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With the purpose of clarifying characteristic difference of the optimum collective submanifolds
between in. nonresonant and resonant cases, we propose an improved method of solving the basic
equations of the self-consistent collective-coordinate (SCC) method, which describes optimum
(“maximally-decoupled”) large-amplitude collective motion within the time-dependent Hartree-Fock
theory. It is shown that, in the resonant cases, there inevitably arise essential coupling terms which
break the maximal-decoupling property of the collective motion, so that we have to extend the
optimum collective submanifold so as to properly treat the degrees of freedom bringing about the
resonances. An illustrative example is given with a simple model Hamiltonian.

§1. Introduction and summary

The self-consistent collective-coordinate (SCC) method"** has been proposed as

‘a microscopic theory to properly define global collective coordinates which specify an

“optimum” collective submanifold in the huge-dimensional time-dependent Hartree-
Fock (TDHF) manifold. The basic principle of the SCC method is to define the
optimum collective submanifold (surface) in such a way that the expectation value of
the Hamiltonian with the TDHF wave function is stationary at each point on the
surface with respect to variations perpendicular to the surface. This principle is
called the maximal-decoupling condition and has been formulated in the form named
the invariance principle of the time-dependent Schridinger equation.”™® The global
collective coordinates are thus defined as canonical variables to specify the optimum
surface, and the collective Hamiltonian is simply given by the expectation value of the
Hamiltonian on the surface.

The basic equations of the SCC method have been proved to be of the very simple
form, and self-consistent solutions of the set of the basic equations have been easily
obtained in terms of the power series expansion of the basic equations with respect to
the collective variables.””” In this expansion method, it is necessary to set up a
specific “boundary condition” characterizing the collective motion under considera-
tion. Supposing the large-amplitude collective vibration in soft nuclei, for example,
we may set up the boundary condition in such a way that the large-amplitude

*) A preliminary version of this paper has been presented in the International Workshop on Semiclassical
and Phase Space Approaches to the Dynamics of the Nucleus, Aussois, France, 16-20 March, 1987.
*%) The detailed and self-contained explanation of the basic idea of the SCC method and its recent
development are given in Refs. 2) and 3), respectively.
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Optimum Collective Submanifold in Resonant Cases 1365

collective motion is connected with the lowest-energy RPA (“phonon”) mode in the
“small-amplitude” (harmonic) limit. With this boundary condition, it has been shown
that the set of the basic equations can be uniquely solved, provided that the frequency
of the RPA phonon mode is in a nonresonant case. In this nonresonant case, the
frequency of the RPA phonon mode does not satisfy the resonance condition

Wre0— NoWa=0 =0, n=2,3, -, (1-1)

wi=0 and wi(A=1, 2, ---) being the frequencies of the RPA phonon mode and the other
RPA normal modes, respectively.

In the realistic large-amplitude collective motion of soft nuclei, however, we may
often encounter the resomant cases satisfying Eq. (1-1).? In such resonant cases, the
power-series expansion method with respect to the collective variables has the
well-known difficulty of small denominator in the expansion series, and we have to
properly take into account the degrees of freedom which bring about the resonance
difficulty in the power series expansion. ‘

With the purpose of investigating behaviour of the optimum collective sub-
manifold in the resonant cases, in this paper we propose an improved method of
solving the basic equations of the SCC method. In § 2, the SCC method is recapitulat-
ed in a form suitable for our purpose. The basic idea of the improved method is to
employ a specific representation of the collective (canonical) variables, in which the
collective Hamiltonian in the nonresonant cases is brought into a normal (diagonal)
form in the collective variables. This representation is just the ¢-number version of
the “physical boson” representation®® where the optimum collective Hamiltonian has
a diagonal form with respect to the number of physical bosons. It is shown in § 3 that
we can easily obtain the normal (diagonal) collective Hamiltonian in the nonresonant
cases, by positively making use of the degrees of freedom in the canonical-variable
condition for collective variables. In the resonant case, the initially chosen collective
submanifold has to be extended so as to include a new set of canonical variables
responsible for the resonance. This is formulated in § 4, and it is shown that the
optimum collective Hamiltonian in the extended submanifold can never be expressed
in the normal (diagonal) form within the representation of the collective variables
which have the boundary condition to be connected with RPA modes in the small-
amplitude limit. Then, the collective Hamiltonian inevitably has to have off-diagonal
coupling terms originating from the resonances. An illustrative example is given in
§ 5 with a simple model Hamiltonian.

§ 2. Basic equations of the SCC method
We start with the basic equation of the TDHF theory,‘
o<t ig— A |l (1)y=0,# (2-1)

where the time-dependent Slater determinant |$(¢)> is given by

*) Throughout this paper, we adopt the convention of using z=1.
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1366 Y. Hashimoto, T. Marumori and F. Sakata

[$(£)>=e"Wgo>- e~

F(6)=Sfu(au’ b+ f5(0)baa) (2-2)
Here |$o> denotes the Hartree-Fock ground state with energy Fo=<do|H|¢0>, and a.'
and b:" represent the particle- and hole-creation operators with respect to |go>:

add>=0, u=1,2- M,

bilde>=0, i=1,2,--,N. (2-3)

M(N) being a number of single-particle (hole) states under consideration.

Through a variable transformation f..=f..(C¥*, C), it is always possible” to
introduce a set of canonical variables {C%, C.:}, by which the TDHF equation (2-1)
can be expressed as the canonical equations of motion in classical mechanics:

iCu=0H/[0CY ,  iCt=—0H/IC.u:,
H={¢ole FHeF|go>. (2-4)

The condition for the variables {C¥, C.} to be canonical is that thelr local
infinitesimal generators

A —iF__0 iFF A = _ip_ 0 i »
O;IiEe " GCm-e F, Ou=—ce Fﬂe F (2'5)

have to satisfy the “weak” boson-like commutation relations

{Poll Owi, Ol o> =0mbs, <ol O, Ousllgo>=0. : (2+6)
Since the TDHF equation (2-1) can be written as -
a<¢o|z'§,(c',,iézi— % 0u)— e THe | $o>=0, 2.7

we can easily see that, with the use of Eq. (2+6), the canonical equations of motion
(2-4) are derived from the TDHF equation (2+7), by taking | 8¢o> oc: Ops:| o> and : 0.2 do>.
One of the simplest choices of the canonical variables {C %, C..} satisfying

Eq. (2-6) is”
_ <[ sin/FF! ] e . ,,g'_[sinx/FFT ]
Cﬂz_g[ FFT o Fuz 5 C/tz gFuz W it 3y
(F)#izFl‘i , (Ff)z/t P , i (2'8)
which is .derived by the so-called “canonical-variable condition”""?
(Bl Ol =5Cli, <ol Ouilpod =5 Cu . (2-9)

The set of canonical variables {C}, C.:} thus determined is known” to be the c-
number correspondent of the set of Holstein-Primakoff-type bosons {Bi:, Bus} em-
ployed in the nuclear boson-expansion theory.”

The SCC method intends to extract an optimum collective surface (submanifold)
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Optimum Collective Submanifold in Resonant Cases 1367

out of the TDHF phase space (manifold) characterized by {C%, C.}, in such a way
that the Hamiltonian H is stationary at each point on the surface with respect to .
variations perpendicular to the surface. Supposing the dimension of the surface to be
2L which is much smaller than the dimension 2MN of the TDHF phase space, we may
introduce L-pairs of global collective variables {7.*, 7o; @=1, 2, L} to specify the
surface. The canonical variables {C¥, Cu} on the surface are then regarded as
functions of the collective variables {7.*, 74}:

[Cul=culn*, n), [Chl=ci(* 7). (2-10)

For any function K of the canonical variables {C#, C.}, hereafter, we use a symbol
[K] to denote the function on the surface:

[K]=k(z*, 7). (2-11)
In the neighborhood of the surface , thus, the TDHF equation (2-7) is reduced to
8¢40/i3(7a0¢" — 71 a*Oa) — e~ He' P go> =0, (2-12)

where O." and O, are the local infinitesimal generators with respect to the collective
variables, defined by

gl Ao,
a2
~—z{4Cdion-AC0,)) (2-13)

Equation (2:12) is just the starting basic equation of the SCC method, which is called
the invariance principle of the time-dependent Schridinger equation.V?”®

The condition for the global collective variables {7.%, 74} to be canonical is that
the weak boson-like commutation relations

(il[Ou, Os N do>=6az,  <ol[Oc, Osllo>=0 (2-14)

have to be sétisﬁedi By taking the variation |6do> in Eq. (2:12) to be collective
directions |8, ¢o>oc:Oa:ldo> and :0.':|¢o>, with the use of Eq. (2-14), we obtain the
canonical equations of collective motion

i7a=0[H]/on*,  ihd*=—0[H}/3e,

[H]=<gole™"F1 He'1F| o>, (2-15a)
ie., »

Gde=0[H1/3pa,  pa=—3[H]/3qa,

te=(1F+0)/VZ,  pa=iln*—7a)/ V2.  (2-15D)

Downl oaded from https://acadeni c. oup. con ptp/article-abstract/ 78/ 6/ 1364/ 1907098
by guest
on 30 July 2018



1368 Y. Hashimoto, T. Marumori and F. Sakata

By taking the variation [0¢0> in Eq. (2:12) to be. perpendicular to the collective
directions, i.e., |6.40> satisfying <0.¢ld, #o>=0, we also obtain from Eq. (2:12)

8.1 ole " FI He 1| o> =0 , (2-16)

which explicitly demonstrates that the Hamiltonian H on the surface, i.e., [H], has to
be stationary with respect to the variations perpendicular to the surface. With the
aid of the equations of collective motion (2+15a), Eq. (2-16) can be written as
6<¢0|e—z‘[ﬁ]ﬁei[ﬁ] _Z<LH*]>O”‘ZT _2<LH]>@”|¢O>
@ 877a a a77a
[1]

= ~i[F1) [ _ a[H]\ Gl a[H]\ 0 iF — .
_8<¢Ole [ ]{H §< 074" / 04a +g< a /aﬂa* }e[ ]l¢0>_0’ (2 17)

which is called the equation of collective submanifold and is denoted by [I] hereafter.
So far we have seen that the condition (2-14) for the generators {O.", O.} enables

us to decompose the basic equation (2+12) into a) the canonical equations of collective
motion (2-15) and b) the equation of collective submanifold [I]. It has been proved”?
that the generators {O.', O} which have to satisfy the condition (2-14) are generally
determined through the relations:

(4ol Oa' o> =7+ i~2-S(5*, 1),

2 Ma ’

{11]

<¢0|0a|¢0>=ina—ii*5(n* ), (2-18)

2 Ma ’

where S(7% 7) is an arbitrary real function of the collective variables {7.*, 74}.
From Eq. (2-18), we can easily obtain the condition (2-14) through

i T <a—?;,95>‘ a?yp( arzaa* s)}= e <l Os' 0> 517}

4524l Oul > L ne}=<4ull 00, O Ti>— 8000,

(R S ol csiontoo—tav]

_%{<¢0!Oﬁtl¢0>—%ﬂp*}:<¢0’[OaT, OﬁT]¢0>=0 . (2'19)
We may thus express the condition (2-14) in the following form:
OTe* | 0Ty _, 0Ta _9Ts _,
877,9 aﬂa* ’ ‘87715 87711 ’
oS =Ta=Cle™FLctP gy —Lpr. (2-20)

Equation (2-18) is the second of the basic equations of the SCC method, which is
hereafter called the canonical-variable condition and is denoted by [II]. (In the
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Optimum Collective Submanifold in Resonant Cases 1369
previous expansion method,””” we have fixed the special canonical variables {7.*, 74}
from the outset so as to satisfy the simplest case with S(»* 7)=0 in [II].) The
canonical-variable condition [II] means that we can generally keep the degrees of
freedom to choose canonical collective variables {7.¥, 7.} through the arbitrary real
function S{(z*, »)."” '

§3. Self-consistent solutions of the SCC equations (I)
—— Nownresonant Cases ——

An essential idea of the present improved method of solving the basic equations
of the SCC method is to choose the canonical collective variables {7.*, 7.} so as to put
the collective Hamiltonian into the normal (diagonal) form

H(p*, n)=[H]— Ee={gole " He"'"| o> — E,
[111]
=H(m, nz, +, mL),  Ne=0a*7a, _ (3-1)

by adopting an appropriate function S(n*, 5) in [II]¥ According to the Birkhoff-
Gustavson normal-form expansion method,'” it is always possible to choose such
canonical collective variables {7.*, 7.}, provided that the frequencies of the RPA
normal modes are in the nonresonant case. The requirement (3+1) is called [III]
hereafter. ‘

It is easily seen that the problem of solving the set of basic equations [I}~[III]
self-consistently can be reduced to finding the hermitian operator [£7] (in the unitary
operator exp(i[ F']) satisfying the set of equations. In order to simplify the presenta-
tion, hereafter, we restrict ourselves to the simplest case L=1 corresponding to a
single pair of collective variables {7*, 7}.

Since the hermitian operator [F] is a one-body operator by definition, we can
express it in the form

i[F]EiG(U*, U)IZX:{QA(U*, W)XAT —g:*(9%, U)XA} , (3-2)

where {X,', Xi; A=0, 1,2, --, MN —1} is the complete set of creation and annihilation
operators of the RPA normal modes: :

R =3nuidas’ b~ $ipdbia, (3-3)
satisfying the RPA equation

ool H, X' 1= 0. X |pod>=0,  @:>0,

Boll X, Xildo> =0, <ol K, Klldo>=0. | (3-4)

We then expand the coefficient g:(7*, 7) in Eq. (3+2) as a power series of {7*, 7}:

gi(7%, ”):Elg‘(”)’, ga(n)ZTZ’Sg%]-(v*)’(v)s, r+s=n, (3-5)

*) 1t is notable that the requirement (3-1) has been just what employed in realizing the original idea® of
the invariance principle of the time-dependent Schrodinger equation.
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1370 Y. Hashimoto, T. Marumori and F. Sakata

so that the operator iG(7*, 7) in Eq. (3-2) is expressed as
G, =2 iGn),  iGW=S{a() X' —g* () X} - (3-6)

The important input of this power-series expansion is to set up a specific boundary
condition appropriate for the collective motion under consideration. Here we set up
the following boundary condition:

a(n=1)=780, ie, iGn=1)=7X%"—7*X, (37
where XL, is the creation operator of the RPA phonon mode. The condition (3-7)
means that the large-amplitude collective vibration under consideration is connected
with RPA phonon mode in its small-amplitude harmonic limit.

The basic equations [I]~[III] in the present case are

0 AR (e w0, 0n e

(ii) Z'%S(ﬂ*, nN=TG* 7)), ie, Z'—(%S(nﬂ):T(n),’

6 0 8

T (7*, n)=<ole el go>— L+ 7= T(‘n),

S(7*, N=2S(n), S(n)=S*(n)= 2 S (n*)(0)°, (3-9)

(r+s n)
(i) JH(p*, rz>:<¢ole—f0‘ﬁel’5[¢o>—Eo=gﬂ{(n)
=w07/*77+§2hr-(77*77)r, (3-10)

(wi=o: the frequency of the RPA phonon mode),

where we use the relations

o o GG 1HC 6], LITHC ) ig] ..

an an an 31LL o7
(m-1)
G 1 [ [0iG
—0 a6 .
) mgz m! [ on’ ZG}’ }’ ZG] ’ (3-11)

*) The equation of collective submanifold [I] is decomposed into Eq. (3-8) and an identical equation

2)or- (5r)ofaw=0, or=cc e,

<¢u|[0, e "CHe' — <

Because the generator 0" is a one-body operator by definition and the set {X.!, X1; A=0, 1, -, MN—1} is the
complete set, the identical equation becomes equivalent to :

<¢“'[X*:"’ e A (gf{> 7 + %f) ara;* }eié]”"*:o '

provided that Eq. (3-8) is satisfied.
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Optimum Collective Submanifold in Resonant Cases 1371

e~le® =1+, iG]+, iG], iG]+
(m)
—A+ 2 - {-[A,7C], ], T . (3-12)

lem! |

In the following, we show how to determine iG(7*, ) in Eq. (3-6) as well as the
normal collective Hamiltonian 4 (»*, 7) in Eq. (3-10) by choosing an appropriate real
function S(»*, 7) in Eq. (3-9).

The boundary condition (3+7) leads us to

T(n=1)=0, Sn=1)=S(n=2)=0,
H(n=2)=won*7 . : (3-13)
The equation of submanifold (3-8) directly determines g:(#=2) with A#0 in Eq. (3-6):

{0775 ) Jou)
=<l %, [[H, iG], iG>, A+0, (3-14a)
ie.,
GuaoD= Tl () (1), rHs=2,
™=~ —(s— P KAl %, [, G, iCOgod]rs,  (3:14D)

where the symbol [A]s for an arbitrary function A(7*, 7) represents the coefficient of
the power-series expansion:

A(ﬁ*, 77):§Ars'(7/*)r(77)s s ArsE[A]rs . (315)

To determine gi-o(2), we employ Egs. (3-9) and (3-10).
With the use of Eq. (3:11), we easily obtain

T(2)=%<¢ol[%7§1), ié(z)]|¢o> +%<¢0|[ 81'?752)’ z'G‘(1)]|¢o>

1 1 ' )
=50t O+ {1 w1 @) | (3-16)

Integrating 7°(2) with respect to 7, we thus have

S(3)= —Z{ (g88™* + gl?)(9*)*7 +7g&3] %7 —ggé‘”* 7+ gi‘” (77*)3} (3-17)
with

298 + g% =0, (3-18)
where we have used the condition S(3)=S*(3) by definition.
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1372_ Y. Hashimoto, T. Marumori and F. Sakata

With the use of Eq. (3-12), the third-order part of the collective Hamiltonian
H(n=3) is written as

HB)=wol7*: 9o(2)+ 7 0* ()} + 4K (3) ,

450E)=3<ll[H, CQ)), iCW), iCQW)Igo> . (3-19)
The condition (3-10) for #(7*, ) to be normal demands % (3)=0, by which we obtain

a)og£8] + [Aﬂ[(3)]30=0 s

wol gl + gl3*) + [ 49 (3)]21=0 . (3-20)

The set of Egs. (3-18) and (3-20) is enough to determine go(2) specifying the optimum
choice of S(3) in Eq. (3-17).

We now go on to determine ¢i(3). The fourth-order part of the collective
Hamiltonian % (%=4) is written as

H L) =wo{7** go(3)+ 7+ 9*(3)} + 49((4) (3-21)
where 49((4) is a known function, defined by

A=< A, iG], iC@))| g

FallllA, GO, G, G +ILA, G, i6@)], iG]
+IA, iG], G, iCWdo> |
+ <A, G, iGW, G, iG> . (3-22)
For T(n=3) in Eq. (3+9), we also have |
T(n=3)=5 Q)+ 4| 7" 2-0(8)~ 1@} + 4T) (323

where A7(3) is a known function, defined by

‘%gﬂ(z), ié(z)]lqso

AT(?))E%@OI[

ol [ 290, 6], i6w)], G a (3-24)

Now, in the analogous way to the case of g:(2), the equation of submanifold (3-8)
directly determines gi+o(3):

GsoB =TG- (7 (1), r+s=3,

[A+0]

g ={wr—(s—7)wo}™

X [—21—I<¢o|[)§, (L4, }GD), iG@I+IH, iG(2)], iGW)D]I go>
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Optimum Collective Submanifold in Resonant Cases‘ 1373

2l ([, G, i), GO g
ol L |[{an = 7% 55 I}, 6 |, G 18]
(3-25)

To determine gi-o(3) by choosing an appropriate function S(4), we use Egs. (3-9) and
(3-10) together with the expressions (3:21) and (3-23).

By integrating 7°(3) in Eq. (3-23) with respect to 7 and then by setting the
condition S(4)=S*(4), we obtain

SW=—i{ 4~ B+ AT @)+~ ¥+ AT Do)

(o + G AT @) r*P 45— 5 ol ol

HAT @ )77+ 4 (ol + AT @) (7)) (3-26)

with
398 + g = —[4T(3))12—3[4T (3%, (3-27a)
9P+ gl = —[4T (3)]aa—[4T (3) 1% . (3-27b)

Demanding 4 (4) in Eq. (3:21) to be normal according to Eq. (3:10), i.e., demanding
[H(4)]s=0 for »=s, we have the relations

wo gl +[A49(4)]00=0 ,.
wo(ghd + gi§™*) +[ 49 (4)]5:=0 . (3-28)

It is clear that Eds. (3-27a) and (3-28) are enough to determine gif!, ¢63 and ¢i?.
The coefficient -2 of the diagonal term in H(4) in Eq. (3-10) is given as

hr=25[ﬂ(4)]22
= (1)0(91[3] + 91[3]*) + [Aﬂ(ll)]zz
=[4HD)]22— 0o{[AT ()] +[AT 3) I}, (3-29)

where we have used Eq. (3-27b).

Thus, we have obtained the fourth-order Hamiltonian in diagonal form. Inorder
to determine ¢f9' which is not specified yet, we make use of the fact that the function
S(7*, ») is a generating function of canonical transformation and the choice of the
functional form of S(7*, 7) just corresponds to fixing the degree of freedom of
canonical transformation. Therefore, here, we choose a simple functional form of
S(7*, ») so that it has no terms with the diagonal forms of 7* and 7, such as (*7)",
by which the collective Hamiltonian (3-10) is expressed. According to this choice, we
obtain the following relation to determine gi%,

g9 +[4T(3)]a=0. | | (3-30)

Downl oaded from https://academni c. oup. coni ptp/article-abstract/ 78/ 6/ 1364/ 1907098
by guest
on 30 July 2018



1374 Y. Hashimoto, T. Marumori and F. Sakata

Thus, starting with the boundary condition (3-7) and evaluating each power of
{#*, 7} in the basic equations (3-8)~(3-10) step by step, we can determine the higher
order terms g(#) in Eq. (3-5) as well as the collective Hamiltonian % (%) in Eq. (3-10),
provided that the frequency of the RPA-phonon mode o is in a nonresonant case.

§4. Self-consistent solutions of the SCC equations an
—— Resonant Cases ——

When there exists a resonance condition (1-1), i.e., w,— nowo==0, with an integer
no(=2), the power-series expansion in § 3 encounters the well-known problems of the
appearance of “zero-denominator”, 1/(w:—#owo), in the coefficients of the power
series expansion with the collective variables {7* 7}. In such a resonant case,
therefore, we have to properly take into account a set of degrees of freedom {m*, m},
which is connected with the RPA normal mode with the frequency : in the small-
amplitude harmonic limit, by extending the collective submanifold to {#*, n; 2, m}.

In this case the basic equations [I] and [II] are

Ol e AA-(Fe) (5 o

(&ﬂ\ 9 <aﬂ\ 3
om* /) dm "\ am /) an*

}dﬂwo=o,A¢Q1, (4-1)
(ii) ia—”S(ﬂ*, n; m*, )= To(7*, n; 7*, m1),

. 0
za—mS(v*, 7 m*, m)=T(7n*, 7, m*, ),

—i6_0 8

To(7*, 7; m*, m)=<{dole ZG|¢0>—

Tin*, 7 0, m)=Cle S5ie gy =L ni*, (-2)
where

iG(n*, n; m*, 2)=2a(n*, 75 m*, X" =X (¥, 9w, ) X} (4-3)

In the resonant case, it is impossible to demand the condition [III], which puts the
collective Hamiltonian into the complete normal (diagonal) form. By choosing an
appropriate function S(7*, 7; 7m1*, 71) in Eq. (4-2), however, we can put the collective
Hamiltonian into a form being as normal (diagonal) as possible. (The detail is given
in the Appendix.) Thus, the “maximally” normal (diagonal) Hamiltonian finally has
the following form:

I IH(n*, 9; m*, n)={dole *He | $o>— Fo
= IO 4 IO 4 O 4 grees) © (4-4a)

j[(O)EC()()??*ﬂ_*_ gzhr(())(ﬂ*”)r N (4'4b)
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HO= i i+ Z}Zhr(l)(m*m)r ) (4-4c)
go-H= Z‘élh(ros_l)'(ﬂ*ﬂ)r(m*ﬂl)s , (4-4d)
HP=3 31 hEH @ (0)™) (7)) W) (m*7)* (4-4e)

where the term K can never be expressed in the normal (diagonal) form and
displays an essential coupling between the {#*, 7}-mode and the {7*, 71}-mode through
the resonance condition @i~ #owo=0.

With the boundary condition in the small-amplitude harmonic limit,

a=(7*, 7 m*, p)> 0, a=g*, 0 m)om,
g/l#:O,l(??*) 77; 771*> 771)_)0 ) . ) (4'5)
the set of the basic equations, (4-1)~(4-3), enables us to determine g:(7*, 7; m*, 71) in
the power-series expansion form,
a(7*, 7, m*, m)= 2 gu(m) ,
n=1

Gn=_ 5 g"0s, )@ D ), r+s+nts=n, o (@6)

as well as the coefficients %, 2,P, 1% and A%< in the collective Hamiltonian (4-4).
It turns out that the optimum function S(7*, 7; 7:*, 71) in this case has the following
form: It contains #zo ferms with the forms of 7* 7, ;* and 7 like (7*7) (*m)°
(7, s=0), (m*(7)™)* and ((p*)™.)*(I =1), by which the maximally normal Hamiltonian
(4-4) is expressed. A full detail of the method is given in the Appendix.

§5. INustrative example of solutions

In order to illustrate the solutions in the resonant and non-resonant cases, let us
consider a simple model Hamiltonian

ﬁ - ﬁo + H}nt »
I‘j’o = Eo[zoo + €1f€11 + Ezkzz + 83K33 ,
I‘:iintz Viz- {KIZKIO + KOIXZI} + Vis- {Kleo + Kme} . (5 . 1)

There are four levels with energies &< :< £2< &3 and each level has N-fold degener-
acy. The fermion pair operators are defined as

—~ N .
Kl-j=mZ=}lc,~'mcjm, 7,7=0,1,2,3. (5-2)
The lowest energy state without the interaction, i.e., Viz= Vi3=0, is

N
|¢0>=”LI1COTm|0>, cml0>=0. (5-3)
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1376 Y. Hashimoto, T. Marumori and F. Sakatq

The time-dependent single Slater determinant is given as

|p(£)>=e®|pe> ,

iF(1)= jﬁ{ﬂ(t)fzm+fz<t>z€20+ﬂ<r>&o}—h.c., (5-1)

where the basic excitation modes are K'm, Ky and Ka. The excitation energies
corresponding to {w,;; A=0, 1, 2, ---} in the previous sections are emEel—eo, En=&— &
and esp=e3— &o.

Instead of the variables {f;*, fi; i=1, 2, 3}, it is convenient to use the following
canonical variables:

P 13
Ci=—J%51nJ§, sz’glfk*fk. (5'5)
Then, the TDHF equation
sle (i S~ )elgn=0 (5+6)

is simply reduced to a set of classical equations of motion

iC=0H/0Cx*,  iCx*=—0H[3Cs, k=1,2,3,

H={¢ole " "He*|po>— ol H| o> . (5:7)
A solution of the canonical equations of motion (5:7) gives a TDHF-trajectory in a
6-dimensional phase space {g=, ps; k=1, 2, 3} with

G=(CHHC),  pm (G C). (5-8)

In the nonresonant case, the boundary condition in the small-amplitude (har-
monic) limit is given by

[fi]_”?'ai,l, (5:9)

where the symbol [ /] is defined by Eq. (2-11) and a function of the collective variables
7* and 7. Following the method given in § 3 by reading X, as Ko and (Xt} as {Ku, |
K}, we then can obtain the solution satisfying the basic equations (3-8)~(3-10).
The normal-form Hamiltonian thus obtained is written (up to the fourth order) as

%[{(N—l)vw}z {(N 1)1713}2]( )2 (5-10)

E0—2 €10 -

H(n*, n)=cwn*n—

and the SCC trajectories are obtained by the equations of collective motion
i =04 Jon*, in*¥=—39 /oy . (5-11)

In Fig. 1, we show the TDHF trajectory from Eq. (5-7) and the SCC trajectory from
Eq. (5-11) in the nonresonant case by making use of the Lissajous figures. We can see
that the SCC trajectory obtained by our power-series expansion method reproduces the
gross property of the TDHF trajectory very well. In the nonresonant case it is seen
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that the time-dependence of the amplitude fi(#) is regular and energy exchange among
the f’s is quite small.

‘When the resonance condition €z — 2e10=0 is satisfied, according to the method in
§ 4, we have to introduce a new set of variables {7*, 7} which corresponds to the
degree of freedom of K. The boundary condition in the small-amplitude (harmonic)
limit is given in this case as

[Ail=n, [flom, [A]-0, (5-12)

and X, in Eq. (4-1) should be read as Kos. Solving the basic equations (4-1), (4-2) and
(4-4), we obtain the maximally normal Hamiltonian (up to the fourth order)

I (n*, n; 7, m)=cewn*n+eom*n

N—1)Vis})?
1
JreD = (N =1) Vi (2*(n)*+ (2 mi} (5-13b)
The SCC trajectory in this resonant case is then obtained by solving the equations of
1.5 [T T UL N UL B SR ].5_“"I'"l""l“"l"“l""
10F : . 1.0F .
osfF . , 05f ]
o b8 ] o | ]
> 0. i < - ]
<.( O:r = 0.0:
> 3 = I
0.5 ] -0.5F 1
-of 1 -0 .
‘].5:..‘.|”..|..,,|.,..1..,.l...,: -1.5:...1l...vl....l..'.l|...I-..:A )
-1.5 -1.0 -05 0.0 0.5 1.0 1.5 -1.5 -10 -05 0.0 05 . 1.0 1.5
X-AXIS X - AXIS
(2) (b)
1.2 T T M T y Fig. 1.(a) A TDHF trajectory projected on the
o /W\/\/V\/W plane spanned by Re(fi) (X-axis) and Re(f)
! ' 7 (Y-axis) in the nonresonant case.
0.8F . The parameters are: €p=1., €20=1.7; €30=3.2,
|f‘|z - Vlz=0.033 and ‘/13:0.033.
- Mifogk

_ (b) An SCC-method trajectory corresponding
04F . to Fig. 1 (a).

(¢) Time dependence of |fif* (:=1,2,3) for

0.2+
L ~ o~ - the trajectory in Fig. 1(a), denoted by solid
0.0Q\VC\O(’\'\"J\.’X’b‘(’f*).&/:’l\\‘:/s\’/‘/f\-.\@/\A& curve (Jz'zl),ybrokerig cu(rv)e (i=2) andy dash-
0.0 200 400 TGIOK,?E 80.0 1000 1200 dotted curve (=3), respectively. The curve
for =3 is magnified by ten times. The unit of
(e time is 0.1.

tIZ))ownI oaded from https://acadeni c. oup. com ptp/article-abstract/ 78/ 6/1364/ 1907098
y guest
on 30 July 2018



1378 Y. Hashimoto, T. Marumori and F. Sakata

motion

1 =99 [on* in*=—04 /oy,

i =09 [og™, i t=—0K oy . (5-14)
In Fig. 2, we show a TDHF trajectory from Eq. (5-7) and an SCC trajectory from
Eq. (5-14) in the resonant case. As is seen from the figure, the TDHF trajectory is
drastically different from those in the nonresonant cases. Demonstrating the effects
of the resonance condition, the trajectory goes around on the plane spanned by /1 and
/2, and it is essentially necessary to introduce a pair of new dynamical variables to
describe such a motion. The SCC trajectory obtained from Eq. (5-14) approximates
the TDHF trajectory very well, thus showing that the method given in § 4 enables us
to clarify dynamical structure of the effects of resonance: In this resonant case it is
seen that the time-dependence of the amplitude f:(#) (¢=1,2) is large, indicating
appreciable energy exchange between /i and f. In our method, the source of the
energy exchange is simply visualized as the essential coupling terms H*® in the
maximally normal collective Hamiltonian (5-13).

].5_-- T AL UL B ALES LA L5 ey
1.0F . ] 1.0F ]
o5k ] 05F ]
o : 1 0wt
001 : . X 0.0F ]
1 - 9 [1 o {
S j ] N
-05F 9 -0.5} 1
-1.0F . -1.0F : N
—].5:....|..,.||...|....|....1...‘~ S ) I TP I B BN B
-15 -1.0 -05 00 05 1.0 15 15 -1.0 -05 00 05 10 1.5
X -AXIS . X - AXIS
(a) (b)
1.2 : . . . . .
1.0f

L Fig. 2.(a) A TDHF trajectory in the resonant case
08F " with the parameters given by £i0=1., en=2., €30

|f_|206: =3.2, V12=0.033 and V13=0.033.
1 o
/‘\\ //\\ /’\\ //\\ (b) An SCC-method trajectory corresponding
0.4f ¥ vy \ Y to Fig. 2(a).
F/ \ / \ .
El \\ // Vo \\ / \ (c) Time dependence of |fi|* (:=1,2,3) for
0.2t v [ ] \ . . . .
:l/ \ \\ II \ \\ the trajectory in Fig. 2(a). The solid curve,
L AN e VA XA T A broken curve and dash-dotted curve correspond
0.0 200 400 600 800 100.0 1200 1400

to 7=1, 2, 3, respectively. The curve for =3
is magnified by ten times. The unit of time is
(c) " 0.1,
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Appendix

In this appendix, we show how to determine iG(7*, 7; 7*, 7:) in Eq. (4-3) and the
maximally-normal collective Hamiltonian H(7*, ; 7*, 71) in Eq. (4-4), by choosing
an optimum real function S(%*, 7; 71*, ) in Eq. (4-2) in the power-series expansion
forms with respect to 7%, 7, m* and 7.  For the sake of simplicity, here we adopt the
resonant case with ne=21i.e,, :

—2wo=>=0. (A-1)

With the use of Eq. (4+6), the expansion form of iG(7*, 7; m*, 71) is written as

iG(n*, 7; 1%, )= iGn), Gn)=ZHaWX' - WX}, (A-2)
where iG(n=1) is given from the outset by the boundary condition (4:5) as

iG1)=(nX" —77*)20)—#(771)21’—771*)21). . (A-3)

In the similar way, we expand the quant1t1es S(*, 7, m*, m) and Tu(n*, 7; ;m*, 71)
(£=0,1) in Eq. (4-2) as

S(7*, »; ?71*, 771)=n§15(n),
S("):m;"sns(rs, ns)(@*) (D) ()" (), r+s+rn+si=n, (A-4)

Tu(n*, m; mi*, nl)zgl Tu(n), k=0,1,

= e (n) .
Tk(n)5[<¢o[e“cie’cl¢o>] A T , (A-5)
8nk 2
where the symbol [---]* denotes the #-th order part of the quantity [---] with respect
to the power series expansion. From Eq. (A-3) we have
T.(1)=0, S1)=S2)=0. : (A-6)
[1] Determination of iG(n=2)
The equation of submanifold (4-1) directly determines g:(n=2) with 1=0 and 1 as

0
{CUA - kzZO‘,’l (1);:( ﬂka—m— Uk*'@%)}w@)
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1380 Y. Hashimoto, T. Marumori and F. Sakata

B ‘%wo![)&, (L7, iCL, iG>, A£0,1 (nico=7). (A-7)

To determine g:-o(2) and ¢:-1(2), we employ the generalized canonical-variable condi-
tion (4-2). With this purpose, we divide ¢:(2) in Eq. (4-6) with A=0 and 1 into

9(2)=a:Cln*n)+ " @lr*n; m*n)+a@lm*n), 2=0,1,
9:@ln*n)= Zrs, 6" (rs, 00)(7*) (n)*,
9@l 7)= Zrs, ¢¥100, 7)(m*)"(m)°
9" Cln*n; m*p)=m*{( Zps 9“0, 10)(7*)" (1))
+m{ Zpg 9"(0g, 0D (), 21=0,1. (A-8)
Similarly we divide S(z=3) in Eq. (A-4) into
S@3)=S@l7* 1) +SUGI*n; m*m)+ S+ ; m*m)+;$(3llm*771) :
5(3”7}*77)5(;;:53)3(73, 00)(7*)"()*,
S@lm*m)= 2 S00, 7s)(7*) ()", (A-9)

where SU(3|7*7; m*7) and S™(3|»*7; 7m*7) denote terms being linear and quadratic
with respect to 7* and 7, respectively. The third-order part of the collective
Hamiltonian is also classified by the powers of 7™* and 7

H(n=3)=[<dole **He ™| o] "=

=HBln*n)+ KB p*7; 7% 9) + I B9 7; 2 p) + I Gl .
(A-10)

Now, with use of Eq. (3-11), we easily obtain

. . (n=2)
T(2)= [( ¢0[e*10—9%e‘6| ¢0>:|

=Ll 250, i62)|igw> +Lso[ 2D, i) 1>

:%90*(2)"‘%{77*‘;7790(2) - 778—‘2790*(2)+ ’7‘*8—87791(2) - 771“(%91*(2)} ,
(A-11a)

8?71 9(2)—7 3?71 go*(Z)} :
(A-11b)

1 L{ 0 oy 0 *
T1(2)—291 (2)+2 m a77191(2) Ty, 9 2)+7

(I-1)  Choice of SQ3\7™ ) and of S(3l7:* 1)
Substituting (A-8) into (A-11a) and integrating 7v(2) with respect to 7, and then
setting the condition S(3)=S*(3) by definition, for S(3|7*7) we obtain
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S(ln*n)=— i 5 {g°*(02, 00) + (11, 00))(7*)*7

902, 00)7% 79420, 00)7° +59(20, 0007 | (A-12)
with
2-g"(02, 00)+ ¢g"'*(11, 00)=0 . ' (A-13)

The way of determination of the optimum function S(3]7* 7) is thus completely the
same as one given in § 3. .

With the use of Eq. (3:2), the third-order part of the collective Hamiltonian
H(n=3) in (A-10) is written as

HB)=wo{7*9o(2) + 7+ 90" (2} + ol 9:(2) + 11 g (D} + 45 (3) (A-14)
253) =5 <HlllLH, iG], iC)), iCWIgo> . (A-15)

We thus have
HBl7*n)= oo 7*- gol2ln*n) + 7~ g*Cln*m}+ 4K Bln*7) (A-16)
where we have classified 4%(3) according to the powers with respect to 7:* and 7:
AHB)=AHBl7*n)+ 4K Bl 7*7; m*m)
+AI@ln*g; m*m) + AIH Bl . (A-17)

The condition for H“(*, 7) in Eq. (4-4b) to be normal demands K @llz*7)=0, by
which we obtain the relations ‘

wog™(20, 00)+[ 493 7*7)]50=0, A (A-18)
wo{g® (11, 00)+ g®*(02, 00)} +[ 4K (B 7* )] =0 , (A-19)

where the symbol [++]/s is defined in Eq. (3:15). It is now clear that the set of (A-13),
(A-18) and (A+-19) determines go(2]7*7) in (A-8), which specifies the optimum choice
of S(3l7*7) in (A-9).

In the same manner, we can also -determine ¢:(2l7:*7:) in (A-8) specifying the
optimum choice of S(3|7*7) in (A-9).

(I-2) Appearance of Essential Coupling H'" and Choice of SN 3|7*7; nr*9))
Substituting (A - 8) into (A -1la) and integrating 7v(2) with respect to 7, for
SUln*7; m*m;m) we obtain
oSUGl7*7; 7 m)=— i * [{g(01, 01) + (0L, 10)
+ g™ (11, 00)} 7*7 + g™(02, 00) 7>+ g™(20, 00)(7*)*]
—i%ﬂl'[{g[o](()l, 01)+ ¢g™*(01, 10) — g"1*(11, 00)} n*7
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—gt"*(20, 00)7*— g""*(02, 00)(7*)*] . , (A-20)
with
g"9(01, 01) + ¢''*(01, 10)=0, (A-21)

where we have used the condition for S™(3|l7*7; m*7) to be a real function by
definition. ‘

Similarly, substituting (A-8) into (A-11b) and integrating 71(2) with respect to 7,
for S"(3l7*9; m*m) we obtain

1SUGl7* 7, )= Z%771*-[{9‘”(20, 00)—¢"'(10, 10)}(7*)*
+{g™(11, 00)+¢g""*(01, 01) — ¢"(01, 10)}7*7
+{g""(02, 00)+g"*(10, 01)} 5] — Z%771-[{9“”‘(02, 00)

+9'(10, 0D)}(7*)*+{g"*(11, 00) + ¢'°(01, 01)

—g""*(01, 10)}*7 +{g™*(20, 00) — g™*(10, 10)} °] . (A-22)

By the definition of S in Eq. (4-2), we have to have the condition .

SUGl7*n; m*m)=0S"Gln*n; m*n)=1S"Gl7*n; m*m) (A-23)
from which we obtain the following relations: -

2¢"1(20, 00) — ¢™'(10, 10)=0, (A-24a)

g"(11, 00)+ ¢"*(01, 01)=0, (A-24D)

2¢™(02, 00) + g"*(10, 01)=0. (A-24¢)

Now, with the use of (A-14) and (A-17), the part L™(@3|7*7; m*7) in (A-10) is

written as

HOGl*7; p* )= wol 7 - @M 2l7p*7; 91* )
+ 7+ 0"*Ql7*7; n*n)}+ oi{m* - a1 2ll7*7)
+ g *@ll7* )} + AH Gl n*7; 9k ) (A-25)

In the nomresonant case where the resonance condition (A-1) is not satisfied, the
requirement J"(3|7*7; 77*7)=0 (implying the collective Hamiltonian to be normal)
always enables us to determine g"(2|7*7; 7:*71) and ¢:(2]|7*7) in (A -8), together with
the relations (A-21) and (A-24). We can thus specify the appropriate choice for
SU(3|7*7; m*m) in the nonresonant case. .

In the resonant case with (A-1) under consideration, however, it is impossible to
demand JU(3|7*9; 7:*¥7:)=0, because K" (3||7*y; 7:*7) includes the following term:

{won®m™* - g"*(10, 01) + w17:* 9%+ g™1(02, 00) + 2* P’ AH Bl 7* 7) Jo2} +c.c.
= 0¥ wog®*(10, 01) + w191(02, 00) + [4H (3l 7* 7))oz} +c.c. (A-26)
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where we have used »the notation
AHO@Np*n; m*m)=m* - AH w(@Bl7*n) + m- AKE SN 7*9) - (A2

and the symbol[:+-++ 1ss is d_eﬁned in Eq. (3-15). In the resonant case with the relation
wr=2wo given in (A1), Eq. (A-26) is simply reduced to

m*n*[wo{g"™*(10, 01) +24(02, 00)} + [AH w(Bll7* 7)ee]] +c.c. (A-28)

Because of the existence of the relation (A-24c), this term never vanishes within any

choice of S™(3||p*»; 7:*7:) and there inevitably appears the essential coupling term in
the third order: ’

ﬂ[(res)(n=3)5[dj[[‘](3lln* 7})]02. 771*772+C.C. (A.Zg)

By using the fact that the choice of the functional form of S(7*7; m*7) just
corresponds to fixing the degree of freedom of canonical transformation, in this case,
an optimum function S™(3||7*»; 7*7:) in this resonant case is determined by choosing
the following form of it: Both «S"(3[7*7; 7*7) in (A-20) and 1SU(G(7*7; m*7) in
(A-22) have no terms with the forms, 7:*7” and 7:(7*)?, by which J**)(3) is expressed.
This is satisfied by setting

¢'"(02, 00)=¢" (10, 01)=0. (A-30)

The other terms in H"Q3|7*7; 7*7) except for K" (n=3) can be made to
vanish by setting

wo{g"(01, 10)+g""*(01, 01)} + 19"'(11, 00) + [AH (Bl 7* 7)]1=0, (A-31)
009 (10, 10) + @1g"/(20, 00)+ [ AIL (3] 7*7)]20=0 . (A-32)

It is now clear that the set of (A-21), (A-24), (A-30), (A-31) and (A-32) is enough

to determine ¢"'(2ll7*7; m*7) and ¢i(2]7*7) in the resonant case, which specify the
optihum choice of SUW(3|7*7; m*m).

(1-3) Choice of S"™(3|7n*n; n:*91)

Substituting (A-8) into (A-11a) and integrating 7v(2) with respect to 7, and then
using the condition S(3)=S*(3), for S™(3|7*7; m*7) we obtain

oSMBln*n; m*m)

=- Z%(m*)z' [{g(01, 10)+¢"*(00, 02)} 7 —{g"'(00, 20) — g"(10, 10)} 7*]

— i5-(7*7)+[{g™ (0L, 01)~ g"*(10, 01)+"*(00, 11)}7
—{g*(01, 01) — g™(10, 01) + g"(00, 11)} 7*]
— i4(2®) [{g"*(00, 20)— g"¥(10, 10)}

—{g"*(01, 10) + ¢(00, 02)} 7*] . (A-33)
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Similarly, from 71(2) in (A-11b), we obtain

1S"@Bl7*7; m*g)

= — i (") [9(00, 20)7* — (00, 02)7]

- Z%(m*m)' [{g!"*(01, 01)+¢™(10, 01) + ¢(00, 11)} »*
+{g™"*(10, 01) + ¢"(01, 01) — ¢*(00, 11)} 7]
— i)+ [9(00, 02)7* — 9(00, 20)7] | (A-30)
The condition
SUGH7*7; m* ) =0S"@l7*n; 2*71)=1S"(Bl7*n; 9*71) (A-35)
leads to the relations ’
2¢"(00, 20)— ¢"'(10, 10)=0,
299*(00, 02)+ ¢™(01, 10)=0,
g 00, 11)+ ¢'"*(01, 01)=0,
g*(00, 11)— ¢g™M*(10, 01)=0. ' (A-36)

With the use of (A-14) and (A-17), the part "™ (3|7*y; ;:*71) of the collective
Hamiltonian (A+10) can be written as

KB n*7; m* )= woln** g2l m* 7)) + 7+ go* 2l m* 1)}
+ odm*- " Cly*n; m* 90+ 91 g *Cln* g; ;¥ )}
+A9"Bl7*7; m* ) . (A-37)

By the definition in (A-17), 4K "] 7*9; 7% 7) is a known function obtained from
(A-15), and we express it as

A% ; p*p)=AIE G 2% 9)- (0
+ A Gl n) - (p*m) + IR Gl* ) (7)* . (A-38)
Demanding K™ (3)|7*7; 7.*¥71)=0, we thus have
wo+9"(00, 20) + wo- g"(10, 10)+[AILER (Bl 7*7)]10=0,
wo* g"*(00, 02)+ w: - g™(01, 10) + [ E Bl 7*7)]e1 =0,
wo* g°(00, il)+ wi{g™(10, 01) + g™"™*(01, 01)} +[AH R El7*7)]10=0, (A-39j

where the symbol [-+---]s is defined in Eq. (3-15).
It is clear that the set of (A+36) and (A-39) is enough to determine go(2ll7* ™)
and ¢:™(2]7*n; m*n1), which specify the optimum choice of S™(3|7*7; 7.*71).
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(111 Determination of iG(n=23)
We go on to determine iG(z=3) in (A-2):
ié(3):;{gx(3)XAT -a*(3) X},
6= 2 V05, b)) D ), rstp+a=3, (A-10)

provided that 1G(1) and iG(2) are known.

In the analogous way to the case of iG(2), the equation of submanifold (4-1)
directly determines ¢:(3) with A#0 and 1. We use the canonical-variable condition
(4-2), in order to determine ¢:-o(3) and gi=1(3) by choosing an optimum function S(4)
in (A-4). :

With the use of Eq. (3-11), for To(3) and 73(3) in (A-5) we have

To(3)5[<¢0|€_26 J ’G|¢o>]("=3)
=%go*(3)+ {77 9790(3) 77 go*(3)

+ ﬂl*igl(\?\) - migl*(B) +Z]To(3) , (A-41a)
oy 07

i) =5 0*(@) + 5| 1o a(®) — ()

+ 7]1* af]l 91(3)_ /3 a?h gl*(3)}+ATl(3) y (A.41b)

where 4Tx(3) (=0, 1) are known functions, defined by

AT, =1 2D, i60)|1g>

.%w[[[ GG i6w)], i6W|, i |4

E=0,1, 7r0=7.. (A'42)

With the use of Eq. (3-12), for the fourth-order part of the collective Hamiltonian we
have

H(n=4)=[<pole **He*| go>] ="
=wol7* 9o(3) + 7 g*B)} + wi{m* - u(B)+ 7= g * )} + 49 (4), (A-43)

where AH(4) is a known function, defined by

AN

=

&

Il
o —

<A, iG(2)], iG(2)]| o>
+3}f<¢ [I[A, {GD), iGQ)), iG@I+[[H, iG], iG2)], iG(1)]
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1386 Y. Hashimoto, T. Marumori and F. Sakata
+I[A, iG@)], iGD)], iGQ)]| 0>
I, iG], G, B, iGDge> . (A-44)

In the similar way to the case of iG(2), we classify g(3), ¢:(3), S(4) and H(4)
according to the powers of 7* and 71

a(3)=a:8ll7*n) + ¢ Bl n*n; ;*71)

+a:"MBl7*7; n¥ 7))+ g:Blm*m), A=0,1, - (A-45)
111
SM@)=SW@ln*n)+ 2 S™Uln*n; m*p)+ S@lm*n) (A-46)
- 111
ﬂf(4)=ﬂf(4i|7*n)+NZ:1;4f‘”’(4l|77*77; ni* )+ I 4| m*g) . (A-47)

The known quantity 49 (4) is also classified and is expressed as
I
A=A Ul7*n)+ 2 AH Y A7*7; m* )+ AH Wm* ) ,

A4 n* g5 p* ) =A@ 0> ) - p*+ AP AN 9* ) 71
AH || p*7; 7/1*771)=§A<5’5Eﬁ7’(4l|77*77)-(m*)"(m)" , pt+ag=2,

A A * g, mi* )= ZAHER @0 *0)- (0¥ ()7, p+q=3. - (A-48)

(II-1)  Choice of S(4|7*n) and of S(4lp:*7n;)

Substituting (A-45) into (A-41a) and integrating 7u(3) with respect to 7, we
obtain an expression for S(4[7*7) similar to Eq. (3:26) in § 3. The condition S(<]7*7)
=S*(4]7*7) leads us to the relation

39"(03, 00)+g™*(21, 00)=—[AToBll7* )]~ 3[4 ToBln*n) )%, (A-49)

where AT%-0,1(3) is classified according to the powers of 7:* and 7::
11
ATB)=AT:Bln*n) + 2 AT Gllo*n; m*m) + ATu(Blm*n)

£=01, (A-50)

and the symbol [+ Irs is defined in Eq. (3:15). Demanding % (4]7*7) to be normal,
ie., [H(4l7*9)]s=0 for s, from (A-43) we obtain the relations

a)og[O](SO, 00) + [AJ[(ZIH 77* 77)]40:0 ’
wo{g"(21, 00)+ ¢°"*(03, 00)} +[49L (4] 7* )] =0, (A-51)

which is similar to Eq. (3-28). An optimum functional form of S(4]7*7) is so chosen
that it contains no terms with the diagonal form (»*7)%. This leads to

g% (12, 00) +[ATo(3l7*7)]a=0 , (A-52)
which is similar to Eq. (3-30).
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The relations (A-49), (A-51) and (A:52) are enough to determine the function
90(317*7), specifying the optimum choice of S(4||77 7). The coefficient 225 of I (7*, 7)
in Eq. (4-4b) is now given by

B2 =[H (4l n*1)]22= wolg" (12, 00) +g*"*(12, 00)} + [AH (4] 7% )]z

=[49||7*7)]e2— 0llAToBl7* D + AT Bl 7* )18},
(A-53)

where we have used (A-52).

In the same manner, we can also determine ¢:(3|7:*71), as well as the coefficient
125 of HV(p*, 71) in Eq. (4-4c¢).

(11-2)  Choice of S"'(4|n*n; n:¥71)

By substituting (A-45) into (A-41a) and integrating 7u(3) with respect to 7, and
then by setting the condition S(4)=S*(4), we obtain an explicit expression for
SW(4]»*7; m*n) which is denoted by oS™(4l»*7; ;*71). The condition «S"(4|7*7;
n¥m)=0S"*(4|7*n; 7*n1) leads us to the relations

§U(02, 01)-++-g""(11, 10)= — [ATS(r* IS AT )

g% (02, 10)+%g“”(11, 01)=—[A4TH (7" )]z ——[AT‘“’f(?? I, (A-54)

where we have used for 4T#¥.(37*7; 7*71) in Eq. (A-50) the expression
ATGlr*n 1 1)= Fpg, ATERGI7*0)- (19 (0)7, k=01, (A-55)

and the symbol [-++-*]ss is defined in Eq. (3-15).

Similarly, by integrating 73(3) in Eq. (A-41b) with respect to 7 and setting S(4)
=S*(4), for S"({4|7*7; m*7) we have an explicit expression denoted by 1S™(4|7*7;
m*7). The condition, ST(4|7*»; n*n)=0SM4|7*7; n* 7)) =1S"4]7*7; ;™ 71), leads
us to the relations

— L4920, 10)+ g™M(30, 00) = — [AT\(3l7*7) s+ [ TMGl7* 7))o,
g %02, 01)+¢""(21, 00)= —[AThBl7* M — 4 TR G2 7)]20

%g“”*(ll, 0D +g™M(12, 00)=—[AT1(3|171*77)]§"0—7[ TS Gl )],

9%(20, 01)+9(03, 00)= —[AT:Bl7* ) F— L LATSGI* Do . (A+56)

The part I WAl p*5; m™*n) of the fourth-order Hamiltonian H(4) in (A-47) is
written as

&7 7; 7 m)= wdn*- @M Blln*7; m*m) +7- g™ *Gllr*7; m¥ 7))
+odn* - aGl7*n)+ m- g *Gla*n)} + 494l 7% 9; 7). (A-57)
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1388 Y. Hashimoto, T. Marumovi and F. Sakata

Demanding H"(4}7*7; 7:*7.)=0, we obtain
wog™(20, 10) + w1g"1(30, 00) + [AI G (A) 7% 7)]00=0 ,
wolg™ (11, 10)+g[°]*(02 01} + w1921, 00) +[A4HEP Al 7* 7)) =0,
wo(g™(02, 10)+ g©*(11, 01)} + w1g™(12, 00)+ [ 45§} l7*n)]i=0,
@0g""*(20, 01)+ w19'"(03, 00) + [AIL (4] 7*7)]0s=0 . , (A-58)

The set of the relations (A-54), (A-56) and (A -58) is enough to determine the functions
9" @ll7*n; m*n) and a:(3]7*, 7) in (A-45), which specify the optimum choice of
SU]7*7; m ).

(II-3)  Choice of SY4|lp*7; p:*n1)

By integrating 7v(3) with respect to 7 and setting S(4)=S*(4), for S™(4|7*:
m*m) we obtain an explicit expression denoted by oS™(47*7; 7*7). The condition
oS dln*g; m* ) =0S"*(4ll7*7; m* ) leads us to the relations

901, 02)+¢"*(01, 20)=—[A T (n* n) 5~ [ TEB(n* 1) o . (A-59)

Similarly, by integrating 71(3) with respect to 71, we have an explicit expression for
SU(4llz*7; m*n). The optimum functional form of S"™(4|7*7; m*m) is so chosen
that both «S"(4ln*n; 9n:*91) and S L9*9; 7% 71) have no terms with the normal
Jorm such as (9*7)(7*71), in terms of which the fourth-order part K V(7*, n: m*, 1)
in Eq. (4-4d) is expressed. Imposing this condition on oS"™(4]7*7; m*7.) and
1Sl p*7; 7% ), respectively, we obtain

g""*(01, 11)+¢"(01, 11)+¢"(11, 01) — g"*(11, 01) +2[A T sith(7*7) o=
(A -60a)

g"(01,11) — g"®*(01, 11)+ ¢g™(11, 01) + g™*(11, 01)+ 2[ A TR (7* ) ]12=0 .
(A-60b)

The equivalence condition, S™(4]7*7; 7* 7)) =S4 [7*n; 7)) =S Ul 7*p; ;¥ 7)),
leads us to the relations

g"(10, 02)+ ¢"1*(02, 10)= — [ATM(7* ») oo — [ A TSEN (* ) s,

29'7%(01, 20) — g"*(11, 10)=[ATXH(7* n) 1 — 2A A T5H (5 * D) 1o,

g*(10, 20)— g™¥(20, 10)=[ AT (7 * D ]ea— [ATSEN(2* )] ,

2¢'"*(02, 01)+ ¢ (10, 11)= — 2[4 T (0* 1) 2o~ [A TSR (¥ ) )i

29"1*(20, 01) — " (10, 11)= — 2[A TR (7* ) oo H A TSHN (7 ) Jon . (A-61)
The part K" A|p*y; ;*71) in (A-47) is written as

4| 7% 7; 7).

= wo{n* ™ (3l7*7; 27+ 7+ 9o *Bln*; 7t 7))

+ wdm® - g Gly*n; ¥ 7) + 9 g *Gll* ; p* )}
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+ A9 g5 mFm) (A-62)

Demanding the off-diagonal terms of JH"™(4[7*7; m*7) to vanish, we obtain the
relations

00g™(10, 02)+ w19™*(02, 10)=—[4 HER Al 7*7) a0,

@o{g"™(01, 02) +g"*(01, 20)} + w1g"*(11, 10)= — [4H R Al n* )],

wog[o]*(ld, 20)+ w19"*(20, 10)= —[4H R 4l 7* 7)os ,

wog™(10, 11) + w1{g™ (20, 01) + g""*(02, 01)} = — [4IL {1} (4]l 7* 1) L0 (A-63)

The set of the relations (A -59), (A-60), (A-61) and (A-63) is enough to determine
the function ¢:™(3|7*7; 7*7) and g™ (3l7*»; m™7) specifying the optimum choice of
S"W(4)l9*p; m*n). The diagonal part of H™(4]7*n; m*71), i.e., the coefficient Al ™" i
HOD(p*p; ;m* ) of Eq. (4-4d) is given by

G0 =wo{g (01, 11)+ g '*(01, 1D} + w:{g"(11, 01)+ ¢g™M*(11, 01)}
+[4 K (7 7)]In

=—wd{[4T. (1[%1)1(77 ) o+ 4TS (7% 7) 1%}
— wd[ATN* ) In H AT * ) )+ [AH N @ ) (A-64)
where we have used the relations (A-60a) and (A-60b).

(I-4) Choice of SY™ (4)n*n; n/*n1)

From 7o(3) and Ti(3), for S"(4|7*7»; m*7) we obtain two expressions
oS4l 7*7: p* ) and 1S™(4]»*7; ;m*m). The condition S(4)=S*(4) then leads us
to the relations

2-g"(01, 02)+ g™*(10, 11)
=—=2-[ATEGl7* ) — AT Gln* n)]or
2-g™M(10, 02)+ ¢g™M*(01, 11) |
2-[4TENE]7* D1 — 4T Gl 7* 7)o (A-65)

From the equivalence condition, S™(4[ln*7; m*n)=cS™ (4| 7*n; m*p)=1S" (4| »*7;
m*n), we obtain

—g™(10, 20)+3¢"(00, 30)=[4 TGl 7* M1 — 3[4 To(Bl 2 *9)I")*

g"(01, 20)+3g"*(00, 03)=[ AT Bl7* N1 +3- [AToBllm* 1)),

g"*(01, 02) +¢"(00, 21)=—[A TR Gl 7* Mo — (A To(lm* ) 1)*,,

g"*(10, 02)—g™*(00, 12)=—[A TGl 7* 7)o+ [A TGl mn* 1) (A-66)

where the symbol [B(m*, 7)]™ for an arbitrary function B(7:*, 71) represents the
coefficient of the power-series expansion with respect to 7™ and 7

Bln*, m)=ZB"- (), Br=1BGn*, )l (A-67)
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The part K" 4| 7*7; 7:*7.) in (A-47) is written as
KU 4] p* 5 771*771)=‘wo{77*-go(3|| m*m)+7-g*@llm*m))
+wi{n* "M@l 7*7; 7% )+ 9 ™ Bllo*n; 9% 7))
+ A 7% 95 g ) (A-68)
Demanding K™ (4[7*7; m*9.)=0, we have
@0g'*(00, 30)+ w19™(10, 20)= — [AIERX (4l 7* 7)]so
@og"*(00, 03) + w1g™(01, 20)= —[AIERX Al 7* 7)1t ,
@0g"(00, 21) + w:{g™(10, 11) +¢*(01, 02)} = — [ 4L ER Al 7* )]so,
@0g""*(00, 12) + w:{g™(01, 11) + g™*(10, 02)} = — [ AH ER Al 7*7)]ox . (A-69)

The set of the relations (A -65), (A-66) and (A -69) is enough to determine the functions
9" @l7*7; m*7) and go(3lln*71), which specify the optimum choice of SU 4| p*p;
) 771)

(1] Rules for the Optimum Choice of S(7*, 7; 7%, 91)

From the above discussion it turns out that, starting with the boundary condition
(A-3) and evaluating each power of 7*, 7, m* and 7, we can determine the higher
order terms gi(#) in (A-2) as well as the maximally normal Hamiltonian (4-4) step by
step, by choosing an optimum function S(z+1) in (A-4).

. The rules for choosing the optimum function S(7*, 7; 7.*, 71) (in (A-4)) are the
following:

i) By integrating To(7*, 7; 1%, 7) and Tu(n*, 7; m:*, 7) (in (A-5)) with respect to
7 and 71, respectively, we obtain two expressions for S(7* 7; m*, 7). Demanding
these two-expressions to be real and to be completely-equivalent to each other, a set
of conditions to determine iG(7*, 7; 21*, 71) (in (A+-2)) is obtained.

ii) The rest of the conditions is given by choosing the functional form of S(7*, 7:
7*, m) so that it contains no terms with the forms of 7% 7, m* and 7, such as ‘

(*9) (m*7)*(7, s=0), (m*(7)*)* and (%)™ )41 =1), in terms of which the maximal-

ly normal Hamiltonian (4-4) is expressed.
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