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Abstract

We introduce perfect effect algebras and we show that every perfect algebra is an interval in the lexico-
graphical product of the group of all integers with an Abelian directed interpolation po-group. To show
this we introduce prime ideals of effect algebras with the Riesz decomposition property (RDP). We show
that the category of perfect effect algebras is categorically equivalent to the category of Abelian directed
interpolation po-groups. Moreover, we prove that any perfect effect algebra is a subdirect product of
antilattice effect algebras with the RDP.
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1. Introduction

Effect algebras are partial algebras with a partially defined addition +. They were
introduced in 1994 by Foulis and Bennett [6] as a common basis for the system S(H)
of all Hermitian operators A on a Hilbert space H such that O < A < I, where O
and / are the zero and identity operators on H. Such operators are of great importance
for modelling events of an unsharp nature in quantum mechanics. More about effect
algebras and D-posets (which are equivalent structures introduced in [10]) is in [4].

One very important class of effect algebras is the class of effect algebras with
the Riesz decomposition property, which means, roughly speaking, that we can do
a refinement of decompositions of unity 1. Such algebras are always intervals in
unital interpolation po-groups, see [12]. In addition, every MV-algebra (introduced
by Chang [1] in 1957 to model many-valued reasoning) can be understood as a lattice
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184 Anatolij Dvurecenskij [2]

effect algebra with the Riesz decomposition property. Such algebras are always
intervals in unital ^-groups.

Motivated by MV-algebras, we introduce perfect effect algebras. In such algebras,
every element is either in its radical or in its logical complement. Such algebras
are always intervals in the lexicographical product of the group of all integers with
an Abelian directed interpolation po-group. Moreover, we show that we have a
categorical equivalence of the category of perfect effect algebras and the category of
Abelian interpolation directed po-groups. This generalizes an analogous result of Di
Nola and Lettieri [2] for perfect effect algebras.

The paper is organized as follows. Effect algebras are presented in Section 2 with
the main emphasis on the Riesz decomposition property. Ideals of effect algebras
(maximal ideals, prime ideals and values) are studied in Section 3. In Section 4, we
introduce infinitesimals of effect algebras and the radical, the most important part
of every effect algebra. We show that in contrast to MV-algebras, not every radical
consists of all its infinitesimals. Therefore, we introduce effect algebras with the
Rad-property. Perfect effect algebras are introduced in Section 5, where we show the
categorical equivalence of the category of perfect effect algebras with the category
of Abelian directed interpolation po-groups. In Section 6, we study quotient effect
algebras, and in Section 7 we prove that every perfect effect algebra is a subdirect
product of antilattice effect algebras with the RDP.

2. Effect algebras with the Riesz decomposition property

An effect algebra is a partial algebra E — (E; +, 0, 1) with a partially defined
operation + and two constant elements 0 and 1 such that, for all a, b, c e E,

(i) a+b is defined in E if and only if b+a is defined, and in this case a+b = b+a;
(ii) a + b, (a + b) + c are defined if and only if b + c and a + (b + c) are defined,

and in this case (a + b) + c = a + (b + c);
(iii) for any a € E, there exists a unique element a' e £ such that a + a' = 1;
(iv) if a + 1 is defined in E then a = 0.

The relation < on E is defined for a, b e E by a < b if and only if there exists an
element c € E such that a + c = b. This relation is a partial ordering and we write
c = b — a.

For example, if (G, u) is an Abelian unital po-group with a strong unit1 u and if
F(G, u) is defined to be [g € G : 0 < g < u] and + is the restriction to V(G, u) of
the group addition in G, then (T(G, u); +, 0, u) is an effect algebra.

'An element u e G+ is said to be a strong unit for a po-group G if, given an element g € G, there is an
integer n > 1 such that — nu < g < nu.
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[3] Perfect effect algebras are categorically equivalent with Abelian interpolation po-groups 185

Let E and F be two effect algebras. A mapping h : E —>• F is said to be a
homomorphism if (i) h(a + b) = h(a) + h(b) whenever a + b is defined in E, and
(ii) h(l) = 1. A bijective homomorphism h such that h~l is homomorphism is said to
be an isomorphism of £ and F .

We say that an effect algebra E satisfies (i) the Riesz interpolation property (RIP)
if, for all JCI, x2, yi, y2 in E, xt < yj for all i, j implies there exists an element z e E
such that Xj < z < yj for all i, j ; (ii) the Riesz decomposition property (RDP) if
x < y\ + yi implies that there exist two elements X\, x2 6 E with x\ < y; and x2 < y2

such that x = X\ + x2.
We recall that (1) if £ is a lattice then E trivially has the RIP but the converse is not

true, as we see below; (2) E has the RDP if and only if, xt + x2 = y\ + y2 implies that
there exist four elements c,,, c12, c2l, c22 e E such that x\ = cn + ci2, x2 — c2\ +c22,

Vl = c u + c2i and y2 = c12 + c22, [4, Lemma 1.7.5]; (3) the RDP implies the RIP but
the converse is not true (for example, if E = L{H), the system of all closed subspaces
of a Hilbert space H, then £ is a complete lattice but without the RDP). On the other
hand, every finite poset with the RIP is a lattice.

We recall that a poset (E; <) is an antilattice if only comparable elements of E have
an infimum or a supremum. It is clear that any linearly ordered poset is an antilattice
and every finite effect algebra with the RIP is a lattice.

The following example shows that there exists an effect algebra with the RIP which
is not a lattice.

EXAMPLE 2.1. Let G be the additive group K2 with the positive cone of all (x, y)
such that either x — y = 0 or x > 0 and y > 0. Then u = (1, 1) is a strong unit
for G. The effect algebra E = T(G, u) is an antilattice having both the RIP and the
RDP, but E is not a lattice.

A partially ordered Abelian group (G; + , 0) is said to satisfy the Riesz decomposi-
tion property provided, given x,yu y2in G+ such that x < yt + y2, there exist xltx2

in G+ such that x = X\ + x2 and Xj < yj for each j . This condition is equivalent by
[9, Proposition 2.1] to the following two equivalent conditions:

(a) Given X\, x2, yu y2 in G such that *, < y; for all i, j , there exists z in G such
that Xj < z < yj for all i, j .
(b) Given xi, x2, yt, y2 in G+ such that ^i +x2 — yt + y2, there exist Zu, Zn, Z2\, z22

in G+ such that JC, = zn + Za for each / and yj = Z\j + z2j for each j .

According to [9], a group G with the Riesz decomposition property is said to be an
interpolation group.

It is clear that if (G, u) is a unital group interpolation group, then E = T(G,u) has
the RDP.

We recall that by a universal group for an effect algebra E we mean a pair (G,y)
consisting of an additive Abelian group G and a G-valued measure y : E -> G+ (so
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186 Anatolij Dvurecenskij [4]

y(a + b) = y(a) + y{b) whenever a + b is defined in E) such that the following
conditions hold: (i) y(E) generates G. (ii) If H is an additive Abelian group and (j> '•
E -» H is an //-valued measure, then there is a group homomorphism 0* : G ->• H
such that 4> = 4>* ° Y- According to [6], every effect algebra possesses a universal
group.

Ravindran [12] ([4, Theorem 1.17.17]) proved the following important result.

THEOREM 2.2. Let E be an effect algebra with the Riesz decomposition property.
Then there exists a unital interpolation group (G, u) with a strong unit u such that
T(G, u) is isomorphic with E, and there is a G-valued injective measure y such that
(G, y) is a universal group for E.

We recall that all finite meets and joins from E are preserved in (G, u), see [5,
Proposition 6.3].

Let G be a directed Abelian po-group and define the lexicographical product

(2.1) 1(G) = 1 xlex G,

where 2 is the group of all integers. Then the element (1, 0) is a strong unit in the
po-group Z(G) and if we define

(2.2) E(G) = r(Z(G), (1,0)),

then E(G) is an effect algebra. Every element a s E(G) is of the form either
a — (1, — g) or a = (0, g), where g e G+. In addition, if G is a directed interpolation
group then Z(G) is an interpolation group by [9, Corollary 2.12] and £(G) satisfies
the Riesz interpolation property.

In what follows, we introduce perfect effect algebras and show that every perfect
effect algebra is isomorphic with E(G) for some interpolation Abelian po-group G.

3. Ideals of effect algebras

In the present section we introduce ideals, prime and maximal ideals, and values.
Let a be any element of an effect algebra E and n an .integer with n > 0. We define

recurrently
0 a = 0 , \a = a, (n + l)a = na+a, n > 1,

supposing that n a and n a + a are defined in E. By the isotropic index i(a) of an
element a 6 £ we mean i(a) = sup{rc > 1 : n a 6 E}.

An ideal of an effect algebra £ is a non-empty subset I of E such that (i) x € E,
y 6 I,x < y imply x 6 / , and (ii) if x, y e I and x + y is defined in E then x + y e I.
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[5] Perfect effect algebras are categorically equivalent with Abelian interpolation po-groups 187

An ideal / is said to be a Riesz ideal if, for all x e I and a,b € E with x < a + b,
there exist a{, b\ el such that x < a{ + b{ and ax < a and bx < b.

For example, if E has the RDP, then every ideal of £ is a Riesz ideal.
If we denote by 1(E) the set of all ideals of E then {0}, E e 1(E). We recall that

if E is linearly ordered then T(E) is linearly ordered with respect to the set-theoretical
inclusion. Indeed, let I\, I2 be two ideals of E and assume a e h\ h and b e I2 \ h •
We can assume that, for example, a < b which implies a e 72, a contradiction.

PROPOSITION 3.1. Let A be a subset of an effect algebra E satisfying the RDP. Then

the ideal Io(A) of E generated by A is the set

PROOF. If A = 0, then I0(A) = {0}. Let A ^ 0. Then A c IO(A). Assume x e E,
y e h(A) and x < y. Then y = a" + • • • + a°, where a,° e £ , a,0 < a, for some
fli,...aBeA. The the RDP implies x e I0(A).

Suppose a, b e I0(A) and a + b e E. Then a=a°x-\ h a°, b = b° H h Z?°,
where E a af < a, e A, E s b° < bj e A for i = I,..., n and y = 1 , . . . , m, which

gives a + b € I0(A).

Since any ideal containing A must contains 7o(A), we have the assertion in question.
•

PROPOSITION 3.2. Let J be an ideal of an effect algebra E with the RDP and a € E.
Then the ideal I0(J, a) of E generated by J and a is given by

3 y e J, 3 k e N, 3 a?, . . . , a° € E,
ao\atX = y+ao + ..!+ao

PROOF. It follows from Proposition 3.1. •

In particular, the ideal Io(a) of E generated by an element a is, by Proposition 3.2,

(3.1) 70(fl) = {x e E : 3 k e N, 3 a ? , . . . , a°k e £ , a? < a, x = a\ + • • • + a°k}.

Let a be a non-zero element of E. By Zorn's lemma, there exists an ideal V which
does not contain a and is maximal with respect to this property. Such an ideal is said
to be a value of a in E. We denote by V(a) the set of all values of the element a. We
say that an ideal J covers I (or J is a cover of 7) if / C J and, for any ideal K of E,
/ c ^ c y implies either I - K or / = K.

PROPOSITION 3.3. Every value in an effect algebra E has a cover.

use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700016025
Downloaded from https://www.cambridge.org/core. IP address: 207.241.231.80, on 23 Jul 2018 at 02:36:31, subject to the Cambridge Core terms of

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S1446788700016025
https://www.cambridge.org/core


188 Anatolij Dvurecenskij [6]

PROOF. Suppose that a > 0 and V is a value of a in E. Let V (a) be the intersection
of all ideals of E that contain V and a. Then V(a) covers V because if 7 is an ideal
of E and 7 D V then a € 7 by the maximality of V, hence V(a) c 7. •

PROPOSITION 3.4. For any effect algebra E satisfying the RDP, X(E) is a distribu-
tive lattice. Moreover, for all I, Is e 1{E) (s e S) we have I (l\/s Is = \JS(I f) Is).
In addition, I V (/, n 72) = (/ v / ,) n (/ v 72).

PROOF. Let {7,}JSS be a family of ideals of E and let / be the ideal of E generated
by \JS Is. Clearly \/s(I n 7,) c / n V s h- If x e I D V s A then by Proposition 3.1,
x = X\ + • • • + xn with JC,- e /J(, i = 1 , . . . , n, and if simultaneously x e I then we
have JC, e / for / = 1, . . . , n, which gives JC e Vj(^ n A)-

For the rest, it is clear that / v (/, n I2) c (7 v /,) n (/ v 72). Assume JC 6
(/ v /,) n (/ v 72). Then by Proposition 3.2, JC = x{ + x2 = y\ + y2, where JC,, yt el
and JC2 6 / i , y2 6 72. By the RDP, there exist four elements cn, c[2, c2[, c22 6 E
such that xi = cn + c)2, JC2 = c2i + c22, yt = cu + c2\ and y2 = cu + c22. Hence
Cn,ci2,c2i 6 I andc22 6 /! n 72 and JC = (c u + c12 + c2)) + c22 e I v (/, n 72). D

We say that an ideal P of an effect algebra E with the RDP is prime if, for all ideals
/ and 7 of £ , / n 7 c p implies 7 c P or 7 c P. We denote by T^E) the set of all
prime ideals of E.

PROPOSITION 3.5. If an effect algebra E satisfies the RDP, then every value is a
prime ideal of E.

PROOF. Let V be a value of an element a e E \ {0}. Assume / n 7 c V. By
Proposition 3.4, V = V v (/ n 7) = (V V 7) n (V v 7). Since a <£. V, we have
that either a £ V v / o r a ^ V v 7 . The maximality of V gives V — V v / or
V = V v 7. •

PROPOSITION 3.6. Ler £ fee an effect algebra with the RDP. The following statements
are equivalent:

(i) P is a prime ideal.
(ii) I HJ = P implies P - I or P = 7.

(iii) I0(a) n /„(£) c P,a,b e E, implies a e P orb e P.

If the set {/ € 1(E) : / 5 P} is a« antilattice with respect to the set-theoretical

inclusion, then all of conditions (i)-(iii) AoW.

PROOF, (i) =» (ii). Let 7 n 7 = P . By (i), / c P or 7 c p . Assume / c p , then
I <ZP - I r\J <zl, which proves / = P .
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[7] Perfect effect algebras are categorically equivalent with Abelian interpolation po-groups 189

(ii)=>(i). L e t / n y c P . By Proposition 3.4, P = Pv(7f"l7) = ( P v 7 ) f l ( P v 7)
which gives P = P v / or P = P v 7, so P 2 / or P 2 7.

(i) => (iii). Let I0(a) n /<,(*?) c P . Then 70(a) c P or I0(b) c P , that is, a e P
or & € P .

(iii) =• (i). Let / n 7 c P . Then 7 = V a e / 4>(a) and 7 = \/b€j I0(b). By
Proposition 3.4, / n 7 = \/a b(h{a) D 70(fc)) c P . If we could find some a e I\P
and some b e 7 \ P then we would have 70(a) D 70(6) c P , which gives a e P or
b € P,a contradiction.

(iv) => (ii). Let P = 7 n 7. Then P c 7 and P c / , so that I c 7 or 7 c 7,
which proves P = 7 or P = 7. •

It is interesting to recall that (iv) in Proposition 3.6 is not equivalent to (i).
We now use a notion of prime ideals to present a criterion when an effect algebra

is a lattice with the RDP.

PROPOSITION 3.7. Let an effect algebra E satisfy the condition: For any a\, a2, bx,
b2 € E with ax + a2 = b\ + b2 there exist four elements cn, ci2, c2i, c22 e E such that
a\ = cu + cn, a2 = c2l + c22, bx = cu + c2u andb2 = cu + c22, and such that, for
any prime ideal P of E, cl2 e P or c2l € P. Then cn A c2i = 0 and E is a lattice
with the RDP.

PROOF. It is evident that E satisfies the RDP. Assume now x < c12, c2i and let
x ^ 0. Take a value P of x. By Proposition 3.5, P is a prime ideal. Hence, c12 e P
or c2\ e P, which gives x e P , a contradiction. Hence x = 0.

CLAIM. IfE is an effect algebra with the RDP and a A b = 0 then a + b and av b
are defined in E and a v b = a + b.

Indeed, if * is an upper bound of a and b then x = c + a for some c e E. Hence
b = b\ + b2 where b\ < c and b2 < a, which yields b2 = 0 and therefore b = b\ and
b + a is defined in E. It is clear now that a + b = a v b.

To finish the proof, we see that a + a' = 1 = b' + b, which gives four elements
•*n.*i2.*2i.*22 e E such that a = xn + xn, a' = x2l + x22, b = xn + x21 and
b' — x2\ + x22. We can assume that xn A x2i = 0. Hence, by the Claim above,
we have xn + (xu v x2\) = xn + xn + x2l e E, so that xn + (xn v x2i) =
(xu+xn)v(xu+x2i)=avbe E. •

EXAMPLE 3.8. Let (G, u) be the unital po-group with the RDP from Example 2.1.
Then E = F(G,u) has only one maximal ideal 7, namely I — {(0, 0)}. In addition,
£ is an antilattice and 1{E) = {{0}, E).
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190 Anatolij Dvurecenskij [8]

EXAMPLE 3.9. Let (G, u) be the unital po-group, where G = R2 and u = (1, 1),
and G+ = {(0, 0)} U {(x, y) e K2 : x > 0, y > 0}. Then (G, M) has the RDP and if
/ = [(x, 0) e K2 : 0 < x < 1} then / is a unique maximal ideal of E = F(G, u). In
addition, £ is an antilattice andZ(E) = {{0}, / , E}.

From [8, Lemma 3.3.3], we have that if G is an £-group, then an ideal P of G is
prime if and only if, for all'/, g € G there is a c e P such that / < c + g o r g < c + / .
We recall that an analogous assertion is not valid for all effect algebras. Indeed, take
E from Example 3.9, and set / = (0.4,0.5) and g = (0.4,0.6). Then there is no
c = (x, 0) e I such that f < c + g or g <c + f.

4. Infinitesimal elements of effect algebras

In the present section, we define infinitesimal elements of an effect algebra E, and
we show that they are elements of the radical of E. Radicals, as intersection of all
maximal ideals, are important parts of effect algebras, containing much information
about the effect algebras. In contrast to lattice effect algebras with the RDP, it can
happen that not every element of the radical is an infinitesimal.

It is possible to prove that if a A b is defined in an effect algebra E then

(4.1) (fl-(aAi))A(i»-(flAi))=0.

An element a is said to be infinitesimal if i(a) = oo, and we denote by Infinit(£) the
set of all infinitesimals of E. Then (i) 0 e Infinit(E), (ii) if b € E, a e Infinit(E) and
b < a then b e Infinit(E), and (iii) 1 £ Infinit(£).

We say that an effect algebra E is Archimedean if Infinit(E) = {0}.
A proper ideal / of an effect algebra E is said to be maximal if is not a proper

subset of another proper ideal of E (or equivalently, if / is a value of 1). By Zorn's
lemma, E possesses at least one maximal ideal. Let M.{E) be the set of all maximal
ideals of E. We define the radical of E, Rad(E), by Rad(£) = (~){I : I e M(E)}.

PROPOSITION 4.1. Let E be an effect algebra satisfying the RDP. Then

(4.2) Infinit(E) c Rad(£).

PROOF. Suppose that a g Rad(E). Then there exists a maximal ideal / of E such
that a fi I. Hence the ideal /o(/, a) generated by / and a must coincide with E.
Therefore there exist elements z € / , a°, . . . , a° e E such that af < a (i — 1, . . . , k)
and 1 = z + a° + • • • + a°. If a € Infinit(£) then ka < a' and one would have
z + a\ H h aQ

k = a + a', so that z = a + (a' - (a0^ h a°k)) > a, whence a e I,
a contradiction. Hence a ^ Infinit(E) and Infinit(£) c Rad(£). •
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[9] Perfect effect algebras are categorically equivalent with Abelian interpolation po-groups 191

PROPOSITION 4.2. Let E be a lattice effect algebra with the RDP. Ifa1+a2 = bl+b2

for some a\,a2,b\,b2 € E, then

ax - (ax A bx) = b2- (a2 A b2),

a2 — (a2 A b2) = b\ — (ax A b\).

PROOF. Due to the RDP, there are four elements cu, cx2, c2X, c22 e E such that
ax = cu+cn,a2 = c2X+c22,bx = Cn+c2i andb2 = cn+c22. Due to [4, Section 1.10],
we can assume that Ci2Ac2i = 0. Thencn = cxx+0 = (cn+Ci2)A(cu+C2i) = ai /\bu

and in a similar way c22 = a2 A b2, which proves the assertion in question. •

It is valuable to recall that it is possible to have inequality in (4.2). For example,
in Example 3.9, Infinity) = {(0, 0)} and Rad(£) = {(x, 0) : 0 < x < 1}, while in
Example 3.8, Infinit(£) = {(0, 0)} = Rad(£). Inspired by this, we say that an effect
algebra E has the Rad-property if

(4.3) Infinity) = Rad(£).

An effect algebra E is said to be simple if it has only trivial ideals. For example,
Example 3.8 gives a simple effect algebra.

THEOREM 4.3. Assume that E is an effect algebra with the RDP of one of the
following kinds:

(1) E is a lattice.
(2) E is a simple effect algebra.
(3) E = E(G) = V(l(G), (1, 0)), where 1(G) is the lexicographical product ofl

with a directed Abelian po-group G with interpolation.
(4) For every x e E, x < 1 — x or I — x < x.

Then E has the Rad-property. In addition, in (3), Infinit(£') is a unique maximal ideal

ofE.

PROOF. (1) Suppose that a > 0 is not infinitesimal. Then there exists a natural
number m > 1 such that ma e E and ma £ a', and, by Proposition 4.2, we have
a — ((ma)' A a) = (ma) — ((ma) A a') = c, say, and c > 0. Let P be a value
of c; by Proposition 3.5, P is a prime ideal of E. Assume that M is any maximal
ideal of E containing P. Since ((ma) — ((ma) A a')) A (a' — ((ma) A a')) = 0 by
(4.1), we have by Proposition 3.6, a' - ((ma) A a') e P c M. The maximality of
M entails (ma) A a' + a = (a' — ((ma) A a'))' £ M. Hence a £ M which proves
Rad(£) c Infinit(£).

(2) It is evident.
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192 Anatolij Dvurecenskij [10]

(3) It is clear that Infinit^G)) = {(0, g) : g e G+), and Infinit(£(G)) is an
ideal of E(G). We assert that it is a (unique) maximal ideal of E(G). Indeed, take
(1, -g), where g € G+. Then (1, -g)' = (0, g), so that (1, 0) is an element of the
ideal generated by Infmit(£(G)) and the element (1, —g).

(4) Assume x e Rad(£). Then only x < 1 - x, otherwise 1 e Rad(£), which is
impossible. Hence, x + x is defined in E. Since Rad(£) is an ideal of E, we have
2x € Rad(£). Repeating this process with 2x, we see that 2x + 2x e Rad(£), and so
on. Therefore, nx is defined in E for any integer n > 1, so x e Infinit(E). •

5. Perfect effect algebras and Abelian po-groups with interpolation

In this section we give the main result on perfect effect algebras, showing that
every perfect algebra E is of the form (2.2) for some interpolation directed po-group
G. In addition, we show that the category of perfect effect algebras is categorically
isomorphic with the category of Abelian directed interpolation po-groups, which
generalizes an analogous result of Di Nola and Lettieri [2] who proved this for MV-
algebras (which are equivalent to lattice effect algebras with the RDP).

If E is an effect algebra and A c E, we define A' = [a' : a e A}.

PROPOSITION 5.1. Let E be an effect algebra with the RDP satisfying the Rad-
property. Then Rad(f) is a commutative semigroup with respect to + such that

(i) 0 is a neutral element,
(ii) the cancellation law holds in Rad(£),

(iii) ifa + b = Ofora, b e Rad(£) then a = b = 0,
(iv) Rad(£) n Rad'(E) = 0,
(v) if a, b € Rad'(£) then a + b is not defined in E,

(vi) if a € Rad(£) and b e Rad'(£) then a <b.

PROOF. Assume a,b e Rad(£). Then a = a\ + c and b = b\ + c for some
a\, b\, c e E such that a{+b\+c e E, and then a\,b\,c e Rad(£). Due to the Rad-
property, we have ax+bi+c € Infinit(£') = Rad(£), therefore (a{ + bt + c) + (a\ +
b{ + c) € E, which implies a + b is defined in E and consequently a + b e Rad(£).
The conditions (i)-(iii) are now evident.

(iv) Assume a e Rad(£) n Rad'(£). Then a e Rad'(£), so that a' e Rad(£),
which implies 1 = a + a' e Rad(£), a contradiction.

(v) Assume a + b e E. Then a < b' € Rad(£), which implies a e Rad(£), a
contradiction.

(vi) If b e Rad'(E) then b' e Rad(£), which implies a + V is defined in Rad(£).
Hence a < (b1)' = b. D
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[11] Perfect effect algebras are categorically equivalent with Abelian interpolation po-groups 193

We say that an effect algebra E with the RDP and the Rad-property is perfect if,
for any element a e E, either a e Rad(£) or a' e Rad(£). For example, if E(G) is
defined by (2.2) for a directed po-group G with interpolation then E(G) is a perfect
algebra. In what follows, we show that every perfect effect algebra is of this nature.

Let V£ A be the category of all perfect effect algebras where the objects are perfect
effect algebras and morphisms are homomorphisms of effect algebras. Let QX be the
category of Abelian po-groups, where the objects are directed Abelian po-groups with
interpolation and the morphisms are positive homomorphisms of po-groups.

For each object G in QX let

(5.1) f(G) = £(G) = r ( Z x t a G , ( l , O ) ) ,

and for each morphism h : G -» G' in QX let £{h) be defined, for some g € G+, by

\(0,h(g)) ]fx = (O,g),
(5.2) £(h)(x) — {

\(h-h(g)) ifx = (l,-g).

Then £ is a functor from QX to V£A.

PROPOSITION 5.2. £ is a faithful and full functor from the category QX of directed
Abelian po-groups with interpolation into the category V£A of perfect effect algebras.

PROOF. Let hi and h2 be two morphisms from G into G' such that £{hx) = £{h2).

Then (0, Mg)) = (0, h2(g)) for any g € G+, consequently h\ = h2.
To prove that £ is a full functor, suppose that / : E(G) -> E(G') is a morphism

of effect algebras. Then / (0 , g) = (0, g') for a unique g' e G'+. Define a mapping
h : G+ -* G'+ by h(g) = g' if and only if / ( 0 , g) = (0, g')- Then ft($, +
g2) = /i(g,) '+ /i(g2) if gi>#2 € G+. Assume now that g e G is arbitrary. If
£ = 8\ ~ 82 = g\ ~ #2> w h e r e 5i. «2, g'p g2

 e G + - m e n 8i + 8'2 = 8[ + 82, which
implies h(gt) - h(g2) = h(g[) - h(g'2) and hence that letting h(g) = h(gx) - h(g2)
establishes a well-defined extension of h from G+ onto G. In addition, /i is a
homomorphism of po-groups. Therefore, £{h) = / as desired. •

PROPOSITION 5.3. Let E be a perfect effect algebra. Then there is a unique {up to
isomorphism) directed Abelian po-group G with interpolation such that E = E(G).

PROOF. Let £ be a perfect effect algebra. By Proposition 5.1, Rad(£) is a cancella-
tive semigroup satisfying conditions of Birkhoff [7, Theorem II.4] which guarantee
that Rad(£) is a positive cone of a unique (up to isomorphism) po-group G. Since E
has the RDP, G is a directed Abelian po-group with interpolation.
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194 Anatolij DvureCenskij [12]

Without loss of generality, we can assume that any element g e G can be written
in the form g = g{ - g2 with gu g2 e Rad(£). The mapping y : Rad(£) ->• G given
by

(5.3) Y(a) = a, a 6 Rad(£),

is injective and preserves + in Rad(£).
Define E(G) by (2.2). By Theorem 4.3, E(G) is a perfect effect algebra and we

can define a mapping / : £ — > • £(G) by f{a) = (0, a) and f(a') = (1, —a) for
a 6 Rad(£). Then / is an isomorphism of the effect algebras E and E(G). •

Extend the mapping y : Rad(£) - • G defined by (5.3) to a mapping y : E -> G
by

, , . , . . . ( K ( « ) i faeRad(£) ,
(5.4) y(a) = {

( -y(a ' ) ifa
THEOREM 5.4. Let E be a perfect effect algebra. Then the pair (G,y), where G is

from Proposition 5.3 and y is defined in (5.4), is a universal group for E.

PROOF. Due to the Rad-property, y is a mapping from £ into G that is injective
and preserves +, and y (£) generates G. Assume that H is an additive Abelian group
and 0 : £ -> H is an //-valued measure. Define a mapping <j>* : G+ -> H by
<p*(g) = 4>(y(a)), where a is a unique element in Rad(£) such that y(a) = g. Then
<p* preserves addition in G+, so </>* can be uniquely extended to a group isomorphism
(denoted again as (j>*) on all of G by <p*(g) = $*(gi) — <P*(g2) whenever g = g\ — gi
(gu gi ^ G+). Hence we have <p(a) = <p*(y(a)) for any a € £, which proves that
(G, y) is a universal group for £. •

PROPOSITION 5.5. The functor £ from the category QX into the category VSA is a
right-adjoint.

PROOF. We show that given a perfect effect algebra £ there is a universal arrow
(G, / ) , which means that / is a homomorphism from £ into £(G) such that if G'
is an object from QX and / ' is a homomorphism from £ into S(G') then there is a
unique homomorphism f*:G-*-G' such that £(/*) o / = / ' .

Let (G, y) be a universal group for £ guaranteed by Theorem 5.4. Then it is
straightforward to verify that (G, y) is a universal arrow for £. •

Define a morphism V : VSA ->• QX by V(E) = G whenever (G, y) is a universal
group for £. It is clear that if / is a morphism from £ into F then / can be uniquely
extended to a homomorphism V{f) from G into G|, where (Gi, yi) is a universal
group for the perfect effect algebra F.
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[13] Perfect effect algebras are categorically equivalent with Abelian interpolation po-groups 195

PROPOSITION 5.6. V is a functor from the category V£A into the category QX
which is left-invariant to £.

PROOF. It follows from the construction of universal groups. •

We present now the main result on categorical equivalence of the category of perfect
effect algebras and the category of directed Abelian po-groups with interpolation.

THEOREM 5.7. £ is a categorical equivalence of the category QX of directed Abelian
po-groups with interpolation and the category V£A of perfect effect algebras.

PROOF. According to [ 11, Theorem IV.4.1 ],it is necessary to show that, for a perfect
effect algebra E, there is an object G in QX such that £(G) is isomorphic to E. To
show that, we take a universal group (G, y) for E from Theorem 5.4. Then £{G) and
E are isomorphic. •

To complete our categorical equivalences of appropriate categories of effect alge-
bras and interpolation po-groups, let £-4RDP be the category whose objects are effect
algebras with the RDP and morphisms are homomorphisms of effect algebras, and let
UXQ be the category whose objects are unital interpolation po-groups (G,u) with a
fixed strong unit u and morphisms are homomorphisms of unital po-groups, that is,
positive homomorphisms of unital po-groups which preserve fixed strong units. Using
Theorem 2.2 and methods used for the categories of perfect effect algebras, we can
prove the following important result.

THEOREM 5.8. The mapping F : IAXQ —>• £«4RDP defines the categorical equiva-
lence of the category UXQ of unital interpolation po-groups and the category of effect
algebras with the RDP.

In addition, suppose that h : F(G, u) ->• T(H, v) is a homomorphism of effect
algebras with the RDP. Then there is a unique homomorphism f : (G, u) —> (H, v)
of unital po-groups such that h = F( / ) and

(i) ifh is surjective, so is / ;
(ii) ifh is an isomorphism, so is f.

6. Ideals and quotients of effect algebras

In the present section we establish a one-to-one bijection between the set of all ideals
of an effect algebra with the RDP and the ideals of the corresponding representation
unital po-groups. In addition, we study quotient effect algebras and antilattice effect
algebras.
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196 Anatolij Dvurecenskij [14]

Let P be a (proper) ideal of an effect algebra E with the RDP. We define a relation
~/> on E by a ~ P b if and only if a — e = b — / for some e, f e P. According
to [4, Section 3.1.2], we have that ~/> is an equivalence such that (i) a + b e E,
ax + bi e E, a ~/> au b ~/> bx imply (a + b) ~P (ax + bx), (ii) a ~ P b implies
a' ~ F b', (iii) a+b e E,c ~ P a imply there exists an element d £ E such that d ~/> b
and d + c e E, (iv) a + b, ai + bx <E E, a{ ~ P a, (ax + bx) ~ P (a + b) imply bt ~/> b.
If we define a / P = [a] = [a]P = {b € E : b ~P a] and E/P = {[a]P : a € £},then
E/P is an effect algebra, where [a] + [6] = [c] if and only if there exist ax e [a],
b{ e [ H ci e [c] such that ai + bx = ci. As the constant elements in Zs/P we take
[0]and[l] . We recall that

(6.1) [a]P < [b]P in E/P <=$• there exists a{ € [a]P such that a! < b.

Indeed, if [a]P < [b]P then there exists ac e E such that [a]P + [c]P = [b]P. Then
there are elements u,d,e, f e P and a0 € [a]/>, fei e [b]P such that a0 + c = bu

a0 — u = a — v and bx— e = b — f. Since a0 = (a — v) + u and b{ = (b — / ) + e,

we have (a — v) + u + c = (b — f) + e. Due to the RDP, there are e\, e2, e3 e P with
^! < a — v, e2 < u, e-x, < c and e = e{ + e2 + e3, which yields

(a - (w, + c,)) + (II - e2) + (c - <?3) = ft - / ,

(a - (vi + g,)) + (u - «2) + (c - cj) + / = fc.

If we set ai = a — (v + eO then ai < fe.

PROPOSITION 6.1. Let P be a proper ideal of an effect algebra E with the RDP.
Then E/P is an effect algebra with the RDP.

PROOF. Assume that [at] + [a2] = [bx] + [b2]. Without loss of generality we can
assume that ax + a2 and bx + b2 are defined in E. There are e, f 6 P such that
(a, + a2) - e = {b\ + b2) - f, so that ax + a2 = ((£, + b2) - f) + e. By the the RDP
holding in E, there are Cn, ci2, c2i, c22 in E such that

ai=cu+cl2, (bx + b2) - f = cu + c2u

ai = ci\ + c22, e = cn + c22.

This gives cn + c2l + f = b\ + b2. Again due to the RDP, there are J11( dl2, d2i, d22,
d3i, dn e E such that

C\\—dn+dn, bi = dn+d2i+d3u f = d3i + dl2,

c2\ = 2̂1 + d22, b2 = dl2 + d22 + di2.

It is clear that cl2,c22,diud32 e P , which gives [a^ = [cu] = [du] + [d]2],
[a2] = [c21] = [d2l] + [d22], [b^ = [dn] + [du), [b2] = [dX2\ + [d22], which proves

that E/P has the RDP. •
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[15] Perfect effect algebras are categorically equivalent with Abelian interpolation po-groups 197

We say that an effect algebra E is finitely subdirectly irreducible if, for any two
ideals / and 7 of £ with I (1J = {0}, we have I = {0} or J = {0}.

For 0 ^ A c E, we set A 1 = {x e E : x A a = 0 for any a e A], and for a e E
we define a1 = {a}1. Then

(6.2) a±na±L = {0}, a e £ .

PROPOSITION 6.2. Lef £ fee an effect algebra with the RDP. If 0 ^ A c E, then Ax

is an ideal of E.

PROOF. 0 e Ax. If x, y e E and * < y € A1, then * e Ax. Assume now j j e
Ax andx + y e £. Fix a e A. If z < x + yandz < a, then z = *i+;yi, whereX\ < x
andyi < y and^i, ^i e a1. Since*i, yi < a, wehave^i = x^Aa = 0 = yt /\a — y\,
which proves z = 0. •

PROPOSITION 6.3. An effect algebra E with the RDP is finitely subdirectly irre-
ducible if and only if E is an antilattice.

PROOF. If an effect algebra E with the RDP is not finitely subdirectly irreducible
then there exist two non-zero ideals / and J such that / D J = {0}. Hence, if a 6 /
and b e J are non-zero elements then a A b = 0, whence E cannot be an antilattice.

Conversely, assume that E is finitely subdirectly irreducible and let there be a, b €
E \ {0} with a A b = 0. Then a s bL and b € aL. In view of the Claim from the proof
of Proposition 3.7, we have 0^a + b = avbeE, so that a1 n fex = (a + b ) x .
Since (a + fe)x n (a + 6 ) x x = {0} and a + b e (a + b)11, the irreducibility implies
(a + b)1 = {0}, so a x n bx = {0}, which gives fe e a x = {0} or a e b1 = {0}, so
b = 0 or a = 0, a contradiction. •

If A c E and P is an ideal of E, then we set A/P = {a/P : a e A).

PROPOSITION 6.4. Let E be an effect algebra with the RDP and let P be a proper
ideal of E.

(i) If I is an ideal of E then so is I/P in E/P. Moreover, if I is a proper ideal
of E containing P, then I/P is a proper ideal of E/P.

(ii) IfM is an ideal of E/P and we let K(M) = {x € E : x/P € M] then K{M)
is an ideal of E and K (M) / P = M. IfM is a proper ideal ofE then so is K(M) inE.

PROOF, (i) 0 /P e I/P. If x/P < y/P, where y e I then there exists xx e [x]P

such that Xi < y, which gives xx e / and xx/P = x/P < y/P. If x/P + y/P
is defined in E/P for some x,y e I then there are x\ e [x]P, y\ € [y]P and
e, f,u,v e P s u c h tha t X\— e = x — f e I a n d yi — u = y — v € I a n d X\ + y\ e E.
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198 Anatolij Dvurecenskij [16]

Thenx/P + y/P = xx/P + yx/P = (xl+yl)/P = ((x-f) + e + (y-v) + u)/P =
((* -f) + (y- v))/P and (x-f) + (y-v)e I.

Let now / 2 P and \/P = x/P, where x e I. Then there are e, f e P such that
I—e = x — f, so I—x = e — fePC.1, which gives a contradiction.

(ii) We have K(M) 2 P. If x < y € K(M) then x/P < y/P e M, so that
x 6 K{M). Nowletx, v e K(M)andx + y € E.Then(x+y)/P =x/P + y/P e M,
so* + y € /c(Af).

Finally, assume M is a proper ideal ofE/P. Then 1/P £ Af, hence 1 £ /c(M). D

It is worth recalling that it can happen that M/P = E/P even for a maximal
ideal M. Indeed, take a Boolean algebra £ as an effect algebra, let M be a maximal
ideal and let a be an element of E such that a $ M and 0 ^ a ^ 1. Then for the
ideal P generated by a we have 1/P = a'/P 6 M/P = E/P.

PROPOSITION 6.5. A proper ideal PofanE with the RDP is prime if and only if
E/P is an antilattice.

PROOF. Let P be a prime ideal of E and / and J be two ideals of E/P with
/ n / = {0}. We set 70 = [x e E : x/P € /} and Jo = [x e E : x/P e J}. Then 70

and Jo are ideals of E such that 70 n Jo = P which, by (ii) of Proposition 3.6, gives
70 = P or Jo = P, so / = {0} or J = {0}. Applying Proposition 6.3, we conclude
that E/P is an antilattice.

Conversely, let P / / be an antilattice and let / and J be two ideals of E such that
/ fl J = P. Then I/P D J/P = {0} which, by Proposition 6.3, yields I/P = {0} or
J/P = {0}, so / = P or J = P, and therefore, by Proposition 3.6, P is a prime ideal
ofE. •

COROLLARY 6.6. An effect algebra with the RDP is an antilattice if and only if{0}
is a prime ideal of E.

PROOF. Since E = E/{0], the assertion follows from Proposition 6.5. •

PROPOSITION 6.7. An ideal M of an effect algebra E with the RDP is maximal if
and only if E/M is a simple effect algebra.

PROOF. Let M be a maximal ideal of E, and let J be a proper ideal of E/M. Define
Jo = {x e E : x/M € J}. Then Jo is an ideal of E containing M and the maximality
of M entails J = {0/M}.

Conversely, let E/M be simple and let /i be a proper ideal of E containing M. The
set {a/M : a e I\} is an ideal of E/I. Therefore, by Proposition 6.4, this set coincides
with the zero-ideal {0/M} of E/M, so I\ = M, which proves that M is maximal. •
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COROLLARY 6.8. Every simple effect algebra with the RDP is an antilattice.

PROOF. Let M be a maximal ideal of E. Then M = {0} and M is a prime ideal.
Since E = E/M, Proposition 6.5 mplies that £ is an antilattice. •

PROPOSITION 6.9. Let E be an effect algebra with the RDP. Then a A b e E if and
only if a V b € E. In addition, if I is an ideal of E and a, b € / and a V b is defined
in E, then a v b e I.

PROOF. Let a Ab e E. Due to the RDP, there are ax, b\, c e E such that a = ax+c,
b = b\ + c, and a{ + bi + c e E. Since c < a A b, we have ax > a — (a Ab) and
b{ > b-(aAb), which yield *o = aAb+(a — (aAb)) + (b — (aAb)) e E. According
to (4.1) and the Claim from the proof of Proposition 3.7, we have a0 + b0 = a0 V bQ,
where a0 = a — (a A b) and £>0 = b — (a Ab). We state x0 = a Vb. Assumex > a,b.
Then x > a0 + (a A b) and x > bo + (a A b), which gives x — {a A b) > a0 v b0, so
x > x0 = a0 v b0 + (a A b) = a0 + b0 + (a A b) = a v b.

Assume now a v b e E. Then (a v b)' = a' A b' e E and, by the claim above, this
implies a' v b' e £ . Hence a A b = (a' v fc')' e £ .

Let / be an ideal of E. Then, by the first part of the present proof, a A b e E and
avb = a + (b — (a A b)), which proves av b € I. •

PROPOSITION 6.10. Let E be an effect algebra with the RDP and let P be a proper
ideal ofE. If a A b e E then [a A b]P = [a]P A [b]P and [a v b]P = [a]P V [b]P. In
addition, if E is a lattice then so is E/P.

PROOF. It is clear that [a Ab]P < [a]P, [b]P. Assume [x]P < [a]P and [x]P < [b]P.
According to (6.1), there are xi,x2 e [x]P such that x\ < a and x2 < b. Since

*i ~/> x2, there are e, f e P with X\ — e = x2 — f. Hence, for x0 = X\ — e, we have

XQ € [x]P and x0 < xu x0 < x2- Consequently, x0 < a,b which yields x0 < a A b, so

[x]p = [xo]p < [aAb]P.

The second equality follows from the first part of the present proof and of Propo-
sition 6.9. •

We recall that an o-ideal of a po-group G is any directed convex subgroup of G.
An o-ideal / of a po-group G is said to be (i) maximal if it is a proper subset of G
and it is not contained in any proper o-ideal of G, (ii) prime if, for all o-ideals P and
Q of G with P fl Q c / , we have P c / or J c / , and (iii) a value of a non-zero
element g if g <£ I and / is maximal with respect to this property. Let (G, u) be a
unital Abelian po-group; by I ( G , u), M{G, u) and V(G, u) we denote the set of all
o-ideals, maximal o-ideals and prime o-ideals, respectively, of (G, u).
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THEOREM 6.11. Let(G, u) be a unital interpolation po-group andlet E = T{G, u).
For any ideal I of E, we let

(6.3) <p(I) = {xeG:3Xi,yj € / , x = *, + • • • + xn - y{ ym).

Then (p(I) is an o-ideal of (G, u). The mapping <p defines a one-to-one mapping
preserving the set-theoretical inclusion. The inverse mapping \jj is given by

(6.4) f(K) = Kn[0,u], Kel(G,u).

The restriction of<j> toV(E) or M{E) gives a bijection between M.(E) andM(G,u),
andV(E) andV(G, u), respectively, which preserves the set-theoretical inclusion.

PROOF. Let / b e an ideal of E. Then/ c </>(/). Letx,y e <p(I),thenx + y e <f>(I)
and —x G </>(/). Assume 0 < x < y 6 0( / ) for x € G. Then y = yx + • • • + yn with
y,- € / for i = 1 , . . . , n. The interpolation in G implies that x — x{ + • • • + xn for
Xi < yi € I, which proves x € (j>(I). It is clear that </»(/) is directed.

Assume that / and J are two different ideals of E. Then there exists x e / \ J or
x e J \ I. In the first case we assert x e (p(I)\4> (J)- Indeed, it is clear that x e <p (I).
If also x e <p(J), then x = X\ + • • • + xn — yi — • • • — ym, where *,-, y, e J. Hence,

x + y\ + • • • + ym = X\ + • • • + xn and 0 < x < X\ + • • • + xn. The interpolation

in (G, u) gives x = ;c° + • • • + x® with xf < x{ € J, which implies that x e J, a
contradiction.

Assume now K is an o-ideal of (G, u). Then f(K) c E and 0 € f(K). If x < y
for* e E andy e is(K), then* e K, sox e ir(K). If nowa, fee f{K) and if a + b
is defined in E, then a + b € K, that is a + b € f{K).

It is clear that 4>W(K)) = K for any AT 6 I (G, M) and f(<p(I)) = / for any

Since 0 is bijective, so are its restriction to M.{E) and V(E).
Assume now that P is a prime o-ideal of E and AT] n K2 c 0(P) where AT], AT2

are o-ideals of (G, w). From (6.4) we have ^ ( ^ I ) ^ ^(^2) = t{Kx n AT2), that is
^(A",) D ^(Ar2) c P which gives rjf(Kx) c P or V(A"2) c P. Hence, A", c 0(P) or
A-2 c 0(A:2).

In a similar manner we prove that if P is a prime o-ideal of (G, M) then so is \j/(P)
i n £ . D

We can prove that if a is a non-zero element of E then an o-ideal V is a value of a
if and only if 0(V) is a value of a in (G, M).

Let / be an o-ideal of (G, M). For / , g e G, we define / ~ / g if and only if / - g
and g — f € I. Then ~ / is a congruence on G, and (G//, «/ /) is an interpolation
group, see [9, Proposition 2.3].
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THEOREM 6.12. Let I be a proper ideal of an effect algebra E with the RDP and
let E = T{G, u). Then E/I = T(G/<p(I), w/0( / ) ) .

PROOF. Let / : G —> G/<p(I) be the canonical mapping defined by f(g) =
g/(p(I),g e G, and let h : E -+ E/I be given by h(a) = [a],, a e E.

We can prove that, for a,b e E, [a]t = [b]/ if and only if a/4>(I) = b/(p(I).
Indeed, if [a]; = [b],, then there are e, f e / such that a — e = b — f, which proves

Conversely, if a/cp(I) — b/(p(I) then there is x € (/>(/) such that a — b = x. Since
x = xi H \-xn-yt -ym, where *,-, vy e / , we have a + yx-\ \- ym =
b + xi + • • • + * „ . Due to the RDP holding in G, we find elements cu e E such
that a = coo + cOi + • • • + cOn, )>j = cj0 + cjX + • • • + cJn for j = 1, . . . , m,

and fc = coo + do + • • • + cm0, *,• = cOi + cti + • • • + cmi for / = 1, . . . , « . Then
Coo+coiH hco«+CioH \-cm0 = a+fe-coo.Thereforea-(a-Coo) = b-(b-coo)
and if we set e =: a - Coo = cm H h cOn £ / and / = b — Coo = Cio H h cm0 € /
then a — e = b — / , which proves [a]/ = [£]/.

Using Theorem 5.7, we have the following assertion. D

PROPOSITION 6.13. Let E = T{G, u), where (G, u) is an Abelian unital po-group
satisfying the RDP. If K is a prime o-ideal of (G, u) and we let y(K) = K C\ E
then y(K) is a prime ideal of E. If P is a prime ideal of E and <j> is defined as in
Theorem 6.11 then (j){P) is a prime o-ideal of (G, u). In addition, the mappings y
and <p are mutually inverse and preserve the set-theoretical inclusion.

PROOF. It follows from Theorem 6.11. •

For a e G, let G0{a) be the o-ideal of G generated by a.

PROPOSITION 6.14. For an o-ideal P of an Abelian po-group G the following
statements are equivalent:

(i) P is prime.
(ii) Fora,b eG, G0(a) n G0(b) c P implies a e P orb e P.

(iii) Fora,b € G+, G0(a) D G0(b) C P implies a € P orb e P.

PROOF, (i) =» (ii). It is evident.

(ii) => (i). Assume G0(a) n G0(b) c P implies a e P or b e P. Let / and J be
two directed convex subgroups of G with / n / c p . l f / g p and J g P then there
are two elements a e I \ P and b e J \ P. Then G0(a) n G0(b) c / f l K P which
gives aeP or beP,a contradiction.

(ii) => (iii). It is evident.
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(iii) =>• (ii). As in the implication (ii) =>• (i) we can find two elements a e / \ P
and be J \ P. There are two elements ax,a2 e G0(a) such that a = ax - a2.
Since — a2 < a < ax, we have ax £ P or a2 £ P. In a similar way, b = b\ — b2,
where bub2 6 G0(6), and fci £ P or b2 i P. Say a, $. P and 6, £ P. Then
G0(<2i) n G0(&i) c / n 7 c P which gives a{ € P or 6, € P, a contradiction. •

We recall that a directed po-group G is an antilattice if and only if a A b = 0 implies
a = 0 or b = 0.

PROPOSITION 6.15. AnAbelian directed po-group G with the RDP is an antilattice
if and only if the null ideal {0} is prime.

PROOF. Suppose {0} is a prime o-ideal and a A b = 0. Then GQ(a) n G0(fc) = {0}
which proves a = 0 or b = 0, so G is an antilattice.

Conversely, suppose that G is an antilattice, and G0(a) n G0O) = {0}. Then
a A & = 0 which yields a — 0 or b = 0, so {0} is prime. •

PROPOSITION 6.16. A proper o-ideal P of a unital Abelian po-group (G, u) satis-
fying the RDP is prime if and only ifG/P is an antilattice.

PROOF. Let P be prime and assume a/P Ab/P = 0/P. Without loss of generality,
we can assume a, b > 0 (indeed, there are e, f e P such that 0 < a + e and 0 < b + f
and e = e\ — e2, f = f\ — f2, where elt e2, f\f2 € P + , which gives e2 < a + et and
fi<b + f{).

We claim that G0(a) D G0(fc) c P. There are two cases.
(i) Suppose* G Go(a)nGo(£)and;c > 0. Then* = aH ham = *H \-bn,

where a, < a and £>, < b for all i and all j . The the RDP implies that there is a system
{Cij} of elements of E such that a, = £ \ cu and b; = £ , ci;. Since c,7 < a, b, we
have c,j/P = 0/P, so c0 € P, which yields a, 6 P and * e P.

(ii) Suppose that x £ G0(a) n Go(£>). Then * = x{ — x2 = -yi + y2, where
ori, J:2 e G0(a)+ and y!,y2 € GQ(b)+. Due to the RDP holding in (G,u), there
are four elements cu, cn, c2X, c22 e G+ such that y\ = Cu + c,2, *i = c21 + c22,
y2 = en + c2i and x2 = cx2 + c22. By (i), ci2, c21 € P. Therefore, x = X\ — x2 =
c2\ + c22 - c22 - cn = c21 - cn = ~C\2 - cn + cn + ci2 € P.

Combining (i) and (ii), we have G0(a) n G0(b) c p which gives G0(a) c P or
G0(fe) c P, so a € P or 6 e P, and a/P - 0/P or b/P = 0/P which proves that
G/P is an antilattice.

Conversely, suppose that G/P is an antilattice. According to Proposition 6.14, for
a,be G+wehaveGo(a)nGo(fc) c P. WeclaimthatG0(a/P)nG0(b/P) = {0/P}.

Indeed, let 0/P < JC/P = ax/P H h am/P = bx/P + h bn/P, where
a,/P < a /P and bj/P < fo/P. There are a,' e a,/P and b) e bj/P such that
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a\ < a and b'- < b. Hence, there is a system {c,y} of elements in G + such that
a'JP = ^2j Cjj/P and b'JP = J^t Cij/P- F° r e a c n ' a n d e a c n h t n e r e is a n element
c^ e Cij/P such that c'tj < a\, b'r so c,'; < a,-, £>,. Then c,'7- e P , which proves x e P.

Ifnowx/P e G0(a/P)nG0(b/P),then x/P = xx/P -x2/P = -yi/P + yi/P,
where x{/P,x2/P e G0(a/P)+ and y\/P,y2/P e G0(b/P)+. As in (ii), we can
prove G0(a/P) n G0(b/P) — {0/P}. Since G/P is an antilattice, by Proposition
6.15, {0/P} is a prime o-ideal of G/P, consequently a/P = 0/P or fc/P = 0/P, so
a e P or b e P, which proves that P is prime. •

THEOREM 6.17. Let E = F(G, «), vv/iere (G, u) is an Abelian unitalpo-group with
the RDP. Then E is an antilattice if and only if G is an antilattice.

PROOF. It follows from Proposition 6.5, Theorem 6.11, Proposition 6.14, Proposi-
tion 6.16, and Theorem 6.12. •

7. Subdirect representation and perfect effect algebras

We give a representation of perfect effect algebras as a subdirect product of anti-
lattice perfect effect algebras with the RDP and we introduce the class of BV0 effect
algebras and give their subdirect representation.

We start with a new proof of Ravindran's representation, [12, Theorem 2.18], of
effect algebras with the RDP as subdirect products of antilattice effect algebras with
the RDP.

Let {£,},£/ be an indexed system of effect algebras. The Cartesian product ]"],•<=/ Ei
can be organized into an effect algebra with the partial addition defined by coordinates.
Each Ei has the RDP if and only if the same is true of f ] , Et. We say that an effect
algebra £ is a subdirect product of effect algebras {£,},e / if there is an injective
homomorphism / : E —> Yliei Ei s u c n that f{a) < f(b) if and only if a < b
(a,b e E), and for every j € / , itj o / is a surjective homomorphism from E onto
Ej, where JTJ is the projection of J~[. £, onto £,-.

We first give another characterization of the finite irreducibility of effect algebras,
or equivalently of antilattice effect algebras with the RDP.

PROPOSITION 7.1. An effect algebra E with the RDP is finitely subdirectly irre-
ducible if and only if E is a subdirect product of Ei and E2, and if f is an injective
homomorphism from E into E\ x E2 such that f(x) < f(y), whenever x < y, and
such that Tt\ o / and n2 o / are surjective, then it\ o / or n2 o / is an isomorphism.

PROOF. Suppose that E is not finitely subdirectly irreducible, that is, there are
two non-zero ideals A and B of E such that A C\ B — {0}. The mapping / :
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E —*• E/A x E/B given by f{a) = ([a]A, [a]B), a e E, is a homomorphism of
effect algebras. If f(a) = f(b) then there are e, fx e A and «l5 v € B such that
a — e = b — f\ and a — u\ = b — v. If we now take the addition and subtraction
in the corresponding unital interpolation group (G, «) such that E = T{G, u), then
a — b = e — fi e <f>(A) and a — b = ux - f\ € <p(B), so a — b = 0 and / is an
injective homomorphism.

Assume f{x) < f(y) for some x,y e E, so x/A < y/A and x/B < y/B. There

are two elements a € A and b e B with a, b < x such that x — a < y and x — b < y.
Since a A b = 0, we have x = x — (a A b) = (x — a) v (* — b) (while all existing
meets in E are preserved in the corresponding representation group (G,u)), which
gives x < y.

Hence £ is a subdirect product of E/A and E/B, and a \-± a/A and a H> a/B are
not isomorphisms.

Conversely, suppose £ is a subdirect product of E\ and E2 and let / : E —> Ex x E2

be an injective homomorphism with f(x) < / ( y ) if and only if x < y and such that
every 7r,- o / : £ ->• £,, i = 1, 2, is not an isomorphism. Define A, = {a e E :
iti o f(a) = 0}, i = 1, 2. Then A! and A2 are non-zero ideals of E. Assume that
x e A] n A2. Then /(.x) = (0, 0) and the injectivity of / gives x = 0, which proves
A\ n A2 = {0}, so E is not finitely subdirectly irreducible. •

The following result is the Ravindran representation mentioned above.

THEOREM 7.2. Every effect algebra E with the RDP is a subdirect product of
antilattice effect algebras with the RDP, and all existing meets and joins in E are
preserved in the subdirect product.

PROOF. (1) Assume E = T(G, u). Choose g € G, g ^ 0, and set U(g) = {h e

G : h > g}. We denote by A(g) an ideal of E which is maximal with respect to the
property U(g) n A(g) = 0. Since 0 £ U(g), A(g) exists due to the Zorn lemma. We
assert A(g) is a prime ideal of E. Let I D J = A(g), where / and J are ideals of E.
To obtain a contradiction, assume A(g) is a proper subset of / as well as of J. Take
a e in U(g) and b e J n £/(#). We have 0, g < a, fc. By the RIP holding in (G, u),
there is an element c e G such that 0, g < c < a, £, Since 0 < c < a, we have c € E
and g < c e / n y = A(g), which gives c 6 t/(g) fl A(g), a contradiction.

Moreover, A(g) is a proper ideal of E whenever g < u.
In particular, if a is a nonzero element of E then A (a) is a value of E.
(2) There exists a system V of proper prime ideals of E such that f){P:P&V}={0}.

For that, let V be the system of all proper prime ideals of E. Then

p|{P : P e V] = {0}.
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Indeed, take a non-zero element a e f | (P : P € P}. Then any value V of a is a
prime ideal by Proposition 3.5. Fix a value of a, say V(a), then a £ V(a).

The mapping / : £ -> \\P&VE/P defined by / (a ) = (a/P)P€p, is a homomor-
phism of the effect algebras.

Assume f(a) < f(b), so that a/P < b/P for any P e V, and set g = a - b; then
g < u. If g ^ 0 then a/A(g) < b/A(g) and there is an element e e A(g) such that
a — e < b, so g = a — b < e, which implies e e U(g) D A(g), a contradiction.

Therefore, f(u) = f(v) if and only if u — v, which proves that / is an injective
homomorphism such that f(a) < f{b) if and only if a < b, which shows that £ is a
subdirect product of [E/P : P e V).

Assume now that a A b is defined in E. Then by Proposition 6.10, for any P e V
we have (a A b)/P = (a/P) A (b/P). Consequently f(a A b) = f(a) A f(b) and
in a similar way, f(a v b) = / (a ) v f(b). •

We recall that if £ is a lattice effect algebra with the RDP then £ is an MV-algebra,
and we have a known subdirect representation of any MV-algebra as a subdirect
product of linear MV-algebras [1]. In such a case, for V it is sufficient to take
V = {V(a) :a > 0}.

PROPOSITION 7.3. Let P be a proper ideal of a perfect effect algebra E. Then the
quotient effect algebra E/P is perfect.

PROOF. By Proposition 6.1, E/P satisfies the RDP. We claim that E/P has the
Rad-property. In view of Proposition 4.1,

Infinit(£)/P c Infinit(£/P) c Rad(E/P).

Assume x/P e Rad(E/P). Then either x e Rad(£) or x' e Rad(£). If x e
Rad(£) = Infinit(£) then x/P e Infinit(£/P) c Rad(£/P). If x' e Rad(£), then
x'/P e Infinit(£/P), so x'/P € Rad(£/P), a contradiction, which proves that
x/P e Infinit(£/P) and Rad(£/P) = Infinit(£y.P).

If now x/P is an arbitrary element of E/P then by the above argument, either
x € Rad(E) or x' e Rad(£), which proves that either x/P e Infinit(£)/P c
Infinit(£/P) or^:' € Rad(£) giving x'/P e Infinit(£)/P c Infinit(£/P), so E/P
is perfect. D

As a corollary, we have the following result.

THEOREM 7.4. Every perfect effect algebra E is a subdirect product of antilattice
perfect effect algebras.

PROOF. By Theorem 7.2, £ is a subdirect product of antilattice effect algebras E/P,
where P is a proper prime ideal. In view of Proposition 7.3, E/P is perfect. •
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In the paper [3], the authors introduced the class BVo of MV-algebras. Every
MV-algebra is a lattice effect algebra with the RDP, and vice versa. Inspired by this,
we say that an effect algebra with the RDP belongs to the class BV0 of effect algebras
if and only if, for every maximal ideal M of E, we have £ = MU M'.

PROPOSITION 7.5. Let an effect algebra E belong to the class BV0. Let M be a
maximal ideal and P a proper ideal of E. Then P c M if and only ifM/P ^ E/P.

PROOF. Assume P C M . If there exists x e M such that x/P = l/P, then there
are two elements e and / in P such that x—e = 1 — / . Hence l—x = f—e e P c M,
which is a contradiction.

Conversely, let M/P ^ E/P and take x e P. If x' e M then x'/P - 0, so
x/P = l/P, giving a contradiction. Therefore, x e M. •

THEOREM 7.6. If E is an effect algebra from the class BVQ with the property that
for any x € E and any P eV(E) we have x/P < (1 -x)/P or(l -x)/P < x/P,
then E is a subdirect product of antilattice perfect effect algebras.

PROOF. According to Theorem 7.2, £ is a subdirect product of antilattice effect
algebras [E/P : P 6 V(E), P £ E}. In what follows, we show that every E/P
is a perfect effect algebra. Let iVbea maximal ideal of E containing P and let x
be an arbitrary element in E. If x € N then (1 - x)/P < x or x/P < (1 - x)/P.
Since N is a maximal ideal of E, by Proposition 6.4 and Proposition 7.5, the first case
would imply (1 — x)/P e N/P which is a contradiction. Hence x/P < (1 — x)/P,
which implies that x/P + x/P is defined in E/P. Therefore there are two elements
xx,x2 G N such that x0 = x\ + x2 e N and xux2 6 [x]P. Repeating this process
with the element x0, we have xo/P + xo/P G E/P, so A(x/P) is defined in E/P,
and so on. Therefore 2n(x/P) € E/P for any integer n > 1, which implies x/P e
lnhnit(E/P) c Rad{E/P). Summarizing, we have proved that for every x e E,
either x/P e lnfimt(E/P) or (1 - x)/P e Infinit(£/P).

In particular, if x/P e Rad(£/P) then x G K{M), where M € M(E/P) and
K{M) 2 P is defined in Proposition 6.4, which proves by the above that x/P €
Infinit(£/F) and therefore E/P has the Rad-property and E/P is perfect. D

We observe that, for example, every effect algebra E with the RDP satisfies the
following condition: for any x e E and any prime ideal P of E, x/P < (1 — x)/P
or (1 - x)/P < x/P. On the other hand, if E/P is perfect then, by Proposition 5.3,
this condition holds. It would be interesting to know whether the assumption of this
condition in Theorem 7.6 is necessary in order to obtain the conclusion of the theorem.
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