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81. Introduction

The researches for the problem of linear prediction of a one-
dimensional weakly stationary process X can be classified accord-
ing to the difference whether the length of prediction interval is
infinitely long (Kolmogorov [4], Wiener [28] and Dym-McKean [31) or
finitely limited (Krein [5] and Dym-McKean [{2]1). The method is to
reformulate the above problem in terﬁs of a real Hilbert space
L2(R,A(dA\)) obtained by closing the linear hull of (e!‘’;teR) ,
where A(dX) 1is the spectral measure of X . In particular, besides
a traditional spectral theory, Krein has developed the so-called
Krein's theory for the inverse spectral problem, and Dym and McKean,
Jr. have reconstructed the theory of Hilbert spaces of entire func-
tions developed by de Branges ([{11).

On the other hand, the author has studied the problem of linear
prediction for X from the viewpoint of the theory of stochastic
differential equations ([10]1,[121~[27]1). The bud of its spirit can
be found in [11], where Sato's hyperfunctions play an importart role
in the study of infinitely multiple Markovian property. It is impor-
tant, not only from a point of view of statistical physics, but also
from a probabilistic point of view, to derive a stochastic equation
of motion describing the time evolution of X . In particular, the
process X with reflection positivity has been investigated in de-
tail with the project of clarifying a mathematical structure of the
so-called fluctuation-dissipation theorem in statistical physics
(Kubo [6] and Mori [91). 1In the course of these investigations, it
has been found that the time evolution of X can be described by two

kinds of Langevin equations with a notable difference in character of



random forces ([181,[19]1) : One is the first KMO-Langevin equation
having a white noise as a random force and the other is the second
KMO-Langevin equation where a colored noise named the Kubo noise is
taken to be a random force. It is a key to obtain the structure
theorem of the outer function of X . Since the Fourier transform of
the outer function gives the canonical representation kernel for X ,
the author's studies are related to the case of long time prediction
interval, except [16] treated by an innovation method.

Following the same spirit, Miyoshi ([7] and [8]) has derived and
then characterized a stochastic differential equation for multi-
dimensional weakly stationary process, by referring de Branges's
theory for a multi-dimensional case and using Krein's method, which
is said to be (x,RB,yY,08)-Langevin equation and treates the case of
finite time prediction interval.

Recently, the author ({241,(251 and [26]) derived and then cha-
racterized two kinds of stochastic difference equations for one-
dimensional weakly stationary time series with reflection positivi-
ty, by using the result obtained in the continuous-time case, which
are called the first and second KMO-Langevin equation, related to
the case of long time prediction interval.

The purpose of the present paper is to derive and then charac-
terize a stochastic difference equation for multi-dimensional weak-
ly stationary time series of a general type, by using the innovation
method. And we call it KMZO—Langevin equatioﬁ and treat the case of
finite time prediction interval. The notable point is that a random
force in KMZO—Langevin equation is not always a white noise, differ-

ent from the one in («,R,Y,8)-Langevin equation.



We will state the content of this paper. Let X = (X(n);n€Z)
be a d-dimensional weakly stationary process with mean vector zero

and covariance matrix R . We define for each n € N a block

Toeplitz matrix Sn(EM(nd;R)) by

- RCO)RC1) - + -  R(n-1))
'R(1)R(0) R(1) .
(1.1) s, = : co
. YR(1) RCOYRC1)
[t t )
R(n-1) « - - PR(1IRC0)

¥e suppose that Sn(nEN) are invertible in what follows. In %2,

we will introduce a forward (resp. backward) innovation process I

+

= (I+(n);n€N)(resp. I_=(I_(n);neN)) associated with X . It is
noted that I+(resp. 1) is an orthogonal process. And then we
derive two kinds of stochastic difference equations describing the

time evolution of X :

n-1
(1.2 X(n) = - § y+(n,k)X(k) - 6+(n)X(O) + I+(n) (n € N)
k=1
n-1
(1.3) X(-n) = - } Y_(n,K)X(-k) - &6_(n)X(0) + I_(n) (n € N) ,
k=1

where vy _(-,%), yv_C(-,%), & () and &_(+) belong to M(d;R)
We call (1.2)(resp.(1.3)) a forward (resp. backward) Kﬁzg;

Langevin equation for X . It is noted that a class of non-linear

l.angevin equations for strongly stationary time series is derived
from our approach (Remark 2.2).
We will in 83 obtain fundamental recursive relations among

v, (%), ¥_Coy%) , 6, (-) and 4_(-) (Theorem 3.1) : for any n,k €

N, n>k,
(1.4) v,(n,k) = v _(n-1,k-1) + 6 (n)y_(n-1,n-1-k)
(1.5) vy_(n,k) = y_(n-1,k-1) + &6_(m)y_ (n-1,n-1-k) ,



where y+(n,0) = 6+(n) and vy_(n,0) = 6_(n)

We denote by V_(n)(resp. V_(n)) the covariance matrix of
I,(n)(resp. I_(n))(n€N) . By using (1.4) and (1.5), we will in %4
obtain fundamental recursive relations among V_C(.), V_(-), R(0),

6,(-) and 6_(:) (Theorem 4.1) : for any n € N* )

(1.6) V,(n+1) = (I-6_(n+1)6_(n+1))V_ (n)
(1.7) V_(n+1l) = (I-6_(n+1)6 (n+1))V_{(n)
(1.8) V+(n)t6_(n+1) = 6 _(n+1)V_(n) ,

where V_(0) = V_(0) = R(0)
By taking advantage of the innovation method, we will in §5

give a forward (resp. backward) prediction formula for X (Theorems

5.1 and 5.2). It will be found that prediction matrices and predic-
tion error matrices are determined by R(0), 6 _(-) and 6_(-)

As a converse setting of §2~%5, we will in 86 show a recon-
struction theorem (Theorem 6.1), which states that for a given
system (V,6+(n);n€N) in M(d;R) and a d-dimensional orthogonal
process I+ = (I+(n);n€N*) s the recursive relations (1.4)~(1.8)
characterize the weakly stationarity property of unique solution X_
= (X(n);neN*) of the forward KMZO—Langevin equation (1.2), where

I+(O) = X(0) , V = R(0O) and I+ becomes a forward innovation pro-
cess associated with X_

In a forthcoming paper ([271), we will construct an outer ma-
trix function and then derive a KMO-Langevin equation for a multi-
dimensional weakly stationary time series. And together with some
relations between KMZO-Langevin equation and KMO-Langevin equa-

tion, generalized fluctuation-dissipation theorems will be proved

based on both Langevin equations.



§2.

KMQO—Langevin equations

Let X = (X(n);n€Z) be an Rd-valued weakly stationary time
series on a probability space (2,8,P) with mean vector zero and
covariance matrix R
(2.1) R(n) = E(X(n)tX(O)) (n € Z)

Note that

(2.2) '‘Rn) = RC-m) (n € Z)

Let M be the closed subspace of LZ(QJB,P) defined by

(2.3) M = the closed linear hull of (Xj(n);lgjgd,neZ) .

We then have the unitary group (U(m);m€Z) acting on M such that
(2.4) Um) (X(n)) = X(n+m) (m, n€Z)

For each n € N we define a block Toeplitz matrix Sn €

M(nd;R) by

¢ R(OYR(1) -« - R(n-1))

'R(1H)RC0) RCD) :
(2.5) S o L

' tR(l) RC(OYR(1)

CtRen-1) - - - 'RCDRCO)
Since
(2.6) Sn = E(YntYn) ’
where Y = t(Xl(n-—l),no,Xd(n—l),-~-,XI(O),ou,Xd(O)) ’

we can see that either of the following (2.7) and (2.8) holds

(2.7)

(2.8)

5
n

€ GL(nd:R)

there exists n

n € {l,-«+,n

We treat the case where condition (2.7) holds

Remark

0)

2.1.

0
and S
n

If R

¢ GL(nd;R)

for any

€ N

n €N
such that

for any

S
n

has a spectral density matrix A =

n € (n

€ GL(nd;R) for any

O+1.n0+2.---)

in what follows.

6(0)



(BE[~m,n)) such that A(0) € GL(d;C) for almost all 6 € [~-m,7n) ,
it can be seen that condition (2.7) holds.

For each n € N we define the following block Toeplitz matrix

Tn € M(nd;R) by

(R0 tR(1) Coe tR(n—l)W
R(1) R(0) 'RC1) .
(2.9) T, = : ‘ o : . :
. RC1IR(0) 'R(1)

(R(n-1> - - . R RO) J .
Since
(2.10) T = E(zntzn) ,
where Z_ = “(X (0),+++,X €0),+r e, X (=1, 00, X (01))

it holds from (2.6) and (2.7) that

(2.11) Tn € GL(nd;R) for any n € N
For each n € N* = {(0,1,2,-++)} we define two closed linear
subspaces Mg(n) and Ma(n) of M by
(2.12) Mg(n) = the linear hull of (X, (m);1<j<d,0¢m<n)
(2.13) Ma(n) = the linear hull of (Xj(—m);lgjgd.ogmgn)
Then we introduce two Rd—valued stochastic processes I+ = (I+(n);
neEN) and I_ = (I_(n);neEN) on (,8,P) by
(2.14) I+(n) = X(n) - P X(n)
Mo(n-l)
(2.18) I_(n) = X(-n) - P _ X(-n) ,
M.(n-1)
0

where P (resp. P _ ) stands for the orthogonal projec-

Mo(n-l) Mo(n—l)

tion on MS(n—l) (resp. M (n-1)) .
It follows from condition (2.7) that there uniquely exist two
systems (y*(n,k),6+(m);k,m,neN,n>k) and {y_(n,k),6_(m);k,m,neN,n>k}

of members in M(d:R) such that for any n € N ,



n-1
(2.16) X(n) = - L v, (n,K)X(K) = & _(n)X(0) + I (n)
k=1
n-1
(2.17) X(-n) = -~ ¥ y_(n,k)X(-k) - &_(n)X(0) + I_(n) .
k=1
In particular, it holds that for any n € N ,
(2.18) {X(O),I+(m);mEN) is orthogonal in Md
(2.19) {(X(0),I_(m);meN) is orthogonal in M%
(2.20) M;(n) = the linear hull of (XJ(O).I+j(ﬂ);1gjgd.lgﬁgn)
(2.21) My(n) = the linear hull of (X;€0),1_,(0);1¢j<d, 1¢8n)
=t =t
where I _(Q) = (I+1(Q),---,I+d(ﬂ)) and I_(Q) = (I_l(ﬂ), y1_g (2

We call I _(resp. I_) a forward (resp. backward) innovatian pro-

cess associated with X . Furthermore, by regarding (2.16) (resp.
(2.17)) as a stochastic difference equation describing the time evolu-
tion of X , we call (2.16) (resp.(2.17)) a forward (resp. backward)

KMzo—Langevin equation for X .

Remark 2.2. Let Y = (Y(n);neZ) be a one-dimensional strongly

stationary time series on (2,8B,P) such that

(2.22) Y(0) € L4(9.8.P)
(2.23) E(Y(0)) = O
We define three weakly stationary time series X(j) = (X(J)(n);neZ)

(j=1,2,3) by

(2.24) XMWy = [ Y{n) ) ]
Y 2-E(Y(0)%)

2
(2) (Y
(2.25) X" (n) = [ Y(n)Y(n—l)—E(Y(l)Y(O))]
Y(n)
(2.26) X = | Y 2-E(Y(?)

Y(n)Y(n-1)-E(Y(1)Y(0))



If we suppose condition (2.7) for X(J)(j=1,2,3) , Wwe can derive three

non-linear Langevin equations for Y through KMZO-Langevin equations
for X(J)(j=1,2,3) . The problem of non-linear prediction for Y will

be investigated based on these non-linear Langevin equatiens in the near

future.



§83. Relations among v, (%), y_C(ey%), 6 () and &_(-)

+ Ro21h-3

For convenience sake, we set for each n € N

(3.1) ¥,(n,0) = &,(n)

it

(3.2) Y_(n,0) 6_(n)

Theorem 3.1. For any n , k€N, n > k ,

(i) v+(n,k) = 7+(n—1,k—1) + 6+(n)y_(n-1,n-1—k)

(ii) y_(n,k) vy_(n-1,k-1) + 6_(m)y_(n-1,n-1-k) .

Proof. Fix any n € {(2,3,--<} . By multiplying both hand
sides of equation (2.16) by tX(m) (m=0,1,+--,n-1) and then taking
an expectation with respect to the probability P , we see from

(2.18) and (2.20) that for any me€ (0,1,:-+,n-1)

n-1
(3.3) R(n-m) = - ¥ v (n,JOR(k-m) - & (n) R(m)
m k:l + +

By replacing n in (3.3)m by n-1 , we have, for any m € {0,1,
+,nN=2}) ,

n-2
(3.4) R(n=-1-m) = - X Y (n-1,k)R(k-m)
m k=0

On the other hand, by multiplying both hand sides of equation (2.
17) replaced n by n-1 by tX(--m) (m=0,1,-++,n-2) and then
taking an expectation with respect to P , we see from (2.19) and

(2.21) that for any me€ {(0,1,+++,n=-2},

n—'2 t
- ¥ v_(n-1,k) R(k-m) .
k=0

Now, let any me (1,2,-++,n-1}) be fixed. By combining

t
(3.5)m R(n-1-m)

R(n-m) (resp. tR(m)) in (3.3)m with R(n-m) in (3.4)m_
t

1 (resp.

R(m) in (3°5)n-1~m)’ we have
n-2
- ¥ v, (n=1,5X0R(k+1-m)
k=0



=]
—

n-2
Y, (n,JORGK=m) + §,(n) L v_(n=1,k) ‘Rek-n+1+m)
k=0

1] [{]
i 1
=X
DN

ne2r i

(e

(y,(n,k+1) - 6 _(n)y_(n-1,n-2-K))R(k+1-m)

D

and so

n-2
L (v, (n,k+1) - v (n=1,k) - &6 _(n)y_(n-1,n-2-k))R(k+1-m) = 0
k=0

Therefore, it follows from condition (2.7) that (i) holds. Similar—

ly, we can prove (ii). (Q.E.D.)

For future use in §6, for any m € N* and n € N , we set

(3.6) n+(m,n) 7+(m+n,m)

(3.7) n_(m,n) y_(m+n,m) .

Immediately from Theorem 3.1, we have

Theorem 3.1' For any m € N* and n € N ,

(i) n,(m+l,n) n,(m,n) + & (m+n+ldn_(n-1,m+1)

(i1) n_(m+1l,n)

it

n_(m,n) + &_(m+n+l)n_(n-1,m+1)

_10_



$4. Relations among V_(-), V_(-), 6 _(-) an 6_(C+)

+ Lo ta Y

For convenience sake, we put
(4.1) I+(0) = 1_(0) = X(0)
and denote by V+(n) (resp. V_(n)) the covariance matrix of I+(n)

(resp. I_(nm)) (neN™) :

- t
(4.2) V+(n) = E(I_(n) I+(n))
(4.3) V. () = E(_mt1_m)) .
n-1
Lemma 4.1 (i) det S_ = TN det V, (k) for any n € N
N k=0 *
n-1
(ii) det T = T det V (k) for any n € N
n -
k=0
(iit) V+(n) » V_(n) € GL(nd;R) for any n € N
Proof. (i) for n =1 1is trivial. Let any n € {2,3,--:)

be fixed. By multiplying both hand sides of equation (2.16) by

tX(n) and then taking an expectation with respect to P , we see

from (2.18) and (2.20) that

n-1
(4.4) R(O) = - 1} y+(n.k)tR(n-k) - 6+(n)tR(n) + V+(n) .
k=1

By making a matrix representation of (4.4) and (3.3)m {(m=n-1,n-2,

+¢+,1,0) , we have

(I y+(n,n—1)~--y+(n,1)6+(n)w vV, (n) 0--.+0 1

b 0 ‘Re1)
: . Sn+1 = - Sn
L by
1 / \ *R(n) J .

which yields (i). (ii) is also proved similarly. (iii) follows
from (2.7), (2.11), (i) and (ii). (Q.E.D.)

*
Lemma 4.2. For any n € N,

..11_



n-1
(1) R(n+1) = =6 _(n+1DV_(n) - L v (n,KIRCk+1)
k=0
t nil t
(ii) R(n+1) = =8 _(n+1)V_(n) -~ ¥ ¥_(n,k) R(k+1)
k=0
Proof. Since V+(n) is a symmetric matrix, it follows from
(4.4) that for any n € N* ,
n—'l ¢
(4.5) V,(n) = R(O) + 1} R(n-k) vy _(n,k) .
k=0
Similarly,
t n-ly t
(4.6) V_(n) = "R(0) + ). "R(n-k) v_(n,k)
k=0
By replacing n by n+l in (3.3)0 and then using Theorem 3.1(i),
n-_l n-1
R(n+l1) = -8 (n+1)C ¥ v (n,X)R(n-k) + R(0Y)) - ¥ v (n,k)R(k+1l) ,
* k=0 k=0

which, together with (4.6), implies (i). (ii) is also proved similar-

ly. (Q.E.D.D

Now, we will show the following fundamental

ILLemma 4.3. For any n € N ,
n-1

n-1

L n,(k,n-lORG+1) = L RG+D) 'n_(k,n-k)

0 k

n~ii

0

The proof is divided into 13 steps. We denote by An the right

hand side minus the left hand side in Lemma 4.3 :

n-1 t nil
(4.7) A= L R(k+1) n_(k,n-k) - Lk n_(k,n-K)R(k+1)
k=0 k=0
. - t
(Step 1) (i) V_(n+1) =V (n) - 8 (n+1IV_(n) "6 _(n+1) + A_ (neN)
(ii) V_(n+1) = V_(n) = 6_(n+1)V+(n)t6_(n+1) - tAn (neN)
Giii) v,mbs_(ne1) - 5, (nedV_(n) = A (neN)
Proof. By applying Theorem 3.1 to (4.5),
n-1 ¢ %
V,(n+1) = V_(n) + ( L R(k+1) n_(k,n=-K) + R(n+1)) 6 (n+1) ,
k=0

-12~-



which, together with Lemma 4.2(i), implies (i). (ii) is also proved

similarly. By using Lemma 4.2 again, we get (iili). (Q.E.D.)
(Step 2) (i) R(1) = =5, (1)R(0)

Gii)d 'R(1) = -6_(1)RC0)

(i11) RO s_(1) = 8, (RO

Giv) V,(1) = (1-8,(1)6_(1))R(O)

v) V_(1)

(I-6_(136_(1))R(0)

Proof. By multiplying both hand sides of (2.16) and (2.17)
for n =1 by tX(O) and then taking an expectation with respect
to P , we have (i) and (ii). (iii) follows from (i) and (ii).
Next, by multiplying (2.16) for n =1 by tX(l) and then taking
an expectation, we see from (2.18), (2.20), (i) and (ii) in Step 2
that (iv) holds.(v) is also proved similarly. (Q.E.D.)
(Step 3) A1 = 0

This follows from (iii) in Step 2.

(Step 4) For any n € (2,3,---} ,

_ (It (1) (1)t (1)
AL = 8, (M1 7776 _(n) + 5 (I 77 + I 7778 (n) + IV "7,
wvhere
(1y _ ot oy L _ _
1,77 = V_(n-1) "8 _(n-1) - &_(n=-1)V_(n-1)
(1) no2
I 7 = -(R(1) + Y n_(n-1-j,)R(j+1)) +
i=1
n-2 ¢ ¢
+ 6_(n-1) § R(j+1) n_(j,n-1-j)- V_(n-1) n_(n-2,1)
i=0
n-2
m P < R o+ L RGED n =143, 5) -
ji=1 .
n:2 ¢
- C X on (i,n=1-1)R¢i+1)) "8 (n-1) + n_(n-2,1HV (n-1)
j=0
(1) n-3 n-3 ¢
VST = B on G5,n-1-))R(j+2) + C L n (j,n=1-)IR(j+1)) "n_(n-2,1) -
j=0 j=0

~-13-



n-3 t n-3 t
- ¥ R(j*+2) n_(j,n-1-j) - n+(n—2.1) Y R(j+1) n_(j,n-1-j)
i=0 j=0

This decomposition follows from Theorem 3.1' and Lemma 4.2.

(Step 5) For any n € (2,3,-++) and any k € {(1,2,+--,n-1} ,

(k) _ (k+1)t (k+1)
IV "= 8, (-0 6_(n-k) + &, (n-K)I_ +
e @Dty g, v e D
n - n
where
k-1 n-2k-1
P L T R Ganeke1-D (RGk=5) ¢+ L RGe-3+id n (nmk=1-i, 1)) +
i=0 i=1
k-1 n-2k-1
+ L (Rk-§) + L n_(n-k-1-i,i)R(k-j+1))n_(j,n-k-j) -
i=0 i=1
- n_(k,n=2k-1V_(n=k=1) + V_(n-k-1>'n_(k,n-2k-1)
n-2Kk-2
oD = Rkend ¢ L n_(n-k-1-j,5)RCk+14)) -
j=1
kK n-2k-2 ¢
- L on_(i,n=k-1-3)C L  R(k-j+1+i) n_(i,n-k-1-i)) +
=0 i=0
k n-2k-2 t
+ L (R(k+1-j§) + L n_(n-k-1-i,1)R(k+1-j+i)) n_(n-k-1-j,j) +
j=1 i=1
+ V_(n-k-1>)n_(n-2k-2,k+1)
n-2k-2
mD s e ¢ B RGe1+ tn nmk-1-5,50) +
i=1
k n-2k-2 N
+ Lok n,(i,n-k-1-1)R(k=-j+1+i)) 'n _(j,n-k-1-j) -
i=0  i=0
X n-2k-2
- L on_(n-k-1-j,§)(R(k+1-j) + % R(k+l-j+idn _(n-k-1-i,i)) -
i=1 i=1
- n, (n-2k-2,k+1)V, (n-k-1)
n-2k-3 n-2k-3
v R D) Ke1-)R(k+2+§) - § RCk+2+5)tn (§,n-k-1-j) -
n s + -
i=0 J=0
k+1 n-2k-3 ¢
= L on (n-k-1-3,1HC L Rk+1+i) n_(i,n-k-1-1)) +
i=1 1=0
k+1 n-2k-3 ¢
+ L C L n_Gi,n-k-1-i)R(k+1+i)) ‘n_(n-k-1-j,])

j=1 i=0

Similarly to Step 4, this follows from Theorem 3.1' and Lemma 4.2.
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(Step 6) (i) For any even n = 2N (NeN) , IVéN) = 0

(ii) For any odd n = 2N + 1 (NeN) ,

(N) N-1 t
v, = 6§ (N+1)(-V_(N) - y V,(N-1-}) 6 (N-3) "6 _(N-j) +

—O
N-

+ V_(N) + Z 6_(N- j)6 (N-J)V_(N-1-j)} 6 (N+1)
j=0

Proof. Immediately from Step 5, we have (i). (ii) can be proved as
follows : By Step 5,

vV R(N+1-§)tn_(N+1-j,i)) -

1

8, (N+1) (R(N+1) +

s e

J
N t
= (R(N+1) + ¥ n_(N+1-j, DR(N+1-3)) "86_(N+1)
i=1
By Theorem 3.1' and Lemma 4.2,

N N=-1
R(N+1) + 1} R(N+1—j)tn_(N+1—j,j) = (-V, (NO+ ¥ R(N-j)
i=1 j=0

tn, N=30) te_ e D

N N-1
R(N+1) + ¥} n+(N+1—j.j)R(N+1-j) = 6+(N+1)(—V_(N) + ¥ n_(J,N=-j)R(N-3)).
=1 j=0

And so

N-1
= 6, (N+1){-V (N) + } R(N-j) n, (5,N-5) -
i=0
N-1
- V_(N) + ¥ n_(j,N=-j)R(N=-j)) ts_ (N+1)
j=0

Furthermore, by using Theorem 3.1' and Lemma 4.2 again,

N-1 t t N-2

L RN-5 g, N-5) = —v, =D s_ants, v+ L RN-1-9 P N-1-5)
j: J=O
N_.
h.

(N)
n

Iv

N-2
n_(j,N=i)R(N-j) = =6_(N)&_(NIV_(N-1) + kL n_(j,N-1-jIR(N-1-j) ,
j=0 j=0

which yields
(N) _ t t
IVn = 6+(N+1)(—V (N) - V+(N-1) 6__(N) 6+(N) +
R(N-1-j) n (j,N-1=-3) + V_(N) + &_ (N)é (N)V_(N-1) -

n_(§,N-1-§)R(N-1-3)) '6_(N+1)
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By repeating the same procedure, we see from Step 2 that (i) holds.
(ii) follows immediately from Step 5. (Q.E.D.)

. % . t _
(Step 7) For any fixed n, € NT , if V+(n0) 6_(n0+1) =

t -
6+(n0+])V_(n0) , then V_(n0+1) 6+(n0+1) = 6_(n0+1)V+(n0+1)
Proof. By Step 1, (ii),(iv) and (v) in Step 2,
t - _ t
V_(ng*+1) "8 (ny+1) = (1 6_(n0+1)6+(n0+1))v_(n0) 6,(n,+1)
= 6_(n0+1)(1 - 6+(n0+1)6_(n0+1))v+(n0)
= 6_(n0+1)V+(n0+1) . (Q.E.D.)
(1) (1) (1) _ (1) _
(Step 8) In = In = ]En = IVn = 0 for any n € (2,3}
Proof. By (iii) in Step 2 (resp.Step 3) with Step 7, we have
Iél) = O(resp. 151)=0) ) I[él) and mél) follow from Step 2. A

simple calculation, together with Lemma 4.2 and Step 2, vields K(l)

3
QD) (1), _
mﬁ . IVn (n=2,3) follow from Steps 2 and 6. (Q.E.D.)

Now, by a mathematical induction, we shall show the following

and

statement (*)n (n=2,3,+++) ¢+ for any me€ (2,3,+++,n} ,
I(k) (k) _ :m(k)

(i) = 1 = = 0 (1<k<M) if m= 2M + 1
m m m
(%) v 2o
n m
. (k) _ (k) _ (k) _ . -
(ii) Im = nm = ]Em = 0 (1<k<M) if m= 2M .
Step 8 implies that (*)n(n=2,3) hold. For any fixed nO € {2,383,
+++«} , let us suppose that (*)n holds. Moreover we consider
0
the case where n0 is even, nO = 2N0 . The case where n0 is
odd is proved similarly. ¥hat we have to show is that
' (k> (k) (k)
(%) I = I = IO 0 (1<k<N Y
no.k n0+1 n0+1 n0+l 0
" (N
oI v, fi =0 .
0’0 0

_16_.



Since (*)n implies that Am(2$mgn0) hold, it follows from Steps 1
0

and 7 that for any m € {(2,+++,n,.} ,

0
(4.8) V,(m+1) = (I = &, (m+1)6_(m+1)IV, (m)
(4.9) V_(m+1) = (1 = 6_(m*1)6, (m+1))V_(m)
(4.10) v,mbs_(mr1) = 8, (me1HV_(m)
(4.11) V,m+ D Ys_(m+1) = 6, (mr1)V_(m1)
(Step 9) 141 -9

n,.+1

0

This follows from Step 4 and (4.11).
(Step 10) (i) P =0 (i) m oo
n0+1 n0+1

Proof. We prove only (i), since (ii) is shown similarly. By Theo-

rem 3.1', Lemma 4.2(ii), and the assumption 1[;1) = 0
0
(1)
I[no+l

o it _ _ _ it t _
= =V_(ng=1)"n_(n;=2,1) = 6_(n =1V (ny=1)°6_(n) + V_(npd'n_(ng-1,1) +

n0—2 no-l
. X . N / . .
+ 86, ndC L on (Jyng-1-DR@2+§) - L RO+ n_(§,ng=j))
J=O J=0
Since

t t - 1yt -
V_(ng=1)"n_(n;=2,1) + 8_(n =1V _(n -1)"86_(ny) = V_(ny-1>"n_(ny-1,1) ,

0
we apply Theorem 3.1' again to find that
(1) t
Hn0+1 (V_(no) - V_(no—l)) n_(no—l.l) +
n0—3 n0-3 .
+ 86 (nD){ L n (j,n.-1-jIR(2+]) - Y R(2+j) n (j,n.=1-j) +
-0 . + 0 - 0
i=0 j=0
t
+ n+(n0—2,1)R(n0) - R(no) n_(no-z,l)
n. -2
0 ¢ t
- (R(1) +  E Ry=3'n (J,ny=1-1)) "86_(nd) .
j=0
By using Ivél) = 0 , coming from (*)n and Step 5, we see that
0 0
(1) _ _ _ t _
n:n 41 = (V_(no) V_(n0 1)) n_(no 1,1) +

0

-17~



n,.-3

0
ot . .
+ 6_(n0)(n+(n0-2.1)(j§O R(1+j) n_(J,nO 1-3) + R(no)) -
n0—3
- C L n (Jingm1=-))RU+J) + Ring)) -
j=0
n,-2
0 t ¢
-(R(1) + X R(no-j) n+(j,n0—1—j)) 6_(n0))
=0
By using Lemma 4.2(1)(ii) and ]E;I) = 0 ,
0
(1
IIn0+1
_ _ _ t _ _qst _ _
= (V_(no) V__(nO 1)) n_(nO 1,1) + 6_(n0)6+(n0)v_(nO 1) n_(nO 2,1)
n.-2
0 b gt
- 6_(n0)(n+(n0—2,1)V+(n0-1) + R(1) + jéo R(nO-J) ﬂ+(J,nO-1—J)) 6_(n0)
_ _ _1 b _ iyt _ _
= (V_(no) V_(n0 1) n_(n0 1,1) + 6_(n0)6+(n0)v_(n0 1) n_(n0 2,1)
n.-2
0 t t
- 6_(n0)( j§0n+(j’n0—1—J)R(1+j) + R(no)) 6+(n0-1) 6_(n0)
Therefore, it follows from Theorem 3.1', Lemma 4.2(i) and (4.10) that
iy _ t _ _ _ _
n0+1 = V_(no) (n_(n0 1,1) n__(n0 2,1))
- V. (n - (n -1ts_(n ) +
-0 + 0 -0
t t
+ 6_(n0)6+(n0)v_(n0~1) 6+(n0 1) 6_(n0)
- _ _ t N ¢
= (V_(no) V_(nO 1) 6+(n0 1) 6_(n0) +
t t
+ 6_(n0)6+(n0)v_(n0~1) 6+(nO 1) 6_(n0)
= 0 . (Q.E.D.)
By Steps 9 and 10, we have proved that (*)6 1 holds. Moreover,
O’
for any fixed k , 1gk<k+lgNO , by assuming that (*)6 K holds, we
0!
will show that (*)60’k+1 holds.
(step 11) 11 - g
n0+1

-18-



(k) _ (k) _
Hn = O(resp. IEn =

0 0
of 6+(no—k)(resp.6_(no—k)) , we see from Theorem 3.1', (4.8) and (4.9)

Proof. By applying 0) to the coefficient

that

(k+1) - "t "
ngel =T B.(mgTIOTT - ItTs tnguk) v 1

(4.12) I

where
k-1 n0—2k .
It = %« igo n,(i,n,-k-1)R(k-j+id)) n_(j,n,-k-j) -

- L (ngmk-§,5) - N (np-k-1-§,§))-

n0-2k

C(R(k-§) + L RGk-3+D ' (ng-k-1,1)) -
i=1

-~ (n+(n0—2k,k) - n,(n -2k-1,k))V+(n0-k) +

0
t
+ 8, (ny=kOV_(ny-k-1) 'n (k-1,n,-2k) ,
n0—2k .
n_(i,ng-k=-1DC L R(k-j+i)'n_(i,n
0 i=0

1 n0-2k

+ L (Rk=j) + § n_(n k=i, DRG=j+i))-
=1 i=1

k-1
Iv = -~ Z
j:

o k-1 ¥

t L .
c(n_(ny-k=j,§) - n_(ny-k-1-j,3§)) +

t - -
+ V_(n =k) "(n_(ny=2k,k) = n_(n,=2k-1,%))

t
- n_(k=1,n,=2K)V_ (n ~k-1)"8_(n -k)

0
kiz n0-2k .

I = - L n_(j,ng-k-1-D (R(k-1-j) + L Rk=-1-j+i) 'n (ny-k-i,i)) +
i=0 i=1

k-2 ny-2k

+ ¥ (Rk-1-j) + § n_dn
j=0 i=1
t
- n_(k-1,n,-2k)V (ny-k-1) + V_(n -k-1)"n (k-1,n,-2k)
(0
n-1

. : t
0-k-i,1)R(k-1~j+1)) ﬂ+(j,n0—k-l‘3) -

By Theorem 3.1' and = 0 ,

(4.13) I
k=2 n0—2k—1

= (= L n_Gung-k-1-)C L RCk=j+i) 'n_(i,n
' i=0

~k-1-1)0) 16, (n k) +
=0

0
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n0—2k-1

1 K2 :
- . . NN oy
+6_(ngmlC L ¢ L on (,np-k-1-DRK=§+1)) ' (§,n,-k-1-1))
j=0 i=0
Next, applying Theorem 3.1' to I', we have
] - - ~ot - - ~c ~'t - (]
I' = 8, (n~K)I'"8_(ny-K) + & (ny~K)I' + ' 8, (ny-k) + IV',
where
N n0—2k
I' = R(k) + L n_(n,-k-1-1,1)R(k+i) +
i=1
t
+ n_(k-1,n,-2K)V, (n,-k-1) 6_(ny-k)+
k-1 N2k .
+ ¥ (R(k-j)>+ L n_(n,-k-1-i,i)R(k=-j+i)) n_(n ~k-1-§,j) -
: -0 0
i=1 i=1
K2 n,-2k-1 t
- ) n_(j,ny=k-1-j) (R(k-])+ L R(k-j+i) n_(i,n =k=i))
j=0 i=0
~' _ _ _ _ _ - _ _ t _ - _
I' = -n_(k-1,n,-2K)V_(ny=k=1) + V_(n -k=1)"n (k-1,n,-2k)
k-2 np~2k \
= L n_Gi,ny-k-1-j) (R(k-1-j) + L R(k-1-j+i) "n (n =k-1-1,i)) +
j= i=1
k-2 ny-2K .
+ L (R(k-1-3) + L n_(ng-k-1-i,DRK-1=j+i)) 'n (j,ny-k-1-])
i=0 i=1
n0—2k-1
IL = Loon Gung~k-1-)R(k+1+j) +
=0
k-1 Mo~ 2k-1 \
+ L C E  n (i,ng-k-1-1)Rk=j+i)) "n _(n -k=1-j, )
j=1 i=0
k-2 n0—2k—1 .
v = ¢ ¥ n (,ny-k-1-DR(k-j+1)) 'n _(j,ny -k-1-])
j=0  i=0
. (k) _
By Lemma 4.2(ii) and I = 0,
no—l
n0~2k—2
I' = n_(k-1,n,-2k) (R(n,-k) + X R(1+j)tn_(j,n0-k—1-j) +
i=0
+ V. (k-1 _(n-x0) + T - v (n -k-1)tn_(n -2k-1,1)
+ 70 =70 ny-l +70 -0 ’

= - k-1t - k-
= =V, (ny-k=1) ‘n_(n ~2k-1,1)

Furthermore, since
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o (K)

= Ino-l o
N - —r-1y b P t -
(4.14) [t = - 5*("0 k)V_(nO k-1) n_(nO 2k-1,Kk) 5+(“0 k) +
e b v
+ II 6+(n0-k) + 1V
Similarly to (4.13), we can apply I(k) = IE(k) = 0 to see that
no—l nO—l
+ - -— -— -— - - t —
(4.15) I = 6_(n0 k)n+(nO 2k 1,k)V+(n0 k-1) 6_(n0 k) +
+ 6_(ng=k) I* + Ty"
where
n.-2k-1
~ o - ¢
mw* = - L Rk+i) n_Ci,ny-k-1-1) -
{20
k-1 n0—2k-1 .
- ¥ n (n,-k-1-3,3i)( Y. R(k+l-j+i) n (i,n,~k-1-1))
. + 0 - 0
i= i=0
_ k-2 no-%k-l .
IV = = Y n (j,n.~k=-1-3)¢( Y R(k-j+id) n (i,n,.~-k-1-i))
. - 0 - 0
j=0 i=0
Thus, by (4.12), (4.13), (4.14) and (4.15),
(k+1) _ _ _ _ _ w1yt oL
(4.16) Ino+1 = 6_(n0 k) ( 6+(nO k)V__(n0 k-1) n_(nO 2k-1,KkK) +
t ~" ~n t —
+ n+(n0—2k—1.k)v+(n0-k—1) 6_(n0—k) + It + II") 6+(n0 K)
On the other hand, by using IVékil = 0 , coming from (*)n and Step
0 0
5, we see that
no—k—z
m +« " = n (n.-2k-1,k)(R(n.-k)+ X R(1+j)tn (j,n.~k-1-3)) -
+ 0 0 j=0 - 0
nO—k-2
- (R(n,.-k)+ Y n. (j,n —k—l—j)R(l*j))tn (n -2k-1,k) .
0 + 0 -0
j=0
Consequently, by substituting this into (4.16), it follows from Lemma
4.2 that 1D _ o (Q.E.D.)
n0+1
(Step 12) (i) xwK*1D) g (iiy  mETD o
n,.+1 n.+1
0 0
Proof. We prove only (i), since (ii) is shown similarly. By
applying IV(k) = 0 (resp. H(k)=0) to the coefficient of &6 (n.-k)
nO nO -0
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(k+1)

n0+1 ’

= V_(n-k) t(n_(n-2k-1,k+1) - n_(n

(resp.tn_(no—k-l,l)) in T we see from Theorem 3.1' that

(k+1)

n0+1

+ (I—6_(no—k)6+(n

(4.17) I -k-l.l)n_(no—Zk,k))

0

t
0—}())J1 - 6_(n0-k)J2 - J3 n_(no-k—l,l) + J4

where
n0-2k—1
R(k+1) + L n_(ng-k-1-i,i)R(k+1+i) -
i=1

[
]

k-1 n0—2k~1

- L n_Gng-k-1-9DC L R(k~j+i)tn_(i,n
=0 i=0

n0—2k—1

¢ ¥ no(i,n.-k-i)R(k+1-j+i))n (n.-k-i, 1)
1 i=0 0 -0

O—k—i))

[
i
n =

3
1 n0—2k—1 .
n_(J.ny-k-3)C L Rek-j+i) n_«i,n
0 i=0
k-1 n0—2k .
+ ¥ (R(k-j>+ Y n (n.-k-i,i)R(k+1+i)) n _(n. ~k-j,}) +
=1 i=1 ~ © -0

+ n_(k,no—Zk)R(nO-k)
K n0—2k-1

T (R(k+1-j) + X n_(no-k—i,i)R(k+1-j+i))tn_(no—k-j.j)
j=2 i=1

[
n
=

9 - g ~-k-1)) -

j 0

e
]

n0—2k

(R(k) + L n_(ny-k-i,i)R(k+i)) -
0 i=1

t
V_(ng-K) n_(n -2k,k) + n_(k,n

- (k)
3 ﬂn

O-R)R(no-k) ’

it follows from Theorem 3.1' that
n0—2k—2
Jg = =8_(n =k ( igo n,(i,n

n0-2k—1

- RGO+ L n_(gek-1-1,DRCKk+1)) = V_(ng-k) tn_n
L

O—k—l—i)R(k+1+i)) -

O-2k,k)

and so

t
g N_(ny=k-1,1)

-kK)) (R(k) +

(4.18) 5_(ny=X)J, + J

= —(I-6_(n0-k)6+(n0
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n0—2k-1

+ ¥ n_(no—k—l—i.i)R(k+i)}tn_(n0-k—1.1) +
i=1
K
+ 6_(n0-k)6+(no—k)j£2(R(k+1-J) +
n.-2k-1
o ° ¢
+ Y. n_(n,-k-1-i,i)R(k+1-j+i)) ‘n_(n.~k-j,j) +
5y -9 -0
K ny-2k-2 ,
+6_(ng-k) L C L n (ny-k-1-i,1)R(k+2-j+i)) ‘n_(n -k-j,§) -
i=2  i=0
t t
V_(n -k) 'n_(n,-2k,k) ‘n_(n -k-1,1)
Forthermore, we note from Theorem 3.1' that
(4.19) J,
K n0~2k-1 .
= ) (R(k+1-j) + . n_(n -k-1-i,i)R(k+1-j+i)) n_(n, -k-j,j) +
: =70 0
i=2 i=1
K no—%k—z .
* 6 _(ng=k) K € E n (ng-k-1-1,)Rk+2-5+1)) n_(n -k-§,J)
i=2  i=0

Therefore, by using Theorem 3.1' and (4.9), we see from (4.17), (4.18)

and (4.19) that

(k+1) _ _ _ _
(4.20) n“o*l = (1-6_(n,-k)6 (ny-k))Jg ,
where
n0—2k-2
Jo = R(k+1) + L on_(ng-k-1-i,i)R(k+1+i) +
i1
K ny=2k-2 t
+ ) (R(k+1-j) + Loon_(ng-k-1-i,1)R(k+1-§+i)) "n_(ny-k-j,J) -
j=1 i=1
k-1 . n0—2k—1 .
- L n_(j,n,~k-1-3)(R(k-j) 6_(n,-k) + L  R(k-j+i) n_«(i,n ~k-i)) +
PR 0 -0 . 0
j=0 i=1
X t
+ n_(k,n -2k-1)(R(n.-k) + } R(n_ ~k-i) n_(n -k-i,i)) +
- 0 0 j=1 O -0
+ V_(ng=k-1) ‘n_(n -2k-1,k+1)

0
We note from Lemma 4.2(ii) that
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K
R(n.-k) + % R(n.-k-i)'n_(n ~k-1-1,1)
0 =y O -0
n.-2k-2
t 0 ot .
= =V, (n,-k-1) "8 (n -k) - igo R(1+i) 'n_(i,n,-k-1-i)
Therefore, by using Theorem 3.1', we get
4.21) J,
n0—2k—2
= R(k+1) + L on_(ng-k-1-1,1)RCk+1+1) - V_(no—k—l)tn_(no—Zk-Z,k+1) +
i=1
K n0—2k—2 .
+ L Rk+1-§0+ N n_(ng-k-1-i,1IRk+1-j+i)) "n_(ny-k-1-j,§) -
j=1 i=1
K n,-2k-2 .
= Lon_(Gny-k-1-1DC L R(k-j+1+1) n_(i,n -k-1-1)) +
i=0 i=0
K no—%k-z .
+ (L (R(k+1-3) + L on_(ng-k-1-1, 1)RCk+1-§+i)) "n _(§-1,n ~k-j) -
i=1 i=1
k-1 ny-2k-1 \
- L n_(i,ny-k-1-j)(RCk-J) + L R(k-j+i)'n (n -k-1-1,i)) +
j=0 i=1
K t
* n_(k,ny-2k-1) (-V_(n -k-1) + iglﬂ(no—k-l) n,(i-1,n5-k-1)) +
t t
+ V_(n,-k-1) n+(k.p0—2k—1)) 6_(n,-k)
- I;k+1) R I;k+l)t6_(n0_k)
0 0
= 0 ,

noting that k+1 < NO . Consequently, by (4.20) and (4.21), we see that

r(k+1) - 7
no+1 o . (Q.E.D.)
0
Finally, we will show (k). , that is,
n.,N
00
(NO)
(Step 13) IV =0
n0+1
Proof. Since it follows from (4.8) and (4.9) that
N.-1
0 t t
V+(NO) + j§0V+(N0—1—J) 6_(N0—J) 6+(NO—J)
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N.-1

0
= V_(Ng) + .L 6_(Ny=3)6, (Ny=)V_(Ny=1-j)
i=0
= R(0) ,
we see from (ii) in Step 6 that Step 13 holds. (Q.E.D.)

Thus we have completed the proof of Lemma 4.3. By noting Steps

1, 2 and 3 in the proof of Lemma 4.3, we have

Theorem 4.1. For any n € N* .

(i) V,(n+1) = V() - &, (n+DV_(m) Y6, (n+1)
Gii) V,(n+1) = (1-6,(n+1)6_(n+1))V, ()
(ii1) V_(n+1) = V_(n) - 6_(n+DV, (M '6_(n+1)
(iv) V_(n+1) = (I=6_(n+1)6, (n+1))V_(n)

v) v,mb_(n+1) = 6, (n+1dV_(n)

(vi) v,(n+D s (n+1) = 5, (n+DHV_(n+1) .

By Theorems 3.1 and 4.1, we find that the parameters v, (.,%),
v (%), V () and V_(-) in KMZO—Langevin equations (2.16) and
(2.17) can be uniquely determined by R(0), 6+(-) and 6_(:) . Ve
call the system {7+(n,k).6+(m),v+(m) ; m,n,kKeEN, nd>k} (resp.{y_(n,k),

6_(m),V_(m) ; m,n,keEN, nd>k}) the forward (resp. backward) KMZO—Langevin

data associated with X
For future use in a modelling of time series, we will rewrite

Lemma 4.2 into

Theorem 4.2. For any n € N* ,

n-1
=(R(n+1) + Y vy _(n,K)R(k+1))V_(n)
k

1

]

(i) 6, (n+1)

t

=0
n-1 t -1

~C'R(n+1) + § y_(n,k) R(k+1))V_(n)
k=0

(ii) &_(n+1)
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predi

For each

§5. The prediction formula and prediction error

ction matrix

m,n € N, m>n, we define a forward (resp. backward)

P, (m,n) (resp.P_(m,n)) € M(d;R) and a forward

(resp.backward) prediction error matrix e _(m,n) (resp.e_(m,n)) €

M({d;R) by

(5.1) P, (m,n)
(5.2) P_(m,n)
(5.3) e, (m,n)
(5.4) e_(m,n)

(i)

(ii)

Theorem 5.1.

X(m) =

P, X(m = RGMR0O)"

Mo(n)

(iii) e+(m,n)

By (2.20),

Proof. We put

m
ROMR(0) 1x0) + L P_(m, 5OV, (k)

t 1/2

E(X(m) "I, (n))V, (n)

-1/2

ECXC-m)'T_(n))v_(m)

EC(X(m)-P X(m))t(X(m)—P + X(m)))

Mo(n) Mo(n)

XCn) X e-m-P . XC-m»

MO(n)

E((X(_m)—PMa(n)

For any m,n € N , m > n ,

1/2
I, (&)

k=1

1 1/2

n
X(0) + L P _(m,k)V (k)
k=1

I, (k)

T t
= L P,(mKk) P _(mKk)
k=n+1

W = the left hand side in (i) - the right hand side in (i).

we see that each component of W Dbelongs to the linear

hull of (I+j(£);1gjgd,0gﬁgm) . It follows from (2.18) and (5.1)

that

ing (i).

18) again,

t
EW T, () =

0(0<%<m) . Hence, we find that W = 0 , imply-

(ii) follows from (2.18), (2.20) and (i). By noting (2.

we see that (i1ii) follows from (i) and (ii). (Q.E.D.)

Similarly, we obtain

Theorem 5.2.

For any m,n €N , m > n ,
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) t -1 m -1/2
(i) X(-m) = "RCOMRCO) "X(0) + ¥ P_(m,K)IV_(k) 1_(k)
k=1
. t -1 a -1/2
(ii) P X(-m) = 'R(m)RCO) "X(0) + [ P_(m,kIV_(K) 1_(k)
M_(n) k=1
0
m t
(iii) e_(m,n) = § P_(mk) P_(mk) .
k=n+1

We will show that the prediction matrices P+(~,*) and

P_(+,%) can be also determined by R(0), 6 ,(:) and &6_(-) through

+

the following

Theorem 5.3. For any m,n € N , m > n ,

(i) P ,(n,n) = V+(n)1/2
m-1
P,(m,n) = - ¥ v _(mKP_ (k,n)
k=n
(i) P (n,n) = V_(m1/2
m-1
P_(m,n) = = ¥ y_(m,K)P_(k,n)
k=n

Proof. By (2.16), (2.18), (2.20) and (5.1), P _(n,n) = V+(n)1/2

By substituting (2.16) replaced n by m 1into the right hand side of
(6.1), we find from (2.18) and (2.20) that the second statement in (i)

holds. (ii) is also proved similarly. (Q.E.D.)

By using Theorem 4.1(ii)(iv), we see from Theorems 5.1(iii), 5.2

(iii) and 5.3 that the one-step prediction error matrices e+(n+1,n)

and e_(n+l,n) can be explicitly represented by R(O),6+(Q) and

6_(2)(1£2<n+1) through the following

Theorem 5.4. For any n € N ,

(i) e, (n+l,n) (I—6+(n+1)6_(n+1))---(I-6+(1)6_(1))R(0)

(ii) e_(n+l,n)

(I-6_(n+1)6 _(n+1))---(1-6_(1)6 (1))IR(0)
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§6. A construction theorem

As a converse setting of %2~%5, we are given a system (V,6+(n);
nEN} of members in M(d;R) such that
(6.1) V is a symmetric positive definite
(6.2) 5,(n) € M(d;R) (n € N) .

Then we construct a triple (V _(1),6_(1),V_(1)) by
t

V(1) =V = s, (Vs (1)
(6.3) s_1) = v, vt
V(1) =V - 8 (Vs (1)

In order to continue the following construction of

(V,(n),6_(n),V_(n)) from (V _(n-1),6_(n-1),V_(n-1))(n € N)

. t
V,(n) =V (n-1) = &, (mMV_(n-1"s, (m)

(6.4) 5_(mV,(n-1) = V_(n-1) "6, (m
V_(n) = V_(n-1) = &_(n-1)V, (n-1'6_tn-1) ,

we suppose that
(6.5) V,(n-1) € GL(d;R) (n € N) ,
where V_(0) = V_(0) =V
Next, we construct a system (y+(m.n),y_(m,n);m,new*.m>n) of
members in M{(d;R) according to the algorithm in Theorem 3.1.
Furthermore, we prepare any Rd—valued stochastic process I =

(I+(n);n€N*) on a probability space (2,8,P) such that

(6.6) E(I,(n)) = 0 (n € N*)
t B *
(6.7) E(I+(n) I+(m)) = dnmv+(n) (n,m € N
and then construct an Pd-valued stochastic process x+ = (X(n);neN*)
by
(6.8) X(0) = I+(0)
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n-1
(6.9) X(n) = = ¥ v, (n,K)X(k) + I (n) (n € N)
k=0

Now we will show

Theorem 6.1. X+ is weakly stationary.

For any m,n € N* , we put

(6.10) R(m,n) = E(X(m 'X(n))
Since
(6.11) ‘Rem,n) = Ren,m) ,

for the proof of Theorem 6.1, it suffices to show
(6.12) R(m+2,n+2) = R(m,n) (m >n >0, 2 > 1)
The proof is divided into 22 steps.

t -
(Step 1) E(X(m) I+(n)) = émnv+(n) (0 ¢ m< n)

This follows immediately from (6.7), (6.8) and (6.9).

(Step 2> (i) R(0,0) = R(1,1) = R(2,2) =V
(ii) R(1,0) = R(2,1) = -6 _(1)V
(iiid R(2,0) = 6, (1126 _(1)V - & (2)V_(1)

These are shown by a simple calculation.
(Step 3) (i) &_(n+DXV (M) = V_(m) s, (n+1) (n € N%)
(ii) s_(mV, () = V_(m ts_m (n € N)

Proof. (i) is included in (6.4) and (ii) is proved similarly

to Step 7 in the proof of Lemma 4.3. {(Q.E.D.)
n-1
(Step 4) (i) R(n,2-1) = -~ Z n+(k,n—k)R(k.Q-1) (n > 2 > 1)
k=0
n-1
(ii) R(n,n) = - E n+(k.n-k)R(k,n) + V+(n) (n > 1)
k=0
n-1
(iii) V,(n) = R(n,n) + F n_(k-1,n-kK)R(k,n) +
k=1
n-1
+ 6+(n)( )X n_{(n-k-1,k)R(k,n) + R(O,n)) (n > 2) ,

k=1
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where (n_(m,n), n_(m,n) ; m € N*, n € N) is defined by (3.6) and

(3.7).
Proof. By multiplying both hand sides of (6.9) by tX(Sl—l)
(resp. tX(n)) and then taking an expectation with respect to the

probability P , we have (i) (resp. (ii)). (iii) follows from (ii)

and the algorithm in Theorem 3.1°'. (Q.E.D.)
n-1
(Step 5) (i) R(n,0) = -6+(n)V_(n-l) - ¥ n+(k—1,n—k)R(k,0) (n € N)
k=1
njl ¢
(ii) V_(n-1) = R(0,0) + ¥ R(O0,k) n_(n-1-k,k) (n € N)
k=1
n-1
(iii) R(n,0) = =6 (n)V - ¥ n (k,n-k)R(k,0) (n € N)
+ k=1 +

Proof. By a mathematical induction about n , we show (i) and

(ii). By Step 2, (i) and (ii) for n =1 hold. Let us assume that

(i) and (ii) hold for n =n Since V_(no) is symmetric, by (6.4)

O *

(6.11) and (i) for n = n0 .
t t

V_(nO-l) - V_(n0~1) 85,(ny) 8 _(n,)
nO—l

-1) + (R(O,ng) + Y. R(O,k)
k=1

V_(no)

t t
n+(k-1,n0 k)) 6_(n0)

V_(n0

On the other hand, by Theorem 3.1°',
n

R(0,0) + V.
k=1

nO-l

= R(0,0) + I RC0,k)n_(n
k=1

0 t
RCO,k) 'n_(n -k, k)

0-1—k,k) +

ny-1
+ (RCO,n) + T RC0,}) 'n, (k=1,n
k=1

Hence, we have (ii) for n = n0+1 . Next, by (6.9) and Theorem 3.1°',

t
0"k 8 (n)

My

R(n,+1,0) = -k§0n+(k,n0+1-k)n(k,0)
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Mo

= - ¥ n, (k-1,n
k=1

0+1—k)R(k,0) -

Ny

-~ 5,(n+1)(RC0,0) + L n_(n,~k,k)R(k,0)) ,
0 k=1 ~ ©

0 ! implies (i) for n = n0+1

By substituting (ii) into (i), we see from Theorem 3.1' that (iii)

which, together with (ii) for n = n

holds. (Q.E.D.)

Before proceeding to the next step, we put the following state-

ments : for each n € N* ,
n-1 n-1 t
(6.13) L n,(k,n-k)R(k+1,0) = } R(k+1,0) n_(k,n~k)
k=0 k=0
: t
(6.14) V,(n) = R(0,0) + ) R(k,0) n_(n-k,k)
k=1
n-1
(6.15) R(0,n) = -&_(n)V_(n-1) - )} n_(k-1,n~-kK)R(0,k)
n - + -
k=1
n-1
(6.16) R(O,n) = =-&_(M)V - [ n_(k,n-k)R(0,k) .
k=1

(Step 6) For any fixed n € N ,

(i) [f (6.13) holds, then (6.15) _, does.
(ii) 1f (6.14) _, and (6.15) hold, then (6.14) does.
(iit) If (6.14) and (6.15) hold, then (6.16) does.
Proof. By (6.9) and Theorem 3.1°',
n t
R(0,n+1) = - § R(0,k) n_(k,n+1-k)
k=0
n t
= - L R(O,k) n, (k-1,n+1-k) -
k=1
n t t
- (R(0,0) + J R(O,k) n_(n-k,k)) & (n+l)
k=1
And so by (ii) in Step 5,
¢ 0ol t
R(0,n+1) = -~ C & n_(k,n-K)R(k+1,0)) - V_(n) & _(n+1)
k=0
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Therefore, we have (i).

proof of (ii) and (iii) in Step 5.

We will show (6.13)n and (6.14)n (n € N)

(ii) and (iii) are proved similarly as

in the

(Q.E.D.)

by a mathematical induc-

tion about n in Step 7~Step 17. Immediately from (i) and (ii) in Step
2, (6.13)1 and (6.14)1 hold. For any fixed n, € (2,3,«++«} , let us
assume that (6.13)Q and (6.14)Q hold for any 98 € (1,2.---,n0—1)
(Step 7) If (6.13) holds, then (6.14) does.
n n
0 0
This follows from (i) and (ii) in Step 6.
n, .
(Step 8) (i) the left hand side of (6.13) = - Y C (k)& (k)
n n -
0 k=1 0
nO .
(ii) the right hand side of (6.13) = y D (k) 6 (x) ,
n n -
0 k=1 0
where
Ro~! k-2 .
(6.17) C_ (k) = Y. n. (2,n,-2)(R(Q+1-%,0) + } R(2-m,0) n_(m,k-1-m)) +
n + 0 +
0 Q=X m=0
+ n+(k—1,n0-k+1)V+(k-1)
k-2 t
(6.18) D (k) = R(n+l-k) + ¥ R(n.,-m,0) n (m,k-1-m) .
n 0 +
0 m=0
Proof. Since it follows from (i) in Step 6 that (6.15)Q (1g&gn0)
hold, we get
(6.19) the left hand side of (6.13)n
0
no-l . " .
= - LN ngmK)(V (k) T8 _(k+1) + §R(R,0) n_(8-1,k+1-2)) -
k=1 Q=1
t
- 6+(n0)v 5_(1)
By Theorem 3.1°',
Q-1
(6.20) n_(2-1,k+1-2) = &6_(k+1-92) + )X 6_(k+1—n+j)n+(k-ﬂ.j)
i=1
k
(6.21) n_(k,no—k) = 6_(n0-k) + ¥ 6_(n0—k+j)n+(no~k—1.j)

i=1
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By substituting (6.20) (resp. (6.21)) into (6.19) (resp. the right hand

side of (6.13)n ), we have (i)(resp. (ii)) in Step 8. (Q.E.D.)
0
(Step 9) For any Kk € (1,2,---,n0) ,
kil
C_ (k) + D (k) = ¥ 6 (n,-VE_ (2:k) ,
n0 n Q=0 + 0 n0

where for Q2 € (0,+--,k-3}) ,

(6.22) En (2: k)

0
no-k—l
= igo n_(i,nyg-2-1-1)R(ny-k-1,0) + n_(n -k, k-Q-1)V_(k-1) -
9 k-9-1 ¢
- L (R(2-j,0) + F n_(n -2-1-i,i)R(Q-§+i,0)) 'n (j,k-1-j) +
j=0 i=1
k-2 "o K71

+ L (T n_(i,ng-8-1-DR(ng=i-1-1,0) 'n (§,k-1-)
j=9+1 i=0

(6.23) En (k-2;k)

0
no-k-l
= igo n_(i,ny~k+1-i)R(n,-k-i,0) + n_(ny-k, 1V, (k-1) -
k-2 ¢
- L (R(k-2-§,0) + n_(n -k, DRk=1-§,0)) "n_(j,k-1-])
i=0
k-2 ¢
(6.24) E, (k-1;k) = V_(k-1) - (V + L R(k-1-j,0)"'n_(j,k-1-3))
0 j=0
By (6.17),
no-l
(6.25) C, (o = n (k-1,n,-k+1V (k-1) + y n,(2,n,-DR(Q+1-k,0) +
0 Q=k
k-2 ny-l .
+ Y C ¥ n (9,n.~2)R(2-m,0)) n (m,k-1-m) .
+ 0 +
m=0 Q=k

Moreover, it follows from Theorem 3.1' and (iii) in Step 5 that for any

me€E (0,1,+--,k=-1} ,
no—l

(6.26) Y n (2,n.-2)R(2-m,0)
9= * 0
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n,.~k-1
mil 0 z
= &5 (n. -j)( n_(i,n,-1-j-i)R(n,~1-m-i,0)) -
j=o * 0 (=0 0 0
k—{-m
= R(n,-m,0) - jgo n,(i,ny=m=iYRCj,0) .

By substituting (6.26) into (6.25), we find from (6.18) that

(6.27) Cno(k) = -Dno(k) + n+(k~1,n0-k+1)v+(k-1) - 6+(n0~k+l)V +

k-2 m-1
+ LLLs, (ng-C X n_(i,ng-1-j-i)R(n
m=0 §=0 i=0
k-1-m t
- L n (ng-m=i)RC},00) "n (m,k-1-m) +
j=0

no—k—l

O-l-m—i,O)) -

m=1 no—k-l

+ j§06+(n0—j)( igo n_(i,n
Further, it follows from Theorem 3.1' that for any m € {0,1,:--,k-2} ,
kjl
(6.28) n+(k-1,n0-k+1) = 6+(n0—k+1) + j§16+(n0—k+1+j)n_(no-k.j)

0-1—j—i)R(no—k-i,0)) .

k—{-m
(6.29) L on g
j=0
k—y-m k-1-m
L 6,(ny-m-§)(R(J,0 + L n_(n
i=0 i=j+1
Thus, by substituting (6.28) and (6.29) into (6.27), we can see that

-m-jIRCj,0)

o—m-i—l,i—j)R(i,O)) .

Step 9 holds. (Q.E.D.)

(Step 10) En (k-13k) = O for any k € {1,+++,n.}

0

This follows from the assumption of mathematical induction that

0]

(6.14), ) holds.

(Step 11) En (k-=2:k) = O for any k € {(2,-+.
0

Proof. By (6.23) and (6.14)k_
no—k—l

(6.30) E_  (k-2;k) = Y n_<i,n
0 0

,no}

1 L

-k+1-i)R(n,.-k~-i,0) + n_(no—k,l)V -

0 0

i=
k-2 ¢
- L R(k-2-3,0)'n_(j,k-1-j)

j=0
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By Theorem 3.1*' and (iii) in Step 5,

no-k-l
.X n_(i,ny-k+1-i)R(n,-k-1i,0)
i=0
nO-k—S
= —6_(n0-k+1)6+(n0-k)v + igo n_(i,no—k-l)R(nO—k-Q—i.O) +
no—k—2
+ 6_(n0—k)(R(nO—k—1,O) + igl n+(n0—k-1-i.i)R(no-k—l-i,O)) .
By repeating the same procedure, we have
no—k—l no—k
(6.31) L n_(,ny =k+1-1)R(ny-k-1,0) = -C L 8_(i+1)5 (1)V
i=0 i=1
= (-n_(no-k.l) + &5_(1))V
On the other hand, by Theorem 3.1°',
k'-.2 t
Y. R(k-2-j,0) n_(j,k-1-j)
i=0
¢ k-3 t t
= (R(k-2,0) + V'6_(k-2) + Y. R(j,0) n_(j,k-2-j)) 6*(k-1) +
=1
k-3 t
+ L R(k-38-j,0) 'n_(j,k-2-})
j=0
and so by (6.16)k_2
k-2 ¢ k-3 ¢
Y R(k-2-3j,0) n (i, k-1-j) = Y R(k-3-j,0) n, (i, k=-2-j)
j=0 i=0
By repeating the same procedure,
k-2 t
(6.32) X R(k-2-j,0) n+(j,k-1—j) = 6_(1)V
j=0
Thus, by (6.30), (6.31) and (6.32), we have Step 11. (Q.E.D.)
(Step 12) For any Q € {(0,1,-++¢,k-2} ,
no-k
EnO(Q;k) = ‘g n_(i,ny-2-1)R(n,-k-i,0) +
i=0
g k-Q-2 £
- Y (R(Q-j,0) + X n_(no—Q—l—i,i)R(Q—j+i,0)) n,(j,k-1-j) +
j=0 i=1
k-2 k-2-2

- L £ n_(no-ﬂ-l-l,i)R(i—j+ﬁ.0))tn+(j.k—]—j) +
j=9+1 1=j-9
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k-2 Mo 1 .
+ L C L n_(ny-2-1-1,1)R3i-j+2,0)) "n _(§,k=-1-j)
j=9+1 1=j-2

Proof. By substituting (6.14) into (6.22), we have

k-1
no—k
(6.33) E_ (23k) = % n_(i,n,-2-1-i)R(n, ~k-i,0) -
n - 0 0
0 1=0
Q k~-Q-2 ¢
- L (R®-3,00 + L n_(ng=2-1-i,1)R(Q-j+1,00) 'n (j,k-1-j) +
j=0 i=1
k-2 Mo K .
+ L C XK n_(i,ng-2-1-1Rny=-j-i-1,0)) "n (j,k=1-j)
j=9+1 i=0
Since
k-9-2 nok
Y n_(n ~92-1-i,i)R(i-j+2,0) + } n_Ci,n, ~2-1-i)R(n_~j-i-1,0)
LT =0 : - 0 0
i=j-Q =0
no—ﬂ~1
= Y. n_(n,-2-1-1,1)R(i-j+2,0) ,
i=j-9
it follows from (6.33) that Step 12 holds. (Q.E.D.)
For each Q,m € N , put
m
(6.34) F(m,2) = L n_(m-i,2+1)R(i,0)
i=0
(Step 13) (i) F(m,1) = &_(1)V
(ii) F(1,9) = (n_(1,2) - §_(2+1)6_(1))V
9.':1
(iii) F(m,Q) = F(m-1,2) + &_(m+Q) ¥ & (m+jH)F(m-1,j) .
i=1

Proof. (1) and (ii) follow from (6.31) and Step 2, respectively.

By using Theorem 3.1' repeatedly,

m=-1
F(m-1,2) + 6_(m+Q)( L n _(Q+i-1,m-i)R(i,0) + R(m,0))
i=0
2-1
F(m-1,2) + &_(m+Q) L &6, (m+HF(m-1,j) +
i=1

F(m,Q)

n

m-1
+ 6_(m+Q)C L n_(j,m-jHR(},0) + R(m,0)) ,
i=0
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which, together with (iii) in Step 5, implies (iii). (Q.E.D.)

For each Q2 € (0,-+:,k-2), put
Q

(6.35) G(:k) = ¥ R(a-i,O)tn+(i,k—1—i) .
i=0
(Step 14) For any Q2 € {(0,+++,k=-2)}) ,
K-Q-2
E. (2:k) = -G(2:k) - Y n (n.-9-1-1,i)G(Q+i k) +
n . -0
0 i=1
k-9-2 ¢
+ F(ny-k,k-2-1) + ) Fng-k+i,k=0-1-1)"'n (k~1-i,i)
i=1

This follows from Step 12, (6.34) and (6.35).

(Step 15) For any k € (2,~--,n0) and any 2 € {0,+-+,k-2} ,

k-2-~1
E_ (23k) = E_ _ (23k) + &6_(n,-2-1) § &6 (n,~8-jE
ny Ny 1 0 j=2 + 0 n,

Proof. By (iii) in Step 13,

k-Q2-2
(6.36) F(no—k,k—ﬂ-l) + ¥ F(no-k+i,k~&—1-i)tn+(k-1—i,i)
i=1

IPRC ISR S

= F(ny-k-1,%k-9-1) + §_(1)V'n (2+1,k-2-2) +
k-2-3 ¢
+ L Fn,-k+i-1,k-2-1-i) 'n_(k-1-i,1) +
i=1 0 *
k-2-2
-2-1) jgz 8,(n,-92-1) (F(n,-k-1,k-9-j) +

+ 6_(nO

k-9-1-] ¢
+ £ Fng-k+i-1,k-0-j-1)"n (k-1-i,i)) +
1=1

+ 6_(nO~Q~1)6+(nO—k+1)F(n -k-1,1) .

0
On the other hand, by Theorem 3.1°'.

n_(ng=9-1-i,i) = n_(n =2-2-i,i) + &6_(ny-9-1)8, (n -0-1-i) +

i-1
+ 6_(n0-Q—1)j§16+(n0—Q—1-j)n_(nO—Q—Z—i.j)
and so
k-9-2
(6.37) Lon_(ng-2-1-1,1)G(R+i;k)
i=1
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k-2-2

= Y n (n.-92-2-1,1)G(+i;k) + 6 (n,.-2-1)6 (n.-k+1)G(k-2;k) +
=91 -0 -0 + 0
k-92-3
+ 686 (n.-9-1) ¥ & (n.-2-1-3)(G(Q+j;k) +
-0 jo1 * 0
k-92-2
+ L n_(ng=2-2-1, 1)G(0+15K))
i=j+1

Hence, by combining Step 14 with (6.36) and (6.37), we have Step 15.
(Q.E.D.)
(Step 16) For any k € {2,o~-,n0) and any 92 € (0,..+,k-2) ,
Eno(ﬂ i k) = 0 .

Proof. By Step 15, it suffices to show that E2(0:2) = 0 , which
is proved in Step 11. (Q.E.D.)
(Step 17) For any n € N , (6.13)n and (6.14)n hold.

This follows from Step 8~Step 16.

Finally we will show (6.12) by a mathematical induction such that

for any fixed n, € {2,3,:¢-} ,

0

i f

(6.38) R(j,k) = R(j-k,0) for any j,k € N* , 0<k< I¢n,

then

(6.39) R(n +1,k) = R(n +1-k,0) for any k € (0,---,n +1)

(Step 18) For any k € (1,---,n0) s

R(ny+1,k) = R(ny,k=1) = &, (no+DHUsn,)

where
n-1

(6.40) H(k;n) = R(O;k) + L n_(j,n-id)R(n-k,i)> (1 < k ¢ n)
i=0

Proof. By multiplying both hand sides of (6.9) replaced n by
n0+1 by tX(k) and then taking an expectation with respect to P , it

follows from Step 1 and Theorem 3.1' that
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n

0
R(ng+1,k) = =6, (n +1) (R(0,k) + jgln_(no—j,j)R(j.k)) -
n,-1
- 6,(n R,k - j§1n+(j,nO-J)R(J+1,k) .
And so by (6.11) and the assumption (6.38) ,
"o
R(ng+1,k) = =6 (n,+1)(R(0,k) + jgln_(no-j.j)R(nO-k,nO-j)) -
n,-1
- 6,(n R0, k-1) - j§1n+(j.no—j)R(j,k-1)
= -6, (n+DHking) - 8, (ny)RC0,k=1) -
n,-1
- L n (i,n-j)RCi,k-1) ,
j=1
which, together with (i) in Step 4, yields Step 18. (Q.E.D.)
(Step 19) H(mi;m) = 0 for any m € N .

Proof. By Steps 6 and 17, we can apply (6.16)m to get Step 19,

(Q.E.D.)
(Step 20) For any 8 € (1,-~-,n0) and any k € {1,-.--,8%-1}) ,
k-1
H(k; Q) = H(k;2-1) + 6_(2) L 6 (R-)H(k-j,8-1-j) .
j=1
Proof. By the assumption (6.38),
Q-k Q-1
H(k;Q) = R(O,k) + L n_(j,2-j)R(2-k,j) + L n_(j,-i)R(2-k,])
i=0 j=8-k+1
-k Q-1
= R(0,k) + } n_(j,-J)R(2-k-},0) + Y. n_(§,2-3J)R(0,j-2+k)
i=0 j=f-k+1
By Theorem 3.1°',
Q-k-1
H(k;Q) = R(O,k) + } n_(j,0-j=1)R(Q-1-j,0) +
=0
Q-2
+ ¥ n_(j,2-1-3)R(0,j-Q+1+k) +
i=9-k
2-k
+ &5_()(R(2-k,0) + L n _(2-j-1,J)R(2-k-j,0) +

i=1
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9-1
+ . L n_(8-j-1,1)R(0,j-2+k))

j=0-k+1
2-k
= H(k;Q-1) + &_(2)(R(2-k,0) + L n_(8-j-1,j)R(2-k-j,0) +
i=1
Q-1
+ LN, (8-j-1,j)RC0, j-2+k))
j=2-k+1

By using Theorem 3.1' again,

H(k;Q) = H(k;2-1) + 6_(9)6+(Q—1)H(k—liﬁ-1) +

2-k
+ 6_(R)(R(R-k,0) + } n _(2-j-2,i)R(R-k-j,0) +
i=1
Q-2
+ Y n+(ﬁ—j-2,j)R(O,j-Q+k)) .
j=2-k+1
The same repetition yields that
. k-1
H(k;Q2) = H(k,R-1) + &6_(Q) X 6+(Q—j)H(k-j:Q—1—j) +
j=1
Q-k
+ 6_(2)(R(2-k,0) + ) n (2-k-J,j)R(2-k-j,0)) ,
i=1
which, together with (iii) in Step 5, implies Step 20. (Q.E.D.)
(Step 21) R(n0+1,k) = R(no,k-l) for any k € (1.---.n0) .

Proof. By Steps 2 and 19, we can apply a mathematical induc-

tion to see that H(k;Q) = 0 for any 9 € (1,~-~.n0) and any k €
{1,++,9). Hence Step 21 follows from Step 18. (Q.E.D.)
(Step 22) R(n0+1,n0+1) = R(0,0) .

Proof. By multiplying both hand sides of (6.9) replaced n by
n0+1 by tX(n0+1) and then taking an expectation with respect to

P, it follows from Step 1 and the assumption (6.38) that

R(n0+1,n0+1) = -6+(n0+1)R(0,n0+1) + V+(n0+1) +
nO < N
+ j§1n+(j,n0+1-J)R(O.nO+1—J) .
By Steps 6 and 17, we can substitute (6.16)n0+1 into the above to
see that
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R(ny+1,np+1) = V (ny+1) + & (ny+1)6_(ng+1)V (ny) -
"o
- j§1(n*(j'n°+1-3) - &, (ny+1dn_(ny=j,1)IRC0,n +1~5)

0

and so by Theorems 3.1' and 4.1(ii),

n

0
R(ngy+l,ny+1) = V (ny) - j§1ﬂ+(j~l.no+1-J)R(0,nO+1*J)
Mo
=V,(ny - K n (n,=j, R0, )
i=1
Therefore, by Step 17, we can apply (6.14)n ,l to the above to see
0
that R(n0+1,n0+1) = R(0,0) . (Q.E.D.)

Thus, we have completed the proof of Theorem 6.1.

Added in proof After this paper was prepared, the author learn-

ed from Doctor of Engineering H. Sakai that the algorithm (i), (ii)
in Theorem 3.1, (ii), (iv) in Theorem 4.1 and (i), (ii) in Theorem
4.2 has been derived for the fitting of a multi-dimensional autore-
gressive model [N. Levinson, J. Math. Phys, 25(1947), 261-278 ; J.
Durbin, Biometrika, 46(1959), 306-316 ; P. Whittle, Biometrika, 50
(1963), 129-134 : R. A. Wiggins and E. A. Robinson, J. Geophys. Res.,
70(1966), 1885-1891). This algorithm is called Levinson-Durbin algo-
rithm for one-dimensional case and Levinson-Whittle-Wiggins-Robinson
algorithm for multi-dimensional case. In particular, the fundamental
relation in Lemma 4.3, and parameters 6+(-) and &6 (-) are called
Burg's relation and partial autocorrelation coefficients, respectively.
The role that autoregressive processes have in our theory of KMZO—

Langevin equations will be discussed in [27]. The author would like to

thank Dr. Prof. H. Sakai for his communication.
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