w(2n + 1) = —w(n). (1)

That is, it is a sequence 1,-1,-1,1,-1,1,1-1...The other definition of this se-
quence is following. Let the binary expansion of the natural number n be
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Cn,i

n = ? Cny 2¢, where ¢ni = 0 or 1. Then w(n) = (~1)2® . The third
>0

way do define a sequence is generated power function, which is f w(n)z" =
n=0

=) n . . o, .
[1(1 — 2%"). It is easy to check the equivalence of these three definitions.
n=0

Thue-Morse sequence provides 2-multiplicative and 2-automatic function.
This sequence was introduced by Thue [6] and by Morse [5], with connection
to geodesics on the surface of negative curvature. This sequence is non-
periodic, and if this sequence is divided into blocks of length 2* from the
beginning, there are blocks only of two kind, and if denoted by 1 and -1, we
get the same sequence 1,-1,-1,1,...,that is, w(n). This and means, that this
sequence is 2-automatic. This property will be of the great importance in the
future, when we’ll consider analytical continuation. General ¢g-multiplicative
functions were studied in detail in [2] and [3].
Our aim is to investigate the function

5(s) = {é w(?:)

n

(2)

which is defined for complex number s = o + ¢t. The Dirichlet series of this
kind were studied in [1]. It was shown, that the function

_ v w(n)
f(S)_nX:;(n-l-l)s

which is equal to (see lemma 1 bellow) =2 k(s), satisfies functional equation

1127
F(s) = 32 Chan 2 F(s + ).
k=1

The series for «(s) is convergent for ¢ > 0 (relativilly for 0 < ¢ < 1) and
defines the analytical function in this half plane. As was shown in [1] and
[4], this function has an analytical continuation to a whole complex plane as
entire function with trivial zeros k(—n) = 0, n € N. We’ll do the same in
other, much more simple way, since in the future we will need the function
A(t), which will appear in the analytical continuation. All technique used in
this work is elementary and can be found in any book of complex variable.



2 Analytical continuation

To continue analytically we can use partial summation, but next method
gives besides and trivial Zer0s of the function &(s).

Lemma 1. For o > 0 Z '”L"'l) = 1=2k(s).

Proof. In fact, every natural number n has a unique representation of the
form n = 2¥(2m + 1), k > 0, m > 0, and so for & > 1 we have:

i w(n —-1) E w(2*(2m +1) — 1) _ Z (—=1)*w(m) _

n’ k>0,m>0 2ks(2m +1) k>0,m>0 2k (2m +1)°
2° 3 w(m) _ 1= 5(s)
2 +1 55 (2m +1)° 1)J=2¢

n=1

From analytical continuation we get, that this is valid for ¢ > 0, and thus
lemma 1 is proved.

Now define a function po(¢) = w([t]), where [t| means integral part of the
real number ¢. Hence from (2) and lemma 1 we have

T wn—1) 2*%
[ t8+l - Z n® 1 490 K’(S) 5 (3)

n>2

Since integral on the left is convergent for & > —1 (by Abel-Dirichlet prin-
ciple), and uniformly in any angle [Arg(s +1 — d)| <  — € with positive §
and ¢, this gives analytical continuation to this region. In the future, when
we’ll encounter with a representation of a function as an integral, we will not
mention, that convergence is uniform in regions, which cover the specified
region, thus having, that this function is analytic (if not mention the con-
trary). Here we deduce, that for s =1 %2% | € Z, on the left of (3) we have
a finite number, so on the right it also must be, hence these s are zeros or

of k(s). Also we deduce, that x(0) = —1.Note that sf%?dt —1, when

o < 0, hence, if we denote ko(s) = l:;l,n(s)

/ oW gy 1<o<0 (4)
0

The equation (4) will be the basis of analytical continuation by integrating

t
by part. Define p;(t) = ({po(u)du



Since p1(0) = p1(2) = 0, and as was noted above , blocks of the length
2 form the same sequence, it is clear, that p;(t) = po(%)p1(t), where p;(t) is

t
periodic function with period 2. Now define inductively px41(t) = [ pr(u)du
0

By induction, px(t) = po(5%)P(t), where pg(t) is periodic function of period
2k Now from 1ntegral expression it is easy to check inductive preposition.
Note, that pi(t) = &, for 0 < ¢ < 1, and pi(t) is positive in the interval
0 < t < 2% Hence integrating the equation (4) by part k times, we obtain

ko(s) = s(s +1)...(s + k) /t’+k+1 (5)

This is valid for —1 < o < 0, but the integral is convergent for ~k—1 < ¢ < 0,
hence it provides with analytical continuation of the function xq(s) for this
region. Note, that in the last equation taking s = —k, we get ko(—k) =
0,k > 0 and this gives trivial zeros of the function «(s) .

3 Function A(t)

We now investigate functions pg(t) and prove that this sequence if normed
and scaled, is uniformly convergent to a certain function A(t). Namely, we'll
prove that for constants c; = 2(x=2(:~1)/2 the functions

Ax(t) = ;" pi(2") (6)

uniformly converge to a certain function A(t). First note, that p(t) = px(2*—
t) for 0< t < 2%, For k = 0 it is clear, and if it’s true for k, it’s true for
k + 1,since

t ok+1 ok+1 ¢
Pk+1(t) = /pk(u)du = — / pk(u)du — / pk(u)du - pk(2k+1 _ t).
v 2+l 0

Next, note that pi(t) + pr(2F! —t) = pe(2¥~!) for k > 1 and 0 < ¢t < 251,
For £k = 1 it is checked directly, and if it is true for k, it is true for k£ + 1,
since

peaa(t) + s =) = [ou(wdu+ [ pulw)du = [ pu(u)du = prsa (24).



We now calculate the maximum of the function px41(2). As can be concluded
from the above, the maximum is obtained at t = 2F. We now can calculate
this maximum:

Pk+1 (zk)

21!—1
2pk+1(2k'1) =2 f pr(u)du =
0
2k—1

[ (oe(w) + pu(25 = w)du = 25 (251,

0]

Since p1(1) = 1, we get pg(2%71) = 2(6=2(*=1)/2 for k > 1. Now if we substi-
tute pr(t) by cxAr(5z), we get, that Az(0) = Ae(1) =0, Ax(3) = 1 and that

¢
S Ar(u)du = 2Ars1(5). Now define ri(t) = Ax(t) — Ar1(t). Note, that
0

re(t) 20,0<¢ <

<t<liand rg(t) €0,- <t <

N

|
e R

1

47

This can be deduced directly from the properties of the function pk(t), and

so from the properties of Ax(t). Hence, sup |rx41(t)| < 2 - 7 sup |ri(t)] and

sup |r(t)| < 27% 1 sup |r1(2)|. So the series A (t) + § (Ak41(t) — Ax(t)) con-

k=1

verges uniformly, and so we have, that the limit function A(¢) satisfy integral
t

equation [ A(u)du = 1A(%), which can be written as A’(t) = 4A(2t), and this
0

gives the simplest type of differential equation with delayed argument.

ok?/243k/2-1 1

Since from calculation Ag(t) = " in the interval [O, 5—,;] , and in

the interval [0, %] Tk is negative, then Ax(?) uniformly decreases in the same

interval, hence
1 2-k2/2+3k/2—1

ﬁ)s k!

It is convenient to replace px(t) in the expression of xo(s) by cxAx(5).
Hence we have

M@ﬁ@)_zﬂs+k+l)mAqﬂ
QUs) 7 Qs+k) J goth+1

A >0 (7)

dt, for—k—1< o <0. (8)

,where Q(s) = 2°/2+3+/2,



4 Integral representation
We have from (8):

ko(s —k—=1)I(s—k—-1)Q(s-1) c>oAk(
a(s) 20(s —k —1) 0/ ts
- / e~* 2" ldz / A(t)t?dt,0 < o < k+1 (9)
0 0

Since e™®z*~!A(t)t™* is integrable function in the first quarter for 1 < ¢ <
k+1 (for 0 < o < 1it is not), we can write the above as double integral by
Fubinni theorem. Changing variables t = t,z = at we get from (9)

hilla= / fule)e~tda = 2 / Su(@)2* dor (10)

where fi(a) = }oe‘“‘Ak(t)dt and Si(a) = fi(2%). Hence, fi(a) is a
0
Laplace’s transform of Ax(t), and hi(s) is a Mellin’s transform of fix().
o .1 a . 0 ay
We have Si(a) = E e~ 2% fe“2 fw(i)Ar(t)dt = T w(i)e 2"
1=0

3 ol 1
f e~ 2" A(t)dt = (1 — e72™) [ e Ay(t)d¢t. Denote [ e~2"tAx(t)dt by
0 0

Fk(Z"). The function Sk( a) is defined for «, for which |e‘2°| < 1, since

generated power series of coefficients w(n) converge only for |z| < 1, and
has the unit circle as its natural bound. That is, Sk(a) is defined for «,

for whom R2* > 0. Now consider the function S(a) = C,foe‘y"./\.(t)dt =
0

[ et diA(L) = 2 [ e 2V tA(t)dt = 2°S(a+1). Hence S(a) = 2-°/3+%/2(a),

0 0

where ¢ is an analytical function, satisfying relation g(a) = g(a + 1), that

1s, periodic function, deﬁned for those a, for whom R2* > 0, that is, for

-2+ 2nl < Saln2 < 4+ 2l € Z. Further, as in the previous example,
S = (1 — ‘2°+')fe'2°‘A( t)dt. Denote fe 2%t A(t)dt by F(2*).Now for

Sk(c) we get the more convement express1on

Fr(2%)

Si(a) = 27 /*+/2g(a) ()



Denote —;,—((:—ag— by #x(2%). So we have

ha(s) =1n2 / 2= /2+a/2( 0\, (2%)2%* dex (11)

Equation Sk_l(a - 1) = 2°715; () written in the terms of F; have ap-
pearance a7 = 20_, Fk 1(2°71). And in the same manner F(2°) =

l—e™ -2

s =—F(2*7").Since F(2*7%) —

2,ask—-)oo we have

|- —20—k -2°“ 12 1-— 6—2”"

A = (S TS P = S

=1 =1

and so
1 6—2"—” o0 2a—i

$r(2%) = (‘%:,:T)' II (=) (12)
1=k+1
Note, that ¢y(z) = ¢(z2"“1), where

OO 2—i

¢(2) =

—22“
3—0
In the future we will need the following lemma:
Lemma 2. ¢(2) is even function.
Proof.

}e_ztAk( ) e? }e“‘Ak(t)dt }eztAk(l — t)dt
i) =& ot . - ().
{ e~*tA(t)dt e’ge‘z‘A(t)dt 0fe"‘./\.(l —t)dt

In the last equation we use symmetry of both functions Ax(¢) and A(t)
with respect to a point t = %

For the completeness we can give explicit expression of ¢(«). From the
above can be deduced, that

a?/2—a)2— - YT W 1—8—20—“
g(a) =27 *=o/21 (1 — 72 )H(—Zj.—_,-‘—)

1=0 =1



5 Representation in terms of Dirichlet series
with weights

For [Sa| < 3= we have Fourier expansion g(a) = Z c,€?™"*, Then we can

integrate (11) term by term, having hi(s) = In2 E cnhk(s n), where

hi(s,n) = f 9o /raf2 hmina g (9ar\gas gy (13)
—Q

Note, that 1 < o < k + 1. If not stated the contrary, in this section will
be | tln2 |< 7. To base the integrating term by term we have to evaluate
¢i(2).

Lemma 3. For 8z > 1 and |Arg(z)| < § —¢ |e(2)] <
< Gy - 208lH/2-(+3/D 1ozl For Rz < 1 and |Arg(2)] < I — e di(2) is
bounded by constant Dy .

Proof. éx(z) = (—z—z_—,-f—gT—) i:o[_H(ﬁz_:;—:) (see (12)). Second statement
227"

1—e—22""

a constant E. For Rz > 2F*! let I = {log, |2|} and j = [log, |z|]. Note, that

j > k+1. Then | (1—221;:)[<E Further, |58 ) | e Z"’_',‘;_.)‘<
i=j+1 i=k41 €

Fio-|zf %1 279%/2-3/2 (We use fact, that sz > ctg(Z —¢), and that infinite
product H( — g ¥eta(y ~=¢)) converges). Hence |oe(2)| < E - Fy, - 27712412
i=0

glogs |z|/2—(k+3/2)logs 2| and the lemma 3 is proved.
Since ¢x(z) is even function, we get the same bound for £z < —1 and
|m— Argz| < § — .
Hence integral (13) converges for ¢ < k + 1. So for these values of s
leahi(s,n)| < len] [ 270°/242/2 |4, (29)| - 2*°da. Since the series Y. |cn
—00

n=-—o0
converges, we can apply the Lebesgue theorem, and integrating term by term

is based. Changing variables in (13) a = Zsmin 4+ s + ; + o ,we get

is obviuos. Function H( ) for z in the region |z| < 1 is bounded by
L

2 .
OO—In—z'ﬂ'lﬂ
ha(s,m) = 27/ gTREE (i [ et (aek it

2 .
—OO—lnzﬂ"lﬂ

(14)



(In fact, limits should be —oo — it — imzmn to co — it — Z-min, but since
integrable function has no poles in the considered strip (since | tln2 |< Z)
, and from easy calculations vertical integrals tend to zero, we have right to
make such a substitution).

Function ¢ (2%) has poles (see (12)) at points z;,, = (l“f:zlnl)+i("/?:;m),
when ordy(I) > k+3,1 € N, m € Z, and these poles are of order ord, (I)—k—2,
where ordy(l) means the biggest power of 2, dividing . The equation (14) is
valid for 1 < ¢ <k +1 and [tIn2| < 5. We now can use Couchy theorem
about 1ntegrals and residues. Now ta,ke any natural number [ with property

{-—;} € [4,3] for k < log, ! (take, for example, | = ¢; := 4’T"l) and take

T; =log,c; +logym — o — % From calculation for such number T; we have

Tj_'tril-;ln—-l
(integral is taken by a straight line) f 2 | 272 (2o 34) | da =
Ti~%%

2

O(em 2(?=k=1)23) " and tends to zero, as § — oo, and ¢ < k+ 1. For
negative T' we have this property trivially. Now evaluation of the following
integral for | £In2 |< ¥ directly follows from the lemma 3:

Tms

Tini-Ts
2—a2/2¢ (2s+ +a)da _ Ot( 2(a—~k—1)23)

,_mrmi
T-’ In2

If so, then, for positive n and [tIn2]| < %

2
co—pHmin o0

/ 2“02/2¢k(23+1§+0)da = / 2—a2/2¢k(23+15+a)da +

—0— —2— i —0Q
o0 lnzfﬂﬂ

-2n oo Cj+1—1

2—32/2 -3/2 z z Z le (5)2%m%) (15)

For negative n we obtain the same integral and sum, with bounds 2% 1 ,and
for n = 0 an empty sum. The third sum means, that only those l € N
are counted, for whom ordy! > k + 3. The polynormal Py m is of degree
k + 3 — ord,l. Since both integrals converges absolutely, the double sum
converges absolutely in the region ¢ < ¥ + 1 and [¢In2| < 7. We now can
extend the (15) to the whole region ¢ < k + 1. Both integrals converges



absolutely for tIn2 # 7 + mk, hence, double sum converges absolutely for
the same values of {. Now shifting the lines of integration down for small
number, we can extend equality (15) for the rest values of ¢, thus obtaining,

that the double sum converges absolutely for o < k + 1.
-1

Now we can eva,luate E Pf.(s)2%m* It can be easily deduced, that

—CJ

cj41—1

Y Pinlo)2t = [ 2yt do (16)

I=c;

where contour C forms a rectangular with adjacent vertices T ™ and

2
w(m—1)

Tiv1 — _Lln_zL Hence, we have, that this integral is O,(eT=7 o . 9lo—k- —1)2),
Shifting a contour of integration down for a small number we can make this
bound to be independent of ¢.

Now denote by b, =4ln2 ¢, - 9~ RET S (=1)". Define by p(e’™*) =

n%:z b,e?™"*. Note, that since g(c) has its natural bound the lines t=--"—+ 22
2ml

and t = 5=+, so there are infinity many non-zero coefficients for ¢(«) for
both positive and negative n, so this is also true for p(e?™*). The Fourier series
for p(e?™*) is convergent for all complex s and defines periodic analytical
function. Taking all results in one place, we get

ko(s—k—1I(s—k -
Qs—k-1)

1) — p(e21ris) f 2—a2/2¢k(2s+%+a)da +

cj1-1

49 82 /2-s/2 7” Zb eZmnsZE Z le ls mms) (17)

nez i l=c;

where second sum means as above sums for positive and negative n, and
empty sum for » = 0, and fourth sum means for [ € N,ordy(l) > k + 3. We
want to sum by n and m. Note, that defining u = 2n 4+ m, we can change the

first two sums into Y, Y. 4+ Y. Y .Thus we obtain

ueNp n>-';— ue—-N HS%

ko(s—k—=1I(s—k—-1) _
Qs—k-1) B

(621“'3) f 2—02/2¢k(2s+1§+a)da+

oo Ci+1—1

+2— 82 /2— 3/2 ﬂ'Z ZZ Z Rlu ﬂ:usls) (18)

ueZ j=0 l—cJ

10



The double sum converges absolutely for ¢ < & + 1. From the evaluation
of the sum (16)and coeflicients b,, we obtain:

Ci+1 1 a2 |
S RE(s)I = Oe™ Tmrglet-1%) (19)

l=c;

Translation in (18) s — s 4+ k + 1 and changing the function ¢i(z) into
¢(z), we obtain (noticing, that second sum is for ! € N,ordy(!) > k + 3 and
denoting R’;Ha,, (s+&+1) by Rf,(s))

ko(s)['(s)
Q(s)

_|_2-—32/2--s/2+k/2 -k%/2 87rz zz( E R 1r:'u(s+k+1)ls+k+1)

u€Z j=0 I=c;

=p(62m's) / 2—a2/2¢(23+1§+a)da+ (20)

This is valid for ¢ < 0 and [¢tIn2| < Z. Note, that for z = 2° the

integral on the right in (20) T 2-2"/2¢(z - 25+*)da for ¢ < 0 and [tIn 2| < 7
-0
defines analytical function Z(z) which is from (13) with » = 0 is continued
analytically to the whole region ¢ < 0. From lemma 2 we get, that Z(z) =
X (z?). The distribution of zeros of every function is important question. For
more detailed study of the function p(e?™*) we’ll prove the following lemma:
Lemma 4. Function p( e?™*) has no zeros in the region |t| < 7.
Proof. Remark. This gives alternative proof of ability to extend function
X (z%) analytically to a whole region | z |< 1. In fact, p(e*™) - X(4°) is
continued analytically from (20) to the region ¢ < 0, so X(4*) is finite
everywhere, except for a zeros of p(e?™*), and if s is irregularity of X(4°),
then also and s + =%, so it suffices to prove, that p(e*™*) has no zeros in the
region |t| < ;7. Making the same calculations for the integral

]OA("”)d:c (21)

2°

xs

98 /2+a/2

as for (9), we find, that it is equal to p(e*™*) up to a constant multi-

plier. The integral (21) absolutely converges for o > 1. Let s be zero of (21)

in this region ¢ > 1 and [t| < 71, then also and s + n, n € N, is a zero.

11



We suppose, that ¢t > 0. The case t < 0 is analogous, and the case ¢t = 0 is
a more simple one. Making substitution z — % and s = s+ 2, we get, that
imaginary part is also zero:

!
/A(—)x" sin(tlnz)dz =0 (22)
"
Since integral is additive, then for all polynomials P(x) from (22) we have

/ Al )m"P )sin(tInz)dz = 0 (23)
0

Our plan is following: we'll construct polynomials, for which (23) is not
satisfied, thus proving lemma.

sin(tlnz) for z > 1 has simple zeros at the points exp("T) k € N. Now
define a function R(z) and polynomials Pr(z),T € N :

R(z) = H(l*m‘ exp(-—) Pr(z) = H(l—w exp(——-)) (24)

k=1

Note, that infinite product converges, thus the function R(z) is defined
correctly. Since R(z) is strongly positive in the interval [0,1] and finite,
0 < R(z) £ cin this interval. Trivially |Pr(z)] < 1 for 0 < z < 1. Since
R(zexp(—ZF)) - Pr(z) = R(z), hence

|Pr(z)| > ¢! |R(z)],0< z < exp(g) (25)

Let 6(T) be any natural number. We'll chose later §(T') so that §(T) — co.
Note, that |Pr(z)| < drzT for positive z,where dr = exp(—ﬁﬁtﬂl). Now
evaluate the following integral (we use (7) ):

oo [ o}

1
/ A(l) 7+ gin(tlnz) Pr(z)dz| < dr / A(;):c"'*’é(T)'*'Td:v <
z
xp(ZF) exp(%F)
0 o(k+1)(o+8(T)+T)-k?/2+43k/2+k-1
<dr %] (26)
k_[tTnTz]

12



Since |t| < 375, then k> 2T — 1, and also kT — k*/2 < k/2, and we can
continue (26):

o0 k(o +6(T)+3
T oe] < dparorvei y 250

k!
k>2T-1 )
Xp( 1rtT) >

m(T?+T) )2T—1+a+6(T)
t

If we now choose §(T') = [log, T'] in (27), we will have

< exp(— exp(2°H0T+3)  (27)

T .1
f A(;)m"""&(ﬂ sin(tln z)Pr(z)dz| — 0,asT — oo. (28)
xp(5E)

Next, evaluation of the integral (23) for P(z) = z*(T) Pr(z) in the interval
[0,1] is easy:

1

f A(l)m"""s(T)PT(m) sin(tln z)dz

I
0

1
< c+48T)+1

—0,asT — o0, (29)

And at last, since sin(tlnz)z%T) Pr(z) and z*T)R(z) is of constant sign
in the interval [1, exp(%)] , we have (using (25)):

exp(ﬁg-)
[ A(-l—):z:"+6(T)PT(m) sin(tlnz)dz| >
T
1
exp(ZL) .
¢! f A(S)z P D R(z)sin(tlnz)dz] — o0, T = oo (30)
T
1

Now (28), (29) and (30) are inconsistent with (23). Lemma 3 is proved.
Making in (20) k¥ = 1 and denoting X(4°) = 2X(4°), Ri.u(s) = 31*R}] ,(s)
we have a following main theorem:
Theorem 1. There exist function X(z), holomorphic for |z| < 1,
function p(z), holomorphic in the whole complex plane, except for a point

13



z = 0, and polynomials Rj,(s), for which

T _ oo Cj+1—1
ﬁ§8) 2(;9) — 232/2+s/2 _p(621rts) . (43) + 87!'7, Z Z Z Rlu musls)

+ ueZ j=0 I=c;j
(31)

The double sum on the right converges absolutely for ¢ < 0.
Corollary. Function «(s) is the entire function of order 2.
Proof. From (3) by partial integration we get, that for ¢ > —1

|s| (Is] + 1)

w() < (P22

+1)277 [2° + 1]

Thus it suffices to evaluate k(s) in the region o < ——%. From the evalua-
tion of (19) and b,, we obtain, that p(e*™*) = O(2*'/?), the double sum for

o< —3is O(2%*/?). The order of the entire function F(z) is the number
p = limsup,_, lnhlln"\f =, where M(r) = supy,, |F(2)|. (I'(s))™" is entire
function of order 1. For the function on the right of (31) M(r) = O(2""/ 2)
and evaluation can't be better on the negative real line, hence «(s) is of order

2.

6 Other representation

Note, that from (14)
hk(s,n) — 232/2+s/2 i 213 . (_l)n . g2mins f 2~a2/2 . p2mina ¢k(2s+%+a)da (32)

Integral is defined for o < k +1 and | ¢ln2 |[< 7. From (13) it is obvious,
that this function is continued to the region ¢ < £+ 1 as analytical function.
Since ¢ is even, the integral with multiplier %ln 2%(—1)"2% can be defined

as Y, (4°). Note, that | Y4(4*) |< C | cn | °f° | 272224, (24 5+ | dov. Hence,
the series Z ™" . ¥, (4°) converges absolutely in the region o < k+ 1 and

| ¢ln2 |< since g(a) is defined and absolutely convergent in this reglon
Now note, that for every s we can find integer number w, so that | ¢ 4 % |<
L, so we can apply (32). Now denoting Y,(4°+*+1) by the same Y,,(4%),
and defining the m-th coeflicient of Taylor expansion at the point z = 0 of

14
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the Y,.(2) by dnm and define D, ,, = €™ - 272022 - (=1)* . ¢~ "2 , define
dnmuw = dnm * Dy, then we obtain the following theorem:

Theorem 2. There exist coefficients d, ;mw,n € Z,w € Z,m € Ny, for
which

k(3)T'(s) 2/2 :
— 9¢ +3/2 z E dnmw - glmine  gms
1 + 2’ neZ meNg

The double sum converges absolutely for ¢ < 0 and | (¢ + i%) |< 5—1—’;—2

7 Integral equation

First investigate the function, which we have already encountered. Let for
o>1

F(s) = f A®) 4 = [ x"d%A(g) = ZF(s+1)

xs 23

Thus, for ¢ > 1 |F(s + 1)} < £G(0), where G(o) = ?]A(z)lx"”dx. In

the same manner for o > 2 we have
20-1

F(s +1)| € G0 - 1) (33)

12
In previous section we got, that

98 [2+s/2
Fls) = —py—rle

21ria)

Note, that for ¢ > 0 c}o/\(i):z:"‘lda: = F(s+1) and A(})z’"! € L(0, 00)
0

for § > 0, thus, from Mellin’s inversion formula, we have

1 d4-i00
Az) = -2—7r—z(vp) ] F(s+1)z°ds
d—ic0

Since for § > 2 from (33) we get, that integral absolutely converges, then

d+100
Alz) = — / F(s + 1)z*ds,§ > 2 (34)

15
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Note, that ):0 %—E—;g)zul = k(u)(1—-2*%) = k;(u) by definition, and ¥ (_-I-IIF =
n= 2 n=0 nTy
¢(u)(2* — 1) = (1(u), where ¢ is Riemann zeta function. Making in equation

(34) = n + 3, dividing it by (n + 1)* and with assumption Ru > § + 1
summing 1t with limits n = 0 to co, we obtain

d+ico

Hl(“)="2"71"]j; / F(s+1)((u—s)ds

d—ic0

Each summand multiplying by w(n) and summing, we in the same manner
for Ru > é + 1 obtain

Ci(u) = i f F(s+1)k(u— s)ds

2me J
b 1o ]

Now define ¥(u) = xy(u) + ¢(1(u) = (2% — 1)(¢(v) — £(v)).Then summing

the last two equations, we obtain:

d+ico _ 2
1 98 /24+3s/2
Vu)=— [ 2
(v) T I'(s+1)

d—ico

(¥ (u — s)ds, 8 > 2, Ru > § + 1.
This gives integral equation of convolution type for the function ¥(u).
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