ON MONTEL’S THEOREM

YOSHIRO KAWAKAMI

1. In this note we shall prove a theorem which is related to Montel's
theorem [1] on bounded regular functions. Let E be a measurable set on the
positive y-axis in the z(= x + iy)-plane, E(e, ) be its part contained in
0=£a=y<b and |E(q, b)| be its measure. We define the lower density of
E at y=0 by

7

-0

Lemya, Let E be a set of positive lower density 2 at y=0. Then E con-
tains @ subset Ei of the same lower density at y=0 such that E;\U{0} is a

closed set.

Proof. Let 7a=1/n (n=1,2,...). There exists a closed subset
Ei(7n+1, 74) of E(#a+1, 7s), such that

lEl(rn+l, fn)l = BHIE(7n+1y fn)l (n =1’ 2: « o e )7
. !
Wlth 6,,—-1—- *—77' We put

E = %El(’i’n&fl, fn).

Then if 7, <7 = 741,

[E 0, )| = D2 Eilrivr, 70| 2 641 E(0, 74) |,

so that
IEl(O, 7')[ > IEI(O, fn)l On > [E(O, 7’1:)[ . Tn On,
7 7 n Tn-1
whence
21 =lm [E(O, 7)[ éli_rg IEl(O; r)l %HE_LEL(QLM)I =2
ro>0 7 =0 7 n>x ”
Hence
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h_m']_E_l(_Q»_"l =i
7

r—0

2. We shall prove the following theorem.

TueoreM. Let f(2) =f(x+1iy) be regular and bounded in x > 0, and con-
tinuous at a measurable set E of positive lower density A at y =0 on the positive
y-axis. If f(z) > A when z- 0 along E, then f(z) > A wuniformly when z -0

in the domain |y| £ kx, where k is any .positive constant.

Proof. By the lemma we assume that EU {0} is a closed set. Without
loss of generality we may assume that |f(z)| =1 and A=0. Let D, : |z] <y,
x>0 be the half-disc. Let us denote by #,(z) the harmonic measure of
E(0, o) U {0} with respect to D,.

If we take 0<p<1 su}ﬁciently small such that |f(z)| £ on E(0, p),

then, by the maximum principle, we have
log |/(2)| £ u,(2) <loge for z€D,;
hence
if(z)] € ? for ze D,. (1)
As is well known,

~
g

1 .
#,(2) = "z?Sm_P) 2-Glir, 2)dn,

where G,(w, z) (w=¢+y) is the Green’s function of D, with pole at z = x + y.

By a simple calculation we have

(2@) _ 220" = 2" =) (0" = 7%") )
on /o AP+ (v =) (o =)+ x°7%)
Hence
_ 1 2x(pz—x2—y2)(p2—7f)
w2 = 5§ s (o G s ey
where

2(n) =§F(

(0

. dn=1E(0, 3)!.

If |z]l =6p, 7 <00, (0<86<1), then

(== (" —7°) = p'Cy, (=) + 2’7 = ' Cs,
whence
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5p x
> C. &
u,(z) =C.,So Xt (y_n)zd/_t(n),

o~

“ where Ci, C., C; are constants, depending on ¢ only. Hence if |y| = kx, we have

Sp
X
~ C. ——— )
up(z) = C.,SO T (g + kx)? duly).

By the substitution 7 = xt, we have

Ca (% 1
O m e )
Cs

n(xt) T"’X + 2C; vw )t + k)
-2 v

I x {1+ 2+ hyeye

T x ["1”'?— (t+k)*

o 2Cs (" plat)(t+E)

= x .$0"<1+ (t+ k)22 dt.

Since u(xt) = #'xt for some A’ such that 0 < i’ <2, we have

Ot + R

T (b #=0

up(z) > 2035

where C is a constant depending on %, ¢, and 4’ only. Hence by (1)
iflz)i = if lzi=6p and (y| =k,
so that lim f(z) =0 uniformly, when z - 0 in the domain |y| = kx.
20

Remark. The writer has proved that our theorem holds when E satisfies

the condition that A, is positive, where

1
2« = lim r“‘lg ii/_;_g)*
r

r=0

(a =2).

However, Professor Ohtsuka kindly informed him that this condition for any
a > 1 is equivalent to the condition that the lower density of £ at y =0 is

positive.”
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1) See the paper after the next.
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