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§1. Introduction 

The researches for the problem of linear prediction of a one-

dimensional weakly stationary process X can be classified accord-

ing to the difference whether the length of prediction interval is 

infinitely long (Kolmogorov [4], Wiener [28] and Dym-McKean [3]) or 

finitely limited (Krein [5] and Dym-McKean [2]). The method is to 

reformulate the above problem in terms of a real Hilbert space 

obtained by closing the linear hull of it· { e ; t EIR} , 

where ~(dA) is the spectral measure of X. In particular, besides 

a traditional spectral theory, Krein has developed the so-called 

Krein's theory for the inverse spectral problem, and Dym and McKean, 

Jr. have reconstructed the theory of Hilbert spaces of entire func-

tions developed by de Branges ([1]). 

On the other hand, the author has studied the problem of linear 

prediction for X from the viewpoint of the theory of stochastic 

differential equations ([10],[12]-[27]). The bud of its spirit can 

be found in [11], where Sato's hyperfunctions play an importart role 

in the study of infinitely multiple Markovian property. I t is impor-

tant, not only from a point of view of statistical physiCS, but also 

from a probabilistic point of view, to derive a stochastic equation 

of motion describing the time evolution of X. In particular, the 

process X with reflection positivity has been investigated in de-

tail with the project of clarifying a mathematical structure of the 

so-called fluctuation-dissipation theorem in statistical physics 

(Kubo [6] and Mori [9]). In the course of these investigations, it 

has been found that the time evolution of X can be described by two 

kinds of Langevin equations with a notable difference in character of 
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random forces ([18],[19]) One is the first KMO-Langevin equation 

having a white noise as a random force and the other is the second 

KMO-Langevin equation where a colored noise named the Kubo noise is 

taken to be a random force. It is a key to obtain the structure 

theorem of the outer function of X. Since the Fourier transform of 

the outer function gives the canonical representation kernel for X, 

the author's studies are related to the case of long time prediction 

interval, except [16] treated by an innovation method. 

Following the same spirit, Miyoshi ([7] and [8J) has derived and 

then characterized a stochastic differential equation for multi­

dimensional weakly stationary process, by referring de Branges's 

theory for a multi-dimensional case and using Krein's method, which 

is said to be (a,B,y,o)-Langevin equation and treates the case of 

finite time prediction interval. 

Recently, the author ([24],[25] and [26]) derived and then cha­

racterized two kinds of stochastic difference equations for one­

dimensional weakly stationary time series with reflection positivi­

ty, by using the result obtained in the continuous-time case, which 

are called the first and second KMO-Langevin equation, related to 

the case of long time prediction interval. 

The purpose of the present paper is to derive and then charac­

terize a stochastic difference equation for multi-dimensional weak­

ly stationary time series of a general type, by using the innovation 

method. And we call it KM 20-Lan g evin equation and treat the case of 

finite time prediction interval. The notable point is that a random 

force in KM 20-Lan gevin equation is not always a white noise, differ­

ent from the one in (a,B,y,o)-Langevin equation. 
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We will state the content of this paper. Let X = CXCn);nEZ) 

be a d-dimensional weakly stationary process with mean vector zero 

and covariance matrix R. We define for each n E N a block 

Toeplitz matrix SnCEMCnd;R» by 

<1.1) 

RCO)RO) •.• 

t RO )RCO) RO) 
R(n-I) 

• •• 
tRO) RCO)RO) 

t R(n-l) ••• tRCI)R(O) 

We suppose that SnCnEN) are invertible in what follows. In §2, 

we will introduce a forward Crespo backward) innovation process 1+ 

= CI+Cn);nEN)Cresp. I =CI Cn);nEN» associated with X 1 tis 

noted that I+(resp. 1_) is an orthogonal process. And then we 

derive two kinds of stochastic difference equations describing the 

time evolution of X: 

n-l 
0.2) XCn) = - L y+Cn,k)X(k) - 6+(n)X(O) + 1+(n) 

k=l 
n-l 

(n E 0\1) 

(1. 3) X(-n) = - L y_Cn,k)X(-k) - 6_Cn)X(O) + I_Cn) (n E N) , 
k=1 

where y+(.,*), y_C·,*), 6+(.) and 6_(') belong to M(d;lR) . 

We call (1.2)(resp.(1.3» a forward (resp. backward) KM 20-

Langevin equation for X. It is noted that a class of non-linear 

Langevin equations for strongly stationary time series is derived 

from our approach (Remark 2.2). 

We will in §3 obtain fundamental recursive relations among 

y+(',*), y_(',*) ,6+(,) and 6 C·) CTheorem 3.1) : for any n,k E 

IN , n > k , 

0.4) 

0,5) 

y+(n,k) = y+(n-l,k-l) + 6+Cn)y_Cn-l,n-I-k) 

y Cn,k) = y Cn-l,k-l) + 6_(n)y+(n-l,n-I-k) 
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where y+(n,O) = o+(n) and y_(n,O) = ° (n) . 

We denote by V+(n)(resp. V_en»~ the covariance matrix of 

I+(n)(resp. 1_(n»(nEIN). By using 0.4) and 0.5), we will in §4 

obtain fundamental recursive relations among V+(·), V_('), R(O), 

0+(') and 0_(') (Theorem 4.1) : for any n E IN'" , 

(1. 6) 

0.7) 

o .8) 

where 

V+(n+1) = (l-o+(n+1)0_(n+1»V+(n) 

V (n+1) = (l-o_(n+1)0+(n+1»V_(n) 

V (n)t o (n+1) = ° (n+1)V (n) , 
+ - + -

V+(O) = V (0) = R(O) . 

By taking advantage of the innovation method, we will in §5 

give a forward (resp. backward) prediction formula for X (Theorems 

5. 1 and 5.2). It will be found that prediction matrices and predic-

tion error matrices are determined by R(O), 0+(') and ° (.) . 
As a converse setting of §2-§5, we will in §6 show a recon-

struction theorem (Theorem 6.1), which states that for a given 

system {V,o+(n);nEIN} in M(d;R) and a d-dimensional orthogonal 

'" process 1+ = (I+(n);nEIN ), the recursive relations (1.4)-(1.8) 

characterize the weakly stationarity property of unique solution X+ 

'" = (X(n);nEIN) of the forward KM 20-Lang evin equation (1.2), where 

1+(0) = X(O) , V = R(O) and 1+ becomes a forward innovation pro-

cess associated with X+ . 

In a forthcoming paper ([27]), we will construct an outer ma-

trix function and then derive a KMO-Langevin equation for a multi-

dimensional weakly stationary time series. And together with some 

relations between KM 20-Lan gevin equation and KMO-Langevin equa­

tion, generalized fluctuation-dissipation theorems will be proved 

based on both Langevin equations. 
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92. ~M20-La~~evin equation~ 

Let X = (X(n);nEZ) d be an ~ -valued weakly stationary time 

series on a probability space (Q,~,P) with mean vector zero and 

covariance matrix R: 

(2. 1 ) (n E Z) . 

Note that 

(2.2) 

Let 

(2.3) 

t R(n) = R(-n) 

M be the closed subspace of 

(n E Z) • 

2 L (Q,~, P) defined by 

M = the closed linear hull of {Xj(n);I~j~d,nEZ} 

We then have the unitary group (U(m);mEZ) acting on M such that 

(2.4) U(m)(X(n» = X(n+m) (m,nEZ) . 

For each n E ~ we define a block Toeplitz matrix S E 
n 

M(nd;~) by 

(2.5) 

Since 

(2.6) 

where y 
n 

R(O)RO) .•. 

t RO )R(O) RO) 

R(n-I) 

t RO ) R(O)R(]) 

tRCn-I) .•. tR(I)R(O) 

we can see that either of the following (2.7) and (2.8) holds 

(2.7) Sn E GL(nd;~) for any n E ~ 

(2.8) there exists nO E ~ such that Sn E GL(nd;~) for any 

n E {l, ••• ,n O} and Sn Et GL(nd;~) for any n E {n o+I,n o+2, ... } . 

We treat the case where condition (2.7) holds in what follows. 

]h~J'HI.rJi 2. 1 • If R has a spectral density matrix ~ = ~(e) 
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(OE[-n.n» such that 6(0) E GL(d;C) for almost all 0 E [-n.n) • 

it can be seen that condition (2.7) holds. 

For each n E N we define the following block Toeplitz matrix 

(2.9) 

Since 

(2.10) 

where 

i t holds 

(2.]1) 

For 

T = n 

R(O)t R(I) ••• 

R(1) R(O) tHO) 
• 

• 

t R(n-I) 

• R(l )R(O) tR(l) 

R(n-l) R(l) R(O) 

from (2.6) and (2.7) that 

T E GL(nd;lR) for any n E IN n 

each n E IN* = {0.1.2.···} we define 

. 
two closed linear 

subs paces + 
MO(n) and MO(n) of M by 

(2.12) 

(2.13) 

Then we 

+ MO<n) = the linear hull of {Xj(m);I~j~d,O~m~n} 

MO(n) = the linear hull of {Xj(-m);I~j~d.o~m~n} 

introduce two IRd-valued stochastic processes 1+ = (1+(n); 

nEIN) and I = (I_(n);nEIN) on (Q.~,P) by 

(2.14) I+(n) = X(n) - P + X(n) 
MO(n-l) 

(2.15) I ( n ) = X(-n) - P X(-n) 
MO(n-I) 

where (resp. P ) stands for the orthogonal projec-
MO(n-l) 

tion on 

It follows from condition (2.7) that there uniquely exist two 

systems {y+(n,k),6+(m);k,m,nEIN,n>k} and {y_(n,k),6_(m);k,m,nEN,n>k} 

of members in M(d;lR) such that for any n EN, 

-6-



(2.16) 

(2.17) 

n-l 
X(n) = - L y+(n,k)X(k) - 6+(n)X(0) + I+(n) 

k=1 
n-l 

X(-n) = - L y_(n,k)X(-k) - 6 (n)X(O) + I (n) • 
k=1 

In particular, it holds that for any n EN, 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

{X(O),I+(m)jmEN} is orthogonal in Md 

{X(O),I_(m)jmEN} is orthogonal in Md 

where 

MO(n) = the linear hull of 

t 
I+(~) = (I+l(~),···,I+d(~» 

{Xj(O),J_j(~);lijid,li~in} 

t 
and I_(~) = (l-l(~),···,I-d(~»' 

We call I+(resp. 1_) a forward (resp. backwayd) LQnov~_tiQ~~9-

P~5~ associated with X. Furthermore, by regarding (2.16) (resp. 

(2.17» as a stochastic difference equation describing the time evolu-

tion of X, we call (2.16) (resp.(2.17» a forward (resp. backward) 

KM20-Lan~vin equation for X. 

Bemark 2.2. Let Y = (Y(n)jnEZ) be a one-dimensional strongly 

stationary time series on (Q,m,p) such that 

(2.22) 4 YeO) E L (Q,tB,P) 

(2.23) E(Y(O» = 0 . 

We define three weakly stationary time series X(j) = (X(j)(n);nEZ) 

(j=1,2,3) by 

(2.24) X(1)(n) [ yen) 1 = 
Y(n)2_ E (Y(0)2) 

(2.25) X(2)(n) = ( yen) ) 
Y(n)Y(n-l)-E(Y(I)Y(O» 

[ 
YIn) 1 

(2.26) X(3) (n) = Y(n)2- E (Y(0)2) 

Y(n)Y(n-I)-E(Y(I)Y(O» 
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If we suppose condition (2.7) for X(j)(j=1,2,3) , we can derive three 

non-linear Langevin equations for Y through KM 20-Lan g evin equations 

for X(j)(j=1,2,3). The problem of non-linear prediction for Y will 

be investigated based on these non-linear Langevin equations in the near 

future. 
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For convenience sake. we set for each n E N 

(3.1) 

(3.2) y (n,O) = ° (n) 

I~eorem 3.1. For any n • kEN. n > k • 

( i ) y+<n.k) = y+(n-l,k-l) + o+(n)y_(n-l.n-l-k) 

(ii) y (n.k) = y (n-l.k-l) + o_(n)y+(n-l.n-l-k) 

Pro..JL:(. Fix any n E {2.3.···} . By multiplying both hand 

sides of equation (2.16) by tX(m) (m=O.I.···.n-l) and then taking 

an expectation with respect to the probability p. we see from 

(2.18) and (2.20) 

(3.3) 
m 

R(n-m) 

By replacing n 

...• n-2} • 

that for any m E (0.1.··· .n-I) , 

n-l t 
= - L y+(n.k)R(k-m) - o+(n) R(m) 

k=1 

in (3.3)m by n-l , we have, for any 

n-2 
R(n-l-m) = - [y+(n-l.k)R(k-m) . 

k=O 

mE {0.1, 

On the other hand. by multiplying both hand sides of equation (2. 

17) replaced n by n-l by t X(-m) (m=0.1.···.n-2) and then 

taking an expectation with respect to p. we see from (2.19) and 

(2.21) that for any m E {0.1.···.n-2}. 

n-2 
t (' t R(n-l-m) = - L Y (n-l.k) R(k-m) 

k=O 
(3.5) 

m 

Now. let any m E O.2.···.n-I} be fixed. By combining 

R(n-m) (resp. tR(m» in (3.3) with R(n-m) 
m 

in (3.5) 1 ). we have n- -m 
n-2 

- [ y (n-l.k)R(k+l-m) 
k=O + 
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and so 

n-2 
[ (y+(n,k+1) - y+(n-l,k) - 6+(n)y_(n-1,n-2-k»R(k+1-m) = 0 . 

k=O 

Therefore, it follows from condition (2.7) that (i) holds. Similar-

ly, we can prove (ii). (Q.E.D.> 

For future use in §6, for any m E ~* and n E ~ • we set 

(3.6) 

(3.7) 

n+(m,n) = y+(m+n,m) 

n_(m,n) = y_(m+n,m) 

Immediately from Theorem 3.1, we have 

Theorem 3.1' For any m E ~* and n E ~ , 

(i) n+(m+1,n) = n+(m,n) + 6+Cm+n+1)n_Cn-1.m+1) 

(Ii) n Cm+1,n) = n (m,n) + 6_(m+n+1)n+(n-1,m+1) 
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For convenience sake, we put 

(4.1) 

and denote by V+(n) (resp. V_(n» the covariance matrix of I+(n) 

(resp. 1 (n» (nEIN*) 

(4.2) V+(n) = E(1+(n) tl+(n» 

(4.3) V (n) = E(1 (n) t I (n» 

n-1 
Lemm~ 4.1 0) det S = n det V+(k) n k=O 

for any n E IN 

n-1 
(i i ) det T = n det V (k) n k=O 

for any n E IN 

(i i i ) V+(n) , V - (n) E GL(nd;lR) for any n E IN • 

Proof. (i) for n = 1 is trivial. Let any n E {2,3,···) 

be fixed. By multiplying both hand sides of equation (2.16) by 

tX(n) and then taking an expectation with respect to P, we see 

from (2.18) and (2.20) that 

n-1 
RCO) = - L Y+cn,k)tR(n-k) - o+(n)tR(n) + V+(n) . 

k=l 
(4.4) 

By making a matrix representation of (4.4) and (3.3)m (m=n-1,n-2, 

... ,1,0) , we have 

y+(n,n-1)···y+(n,l)o+(n) O· • ·0 

I o 
• 

• 
• 

o 
I 

which yields (i). (ii) is also proved similarly. (iii) follows 

from (2.7), C2.11), (i) and Cii). (Q.E.D.) 

Lemma 4.2. For any * n E IN , 
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( i ) R(n+l) - -0 (n+l)V (n) -
+ -

(i i ) -0 (n+l)V (n) -
- + 

n-l 
[ y+(n,k)R(k+l) 

k=O 
n-l 

" t L Y (n,k) R(k+l) 
k=O 

Proof. Since V+(n) is a symmetric matrix, it follows from 

(4.4) that for any n E N* , 

n-l 
" t V+(n) = R(O) + L R(n-k) y+(n,k) 

k=O 
(4.5) 

Similarly, 

(4.6) 

By replacing n by n+l in (3.3)0 and then using Theorem 3.l(i), 

n-l 
R(n+l) = -0 (n+l)( [ y (n,k)R(n-k) + R(O» -

+ k=O -

n-l 
[y+(n,k)R(k+l) , 

k=O 

which, together with (4.6), implies (1). (1i) is also proved similar-

1 y. 

Now, we will show the following fundamental 

L~mma 4.3. For any n EN, 

n-l 
[ n+(k,n-k)R(k+l) = 

k=O 

n-l 
[ R(k+l)t n (k,n-k) 

k=O 

The proof is divided into 13 steps. We denote by 

hand side minus the left hand side in Lemma 4.3 : 

(4.7) A 
n 

n-l n-l 
= [R(k+l)t n (k,n-k) - L n+(k,n-k)R(k+l) 

k=O k=O 

A n 

( li.1Jill 1) (i) V (n+l) = V (n) - 0 (n+l)V (n)t o (n+l) + A + + + - + n 

( i i ) V (n+l) = V (n) - 0 (n+l)V+(n)t o (n+l) - tAn 

( iii) v+(n)t o (n+l) - o+(n+l)V_(n) = An 

(Q.E.D. ) 

the right 

(nEN) 

(nEN) 

(nEN) 

proof. By applying Theorem 3.1 to (4.5), 

n-l 
V+(n+l) = V+(n) + ( L R(k+l)ln (k,n-k) + R(n+l»lo+(n+]) , 

k=O -

-12-



which, together with Lemma 4.2(1), implies (i). (ii) i!:i also proved 

similarly. By using Lemma 4.2 again, we get (iii). (Q.E.D. ) 

(Ste~ 2) (i) R(I) = -o+(I)R(O) 

(ii) tR(I) = -0 (I)R(O) 

(iii) R(O)to_(I) = o+(I)R(O) 

(iv) V+(I) = (I-o+(I)o_(I»R(O) 

(v) V (1) = (I-o_(I)o+(I»R(O) 

Proof. By multiplying both hand sides of (2.16) and (2.17) 

for n = 1 by tX(O) and then taking an expectation with respect 

to P, we have (i) and (ii). (iii) follows from (i) and (ii). 

Next, by multiplying (2.16) for n = 1 by t X(1) and then taking 

an expectation, we see from (2.18), (2.20), (1) and (ii) in Step 2 

that (iv) holds.(v) is also proved similarly. 

(Ste.Q 3) Al = 0 . 

This follows from (iii) in Step 2. 

(_S~J~J! 4) For any n E { 2 , 3 , ••• } , 

An = 0 (n) 1(1) to (n) + 0 (n)JI(l) + :m: (1) to (n) + IV(1) 
+ n + n n n 

where 

In(1) = V (n-I)t o (n-I) - 0 (n-l)V (n-I) 
+ + 
n-2 

= -(R(I) + L n (n-I-j,j)R(j+I» + 
j=I 
n-2 t t 

+ o_(n-I) L R(j+I) n (J,n-I-j)- V_en-I) n (n-2,1) 
j=O 

n-2 
= R(l) + j~IR(j+l)tn+(n-l-j,J) -

(Q.E.D.) 

n-2 
- ( [ n+(j,n-l-j)R(j+l»t o (n-l) + n+(n-2,I)V+(n-I) 

. 0 + J= 
n-3 
L n+(j,n-I-J)R(j+2) + 

J=O 

n-3 
( [ n+(j,n-l-J)R(j+l»t n (n-2,I) -

j=O 
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n-3 n-3 
- L R(j+2)t n_(j,n-l-j) - n (n-2,1) L R(j+l)t n (j,n-l-j) 

+ -
j =0 j =0 

This decomposition follows from Theorem 3.1' and Lemma 4.2. 

(~5) For any n E {2,3, .. ·} and any k E {l,2 ... ·,n-l} , 

IV(k) = 6 (n_k)I(k+l)t 6 (n-k) + 6 (n_k)n(k+l) + 
n + n + n 

+ nr(k+l)t 6 (n-k) + IV(k+l) 
n - n' 

where 

k-l n-2k-l I(k+l) 
n = - L n (j,n-k-l-j)(R(k-j) + [ R(k-j+i)tn+(n-k-l-i,i» + 

1=1 

rr(k+l) = 
n 

j=O 
k-l n-2k-l 

+ L (R(k-j) + 
j=O 

L n_(n-k-l-i,i)R(k-j+l»n+(j,n-k-j) -
1=1 

t - n (k n-2k-l)V (n-k-l) + V (n-k-l) n (k n-2k-l) 
-' + + ' 

n-2k-2 
R(k+l) + L n (n-k-l-j,j)R(k+l+j) -

j=1 
k n-2k-2 
L n (j,n-k-l-j)( L R(k-j+l+i)t n (i,n-k-l-i» + 

j =0 i =0 
k n-2k-2 

+ L (R(k+l-j) + L n (n-k-l-i,i)R(k+l-j+i»t n_(n-k-l-j,j) + 
j=1 1=1 

t + V_(n-k-l) n_(n-2k-2,k+l) 

]JI(k+l) 
n 

n-2k-2 
= -(R(k+l) + L R(k+l+j)t n (n-k-l-j,j» + 

j = 1 + 

IV(k+l) = 
n 

k n-2k-2 
+ L (L t n+(i,n-k-l-i)R(k-j+l+i»t n+(j,n-k-l-j)-

j=O i=O 
k 

- L n+(n-k-l-j,j)(R(k+l-j) + 
j=l 

- n+(n-2k-2,k+l)V+(n-k-l) 

n-2k-2 
L R(k+l-J'+i)n (n-k-l-i i» -

+ ' i = 1 

n-2k-3 n-2k-3 
L n (j,n-k-l-j)R(k+2+j) - L R(k+2+j)t n (j,n-k-l-j) -

+ j=O j=O 
k+l n-2k-3 

- ~: n+(n-k-l-j,j) ( L R(k+l+i) tn (i ,n-k-l-i) + 
j=l i=O 
k+l n-2k-3 

+ L ( L n+(i,n-k-l-i)R(k+l+i»tn_(n-k-l-j,j). 
j=1 i=O 

Similarly to Step 4, this follows from Theorem 3.1' and Lemma 4.2. 
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(~tep- 6) (1) For any even n = 2N (NeN) IV(N) = 0 . 
n 

(ii) For any odd n = 2N + 1 (NeN) • 

N-l 
IV(N) = 0 (N+l){-V (N) - L v (N-l-j)t o (N-j)t o (N-j) + 

n ... + . J

O 
+ + 

J= 
N-l 

+ V_eN) + L O_(N-j)o+(N-j)V_(N-I-j)} to (N+I) . 
j=O 

Proof. Immediately from Step 5, we have (1). (ii) can be proved as 

follows: By Step 5, 

IV CN ) = 0 (N+l)(R(N+I) + 
n + 

N 
[ R(N+I-j)t n (N+l-j,j» -

j=I 
N 

- (R(N+l) + L n (N+l-j.j)R(N+l-j»t o (N+I) . 
. 1 + -J= 

By Theorem 3.1' and Lemma 4.2, 

N 
R(N+I) + [R(N+I-j)t n (N+l-j,j) 

j=I 

N-1 
= (-V+(N)+ L R(N-j)tn+(j,N-j»t o (N+I) 

j=O 
N 

R(N+I) + L n (N+I-j,j)R(N+l-j) = 
. 1 + J= 

o (N+l) (-V (N) + 
+ -

And so 

o (N+l)(-V (N) + 
+ + 

- V (N) 

N-l 
L R(N-j)tn+(j,N-j) -

j=O 
N-l 

+ [n_(j,N-j)R(N-j» to 
j=O 

N-l 
L n (j,N-j)RCN-j». 

j=O 

(N+l) . 

Furthermore, by using Theorem 3.1' and Lemma 4.2 again, 

N-l 
L R(N-j)tn+ej,N-j) = 

j=O 
N-l 
L n ej,N-j)ReN-j) = 

j=O 

which yields 

-0 (N)o (N)V (N-I) + 
- + -

N-2 
+ [R(N-l-j)tn+(j,N-l-j) 

j=O 
N-2 

[ n (j,N-l-j)R(N-l-j) 
j=O 

IV~N) = o+eN+l)(-V+eN) - v+eN-1)t o_(N)t O+(N) + 

N-2 
+ [ReN-1-j)t n ej,N-l-j) + V eN) + O_(N)o+(N)V_(N-l) -

j =0 + 

N-2 
- L n (j,N-1-j)R(N-1-j)} to (N+I) 

j=O 

-15-



By repeating the same procedure. we see from Step 2 that (1) holds. 

(ii) follows immediately from Step 5. (Q.E.D. ) 

(~te~ 7) For any fixed nO E ~* • if v+(n o )t o_(n o+l) = 

o+(nO+])V_(n O) • then V (n o+l)t o+(n o+l) = o_(n O+l)V+(n O+l) 

Pro-.PJ .. By Step 1. (ii).(iv) and (v) in Step 2. 

V (n o+])t o+(n o+l) = (1-0 (n
O

+l)o+(n O+l»V (n o )t o+(n o+1) 

= 0_(n O+1)(1 - 0+(n o+1)0_(n o+1»V+(n o ) 

(Q.E.D. ) 

(Ji teJ2 8) 10) = TI O ) = ][0) = IV O ) = 0 f E {2 3} or any n •. n n n n 

Proof. By (iii) in Step 2 Cresp.Step 3) with Step 7. we have 

1(1) = O(resp. 1
3
(1)=0). TI(l) and m(l) follow from Step 2. A 

222 

simple calculation. together with Lemma 4.2 and Step 2. yields TI ( 1) 
3 

and m~l). Iv~I)(n=2.3) follow from Steps 2 and 6. (Q.E.D. ) 

Now. by a mathematical induction, we shall show the following 

statement <*) n (n=2.3.···) for any m E {2.3 ... · .n} 

{ 
(i) I (k) = TI (k) = m(k) = 0 (1~k~M) if m = 2M + 1 m m m 

(*) IV(M) = 0 n m 

(i i ) I (k) = TICk) = m Ck ) = 0 O~k~M) i f m = 2M m m m . 
Step 8 implies tha t <*)n<n=2.3) hold. For any fixed nO E {2 .3. 

•.. } • let us suppose that <*) holds. Moreover we consider 
nO 

the case where is even. nO = 2NO . The case where is 

odd is proved similarly. What we have to show is that 

(*) k I (k) = TI(k) = m(k) = 0 O~k~No) 
nO' nO+1 nO+1 nO+1 

" (NO) 
(*) IV = 0 . 

nO·N O nO+1 

-16-



Since (*)n
O 

implies that Am(2~m~nO) hold. it follows from Steps 1 

and 7 that for any m E {2, ••.• nO} , 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

(SteT! 9) 

v (m+ 1) = (J - 0 (m+ 1 ) 0 (m+ 1 ) ) V (m) 
- + -

v+(m)t o (m+1) = 0+(m+1)V_(m) 

V+(m+1)t o_(m+1) = 0+(m+1)V_(m+1) . 

1(1) = 0 • 
nO+1 

This follows from Step 4 and (4.11). 

C~ 10) (i) (l i ) 

Proof. We prove only (1). since (ii) is shown similarly. By Theo-

rem 3.1', Lemma 4.2(1), and the assumption 

t = -V_(n O-1) ~ (n O-2.1) t t - 0 (n O-1)V+(n O-I) 0 (nO) + V (no) ~ (n o-1.1) + 

nO-2 no-1 

+ o+(n O)( .L ~+(j.nO-1-j)R(2+j) -
J=O 

L R(l+j)t~_(j.no-j» 
j=O 

Since 

t t t V_(n o-1) ~ (n o-2,1) + 0 (n o-1)Y+(n O-1) 0 (nO) = V (nO-I) ~ (n O-1.1) 

we apply Theorem 3.1' again to find that 

n(l) = (V_(n O) - V (no-1»t~_(no-1.1) + 
nO+1 

no-3 nO-3 

+ o_(n O){ L ~+(j,no-I-j)R(2+j) - L R(2+j)t~_(j,no-1-j) + 
j=O j=O 

t - R(n O) ~_(nO-2,1) -+ ~+(nO-2,1)R(nO) 

n -2 
Ott 

- (R(l) + L R(no-j) ~+(j,no-1-j» 0 (nO)} • 
j=O 

By using Iy(l) = 0 , coming from (*) and Step 5. we see that 
nO nO 

n (1) = (V_(n
O

) - Y_(n
O

-1» t~_(no-l.l) + 
nO+1 
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no-3 

+ 6_(n
O

){n+(n
O
-2,l)(.[ R(1+j)t n_(j,n

o
-1-j) + R(n

O
» -

J=O 
n O-3 

- ( r. n+(j,n
o
-1-j)R(1+j) + R(n O» -

j=O 
n -2 
Ott 

-(R(l) + r. R(no-j) n+(j,n o -l-j» 6_(n O)} . 
j=O 

By using Lemma 4.2(1)(11) and mel) = 0 , 
nO 

(1) 
JIn +1 o 
= (V_(no)-V (n

o
-l»t n (n

o
-1,l) + 6 (n

o
)6+(n

o
)V (n

o
-1)t n (n

o
-2,1) -

no-2 

- 6_(n o )(n+(n o-2,l)V+(n o-1) + R(l) + .[ R(no-j)tn+(j,no-1-j»t6_(no) 
J=O 

= (V (no)-V (n
o
-1)t n (n

o
-1,l) + 6_(n

o
)6+(n

o
)V (n

o
-1)t n (n

o
-2,]) -

no-2 
~ t t 

- 6_(n o )( j~on+(j,no-1-j)R(l+j) + R(n o » 6+(n o-1) 6 (no) . 

Therefore, it follows from Theorem 3.1', Lemma 4.20) and (4.10) that 

(1) t 
JI

no
+1 = -V (no) (n (n o-1,1) - n_(n o-2,1» -

t t 
- V (no-I) 6+(n o-1) 6_(n O) + 

t t + 6_(n O)6+(n
O

)V_(n
O
-1) 6+(n O-1) 6_(n O) 

t t = (V (nO) - V (nO-I» 6+ (nO-I) 6 (nO) + 

t t + 6_<n o )6+<n o )V_<n o-1) 6+(n o -1) 6_(n o ) 

= 0 (Q.E.D.) 

By Steps 9 and 10, we have proved that <*)' holds. Moreover, n O,l 

for any fixed k, 1~k<k+1~NO ' by assuming that (*)' holds, we 
no,k 
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Proof. By applying TI(k) = O(resp. III(k)=O) to the coefficient 
nO nO 

of o+(no-k)(resp.o_(nO-k» , we see from Theorem 3.1', (4.8) and (4.9) 

that 

(4.12) I(k+l) = - ° (n -k)J' - I"to (n -k) + I"', 
no+l - 0 + 0 

where 

k-l n O-2k 

I' = L ( L n+(i,no-k-i)R(k-j+i»tn+(j,no-k-j) 
j=O 1=0 

k-l 
- [(n+(no-k-j,j) - n+(n o-k-l-j,j». 

j=1 

·(R(k-j) + 

- (n+(n o-2k,k) - n+(n O-2k-l,k»v+(n o-k) + 

t 
+ o+(n O-k)V_(n O-k-l) n+(k-l,n o-2k) , 

k-l no-2k 

I" = - L n_(j,no-k-j)( L R(k-J+i)tn_(i,no-k-i» + 
j=O i=O 

+ 
k-l 

L (R(k-j) + 
j=1 

no-2k 

L n_(no-k-i,i)R(k-j+i». 
i=1 

. t(n_(no-k-j,j) - n_(no-k-l-j,j» + 

+ V_(no-k)t(n (n O-2k,k) - n (n O-2k-l,k» -

- n (k-l,n o-2k)v+(n
o
-k-l)t o (no-k) 

k-2 n O-2k 

I '" = - L n (J,n -k-l-j)(R(k-l-j) + L R(k-l-j+i)t n+(n -k-i,i» + 
'0- 0 'I 0 J = 1 = 

+ 
k-2 
L (R(k-l-j) + 

j=O 

nO-2k 

r. n (n
o
-k-i,i)R(k-l-J+i»t n+(j,n o-k-l-J) -

i = 1 

- n (k-l n -2k)V (n -k-l) + V (n
o
-k-l)t n+(k-l,n o-2k) 

- '0 + 0 

By Theorem 3.1' and I(k) = 0 , 
n-l 

(4.13) I'" 

k-2 n O-2k-l 

= (- L n_(j,n
o
-k-l-j)( r. R(k-j+i)t n (i,no-k-l-i»} to+<no-k) + 

j=O i=O 

-19-



k-2 nO-2k-1 
+ 6_(n

O
-k){ [( [ "+(i,n

O
-k-1-i)R(k-j+i»t"+(j,no-k-1-j)). 

j=O 1=0 

Next, applying Theorem 3.1' to I', we have 

I' = 6+(n o-k)I,t 6 _(n o-k) + 6+(n O-k)E' + - t 
]II' 6 (n -k) + IV', 

+ 0 

where 

I' = R Ck) + 

n O-2k 

[ "_(n O-k-1-i,i)R(k+i) + 
1=1 

t + "_(k-1,n O-2k)V+(n O-k-1) 6_(n O-k)+ 

k-1 n O-2k 
+ [(R(k-j)+ [ "(n -k-1-i,i)R(k-j+i»t" (n -k-1-j,j) -

j=l i=l 0 - 0 

k-2 n O-2k-1 
- ["_(j,no-k-1-j)(R(k-j)+ [ R(k-j+i)t"_(i,nO-k-i» 

j=O i=O 

n' = -"_(k-1,n O-2k)V+(n
O
-k-1) + V_(n O-k-1)t n+(k-1,n O-2k) -

-][, = 

k-2 n O-2k 
- [n_(j,no-k-1-j)(RCk-1-j) + [R(k-1-j+i)t"+(n

O
-k-1-I,i» + 

j=O i=l 
k-2 n O-2k 

+ [CR(k-1-j) + [ n (n
O
-k-1-i,I)R(k-1-j+i»t"+(j,no-k-1-j) 

j=O i=l 
n O-2k-1 

[ n+Cj,n o-k-1-j)RCk+1+j) + 
j=O 
k-1 n O-2k-1 

+ ~ C ~ n (1 n -k-1-i)R(k-j+i»t n (n -k-1-J· J.) 
L. L. + '0 + 0 ' 

j=l 1=0 
k-2 n O-2k-1 

IV' = L C [ n+(i,n O-k-1-i)R(k-j+l»t n+(j,n o-k-1-j). 
j=O i=O 

By Lemma 4.2(li) and n~k~l = 0 , 
o 

I' = 

nO-2k-2 

[ R(1+j)t n_(j,n o-k-1-j) + 
j=O 

"_(k-1,n O-2k){R(n o-k) + 

t + V+(n o-k-1) 6 (nO-k)} + n~k~l - V+(n o-k-1)t n (n o-2k-1,1) 
o 

= -v+(n o-k-1)t" (n
O
-2k-1,1) 

Furthermore, since 

-20-



(4.14) 

TIl = I ~ k: 1 = 0 , 
o 

II = - 6+(n O-k)V_(n O-k-1)t n 

- t -+ ill' 6 (n - k) + I V' . 
+ 0 

Similarly to (4.13), we can apply I(k) = ill(k) = 0 to see that 
n

O
-1 n

O
-1 

t (4.15) TI' = 6_(n O-k)n+(n O-2k-1,k)V+(n O-k-1) 6 (nO-k) + 

where 

-ill" = 

- -+ 6 (n -k) ill" + IV" 
- 0 ' 

n -2k-l o 
(' R(k+i)t n (i n -k-1-i) -L. _ , 0 

i=O 
k-1 nO-2k-1 

- L n+(n O-k-1-j,j)( L R(k+1-j+i)t n_(i,n o-k-1-i» 
j=1 i=O 
k-2 nO-2k-1 

= - L n (j,n -k-1-j)( L R(k-j+i)t n (i,n -k-1-i» 
j =0 - 0 i =0 - 0 

IV" 

Thus, by (4.12), (4.13), (4.14) and (4.15), 

(4.16) I~::i) = -6_(no-k){-6+(no-k)V_(no-k-1)tn_(no-2k-1,k) + 

t -. - t 
+ n+(n O-2k-1,k)V+(n O-k-U 6 (nO-k) + ill' + ill"} 6+(n O-k) . 

On the other hand, by using IV
n
(k:

1 
= 0 , coming from (*) and Step 

o nO 

5, we see that 

ill' + ill" 

no-k-2 

= n+(n O-2k-1,k)(R(n O-k)+ jEo R(1+j)t n_(j,n o-k-1-j» -

n o-k-2 

- (R(no-k)+ L n+(j,n o-k-1-j)R(1+j»t n_(n o-2k-1,k) • 
j=O 

Consequently, by substituting this into (4.16), it follows from Lemma 

4.2 that I(k+1) 
nO+1 

(~ 12) (i) 

= 0 . 
TI(k+1) 

nO+1 
= 0 (1 i) ill(k+1) = 0 • 

nO+1 

(Q.E.D. ) 

Proof. We prove only (i), since (ii) is shown similarly. By 

applying IV (k) 0 ( = resp. 
nO 

TI(k)=O) 
nO 

-21-
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where 

J
1 

= R(k+l) + 

no-2k-l 

L ~_(nO-k-l-i,i)R(k+l+i)­
i = 1 

k-1 n O-2k-1 

- [~(j,n -k-l-j)( [ R(k-j+i)t~ (i,n -k-i» 
j=O - 0 i=O - 0 

k n O-2k-1 

J 2 = L ( L ~+(i,nO-k-i)R(k+l-j+i»t~_(nO-k-j,j) 
j=1 \=0 
k-1 n O-2k-1 

J
3 

= - [~_(j,no-k-j)( [ R(k-j+i)t~_(i,nO-k-i»-
j=O i=O 

k-1 no -2k 
+ L (RCk-j)+ [ ~_(no-k-i,i)RCk+1+i»t~_(no-k-j,j) + 

j=1 i=l 

J 4 = 

Since 

+ ~_(k,nO-2k)R(nO-k) 

k 
L (R(k+1-j) + 

j=2 

n -2k-1 o 
L 

i = 1 

n -2k o 
L ~_Cno-k-i,i)R(k+i»­

i=l 

it follows from Theorem 3.1' that 

n
O
-2k-2 

J 3 = -0 (n -k)( L ~+(i,no-k-1-i)R(k+1+i»-
- 0 i=O 

n
O
-2k-1 

t - (R(k) + L ~_(nO-k-1-i,i)R(k+i» - V (no-k) ~ Cn O-2k,k) 
i=1 

and so 

(4.18) 
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n o-2k-1 

+ L ~ (n
O
-k-1-i,i)R(k+i)} t~_(nO-k-l,l) + 

i=l 
k 

+ o_(nO-k)o (nO-k) L (R(k+1-j) + 
+ , 2 J= 

n
O
-2k-l 

+ [ n (n
O
-k-1-i,i)R(k+1-j+i)} tn_(nO-k-j,j) + 

i=l 
k n O-2k-2 

+ o_(nO-k) [( L n+(n
O
-k-1-i,i)R(k+2-j+i»t n_(n

O
-k-j,j)­

j=2 i=O 
t t - V (nO-k) n (n O-2k,k) n (n O-k-1,l) . 

Forthermore, we note from Theorem 3.1' that 

(4.19) J
4 

k n O-2k-1 

= L (R(k+1-j) + [ n (n
o
-k-1-i,i)R(k+1-J+i»t n (nO-k-j,j) + 

j=2 1=1 
k n O-2k-2 

+ o_(nO-k) L ( L n+(n o-k-l-i,i)R(k+2-j+i»t n_(n o-k-j,j). 
j=2 i=O 

Therefore, by using Theorem 3.1' and (4.9), we see from (4.17), (4.18) 

and (4.19) that 

(4.20) 

where 

n o -2k-2 

J
5 

= R(k+l) + L n_(n
O
-k-1-i,i)R(k+1+i) + 

i = 1 

k 
+ L (R(k+1-j) + 

j=l 

n -2k-2 o 
[ 

i=l 
k-1 n O-2k-1 t 

- ,L n_(j,n o-k-1-j)(R(k-J)t o (nO-k) + L R(k-j+i) n_(i,nO-k-i» + 
J=O i=l 

k 
+ n_(k,n

O
-2k-1)(R(n

O
-k) + ,L R(no-k-i)tn_(no-k-i,i» + 

1 = 1 

+ V_(n
o
-k-])t n_(n

o
-2k-1,k+1) . 

We note from Lemma 4.2(ii) that 

-23-



Therefore, by using Theorem 3.1', we get 

n -2k-2 o 
= R(k+1) + L 

= 

i=l 
k n O-2k-2 

+ L (R(k+1-j)+ [ n (n
o
-k-1-i,i)R(k+1-j+i»t n _(n

o
-k-1-j,j) -

j=l i=l 
k n O-2k-2 

- ~ n (j,n -k-1-j)( [ R(k-j+1+i)t n (i,n -k-1-i» + 
j=O - 0 i=O - 0 

k n O-2k-2 

+ { L (R(k+1-j) + [ n (n
o
-k-1-i,i)R(k+1-j+i»t n+(j-1,n

o
-k-j) -

j=l i=l 

k-1 
- [n (j,n -k-1-j)(R(k-j) + 

j=O - 0 

+ n (k n -2k-1)(-V (n -k-1) + - '0 + 0 

n -2k-1 o 
[ R(k-j+i)t n+(n

o
-k-1-i,i» + 

i=l 
k 
~ R(n -k-i)t n (1-1 n -k-i» + 
L. 0 +' 0 

i = 1 

= 0 t 

noting that k+1 ~ NO' Consequently, by (4.20) and (4.21), we see that 

II 

Finally, we will show (*) N ' that is, 
nO' 0 

(~ 13) 

Proof. 

(NO) 
IV +1 = 0 • 

nO 

Since it follows from (4.8) and (4.9) that 

NO-1 

V+(N O) + ,[ V+(No-l-j)to_(No-j)tO+(No-j) 
J=O 

-24-
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= R(O) , 

we see from (ii) in Step 6 that Step 13 holds. (Q.E.D.) 

Thus we have completed the proof of Lemma 4.3. By noting Steps 

1, 2 and 3 in the proof of Lemma 4.3, we have 

Theorem 4.1. 

0) 

o i ) 

o i i ) 

o v) 

V+(n+l) 

V+(n+l) 

V (n+1) 

V (n+1) 

For any * n E IN , 

t = V+(n) - 6 (n+1)V (n) 6 (n+1) 
+ - + 

= (I-6+(n+1)6_(n+1»V+(n) 

t = V (n) - 6 (n+1)V+(n) 6 (n+1) 

= (I-6_(n+1)6+(n+1»V_(n) 

(v) v+(n)t 6 (n+1) = 6+(n+1)V_(n) 

Cvi) V+(n+1)t 6 _(n+1) = 6+(n+1)V_(n+1) . 

By Theorems 3.1 and 4.1, we find that the parameters ~+(.,*), 

~_(.,*), v+(.) and V_(.) in KM
2
0-Lan g evin equations (2.16) and 

(2.17) can be uniquely determined by RCO),6+(.) and 6 (.). We 

call the system (y+(n,k),6+(m),V+(m) ; m,n,kEIN, n)k} Cresp.{y_Cn,k), 

6_(m) ,V_em) ; m,n,kEIN, n)k}) the for~~Lci (resp. backward) KM2'O-L~Jl~Ln 

data associated with X. 

For future use in a modelling of time series, we will rewrite 

Lemma 4.2 into 

Theorem 4.2. For any * n E IN , 

(1) -CR(n+1) + 
n-1 -1 

[ y+(n,k)R(k+1»V (n) 
k=O 

(1 i ) 6 (n+1) 
t n-1 t -1 

= -( R(n+1) + [y (n,k) R(k+1»V+(n) 
k=O 
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§ 5 . The pre d i ~ ti 0 n for m u I a a nL"Q..L.e..~li c t ion err 0 r 

For each m,n EN, m2n, we define a forward (resp. backward) 

prediction matrix P+(m,n) (resp.P_(m,n» E M(d;~) and a forward 

(resp.backward) prediction error matrix e+(m,n) (resp.e_(m,n» E 

M(d;~) by 

(5.1) 

(5.2) P (m,n) 

= E(X(m)t I +(n»v+(n)-1/2 

= E(X(-m)t I (n»V (n)-1/2 

= E«X(m)-P + X(m»t(X(m>-P + X(m») 
Mo(n) MoCn) 

(5.3) 

(5.4) 

(i) 

( i i ) 

e (m,n) = E«X(-m)-P - X(-m»t(X(-m)-P X(-m») 
MO(n) M~(n) 

Theorem 5.1. For any m,n EN, m 2 n , 

P + X(m) = R(m)R(O)-l X(O) + 
MO(n) 

(i i i ) 

Proof. We put 

W = the left hand side in (i) - the right hand side in (i). 

By (2.20), we see that each component of W belongs to the linear 

hull of {I+j(~);l~j~d,O~~~m}. It follows from (2.18) and (5.1) 

that E(wtI+(~» = O(O~~~m). Hence, we find that W = 0 , imply­

ing 0), (ii) follows from (2.18), (2.20) and (1). By noting (2. 

18) again, we see that (111) follows from (i) and (il). (Q.E.D. ) 

Similarly, we obtain 

Theorem 5.2. For any m,n EN, m 2 n , 
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(i) 

(i i ) 

X(-m) 

P _ X(-m) 
MO(n) 

m 

m 
[ P_(m,k)V (k)-1/2 1 (k) 

k=l 
n 
[ P (m,k)V (k)-1/2 1 (k) 

k=l 

( iii) e (m,n) = [p (m,k)t p (m,k) 
k=n+ 1 -

We will show that the prediction matrices P+(·,+) and 

P_(·,+) can be also determined by R(O), 0+(') and 0_(') through 

the following 

(1) 

(i i ) 

Theorem 5.3. For any m,n EN, m > n , 

P+(n,n) = v+(n)1/2 

m-l 
P+(m,n) = - [ y+(m,k)P+(k,n) 

k=n 

P (n,n) = V (n)1/2 

m-1 
P_(m,n) = - [ y_(m,k)P_(k,n) 

k=n 

Proof. By (2.16), (2.18), (2.20) and (5.1), P+(n,n) = v+(n)1/2 . 

By substituting (2.16) replaced n by m into the right hand side of 

(5.U, we find from (2.18) and (2.20) that the second statement in (1) 

holds. (ii) is also proved similarly. (Q.E.D. ) 

By using Theorem 4.1(ii)(iv), we see from Theorems 5.1(iii), 5.2 

(iii) and 5.3 that the one-step prediction error matrices e+(n+1,n) 

and e_(n+1,n) can be explicitly represented by R(O),o+(~) and 

0_(~)(1~~~n+1) through the following 

Theorem 5.4. For any n EN, 

(1) 

(1 i ) e (n+1,n) = (1-0 (n+1)0 (n+1»· ··(1-0 (1)0 (l»R(O) 
- + - + 
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§6. A construction theorem 

As a converse setting of §2-§5, we are given a system (V,o+(n); 

nE~} of members in M(d;R) such that 

(6.1) V is a symmetric positive definite 

(6.2) (n E ~) • 

Then we construct a triple (V (1),0 (1),V (1» by 
+ - -

(6.3) 
{ 

V+(l) = 

0_0) = 

V (1) = 

V - o+(l)Vto+O) 

Vto 0)V- 1 
+ 

V - 0 (l)Vto (1) . 

In order to continue the following construction of 

from (V (n-l),o (n-I),V (n-I»(n E ~) 
+ - -

( 6 . 4 ) 

t 

{ 

V+(n) = V+(n-l) - o+(n:v_(n-I) o+(n) 

o_(n)V+(n-l) = V_(n-l) o+(n) 

V (n) = V (n-I) - ° (n-I)v+(n-l)t o (n-l) 

we suppose that 

(6.5) (n E ~) , 

Next, we construct a system 

members in M(d;R) according to the algorithm in Theorem 3.1. 

of 

Furthermore, we prepare any Rd-valued stochastic process 1+ = 

* (I+(n);nE~) on a probability space (Q,8,p) such that 

(6.6) 

(6.7) E(I+(n)tl+(m» = 0 V (n) (n,m E ~*) nm + 

and then construct an Rd-valued stochastic process X+ = (X(n);nE~*) 
by 

(6.8) X(O) = 1+(0) 
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(6.9) 
n-1 

X(n) = - L y+(n,k)X(k) + I+(n) 
k=O 

Now we will show 

Theorem 6.1. X+ is weakly statlonary. 

For any m,n E iN* , we put 

(6.10) R(m,n) = E(X(m)tX(n» 

Since 

(6.11) t R(m,n) = R(n,m) , 

(n E IN) • 

for the proof of Theorem 6.1, It suffices to show 

(6.12) R(m+~,n+~) = R(m,n) (m 2 n 2 0 , ~ 2 1) . 

The proof is divided into 22 steps. 

(~ 1) E(X(m)tI+(n» = ° V (n) mn + 
(0 ~ m ~ n) • 

This follows immediately from (6.7), (6.8) and (6.9). 

(Step 2) (i) R(O,O) = R(l,l) = R(2,2) = V 

(i i ) R(I,O) = R(2,l) = -o+(l)V 

(i i i ) R(2,O) = 0+(1)o+(1)V - o+(2)V_(1) 

These are shown by a simple calculation. 

(S t e"p 3) 

(i i ) 

(i) o_(n+I)V+(n) = v_(n)t o +(n+1) 

t o_(n)V+(n) = V_(n) o_(n) (n E IN) • 

Proof. (i) is included in (6.4) and (ii) is proved similarly 

to Step 7 in the-proof of Lemma 4.3. 

n-1 
(~ 4) 

(i i ) 

(i i i ) 

(i) R(n,~-1) = - L n (k,n-k)R(k,~-1) 
k=O + 

n-1 
R(n,n) = - L n+(k,n-k)R(k,n) + V+(n) 

k=O 
n-1 

V+(n) = R(n,n) + [n+(k-1,n-k)R(k,n) + 
k=1 

n-1 
+ ° (n)( L n (n-k-l,k)R(k,n) + R(O,n» 

+ -k=1 
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(n 2 1) 

(n 2 2) , 



wh ere { 11 + (m , n), 11_ (m , n ) 
... 

mEN, n E N) is defined by (3.6) and 

(3.7), 

Proof. By multiplying both hand sides of (6.9) by tX(~-l) 

(resp. tX(n» and then taking an expectation with respect to the 

probability P, we have (1) (resp. (ii». (iii) follows from (ii) 

and the algorithm in Theorem 3.1'. 

(Step 5) (1) R(n,O) = -6 (n)V (n-l) --. + -

n-1 
L 11+(k-1,n-k)R(k,O) 

k=l 
n-1 

(ii) V_(n-1) = R(O,O) + L R(O,k)t l1 (n-1-k,k) 
k=l 
n-1 

(iii) R(n,O) = -6 (n)V - L 11 (k,n-k)R(k,O) 
+ k=l + 

(Q.E.D. ) 

(n E N) 

(n E N) 

(n E N) 

By a mathematical induction about n , we show (i) and 

(ii). By Step 2, (i) and (ii) for n = 1 hold. Let us assume that 

(i) and (ii) hold for n = n o . Since V_enol 

(6.11) and (i) for n = nO ' 

On the other hand, by Theorem 3.1', 

R(O,O) + 

= R(O,O) + 

nO 
t 1: R(O,k) 11_(n O-k,k) 

k=l 
nO-1 

L R(0,k)t n_(n
O
-1-k,k) + 

k=l 

is symmetric, by (6.4) 

n -1 
Ott 

+ (R(O,n
O

) + L R(O,k) n (k-1,n O-k» 6 (nO) . 
k=l + -

Hence, we have (ii) for n = nO+1. Next, by (6.9) and Theorem 3.1', 

nO 
R(n o+1,0) = - L n+(k,n o+1-k)R(k,0) 

k=O 
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no 
= - L n+{k-1,n

O
+1-k)R{k,0) -

k=l 
no 

- 0+{n O+1)CRCO,0) + [n_{nO-k,k)RCk,O» , 
k=l 

which, together with (Ii) for n = nO ' implies (1) for n = nO+1 . 

By substituting (ii) into (i), we see from Theorem 3.1' that (iii) 

holds. (Q.E.D. ) 

Before proceeding to the next step, we put the following state-

ments : for each * n E IN , 

n-1 
L n+(k,n-k)R(k+1,0) = 

k=O 

n-1 
L R(k+1,0)t n (k,n-k) 

k=O 
n 

= R(O,O) + L R(k,O)tn+(n-k,k) 
k=l 

n-1 
(6.15)n R(O,n) = -0 (n)V (n-l) -

- + 
L n (k-l,n-k)R(O,k) 

k=l 
n-1 

R(O,n) = -0 (n)V - L n (k,n-k)R(O,k) • 
k=l 

(Step- 6) For any fixed n E IN , 

(1) If (6.13) holds, then (6.15) 1 does. n n+ 

( i i) 

(i i i ) 

If (6.14)n_1 and (6.15)n hold, then (6.14)n does. 

If (6.14)n and (6.15)n hold, then (6.16)n does. 

Proof. By (6.9) and Theorem 3.1', 

n 
R(O,n+l) = - [ R(0,k)t n+(k,n+1-k) 

k=O 
n t 

= - L R(O,k) n+(k-l,n+l-k) -
k=l 

n 
- (R(O,O) + [R(O,k)t n (n-k,k»t o+(n+1) 

k=l 

And so by (ii) in Step 5, 

n-1 
R(O,n+1) = _t( [ n+(k,n-k)R(k+1,0» - V (n)t o+(n+l) 

k=O 
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Therefore. we have (i). (ii) and (iii) are proved similarly as in the 

proof of (ii) and (iii) in Step 5. (Q.E.D. ) 

We will show (6.13)n and (6.14)n (n E N) by a mathematical induc­

tion about n in Step 7-Step 17. Immediately from (i) and (ii) in Step 

2. (6.13)1 and (6.14)1 hold. For any fixed nO E (2.3.···} • let us 

assume that (6.13)~ and (6.14)~ hold for any ~ E (1.2 •...• n o -1} . 

(~ 7) If (6.13) holds. then (6.14) does. 
nO nO 

This follows from (i) and (ii) in Step 6. 

nO 
(S~~~ 8) (i) the left hand side of (6.13) 

nO 
= - f. C (k)t o (k) 

k=l nO 

nO 
(ii) the right hand side of (6.13) = f. D (k)t o (k) 

nO k=l nO 

where 

(6.17) 
nO-1 k-2 

~ \' t C (k) = ~ n (~,no-~)(R(~+l-k,O) + ~ R(~-m,O) n+(m.k-1-m» + 
nO ~=k + m=O 

+ n+(k-1,n O-k+1)V+(k-1) 

(6.18) 
k-2 

D (k) = R(n+1-k) + f. R(n o-m,o)t n+(m.k-1-m) • 
nO m=O 

Proof. Since it follows from (I) In Step 6 that (6.15)~ (l~~~no) 

hold. we get 

(6.19) the left hand side of (6.13) 
nO 

n O-1 

- f. n+(k.no-k)(V (k)t o 
k=l + 

= (k+1) + 
k t 
~ R(~.O) n (~-l.k+l-~» 

~=l 

- o+(no)vto (1) 

By Theorem 3.1', 

~-l 
(6.20) f. 0 (k+l-~+j)n (k-~.j) 

. 1 - + J= 
k 

(6.21) f. o_(nO-k+j)n (nO-k-l,j) 
. 1 + J= 
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By substituting (6.20) (resp. (6.21» into (6.19) (resp. the right hand 

side of (6.13) ). we have (i)(resp. (ii» in Step 8. 
nO 

(Q.E.D.) 

( Si~ 9) For any k E {1. 2 • . • . • nO} • 

k-1 
C

n 
(k) + D (k) = E 6 (nO-~)E (~jk) • 

o n ~=O + nO 

where for ~ E (O.··· .k-3) • 

(6.22) E (~jk) 
no 

(6.23) 

(6.24) 

nO-k-1 

= E n_(i.no-~-1-i)R(no-k-i.0) + n_(no-k.k-~-1)V+(k-1) -
i=O 
~ k-~-1 

- E (R(~-j.O) + E n (no-~-1-i.i)R(~-j+i.0»tn+(j.k-1-j) + 
j=O i=1 

k-2 n O-k-1 

+ E ( L n_(i.no-~-1-i)R(no-j-1-i.0»tn+(j.k-1-j) 
j=~+l i=O 

En (k-2;k) 
o 

= 
n

O
-k-1 

.L n_(i.n
O
-k+1-i)R(n

O
-k-i.0) + n_(n

O
-k,1)V+(k-1) -

1=0 
k-2 

- [ (R(k-2-j,0) + n_(n
o
-k.1)R(k-l-j.0»t n+(j,k-1-j) 

j=O 
k-2 

En (k-1;k) = V+(k-1) - (V + [R(k-1-j.0)t n (j,k-1-j» . 
O . 0 + J= 

By (6.17). 

(6.25) C (k) 
nO 

n -1 o 
[ n+(~.no-~)R(~+l-k.O) + 

~=k 

k-2 no-1 

+ E ( L n+(~.no-~)R(~-m.0»tn+(m.k-1-m) . 
m=O ~=k 

Moreover. it follows from Theorem 3.1' and (iii) in Step 5 that for any 

m E {0.1.···.k-1} • 

(6.26) 

n o-1 

L n (~.no-~)R(~-m.O) 
~=k + 
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m-l nO-k-l 
= [6 (n -j)( [n (i,n -l-j-i)R(n -l-m-i,O» -

j=O + 0 i=O - 0 0 
k-I-m 

- R(no-m,O) - L n+(j,no-m-j)R(j,O) . 
j=O 

By substituting (6.26) into (6.25). we find from (6.18) that 

(6.27) C (k) = -D (k) + n+(k-l,no-k+l)V+(k-l) - 6+(n o-k+l)V + 
nO nO 

k-2 m-l no-k-l 
+ [{ [ 6 (n -j)( [n (i.n -l-j-i)R(n -l-m-i,O» -

m=O j=O + 0 i=O - 0 0 
k-l-m 

- [ n+(J,nO-m-j)R(j,O)} tn+(m.k-l-m) + 
j=O 

m-l nO-k-l 
+ [6+(no-j)( [n_(l,no-l-j-i)R(no-k-i.O». 

j=O i=O 

Further. it follows from Theorem 3.1' that for any mE (O,l.···.k-2) • 

k-l 
(6.28) n+(k-l.n o-k+l) = 6+(n o-k+l) + .L 6+(n o-k+l+j)n_(n o-k.j) 

J=1 

(6.29) 
k-I-m 

L n+(j.no-m-j)R(j.O) 
j=O 

k-l-m k-l-m 
= L 6+(n O-m-j)(R(j,O) + 

j=O 
L n_ (n

O
-m-i-l. i-j )R(i .0» • 

i=j+l 

Thus, by substituting (6.28) and (6.29) into (6.27). we can see that 

Step 9 holds. 

E (k-l;k) = 0 
nO 

(Q.E.D.) 

for any k E 0 ... · .n o } . 

This follows from the assumption of mathematical induction that 

(6.14)k_l holds. 

En (k-2; k) = 0 
o 

for any k E {2,'" .n o } . 

Proof. By (6.23) and (6.14)k_l • 

no-k-l 

(6.30) En (k-2;k) = L n_(i.no-k+l-i)R(nO-k-i.O) + n_(no-k.l)V -
o i =0 

k-2 t 
- L R(k-2-j,O) n+(j,k-l-j) . 

j=O 
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By Theorem 3.1' and (iiI) in Step 5, 

By repeating the same procedure, we have 

no-k-1 no-k 

(6.31) .L n_(I,n O-k+1-i)R(n O-k-i,O) 
1=0 

= -( L 5_(i+1)5+(i»V 
i=l 

= (-n_(n O-k,l) + 5 (1»V 

On the other hand, by Theorem 3.1', 

k-2 
[ R(k-2-j,O)t n+(j,k-1-j) 

j=O 
k-3 

= (R(k-2,O) + Vt 5 (k-2) + [R(j,O)t n (j,k-2-j»t 5 +(k-l) + 
J=1 

k-3 
+ E R(k-3-j,O)t n+(j,k-2-j) 

j=O 

and so by (6.16)k_2 

k-2 
[ R(k-2-j,O)t n+(j,k-l-j) = 

j=O 

k-3 
L R(k-3-j,O)t n+(j,k-2-j) . 

j=O 

By repeating the same procedure, 

k-2 
(6.32) [ R(k-2-J,O)t n+(j,k-l-J) = 5 (l)V . 

j=O 

Thus, by (6.30), (6.31) and (6.32), we have step 11. 

(~12) For any ~ E {O,l,"',k-2} , 

no-k 

E (~;k) = .f. n_(i,no-~-i)R(no-k-i,O) + 
no 1 =0 

(Q.E.D. ) 

~ k-~-2 

- [ (R(~-j.O) + L n (no-~-l-i,i)R(~-j+i,O»tn+(j,k-l-j) + 
j=O i=1 

k-2 k-~-2 
f. ( [ n (no-~-1-1,i)R(i-j+~,O»tn (j.k-l-j) + 

j=St+l i=j-St + 

-35-



+ 

k-2 nO-.Q.-1 
L C L n Cn

O
-.Q.-1-i,i)RCi-j+.Q.,0»t n+(j,k-1-j) 

j=.Q.+1 i=j-.Q. 

Proo f. By substituting C6.14)k_1 into C6.22), we have 

nO-k 
(6.33) L n_(i,n o-.Q.-1-i)RCn O-k-i,0) -

i=O 

Since 

= 

.Q. 
- L CRC.Q.-j,O) + 

j=O 

k-.Q.-2 
L n Cn o-.Q.-1-i,i)RC.Q.-j+i,0»t n+ Cj ,k-1-j) + 

i = 1 

+ 

k-.Q.-2 

k-2 
L C 

j=.Q.+1 

L n_Cn O-.Q.-1-i,i)RCi-j+.Q.,0) + 
i=j-.Q. 

nO-.Q.-1 

L n_Cn O-.Q.-1-i,i)RCi-j+.Q.,O) 
i=j-.Q. 

nO-k 

L n_Ci ,n O-.Q.-1-i)RCn o-j-i-1,0) 
i=O 

it follows from C6.33) that Step 12 holds. CQ.E.D. ) 

For each .Q.,m EN, put 

m 
C6.34) FCm,.Q.) = L n Cm-i ,.Q.+i )R(i ,0) 

i=O 

(~ 13 ) (i) F(m,I) = ° (1)V -
(i i ) F(l,.Q.) = Cn (l,.Q.) - o_C.Q.+1)o+C1»V 

.Q.-1 
(iii) FCm,.Q.) = FCm-I,.Q.) + o_Cm+.Q.) [ o+Cm+j)FCm-I,j) 

j=l 

Proof. Ci) and Cil) follow from C6.31) and Step 2, respectively. 

By using Theorem 3.1' repeatedly, 

m-1 
FCm,.Q.) = FCm-1,.Q.) + o_Cm+.Q.)C [ n+C.Q.+i-1,m-i)RCi,O) + RCm,O» 

i=O 
.Q.-l 

= FCm-l,.Q.) + ° Cm+.Q.) L ° Cm+j)FCm-1,j) + 
- + j=l 

m-1 
+ ° Cm+.Q.)C [ n Cj,m-j)RCj,O) + RCm,O» , 

- . 0 + J= 
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which, together with (iii) in Step 5, implies (iii). 

For each ~ E (0,···,k-2), put 

~ 
G(~;k) = L R(~-i,O)tl1 (i,k-l-i) • 

i=O + 
(6.35) 

(~14) For any ~ E {0,···,k-2} , 

k-~-2 
E (~;k) = -G(~;k) - L 11_(nO-~-I-i,i)G(~+i;k) + 

nO i=1 

(Q.E.D. ) 

k-~-2 
+ F(nO-k,k-~-I) + L F(no-k+i,k-~-I-i)tl1+(k-l-i,i) . 

i=1 

This follows from Step 12, (6.34) and (6.35). 

(~15) For any k E (2, •.. ,n
o

) and any ~ E {0,···,k-2} , 

k-~-1 

Eno(~;k) = E
no

- 1 C~;k) + o_(no-~-I) L o+cno-~-j)En _IC~-I+j;k) 
j =2 0 

Proof. By (iii) in Step 13, 

C6.36) 
k-~-2 

~ FCn -k+i k-~-I-i)tl1 (k-l-i i) 
L. 0' +' 

i=1 

+ 0 (1)V t l1 C~+1,k-~-2) + 
+ = F(no-k-l,k-~-1) 

k-~-3 
(' t 

+ L. F(no-k+i-1,k-~-1-i) 11+(k-l-i,i) + 
i=1 

k-~-2 
+ 0 (n -~-1) L 0 (n -~-j)(F(n -k-1,k-~-j) + 

- 0 '2 + 0 0 J= 
k-~-1-j 

+ ~ F(n -k+i-l k-~-j-i)tl1 (k-l-i i» + 
L. 0' +' 

i = 1 

+ o_(no-~-I)o+(no-k+l)F(no-k-l,1) . 

On the other hand, by Theorem 3.1'. 

11_(no-~-l-i,i) = 11_(no-~-2-i,i) + o_(no-~-l)o+(no-~-l-i) + 

i-I 

and so 

(6.37) 
k-~-2 

+ 0 Cn -~-1) L 0 (n -~-I-j)11 (n -~-2-i j) - 0 , + 0 - 0 ' 
J=1 

L 11_(no-~-l-i,i)G(~+i;k) 
i=1 
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k-~-2 

= L n_(nO-~-2-i,i)G(~+i;k) + 6_(nO-~-1)6+(nO-k+l)G(k-2;k) + 
i=l 

k-~-3 
+ 6_(nO-~-1) L 6 (nO-~-l-j)(G(~+j;k) + 

j=l + 

k-~-2 
+ L n_(nO-~-2-i.j)G(~+i;k» . 

i=j+1 

Hence. by combining Step 14 with (6.36) and (6.37). we have Step 15. 

(~16) For any k E {2, ...• n
O

} and any ~ E {0.···.k-2} , 

En (~ ; k) = 0 • 
o 

(Q.E.D. ) 

Proof. By Step 15. it suffices to show that E2 (0;2) = 0 , which 

is proved in Step 11. (Q.E.D.) 

(~17) For any n E IN , (6.13)n and (6.14)n hold. 

This follows from Step 8-Step 16. 

Finally we will show (6.12) by a mathematical induction such that 

for any fixed nO E {2,3.···} , 

i £ 

(6.38) R(J.k) = R(j-k.O) 

then 

for any 
I/< 

j,k E IN • O~k~J~nO • 

(6.39) for any k E {O.··· .n
O

+l} • 

(~18) For any k E {l •••• ,n
O

} • 

R(n O+1.k) = R(n
O

.k-1) - 6+Cn O+1)H(k;n O) • 

where 

C6.40) 
n-l 

HCk;n) = RCO;k) + L n (j.n-j)RCn-k.j) 
j=O 

(1 ~ k ~ n) • 

Proof. By multiplying both hand sides of (6.9) replaced n by 

no+l by tX(k) and then taking an expectation with respect to p. it 

follows from step 1 and Theorem 3.1' that 
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no 
+ L "_(no-j,j)R(j,k» -

j=l 
n -1 

° L "+(j,nO-J)R(j+1,k) • 
j=l 

And so by (6.11) and the assumption (6.38) , 

- 0 (n )R(O k-l) -
+ ° ' 

nO 
L "_(no-j,j)R(no-k,no-j» -

j=l 
nO-1 

L "+(j,no-j)R(j,k-1) 
j=l 

= -o+(nO+1)H(k;n o ) - o+(n O)R(0,k-1) -

no-1 

L "+(j,n-j)R(j,k-1) 
j=l 

which, together with (i) in Step 4, yields Step 18. 

(~ 19) H(m;m) = ° for any m E IN • 

(Q.E.D.) 

Proof. By Steps 6 and 17, we can apply (6.16) to get Step 19. m 

(~ 20) 

H(k;St) 

For any Sl. E n,···, nO} and any kEn"" ,St-l} , 

k-1 
= H(k;St-1) + 0 (St) L 0 (St-j)H(k-j,Sl.-l-j) . 

- . 1 + J= 

Proof. By the assumption (6.38), 

St-k St-1 

(Q.E.D. ) 

H(k;St) = R(O,k) + L "_(j,St-j)R(St-k,j) + 
j=o 

L "(j,St-j)R(St-k,j) 
j=.9.-k+1 .,.. 

St-k 
= R(O,k) + L "_(j,St-j)R(St-k-j,O) + 

j=o 

By Theorem 3.1', 

St-k-1 

Sl.-1 
L "_(j,St-j)R(O,j-.9.+k). 

j=St-k+1 

H(k;St) = R(O,k) + L "(j,St-j-1)R(.9.-1-j,0) + 
j=o 

St-2 
+ L "(j,St-1-j)R(O,j-Sl.+1+k) + 

j=.9.-k -
St-k 

+ o_(St)(R(St-k,O) + ["+(.9.-j-1,j)R(St-k-j,0) + 
j=l 
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~-1 
+ .. L n+(~-j-1,j)R(O,j-~+k» 

J=~-k+1 
~-k 

= H(k;~-l) + 0 (~)(R(~-k,O) + L n+(~-j-1,j)R(~-k-j,0) + 
j=1 

~-1 
+ L n+(~-j-1,j)R(O,j-~+k». 

j=~-k+1 

By using Theorem 3.1' again, 

H(k;~) = H(k;~-l) + O_(~)o+(~-1)H(k-1;~-1) + 

~-k 
+ o_(~)(R(~-k,O) + j~ln+(~-j-2,j)R(~-k-j,0) + 

~-2 
+ L n+(~-j-2,j)R(0,j-~+k». 

j=~-k+1 

The same repetition yields that 

k-1 
H(k;~) = H(k,~-l) + 0 (~) L 0 (~-j)H(k-j;~-l-j) + 

j=l + 
~-k 

+ 0 (~)(R(~-k,O) + j~ln+(~-k-j,j)R(~-k-j,O» , 

which, together with (iii) in step 5, implies Step 20. (Q.E.D.) 

for any k E {l, ...• n
O

} . 

Proof. By Steps 2 and 19. we can apply a mathematical induc-

tion to see that H(k;~) = 0 for any ~ E {l •...• n O} and any k E 

{1.···.~}. Hence Step 21 follows from Step 18. (Q.E.D.) 

(~ 22) 

Proof. By multiplying both hand sides of (6.9) replaced n by 

t by X(n
O

+1) and then taking an expectation with respect to 

P , it follows from Step 1 and the assumption (6.38) that 

R(n
O

+1,n
O

+1) = -o+(no+1)R(0.n o+1) + V+(n
O

+1) + 

nO 
+ L n+(j,n O+1-j)R(0,n O+1-j) • 

j=l 

By Steps 6 and 17, we can substitute (6.16) +1 into the above to 
nO 

see that 
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R(n o+l,n O+l) = V+(n O+l) + o+(n O+l)o_(n O+l)V+(n O) -

nO 
- L (n+(j,n O+l-j) - o+(n O+1)n_(n o-j,j»R(0,n O+l-j) 

j=l 

and so by Theorems 3.1' and 4.1(ii), 

nO 
= V+(n o ) - ,L n+(j-1,n O+l-j)R(0,n O+l-j) 

J=1 
nO 

= V+(n O) - L n+(no-j,j)R(O,j) . 
j=l 

Therefore, by step 17, we can apply (6.14) +1 to the above to see 
nO 

(Q.E.D.) 

Thus, we have completed the proof of Theorem 6.1. 

Added in proof After this paper was prepared, the author learn-

ed from Doctor of Engineering H. Sakai that the algorithm (1), (ii) 

in Theorem 3.1, (ii), (iv) in Theorem 4.1 and (i), (ii) in Theorem 

4.2 has been derived for the fitting of a multi-dimensional autore-

gressive model [N. Levinson, J. Math. Phys, 25(947), 261-278 ; J. 

Durbin, Biometrika, 46(959), 306-316 ; P. Whittle, Biometrika, 50 

(1963), 129-134 ; R. A. Wiggins and E. A. Robinson, J. Geophys. Res., 

70(1965), 1885-1891]. This algorithm is called Levinson-Durbin algo-

rithm for one-dimensional case and Levinson-Whittle-Wiggins-Robinson 

algorithm for multi-dimensional case. In particular, the fundamental 

relation in Lemma 4.3, and parameters ° (.) + 
and ° (.) are called 

Burg's relation and partial autocorrelation coefficients, respectively. 

The role that autoregressive processes have in our theory of KM 20-

Langevin equations will be discussed in [27]. The author would like to 

thank Dr. Prof. H. Sakai for his communication. 
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