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TWISTED TRACES OF INTERTWINERS FOR KAC-MOODY
ALGEBRAS AND CLASSICAL DYNAMICAL R-MATRICES
CORRESPONDING TO GENERALIZED BELAVIN-DRINFELD
TRIPLES

PAVEL ETINGOF AND OLIVIER SCHIFFMANN

1. Introduction

In the early eighties, Belavin and Drinfeld [BD] classified nonskewsymmetric
classical r-matrices for simple Lie algebras. It turned out that such r-matrices,
up to isomorphism and twisting by elements from the exterior square of the
Cartan subalgebra, are classified by rather unusual combinatorial objects which
are now called Belavin-Drinfeld triples. By definition, a Belavin-Drinfeld triple
for a simple Lie algebra g is a triple (I'y,T'2,T), where I'1, 'y are subsets of the
Dynkin diagram I'" of g, and T : I'y — I's is an isomorphism preserving the
inner product, which satisfies the nilpotency condition: if o € I'y then there
exists k such that T~1(a) € T'; but T*(a) ¢ I';. The r-matrix corresponding
to such a triple is given by a certain explicit formula. This formula works not
only for simple finite dimensional Lie algebras but in fact for any symmetrizable
Kac-Moody algebra.

In [S], the second author generalized the work of Belavin and Drinfeld and
classified classical nonskewsymmetric dynamical r-matrices for simple Lie al-
gebras. It turns out that they have an even simpler classification: up to gauge
transformations, they are classified by generalized Belavin Drinfeld triples, which
are defined as the usual Belavin-Drinfeld triples but without any nilpotency
condition. The dynamical r-matrix corresponding to such a triple is given by
a certain explicit formula, which, as before, works not only for simple finite
dimensional Lie algebras but in fact for any symmetrizable Kac-Moody algebra.

This includes some well known examples: if T' = id one gets Felder’s dynami-
cal r-matrix, and if g is of type A,_; (i.e., the Dynkin diagram is an n-gon) and
T is the rotation of the n-gon by an angle 2wk/n where k is prime to n, then
one gets Belavin’s elliptic r-matrix.

G. Felder [F] associated to every classical dynamical r-matrix, a remark-
able system of differential equations called the Knizhnik-Zamolodchikov-Bernard
(KZB) equations. For the Felder and the Belavin r-matrix these equations have
a representation-theoretical interpretation. Namely, the KZB equations with the
Felder r-matrix are satisfied by conformal blocks for the Wess-Zumino-Witten
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(WZW) model of conformal field theory on elliptic curves (or, equivalently,
weighted traces of products of intertwining operators) [B],[F], and the KZB
equations with the Belavin r-matrix are satisfied by conformal blocks for the
WZW model twisted by the rotation of the Dynkin diagram [E], [KT]. It is
therefore natural to expect that a similar interpretation exists for all dynamical
r-matrices.

In this paper, we propose such an interpretation. Namely, for any Kac-Moody
algebra and a (nondegenerate) generalized BD triple we show that weighted
traces of products of intertwining operators, “twisted” by 7', satisfy the KZB
equations with the corresponding dynamical r-matrix from [S].

We consider two cases: operators with values in representations from category
O, and operators with values in finite dimensional representations for affine Lie
algebras. In the first case we get the KZB equations for trigonometric dynamical
r-matrices corresponding to generalized Belavin-Drinfeld triples for Kac-Moody
algebras, and in the second case we get the KZB equations for elliptic dynam-
ical r-matrices which are intermediate between Felder’s and Belavin’s elliptic
r-matrices.

In conclusion we would like to point out some directions of future research.

First of all, it turns out that classical dynamical r-matrices mentioned above
can be explicitly quantized. To obtain such a quantization has been an open
problem, except for a few special cases, but we will present a complete solution
of this problem in our next paper (joint with Travis Schedler).

In another paper we plan to generalize the results of the present paper to
quantum groups, following the ideas of [EV3], where it was done for the case I'y =
I'ys =T and T' = Id. This will give quantum KZB equations, which are difference
equations involving quantum dynamical R-matrices which are quantizations of
the classical dynamical r-matrices that appeared in this paper. In the case of the
Belavin R-matrix, these equations are the elliptic qKZ equations for the 8-vertex
model, which play an important role in statistical mechanics.

2. Classical dynamical r-matrices for Kac-Moody algebras

In [S] the second author associated a solution of the classical dynamical Yang-
Baxter equation to every generalized Belavin-Drinfeld triple for simple Lie al-
gebras. This construction easily extends to any Kac-Moody algebra. We recall
this construction in this section.

Preliminaries. Let A = (a;;) be a symmetrizable generalized Cartan matrix
of size n and rank I. Let (h,T',T') be a realization of A, i.e., b is a complex vector
space of dimension 2n — I, ' = {aq,...a,} C b*, and I' = {hy,...h,} C b are
linearly independent sets and («;, h;) = ai;. Let g = n_ @ b @ ny be the Kac-
Moody algebra associated to A, i.e., g is generated by elements e;, f;,i=1,...n
and b with relations

e, fi] = dijhi, [h,b] =0, [h, ei] = (aq, h)e;, [h, fi] = —(ci, h) fi,
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together with the Serre relations (see [K]). Set by = h @ ny. Let h’ = @ Ch;
and let (, ) be a nondegenerate invariant bilinear form on g. Recall that the
restriction of (, ) to b is nondegenerate (hence it defines a form on h*, which we
also denote by (, )), and that the kernel of the restriction of (, ) to h’ is equal
to the center ¢ of g. Let A = AT UA™ C h* be the root system of g and let
go denote the weight subspace corresponding to a root a. For each a@ € AT
fix bases e(g), . e(adim %) and fo(él), ce fédim 8a) of g and g_,, respectively such
that (eg), éj)) = §;;. The vector [e(()f), (Ef)] is independent of the choice of i
and we set h, = [e(of), él)] for any ¢ = 1...dim g,. Let p € h* be an element
satisfying (p, h;) = 1 for all 7. Identifying h with h* via the form (, ), we can

regard p as an element of h (p is well-defined up to adding a central element).

Definition. A generalized Belavin-Drinfeld triple is a triple (I'1,T'2,T') where
',y cTand T:T; = TI'y is an inner product preserving bijection.

Given a generalized Belavin-Drinfeld triple (I';, 'y, T'), we let I's be the sub-
set of I';1 N T’y consisting of roots which return to their original position after
applying T several times. It is clear that (I'; \ I's,I's \ I's,T") is an ordinary
Belavin-Drinfeld triple (i.e. T satisfies the nilpotency condition) and (I's,I's, T')
is generalized Belavin-Drinfeld triple on which T is an automorphism of the
Dynkin subdiagram I's.

Set [ = (ZaeFl Cla — Toz))L C b and let hg C § be the orthogonal comple-
ment of [ in b with respect to the inner product on b.

Definition. We say that the generalized Belavin-Drinfeld triple is nondegenerate
if the restriction of (, ) to [ is nondegenerate.

In the nondegenerate case, we have h = [ @ bq.

Note that every generalized Belavin-Drinfeld triple on a Dynkin diagram of
finite type or a connected Dynkin diagram of affine type is nondegenerate. In-
deed, in the finite type case, it is enough to assume that I'y UT's = I', and the
inner product is positive on the root lattice. Since [ is spanned by real linear
combinations of roots, it is automatically nondegenerate. A similar argument
works in the affine case. Nondegeneracy is also the case when I'y = I's, be-
cause in this case T gives rise to a finite order (hence semisimple) orthogonal
automorphism of b, and [ = 7.

Let (I'1,T'3,T) be a nondegenerate generalized Belavin-Drinfeld triple. It is
convenient to choose an orthonormal basis (x;);ecr of h with respect to (, ) in

such a way that
[ = @C.’Ej, hQ:@C(L’j,
jeh J€l2
for suitable disjoint subsets I1, Io C I such that I = I; U I.
Let b; be the subspaces of h spanned by h,,a € T;.
The following Lemma is straightforward but important for the considerations
below.
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Lemma 2.1. There exists a unique Lie algebra homomorphism B :n_ @& h; —
n_@hy (resp. B~ :n, @by — nyDhy) such that B(fa) = Iy, B(ha) = hr(a),
ifa €Ty, B(fa) =0 ifa & Ty (resp. B~Y(es) = er—1(a); B~ Y(hy) = hr-1(ay if
a €Ty, B l(en) =0 if a ¢ Ta).

We will extend the homomorphisms B, B~! of Lie algebras to the correspond-
ing homomorphisms of their universal enveloping algebras.

Let (T;), i € {1,2,3} be the set of roots & € A* which are linear combinations
of simple roots from I';. Let gr, be the subalgebra of g generated by gu, 8—a,
a € T';. The map B restricts to an automorphism of gr,. For each a € (I's),

let N, be the order of the action of B on «, i.e., BNea = a but B"a # « for

1 < r < N,. Finally, it will be convenient to assume that fo(f) and e,(f) are

eigenvectors for BNe and set BN« f(gt) = H&t)fét). Note that BNe eg) = 9&“‘1@25).
Finally, let us define the Cayley transform of 7" on hg. To do this, we need
the following straightforward Lemma.

Lemma 2.2. For any x € hg, there exists a unique y € hg such that for all
a €Ty one has (a — Ta,y) = (o + Ta, x).

It is clear that y depends linearly on z. We will write y = Cpz. It is easy to
check that the operator Cp : hg — b is skewsymmetric. It is called the Cayley
transform of 7.

Proposition 2.1 ([S]). The function rr : I* — (g® g)"

1 1
rr\) =53 w@wi+5 ) Cri@n =) fedl

jeI iel, at

+) i e~ @Ne®) A BlEt),

a,t 1=1

is a solution of the classical dynamical Yang-Baxter equation

1) o 0 a5y @ 0 3 3 0 1o
;(ycz ®3xir (A) —x; &mr (A) + x; axir (A))

+ P2 ), PPN+ [P ), 2B ()] + [P (), 1P (V)] = 0.

Remarks. i) In the expression for r7()), the sum y ,°, e=l@N el A Blfg) is
finite if o ¢ (I'3) and is an infinite series convergent to a rational function of
el if o € (T'3).

Consider the special case when I'y = I'y = I, and T is an automorphism of
the Dynkin diagram. Let N be the order of B (i.e. N is the smallest number
divisible by all N, such that (eﬁf ))N /Na = 1). In this case, the formula for 77 (\)
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can be written in the form

)\):—%Z$j®$j+%ZCTxi®l‘i_Zfo(f)®e<()f)

Jel 1€ls a,t

SO el B

a,t =1

Examples. i) When 7' = 1 one obtains Felder’s trigonometric dynamical r-
matrix
r(A) = —Q + Z —cotanh ( (v, )\)> e A O
a>0, t

where 2 =3"  (ea Ve +rPe (t)) + >, x; @x; is the Casimir element (see
[EV1], Section 3).

ii) Consider g = sl(3) and let T" be the automorphism exchanging the two
simple roots. Then [ = Cp, so we can regard the element A € [* as a scalar. In
this case, the dynamical r-matrix 77 () is

1 872)\
A) = —§§$i ®x; — m(eal ® far + €ay ® fay)
e 2A 1
Tl oot ® fartas — m(fal ® €ay + far ® €as)
1 e A

- ﬁfaﬁou ® €ar+as + m(eal A faz + €ay A fay)-

Note that in this example the eigenvalue S of B is —1, which is the

[e%1 +Oé2
reason for the appearance of denominators 1 + e~2*.
In the next section we give the representation-theoretic interpretation of the

KZB equations associated to the dynamical r-matrix r7()\).

3. Traces of intertwining operators

3.1. Traces. For any h-diagonalizable g-module V' let V'[\] denote the subspace
of V' of weight A € h*. Let M) be the Verma module of highest weight A and
let vy € M)[A] be a highest weight vector. Let M} be the graded dual Verma
module: M} = €P, Mx[u]* as a vector space and the Lie algebra g acts by

z.a(u) = —a(z.u) Vzeg, ue My, ac M.

Let vy € M;[—A] be the lowest weight vector satisfying (v}, vy) = 1. Note that
M) and My are irreducible for generic values of A.
Recall the definition of the quadratic Casimir operator C"

—2p+2x +2 Z Zf() (@),
aceAt @

The operator C' acts on M) by multlphcatmn by Ay := (A, A+ 2p).
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Let A\, u € h* and let V be a g-module from the category O. We will consider
compositions of intertwining operators of the form

O: My — M, V.

The following lemma is well known (a proof can be found e.g., in
[EV2], [EFK1]) :

Lemma 3.1. Suppose that My, is irreducible. Then the map
Homg(M)\, M, @ V) = VA —pu], @— <v;, duy),
s an isomorphism.

Given v € VX — y], if M} is irreducible, we will denote by ®f the unique
intertwiner My — M, ® V satisfying (v};, Pvy) = v.

For any A € h* and any h-semisimple g-module V' we denote by A € End (V')
the operator satisfying Ay = (A, v).

Let p,p' € b*. Consider the linear operator B : M,, — M, defined by
B(zv,) = B(x)v, for any € Un_. The following lemma is straightforward.

Lemma 3.2. Let u,p’ be such that (¢, ) = (u, Tar) for all « € T'y. Then for
every x € U(n_ @ by) we have Bx = B(x)B and for every x € U(ny @ bha) we
have tB = BB~ 1(x).

Let V1, Vo, ..., V.. be g-modules from the category O, v; € V1,... v, € V. ho-
mogeneous vectors of weights vy, ... , v, respectively. Set v = ) v; and consider
(for generic p) the composition
(3.1) o, Bt My — M, , V1@ 0V,
where A € I*, 1/ € b*, (i, a) = (u, Ta) for a € Ty (we regard [* as a subspace
of h* using the inner product).

If

(3:2) p=p—v
we can define

Fooevr(p) =Te (@), _, - ®rBet): (1) = Vi@ aV.
If v € [+, the space of solutions of (3.2) in p is an [*-principal homogeneous
space. Note that it follows from the Kac-Kazhdan conditions (see [KK]) and
from the fact that p € [ that for any fixed vq,...,v, the composition (3.1) is
defined for generic values of y in any [*-principal homogeneous space. In partic-
ular, Ft>U (X ) is a formal series in A\ whose coefficients are trigonometric
functions of p with values in the space (V3 ®@ -+ ® V,.)".
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Set
—1

55(\) = (Trjar_, (Be))

(a twisted version of the Weyl denominator).

Lemma 3.3. We have 6p()\) = e»N) [Taersy/s 11 (1 - O&t)efN“(a’A)).

Proof. Identify Un~ with M_, by v — wv_,. Let C = Uy C Uy C ... denote
the canonical filtration of Un~. Since (U,,) is stable under Be*, we can replace
Un~ by its associated graded algebra when computing Trjy,- (Be). By the
PBW theorem, Gr Un~ = Sn~. By definition B acts nilpotently on fo(f) unless
a € (I's). Hence Trig,-(Be?) = Tr‘Sn;3 (Be*) where n = n~ Ngr,. The

Lemma now follows from
Sn1?3 - ® S(Cfét)@---GBCBNQ*lfC(f)),
ae(I's)/B,t

and

1
Tr

A
[S(CfP@®...0CBNa—1 D) (Bet) =

1— Hg)e_Na(O‘»)‘) .

O

We put Fvivr (X, u) = dg(N)EF (A, p). This function is the main ob-

ject of this paper.

3.2. The KZB equations for traces. The following theorem is one of our

main results.

Theorem 3.1. The function FV'» (X, u) satisfies the following system of dif-

ferential equations, fori=1,...r:

(33) < > l‘jlw% +) rr(MNviey, — ZTT()\)VJ.@\/;.)FUI’”'

Jjeh J>i J<i

1

(A, )

= 3 (Au—ui_H—...—ur - Au—ui—...—ur) thm’vr(/\vu)-

2
These equations are called the KZB equations (see [F]).

Proof. For simplicity of notation we will write p; = g — v41 — ... — vy

compute the function

A\ p) =Tr (@le R (C|MM_

MHi—1

vi Vi Vi41
1(1);” q)#iC\Mw> (I)/'Li+1

in two different ways. On one hand, we have

(3'4) A()‘mu) = (AM—l - AM)thm 7UT()‘>M)'

.. @y Be)

We
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On the other hand, using the relations
() = (060) = (A

g — Hi—
MHi_1 |MM7; i—1 i—1

(e, p o

p‘wal(I)Hz (I)#zp|M = _pri(b:Z-a
2 B 9 o
leMui_l(p i ®P‘1 ]lMﬂz - _{«’L']"/l +2$j|Mll'i—1xj‘Vi}@Hi7
we deduce that
A()\ ,u Zw]lv _22 f(t) (t)) v _2p|v2 FUi .7’UT(A M)
o,t

+ A1 (A, ) + Az (A, i) + As(\, ),
where
) = =23 T (B0 @y, @F @ Be),
Jel
) = _zzeggvpr (@5 op f Sy, @ @i BeY),

.uzl i1

Z 0 (e el o @y Be).

Mi—1 a|MM L M
Writing A; as a sum of two equal terms:

Z%IV Tr ((1> R i TNV ...CI)Z"BeA)
Jjerl
i— i - A
=Y T (<I>;j;1 DUy, B L DY Be ) :
Jjerl

and using the intertwining properties ®x; = (z; ® 1 + 1 ® x;)® and (1 ® Pz;) =
®x; — (z; ®1)® repeatedly in the first and second term of A (A, i) respectively,
we get

(3.5) Ai(\p) = Zxﬂv Z:I:]M ijlvt Fo00 (A )

jer t<i t>i
=i (Tr(ain, 5L - @) BeY) + Tx(@) . @)y, Be) ).
jel
Now there are two cases to consider, depending on whether j € I or j € I.
In the first case, by the cyclicity of the trace, we have

Tr(xﬂM#O(I)le---@ZTBe’\)—l—Tr((DZl DU Bel) =
Te(®@, ... @y (Brj + x5)|m,, Be),
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and
(3.6) Tr(® --- @ (Baj + xj)a, Bet) = 2Tx(®) - ®raj iy, Be)
0
— 2_FU1,...,’Ur )\
ax] ( 7”)’

where the differentiation is taken with respect to the parameter A.

Let us now deal with the second case. It is easy to check using Lemma 3.2
that for any = € [+, one has

V1 Uy A v1 Ur A
Tt (), O -+ B Be® ) + T (13 - ) pag, Be)

= —Z (Cra)iTr (D4, -+ @47 Be) .
Therefore, we obtain

B.7) A\ p) = (—E%Viwﬂvﬁzxm%m QE%\V

t<i t>1 jel
1y:--,Ur
+ Z 5|V ZCT%VZ> (A 1)
JEI2
= (‘ E :fﬂj\vil"jlvt + § T, — 2 E :$J\V
t<i t>i jen
'S
V1 yene , U
+ E Li\v; E : CTJ:]|W)F ! ()‘a/'L)’
jels 1=1,1%

where in the last equality we used the skew-symmetry of > y Crz; ® x; to get
rid of terms with ¢ = [.

We now compute Ag(A, 1). Using the intertwining property

(I)fa = (1®fa+fa®1)q)v

we have
(3.8)
Tr (@ - opt f, o Bet)

Hi—1 OllV 1

=Tr (fgi)M (I)”l -(IDZTBG > (f(IV +. fo(zt\)Vz 1) FUver (A, p)

— e (@M ((I)vl q)“TBf(t) /\) + (f(ﬂﬁ + -+ féﬁ)‘/Fl)FUl’m (A, ).

=Tr ((I)le . f(gct|)]\4 PUi-1 .. .(pvrBeA) f(t) FViseesUr ()\7 N)

[e%
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Hence by Lemma 3.2

(39) Tr(@p - opf9, o orBet) =
o
(ZZ@Z‘“’”B’J‘L’?% +D0) VB, )F”h---’vru,m.
7<i 1=0 j>i =1

A similar computation (with e, moving to the right) shows that

t
(3810) Tr(@p - opzielly, ---@“TB@’\> -
(Zzeuax)B e, +ZZ@ HaN gte), )Fvl,... "y
7<i =1 j>1 =0

Adding (3.9) and (3.10) and using the relation

(3.11) [e(t) Blf(t):| _ (Hg))z/Naha if a € (I's) and N, |,
co 0 else,
we get
(3.12)  Aa(Ap) + As(A ) — 2 Z(fo(ét)eg))‘/iFvla'nvr (A p) =
o,t
_2<ZZ a\v N, +
a,t j<i
ZZ 04|V >Fv1,... ,’Ur()\,lu)
ot j>i
o 55 Ao ) 4
a,t 7<4
ZZ (t) )Fvl,...,vr()\7u>
a,t j>1
2 Z (t) e—Na(a,)) Ry 000 (A ).
ae(l's), t 9
where

0) =S N RO Tya)= 3 e oM,
=0 =1

o] o
T3(a) = Ze*l(a’A)B*leg), Ty(a) = Ze*l(a’A)Bfle(of).
=1 1=0
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Combining (3.4), (3.7) and (3.12) now gives the following relation for
Frve e (4, )

< Y @)y @ 8%3 + v — K\,

j€ly

+ E rr(Nviev, — E TT()\)M@%)FU“”’UT()MM)
>t 7<t
1 v v
= i(AM*'/ile*---*l/r - AM*U«;*---*VT)F b T()‘nu’)v

where

1
EX = Z t ha
a€(ls),t 1- Hg)e—Na(a,A)

A direct computation shows that

0
(3.13) > :rj%TqM_p(Be)‘) +(p— K(\)Trjpr_, (Be) = 0.
JjeL J
It is easy to deduce (3.3) from the above equations. O

3.3. The second order equation for traces.

Theorem 3.2. The function FVvvr(\ u) satisfies the following second order
differential equation:

T

(3.14) <Z % - > ST()\)M@vn) = (14 psp+ p)F0 " (A, ),

jel J l,n=1

where

Sr) = 33 I (540 @ Bel) + B © B 1L0)

a,t s=0v=1

1-Cp 1-Cr
- Z T; & ;.
= 2 2
Proof. Consider
A' (A p) = Te(®0 ... @I Cay, Bet).
On one hand, we have
AT ) = A F (A, ),
and on the other hand,
_ v Uy 2 t t A
A\ ) —T1r<‘1>u11 Dy (ij +2p+2 Z f{ )e&)>|MHBe )

jel a,t

=AT(\ p) + Ay (N, p) + A5 (N ),
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where

AL\ ) ZTr <<I>le ...@z’"xilM‘tBe)‘) )
Jjel

v v 8 v v
Ab(A, i) = 2Tx (0} ... ®prpjag, Bet) = Qa—pF Lt (A, ),

Ay, =23 T (B @ (D) g, Be)

a,t

where the differentiation in the second equation is taken with respect to A. To
compute A’ (A, ), note that, as in (3.5), (3.6),

82 v v v v
(3.15) Aj(\p) = 3 oz U () + Y T (qm U IMMBe)‘>.
Jj€h j J€EI>

The second term on the r.h.s of (3.15) can be evaluated by the same method as
in the derivation of the KZB equations: for all j € I, we have

(3.16)

1-C 1-C
v Uy A\ T T V1 yene s U
Tr (@#11 o ®pragy Be ) => 5 Tivi— v T (A ).

l,s

We now compute A5(A, ). We consider two cases

Case 1: a ¢ (I's). By the intertwining property and the cyclicity of the trace
again, we have

(3.17) Tr (@le LY (fyegf))% Be’\>
SWHEICRRE
+e @My <<1>,311 LB (eng (f(gw))lMﬂ Bek> .
Applying this equation repeatedly and using the relation (3.11), we obtain
(3.18) Tr (‘I’f& DY (fg>eg>)‘M# B&) -

Zze*sw VB () Tr (@ @yl Bet).

=1 s=0
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Case 2: a € (I's). Applying (3.17) N, times yields

Tr <<I>le N <fo(f)e§f)> Be>‘> =
M,
r Ng—1
3 e_s(o‘”\)Bs(fa)Wl'I‘r((I)le...(I)ZT O, Be )

=1 s=0
+ e_N“(a’)‘)QS)Tr (@le e @z’"ha|MﬂBe>‘)
+ e_N“(a’)‘)Qg)Tr (@le . @Z”’ <f(gt)eg)> ar BBA) ,
N
from which it follows that

(3.19) Tr(® ... 0% (fPel))r, Bet) =

s e
i (M){Zze N () T (@ el BeY)

=1 s=0

+ 0P e Na@N Ty (911 Uy pr, Be) }

The formula for A5(\, ) now follows from (3.10). Equations (3.15),(3.16), (3.19)
imply the following second-order differential equation for FVt: (X, u):

(3.20) ( Z + — + H(A))F”l"“’”*(/\ju) —

Jel
1 . v v
§<Au+ > ST(A)V@Vn)F Bt (A ),
l,n=1

where

HY = Y ! o

ae(Ta)t 1= 0 e=Na(a\) Ohyg,

In particular,

1
< Z — H(A))TqM_p(BeA) = §ApTr|M_p(Be)‘)
Jel
which, together with (3.13) and (3.20) yields (3.14). O

3.4. Diagonalization of the KZB and the second order operators.
Denote by K;()) the differential operators appearing on the left hand side of
the KZB equations, and by D(A) the second order operator appearing in The-
orem 3.2. These are operators on the space of functions of A with values in
(Vi1 @ ... ® V). Tt is known [F] that K; commute with each other. Besides, it
can be shown that the operators K; commute with D (in fact, this is also clear
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from the discussion below). This gives rise to the problem of simultaneous di-
agonalization of these operators. More precisely, the problem can be formulated
as follows.

Fix a weight v € [*. Fix a generic point £ € [*, and consider the space of
formal series

Wy i= MV @ 0 V)] [ [em@V]].

It is clear that the operators K, D act naturally in this space and are upper
triangular with respect to the natural ordering. The problem is to find a (topo-
logical) basis of W, ¢ in which these operators are diagonal.

The following proposition provides such a basis.

Let B; be homogeneous bases of V;, and B(v) be the set of collections
(v1,...,v,) of vectors v; € B; such that the sum of their weights is v.

Proposition 3.1. For generic &, the functions FV1 v (), #V—Ff— > onia;),
where n; > 0, and (v1, ...,v,) Tun through B, form a common topological eigen-
basis of the operators K;, D in the space W, ¢.

This proposition follows immediately from the theorems of this section: the
fact that the listed functions form a basis is obvious, so the only thing to be
shown is that they are eigenfunctions, which was shown above.

3.5. Quantum integrable systems associated to generalized Belavin-
Drinfeld triples for simple Lie algebras. In the case when the Lie algebra g
is finite dimensional, one can define other differential operators which commute
with K;, D.

Namely, if Z is any element of the center of U(g) then there exists a unique
differential operator Dz on [* with values in End((V; ® ... ® V;))[[*]) such that

DzF = 6p(A\)Tr (0} ... 0 Zyy, Be).

For example, Do = D — (p, p).

It is easy to see that Dz, z, = Dz Dg,, so the operators Dy form a com-
mutative algebra. It is clear that these operators also diagonalize in the basis
of the previous section. Thus, we get a “quantum integrable system”, whose
eigenstates are the functions [Fv>-vr,

In the special case I'; = I', T' = id, this system is a generalized trigonometric
Calogero-Moser system considered in [EFK2].

4. Classical dynamical r-matrices with spectral parameter

Applying the construction of Section 2 to an (untwisted) affine Lie algebra
g and using the evaluation map ev, : § — g, one can obtain solutions of the
classical dynamical Yang-Baxter equation with spectral parameter. This is done
as follows.
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Let g be a simple complex Lie algebra, and let g = g[t,t~!] © Cc ® CO be the
associated affine Kac-Moody algebra, where c is the central element and 0 is the
grading element. The commutation relations in g are:

[c,g] =0, [ot",yt™] = [z,y]t"T™ + np,—me, [0, xt"] =nat", Vz,y€g.

Recall that the Cartan subalgebra of § is h = h @ Cc ® Cd. Then h* =
h* @ CAp @ Co where Ag, d are defined by (Ag, h) = (Ag,0) = (5,h) = (J,¢) =0
and (6,0) = (Ag,¢) = 1. Under the standard bilinear form on b, ¢ and 9 are
orthogonal to h and we have (¢,0) =1, (¢,¢) = (9,0) = 0.

The root system of § is A = (A+Z§)UZ*S. The root subspace corresponding
to a + ké is spanned by eqtF if o € AT, f_,t* if € —AT and equals ht* if
a = 0. The system of positive roots is AT = AT UN§ U (A + N&).

We will consider a twisted realization of the affine Lie algebra g. Let g be
the dual Coxeter number of g and set € = e’ . Consider the automorphism
v = Ad(e*7/9) of g. We have v(eq) = €®eq,v(fa) = e 10lf,, and Yy =
Id. Let g, be the subalgebra of g consisting of all elements a(t) + Ac + p0
satisfying a(et) = v(a(t)). The elements e, t/*t™9, f t=1el4ma z4m9 ¢ 9 for
a € AT, m € Z and (z;) an orthonormal basis of h, form a C-basis of §,. The
proof of the following lemma is straightforward.

Lemma 4.1. The map ¢ : g, — g defined by
PleatltmI) = eot™,  G(fatTIOH™I) = ft™ $(D) = gD+ p
$(ait™) =z, (m#0),  dx;) =z — (p, x); é(c) = 5

is a Lie algebra isomorphism.

Let (I'y,I'9,7) be a generalized Belavin-Drinfeld triple for g,. Let [ be the
subalgebra of b of elements z such that (o, z) = (T, z) for v € I'y. Let [ = [Nh.
It is clear that [ contains ¢ and 9, so [ = Cc @ CO @ 1.

For any z € C* let ev, : g[t,t7!] — g be the evaluation map defined by
ev,(zt") = z"x for allz € g, n € Z.

Fix a complex number 7 with positive imaginary part. Let A= \+2mitéd /9.

Define
Tr(\2) = (ev. @evi) (97 @ 1) (rr (M),

where z € C*, X € [*.
Remark. Although the evaluation maps are not defined on 9, this definition
makes sense, since 0 occurs in 7 in a combination ¢® 9+ 0 ® ¢, and ev,(c) =0
for any z.

It is clear that 77 is a Laurent series in z whose coefficients are meromorphic
functions on [*.

Proposition 4.1. The seriesTr (), 2) : I* — (g®g)" is convergent in a nonempty
annulus, and extends to a meromorphic function on [* x C*. Moreover, this
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meromorphic function satisfies the dynamical Yang-Baxter equation with spec-
tral parameter:

Zx(l)arzs N WY W BN O TN Gt
" 23 i 8:51 23 i 8:1:Z " 29
PO () P02
Z9 z3 z3 z3
Sl () e (2] 2
722 ) 723 )

where z; is an orthonormal basis of b.

This proposition follows easily from Proposition 2.1.

Now we would like to compute 77 (), z) explicitly. For the sake of simplicity
we will restrict ourselves to triples of the form (I'y = I'y = I',T) (i.e T is
an automorphism of the Dynkin diagram): these triples give rise to elliptic
dynamical r-matrices.

Remark. More general triples give rise to partially trigonometric and partially
elliptic r-matrices.

Let T be an automorphism of the Dynkin diagram I' of g of order N. As
in Section 2, let B be the lift of T to an automorphism of g of order N. By
Lemma 4.1, B defines an automorphism of g,. Note that the action of B on
g, preserves the principal gradation, i.e the exists a unique automorphism 3
of g such that B(zt™) = §(z)t™ for any xt™ € g,. Furthermore, ¢ and 0 are
B-invariant, and b is B-stable. Like before, we will choose an orthonormal basis
x; of h which is compatible with [ = hZ and [+.

Let

O(u|r) = Z emil+e) TH2mi(i+5) (utg)

j=—00

be the Jacobi theta function. For brevity we will not write the dependence on 7
explicitly. Introduce the functions

where 0’ is the derivative of 6.

Let z = e2mu/9,
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Proposition 4.2. The function 77 (\, z) : [* x C* — (g ® g)" is equal to

FT()\, Z) =
N-—1 1 _
_ Z Z _.e—l(cx,/\)+27ri\cx|u/gal(a :\)(u _ lT|N7’)6a ® Bl(fa)
21 27 \
a>0 [=
N-—1 1 _ '
=2 > g T x5y (= 1TINT) fo @ B (a)
271 27w \&
a>0 [=0
N-—1
1 1 : 1 f+1
_Z Z <§510+2—mX(U—ZT|NT)> l’j®ﬂ$j+§ Z —ﬁ_ll'j@)l'j
]EI =0 ]612

(here o runs through positive roots of g).

The proof of this proposition is by a direct calculation.

Thus we see that the above construction gives a dynamical r-matrix with the
number of dynamical parameters equal to d — 1, where d is the number of orbits
of T on the Dynkin diagram.

Ezamples. i) When T = 1, this yields (up to a gauge transformation) Felder’s
elliptic r-matrix, as shown in [EV1], Section 4.6.

ii) Let g = sl(n) and let T be the rotation of the Dynkin diagram by 27k/n. Note
that in this case (and in this case only) d = 1 and we obtain a non-dynamical
r-matrix with spectral parameter. It is easy to check that it is equal to Belavin’s
classical elliptic r-matrix with modulus 7 (see [BD]).

5. Twisted traces of intertwiners for affine Lie algebras

In this section, we apply the same procedure as in Section 3 in the case of an
affine Lie algebra g, but we consider finite-dimensional (evaluation) modules V;
rather than modules from the category O. We keep the notations of Section 4.

The Lie algebra g., has a triangular decomposition g, = ﬁj ®h @n where ﬁf;
(resp. n7) is the subalgebra spanned by eqtl®tm9 >0, fotloltme ggme
m > 0 (resp. spanned by fot~194m9 m <0, eqtlt™9 2,49 m < 0). This
decomposition allows us to define highest weight Verma modules and dual Verma

modules in the usual way. We put i = pu + %Ao — 29((,5;‘; ))5 and denote by M,

the Verma module M.

Finally, we define evaluation representations of g,. Let V be a finite-
dimensional highest weight g-module with highest weight vector vy. For any
A € Clet z=2V]z, 271] denote the g-evaluation module, with g-action given by

xt" . (vP(2)) = zvz"P(z), c.(vP(z)) =0, 0.(vP(z)) = vz%P(z),

for all x € g, v € V, P(2) € 272C[z,271]. Let 272V, [2,27Y] C 272V ][z, 27}
be the subspace of all (Laurent) polynomials v(z) satisfying v(ez) = e?™*/9y(z).
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Then =2V, [z, 271] is a §,-module (which is isomorphic to the usual g-evaluation
module). From now on, we simply write 2= 2V [2¥1] for 272V, [zF1].
Proposition 3.1 admits an analogue in this situation (see e.g., [EFK1],[E]):

Proposition 5.1. Let p € h* and k € C and let V' be a finite-dimensional g-
module. Suppose that M , is irreducible. Then for each v € VX — ] there
exists a unique g- intertwiner

~Z k(Z) : M)\ k M#’ké@ZiAV[Zil],

where A = g% such that
(V3 k> éz’k(z)vA7k) = 2%,
Here ® denotes the completed tensor product.
Let Vi,...V, be finite-dimensional g-modules, and let v; € Vi,...v,. € V,. be

homogeneous vectors of weight 14, ... v, respectively. Set v =) v;, and assume
v € [+. We will consider composition of intertwining operators:

- - N

CI)Zl—uz—.‘.—y,.,k(zl) e @Z?k(zr)Be

My — M,_y) ® zfAlvl[zlil] ®R...Q ZT_A”VT[Z;H],
where A € (h*)B, € b*, where (¢/,a) = (1, Ta) for a € Ty, and A; =
1

2(vi pb—Vig1—-..— ) — (Vi Vi)
2(k+9)

[EFK1], §3) of the space

Hom(MM/,k, M, @V1®...® VT) ® zl_Al ... Z_A"(C[zfd, e zil].

T »r

. This composition lives in a certain completion (see

Let us fix some 7 € C. For A\ € h* set X\ = A + 27wird/g. Consider the trace
function

F (N pyz) =Tr (i)zl—ug—...—ur,k(zl) . (i)ka(Zr)Bﬁ’)\)?
where z = (z1,..., 2,). Finally, let

S5(\) = (Trjn,, (BeY)) ™

and set

lew.vr </\7 M, Z) = 5B(>‘)Fk(>‘7 H, Z)'
Our main results in the affine case are

Theorem 5.1. The function F;'"" (X, u,z) satisfies the following system of
differential equations fori=1,...r:

k+ 0 .
(5.1) - _g 8—2F ",z Z%\v (A . 2)
g jeh

> rr (N zifz) ey, — TN 2/ 20 vev, | FRUTT(A 1, 2).

Jj>i j<i

These equations are called the KZB equations (see [F]).
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Theorem 5.2. The function FVvvr(\ u,z) satisfies the following second or-
der differential equation:

k490 e,
.2 17“ T —
(62) LI gy )
0% R
%F b )‘ y My Z E S >‘ Zl/zj) b (>\7lu’?z)7
Jj€h J i,j=1
where

St(X, 2) = (ev; @ ev)(¢~" @ ¢71)(ST(N)),
and St(\) is the function defined in Theorem 3.2 (for g).

The proofs of these theorems are completely parallel to the proofs of the
theorems of Section 3.

Remark 1. If 'y = 'y = T then S7()\, 2) can be expressed in terms of ellip-
tic functions. In general, this function expresses via trigonometric and elliptic
functions.

Remark 2. In section 3 we saw that the differential operator D = A — Sp())
(where A is the Laplacian of [) on functions with values in the space of weight
zero under [ in some representation of the Lie algebra can be included in a
quantum integrable system. A similar statement holds for the operator D, =
Ai—S7 (), 1), whose coefficients are elliptic (if I'; = I'). To obtain other operators
commuting with D, it is necessary to apply the construction of Section 3.5 to
central elements of a completion of U(g) at the critical level k = —g, as explained
in [EFK2]. In the case T' = 1, this gives a generalization of the elliptic Calogero-
Moser system (see [EFK2]).

Remark 3. Although we considered only untwisted affine algebras, the results
can be easily generalized to the twisted case.
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