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ABSTRACT

Objective: This paper expands on the basis of previous research confirming through empirical evidence both meaning and nature
of the classic-curvature and the intensity-curvature functional images.
Methods: Eleven subjects affected by human brain tumors were scanned using Magnetic Resonance Imaging (MRI). Two-
dimensional MRI images were selected to study the subjects using the intensity-curvature measurement approaches called:
classic-curvature and intensity-curvature functional. The bivariate cubic polynomial and the bivariate linear function were fitted
to the MRI images in order to compute the classic-curvature and the intensity-curvature functional respectively.
Results: This work shows one novelty related to the use of the two intensity-curvature measurement approaches when furthering
the study of tumors detected with MRI. The novelty is the highlight of the accumulation of the contrast agent through the visually
perceptible third dimension perpendicular to the imaging plane.
Conclusions: The meaning and the nature of the aforementioned intensity-curvature measurement approaches is suggested to be
the high pass filtered MRI signal.

Key Words: Intensity-curvature measurement approaches, Classic-curvature, Intensity-curvature functional, Visually perceptible
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1. INTRODUCTION

1.1 The literature and the theme of the work
Usually, the most immediate source of additional in-
formation to the T1-weighted MRI is the contrast en-
hanced T1-weighted MRI. Moreover, techniques like: T2-
weighted MRI,[1] Perfusion Weighted Imaging (PWI),[2]

Diffusion Weighted Imaging (DWI),[3] Diffusion Tensor
Imaging (DTI),[4] Susceptibility Weighted Imaging (SWI),[5]

Magnetic Resonance Spectroscopy (MRS),[6, 7] Magnetic
Resonance Angiography (MRA) (including FLASH MRI

and Magnetic resonance venography),[6] Functional MRI
(fMRI),[8–10] Intraoperative MRI,[9] Magnetic Resonance
guided focused ultrasound,[11] Multinuclear imaging,[12] and
Molecular imaging by MRI,[13] are all in support of the T1-
weighted MRI for what pertains the collection of supplemen-
tal information about the case study.

This paper furthers the quest for supplemental information
about human brain tumors imaged with MRI. The supplemen-
tal information is provided through the use of two intensity-
curvature measurement approaches[14] named: 1) the classic-
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curvature (CC) and 2) the intensity-curvature functional
(ICF). Recent research has reported on the capability of the
classic-curvature and the intensity-curvature functional to
act as the MRI high pass filtered signal,[15] and the math-
ematical model functions fitted to the MRI data were: 1)
the bivariate cubic Lagrange polynomial, 2) the bivariate
linear function, 3) the univariate cubic Lagrange polynomial
and 4) the univariate cubic B-spline. The use of the afore-
mentioned intensity-curvature measurement approaches is
similar in this paper because the classic-curvature and the
intensity-curvature functional are used as filter masks capa-
ble to bring the two-dimensional MRI images of the human
brain tumors into two additional domains: the filtered MRI
images. However, this paper extends from the previously
mentioned research because investigates further the filtering
behavior of the CC images when using a different model
function: the bivariate cubic polynomial.[16]

The visually perceptible third dimension of both CC and ICF
images is defined as that dimension perceptible along the axis
perpendicular to the 2D imaging plane.[17, 18] However the
implications, and the true meaning and nature of the visually
perceptible third dimension were not fully clarified. Thus,
this paper follows through earlier research[15, 17, 18] because
reports additional findings related to the visually perceptible
third dimension of both CC and ICF images. The findings are
related to the capability of the CC and the ICF to highlight
the accumulation of fluids in the human brain when using
a variety of MRI modalities: T1-weighted MRI, contrast
enhanced T1-weighted MRI, T2-weighted MRI and Fluid
Attenuated Inversion Recovery (FLAIR) MRI.[19]

And using the bivariate cubic polynomial[18] function this
paper presents evidence in support to the hypothesis that the
visually perceptible third dimension is clearly shown in CC
images calculated from contrast enhanced T1-weighted MRI
images. The difference that this paper proposes respect to
previous research[17] is the focus on the study of the contrast
enhanced T1-weighted MRI because of the capability of the
CC image to highlight the regions of the brain and the tumor
where the contrast agent is accumulated. Moreover, as it will
be presented in this paper, the use of the CC images showing
the visually perceptible third dimension is to filter the MRI.

Additionally, it is important to acknowledge that the method-
ology employed in this paper is unreported. The methodol-
ogy uses the comparison of the CC and the ICF images with
the high pass filtered MRI signal.

1.2 The research question and the two intensity-
curvature measurement approaches

The research question addressed in this paper consists in
the elucidation of the significance of the visually percepti-

ble third dimension shown by the classic-curvature and the
intensity-curvature functional images, which is observed per-
pendicularly to the image in 2D pathological human brain
MRI images.[17, 18] The significance of the visually percepti-
ble third dimension consists of two aspects: 1) the implica-
tion, and 2) the true meaning and nature.

The implication is the highlight of the accumulation of con-
trast agent in MRI images. The true meaning and nature
of the CC and ICF is studied in this paper expanding the
results earlier reported[15] and it is suggested to be the high
pass filtered MRI signal. In this paper, the CC and the ICF
were calculated when fitting to the MRI data the bivariate
cubic polynomial and the bivariate linear model function
respectively.

The aforementioned aspects find application in Magnetic
Resonance Imaging of the human brain in pathological states
and more specifically within the domain of the study of hu-
man brain tumors.

2. SUBJECTS AND DATA
2.1 Subjects
The subjects were the same as those studied earlier.[14, 18] The
subjects were: 1) a 40 years old female diagnosed with brain
metastases, 2) a 77 years old male diagnosed with glioblas-
toma multiforme, 3) a 33 years old female diagnosed with
intra-ventricular brain tumor, 4) a 64 years old male diag-
nosed with oligodendroglioma, 5) a 72 years old male diag-
nosed with brain metastases, 6) a 55 years old male diagnosed
with brain metastases from pulmonary cancer, 7) a 41 years
old female diagnosed with anaplastic oligodendroglioma, 8)
a 38 years old female diagnosed with meningioma, 9) a 37
years old female diagnosed with cystic glioblastoma, 10) a
44 years old female diagnosed with glioblastoma, and 11)
a 42 years old male diagnosed with tumor in the brain with
intra-ventricular extension. The MRI scanning procedures
were conducted in compliance with the ethical standards set
by the General Hospital 8-mi Septemvri, Skopje-Macedonia,
which is the institution where the patients were diagnosed.

2.2 Data
Table 1 reports on the MRI data employed in this research
in reference to Figures 1-12 of the manuscript. The two-
dimensional MRI images used in this research were extracted
from three-dimensional MRI volumes. The recording param-
eters and 2D image resolution are the same as those reported
earlier,[14] however, the two-dimensional MRI images used
in this research are not the same as those analyzed earlier
(except for two cases).[14, 18] The post-processing of the 2D
MRI images was conducted with the analysis of the follow-
ing images: 1) the CC calculated when fitting to the MRI
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data the bivariate cubic polynomial given in chapter 1,[16]

and 2) the intensity-curvature functional calculated when
fitting to the MRI data the bivariate linear function.[17] Data

from eleven subjects were analyzed and post-processed in
order to investigate the research question of the paper.

Table 1. Data employed in this research in reference to the figures presented in the manuscript
 

 

Figure/Data Pathology MRI Imaging Modality 
Pixel matrix size; 
Pixel size 

Math Model; Formulae; 
Re-sampling coordinate 

Figure 1 brain metastases 
T2-weighted MRI, TE = 96 
msec, TR = 5,050 msec 

262 × 320; 
0.78 mm × 0.78 mm 

bivariate cubic polynomial, 
bivariate linear; CC, ICF;  
(x, y) = (0.5 mm, 0.5 mm) 

Figure 2 brain metastases 
T2-weighted pulse sequence 
MRI, TE = 96 msec,  
TR = 4,720 msec 

262 × 320; 

0.78 mm × 0.78 mm 

bivariate cubic polynomial, 
bivariate linear; CC, ICF;  
(x, y) = (0.5 mm, 0.5 mm) 

Figure 3 brain metastases 
contrast enhanced 
T1-weigthed MRI; TE = 9 
msec, TR = 550 msec 

512 × 512; 
0.45 mm × 0.45 mm 

bivariate cubic polynomial, 
bivariate linear; CC, ICF;  
(x, y) = (0.25 mm, 0.25 mm) 

Figure 4 
glioblastoma 
multiforme 

T2-weighted MRI; TE = 96 
msec, TR = 5,050 msec 

262 × 320; 
0.72 mm × 0.72 mm 

bivariate cubic polynomial, 
bivariate linear; CC, ICF;  
(x, y) = (0.35 mm, 0.35 mm) 

Figure 5 
glioblastoma 
multiforme 

T2-weighted MRI; TE = 109 
msec, TR =750 msec 

512 × 512; 
0.45 mm × 0.45 mm 

bivariate cubic polynomial, 
bivariate linear; CC, ICF;  
(x, y) = (0.25 mm, 0.25 mm) 

Figure 6 
glioblastoma 
multiforme 

contrast enhanced T1- 
weighted MRI; TE = 8.7 msec, 
TR = 680 msec 

512 × 512; 
0.48 mm × 0.48 mm 

bivariate cubic polynomial, 
bivariate linear; CC, ICF;  
(x, y) = (0.24 mm, 0.24 mm) 

Figure 7 
glioblastoma 
multiforme 

contrast enhanced T1- 
weighted MRI; TE = 8.7 msec, 
TR = 680 msec 

512 × 512; 
0.48 mm × 0.48 mm 

bivariate cubic polynomial, 
bivariate linear; CC, ICF;  
(x, y) = (0.24 mm, 0.24 mm) 

Figure 8 
intra-ventricular 
brain tumor 

FLAIR; TE = 84 msec,  
TR = 9,000 msec 

260 × 320; 
0.78 mm × 0.78 mm 

bivariate cubic polynomial, 
bivariate linear; CC, ICF;  
(x, y) = (0.35 mm, 0.35 mm) 

Figure 9 
intra-ventricular 
brain tumor 

T1-weighted MRI; TE = 8.7 
msec, TR = 550 msec 

512 × 512; 
0.45 mm × 0.45 mm 

bivariate cubic polynomial, 
bivariate linear; CC, ICF;  
(x, y) = (0.25 mm, 0.25 mm) 

Figure 10 glioblastoma 
FLAIR; TE = 84 msec,  
TR = 9,000 msec 

260 × 320; 
1.00 mm × 1.00 mm 

bivariate linear; ICF;  
(x, y) = (0.5 mm, 0.5 mm) 

Figure 11 
metastases from 
pulmonary cancer 

T2-weighted MRI; TE = 96 
msec, TR = 4,720 msec 

262 × 320;  
0.78 mm × 0.78 mm 

bivariate cubic polynomial, 
bivariate linear; CC, ICF;  
(x, y) = (0.5 mm, 0.5 mm) 

Figure 12 
Various pathologies: 
see figure 

T1-weighted MRI; contrast 
enhanced T1-weighted MRI;  
TR and TE: see figure 

512 × 512; 260 × 320;
1.00 mm × 1.00 mm 

bivariate cubic polynomial, 
CC; (x, y) = (0.5 mm, 0.5 mm)

Note. From the left most column to the right most column: the figure number, the pathology, the MRI modality, the image resolution, the polynomial functions, and the 
intensity-curvature measurement approaches calculated from the MRI: (i) the classic-curvature (CC) and (ii) the intensity-curvature functional (ICF). FLAIR is the 
abbreviation of Fluid Attenuated Inversion Recovery [19], which is an MRI imaging modality used to suppress fluids in the human brain. 

3. THEORY

The methodology
The classic-curvature and the intensity-curvature functional
of a signal-image are calculated in this section of the pa-
per. A model function is fitted to the signal. The classic-
curvature[16] is defined as the sum of all of the second-order
derivatives of the Hessian of the model function. To calculate
the intensity-curvature functional is necessary to calculate

two intensity-curvature terms. One is the intensity-curvature
term before interpolation (E0),[20] and the other one is the
intensity-curvature term after interpolation (EIN ).[20] The
intensity-curvature term before interpolation (E0) is the in-
tegral of the product between: 1) the value of the signal at
the node of the sampling grid and 2) the value of the classic-
curvature at the node of the sampling grid. The intensity-
curvature term after interpolation (EIN ) is the integral of
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the product between: 1) the value of the signal calculated
with the model function at the intra-pixel re-sampling co-
ordinate of interest, and 2) the classic-curvature calculated
at such re-sampling coordinate. The ICF is thus defined by
the ratio of the two intensity curvature terms: ∆ E(x, y) =
E0/EIN .[16] In this paper, the CC is calculated when fitting
the bivariate cubic polynomial to the MRI data as previously
illustrated,[16] whereas the math process utilized to calculate
the ICF uses the bivariate linear function fitted to the MRI
data.[17]

Let us consider the bivariate cubic polynomial[14] as per
equation (1):

f(x, y) = f(0, 0) + [f(1, 0) − f(0, 0)](ax2 + y)+
[f(0, 1) − f(0, 0)](by2 − x) + [f(1, 1) + f(0, 0)
− f(0, 1) − f(1, 0)](ax2y + by2x)

(1)

Where f(1, 0), f(0, 1) and f(1, 1) are the pixels in the neigh-
borhood of f(0, 0), which is the pixel for which the classic-
curvature has to be calculated.

Let us posit:

øa = [f(1, 0) − f(0, 0)] (2)

øb = [f(0, 1) − f(0, 0)] (3)

øab = [f(1, 1) + f(0, 0) − f(0, 1) − f(1, 0)] (4)

Thus:

f(x, y) = f(0, 0) + øa(ax2 + y)+
øb(by2 − x) + øab(ax2y + by2x)

(5)

The first and second order partial derivatives of f(x, y) are
calculated in equations (6) through (11):

∂f(x, y)
∂x

= øa(2ax) − øb + øab(2axy + by2) (6)

∂f(x, y)
∂y

= øa + øb(2by) + øab(ax2 + 2byx) (7)

∂2f(x, y)
∂x2 = øa(2a) + øab(2ay) (8)

∂2f(x, y)
∂y2 = øb(2b) + øab(2bx) (9)

∂2f(x, y)
∂x∂y

= øab(2ax+ 2by) (10)

∂2f(x, y)
∂y∂x

= øab(2ax+ 2by) (11)

The classic-curvature of the bivariate cubic polynomial
f(x, y) is:

YC(x, y) = (∂
2f(x, y)
∂x2 + ∂2f(x, y)

∂y2 + ∂2f(x, y)
∂x∂y

+

∂2f(x, y)
∂y∂x

) = øa(2a) + øab(2ay) + øb(2b)+

øab(2bx) + 2øab(2ax+ 2by)

(12)

Let h(x, y) be the bivariate linear interpolation function
which takes the form:

h(x, y) = f(0, 0) + x[f(1, 0) − f(0, 0)] + y[f(0, 1)−
f(0, 0)] + xy[f(1, 1) + f(0, 0) − f(0, 1) − f(1, 0)]

(13)

Where f(1, 0), f(0, 1) and f(1, 1) are the pixels in the neigh-
borhood of f(0, 0), which is the pixel for which the intensity-
curvature functional is calculated. Let us posit:

θx = [f(1, 0) − f(0, 0)] (14)

θy = [f(0, 1) − f(0, 0)] (15)

ωf = [f(1, 1) + f(0, 0) − f(0, 1) − f(1, 0)] (16)

It follows that:

h(x, y) = f(0, 0) + xθx + yθy + xyωf (17)

The intensity-curvature term of h(x, y) at the grid point (x, y)
= (0, 0) is called intensity-curvature term before interpolation
and is calculated as:

E0 = E0(x, y) =
∫ x

0

∫ y

0
f(0, 0) · (∂

2h(x, y)
∂x2 +

∂2h(x, y)
∂y2 + ∂2h(x, y)

∂x∂y
+ ∂2h(x, y)

∂y∂x
)(0,0)dxdy

=
∫ x

0

∫ y

0
f(0, 0)2ωfdxdy = f(0, 0)2xyωf

(18)

The intensity-curvature term of h(x, y) at any intra-pixel
location (x, y) is called intensity-curvature term after inter-
polation and is defined as:

EIN = EIN (x, y) =
∫ x

0

∫ y

0
h(x, y) · (∂

2h(x, y)
∂x2 +

∂2h(x, y)
∂y2 + ∂2h(x, y)

∂x∂y
+ ∂2h(x, y)

∂y∂x
)(x,y)dxdy

=
∫ x

0

∫ y

0
h(x, y)2ωfdxdy = 2ωfHxy(x, y)

(19)
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Hxy is the primitive of h(x, y) respect to the variables x and
y and is defined as:

Hxy(x, y) = f(0, 0)xy+(yx
2

2 )θx+(xy
2

2 )θy +(y
2x2

4 )ωf

(20)

The ICF of the bivariate linear function h(x, y) is thus calcu-
lated as:

∆E(x, y) = E0/EIN = f(0, 0)xy/Hxy(x, y) (21)

4. RESULTS
4.1 The main evidence
As anticipated in the introduction section, the research ques-
tion of this paper wants to elucidate the significance (the
implication, and the true meaning and nature) of the visually
perceptible third dimension of the classic-curvature and the
intensity-curvature functional images. The visually percepti-
ble third dimension was initially reported[17] pointing to the
advantage of highlighting the tumor contour line. This paper
reports on the implication of the visually perceptible third
dimension of the classic-curvature and intensity-curvature
images. The implication is to highlight the parts of the tumor
mass where the fluids (more specifically, the contrast agent)
tend to accumulate and in relationship to it, the following
observations were made on the basis of the images shown in
Figures 1-9, and 12.

(1) The contrast enhanced T1-weighted MRI shows the
visually perceptible third dimension with a degree of
visibility which is comparable to the one seen in the
T2-weighted MRI (see Figures 3b, 3c, 6b, 6c, 7b, 7c
versus Figures 1b, 1c and 2b, 2c).

(2) The visually perceptible third dimension is more ac-
centuated in the proximity of the regions where the
contrast agent is accumulated, thus suggesting that it
is determined by the fluids located in the human brain
tumor (see Figures 6b, 6c and 7b, 7c versus Figures
9b, 9c, and also Figure 12).

(3) The T1-weighted MRI shows the visually perceptible
third dimension with a degree of visibility which is
less accentuated than the visibility obtained with the
T2-weighted MRI and the contrast enhanced T1-MRI
(see Figures 9b, 9c versus Figures 1b, 1c, 2b, 2c, 3b,
3c, 6b, 6c and 7b, 7c).

(4) With the FLAIR pulse sequence, both classic-
curvature and intensity-curvature functional show the
visually perceptible third dimension (see Figures 8b,
8c).

(5) In the T2-weighted MRI the classic-curvature shows
clearly the visually perceptible third dimension (see
Figures 1b, 1c, 2b, 2c, 4b, 4c and 5b, 5c).

(6) The white/bright regions of the human brain visible in
the T2-weighted MRI are displayed with the visually
perceptible third dimension in both classic-curvature
and intensity-curvature images (see Figures 1b, 1c, 4b,
4c and 5b, 5c). This phenomenon suggests that the
visually perceptible third dimension is related to the
fluids in the human brain.

Figure 1. Sagittal T2-weighted MRI showing brain
metastases in (a), classic-curvature image calculated with
the bivariate cubic polynomial in (b), and in (c) the
intensity-curvature functional image calculated with the
bivariate linear model function. The image in (d) is the high
pass filtered MRI and the image in (g) was obtained
convolving the image in (a) with the image in (d). Similarly,
the classic-curvature image (b) and the intensity-curvature
functional image (c) were convolved with the MRI shown in
(a) and the result of the convolution is shown in (e) and in (f)
respectively. The MRI in (a) is the same as the one shown in
Figure 4a in previous work.[14]
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Generally, on the basis of the aforementioned observations
the visually perceptible third dimension is more accentuated
in the following MRI imaging modalities: contrast enhanced
T1-weighted MRI, T2-weighted MRI. And, the aforemen-
tioned MRI modalities are all capable to increase the MRI
signal of the fluids. In the specific cases presented in this
manuscript, the fluids tend to accumulate in the tumor regions
and such accumulation determines as to why the visually per-
ceptible third dimension is more accentuated. In the specific
case of the FLAIR imaging modality, which tends to suppress
the MRI signal of the cerebrospinal fluid (CSF), the most
immediate observation is that the visually perceptible third
dimension is more accentuated at the borderline of the human
brain ventricles (where the CSF resides). Nevertheless, the
aforementioned observations provide with an explanation on
the implication of the visually perceptible third dimension
which is that of highlighting the accumulation of fluids in the
human brain.

The investigation reported in Figures 1-9 makes evidence
on the meaning and the nature of the visually perceptible
third dimension of the classic-curvature and the intensity-
curvature functional images, which is suggested to be the
high pass filtered MRI signal. To obtain this finding the
following procedure was undertaken. The high pass filtered
MRI was calculated and is shown in Figures 1d, 2d, 3d, 4d,
5d, 6d, 7d, 8d and 9d. The high pass filtered MRI was con-
volved to the MRI so to obtain the images shown in Figures
1g, 2g, 3g, 4g, 5g, 6g, 7g, 8g and 9g.

Figures 1-9 show the classic-curvature and the intensity-
curvature images in (b) and in (c) respectively, which were
treated as if they were filter masks, and so they were con-
volved with the MRI. The images obtained in (e) and (f)
of each figure (1-9) are the result of the convolution of the
classic-curvature and the intensity-curvature images with the
MRI image respectively, and they are quite similar to the
images shown in (g).

Although the paradigm used does not suffice to provide with
a mathematical proof to the aforementioned assertion, it does
provide with empirical evidence. The empirical evidence
is made through two relevant and important results. One
result is the striking similarity between the high pass fil-
tered MRI images and both the classic-curvature and the
intensity-curvature functional images. And the aforemen-
tioned result makes the point that the two aforementioned
intensity-curvature measurement approaches (CC and ICF)
appear as high pass filters. More importantly, the second
result consist of the striking similarity of the images obtained
through the convolution of the MRI with the three filters,
which makes the point that both CC and ICF are suggested

to be high pass filters.

Figure 2. T2-weighted pulse sequence MRI in the
transverse plane showing brain metastases in (a). The
classic-curvature image was calculated with the bivariate
cubic polynomial and is shown in (b), whereas (c) shows the
intensity-curvature functional image calculated with the
bivariate linear model function. The classic-curvature and
the intensity-curvature functional images were convolved
with the MRI shown in (a) and the result is shown in (e) and
in (f). The image in (d) is the high pass filtered MRI which
was used to convolve the MRI in (a) so to obtain the image
shown in (g). The MRI in (a) is the same as the one shown
in Figure 3a in previous work.[15]
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Figure 3. A contrast enhanced T1-weigthed MRI showing
brain metastases in (a). The images in (b) and in (c) show
the classic-curvature and the intensity-curvature functional
respectively, which were calculated with the bivariate cubic
polynomial (b) and the bivariate linear model function (c).
The image in (d) is the high pass filtered MRI, and the
images in (b) and in (c) were treated as if they were high
pass filters of the MRI shown in (a). Therefore the images in
(e), (f) and (g) are all resulting from processing the image in
(a) through the convolution with the high pass filters shown
in (b), (c) and (d) respectively.

Figure 1 shows in (e), in (f) and in (g) the filtered images.
The following observations can be made: (1) the distinction
between grey and white matter of the brain is clear, and
(2) the tumor mass is clearly highlighted however not ele-
vated respect to the image plane as it is in (b), in (c) and in
(d), which are the classic-curvature, the intensity-curvature
functional and the high pass filtered MRI respectively. Both
(b) and (c) show the visually perceptible third dimension
mostly visible at the location of the metastases as shown by
the region of the brain inside the white ellipses. Magnified
details of the visually perceptible third dimension are seen
inside the ellipse in (b) versus those shown inside the ellipse
in (c). It is important to report that the images in Figures
1a, 2a, 3a, 4a, 5a, 6a, 7a, 8a, 9a and 10a.1, were contrast-
brightness enhanced in order to increase the visibility of the
tumor regions.

Observations similar to those made while commenting Fig-
ure 1 can be made on the basis of Figures 2e, 2f and 2g, with
the additional commentary that the three images do not show
the same contrast-brightness enhancement. The contrast-
brightness enhancement was not set to be the same with the
objective to have a clear visualization of each image. The
cystic part of the tumor is more discernible in (f) and in (g)
than it is in (e). The classic-curvature, the intensity-curvature
functional, and the high pass filtered MRI images in (b), in
(c) and in (d) respectively, show the visually perceptible third
dimension at the location of the tumor mass (see inside the
white ellipses). Looking inside the ellipses, there is a visible
increase of the level of details in (b) versus (c). The same
paradigm used to obtain the filtered images shown in Figure
1 was used in the case shown in Figure 2.

Figures 3e, 3f and 3g show a detail of the tumor (see arrows
in (e), (f) and (g)), which is also visible in the MRI image
(a), in the classic-curvature image (b) and in the intensity-
curvature functional image (c). The detail consist of the part
of the tumor mass which appears disjointed from the main
one indicated by the two arrows in (a), (b) and (c). The level
of details is slightly finer in (c) than it is in (b). The two
aforementioned pictures provide evidence in support to the
hypothesis that the visually perceptible third dimension ap-
pears at the location of major accumulation of fluids, which
in the specific case is the contrast agent (see the tumor mass
indicated by the arrows in (b) and in (c)). Overall the figures
in (e), (f) and (g) present an enhanced grey level scale which
makes it possible to observe the tumor masses with mag-
nified details and highlight the tumor through a grey level
which makes the contrast higher versus the rest of the brain.
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Figure 4. A coronal T2-weighted MRI showing a
glioblastoma multiforme is displayed in (a), and the
classic-curvature image which was calculated with the
bivariate cubic polynomial is shown in (b). The image in (c)
is the intensity-curvature functional image of (a) and it was
calculated with the bivariate linear model function. The
image in (d) is the high pass filtered MRI. The images in (b),
(c) and in (d) were convolved with the MRI shown in (a), so
to obtain the images shown in (e), (f) and in (g) respectively.

In Figure 4, it is visible the similarity between the classic-
curvature image (b), the intensity-curvature functional image

(c) and the high pass filtered MRI (d). The MRI shown in (a)
was convolved with the images in (b), (c) and in (d), which
were therefore used as filter masks, so to obtain the images
in (e), (f) and in (g) respectively. Because of the similarity
between the images in (b), (c) and in (d), and because of
the aforementioned convolution (i.e. the process of convolv-
ing the MRI in (a) with the images shown in (b), (c) and
in (d) also the filtered images shown in (e), (f) and in (g)
show substantial degree of similarity among each other. The
edema is shown in dark in the filtered images (e), (f) and
(g), and is well distinct from the rest of the human cortex.
Additionally, the darkest color in (e), (f) and (g) is shown by
the cystic central part of the tumor mass, as well by the right
ventricle. Both of (b) and (c) show the visually perceptible
third dimension at the location of the metastases as shown
inside the region of the brain tumor enclosed into the white
ellipses. The level of details of the tumor region is finer in
(b) than it is in (c). The characteristic of the filtered images
is to highlight the structure of the tumor, which is made of
three major constituent parts: (1) the cystic part placed at
the center of the tumor mass, (2) the borderline of the cys-
tic part of the tumor, which is highlighted through a lighter
grey color, and (3) the rest of the tumor mass which goes
beyond the borderline of the cystic part and is highlighted in
dark grey. The images in (e), (f) and in (g) show remarkable
similarity with the MRI seen in (a), for what pertains to the
information content related to the tumor.

As visible in Figures 1-4, the visually perceptible third di-
mension appears also in the high pass filtered MRI in (d).
And, the image in (d) shows a more accentuated visually
perceptible third dimension when compared to the classic-
curvature and intensity-curvature functional images. The
aforementioned aspect becomes even more evident when
looking at the Figures 5b, 5c and 5d. Notwithstanding the
aforementioned feature, the result of the convolution is quite
similar in the three cases presented in (e), (f) and in (g) of the
figures, and this aspect supports the evidence herein provided
that both of the classic-curvature and the intensity-curvature
functional images are suggested to be the high pass filtered
MRI signal.

In Figure 5, both (b) and (c) show the visually perceptible
third dimension at the location of the tumor as shown by the
region of the brain inside the white ellipses. Also in this case,
the image in (b) shows magnified details compared to those
details visible in the image in (c). Likewise observable in
Figures 1-9, the visually perceptible third dimension appears
also in the high pass filtered MRI seen in Figure 5d, where is
more accentuated (see Figure 5d versus Figure 5b and Figure
5c).
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Figure 5. A T2-weighted MRI in the transverse plane
showing the glioblastoma multiforme is shown in (a). The
classic-curvature image of (a) is shown in the image in (b)
and was calculated with the bivariate cubic polynomial. The
image in (c) shows the intensity-curvature functional of (a)
and was calculated with the bivariate linear model function.
The image in (d) is the high pass filtered MRI.The images
shown in (e), (f) and in (g) were obtained convolving the
MRI in (a) with the images shown in (b), (c) and in (d)
respectively.

Observations made on the basis of Figures 6e, 6f and 6g
reveal that: (1) the tumor mass is well distinct in terms of

grey levels from the rest of the human brain cortex, (2) the
tumor mass is well represented in its structure through three
main grey levels, (3) the cystic part of the tumor appears
with the darkest grey and is related to the images in (b), (c)
and (d) by means of the highest elevation observable through
the visually perceptible third dimension. As seen in Figure 3
(which also shows a contrast enhanced T1-weigthed MRI)
the major accumulation of contrast agent is at the location of
the tumor (see inside the white ellipses in (b) and in (c)). And
at the aforementioned location the visually perceptible third
dimension perpendicular to the image plane has its major
appearance. It is worth noting that filtering enhances the
contrast-brightness and this is visible in the filtered images
shown in (e), (f) and in (g), when compared to the MRI (a).
The aforementioned enhancement provides the imaging of
the tumor with particular emphasis and information content
about the anatomical structure. It is due to acknowledge that,
although arbitrary in the extent, the contrast-brightness en-
hancement is essential to the visibility of the filtered images
reported in this paper.

As already seen in Figures 1, 2 and 3, the analogy between
the images shown in Figure 6 in (b), in (c) and in (d) and the
convolved images shown in (e), in (f) and in (g), consists of
the localization of the cystic part of the tumor. The location
of the cystic part of the tumor is elevated along the visually
perceptible third dimension in the classic-curvature image
(b), and in the intensity-curvature functional image (c) and
in the high pass filtered MRI (d). And, at the same time, the
cystic part of the tumor is shown as the darkest region in the
convolved images obtained applying the three masks to the
MRI. Particularly interesting is the capability to visualize
the entire region of the edema of the images in (e) and in (f),
which are derived from the classic-curvature image in (b) and
the intensity-curvature functional image in (c) respectively.
The whole region of the edema is visible in (a) (see inside
the white circle) and is emphasized in the filtered images
(see grey color in the lower right region of the edema in (e)
and in (f)).

Also, in Figure 6, the main feature of the mask images: (b),
(c) and (d); is correlated with the imaging and the accumula-
tion of the contrast agent in proximity and inside the tumor
mass. The result of filtering is similar in all of the Figures 6e,
6f and 6g where the tumor is imaged in its structure showing
a well discernible aspect which makes it different from the
rest of the human brain cortex. In Figure 6, likewise shown
already in Figures 3 and 4, the filtered images in (e), (f) and
(g) appear illuminated in a similar fashion seen already in
previous research through the signal resilient to interpola-
tion.[21] This aspect will become more apparent in Figures 7,
8 and 9.

46 ISSN 1925-4067 E-ISSN 1925-4075



http://jst.sciedupress.com Journal of Solid Tumors 2016, Vol. 6, No. 1

Figure 6. A glioblastoma multiforme shown with a contrast
enhanced T1-weighted MRI in the transverse plane (a). The
images in (b) and in (c) show the classic-curvature and the
intensity-curvature functional images calculated with the
bivariate cubic polynomial and the bivariate linear model
function respectively. The image in (d) is the high pass
filtered MRI. As the previous cases shown in Figures 1
through 5 the images in (b), in (c) and in (d) were convolved
with the MRI shown in (a), so to obtain the filtered images
shown in (e), (f) and in (g).

Figure 7. Glioblastoma multiforme shown through a
contrast enhanced T1-weighted MRI in the transverse plane
(a). The classic-curvature image (calculated with the
bivariate cubic polynomial) and the intensity-curvature
functional image (calculated with the bivariate linear model
function) are shown in (b) and in (c) respectively. The image
in (d) is the high pass filtered MRI. The images in (e), (f)
and (g) were obtained convolving the MRI shown in (a) with
the classic-curvature image (b), the intensity-curvature
functional image (c) and the high pass filtered MRI (d),
respectively.
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Figure 8. The intra-ventricular brain tumor is shown in (a)
through the FLAIR pulse sequence image in the transverse
plane. The classic-curvature image (b) and the
intensity-curvature functional image (c) were calculated with
a bivariate cubic polynomial and the bivariate linear model
function respectively. The image in (d) is the high pass
filtered MRI. The two main characteristics of the filtered
images shown in (e), (f) and in (g) are: (1) the capability to
distinguish between the tumor and the CSF, and (2) the
capability to distinguish between grey and white matter.

Figure 9. An intra-ventricular brain tumor is shown through
a sagittal T1-weighted MRI in (a). The images in (b) and in
(c) are the classic-curvature and the intensity-curvature
functional images calculated with a bivariate cubic
polynomial and the bivariate linear model function
respectively. Magnified details are observable in (d) versus
(b) and (c). The lack of contrast agent acts in favor to the
reduction of the visually perceptible third dimension in both
(b) and (c), but not in the high pass filtered MRI shown in
(d). The characteristics of the filtered images (e), (f) and (g)
are: (1) a contrast-brightness effect which makes it possible
to highlight the features of the intra-ventricular tumor; and
(2) the imaging of the sulci and gyri, which makes it possible
to observe the anatomy the details of the brain cortex.
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The tumor structure, centered in the two circular edemas, is
well visible in the convolved images shown in Figure 7e, 7f,
and 7g along with the surrounding regions where the contrast
agent tends to accumulate. The dark grey levels highlight
the rest of the tumor mass. The convolved images, obtained
using the classic-curvature image and the intensity-curvature
functional image as filter masks, provide diagnostic settings
with complementary and/or additional information to the
MRI shown in (a). The accumulation of the contrast agent at
the location of the tumor (see inside the white ellipses in (b)
and in (c)) makes additional evidence that the visually per-
ceptible third dimension is related to the presence of fluids
in the human brain.

The images in Figure 8b and 8c show that the visually percep-
tible third dimension is more accentuated inside the ventricles
where the CSF resides. However, the CSF is located at a
lower elevation (see arrows in (b) and in (c)) when compared
with the rest of the human cortex. The main characteristic
of Figures 8b, 8c and 8d is that the visually perceptible third
dimension distinguishes the ventricles of the brain from the
rest of the cortex. This distinction does appear in Figures 8e,
8f, and 8g, as it is visible in the white regions of the three
convolved images. The region inside the ventricles, which is
CSF and tumor mass, appears in white. In the case presented
in Figure 8, is not possible to discern complementary and/or
additional information from the images in (e), in (f) and in
(g). However, it is possible to have a contribution through
the analysis of the images in (b), in (c) and in (d) because
of the possibility to distinguish between the tumor mass and
the CSF. The tumor structure is well localized in all of the

images in (e), (f) and (g) at the center of the ventricles, which
appear deeply affected in their anatomical structure.

The images in Figure 9b and 9c show less evident visually
perceptible third dimension than the one shown in the high
pass filtered MRI of Figure 9d. Additionally, the convolved
images in (e), (f) and in (g), appear illuminated and so they
present a grey scale magnified towards the high values of
pixel intensity, which makes it easier for the observer to vi-
sualize the details of the tumor structure. Indeed, Figures
9e, 9f and 9g show that the tumor mass is clearly discernible
inside the ventricle.

4.2 Additional evidence
This section reports evidence that the pulse sequence called
FLAIR[19] can benefit of the filtering performed through the
convolution of the MRI with the intensity-curvature func-
tional image. Indeed, an observation is possible through the
analysis of Figure 10, in (a.1) (FLAIR MRI), in (b) (ICF
image of the FLAIR MRI calculated with the bivariate lin-
ear function), and in (c) (FLAIR MRI filtered with the ICF
image). The observation is that the level of details seen in
the filtered MRI (see Figure 10c inside the black ellipse) is
enhanced so to show features of the tumor not observable
in the FLAIR MRI (a). The contrast-brightness enhance-
ment in (a.2) is provided to make sure that the details seen
in (c) cannot be seen through a simple contrast-brightness
enhancement of (a.1). Thus, the information provided in
(a.2) supports the usefulness of the filtering shown in (c).
When filtering FLAIR data, the aforementioned behavior of
the intensity-curvature functional image has been observed
in four subjects out of eight and is a novelty in the literature.

Figure 10. In (a.1) is shown the collected FLAIR MRI with emphasis on the tumor region enclosed inside the white ellipse.
In (a.2) the FLAIR MRI is contrast-brightness enhanced. In (b) is the intensity-curvature functional (ICF) image of the
FLAIR MRI, which is calculated with the bivariate linear function. The convolution of the FLAIR image in (a.1) with the
ICF in (b) is shown in the filtered FLAIR MRI in (c). Note that the level of details of the tumor in (c) is more accentuated
than the level of details shown in (a.1) and in (a.2). See the regions inside the white ellipse in (a.1) and in (a.2) versus the
regions inside the black ellipse in (c).
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Figure 11. The T2-weighted MRI of brain metastases is shown in (a), the CC image is shown in (c), the ICF image is shown
in (g). The model functions are: the bivariate cubic polynomial (c), and the bivariate linear function (g). The MRI shown in
(a) is convolved with the CC image shown in (c) and the ICF image shown in (g), so to obtain the filtered images in (e) and
(i) respectively. In (b), (d), (f), (h) and (j) are the histograms of the images shown in (a), (c), (e), (g) and (i) respectively.

The CC and the ICF images were reported earlier as medical
intensity-curvature maps while elucidating their characteris-
tics and pointing out to the capability of such images to pro-
vide the diagnostic setting with the property of highlighting
the tumor contour line.[14, 17] Figure 11 reports an additional
example of the aforementioned capability, specifically, when
the imaging modality is the T2-weighted MRI (see Figure
11c, which is the CC image; and Figure 11g, which is the ICF
image). Moreover, another example of the meaning and the
nature of the CC and the ICF images is presented in Figure
11. The additional evidence here provided, reinforces on the
fact that the CC and the ICF images are filter masks which
when convolved with the MRI make it possible to further
the filtering of the MRI (see Figures 11e and 11i). Thus, the
assessment of the true meaning and the nature of the CC and
the ICF images is the justification of their calculation.

Additionally, as shown in Figure 10, the justification of the
calculation of the ICF images is provided by the property of
filtering out the MRI image (the FLAIR imaging modality
in the specific case) and to highlight features of the tumor
which are not readily observable.

The necessity of the contrast-brightness enhancements of the
filtered images is related to the grey levels of the images and
such enhancement allows seeing the image details in its full

extent. The quality of the resulting filtered images is fair and
tailored to the intended use. The application of the ICF and
the CC images as filter masks make it possible to see the
intensity-curvature based filtered MRI for the first time in
the literature in such extensive, comprehensive and detailed
manner. However, in recent works,[14] there is mention to
similar results obtained through the use of the signal resilient
to interpolation (which is shown to be similar to a filtered
MRI).

5. DISCUSSION

5.1 The literature in reference to the research effort
Because of the characteristics of the CC and the ICF images
it is relevant to mention literature related to the localization
of the tumor. The localization can be achieved through MRI
post-processing techniques based on segmentation which rely
on the enhancement of the tumor contour line delineation
obtained with contrast enhanced T1-weighted MRI.[22] In our
research, the tumor contour line can be delineated through
the use of both the intensity-curvature functional and the
classic-curvature images. Moreover, we have observed an
accentuation of the visually perceptible third dimension in
the proximity of the accumulation of the contrast agent in
the area of the human brain affected by the tumor mass. The
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aforementioned phenomenon is the implication of the vi-
sually perceptible third dimension of the CC and the ICF
images.

As far as regards filtering, wavelet based filtering is the state
of the art approach.[23] The literature reported in this sec-
tion of the paper is related to filtering of human brain MRI
data. The noise in MRI is white Gaussian and additive in
both of the real and imaginary parts of the k-space and since
the Fourier transformation (FT) is a liner process, the noise
remains Gaussian after the FT transformation yields the re-
constructed MRI in the image space and the noise becomes
Rician when the absolute value is taken into account.[24, 25]

The noise in MRI, or more specifically, the bias field, is
also known as the intensity inhomogeneity and it is the non-
uniform pixel intensity value of the same tissue in the image
space.[25] The main assumption in spatial filtering in MRI is
that the intensity inhomogeneity can be removed through low
pass filtering, however this assumption does not hold true in
MRI scanning of the human brain because of the size of the
head.[26] On the basis of the aforementioned assumption, the
noise, which manifests itself as a smooth intensity variation
across the image,[26] resides in the low frequency domain.
Therefore, in order to remove the noise from the MRI, it is
common to separate the MRI image from the extracted in-
tensity inhomogeneity of the image.[25] The aforementioned
process can be implemented through spatial filtering which
can be usually performed with two types of operations. One
is low pass filtering of the MRI, which can be done through
median filters, or through mean filters, or on the basis of the
multiplication in the Fourier domain.[26] And, the other is
homomorphic filtering which works on the basis of the low
pass filtered image.[27, 28]

Anisotropic diffusion filters of MRI images had been re-
ported.[29] The Gaussian filter of MRI images has been in-
troduced[30] but it shows the disadvantage of removing high
frequency components. An optimized block-wise non-local
means filter for 3D MRI volumes was proposed and was
shown to be capable of noise removal and at the same time of
keeping the integrity of the MRI images.[31] Pre-smoothing
with non-local means filter applied to MRI of Alzheimer’s
disease patients have also been reported.[32] Filters applied
to DTI-MRI assuming that the diffusion tensor is a suitable
approximation of an anisotropic Gaussian filter function had
been reported.[33] Additionally, two methods were reported
which filter the Rician noise added to the MRI through the
generation of Gaussian noise in both real and imaginary parts
of the image.[34]

In the works presented in this paper, filtering is also related
to the removal of the low frequency components of the MRI

signal. Indeed, filtering is here performed through the CC
and the ICF images which are treated as filter masks. The
CC and the ICF images can build the visually perceptible
third dimension which can highlight the tumor structures and
anatomy of the human brain (see also Figures 5e and 5f in
previous work[21] as far as regards the ICF). The meaning
and the nature of the visually perceptible third dimension in
the CC and the ICF images is the capability to filter the MRI.
And thus, MRI filtering is performed in this paper through
the use of the CC and the ICF filter masks.

5.2 The implication, the meaning and the nature of the
CC and the ICF images

The main challenge of the works reported in this paper is
to assess the implication, the meaning and the nature of the
visually perceptible third dimension observed in the classic-
curvature and the intensity-curvature functional images cal-
culated with the bivariate cubic polynomial and the bivariate
linear function respectively.

One implication of the visually perceptible third dimension
of 2D MRI images is to provide the MRI images with the
contour line of the tumor.[17] However, the main implication
of the visually perceptible third dimension was not addressed
so far in full, and as such, it is investigated in the present
works. This paper reports that the visually perceptible third
dimension seen in 2D tumor MRI images[18] through the
classic-curvature and the intensity-curvature functional im-
ages is consequential to the accumulation of fluids in the
human brain (more specifically, the contrast agent and/or
the fluids of the tumor). Additional results are presented in
Figure 12 in support to the aforementioned statement.

Figure 12 addresses the implication of the visually percepti-
ble third dimension at the location of the tumor mass in the
CC images. The implication consists of the phenomenon of
increased visibility of the visually perceptible third dimen-
sion in proximity and at the location of the tumor region
because of the accumulation fluids (the contrast agent in the
specific case). In fact, in (a) and in (b) are shown CC images
calculated from T1-weighted MRI and contrast enhanced
T1-weighted MRI respectively. And, as visible inside the
ellipses, the visually perceptible third dimension is accentu-
ated in (b) suggesting that the accumulation of contrast agent
in the tumor region is the determinant of the magnitude of
the third dimension. In other words, the contrast agent used
in the T1-weighted MRI makes it possible to see clearly the
visually perceptible third dimension in the CC image. Con-
sistently, the CC images shown in (c), (d), (e), (f), (g), (h)
and (i) were calculated from contrast enhanced T1-weighted
MRI and they all show clearly the visually perceptible third
dimension at the location of the tumor mass.
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Figure 12. Classic-curvature (CC) images calculated with
the bivariate cubic polynomial of equation (1) from contrast
enhanced T1-weighted MRI images except for the image in
(a), which is calculated from a T1-weighted MRI. The tumor
regions are located inside the ellipses. (a) and (b) show the
effect of the contrast agent on the classic-curvature image
and the tumor pathology is oligodendroglioma. The images
in (c), (d), (e), (f), (g), (h) and (i) were calculated from MRI
showing the following pathologies: metastases (c),
metastases from pulmonary cancer (d), anaplastic
oligodendroglioma (e), meningioma (f), cystic glioblastoma
(g), glioblastoma (h) and tumor with intraventricular
extension (i). All of the classic-curvature images show the
visually perceptible third dimension in the tumor regions.
The Time to Echo (TE) and the Repetition Time (TR) were:
8.7 msec, 550 msec in (a); 8.7 msec, 583 msec in (b); 9
msec, 550 msec in (c), (d), (e), (f), (g), (h) and (i).

Additionally, on the basis of the experience observed when

post-processing 2D MRI images to calculate the classic-
curvature and the intensity-curvature functional images, the
cerebrospinal fluid and the ventricles are persistently show-
ing the visually perceptible third dimension.

But the most resolving finding which elucidates on the
meaning and the nature of the visually perceptible third di-
mension of the CC and the ICF images is that both of the
classic-curvature and the intensity-curvature functional im-
ages, are suggested to be high pass filtered MRI signal. This
manuscript has shown that the classic-curvature image (cal-
culated when fitting the bivariate cubic polynomial to the
MRI), and the intensity-curvature functional image (calcu-
lated when fitting the bivariate linear function to the MRI),
make it possible, when convolved with the MRI, to obtain
results similar to those revealed through high pass filtering
the MRI signal. Therefore, the meaning and the nature of
the classic-curvature and the intensity-curvature functional
images is suggested to be the high pass filtered MRI signal.

6. CONCLUSION
This manuscript provides with two main results relevant
to the MRI intensity-curvature measurement approaches.
The first result is the implication of the visually perceptible
third dimension of the classic-curvature and the intensity-
curvature functional images. The visually perceptible third
dimension characteristic is such to make it possible to build
medical intensity-curvature measure maps of the brain im-
ages placing the emphasis on the accumulation of fluids in
the pathological human brain. The second result is the clarifi-
cation of the meaning and the nature of the classic-curvature
and the intensity-curvature functional, which is to act as high
pass filter masks.
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