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Introduction

This thesis is devoted to the regularity of optimal transport maps. We provide new
results on this problem and some applications. This is part of the work done by the
author during his PhD studies. Other papers written during the PhD studies and not
completely related to this topic are summarized in the second part of the introduction.

1 Regularity of optimal transport maps and applications

Monge optimal transportation problem goes back to 1781 and it can be stated as follows:
Given two probability densities p; and py on R™ (originally representing the height of
a pile of soil and the depth of an excavation), let us look for a map 7" moving p; onto
p2, i.e. such that !

/ | )pl(x) dr = / p2(y) dy for all Borel sets A, (1)
T-1(A A

and minimizing the total cost of such process:

/c(:c,T(x))pl(m) dx = inf { /c(m, S(x))p1(z)dr : S satisfies (1)} (2)

Here c(z,y) represent the “cost” of moving a unit of mass from z to y (the original
Monge’s formulation the cost ¢(z,y) was given by |z — yl).

Conditions for the existence of an optimal map 7" are by now well understood (and
summarized without pretending to be aexhaustive in Chapter 1, see [V, Chapter 10]
for a more recent account of the theory).

Once the existence of an optimal map has been established a natural question is
about its reqularity. Informally the question can be stated as follows:

Given two smooth densities, p1 and ps supported on good sets, it is true the T is smooth?

Or, somehow more precisely, one can investigate how much is the “gain” in regularity
from the densities to T'. As we will see in a moment, a natural guess is that T should
have “one derivative” more than p; and pa.

'From the mathematical point of view we are requiring that Ty(p1.£L™) = p2.£", see Chapter 1.
iii
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To start investigating regularity, notice that (1) can be re-written as

p1()

|4t VT@] = S @@y ®)
which turns out to be a very degenerate first order PDE. As we already said, the above
equation could lead to the guess that 7" has one derivative more than the densities.
Notice however that the above equation is satisfied by every map which satisfies (1).
Thus, by simple examples, we cannot expect solutions of (3) to be well-behaved. Indeed,
consider for instance the case in which p; = 14 and py = 1p with A and B smooth
open sets. If we right (respectively left) compose T with a map S satisfying det V.S = 1
and S(A) = A (resp. S(B) = B) we still obtain a solution of (3) which is no more
regular than S.

It is at this point that condition (2) comes into play. To see how, let us focus on
the quadratic case, ¢(x,y) = |z — y|?/2. In this case Brenier Theorem 1.8, ensures that
the optimal T is given by the gradient of a convex function, T' = Vu. Plugging this
information into (3) we obtain that u solves the following Monge-Ampére equation

2 p1(x)
det VZu(x) (V@) (4)
In this way we have obtained a (degenerate) elliptic second order PDE, and there is
hope to obtain regularity of ' = Vu from the regularity of the densities.? In spite of the
above discussion, also equation (4) it is not enough to ensure regularity of u. A simple
example is given by the case in which the support of the first density is connected while
the support of the second is not. Indeed, since by (1) it follows easily that

T(spt p1) = spt p2,

we immediately see that, even if the densities are smooth on their supports, 1" has to
be discontinuous (cp. Example 1.16). It was noticed by Caffarelli, [Ca4], that the right
assumption to be made on the support of ps is converity. In this case any solution of
(4) arising from the optimal transportation problem turns out to be a strictly convex
Aleksandrov solution to the Monge-Ampere equation®

p1(z)
p2(Vu(z)))

20One should compare this with the following fact: there is no hope to get regularity of a vector field
v satisfying

det D*u = on Int(spt py). (5)

V-v=0,
while if we add the additional condition v = Vu we obtain the Laplace equation

Av = 0.

3This kind of solutions have been introduced by Aleksandrov in the study of the Minkowski Problem:
given a function s : S"™! — [0, 00) find a convex body K such that the Gauss curvature of its boundary
is given by k o vgx. All the results of Chapters 2, 3, 4, apply to this problem as well.
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As a consequence, under the previous assumptions, we can translate any regularity
results for Aleksandrov solutions to the Monge-Ampére equation to solution to the op-
timal transport problem. In particular, by the theory developed in [Cal,Ca2,Ca3,U1]
(see also [GT, Chapter 17]) we have the following (see Chapter 2 for a more precise
discussion):

- If p; and pso are bounded away from zero and infinity on their support and spt ps

is convex, then u € C’llo’? (and hence T' € CY.).

- If, in addition, p; and po are continuous, then T € Wli’f for every p € [1, 00).

Ck+28,

- If p1 and py are C*# and, again, spt ps is convex, then T' € loc

A natural question which was left open by the above theory is the Sobolev regularity
of T under the only assumptions that p; and ps are bounded away from zero and
infinity on their support and spt p2 is convex. In [W], Wang shows with a family of
counterexamples that the best one can expect is T € W€ with € = ¢(n, ), where A
is the “pinching” ||log(p1/p2(Vu))|leo, see Example 2.21.

Apart from being a very natural question from the PDE point of view, Sobolev
regularity of optimal transport maps (or equivalently of Aleksandrov solutions to the
Monge-Ampere equation) has a relevant application to the study of the semigeostrophic
system, as was pointed out by Ambrosio in [A3]. This is a system of equations arising
in study of large oceanic and atmospheric flows. Referring to Chapter 5 for a more
accurate discussion we recall here that the system can be written, after a suitable
change of variable, as

VP, + (u-V)VP, = J(VP, — z) in 2 x (0, +00)

V-ou =0 in Q x (0,+00) (6)
uy - v =0 in 09 x (0, +00)

Py =P in Q,

where 2 is an open, bounded and convex subset of R? and

0 -1 0
J=11 0 0
0 0 0

We look for solutions P; which are convex for every ¢ (this ansatz is based on the
Cullen stability principle [Cu, Section 3.2]). If we consider the measure? p; = (Vu);. 23,

"With £3 we denote the normalized Lebesgue measure restricted to Q:

3. 1 3
73 = 33(9)3 LQ
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then p; solves (formally) the following continuity type equation

Opr +V - Upr) =0
Uy(z) = J(z — VI (z)) (7)
(VP )ipe = £3,

where P} is the convex conjugate of FP;. Even if the velocity field U; is coupled
with the density through a highly non-linear equation, existence of (distributional)
solutions of (7) can be obtained under very mild conditions on the initial densities
po = (VP);%3, [BeBr]. Given a solution of (7) we can formally obtain a solution to
(6) by taking P, = (P})* and

wi(w) = [0V P )(VP()) + [V*P|(VPi(2))J (VP() — ). (8)

To give a meaning to the above velocity field we have to understand the regularity of
V2P where P satisfies (VP )ypr = 3. Notice that the only condition we get for
free is that Uy has zero divergence. In particular, if the initial density pg is bounded
away from zero and infinity, the same it is true (with the same bounds) for p;. It is
then natural to study the W?! regularity of solutions of (5) under the only assumption
that the right hand side is bounded between two positive constants. This is done in
Chapters 3 and 4 (based on [DF1,DF2] in collaboration with Alessio Figalli, and
on [DFS] in collaboration with Alessio Figalli and Ovidiu Savin) while in Chapter 5
(based on [ACDF1, ACDF2] in collaboration with Luigi Ambrosio, Maria Colombo
and Alessio Figalli) we study the applications of this results to the semigeostrophic
system.

Finally we came back to the regularity of solutions of (2) with a general cost function
¢, referring to Section 1.3 for a more complete discussion. In this case, apart from
the obstruction given by the geometry of the target domain (as in the quadratic cost
case) it has been shown in [MTW, Loe3] that a structural condition on the cost
function, the so called MTW-condition, is needed in order to ensure the smoothness
of the optimal transport map. In particular if the above condition does not hold it is
possible to construct two smooth densities such that the optimal map between them is
even discontinuous.

In spite of this, one can try to understand how large can be the set of discontinuity
points of optimal maps between two smooth densities for a generic smooth cost c. In
Chapter 6 (based on [DF4] in collaboration with Alessio Figalli), we will show that,
under very mild assumptions on the cost ¢ (essentially the one needed in order to get
existence of optimal maps), there exist two closed and Lebesgue negligible sets 3 and
Y5 such that

T: sptpr\ X1 — sptps\ X2

is a smooth diffeomorphism. A similar result holds true also in the case of optimal
transportation on Riemannian manifolds with cost ¢ = d?/2. Up to now similar results
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were known only in the case of quadratic cost when the support of the target density is
not convex, [FK,F3|. We remark here that in this case the obstruction to regularity is
given only by the geometry of the domain, while in the case of a generic cost function
¢ we have to face the possible failure of the MTW condition at every point. Thus, to
achieve the proof of our result, we have to use a completely different strategy.

We conclude this first part of the introduction with a short summary of each chapter
of the thesis (more details are given at the beginning of each chapter):

Chapter 1. In this Chapter we briefly recall the general theory of optimal
transportation, with a particular focus on the case of quadratic cost in R™. We
also show how to pass from solutions of the Monge-Ampére equation given by the
optimal transportation to Aleksandrov solutions to the Monge-Ampere equation
in case the support of the target density is convex. Finally in the last Section we
address the case of a general cost function.

Chapter 2. We start the study of the regularity of Aleksandrov solutions to
the Monge-Ampere equation, in particular we give a complete proof of Caffarelli’s
C1@ regularity theorem.

Chapter 3. We start investigating the W?2! regularity of Aleksandrov solutions
to the Monge-Ampere equation. We give a complete proof of the results in [DF1],
where we show that D?u € Llog L. Then, following the subsequent paper [DFS],
we show how the above estimate can be improved to D?u € L'*¢ for some small
e > 0. We also give a short proof of the above mentioned Caffarelli W2 estimates.

Chapter 4. Here, following [DF2], we show the (somehow surprising) stability
in the strong W' topology of Aleksandrov solutions with respect to the L'
convergence of the right-hand sides.

Chapter 5. In this Chapter, based on [ACDF1,ACDF2]|, we apply the results
of the previous chapters to show the existence of a distributional solution to the
semigeostrophic system (6) in the 2-dimensional periodic case and in the case of
a bounded convex 3-dimensional domain 2. In the latter case we have to impose
a suitable decay assumption on the initial density po = (V)%

Chapter 6. Here we report the partial regularity theorems for solutions of the
optimal transport problem for a general cost function ¢ proved in [DF4].
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2 Other papers

In this second part of the introduction we give a short summary of the additional
research made during the PhD studies, only vaguely related to the theme of the thesis.
We briefly report the results obtained and we refer to the original papers for a more
complete treatment of the problem and the relevant literature.

1. I'-convergence of non-local perimeter

In [CaRS] Caffarelli-Roquejoffre and Savin introduced the following notion of non-local
perimeter of a set F relative of an open set €:

dxdy dxdy dxdy
jS(E’ Q) - / / — q|nts / / — qy|nts / / — ylnts’?
ENQ JENQ \x yl ENQ JEenQe ’37 yl EnQe JENQ |5U yl

and study the regularity of local minimizers of it. This functional naturally arises in the
study of phase-transitions with a non-local interaction term, see the nice survey [FrVa]
and reference therein for an updated account of the theory.

n [ADM], in collaboration with Luigi Ambrosio and Luca Martinazzi, we show
the I'-convergence of the functional (1 — s)Js(-,2) to the classical De Giorgi perimeter
wn_1P(-,Q) with respect to the topology of locally L! convergence of sets (a similar
earlier result has been obtained in [CaV] for the convergence of local minimizers of the
functionals). We also show equicoercivity of the functionals. More precisely we prove:

Theorem. Let s; T 1, then the following statements hold:

(i) (Equicoercivity). Assume that E; are measurable sets satisfying
sup(1 — sz)jslz(EZ, ) <o vQ e Q.
1€EN

Then {E;}ien is relatively compact in Li () and any limit point E has locally

finite perimeter in €.

loc

(i) (T-convergence). For every measurable set E C R™ we have

r— 11%111(1 —5)TJs(E,Q) = w,—1P(E,Q).

with respect to the the LllOC convergence of the corresponding characteristic func-
tions in R™.

(iii) (Convergence of local minimizers). Assume that E; are local minimizers of Js, (-, ),

and E; — E in L (R™). Then
limsup(1 — s;)Js, (Ei, ) < 400 v e Q,
1—00

E is a local minimizer of P(-,Q) and (1—s;)Js,(E;i, ) = wyp—1 P(E, Q) whenever
Q'e€Qand P(E,00)=0
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2. Sobolev regularity of optimal transport map and differential inclu-
sions

In [ADKir], written in collaboration with Luigi Ambrosio and Bernd Kirchheim, we
started the investigation of the Sobolev regularity of (stricly convex) Aleksandrov solu-
tion to the Monge-Ampé re equation. More precisely we show that in the 2-dimensional
case the Sobolev regularity of optimal transport maps is equivalent to the rigidity of
a partial differential inclusion for Lipschitz maps (see [Kir, Mu] for nice surveys on
partial differential inclusions). Referring to the paper for more details, let us define the
set of “admissible” gradients

A= {M e Sym*?: |M| <1, (A\+1)|Trace(M)| < (1 — A\)(1 +det(M))}, (9)

where || - || is the operator norm, and the subset S of “singular” gradients is defined by

S = {R1 <(1) _01> R: Rc 50(2)} . (10)

Our main result says that the following two problems are equivalent

Problem 1.Let Q C R? be a bounded open convex set and let u : Q — R be a strictly
convex Aleksandrov solutions to the Monge-Ampére equation

A<detD*.<1/A inQ.

Show that u € VVE)C1

Problem 2. Let B C R? be a connected open set, f : B — R? Lipschitz, and assume
that Df € A £?-a.e. in B. Show that if the set

{reB: Df(x) e S}

has positive .£?-measure, then f is locally affine.

At the time we wrote the paper we were not able to solve none of the above problems.
Notice that the result of Chapter 3 gives a positive answer to Problem 1. In particular
this show (in a very unconventional way) that the inclusion in Problem 2 is rigid.

3. A non-autonomous chain rule in W'? and BV

In [ACDD], in collaboration with Luigi Ambrosio, Giovanni Crasta and Virginia De
Cicco, we prove a non-autonomous chain-rule in BV when the function with which we
left compose has only a BV -regularity in the « variable. This type of results have some
application in the study of conservation laws and semicontinuity of non-autonomous
functionals (again we refer to the original paper for a more complete discussion and the
main notation). The main result of [ACDD)] is the following:

Theorem. Let F': R"* x R" = R be satisfying:
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(a) x+— F(x,z) belongs to BViee(R™) for all z € R*;

(b) z+ F(x,z) is continuously differentiable in R" for almost every x € R™.
Assume that F satisfies, besides (a) and (b), the following structural assumptions:
(H1) For some constant M, |V, F(x,z)| < M for all x € R*\ Cr and z € R".

(H2) For any compact set H C R" there exists a modulus of continuity G independent
of © such that
|V.F(x,2) = V.F(z,2")| <@p(lz — 7|)

forall z, 2/ € H and x € R™\ Cp.

(H3) For any compact set H C R" there exist a positive Radon measure A\ and a
modulus of continuity wy such that

[DLF (- 2)(A) = Do F (-, 2')(A)| < wn(lz = Z/DAu(A)
forall z, 2/ € H and A C R™ Borel.

(H4) The measure
o= \/ ID:F(,2),

2€RM

(where \/ denotes the least upper bound in the space of nonnegative Borel mea-
sures) is finite on compact sets, i.e. it is a Radon measure.

Then there exists a countably H" '-rectifiable set Ng such that, for any function u €
BViee(R™; R?), the function v(z) := F(z,u(z)) belongs to BVioo(R™) and the following
chain rule holds:

(1) (diffuse part) |Dv| < o+|Dul and, for any Radon measure p such that o+|Du| <
1, it holds

dDv _ dD,F(- i(z)) . dDu

JF(z, au _a.e. in R,
m i + V.F(z,u(x)) an p-a.e. in

(i) (jump part) J, C Ng U J, and, denoting by u*™(x) and F*(x,2) the one-sided
traces of u and F (-, z) induced by a suitable orientation of Ng U Jy, it holds
Div = (Ft(z,u®(z)) — F~ (z,u” (2))vnpus, K" 'L (Np U Jy)
in the sense of measures.
Moreover for a.e. x the map y — F(y,u(x)) is approzimately differentiable at x and
Vou(z) = Vo F(z,u(z)) + V. F(x,u(z))Vu(z) ZL"-a.e. inR".

A similar result holds true also in the Sobolev case.
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4. Aleksandrov-Bakelman-Pucci estimate for the infinity Laplacian

In [CDDM], with Fernando Charro, Agnese Di Castro and Davi Maximo, we investi-
gate the validity of the classical Aleksandrov-Bakelman-Pucci estimates for the infinity
laplacian

Aot := <D2u’§Z‘, ‘EZO

The ABP estimate for a solution of a uniformly elliptic PDE states that

supu < supu + C(n, A\, A) diam (Q)HfHLn(Q), (11)
Q o0

for f the right-hand side of the equation and 0 < A < A the ellipticity constants (see for
instance [CaCl]). A particular useful feature of the above estimates is the presence of an
integral norm on the right hand side. In particular the above estimate plays a key role
in the proof of the Krylov-Safonov Harnack inequality for solutions to a non-divergence
form elliptic equation (see [CaCl]).

In [CDDM] we show that such an estimate cannot hold for solutions of

— Aot = f, (12)

at least with the L™ norm of f in the right hand side. However we show that a (much
weaker) form of the estimate is avaible, namely

supq u
(swpu—supu)? < Cdian(@P [ [ flusuer,odr (13

Q 1)9) upgn ut

where T';, is the convex envelope of u. Even if this estimate is weaker than (11) it is
still stronger that the plain L*°-estimate:

supu < supu + C(n) diam (Q)2Hf”Loo(Q).
Q o0

Moreover we are able to obtain a full family of estimates of the type of (13) for solutions
of the non-variational p-laplacian equation:

—Apu = f,

where

1
Apu = ’ |Vul|*>~P div(|Vu]p_2Vu). (14)

Using that our estimates are stable as p goes to +o0o and some simple comparison
argument we also show that viscosity solutions to (14) converges as p — 400 to solutions
of (12).
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5. Stability for the Plateau problem

In [DM], together with Francesco Maggi, we study the global stability of smooth
solution to the Plateau problem in the framework of Federer and Fleming codimension
one integral currents, [Fed]. More precisely we prove that a global stability inequality
is equivalent to its local counterpart, namely the strict positivity of the shape-operator.
Our main result reads as follows

Theorem. Let M be a smooth (n — 1) dimensional manifold with boundary which is
uniquely mass minimizing as an integral n — 1-current. The two following statements
are equivalent:

(a) The first eigenvalue N\(M) of the second variation of the area at M,

A(M)zinf{/ |VMg0|2—|HM|2<,02d’H":cpEC&(M),/ (pzd’;'-[”:l}7
M M

1s strictly positive.

(b) There exists k > 0, depending on M, such that, if M' is a smooth manifold with
the same boundary of M, then, for some Borel set E C R™ with OF equivalent up to a
H" L onull set to MAM,

HL (M) — H* (M) > & min {f”(E)2, gn(E)W—l)/"} .

We also obtain similar statements in the case of a particular family of singular
minimizing cones.
6. Stability for the second eigenvalue of the Stekloff-Laplacian
In [BDR], together with Lorenzo Brasco and Berardo Ruffini, we address the study of
the stability of the following spectral optimization problem

max{ag(Q): QCR" |Q|:\Bl|}. (15)

Here 02(£2) denotes the first non trivial Stekloff eigenvalue of the laplacian, i.e.

—Au=0 in

Vu-vg=09(Q)u on 09,
with u not identically constant. In [Bro, We] it has been showed that the maximum
is achieved by balls. The proof is based on the following isoperimetric property of the
ball:
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where

Py(Q) = /89 |z|2.

The above isoperimetric type inequality has been proved by Betta, Brock, Mercaldo,
Posteraro in [BBMP)] through a symmetrization technique.

We enforce (15) in a quantitative way, namely we prove that there exists a positive
(and computable) constant ¢, such that

02(Q) < 02(B) (1 — e, A%(Q)) VQ: Q] =|B] (17)
where we have introduced the asymmetry of Q2

|BAQ|
| B

To prove (17) we had to show a quantitative version of (16), that reads as

A(Q) = min{ B ball, |B| = |Q]}

P2(Bl)(1+en\m31;2)gPQ(Q) VO Q] = |By. (18)

In order to do this, we give a simpler proof of (16) through calibrations which allows
to take care of all the reminders in order to obtain (18).
Showing that (17) is optimal, i.e. that there exists a sequence of sets 2. converging
to Bji such that
02(Q) — 09(B1) ~ A*(92),

requires some fine constructions due to the fact the o9(B7) is a multiple eigenvalue.

7. Regularity of the convex envelope

In [DF3| with Alessio Figalli we investigate the regularity of the convex envelope of a
continuous function v inside a convex domain €:

[y(z) :=sup{l(z) : £ <wvin Q, ¢ affine}.
We prove the following two theorems:

Iheorem. Let a,p € (0,1], Q be a bounded convex domain of class Cl’BLand v
Q — R be a globally Lipschitz function which is (1 + «)-semiconcave® in Q. Then

T, € Cl,min {a,8} (Q) '

loc
Theorem. Let Q be a bounded uniformly convex domain of class C3t, and let v €
C3Y(Q). ThenT, € CH1(Q).
As we show in the paper, the above results are optimal for what concerns the
dependence of the regularity of I';, both on v and on .

Given «a € (0,1], a continuous function v is said to be (1 + a)-semiconcave in Q if for every zo € Q
there exists a slope p;, € R" such that

v(x) < v(x0) + Pag - (¥ — x0) + Clz — 20| for every x € QN B(zo, 00).

for some constants C' and gp independent of .






Chapter 1

An overview on Optimal
Transportation

Monge Optimal Transportation problem can be stated as follows: given two (topolog-
ical) spaces X and Y, two (Borel) probability measures p € Z(X), v € Z(Y) and a
cost function ¢ : X xY — R we look for a map T": X — Y such that Tiu = v I and
that minimize

/c(m,T(m))du(m) = inf /c(a:,S(x)). (1.1)

Syu=v

In general, there could be no solution to the above problem both because the class of
admissible maps is empty (for instance in the case in which p is a Dirac mass and v is
not) or because the infimum is not attained (see [V, Example 4.9]).

Nevertheless it has been proved by many authors (see [V, Chapter 10] or [AG]
for an updated account of the theory and some historical remarks) that: if X and
Y are, for instance, open subsets of R™ or of some Riemannian manifold M and N,
i is absolutely continuous with respect to the volume measure, and ¢ satisfies some
structural condition (see Section 1.3), then there exists a (unique) optimal transport
map 7. Moreover, T is related to the gradient of a potential u (see Theorem 1.28 for
a precise statement).

The aim of this Chapter is to briefly recall some aspects of this theory. In Section
1.1, we start reviewing with some details the case of the quadratic cost on R", ¢(x,y) =
|z — y|?/2. In this case Brenier Theorem (Theorem 1.8) states that the map 7 is given
by the gradient of a convex function, that is T' = Vu for a convex potential u. This
leads to the celebrated Brenier Polar Factorization Theorem (Theorem 1.11) which can

'In general given a measure p we define its push forward through a Borel map T as the measure
Ty = po T~ that is the only measure such that

/h(y)dTu,u(y) = /h(T(x))du(x) Vh Borel and bounded.
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be thought as a Lagrangian version of the Helmoltz Decomposition Theorem for vector
filed (see Remark 1.12 ).

In Section 1.2 we show how the convex potential u satisfies a Monge-Ampere type
equation almost everywhere and we investigate if this is sufficient to establish some reg-
ularity for the transport map. Simple examples (see Example 1.22) show that in order
to obtain regularity one needs to impose some condition on the geometry of sptv, the
support of the target measure, namely convexity. Indeed, under this assumption, Caf-
farelli proved that w is an Aleksandrov solution of the Monge-Ampere equation, [Ca4].

Finally in Section 1.3 we briefly sketch how to adapt the results of Section 1.1 to
more general cost functions and we discuss (without proofs) the issue of global regularity
of transport maps in this case.

Nice and complete references to the theory of optimal transportation are [AG]
and [V].

1.1 The case of the quadratic cost and Brenier Polar Fac-
torization Theorem

Here we study with some details the case of the quadratic cost, with the exception of
Chapter 6, this is the case in which we will be mainly interested, for this reason we give
some details of the proofs.

Monge Problem for the quadratic cost can be stated as follows: given p and v in
Z(R™), look for a map T : R™ — R"™ such that

/]az— z)|2dp(z) = inf /|x— (1.2)
Syu=v

To start studying problem (1.2), following the ideas of Kantorovich, we introduce its
relaxed version

min /|x —y|?dy(z,y), (1.3)
vel(p,v)
where
L(p,v) :={y€ PR"xR"): (m)yy = p (m2)yy = v} (1.4)

is the set of transport plans between p and v (here m and 7y are, respectively, the
projection on the first and second factor).

Remark 1.1. Given any transport map 7', i.e. a map such that Ty = v, it clearly
induces a transport plan yp := (Id xT)su. Moreover it can be easily shown (see
[AG, Lemma 1.20]) that if a plan ~ is concentrated® on the graph of a function T,
then v = (Id xT')yp.

#We will say that a measure p is concentrated on pu-measurable set A if u(A°) = 0. The support of
a measure, spt i, is the smallest closed set on which p is concentrated.
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Thanks to the above Remark it is clear that (1.3) is a relaxed version of (1.2).
The main intuition leading to the replacement of maps with plans is that the mass
initially presented at a point = can be split among different y’s. Since (1.3) is a convex
minimization problem with a convex constraint the following theorem should not be
surprising.

Theorem 1.2. Problem (1.3) admits at least one solution.

Proof. The proof is a simple application of the Direct Methods in the Calculus of
Variations. In fact it can be easily checked that the set (1.4) is compact with respect to
the weak convergence on Z(R") (see [V, Lemma 4.4]) 3. Moreover, since the function
|z — y|? can be approximated by an increasing sequence of continuous and bounded
functions it is immediate to check that the map

v [ o= yPdrtay)
is lower semicontinuous with respect to the weak convergence. O

Remark 1.3. Notice that the above theorem always provides a solution to problem
(1.3), however it can easily happen that infimum is infinite, in this case obviously any
plan is a solution. We will show in Theorem 1.13, that, however, there exists always a
“locally optimal” plan between p and v. Clearly if the second moments of p and v are
finite:

[lafdute) + [1oPvty) <+
the infimum is finite.

Once we have proved the existence of at least a solution of (1.3), thanks to Remark
1.1, in order to prove the existence of a solution to (1.2) we have just to understand
under which assumptions an optimal plan is supported on the graph of a map 7.

Example 1.4. Let us start with a discrete example. More precisely let us assume that

h

1 1
/L:EZ(S%’ Vzﬁzéyj‘
i=1

j=1
In this case a transport plan v € I'(u, v) can be written as

h
Y= %Oy
ij=1

3 A sequence of probability measures { s }ren is said to be weakly convergent to a probability measure
wif
/Sﬂdﬂk - /sodu Vo € Cp(R"),

where Cp(R"™) is the set of continuous and bounded functions.
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where (’yij)i7j:1..,h is a matrix whose entries 7;; > 0 describe which is the amount of
mass moved from z; to y;. The condition that all a the mass is properly transferred

reads as
h h
D vii=1=> i (1.5)
j=1 i=1

and problem (1.3) becomes

min Z lzi — y;*yi; 0 v > 0 satisty (1.5)
,J

Since the above is a finite dimensional linear optimization problem with a convex con-
straint, it is easy to see that the minimum is achieved in one of the extreme point
of the convex set composed by the matrices with positive entries which satisfy the
constraint (1.5). Birkhoff’s Theorem says that a point is extremal if and only if it is
represented by a permutation matrix, i.e. a matrix whose entries are just 0 or 1. These
clearly correspond to transport maps.

Let us now investigate under which assumptions such maps are optimal. Let us
assume that y; = T'(x;), T is optimal. Since any other map can be obtained by T
simply rearranging the y; the optimality condition read as

h h
dolwi—ul <> lwi—yel* o €Sh, (1.6)
=1

=1

where Sj, is the set of permutations of h objects. Moreover, by elementary computa-
tions, the above condition is equivalent to the following: for every k < h and for all
choices of distinct i1,...,i in {1,...,h},

k

k
Z ‘mzm - yim’2 S Z “rzm - yim+1‘27 (17)

m=1 m=1

where ix11 = 41. We have hence found a necessary and sufficient condition for the
optimality in the discrete setting.

The above example suggests the following definition

Definition 1.5. A set I' € R™ x R" is said cyclically monotone if for every m > 1 and
for all (z1,91),- .., (Tm,Ym) in T it holds

m m
D lwi—yil? < | — yial? (1.8)
i=1 i=1

where 4,41 1= 1.
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Expanding the squares, (1.8) is equivalent to

Zyi (Tig1 —2:) <0 (1.9)
i=1

with the usual convention i,,11 = i;. We will see later that even in the continuous case,
under some mild assumption, a plan v is optimal if and only if it is concentrated on a
cyclically monotone set. Thus in order to solve (1.2) we need to understand cyclically
monotone sets. The following Theorem, due to Rockafellar, characterizes such sets. We
recall that the subdifferential of a proper lower semicontinuous convex function is given
by

du(z) ={yeR": wu(z) >u(z)+y-(z—=z) for all z € R"},

see Appendix A. With a slight abuse of notation we will write Ju to denote its graph:
ou={(z,y): yeulx)} CR"xR"

Theorem 1.6 (Rockafellar). A set I' C R™ x R™ is cyclically monotone if and only
if it is included in the graph of the subdifferential of some proper convex and lower
semicontinuous function u, in symbols I' C Ou.

Proof. Let u be a convex and lower semicontinuous function and let (x;,y;) € du, by
definition of subdifferential for all m € N and forall:i=1,...,m

w(wisr) > u(z;) +yi - (ip1 — x;)

with 4,41 = 1. Summing the above relations we obtain (1.9), thus du is a cyclically
monotone set and so is any of its subsets.
To prove the converse let us pick (z9,yp) € I' and define

u(z) == sup{ym (r—xm)+- - Fyo (x1—x0):  (z1,y1)s- -y (Tm, Ym) € I‘}.

Being the supremum of affine functions w is clearly convex and lower semicontinuous.
To see that u is proper notice that, choosing m = 1 and (z1,y1) = (x0,%0) in the
definition of u, u(xg) > 0. By cyclical monotoniticy u(xzg) < 0 and thus u is proper.
To see that I' is included in du we have to show that, if (z,y) € T,

u(z) >u(x)+y-(z—x) VzeR™

To see this notice that for all ¢ > 0 there exist m € N and (z1,v1),..., (Tm,ym) € T
such that

w@)+y- (2 —2) Sym- (@ —2m) + -+ yo- (z1—20) +y- (2 —2) +e <u(z) +¢,

where, in the last inequality, we have exploited the fact that (z,y) € I" and the definition
of u. Being ¢ arbitrary this concludes the proof. O
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We now sketch the proof of the following theorem

Theorem 1.7. Let u,v be two probability measures with finite second moments, i.e.

[ ladute)+ [ favty) < . (1.10)
Then a plan v € T'(u,v) is optimal in (1.3) if and only if spt-y is cyclically monotone.

Proof. Step 1: Necessity. Let us assume that v is optimal and that there exist points
(1,91), -+, (Tm, Ym) in spty such that

m m
Z i — yil” > Z i = yiga|*.
i=1 i=1

The idea is that moving mass from x; to y;+1 instead of to y; is more convenient. To
formalize this, let U;, V; be neighborhoods of x; and y; such that

m; = ’)/(Ui X ‘/z) >0
and
m m
Y lui—vil > jui—vin? Vu €U, v € Vi

Let us consider the probability space (€2, P) where

Q:ZHUZ'XVZ‘ and P::HM

my

and let, with a slightly abuse of notation, u; and v; be the coordinate maps from 2 to,
respectively, U; and V;. If we define the new plan

minm;

Em: ((uz, V1) P — (u4, Ui)ﬁP),

=1

V=4

a direct computation (see [AG, Theorem 1.13]) shows that 7 is admissible and that

/va—yl dv</|fr—y| d~,

in contradiction with the optimality of ~.

Step 2: Sufficiency Let us assume that spt~y is cyclically monotone. By Theorem 1.6,
there exists a proper convex and lower semicontinuous function u such that

spty C du.
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Let u* be the convex conjugate of u, thus
u(z) +u(y) =2 z-y (1.11)

with equality on du D spty. Moreover since u and u* are proper, condition (1.10)
implies that, for any ¥ € I'(u, v),

min{u,0}, min{u*,0} € L'(F).

Thus, integrating (1.11) and using the above relations to split the integral, we obtain
[avii< [ +uw)a
*

v+ [u

g

dy

u(z) “(y) dy
u(z) du+/u (y) dv
u(z) dv+/u (y) dy

- / (u(a) + " (4)) dy

:/x-yd’y.

Using the finiteness of the second moments of p and v it is immediate to see that,
adding the squares, the above inequality implies the optimality of ~. ]

We are now ready to give a proof of the following Theorem, due to Brenier [Br].

Theorem 1.8 (Brenier). Assume that p and v satisfy (1.10). Suppose that u is ab-
solutely continuous with respect to the Lebesgue measure, then there exists a unique
plan v solution to (1.3). Moreover the plan v is induced by the gradient of a convex
function u, that is v = (Id xVu)yu and thus Vu is also a solution to (1.2). Assume
moreover that also v is absolutely continuous with respect to the Lebesque measure, then
v = (Vu* xId)yv. In particular for p-almost every x and v-almost every y, respectively,

Vu* (Vu(z)) =z, Vu(Vu'(y)) =y.

Proof. Thanks to Theorem 1.2 we know that there exists an optimal plan v, by Theorem
1.7 we know that spt~y is cyclically monotone and by Rockafellar Theorem we deduce
that spty C du for some convex proper and lower semicontinuous function. Since, see
Appendix A,

ou C {u < 4+o0} x R",

and 0{u < +oo} is Lebesgue negligible,

p({u < +oo}) = 1.
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Let
E = {Points of non differentiability of u},

since F is Lebesgue negligible, by our assumptions on u
0= u(E) = (B x R").
In conclusion ~y is concentrated on
Ou \ (E x R") = Graph of Vu.

By Remark 1.1 we deduce that v = (Id xVu)yu. This proves the existence part of the
claim. To obtain the uniqueness just notice that the above reasoning gives that every
optimal plan is concentrated on the graph of a map. Assuming the existence of two
optimal plans

i =IdxT)yp, 2= IdxTa)pu,

we see that
B 1 1

TE=om =+ 572

is still optimal but not concentrated on a graph, unless 77 = 15 p-a.e.
To prove the second part of the claim just notice that, as sets, du = du™ and that,
if a plan v is optimal between p and v, its “inversion”,

Rﬁ’y, where R(SU, y) = (ya l‘),
is optimal between v and u. O

Remark 1.9. Notice that the above proof shows that Vu is uniquely determined p
almost everywhere. This is obviously the best uniqueness one can hope for, as simple
examples show.

Remark 1.10. It is clear from the proof of the above theorem that the right condition
on p is that p does not charge the set of non differentiability points of convex functions.
Since it can be shown that such set is (n — 1)-rectifiable?; it would have been enough
to ask that p does not charge rectifiable sets (see [AG, V]).

We can now prove Brenier Polar Factorization Theorem, a Lagrangian version of
the Helmoltz Decomposition Theorem, see the remark at the end of the proof.

“Recall that a set M is said (n — 1)-rectifiable if there exists a countable family of C* manifolds M;
such that
H (M| M) =o.
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Theorem 1.11. Let Q be a bounded open set of R"™ and £} be the normalized Lebesgue
measure on Q. Let S € L*(;R™) be such that Sy.Z8 is absolutely continuous with
respect to the Lebesque measure. Then there exist a unique gradient of convex function
Vu and a unique measure preserving map s of § into itself > such that S = (Vu) o s.
Moreover s is the L? projection of S on the set of measure preserving maps S(Q),

L/w_ﬂ%uﬁzkg%m/s_ﬂ%u%' (1.12)

Proof. Let v = 532} and let Vu* be the optimal map from v to £3 whose existence
is given by Theorem 1.8. If we define s := (Vu*) 0 S we immediately see that s € S(Q)
and that S = (Vu) o s. To show (1.12) we claim that

inf S —352d¥Lr = inf /ﬁ —yl?dn.
5612(9)/‘ Iz Ver(Za ) v = yl"dy

Since, for every 5 € S(2), (5,9)p.24 € I'(ZLy, v) we clearly have that the first infimum
is bigger or equal than the second one. The reverse inequality follows from the above
factorization since, by Theorem 1.8,

wt [l alay= [190 ) - oPds g = [1s- 5P ag.

el (LY

To prove the uniqueness part notice that if S = (Va) o §, then Vu is optimal between
£ and v and thus, by the uniqueness part of Theorem 1.8, it has to coincide with Vu
2% almost everywhere. O

Remark 1.12. Let us assume that S is a perturbation of the identity, i.e.
S =Id+ew + o(e).
Then both s and Vu are perturbations of the identity

Vu =1d+eV + o(e),
s =Id +ev + o(e).

Condition s € S(2) implies that v is divergence-free and the polar factorization becomes
w=Viy+v V.-v=0,

which is the classical Helmoltz decomposition of a vector field.

A map is said to be (Lebesgue) measure preserving if
Sﬁfg = f{;

The set of measure preserving transformation of Q will be denoted with S(€2).
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Up to now we have only considered probability measures defined on R™ with finite
second moments. In the applications to the semigeostrophic equations that we will
consider in Chapter 5 we will also need the following theorem, due to McCann, dealing
with the case of measures without moments. It says that, in any case, if the source
measure is absolutely continuous with respect to the Lebesgue measure there exists an
(essentially unique) “optimal” maps, i.e. the gradient of a convex function such that
(Vu)su = v.

Theorem 1.13 (McCann [MC1]). Let p, v € P(R"), assume that p is absolutely
continuous with respect to £™. Then there exists a unique (in the sense of Remark
1.9) gradient of a convex function Vu such that (Vu)yu = v. If in addition v is
absolutely continuous with respect to " it also holds (Vu*)sv = p.

Proof. We only sketch the proof. Following the reasoning of the proof of Theorem 1.8
to show the existence part we only have to prove the existence of an admissible plan
~v € I'(u, v) whose support is cyclically monotone. This is done by approximating p
and v by a sequence of discrete measures

k k
Z Op, Vi = Z Oy, -
i=1 i=1

By example 1.4 there exists a cyclically monotone admissible plan v, € I'(pg, vg).
An easy computation shows that any weak cluster point of the sequence {vx}ren is a
cyclically monotone transference plan between p and v. The proof of the uniqueness is
more subtle and we refer to [MC1]. O

M =

| =
| =

We close this section with the following stability theorem about optimal plans and
optimal maps. Its easy proof is based on the cyclical monotoniticy of the support of
the optimal plan (already used in the proof of Theorem 1.13). A more refined stability
theorem will be proved in Chapter 4.

Theorem 1.14. Let {ux}ren and {vg}ren be sequences of probability measures con-
verging, respectively, to p and v and let v be cyclically monotone transference plans
from uy to nug. Then any weak cluster point of the sequence {vyi}ren is a cyclically
monotone transference plan between p and v. Moreover, if up = p and is absolutely
continuous with respect to ", the sequence of optimal maps Ty between u and vy
converges in p-measure to the optimal map T between p and v, i.e. for alle >0

kli_}n;ou({a: : | Tk(x) = T'(z)| > 5}) =0.

Proof. The first part of the statement is immediate and it is based on the simple
observation that if z € spty there exists a sequence of points z; € spt~y; converging to
z. The proof of the second part follows from the general statement that if

(Id XTk)ﬁ/L — (Id XT)ﬁM,
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then T} converges in pu-measure to 7. To see this recall that by Lusin Theorem, for
very ¢ > 0 there exists a compact set K such that u(R"” \ K) < ¢ and T restricted to
K is continuous. Let us consider the upper semicontinuous and bounded function °

o(z,y) = 1x(x) min {1, ly — T(w)|/5}

By approximating ¢ with a decreasing sequence of continuous and bounded function
we see that

0= /cp(x,y)d (Id xT)gp > limsup/gp(w,y)d(ld XTp )4
k—ro00

Hence

limsup,u({x s | Tk(z) = T(x)| > 5})

k—o0

< limsup,u,({:c eK: |Ty(x)—T(x)| > 6}) +0

k—o0

< 1imsup/g0(x, y)d (Id xTj)sp + 6 = 0.

k—o0

The conclusion follows letting § — 0.
O

1.2 Brenier vs Aleksandrov solutions to the Monge-Ampere
equation

1.2.1 Brenier solutions

In this section we start investigating the regularity of optimal transport maps. We
assume that both p and v are absolutely continuous with respect to the Lebesgue

measure,
uw=pmL", v=pL" (1.13)
and that - -
spt p1 = 1, spt p2 = (22
with € and Q3 open and bounded subsets of R" with Z"(0§);) = Z"(092) = 0. We
will also assume that, on their support,

A<pi,p2<1/A (1.14)

for some positive constant .
Under this assumptions Theorem 1.8 ensures the existence of an optimal map be-
tween p and v, moreover the map is given by the gradient of a convex function u. It is

5With 14 we denote the characteristic function of a set A.
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clear that any regularity of u immediately translates in regularity of 7. We will hence
start the study of the regularity of u. The first point we would like to show is how the
condition

(Vu)gp = v

implies that u satisfies a suitable Monge-Ampere type equation. To see this we first
recall the following version of the Area Formula (see [Fed, Corollary 3.2.20]).

Theorem 1.15 (Area Formula). Let T be differentiable almost everywhere. Let ¥ =
Dom(VT), then for every Borel and bounded function ¢

( > go(x)) dy. (1.15)

z€XNT~1(y)

/E¢(x)|detVT](a:) da::/

R

Since u is convex, Aleksandrov Theorem (see Theorem A.5 ) implies that Vu is twice
differentiable almost everywhere on Dom(Vu), thus we an apply the above Theorem to
T = Vu restricted to Dom(Vu). Taking into account (1.13) and the relation (Vu)ju =
v, we infer that for all bounded and Borel functions ¢

/ o(Vu(z))pa (x) de = / o(y)paly) dy.

Since Vu o Vu* = Id almost everywhere on (2o,

{ye: #{(Vo ' w}=2}|=0. ()
We can thus apply Theorem 1.15 to deduce

/go(Vu(m))pl(x) dx = /@(Vu(x))pg(Vu(x))detVQU(x) dz.

Applying the above relation to ¢ = ¢ o Vu* and recalling that, Vu* o Vu = Id almost
everywhere in 21, we obtain

/g?)(x)pl (x)dx = /cﬁ(:ﬁ)pz(Vu(ac)) det V?u(z) dz V¥ Borel and bounded.
In conclusion it holds
P1
p2oVu

The above equation shall be considered together with the following “boundary condi-
tion”

det VZu = a.e. in Q. (1.16)

Vu(Q1) C Q. (1.17)

We are going to call a convex function satisfying (1.16) and (1.17) a Brenier solution
to the Monge-Ampere equation.

We will now show that a Brenier solution to the Monge- Ampeére equation, in general,
can be disccontinuos even if the densities f and g are smooth on their support.

"In the sequel we are going to use the notation |A| for the outer Lebesgue measure of A.
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Figure 1.1: A discontinuous optimal map.

Example 1.16. Let us consider
p1=1p/|B| p2=(1p++1p-)/|B|,
where B is the unitary ball B = {|z| < 1} and B are two shifted half balls
BT =e; + Bn{z; >0}, B™ = —e; + BN {x <0}.

Clearly p; and py are smooth on their supports, but from obviously topological reason
there cannot be a continuous map pushing forward p1.Z" to p2.Z". The optimal map
T can be also explicitly computed thanks to the necessary and sufficient optimality
conditions, T = Vu where u(x) = |z|?/2 + |21|, which is clearly discontinuous (see
Figure 1.1).

One might think that the obstruction to the regularity of the optimal map in the
above example is given by the lack of connectness of the support of the target measure.
Actually one can modify the above example considering as target measure the normal-
ized Lebesgue measure restricted to the set D., where D, is the set obtained joining
BT and B~ with a strip of width €. By Theorem 1.14 we deduce that the optimal maps
T, converge in measure to the optimal map of the above example. Using this, one can
easily show that the continuity of 7. would contradict the cyclical monotoniticy of its
graph (see [V, Theorem 12.3] for more details). As we will show in the sequel the right
assumption on the support of the target measure is convezity.

1.2.2 Aleksandrov solutions

We will now introduce the concept of Aleksandrov solution of the Monge-Ampere equa-
tion. The study of their properties will be the topic of the next chapters, here we simply
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recall the definition and show under which assumption a Brenier solution is an Alek-
sandrov solution. A good reference for Aleksandorv solutions of the Monge-Ampere
equation is the book of Gutierrez, [Gul].

First we recall that the subdifferential of a (finite) convex function u defined on a
convex open domain 2 is defined as:

ou(z)={peR": wuly)>ux)+p - (y—z) VyecQ}.

We define the Monge-Ampére measure of u in the following way: for every set £ C Q,

u(B) = [0u(E)| = | | u(x)]. (1.18)
el
here | - | is the Lebesgue outer measure. Notice that in case u € C?*(Q), the Area

Formula implies

ty = det VZu(2).2™.

We now show that the restriction of pu, to the Borel g-algebra is actually a measure
and that its absolutely continuous part with respect to the Lebesgue measure is given
by det V2u(z) dx. We start with the following simple lemma.

Lemma 1.17. Let u : @ — R be a continuous convex function defined on an open
convex set . Let us consider the set

S = {p € R" : there exist x and y in Q, © # vy, such that p € du(zx) N ﬁu(y)}
Then |S| = 0.
Proof. Let us first assume that 2 is bounded and consider the convex conjugate

u*(p) = gsclelg (z-p—u(x)).

Then u* is finite everywhere and p € du(z) if and only if x € du*(p) (see Appendix A).
Thus

S C{p: st. #(0u"(p)) > 1} = {Points of non differentiability of u"}.

Being u* a (finite) convex function it is locally Lipschitz and thus differentiable almost
everywhere, hence |S| = 0. In case 2 is unbounded, we can write it as an increasing
union of convex and bounded set €2;, and define

Sk = {p € R" : there exist x and y in Q, x # y such that p € I(ul Q) (z) N O(ULQk)(y)}

Since S C US and, by the first part of the proof, |Sk| = 0, we conclude the proof. [
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Lemma 1.18. Let Let u : 2 — R be a continuous convex function defined on an open
convex set ). Let us consider

M ={E C Q such that du(E) is Lebesgue measurable.},

then M is a o-algebra containing all the Borel subsets of Q. Moreover p, : M —
[0, +00] is a measure and the density of its absolutely continuous part with respect to
L™ is given by

d iy

azLm
Proof. First notice that if K C Q is compact, then Ju(K) is compact. Indeed the
closureof Ou(K) follows from the closure of the subdifferential ® while the boundedness
follows from the following standard estimates for convex functions (see Appendix A):

= det VZu. (1.19)

sup |p| < oscu/d,
pedu(K) Ks

where Ks = {z : dist(z, K) < §} C Q for small 6. Thus in order to prove the first part
of the claim we only have to show that M is a o-algebra. Clearly Ou(UE})) = Udu(E})
and thus M is closed with respect to countable union, writing €2 as countable union
of compact sets we also see that 2 € M. We need only to show that if £ € M, then
Q\ F € M. Let us write

ou(Q\ E) = (0u(Q) \ Ou(E)) U (0u(\ E) N Ou(E)).

By Lemma 1.17 we see that the last set is Lebesgue negligible (and hence Lebesgue
measurable), thus Q \ £ € M.

Since p,, is an outer measure to show it is a measure it is enough to prove that it is
finitely additive on M. Let E and F be disjoint sets in M, then

Ou(EUF) = (0u(E)\ (0u(F)Ndu(E))) U (du(F)\ (u(F)Ndu(E))) U (du(F)Nou(E)),

where the union is disjoint. Since ENF = (), Lemma 1.17 implies |0u(F) N du(E)| =0
from which finite additivity follows.
We now want to show (1.19). Let us consider the set

S = {x € Q such that Vu(z) and VZu(z) exist}.
Clearly S is of full (Lebesgue) measure in 2 and
gy = pa LS. (1.20)

If E C S is Borel measurable, the Area Formula (1.15) implies

/ det VZu(x)dr = #{x € E: Vu(z) =y} dy.
E R7

8Which means that if p, € du(zr), xx — = and py — p then p € du(x)
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By Lemma 1.17, the set of y such that #{z € E: Vu(x) =y} > 1 has zero measure
and thus

[ detVu@ide = [ Loumdy = [Vu(B)] = 0uE)| = ).
E n
Thus g1, LS = det V2u dx which, together with (1.20), proves (1.19). O

We are now ready to give the following definition.

Definition 1.19. Given an open convex set {2 and a Borel measure p on €2, a convex
and continuous function u : @ — R is said an Aleksandrov solution to the Monge-
Ampeére equation

det D*u = p,
if u = p,, as Borel measures.

Remark 1.20. In view of the above definition, in the sequel we will use both the
notations s, and det D?u to denote the Monge-Ampere measure associated to u. We
will instead use the notation det V2u only to denote the determinant of V2w, the density
of the absolutely continuous part of the distributional Hessian of u, D?u (see Appendix

A).
Example 1.21. Let u(x) = |z|, then
oy = [l it
{p: |p| <1} ifzx=0.
Thus u,, = |B1|do.
Example 1.22. Let u(z) = |z|>/2 + |21/, then (writing x = (x1,2"))
{r+e} if x1 >0
ou(z) = ¢ {r —e1} if 1 <0
{(t,2"): |t| <1} ifxy =0.
Thus p, = L™+ H" 1 L{x; = 0}.

The above example, in combination with example (1.16), shows that the map u(z) =
|z|2/2 + |x1] is a Brenier solution to the Monge-Ampere equation

det V*u = 15/(1g+ o Vu+ 15 o Vu)

but not an Aleksandrov solution. The reason for this gap is the following. The singular
part of the Monge-Ampeére measure associated to u is due to the image through the
subdifferential map of the line {1 = 0}. Since this image is not contained in the support
of pa, the relation (Vu)y(p1.-2") = p2-£™ cannot give any control on this singular part.
Since, as it immediately follows from the definition, Ou(z) is a convex set it is clear that
convexity of the support of the target measure is the right notion to ensure a control
on the singular part of .
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Proposition 1.23. Let us assume that . = p1.L" and v = po L™ satisfy the assump-
tion at the beginning of the section and that Qo is convex. If T = Vu is the optimal
map between i and v, then u coincides on Q1 with an Aleksandrov solution of

P1 gn

det D*u =
e U 2oV

)

where we understand that p1 is zero outside 1.

Proof. First we define a “canonical” map @ such that (Va)yu = v (recall Remark 1.9).
To do this we define
u(z) = sup (z-y—u'(y)). (1.21)
yeQo
Recalling that
u(z) = sup (z -y —u'(y)),
yeR?
we see that @ < u. Being s compact and u* lower semicontinuous on this set we see
that supremum in (1.21) is attained and that @ is locally bounded and hence continuous.
If x € Dom(Vu(z)), then (see Appendix A)

u(z) =z - Vu(x) — u*(Vu(x)),

hence, for every x such that Vu(z) € Qq, u(z) < u(r). Being this set dense in Qy it
follows that u coincide with % on §2;. In particular at any point of differentiability of
u, Vi exists and equals Vu, thus (Va)su = v. We now show that @ is, in some sense,
the minimal potential satisfying the previous relation, meaning that

Va(R") ¢ .

To see this let Z a point of differentiability of @ and let § € Qs be a point where the
supremum in (1.21) is attained, then

z-y—u(y) <ulr) =u(r)+ Va(z) - (z - ) + o]z — )
=z -y—u"(y)+ Va(z) (zr — )+ o]z — Z).

Simplifying
g-(r—7)<Vu(@)  (x — %) +o(Jz —Z|) Vu,

which implies Vii(Z) = i € Q. Notice that for this computations we have neither used
the hypothesis that €29 is convex nor the boundedness of 2.

We now show that @ is an Aleksandrov solution to the Monge-Ampere equation.
Since det V24 is the density of the absolutely continuous part of g, inequality

det D% > —PL__ om
p20o Vi
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holds without any assumption on {25. To prove the equality we only need to show that

— (T ,01(:13)
u®")] < /Q pa(Va(2))

Since du(x) is convex and any of its extremal points p can be approached by a sequence
of points pr = Vu(zy), xr — = (see Appendix A), we see that

9u(R™) C co [Va(w)] 0,
thanks to the convexity of 25. From this it follows that

. I O 1C) I B L C) N
|0a(R™)| < [Qa] = /92 2(y) dy = /Ql p2(Via(z)) o

where in the last equality we have used the definition of push-forward. O

Remark 1.24. Notice that the proof of the above proposition actually gives the fol-
lowing stronger statement: If A C € is such that Ju(A) C Q9 then

det D2ul A — —PLE) _om
p2(Vu(z))

Arguing as in the above proof we only have to show that

X
Ou(A)| = /A [M da.
To see this notice that for all A C Q,
AN Dom(Vu) C (Vu) L (du(A))
and
(V)™ (0u(4) N Q) \ A
c (Vu)™? ({y € Q : there exist 1,9, ¥1 # x2 such that y € du(zq) N 8u(a:2)}>

Since, by Lemma 1.17 and our assumptions on the densities, this latter set has measure
zero and Ju(A) C Q9 we have

p2(y) p1()
outa)| = [ a= [ o
du(A)nQs P2(Y) (Vu)-1(@u(a)) P2(Vu(z))
p1(z) / p1(z)
= | ———F——dr+ ————dx
/A p2(Vu(z)) (V)1 (@u(a A p2(Vu(z))
p1(z)
= | ———F——dxz,
/A p2(Vu(z))
proving our claim. In particular, Proposition 1.23 can be extended to the case in which
Q5 is convex but unbounded.
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We conclude the sections studying the behavior of sequences of Monge-Ampere
measures i, under the uniform convergence of the functions uy.

Proposition 1.25. If ug : Q — R are convex functions locally uniformly converging to

u, then
*

as Radon measures (i.e. in the duality with C.(£2)).

Proof. Tt is well known (see for instance [EG, Section 1.9]) that the weak-* convergence
as Radon measures is equivalent to the following two inequalities

py(A) < lign inf g, (A) for all open sets A C Q (1.23)
— 00

ey (K) > limsup gy, (K) for all compact sets K C €. (1.24)
k—ro0

The proof of (1.24) follows from the following relation

Ou(K) D limsup Qug(K) for all compact set K.

k—o0

To prove it let p belong to limsup,_,., Qur(K), this means that there exists a (not
relabeled) subsequence uy converging to u and points z; € K such that p € Qug(xg).
Since, again up to subsequences, z; — x € K it is immediate to see that p € du(z).
To prove (1.23) it is enough to show that if K C A € Q, K compact and A open,
then
|0u(K)| < liminf [Oug(A)]. (1.25)
k—o0

Let S be defined as in Lemma 1.17, and p € du(K) \ S, we want to show
S 8uk(A)

for k large enough. Taking into account that |S| = 0, this implies (1.25). Since
p € Ou(K) \ S there exists a point z € K such that p € du(x) and p ¢ Ju(z) for all
z # x, thus
u(y) >u(x)+p-(y—z) Vye y#u
Being A compact
min u(y) —u(z) —p- (y —x) == 46 > 0.
yeoA
Choosing ko such that ||u — ug|ec(a) < 6 for k > ko, we see that
Yk 1= argmin (uk(y) —u(x) —p-(y— x)) €A Vk > ko.
yeA
This implies that, for k > ko, p € Qug(yx) with y, € A, but this exactly means that p
belongs to lim infy Quy(A). O
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1.3 The case of a general cost c¢(z,y)

1.3.1 Existence of optimal maps

In this section we show how to solve problem (1.1), the strategy will be the same one of
the case c(x,y) = |z — y|?. Through the whole section we make the following assump-
tions on the cost and on X and Y, they are far from being necessary (see [V, Chapter 10|
for more refined results) nevertheless they will be sufficient for our goals (see Chapter 6).

Either X and Y are bounded open sets of R™ and

(CO0) The cost function ¢: X x Y — R is of class C? with ||c[lc2(xxy) < oc.

(C1) For any x € X, themap Y 5y +— —D,c(z,y) € R" is injective.

(C2) For any y € Y, the map X 3> z — —Dyc(x,y) € R" is injective.

Or X =Y = M, a compact Riemannian manifold, and c(x,y) = d*(z,y)/2, the square

of the Riemannian distance. In this case it is known (see [AG, V]) that c satisfies a
local version of (C0)-(C2) outside the cut locus

cutM = U {z} x cut, M = U cuty,M x {y} C M x M.
zeM yeM

As in the previous section we introduce the relaxed problem

inf /c(m, y)dy(x,y). (1.26)
vET (1)

The proof of the existence of a solution of (1.26) is identical to Theorem 1.2. More-
over, exactly as in (1.7), one can prove that spt~ is c-cyclically monotone set. In this
case c-cyclical monotonicity of a set I' C X X Ymeans

m

D e(wiy) <Y cl@iyow)  YmEN, (z,y) €T, 0 € Sh.
i1 i-1

To characterize c-cyclically monotone sets we need to introduce c-convex function:
a function v : X — R U 400 is said c-convez if it can be written as

u(x) = sup {—c(z,y) + Ay}, (1.27)
yey

for some constants A\, € RU{—oo}. If u : X — RU+o00 is a c-convex function as above,
the c-subdifferential of u at x is the (nonempty) set

deu(z) :={y €Y : u(z) > —c(z,y) +c(z,y) +u(z) Vze X} (1.28)
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If xg € X and yo € d.u(xp), we will say that the function

Cao,y0 (1) == —c(-, 90) + c(20, yo) + u(zo) (1.29)

is a c-support for u at xg. The version of Rockafellar Theorem for c-cyclycally monotone
sets is the following:

Theorem 1.26. A set I' C X is c-cyclically monotone if and only if it is included in
the c-subdifferential of a c-convex function.

Finally, let us observe that if ¢ satisfies (C0) and both X and Y are bounded, then
it follows immediately from (1.27) that u is Lipschitz and semiconvex (i.e., there exists
a constant C' > 0 such that u + C|z|?/2 is convex). In particular, c-convex functions
are twice differentiable a.e. and the Frechet subdifferential of u at x:

O u(x):={peR": u(z) >u(x)+p-(z—2z)+o(z—z|)}.

is not empty and single valued almost everywhere (see Appendix A).
Let us assume that y € O.u(x) and that w is differentiable at z. Clearly (1.28)
implies that the function:
z = u(z) + c(z,9)

has a minimum at x. Differentiating we get
Vu(z) = —Dyc(x,y). (1.30)

If ¢ satisfies (C1) this univocally determines y. Notice that in any case the following
relation holds:
y € Oeu(x) = —Dyc(z,y) € 0" u(z). (1.31)

The above relations becomes more suggestive once we introduce the following defi-
nition:

Definition 1.27. If ¢ satisfies (C0)-(C2), then we can define the c-exponential map:

cexpy(p) =y < p=—Duc(z,y)
foranyz e X,yeY,peR" * 1.32
yreX,ye¥.p L L
Using (1.32), we can rewrite (1.31) as
deu(x) C c-exp, (0 u(z)). (1.33)

We notice here that in general, if 9~ u(x) contains more than one vector, the above
inclusion can be strict. Equality in the above inclusion is related to the connectness of
the c-subdifferential, a condition which turns out to be necessary (and almost sufficient)
for regularity of optimal transport maps, see the discussion at the end of the Section.
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Finally we notice that if c(x,y) = d?(z,y)/2, then c-exp coincides with the classical
exponential in Riemannian geometry.

As we said if ¢ satisfies (C0O) then u is semi-convex and thus differentiable almost
everywhere, see Appendix A. If u is absolutely continuous with respect to the Lebesgue
measure (or if g does not charge rectifiable sets see Remark 1.10) then exactly as in
the proof of Theorem (1.8) any optimal plan + is concentrated on the set

dcu \ {Points of non differentiability of u} x R™.

Thus the calculation which led to (1.30) can be actually performed and shows that ~
is concentrated on the graph of the map T),(z) defined through

—Dye(x, Ty(x)) = Vu(z).
Using the ¢ exponential we can re-write the above relation as

Tyu(x) := c-exp,(Vu(x)). (1.34)
We summarize the previous consideration in the following Theorem.

Theorem 1.28. Let ¢: X x Y — R satisfy (C0)-(C1). Given two absolutely contin-
uous probability measures p = fL" and v = g " supported on X and Y respectively,
there exists a c-convex function u : X — R such that T, : X — Y is the unique optimal
transport map sending p onto v. If in addition c satisfies (C2), there exists a unique
optimal transport map T* sending v onto u such that

[e@ @ = min [ o(s(0).)dv

(S*)gr=p

Moreover T is given by

T*(y) = Tue(y) = c*-exp(Vus(y)),

where

u(y) = sup{—c(z,y) — u(x)},
zeX

is c*-convex with c¢*(y, ) := c(x,y). In addition
T*oT =1d p-a.e., ToT*=1d v-a.e. (1.35)

In the particular case c¢(z,y) = —x -y (which is equivalent to the quadratic cost
|z — y|?/2), c-convex functions are convex and the above result gives back Brenier
Theorem 1.8.

Although on compact Riemannian manifolds the cost function ¢ = d?/2 is not
smooth everywhere, one can still prove existence of optimal maps [MC2, FG]|
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Theorem 1.29 (McCann). Let M be a Riemannian manifold, and ¢ = d*/2. Given
two absolutely continuous probability measures u = fvoly; and v = gvolys supported on
M ?, there exists a c-convex function u : X — R such that T,,(z) = exp,(Vu(z)) is the
unique optimal transport map sending p onto v.

We conclude showing c-convex functions arising in optimal transport problems
solve a Monge-Ampere type equation. Indeed by the Area Formula (1.15) and (1.35),
(Tu)p(f2L7") = g2 gives

det(DTu(2)| = —2&) e (1.36)

9(Tu(x))

In addition, the c-convexity of u implies that, at every point  where wu is twice differ-
entiable,
D*u(x) + Dyge(z, c-exp, (Vu(z)) > 0. (1.37)

Hence, by writing (1.34) as
—Dyc(x, Ty(x)) = Vu(x)

and differentiating the above relation with respect to x, we obtain

det (D2u(x) + Dyge(, c—eXpm(VU(l‘))))

f(x)
g(c-exp,(Vu(z)))

= |det (Dayc(z, c-exp, (Vu(z))))]| (1.38)

at every point x where u it is twice differentiable.

1.3.2 Regularity of optimal maps and the MTW condition.

As we have seen in Example 1.16, even in the case of the quadratic cost we cannot
expect the optimal map T to be regular. However, as we have shown on Section 1.2,
in case the target domain is convex any optimal map coincides with the gradient of
an Aleksandrov solution to the Monge-Ampere equation and hence, by the results in
Chapter 2, this is smooth if so are the densities.

A natural question is whether one may prove some partial regularity on 7" when the
convexity assumption on the support of the target domain is removed. In [FK,F3] the
authors proved the following result:

Theorem 1.30. Let f and g be smooth probability densities bounded away from zero
and infinity on two bounded open sets X andY respectively, and let T' denote the unique
optimal transport map from fL" to g™ for the quadratic cost |x —y|?/2. Then there
exist X' C X andY' CY open, such that | X \ X'| =Y \Y'|=0and T : X' =Y is
a smooth diffeomorphism.

9With voly; we denote the canonical volume measure on M.
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In the case of general cost functions on R", or when c(z,y) = d(z,y)?/2 on a
Riemannian manifold M, the situation is much more complicated. Indeed, as shown
by Ma, Trudinger, and Wang [MTW], and Loeper [Loe3], in addition to suitable
convexity assumptions on the support of the target density (or on the cut locus of the
manifold when supp(g) = M, [FRV2]), a very strong structural condition on the cost
function, the so-called MTW condition, is needed to ensure even the continuity of the
map. For the sake of completeness we recall it and we refer to [V, Chapter 12] for a
nice presentation of its analytical and geometric consequence (in particular its relation
to the connectness of the c subdifferential, see also [Loe3]). A C* cost c is said to
satisfy the MTW condition if for every (z,y) € X x Y and every two vectors £ and 7
with &£ -1 =0, it holds

(Cijurs — PCijpCqrs) " e Ei&mim; < 0. (1.39)

Here the subscripts of ¢ before the comma means derivatives in x, after the comma in
y, ¢ is the inverse of ¢i; and the summation is over repeated indexes.

If the MTW condition holds (together with suitable convexity assumptions on the
target domain), then the optimal map is smooth [TW1, TW2 FL, LTW, FKMC1|.
On the other hand, if the MTW condition fails just at one point, then one can con-
struct smooth densities (both supported on domains which satisfy the needed convex-
ity assumptions) for which the optimal transport map is not continuous [Loe3] (see
also [F2]).

In the case of Riemannian manifolds, the MTW condition for ¢ = d?/2 is very
restrictive: indeed, as shown by Loeper [Loe3] it implies that M has non-negative sec-
tional curvature, and actually it is much stronger than the latter [K,FRV1]. In particu-
lar, if M has negative sectional curvature, then the MTW condition fails at every point.
Let us also mention that, up to now, the MTW condition is known to be satisfied only
for very special classes of Riemannian manifolds, such as spheres, their products, their
quotients, and their perturbations [Loe4, FR,DelG, KMC, FRV3, FKMC2, DelR],
and for instance it is known to fail on sufficiently flat ellipsoids [FRV1].

A natural question which arises from the above discussion is whether for a general
cost function ¢ it is possible to prove a partial regularity theorem in the spirit of
Theorem 1.30. In Chapter 6 we will show that this is actually the case, see Theorems
6.1 and 6.2.



Chapter 2

The Monge-Ampere Equation

The aim of this Chapter is to introduce the main ideas behind the regularity theory of
Aleksandrov solutions to the Monge-Ampére equation and to give a proof of Caffarelli
C1@ regularity theorem [Cal,Ca3]. Many of the tools developed in this Chapter will
play a crucial role in the proof of the Sobolev regularity in Chapter 3. In the last
Section we show, without proofs, how to build smooth solutions to the Monge-Ampere
equation throughout the method of continuity.

We will investigate mainly properties of (Aleksandrov) solutions of the equation !

det D?u = f in Q (2.1)
u=20 on 0N
where 2 C R" is a bounded a convex set and
0< AL fF<I/A (2.2)

for some positive constant \. More in general, since we have in mind applications to
optimal transportation, we are interested in Aleksandrov solution of

A<det D*u<1/\ inQ. (2.3)

As we said the aim is to prove the following theorem?

Theorem 2.1 (Caffarelli [Cal,Ca3]). Let u: Q — R be a strictly convex solution of
(2.3). Then u € C’l’a(Q) for some universal «. More precisely for every ' € Q there

loc
exists a constant C' depending on X\, Q' and on the modulus of convexity of w such that

wp V@) = Vu@)| _
z,yet |1: - y|a
Ay

'We are identifying the function f with the measure f.Z"
2In the sequel we are going to call universal any constant which depends only on n and X. Moreover
we will write a < b if a/b is bounded from above by a universal constant, a 2 bif b < a and a = b if
a<Sband b < a.
25
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In the above Theorem we have used the notion of modulus of convexity of a function
on a domain 2. Among the many (essentially equivalent) way to define it, the one
which is more convenient for our scopes is the following (see (2.7) for the definition of
S(xz,p,t)): if 29 € Q then the modulus of convexity of u at xq is defined as

w(zg,u,t) = sup diamS(xo,p,t). (2.4)
pEdu(xo)

A function wu is strictly convex at zq if w(u,xp,0") = 0 which means that every sup-
porting plane to u at xg touches the graph of u only at xg. The modulus of convexity
of u on a subdomain €’ is then defined as

war(u,t) = sup w(x, u,t). (2.5)
eV

It is easy to see that if Q' € Q and wu is strictly convex at every point x € Q' then
wer (u, 01) = 0.

In order to apply the above result (and the ones of Chapter 3) to optimal transport
we need to prove the strict convexity of solutions.

Theorem 2.2 (Caffarelli [Cad|). Let us assume that p = p1.L" and v = p2. L™ satisfy
the assumption at the beginning of Section 1.2 and that Qo is convex. If T' = Vu is
the optimal transport between u and v, then w is strictly convex inside €2y. Moreover
the modulus of strict convexity depends only on A, Q1 and Qs and is bounded as soon
as 29 varies in a compact class with respect to the Hausdorff distance.

2.1 Aleksandrov maximum principle

We start recalling the Aleksandrov maximum principle which is a key tool in the study
of the Monge-Ampere equation and, more in general, of fully nonlinear elliptic PDE
(see [CaC,GT)).

Lemma 2.3. Let u and v be convex functions in R™. If A is an open and bounded set
such that u=v on A and u < v in A, then

Ou(A) D dv(A). (2.6)
In particular p,(A) > uy(A).
Proof. Let p € Ov(x) for some x € U, this means that the plane
y—v(@)+p-(y—2)

is a supporting plane to v at . Moving this plane down and lifting it up until it touches
the graph of u for the first time we see that, for some constant a < v(z),

y=a+p-(y—m)
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Figure 2.1: Moving down a supporting plane to v and lifting it up until it touches u
we obtain a supporting place to u at some point T € A.

is a supporting plane to u at some point Z € A, see Figure 2.1.

Since u = v on JA we see that, if z € JA, a = v(x) and thus u(z) = v(z) and
the plane is also supporting u at x. In conclusion p € Ju(A), proving the inclusion
(2.6). O

Theorem 2.4 (Aleksandrov maximum principle). Let u : Q — R be a convex function
defined on an open, bounded and convex domain Q. If u =0 on 0N, then

lu(x)|" < Cp(diam Q)" dist(z, 0Q)|0u(Q)|  Vz € Q,
here C, is a geometric constant depending only on the dimension.

Proof. Let (z,u(x)) be a point on the graph of v and let us consider the cone Cy(y)
with vertex on (z,u(x)) and base €2, that is the graph of one-homogeneous function
(with respect to dilatation with center x) which is 0 on 92 and equal to u(x) at x.
Since by convexity u(y) > Cy(y), Lemma 2.3 implies

0C,(z)| < |0C(Q)] < |9u(Q)].
To conclude the proof we have only to show that

N u(@)l"
~ Cp(diam Q)1 dist(x, 9Q)

|0C5(x)

Let p such that |p| < |u(x)|/diam 2 and let us consider a plane with slope p, moving
it down and lifting it up until it touches the graph of C, we see that it has to be
supporting to some point g € §2. Since C} is a cone it also has to be supporting at x.
This means

0C,(z) D B(0, |u(x)|/ diam Q).
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Figure 2.2: Every plane with slope |p| < |u(z)|/ diam(Q2) supports the graph of C, at x.
Moreover there exists a supporting plane with slope |q| < |u(z)|/ dist(z, O).

Let now & € 09 be such that dist(z,00Q) = |z — Z| and let ¢ be a vector with the
same direction of (z —z) and with modulus less then |u(z)|/ dist(x, 9€2), then the plane
u(x) 4+ q - (y — x) will be supporting C, at = (see Figure 2.2), that is

T—x  |u(z)
q:= - -
|z — x| | dist(z, 0)

€ 0C,(x).

By the convexity of 0C,(z) we have that it contains the cone C generated by ¢ and
B(0, |u(z)|/ diam ). Since, for some geometric constant C,,

u(2)]"

1= C,, (diam Q)1 dist(z, 09)

we conclude the proof. O
Another consequence of Lemma 2.3 is the following comparison principle

Lemma 2.5. Let u,v be convexr functions defined on a open and bounded conver set
Q. If u>v on 92 and (in the sense of Monge-Ampére measures)

det D?u < det D*>v  in 9,
then u > v in €.

Proof. Up to substituting v with u + ¢ and send € — 0 at the end of the proof we can
assume that

inf(u —v) > e.

onN

Let us assume that u(zZ) < v(Z) for some Z € Q and define vs = v+ 6|z — Z|?. Choosing
0 < € we see that
A:={u<uvs} €1Q,

but Lemma 2.3 yields
[0u(A)| = |0vs(A)| = |0v(A)[ + 20| A] > |u(A)],
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a contradiction. Here we have used that for two convex functions w and v
det(D*w + D*v) > det D*w + det D*v

as measures. To prove it, notice that thanks to Proposition 1.25 and an approximation
argument we can reduce to the case in which w and v are smooth, but then it follows
from the inequality det(M + N) > det M + det N, which holds for any two positive
matrices M and N. O

The above Lemma implies, in particular, that solutions to (2.1) are unique.

2.2 Sections of solutions of the Monge-Ampere equation
and Caffarelli regularity theorems

One of the main features of the Monge-Ampeére equation is its affine invariance: if we
right compose a solution of (2.3) with an affine transformation of determinant 1 it is
immediate to see that the new function is still a solution of (2.3). Due to this invariance
it is impossible to have estimates which do not depend on the geometry of the domain
(see section 2.3). In spite of this difficulty, we will see how the affine invariance of the
equation can be used in order to deduce properties of the solution.

A key role in the study of solutions of (2.3) is played by the sections of u, which
play for the Monge-Ampere equation the same role that balls play for an uniformly
elliptic equation.

Given u : Q — R a convex function, for any point x in Q, p € du(x), and t > 0, we
define the section centered at x with height ¢ (with respect to p) as

S(z,p,t) ={yeQ: uly) <ulz)+p-(y—x)+t}, (2.7)

see Figure 2.3.
We say that an open bounded convex set Z C R™ is normalized if

B(0,1) ¢ Z c B(0,n).

By John’s Lemma (see Appendix B), for every open bounded convex set S there exists
an ellipsoid E such that

ECSCcnFE,

where the dilation is respect to the center of E. Hence there exists an (invertible)
orientation preserving affine transformation 7' : R — R" such that 7'(.5) is normalized.

In particular

| B1| n"| By
— <detT < .
S| S|

(2.8)
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Figure 2.3: Section of a convex function u.

Notice that in the sequel we are not going to notationally distinguish between an
affine transformation and its linear part, since it will always be clear to what we are
referring to. In particular, we will use the notation

|T|| :== sup |Av], Tx = Ax +b. (2.9)
lv|=1

One useful property which we will use is the following identity: if we denote by T™ the
adjoint of 7', then
1T = T[Tl (2.10)

(This can be easily proved using the polar decomposition of matrices.)

Whenever u is a strictly convex solution of (2.3) for any z € Q' € 2 one can choose
to > 0 sufficiently small (depending only on €' and the modulus of convexity of u)
so that S(x,p,t) € Q for all ¢ < tyg. Then, if T is the affine transformation which
normalizes S(z,p,t), the function

v(z) := (det T)>/™ [u(T_lz) —u(z)—p- (T2 —z)— t], p € du(x),  (2.11)

solves

A<detD?>v<1/\ in Z,
(2.12)

v=20 on 07,

with Z := T(S(x,p,t)) renormalized. We are going to call v a normalized solution.
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Lemma 2.6. Let v be a normalized solution, then there exist universal positive con-
stants c1 and cy such that

0<e <

infv’ < cs. (2.13)
Z

Proof. Consider the functions wy = A(|z|? — 1)/2 and we = (|z|? — n?)/2\ and apply
Lemma 2.5 to see that we < v < wy. O

Remark 2.7. Since |infz v| ~ 1 we see that

: | inf 7 v| 1
t= inf () —p (y— )| = ~
yeS (et fuly) —ule) =p- (v =) |det T|2/m | det T|2/™

which, together with (2.8) implies |S(z, p,t)| ~ t"/2.

We now show that in case a solution of (2.3) is not strictly convex, then the set
where it coincides with one of its supporting plane has to cross the domain of definition.

Recall that if C' is a closed convex set a point z € C' is said extremal if it cannot
be expressed as non trivial convex combination of two points in C or, equivalently, if
C'\ {z} is convex. We recall the following Lemma about extreme points.

Lemma 2.8. A point T is extremal for C if and only if for every § > 0 there exists a
closed half space H such that T € intH and C N H C B(z,9).

Proof. We are going to prove only the implication that we need. Let B = co[C'\ B(Z, 0)].
Since Z is extremal for ¢ small B is a non empty convex set such that £ ¢ B. Then
there exists a closed hyperplane K strongly separating B and Z. If H is the closed half
space bounded by K which contains Z in its interior, then H N C' C B(z, ). O

We are now ready to prove the following theorem, due to Caffarelli. The strategy of
the proof is the following: in case the set where u coincides with one of its supporting
planes ¢ has an extreme point in §2, we cut the graph of u with suitable linear functions
ZE converging to £. If we look at the sets K. = {u—/¢. < 0} and to their renormalization
K7, we see that, from one side, by Aleksandrov maximum principle, the minimum of

ve (the renormalization of wu.) should stay far from the boundary, and from the other
side it converges to 0K .

Theorem 2.9 (Caffarelli [Cal]). Let u be a solution of (2.3) inside a convex set
and let {(x) a supporting slope to u at some point x € Q. If the convex set

W={zeQ: uzx)="LIx)}

contains more than one point, then it cannot have extremal points in 2.
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Proof. Up to subtracting a linear function we can assume that £ = 0, v > 0 and, by
contradiction, that the set W = {u = 0} has a extremal point in . Using Lemma
2.8 we can thus assume that (up to a rotation of coordinates) Ky := W N {x; > 0}
is non empty and compactly supported in €). Moreover, always thanks to the above
mentioned lemma,

2Y ;= argmax 1,

Ko

satisfies ¥ > 0. Let us define the convex domains
K. ={u<exi} Nn{z; > 0}.

Notice that N, K. = K and that

2° := argmax x; — 2°

K.

as € = 0. Let we(z) = u(x) — exy, then

A <det D?w. <1/\A  in K.
we =0 on 0K,.

Let us construct the normalized solutions v, on the normalized sets K = T.(K.) as in
(2.12). Let us look to the points T.(2"). First notice that (recall (2.11) and that u is
positive)

v (T (20)) _ we(x0) S ex) _ ﬁ L,

infgx ve infr we ~ emaxg, axt  af

since z° — 2. Hence, for € small, ve(T:(2?)) ~ infg+ v. ~ 1, by Lemma 2.6. Thanks
to Theorem 2.4 and to the fact that K} is normalized we deduce

dist(7%(xo), 0K7) 2 1. (2.14)

If we now consider the three parallel hyperplanes I1; = {z1 = 0}, II; = {z; = 27} and
II3 = {z1 = 2§}, we see that

dist(Tlp, II3) 2§ — a9

= — 0.
diSt(Hl, Hg) :c§
Since the above ratio is affine invariant we get
Gist(T.(1To), T2 (1)

dist(T(ILy ), T2 (I13))

Now, T.(II;) and T, (II3) are supporting planes to K and thus their distance is bounded
from above by the diameter of K7 which, since K is normalized, is bounded by 2n. In
conclusion

dist(T%(zo), 0K7) < dist(T:(Il2), T:(II3)) — O,
contradicting (2.14). O
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The above theorem says that one of the following two alternatives holds: either wu is
strictly convex or the set where u coincides with one of its tangent planes has to cross
its domain of definition. This latter fact can actually happen if n > 3 (while if n = 2
any solution of det D?u > ) is strictly convex, see [Ca6]) as it is shown by the function

w(z) = (L4 (@) P @ = (21,2),

which is a convex generalized solution of (2.3) in a sufficiently small ball around the
origin (see [Gu, Section 5.5]).

We are now in the position to prove Theorem 2.1; by localization (which is possible
due to the strict convexity of ) it is enough to show that a normalized solution is C’llo’?.
A first step is the following Lemma.

Lemma 2.10 (The class of normalized solution is compact). Let Zy be a sequence
of normalized domains and vy be a sequence of normalized solutions of (2.12) defined
on Zy. Then, up to subsequence, there exists a limiting function v and a limiting
normalized domain Z., such that Zy — Z., in the Hausdorff metric and vy to vs
locally uniformly in Zs. In particular veo is a normalized solution.

Proof. By classical theorems, up to subsequences, the sets Z; converge to a limiting
normalized convex set, Zo. Since oscvg ~ 1 (by Lemma 2.6), convexity implies that if

K C Z;, then
1

<
~ dist(Zy, K)
Since every compact set contained in Z,, is contained in Zj for k large enough, we
see that a subsequence of {vy }ren locally uniformly converges to a convex function veg

which is a solution of (2.3) thanks to Proposition 1.25. To fix the boundary data notice
that, by Theorem 2.4,

Lip(vg, K)

—dist""(-,8Z) S v <0 in Z
and pass to limit as k goes to infinity. O

Lemma 2.11. For any normalized solution v on a normalized domain Z, the modulus
of strict convexity of v on Z' € Z depends only on dist(Z',0Z), X and n. More
precisely, there exists a function w depending only on the previous mentioned quantities
such that w(0%) =0 and

sup sup diam(S(z,p,t)) < w(t).
x€Z’ pedu(x)

Proof. Assume that this is not the case, then for g > 0 there exists a sequence of
normalized domains Zj, of normalized solutions {vj}ren, of points x € Z}, yr € Zj
such that |z — yx| > €0 , dist(xg, 0Z%) > 0,

1
ur(ye) < ur(er) +pr - (e — 21) + L e Oug(xg).
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Since dist(xg, 0Zy) > 6 and oscvg =~ 1, by convexity,

1
< Z

With the aid of Lemma 2.10 we find a limiting normalized solution v, defined on a
normalized domain Z., and limiting points Zeo, Yoo IN Zoo, Poo € OVeo(Zoo) such that
|Zoo — Yoo| = €0, dist(Zoo, 0Z+) > 6 and

Uoo (Yoo) < Uoo(Too) + Poo * (Yoo — Too)-

But then the set where v, coincides with its supporting plane

E(y) = Uoo(l'oo) + Poo (y - xoo)

has more than one point and thus, by Theorem (2.9), it has to cross Z,. This contra-
dicts the fact that voe = 0 on 0Z4 and inf vy, ~ —1. O

We are now ready to prove Theorem 2.1, as we said it will be enough to show that
normalized solution are C1%. The strategy of the proof goes as follows. By Theorem 2.9
we know that v is strictly convex, in particular, if we consider the cone Cg C R+ with
vertex the minimum point of v, (z¢, v(zo)), and base {v = (1—F) minv}x{(1—4) minv}
then C /, is strictly below C1, see Figure 2.4. By a contradiction compactness argument
we see that there exists a universal dg < 1 such that, if Cz is the graph of hg,

hyo < (1 —00)hq.

Rescaling and iterating we show that v is C1® at the minimum. Since, up to subtracting
a linear function, every point behaves like a minimum point, v is C*® at every point.

Proof of Theorem 2.1. We divide the proof in several steps.

Step 1. Section corresponding to different heights are “far away” Let us consider

51/2 = {’U < HlZiIl’U/2},

then dist(S) /2,07) > 1/C for some universal constant C. This follows by Aleksandrov
maximum principle, Theorem 2.4. Indeed if z € 59

dist'/™(2,02) > —v(x) > —mZinv/Z =1

by Lemma 2.6.

Step 2. Let g be the minimum point of v in Z and let us consider the function hg
whose graph is the cone generated by {v = (1 — f) minv} x {(1 — f)minv} and the
point (2o, v(xp)). Then there exists a universal constant Jp such that

hija < (1= 0o)hi.
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| minv|/2

e

Figure 2.4: The function v looks flatter and flatter near its minimum x.

Notice that since the functions hg are 1-homogeneous with respect to dilation with
center xg it is enough to prove the above inequality for all points z € 95 /5.

As we said proof is by contraddiction-compactness. Suppose that the claim is false,
then we find normalized solutions v, defined on normalized domains Z; and points
xp € 65’{“/2 such that

1
k k
hi(zk) > <1 - E>h1/2(xk)-
Taking into account that
dist (S} )9, 0Z1) > 1/C

we deduce that the Lipschitz constants of h]f /20 h’f are universally bounded (recall the

h% are 1-homogeneous functions). Thus with the aid of Lemma 2.10 we find a limiting
normalized solution v, defined on a normalized domain Z., and a point o, € 05;’72,

such that
hi*(2o0) = hcﬁz(xoo)-

But then (by homogeneity) the above equality is true on the segment through z( (the
minimum point of vy ) and zs. This means that the graph of v contains a segment
and thus coincides with one of its supporting planes in more than one point, but then
this set has to cross Z,, and we get a contradiction as in the proof of Lemma 2.11.

Step 3. v is C at the minimum point. By Step 2 we know that
hija < (1—do)h1.

We now consider the set S}/, its normalization Z =T (S1 /2) and the function v =
(det T)?/™v o T='. Then ¥ is a normalized solution and thus

iLl/Q < (1—6o)h,
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where izg are defined as in Step 2 starting from v. Coming back to v
hiys < (1= 60)%ha,

and thus, iterating,
hyr < (1 —80)*hn,

see Figure 2.4. Since the domain Z = {h; < 0} is normalized and h; is 1-homogeneous
it easily follows that
hi(z) < Colx — xo| + v(xo).

where xg is the minimum point of v and Cy is universal. Since v < hy—k as long as
ho—r < (1—27%) v(xq), we see that if we define o/ through the relation (1 —dy) = 2~
and for every x we define k such that
(=Clo/v(wo))2” FHDU=) < o — | < (=Co/v(wg))2 77,
then
ho—r(x) < (1 —27%) v(xo).

Hence, for a = o//(1 — o),

Cp2~(k+1)(1=a") 1/(=a’)
—v(zo)

o)\ VA=)
v(z) —v(zo) < (—v(20))27F = 2(—v(20)) ( ( 0)) (

where

Co >1/(1—a'>
—v(wo)

€1 =2(-ofan) (

is universal since —v(zp) = —minv ~ 1.

Step 4, u is Cllo’?. It is enough to show that if g € Z is such that dist(z¢,02) > ¢
then there exists a constant Cs such that for all supporting planes ¢,, at xg

sup v — Ly, | < Csr't® Vr <§/Cs.
B(zo,r)

Indeed it is well known that this will imply that v is CY® on Z5; = {2 € Z :
dist(zg,0Z) > ¢}, see for instance [DF3, Lemma 3.1].

Let z( as above, by Lemma 2.11 we know that there exists an eg = ¢¢(9) such that
diam(S(zo,p,€0)) < /2. We normalize S(zo,p,c0) C Zs and construct the normalized
solution

w(z) = (det T)*/™ (v(T7'2) —p- (T 'z — z9) — €0)

By the previous Step

|w(Tz) — w(Txo)| < C1|Tx — Tao) .
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Coming back to v we deduce

Cq

[v(z) — €y (7)] < (det TY2/"

Tz — Taol™™, Ly (2) = v(x0) +p - (x — z0).

Thanks to Remark 2.7 we know that det T & 1/g¢(6)™?2, and thus to prove the claim
we only have to show that
1T} < Cs.

Since diam(S(zo,p,e0)) < /2 and T'((S(xo,p, o)) is normalized we see that image of
a ball of radius ¢ through T contains a ball of radius 1. Since we can assume without
loss of generality that T is symmetric® this means that the smallest eigenvalue of (the
linear part of) T' is bounded from below by 1/§. Since detT" is bounded by a constant
depending on § we see that also the largest eigenvalue of T' is bounded by a constant
depending on J. O

In order to apply the above theorem to optimal transportation, we have to show
that solutions arising from such problem are strictly convex. The strategy of the proof
is the same of the one of Theorem 2.9.

Proof of Theorem 2.2. By Proposition 1.23 we know that u solves
1 .
Mg, <det D*u < 3zl in R" (2.15)

in the Aleksandrov sense and we want to show that w is strictly convex in ;. Let us
assume it is not, then up to subtracting a linear function we can assume that « > 0
and that W = {u = 0} has more than one point in ;. Let us consider the following
cases:

(i) W has no exposed* point, therefore it contains a line.
(ii) There exists an exposed points T of W.

In case (i) we can assume without loss of generality that u(z1,0) = 0 for all 1 € R.
Then if z € R and p € du(x)

0=u(tr1,0) > u(z,2) + (t — Dprey +p' -2’ > (t — Dprzy +p' - 2.

Sending t — +oo we see that p; = 0 and thus du(R") C {p; = 0}, contradicting (2.15).

3Recall the polar factorization theorem for matrices which asserts that any matrix can be decom-
posed as T" = SO where S is symmetric and O is orthogonal. Incidentally we notice that this can be
proved with the aid of Brenier Polar Factorization, Theorem 1.11.

4A point Z € W is said exposed if there exists a closed half space H such that W C H and
WnNoH = {z}.
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Let us consider case (ii). By Theorem 2.9 we see that & cannot belong to €. Up
to a change of coordinates we can assume that £ = 0 and

W C {z; <0}, {z; =0} NW ={0}.
Let us now consider two further cases:
(a) 0 € R™\ Qy,
(b) 0 € 0Q.
The first case cannot happen, indeed if we consider, for £ small, the functions
we =u—e(x1 +¢)
and the sets K. = {w. < 0} € R™\ Qy, we see that (2.15) implies |dw.(K.)| = 0, while

i}r{lsfw6 <0,

contradicting Aleksandrov maximum principle, Theorem 2.4. Let us assume now that
we are in case (b), that is

0 € 08, OLNWszx#£0, WC{.%'1§0}.
Let us consider the functions
ve =u—e(x1 — (1 —¢))

and the sets J. = {v. < 0}. Notice that for & small, J. are open and bounded convex
sets and & € J., in particular |J. N Q1] > 0. Let 7. be the transformation which
normalizes J. and let ¥, = (det T.)%/™v, o T. !, then

17 (q,) < det D*7, < %1%(91) in R".
Since T.(J:) is normalized Aleksandrov maximum principle, Theorem 2.4, implies
|5(T=(0))[* < C(n)|T=(J2) N T(1) | dist(T2(0), To(9J:)) /A%,
Since det T, ~ 1/|.J;|, the above estimates translate in
v=(0)]" < C(n, \)|Je[Je N Q| dist(T:(0), T=(9J)). (2.16)

On the other side, if we consider the dilation with respect to 0 of T.(J:), we see that
for all x € T.(J.)/2, p € Ju(x),

’p| < ‘ infTE(JE) 'l~}6‘

S Gt (o) /2 1o@0) = ¢

inf o.].
TE(JE)
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where we have used that dist (7%(J:)/2,T:(8J:)) > 1/C(n) since T.(J:) is normalized.
Thus

95 (T2 (J.)/2) C B(o, C(n) n )55\). (2.17)
Hence
;\2|TE(‘]€) N TE(Ql)| = )‘2‘T€(Js)/2 N Te(Ql)/2|
< NT(J2) /2 N Te())]
< |00(To(02)/2)] < Om)| inf [

where in the last step we have used (2.17). Back to v,:

n

FAI AT RS C’(n,)\)‘ inf v (2.18)

Since |J¢||Je N Q1] > 0, we see that

[v=(0)["

| inf ;_ ve|™

< C(n, \) dist(T2(0), T= (D).

Now arguing as in the proof of Theorem 2.9 we get a contradiction since

[0 (0)]

Tty o 0L Ad dist(T(0), Te(0)6)) = 0

ase — 0.

The fact that the modulus of strict convexity is uniformly bounded as (22 varies in
a compact class of convex sets follows by a simple contradiction compactness argument
(cp. the proof of Lemma 2.11). O

We conclude this section proving some properties of sections of solutions of the
Monge-Ampeére equation on a domain 2. These properties show that 2 endowed with
the Lebesgue measure and the family of “balls” {S(z,p,t)}zcq,ter is a space homoge-
nous type in the sense of Coifman and Weiss, see [CuG, GuH]. This will play a key
role in the proof of Sobolev regularity in Chapter 3.

Since, by Theorem 2.1, u is continuously differentiable Ju(z) reduces to {Vu(x)},
and in the sequel we will simply write S(z,t) for S(z, Vu(x),t). Moreover, given 7 > 0,
we will use the notation 7.5(x,t) to denote the dilation of S(x,t) by a factor 7 with
respect to x, that is

7S (x,t) == {yER" : aH—y_mES(x,t)}. (2.19)

T
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Proposition 2.12. Let u be a convex Aleksandrov solution of (2.1) with 0 < A < f <
1/X. Then, for any Q' € Q" C Q, there exists a positive constant p = p(n, A, ', Q")
such that the following properties hold:

(i) S(z,t) C Q" for any x € Q, 0 <t < 2p.

(i4) For allT € (0,1) there exists B = B(n, \) such that 7S(z,t) C S(z,7t) C 7°5(x,1)
foranyx e Q,0<t < 2p.

(iii) (Engulfing property) There exists a universal constant 0 > 1 such that, if
S(y,t) N S(x,t) # 0, then S(y,t) C S(z,0t) for any x,y € ', 0 <t <2p/8.

() No<t<pS(z,t) = {z}.

Proof. Property (i) and (iv) are immediate by the strict convexity of w. The first
inclusion in (ii) is just convexity, recall (2.19). To prove the second one it is enough to
show the existence a universal constant o < 1 such that

S(x,t/2) C oS(x,t). (2.20)

Indeed, writing 0 = 277 we obtain the second inclusion in (ii) for 7 = 1/2. Iterating
(recall (2.19))
S(w,t/25) € (2708 (1),

which implies the claim. But, after renormalization, the proof of (2.20) can be obtained
exactly as in Step 1 of Theorem 2.1.
We are left to prove the engulfing property (iii). First notice that if we can prove
that
g€ S(z,t) =z e Sy, Kt)

for some universal K, then (iii) will follow with # = K2. To show the above implication
we can assume without loss of generality that Vu(z) = 0, thus

u(z) < u(y)
=u(y) + Vu(y) - ( —y) + Vu(y) - (y — 2).
So our claim will follow if we can prove that
Vu(y) - (y —z)| < Kt Yy e S(z,t).

To see notice that, up to reduce the size of p, we can assume that S(z,2t) € Q. Let T
the transformation which normalize S(z,t) and let us consider the normalized solution:

v(z) = (det T)?/"u(T™'2) — 21].
Then

Vuly) - (y - 2) = —— 1

@erzyre VO =) = (g VO (T = )
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Since Ty, Tz belong to B(0,n) and (det T)?/™ ~ 1/2t our claim is equivalent to
Vo(z)| < K Vz e T(S(x,t))
for some universal constant. By point (i), S(z,t) € 2755(z, 2t) and hence
dist (7(S(x,1)),0T(S(x,2t))) > dist (27°T(S(z,2t)),0T(S(x,2t))) > 1/C(n, N),
since T'(S(z, 2t)) is normalized. Now by convexity and Lemma 2.6 for all z € T'(S(z, 1)),

< | infr(s(z,26)) V| i
= dist (T(S (1)), 0T (S(z,20)) —

Vo (2)

O]

Remark 2.13. As shown by Forzani and Maldonado [ForMaz2], the engulfing property
of sections is actually equivalent to C® regularity. Since the proof does not rely
on compactness arguments one can also get the explicit dependence expression of the
Holder exponent by the structural constants. Here we briefly sketch the proof assuming
that u is differentiable. Let y and z be given, the smallest ¢ such that u(z) € S(y,t) is

F= u(@) - uly) - Vuly) - (@ — ).
Thanks to the the engulfing property, y € S(x, 8t) which implies
u(y) < w(@) + Vu(z) - (y — 2) + 0(u(z) —uy) — Vuly) - (z — y)).
Rearranging we get

2 (uly) — ule) ~ Vuta) - (g - ).

Writing y = x + sv with |v| = 1, we see that, for s < dist(x, 02), the function

(Vu(y) = Vu(z)) - (y —z) >

f(s) :=u(x + sv) —u(z) — sVu(z) - v,
satisfies the differential inequality:

57'() > 5 5.

Then g(s) := f(s)s~ 141/ is increasing, hence
0 < u(y) —u(@) + Vu(z) - (y — 2)

= |z —y|"g(ly — )
< o — y[" T g (dist(x, 00)),

which implies that v € CH1/9.
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Remark 2.14. We remark here that sections with comparable height have comparable
size. This means that there exists a constant C' depending on n, A, 2,0 such that,

B(zx,Ct) C S(z,t) C B(z, Ct?) Vee, t<p (2.21)

where (3 is as in Proposition 2.12. To see this, let p be as in Proposition 2.12 with
Q" = Q. Since, by property (ii) of Proposition 2.12,

B
t t
;S(x,p) C S(z,t) C <p> S(z, p) for all t < p,

it is enough to show that
B(z,m) C S(x,t) C B(z,12) (2.22)

for some rq, ro which depends only on p and on §2. To see this, let E the John ellipsoid
associated to S(z,p) and let A\ < --- < A, be the lengths of its semi-axis. From the
inclusion E C S(z,t) C nE, we infer

2\, = diam E < diam S(z,t) < diam 2.
Since |E| > |S(x, p)| = p™/?, this implies that \; is bounded from below by a constant
depending only on p and €. If T' is the transformation such that T'(E,) = By, then
1 _
Tl =~ <Cl. sy, T "= An < Clp, ).
So our claim will follow from

B(T(z),1/C) CcT(S(x,p)) C B(T(x),C)

for some universal C'. The first inclusion follows by Aleksandrov maximum principle
which implies that dist(7(z), 0T (S(z, p)) > 1/C, while the second follows from the fact
that, being T'(S(z, p)) normalized,

T(S(z,p)) C B(0,n) C B(T(x),3n),
since T'(x) € B(0,n).

As we said, a particular nice feature of the above properties is that it is possible to
prove classical theorems in Real Analysis using sections as they were balls, see [St]. In
particular we quote the following which will play a crucial role.

Lemma 2.15 (Vitali covering). Let D be a compact set in Q" and assume that to each
x € D we associate a corresponding section S(x,t;) € Q. We can find a finite number
of these sections S(xj,ts;), j =1,...,m such that

D cC U S(zj,ta;), with S(xj,t.;/0) disjoint.
j=1



2.2 Sections of solutions and Caffarelli theorems 43

Proof. The proof follows as in the standard case. First, by compactness, we select a
finite number of sections {S(w;,t,,/6)}Y, which cover D. Among all these sections we
choose one of maximal height, i.e. such that

twi(l) - z:Hll,a),{N tﬂ?i?
and we discard all the ones which intersect S(z;(1),tz,,,/¢). Among the remaining
sections we choose again one of maximal height, S ( Ti(2), Lay ) /0), and we discard all

the sections which intersect it. Continuing this process we obtain a finite number of
disjoint sections {S(z;(;), ts,;,/0)}jL, for which, thanks to the engulfing property,

m

N
DcC U S(xi,te,/0) C U Ti(4)> zm

=1 j=1
[

Let ' € " € " c Qand f € L1(Q"), we define the (localized) mazimal function

MQ//,Q/// [f] (x) = sup ][ ‘f(y)‘dy T &€ Q”, (223)
0<t<p S(z,t)

where p is such that for all t < p and z € Q" S(z,t) C Q"”, see Proposition 2.12 (i).
It is a classical theorem in Real Analysis that if the maximal function (done with
respect to balls) Mq» ow|[f] is in L' then the function is in Llog L(€?’), meaning that

|fllog. |f] € L}(L),

here log, (t) = max{logt,0}.

The key estimates to prove the above result is valid in any space of homogeneous
type, in particular it is also true for the maximal function constructed with sections.
More precisely by [St, Chapter 1, Section 4, Theorem 2] and [St, Chapter 1, Section
8.14], the following key property holds: there exist universal constants C’, C” > 0 such
that, for any a > ay,

|f| < C"al{ Moy ov[f)(z) > C"a}]. (2.24)

{fzangy

Here g is a sufficiently large constant which depends only on fQ,,, lf].

Here we give a sketch of the proof of the above inequality. First of all notice that
exactly with the same proof as in the classical Euclidean setting the following weak
1 — 1 estimate holds

o| Moy o[ f](z) > a}| < C" / £l (2.25)

i
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where C"" depends on the engulfing constant 6 in Proposition 2.12. Moreover, since
Mqr om[f] is easy seen to be lower semicontinuous, the set

M = {Man qu[f](z) > a} N Q € Q"

is open. By Proposition 2.12 (i) there exists a ¢ = o(2,2”) > 0 such that for all
zeQ, t<o,

S(y,20t) c Q" Yy € S(x,2t). (2.26)
By Remark 2.7,
S " 2.27
t) > —— .

S0 = 5 (2.27)

for some universal constant C. Using (2.25) we choose ag so big that

O.n/2

Moo < [{Mor o [f](@) > a0}| < T (228)

Notice that this condition fixes ag in dependence only on [, | f| and on the modulus of
strict convexity of u (and it is done just to be sure that all the sections we will consider
are contained in Q).

For a > ag and every z € M, define

t(x) =sup{t: S(z,t) C Mu}.

Thanks to (2.27) and (2.28), t(z) < o, in particular (2.26) holds true for ¢ = t(z).

Let us fix € to be choosen and let us consider a covering of M, by sections
{S(z,et(z))}rem, and select a maximal disjoint subcollection {S(zy,et(zk))}.

We claim that (with the appropriate choice of ¢)

Ma C | S(zp, tax)) (2.29)
k
and
Mal 2D 18 (@, tax))]. (2.30)
k
By maximality, for all z € M,
S(z,et(x)) N S(zg,et(xy)) # 0 (2.31)

for some k. Notice that 40t(xy) > t(x) if € < 1/26 since otherwise
S(xg, 2t(xg)) NSz, t(x)/20) D S(xk, t(zk)) NS (x,t(x)/20) # 0, (2.32)
and 2t(xy) < t(x)/260 implies, by the engulfing property and (2.32),

Sk, 2t(xg)) C S(z,t(z)/2) C Ma,



2.3 Existence of smooth solutions to the Monge-Ampére equation 45

a contradiction with the definition of ¢(x). Since 46et(xy) > et(x), (2.31) implies
x € S(x,40¢t(x1)) C S(xy, 40%ct(xy)).

Choosing € = 1/46% we obtain that S(xy,t(z)) covers M., moreover, since |S(x,t)| ~
"2 we have

Ma| =) 1Sk et(zr)] 2 Y 1S (xn, t(zn))l,
k k

and also (2.30) holds true.
We now prove (2.24). Since S(z, 2t(xy))N(My)¢ # 0, we can find ay € S(z, 2t(zy))
such that (recall that, by (2.26), S(y,2t0(xy)) C Q")

][ < o ][ ] < Mo [f)() < 672
S(xg,2t(zr)) S(y,20t(x))

Thus
1
Stan,tan)] 2 [Slaw.2t(o)| = e [ 1l
020 S5y t(an))

Combining the above equation with (2.30) and (2.29), we obtain, for some universal
constants C’, C”,

f| < C'a[{Mqn gm[f](z) > C"a}|.

{MQ//’Q/// [f1=a}ny

Since, by Lebegue differentiation Theorem (which holds in spaces of homogeneous
type, [St, Chapter 1]), for almost every = € "

Maran(fl(z) 2a = f(z)>a,

we obtain (2.24).

2.3 Existence of smooth solutions to the Monge-Ampeére
equation

In this section we briefly recall the classical higher regularity theory for solutions to the
Monge-Ampere equation. We will not give proofs of the results stated here but just
sketch the main ideas behind them.

Existence of smooth solutions to the Monge Ampere equation (2.1) dates back to
the work of Pogorelov. The way they are obtained (together with nice and useful
estimates) is through the well-celebrated method of continuity which now we briefly
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describe (see [GT, Chapter 17] for a more detailed exposition). Let us assume that we
know how find a smooth (convex) solution u to

det D?u = f in Q
=0 on Jf2

and that we would like to find a solution to

{det D>2u=f inQ

(2.33)
u=20 on Of).

Let us define f; = (1 —t)f +tf, t € [0,1], and let us consider the 1-parameter family
of problems

(2.34)
up =0 on Of).

We would like to prove that the set of ¢ such that (2.34) is solvable is both open and
closed, in this way we will clearly obtain a solution also to our original problem. More
precisely let us assume that f, f are C*%(Q) and let us consider the set

{det D>y =f, inQ

C = {u:Q — R convex functions of class C**(Q), u = 0 on 9N}.

Notice that C is non-trivial if and only if Q is a C*® convex set. Consider the non-linear
map

F:Cx 0,1 — C?%(Q)
(u,t) — det D*u — f;.
We would like to show that
T ={t€]0,1] : there exists a u; € C such that F(u,t) =0},

is both open and closed. Openess follows from the Implicit Function Theorem in Banach
spaces (see [GT, Theorem 17.6]). Indeed, the Frechet differential of F with respect to
u is given by the linearized Monge-Ampere operator (see also Chapter 5):

L[h] := Dy F(u,t)[h] = M;;(D*u)Dyjh, h =0 on ON. (2.35)

Here M;;(D?u) is the cofactor matrix of D?u. 5 Notice that if u is bounded in C? and f
is bounded from below by A, then the smallest eigenvalue of D?u is also bounded from

5QGiven an invertible matrix A the cofactor matrix M(A) is the one which satisfies
M(A)"A = (det A)1d.

For non-invertible matrices the definition is extended by continuity. Notice that the above equation
implies
Odet A
= M;;(A).
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below, in this way the (2.35) operator becomes uniformly elliptic with C?“ coefficients.
Classical Schauder theory gives then the invertibility of D, F(u,t).

The task is now to prove closedness of 7. This is done through a-priori estimates
both at the interior and at the boundary. As already said the Monge-Ampére equation
becomes uniformly elliptic (meaning that the linearized equation is uniformly elliptic)
on uniformly convex functions, thus the main task is to establish an a-priori bound on
the C? norm of u in €, since then the lower bound on the determinant will imply that
the smallest eigenvalue of D?u is bounded away from 0. Once this is done, classical
Schauder theory gives higher regularity.

For what concerns interior estimates we have the following classical theorem due to
Pogorelov. The rate of degeneracy of the estimates can be found in [CaLj].

Theorem 2.16 (Pogorelov). Let u be a C*(Q) solution to (2.33). Assume that By C
Q C By, and that A < f < 1/X. Then there exist a constant C' depending only on n, A
and || f|lcz and an universal exponent T such that

(dist(x,@Q))T\D2u(x)| <C VaoeQ. (2.36)

The necessity of working with normalized domains and solutions is given by the
family of functions
22 2
=—+4+=-1

which solves det D*>u. = 1 on {u. < 0}.
To obtain estimates up to the boundary we also need to impose some assumption
on the domain, [GT, Theorem 17.20]:

Theorem 2.17. Let Q be a uniformly convex C°® domain ¢ and let u be a solution
(2.33) with f € C?(Q) and A\ < f < 1/)\. Then there exists a constant C' depending on
Q, A\, ||f||02(§) such that

2
1D oy < C-
Combining the above Theorems one gets the following existence result:

Theorem 2.18. Let 2 be a uniformly conver C** domain. Then for all f € C*>%(Q),
A < f < 1/) there exists a (unique) CH*(Q) solution to (2.33).

Notice that the above Theorem actually gives also existence of Aleksandrov solu-
tions to (2.33) with f merely bounded away from zero and infinity and €2 not strictly
convex. Indeed one can approximate f and §2 with a sequence f; and € satisfying the
hypothesis of the above Theorem, find a sequence of solutions u; and apply the results
of the previous section (see Lemma 2.10 for instance) to show that the wj converges

SWe say that a domain is uniformly convex if its second fundamental form is (as a symmetric
tensor) uniformly bounded from below. This is equivalent to require the existence of a uniformly
convex function ¢ such that Q = {¢ < 0}.
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to a function u solving (2.33). For a direct approach to the existence of Aleksandrov
solutions, see [Gul].

Theorem 2.16 needs to assume f € C? to obtain uniform bounds on the C? norm
of u, actually as shown by Caffarelli [Ca2] much less is needed.

Theorem 2.19. Let u be a solution of (2.33) and assume that f € C:.(2), then
ue CrQ).

loc

Later, in [JW], this result has been improved by showing that if f is Dini-continuous
then u is C2. The examples in [W] imply that this result is essentially optimal.

The proof of the above theorem is based on showing that under the assumption
that f is almost a constant, say 1, then u is very close to the solution of (2.33) with
right hand side 1. Since this latter function has interior a priori estimates we can prove
by interpolation that the C2? norm of u remains bounded (see the proof of Theorem
6.11). With this line of reasoning one can also prove the following Theorem, also due
to Caffarelli [Ca2]

Theorem 2.20. Let u be a solution of (2.33), then for every p > 1 there exists a §

such that if || f —1]|ee < 8, then u € WP
We will give a simple proof of this Theorem in Chapter 3.

Example 2.21. Let us stress here that to obtain u € W2? the “pinching” ||f —1||oc < 9

is necessary. Indeed in [W] Wang shows that the family of convex functions

R =L for |y| < |z[o—

ua(m7y) =

iny(a—Q)/(a—l) + 2%3:2)3/04/(04—1) for |y| > |x’o‘_1
are strictly convex solution to (2.33) with A(a) < f < 1/A(«a) but u, ¢ W?P for
p>af(a—2).

In spite of the above example in Chapter 3 we will prove that solution of (2.33) are
always of class W?!. Notice that, due to the lack of regularity of f, a “perturbative”
approach cannot work in this general case.



Chapter 3

Sobolev regularity of solutions to
the Monge Ampere equation

In this Chapter we prove the W?2! regularity of solutions of (2.1). This has been
first shown in [DF1] in collaboration with Alessio Figalli, where actually the following
higher integrability result was proved

Theorem 3.1. Let Q C R™ be a bounded convex domain, and let v : Q — R be an
Aleksandrov solution of (2.1) with 0 < A < f < 1/\. Then u € W) and for any

loc

Q' € Q and k € NU{0}, there exists a constant C = C(k,n,\,Q,Q') > 0 such that

[ IDPulogt (10l < c. (3.)

Later, in collaboration with Alessio Figalli and Ovidiu Savin [DFS| and indepen-
dently by Thomas Schmidt [S], the Llog" L integrability has been improved to L'*e
where € = £(n,\). Notice that in view of Wang counterexample, Example 2.21, the
result is optimal.

Theorem 3.2. Let Q C R” be a bounded convexr domain, and let u : Q — R be
an Aleksandrov solution of (2.1) with 0 < XA < f < 1/X. Then there ezists a 7y =
Yo(n,A) > 1 such that, for any ' € Q there exists C = C(n,\,Q,Q') > 0 for which
the following estimate holds

/Q/ D2l < C. (3.2)

As a corollary we obtain the following Sobolev regularity result for optimal transport
maps

Corollary 3.3. Let 21,85 C R"™ be two bounded domains, and pi,pz two probability
densities such that 0 < X < p1,p2 < 1/X inside Q1 and Qo respectively. Let T =
Vu : Q1 — Qo be the (unique) optimal transport map for the quadratic cost sending
p1 onto py, and assume that Qo is convex. Then T is locally in W', more precisely
T € W () with 7o = yo(n, A) > 1.

loc

49



50 Sobolev regularity of solutions to the Monge Ampeére equation

As we saw at the end of Section 2.2, many theorems in Real Analysis hold replacing
balls with sections. A key tool in the proof of Theorem 3.1 will be the maximal operator
of D?u, the hessian of a C? solution of (2.1), namely if Q" € Q" C Q we define

Morgn(e) = sup  f D)y ze (3.3)
o<t<p JS(at)
where || D?u(y)| denotes the operator norm of the matrix D?u(y), and p is such that
S(x,t) C Q" for all x € Q" t < p, see Proposition 2.12.
Estimate (2.24) then becomes, for ' € Q" € Q"

| D?u|| < C'al{|Mqy g (z) > C"a} NQ"| Va > ag. (3.4)
{|D2u||>a}n

Here C' and C” are universal constants and o depends only on [o,, [[D?ul|.
The strategy of the proof of Theorem 3.1 will be then to prove the following estimate
for C? solutions of (2.1)

{IMer 0 () 2 o} N Q"| S [{IID*ul|(z) > a} N,

where all the involved constants are universal. This will lead to an a-priori estimate for
the Llog® L norms of D?u. Since any solution of (2.1) can be approximated by smooth
solutions (regularizing the data and applying Theorem 2.18) and all bounds depend
only on n and A, this will prove Theorem 3.1. A more careful analysis will then lead
to Theorem 3.2.

3.1 Proof of Theorem 3.1

As we said it suffices to prove (3.1) when u € C?(9).

Let us remark that the proof of (3.1) for k£ = 0 is elementary: indeed, this follows
from ||D?u|| < Au (since u is convex) and a universal interior bound for the gradient
of u (see for instance the proof of point (iii) of Proposition 2.12 or (3.11)-(3.12) below).

Hence, performing an induction on k£ and using a standard covering argument,
briefly sketched below, it suffices to prove the following result (recall the notation
(2.19) for the dilation of a section):

Theorem 3.4. Let U C R™ be a normalized convex set, and let w : U — R a C? convex
solution of

{0 <A<detD2u<1/A inl, 55)

u=0 on OU.
Then for any k € NU {0} there exists a constant C = C(k,n,\) such that

| IDPuloght (I0%ul) <€ [ D%l togh (1D%u]).
U2 33U /4
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Proof of (3.1) using Theorem 3.4. We want to show that, if (3.1) holds for some k €
NU {0}, then it also holds for k + 1. Since the following argument is standard, we just
give a sketch of the proof.

Given Q' CC Q, fix p as in Proposition 2.12 with Q" = Q, and consider the covering
of ' given by {S(z, p) }zcqr- By Remark 2.14 (see (2.22)) all sections {S(z, p) }zeq have
comparable shapes, there exist positive constants r1,re, depending only on n, A, , p, €2,
such that

B(z,r1) C S(x,p) C B(x,r2) Vre. (3.6)

This implies that one can cover Q' with finitely many such sections {S;};=1,. n (the
number N depending only on r1,79,€’), and moreover the affine transformations T;
normalizing them (which we assume to be symmetric) satisfy the following bounds
(which follow easily from (3.6) and the inclusion B(0,1) C T;3(S;) C B(0,n)):

1
T <=, detT; > —.
(&) T‘2

Hence, we can define v; as in (2.11) with 7" = T; and ¢ = p, and apply Theorem 3.4 to
each of them: by using the inductive hypothesis we have

[ o Pl (102l < €k ),

Changing variables back and summing over 4, we get

Dulliogh (| D%ul)) < Ok Ai 172k (TP
| 1Dl logh (ID*ul) < Ok, 2) 3 ety o8k ( goroar )

Recalling that we have uniform bounds on N and on 7j, this concludes the proof. [

We now focus on the proof of Theorem 3.4. We begin by showing that the average of
|| D%u|| over a section is controlled by the size of the “normalizing affine transformation”.

Lemma 3.5. Let u solve (3.5), fixx € U/2, and let t > 0 be such that S(x,2t) C 3U /4.
Let T be the (symmetric) affine map which normalizes S(x,t). Then there exists a
positive universal constant C1 such that

TP D? 3.7
(det T)>/m =7 Jogun 1l 37

)

Proof. Let us consider v : T'(S(x,2t)) — R, with v is defined as in (2.11). We notice
that
D?v(2) = (det T)*/" [(T~Y)* D>u(T~2)T 1], (3.8)

and

{)\ <det D*v <1/X  in T(S(x,2t)), (3.9)

v = t(det T)*/™ on 0(T(S(z,2t))).
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Although the convex set T'(S(z, 2t)) is not renormalized in the sense defined before, it is
almost so: indeed, since T normalizes S(z,t) we have Tz € B(0,n) for any z € S(z,t).
Recalling that 25(x,t) denotes the dilation of S(x,t) with respect to x (see (2.19)), we
get

T <x + y;”) € B(0,n)  Vye25(x,t),
which is equivalent to
Ty + Tz € B(0,2n) Vy € 25(x,t).

Since Tz € B(0,n) this implies that T'(2S5(z,t)) C B(0,3n), which together with the
fact that S(z,t) C S(z,2t) C 25(z,t) (by convexity of u) gives

B(0,1) C T(S(z,2t)) C B(0,3n). (3.10)

Hence, it follows from (3.9), det T?/"t ~ 1 and Lemma 2.6 that

osc wv=| inf (v—t(detT)?™)| <, (3.11)
T(S(z,2t)) T(S(z,2t))

with ¢ universal.

Since v is convex, by (3.11), and Proposition 2.12(ii), we also get (cp. the proof of
Propositon 2.12 (iii) )

sup |[Vo| < sup |Vu] < — T (S(2t) U <d (3.12)
T(S(x) BT(S(z,21)) dist (27T(S(z, 20)), O(T(S(x, 2t))))

for some universal constant ¢’. Moreover, since T'(S(x,t)) is a normalized convex set,
it holds

|B1| < |T(S(x,t))| = det T|S(z, 1), H”_l(ﬁT(S(a:,t))) < ¢(n), (3.13)

where ¢(n) is a dimensional constant. Finally, using again the convexity of v, the
estimate

ID*u(y)| < Av(y) (3.14)

holds (recall that || D?u(y)| denotes the operator norm of D?u(y)).
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Hence, by (3.8), (3.13), (3.14) and (3.12) and since T is symmetric, we get

1
D?u(y dy:][ T*D*o(Ty)T|| dy
BP0 = g £, P
I7? 1
= (det 7)Y/ det T|S(@, )| Jr(s(a.t))
||| /
< =n Av(z)dz
= (det T)2/w, T(S(z,t)) )
||| / -1
= n=n Vou(z) - vdH" (2
(det T)2/mw, T(DS(x,t)) ) )
c(n)|| T
T
(det T)*/Mwn 7(S(a.))
p_cmIT|?
(det T)2/w,,’

1D*v(2)]| d=

which concludes the proof of (3.7). O

We now show that, in every section, we can find a uniform fraction of points where
the norm of the Hessian controls the size of the “normalizing affine transformation”.

Lemma 3.6. Let u solve (3.5), fit x € U/2, and let t > 0 be such that S(z,2t) C 3U /4.
Let T be the (symmetric) affine map which normalizes S(x,t) and let 6 be the engulfing

constant of Proposition 2.12 (iii). Then there exist universal positive constants Ca, Cs,
and a Borel set A(x,t) C S(z,t/0), such that

|A(z,t) NS (x,t/0)]

1S(z.1)] > (o, (3.15)
and
2 |IT|1?
D u(y)[l > Csm Vy € A(z,1). (3.16)

Proof. We divide the proof in two steps.

Step one: Let v be a normalized solution in Z (see (2.12)). Then there exist universal
constants ¢, " > 0, and a Borel set E C Z, such that |E| > ¢|Z|, and D*v(x) > ¢"1d
for every x € E.

To see this, let us consider the paraboloid p(z) := ¢ (|z|?/n? — 1)/2, with ¢; as in
(2.13) (observe that, since Z C B(0,n), p < 0 inside Z). Then

. 4]
f(v— > —.
[inf(v —p)| > §
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Set w :=v —p, and let I'y, : Z — R be a convex envelope of w in Z, that is
Tw(y) :==sup{l(y) : £ <win Z, £ <0 on 0Z, ¢ affine}.

It is well-known that T, is C11(Z) (see [DF3] for instance), and that det DT, = 0
outside the set {I'y, = w} C Z (see (4.6)). Hence, by Aleksandrov maximum principle,
Theorem 2.4, and from the fact that

0 < DTy, < D*>w < D%*v a.e. on {I'y, = w}
(in the sense of non-negative symmetric matrices), we get
<C1> < |infw}n = |inf Fw}n < C(n)/ det D’T,,
2 Z Z {Tw=w}
SC(n)/ detD%ﬁC(n)}{Fw:w}‘/)\.
{Tw=w}

This provides a universal lower bound on the measure of E := {T"}, = w}.
Moreover, since D?w > 0 on E, we obtain

D> 14 onE,
n
proving the claim.

Step two: Proof of the Lemma. Let S(z,t/0) C S(z,t) and Ty be the (symmetric) affine
transformation which normalizes S(z,t/60). Define v as in (2.11) (using Tp). Since v is a
normalized solution, we can apply the previous step to find aset E C Z := Ty(S(z,t/6))
such that |E| > ¢/|Z|, and D?v > ¢"Id on E. We define A(z,t) := T, (E) C S(x,/0).

To prove (3.15) we observe that, since S(x,t/0) ~ (t/0)" ~ |S(x,t)| (recall that 6
is universal), we have

|A(m,t)ﬂ5’(m,t/0)| > ,,,\A(x,t)ﬂS(x,t/Q)‘ o ///|EﬂZ|

>c =c > "¢

15 (, )] 15 (2, )| 1Z]
Moreover, since on A(z, 1)
Du(y) = — L TEDR(TY)Ty > — T,
U(y)—m p Do (Ty) efm 016,
using (2.10) we get

/! T*T, /! T* 2

Dty > VT W gy e A,

(det TQ)Q/” N (det T9)2/”

To conclude the proof of (3.16) we need to show that, if 7" is the affine transformation
which normalizes T, then

detTy < CdetT and |Ty|| > ||T]/C
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for some universal constant C. The first inequality trivially follows from 1/det Ty =~
1S(x,t/0)| = (t/0)™? and 1/det T ~ |S(z,t)| ~ t™/2. To prove the second, recall that
by Proposition 2.12 (ii)

S(x,t)/0 C S(x,t/0) C (1/0)_55(95,75).
Hence arguing as in the proof of Lemma 3.5, for some universal constant C’(n, 6)
ToT~H(B1) € ToT~H(T(S(x,1))) C Ty(0S(z,t/0)) C C' By,
from which we deduce
ITyT~1 < C.
Thus
|Tyl| = | ToT~'T|| < C||T|\.
O

Combining the two previous lemmas, we obtain that in every section we can find a
uniform fraction of points where the norm of the Hessian controls its average over the
section:

ID%u) = CiCa f D2l Vye Awt)C S@ifo) (37
S(z,t)
As we will show below, Theorem 3.4 is a direct consequence of this fact and a covering
argument.
To simplify the notation, we use M (x) to denote M9 54/4(7) (see (3.3)).

Lemma 3.7. Let u solve (3.5). Then there exist two universal positive constants Cy
and Cs such that

HzelU/2: M(z) >~} <Cyl{z €3U/4 : || D*u(x)| > Csv}| (3.18)
for every v > 0.

Proof. By the definition of M, we clearly have

{reu/2: M(z) >y} CE:= {3362/{/2: ][

|D?u| > 7 for some t, € (O,p)}.
S(z,ts) 2

By Lemma 2.15, we can find a finite numbers of points z;, € E such that {S(zk,tz,)}
covers E and {S(zg,t5,/0)} are disjoints. Since zj, € E, by (3.17) we deduce that

C.C
ID%u) = € f DR = D € Aty © St /0)

S(mkvta:k)

(3.19)
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Hence, applying (3.15), (3.19), we get

{zeu/2: M) 2y} <) |S(an ta,)|
keN

1
< ?2 % ‘A($k7t$k> N S(xkvtivk/e)’

1
< — Z |S(xk,ta,k/9) N{ze3U/4: HDzu(x)H > C1C37/2}|
& keN

1
= C US(l“k,tk/Q) N{x e3U/4 : HD2U($)H > C1C3v/2}
k
1
< G l{e esu/a ID%u(@)]| = CuCyy/2});
proving the result. O

Proof of Theorem 3.4. Combining (3.4) and (3.18), we obtain the existence of two pos-
itive universal constants ¢/, ¢’ such that

|D%u|l < dyl{z € 3U/4: [DPu(@)| =) Vy>e o (320)

U/20{[| D?ul| 2~}

with ¢ depending only on f5, /4 | D?ul| and p. Observe that, since u is normalized, both

Fu /4 | D?u|| and p are universal (see the discussion at the beginning of this section), so
¢ is universal as well. In addition, we can assume without loss of generality that ¢ > 1.
So

/M I gk (1)

< logh (2) / | D% + / | D%l logh* (|| D)
u/2n{||D?ul|<c} Uu/2n{||D?u||>c}
< C(n)clogh ¢+ / | D%ul log®* || D?ul.

U/20{|| D?ul| =}

Hence, to prove the result, it suffices to control the last term in the right hand side.
We observe that such a term can be rewritten as

1Dl 14 gk
2k + 1) / |D%| / Og,y(”)d%

U/20d||D?ul| ze}
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which is bounded by

1D2] ok
O 420k +1) / HDQuH/ bgv(”d%

U/20{||D?ul| >}

with C" = C'(k,¢). Now, by Fubini, the second term is equal to

206+ 1) [ ng,y('” / rDzuu) &,

U/20{||Dul|Zv}

which by (3.20) is controlled by

2(h+1)¢ [ logh() o € R4/ [DPu(e)] = 2

By the layer-cake representation formula and, since ¢ > 1, this last term is bounded by
2 k 2
¢ [ ID%ullogt (D%l
3U /4

for some C” = C"(k,, "), concluding the proof. O

3.2 Proof of Theorem 3.2

In this Section, we show how to improve the Llog® L integrability of the previous sec-
tion, to a L0 integrability for some 79 = (A, n) > 1. We will follow the presentation
in [DFS]. As we already mentioned a different proof was achieved independently by
Thomas Schmidt in [S]. He uses some abstract harmonic analysis on sections (see
the comments after Proposition 2.12) to show how from the maximal inequality (3.18)
(which can be thought as a “reverse” L'-weak L! Hélder inequality) the higher inte-
grability follows from a Gehring type lemma.

As in the proof of Theorem 3.1, to prove Theorem 3.2 it will be enough to prove
the following “normalized” statement.

Theorem 3.8. Let u:U — R, be a C? solution of (2.1) with A < f < 1/X and let us

assume that By CU C By, then there exist universal constants C and g > 0 such that

/ | D?u||' o0 < C. (3.21)
1/2

Theorem 3.8 follows by slightly modifying the strategy in the previous section: we
use a covering lemma that is better localized (see lemma 3.10) to obtain a geometric
decay of the “truncated” L! energy for | D?ul| (see lemma 3.12).
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We also give a second proof of Theorem 3.8 based on the following observation: in
view of Theorem 3.1 the L' norm of || D?ul| decays on sets of small measure:
C
D%ul| > M} < ————
D% > MY < 3
for an appropriate universal constant C' > 0 and for any M large. In particular,
choosing first M sufficiently large and then taking ¢ > 0 small enough, we deduce (a
localized version of) the bound

1

D]l = M} < S5

{1 D?u]] > 13].

Applying this estimate at all scales (together with Lemma 2.15) leads to the local
W21+¢ integrability for || D?ul|.

In the proof of Theorem 3.1 the following quantity played a distinguished role: if
S(xz,t) is a section of u and T is the (symmetric) affine transformation that normalize
it, that is such that

By C T(S(z,t)) C By,

we define the normalized size of S(x,t) to be

1|2

a(S(z,t) = QT (3.22)

Notice that even if T is not unique, the normalized size is defined up to universal
multiplicative constants. In case u € C? since

u(y) = u(@) + Vu(z) - (y — x) + %DQU(xo)(y — ) (y— ) +ofly — z]),

we see that

\}ZS(:v,t) — {y : %Dzu(mo)(y —z)-(y—x) < 1}.

Thus for ¢ small
a(S(z,t)) ~ ||D2u(1:)|| (3.23)

Lemma 3.9. In the hypothesis of Theorem 3.8 we see that there exist positive universal

constants C and [ such that for all x € B34

diam(S(z,t)) < @B@ ) vVt <1/C. (3.24)

Proof. Let E be the John ellipsoid associate to S(z,t) and let A\; < --- < ), the length
of its semi-axes. Since for ¢ universally small and C universal by (2.21),

B(z,t/C) C S(x,t) C nE,
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nA1 > t/C. Moreover for C' and 8 universal, always by (2.21),
E c S(z,t) C B(z,Ct?)
which implies A, < Ct? < CA?. If T is such that T(E) = B,

TP _ a--A)?m
(det T)2/n A2

a(S(z,t) =
Thus, since § < 1,
diam(S(z,t)) < 2nA, < C/\f < ((S—,

with B = 3/(2 — 28). O

3.2.1 A direct proof of Theorem 3.8
Lemma 3.10. Let v be a normalized solution (see (2.12)), then there exists a universal

constant Cy such that

)

/ | D?v|| < Co ({co—lld < D*v < Cold} N S 9
S1/2

where 6 is the engulfing constant in Proposition 2.12 and, for all T € (0,1),
S; ={z:v(z) <(1—7)minv}

Proof. Exactly as in the proof of Lemma (3.5), we have

[ 1D g/ Av:/~ v < Ch, (3.25)
S1/2 S1/2 0512

where the last inequality follows from the interior Lipschitz estimate of v in S; /2- Recall
that by Remark 2.7 :
Sipza

for some c; > 0 universal. The last two inequalities show that the set
{IID?v]| < 2C1e'} NSy o
has at least measure c1/2 in S /5. Finally, the lower bound on det D2y implies that
Cy'ld < D*v < Cold  inside {||D?*v|| < 201¢;'},

and the conclusion follows provided that we choose Cj sufficiently large. O
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By rescaling we obtain:
Lemma 3.11. Assume S(x,2t) CCU. If
S(x,t) has normalized size &,
then
/(W) |D?u| < Coa |{Cy'a < || D?u|| < Come} N S(z,t/0)].
Proof. We first notice that (see for instance the end the proof of Lemma 3.6)
a(S(z,2t)) =~ a(S(z,t)) =a. (3.26)

The lemma follows by applying lemma 3.10 to the normalized solution v build up from
u. More precisely if T normalizes S(x, 2t), defining, as usual,

v(z) = (det T)?/™ (w(T™'2) = Vu(z) - (T2 — 2) — 2t) z € T(S(x,2t)),
we see that T'(S(z,t)) = 5’1/2, T(S(z,t/0)) = 51/29, and

T*D*v(Tz)T
D? =
u@) (det T')2/n

Thus, by definition of normalized size (3.22) and (3.26),
deet| [ Dul<a [ D%
S(xo,h/2) S(z0,1/2)

{Cy'1d < D*v < Cold} C T ({Cy ' < | D*ul| < Coar})
which implies that

and

({0511 < D% < Cpal N émg‘
is bounded above by
|det T| [{Cy e < ||D?ul| < Coae} N S(x,t/20)|.
The conclusion follows now by applying Lemma 3.10 to v. O
Next, for some large M, we denote by D, the closed sets
Dy, = { |D?u()| > M’f} N Bg,, (3.27)
where Ry = 3/4 and . i
Ry = Ry_1 — CCy P M~*5,

where C' and /8 are as in Lemma 3.9 and Cj is as in Lemma 3.11. As we show now,
Lemma 3.11 combined with a covering argument gives a geometric decay for [ Dy | D2ul|.
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Lemma 3.12. If M = Cy, with Cy a large universal constant, then
/ | D?ul||dz < (1 — 7')/ | D?u|| de,
Dy Dy,
for some small universal constant T > 0 and
B1/2 C Bg, Vk >0

Proof. Let p, universal, be such that S(z,t) € U for all x € Bgy, for t < p (cp.
Proposition 2.12). Let M > Cj (to be fixed later), and for each x € Dy consider a
section

S(x,t) of normalized size o = CoM¥,

which is compactly included in . This is possible if M is universally large, since for
t — 0 the normalized size of S(x,t) is comparable to ||D?u(z)]|| (recall (3.23)) which is
greater than M**! > o, whereas if t = p the normalized size is bounded above by a
universal constant and therefore by «.

Now we choose a Vitali cover for Dy1 with sections S(z;,t;), i =1,...,m. Notice
that by Lemma 3.9

diam (S (z:,1;)) < CCy P a5

thus
US(:L’Z',ti) C BRk- (328)

By Lemma 3.11, for each 1,
/ |D%ul < CiM* |{M* < ||D%u)| < C3MF} 0 5 (wisti/6)|.
S(xs,t4
Adding these inequalities and using
Dk+1 - Us(x’utz) mBRk7 S(xzatl/e) disjojnt?
and (3.28), we obtain

[ Dt < ciar |{art < D2l < GBar*} 0 B,
Dyy1

<C | D?u)|dx

Di\Dk41
provided M > Cg. Adding C [ Drss | D?u|| to both sides of the above inequality, the first
claim follows with 7 = 1/(1 4+ C). To obtain the second one just choose M universally

large such that B )

COPY MR <14, (3.29)

k>1
O
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By the above result, the proof of (3.8) is immediate: indeed, by Lemma 3.12 we
easily deduce that there exist C,e > 0 universal such that

MH{w € Byys: [DPu(e)] 2 MY < [ ID%u] < [ D% < car
{z€By /3: [|D?u(z)||>M*} Dy,

Since, by Fubini Theorem,
/B ID*ul|'" ~ Y MRz € Byjp o | D?u(x)|| > M*Y,
1/2 k

we obtain the proof of Theorem 3.8.

3.2.2 A proof by iteration of the Llog L estimate

We now briefly sketch how Theorem 3.8 could also be easily deduced by applying
the Llog L estimate of Theorem 3.1 inside every section, and then doing a covering
argument.

First for a normalized solution v, and K > 0 we introduce the notation

Fg = {||D%| > K} n 51/27
see Lemma 3.10.

Lemma 3.13. Suppose v satisfies the assumptions of lemma 3.10. Then there exist
universal constants Cy and C1 such that, for all K > 2,

C

F
|Fr| < Klog(K)

‘{C 11d < D%u < COId}OSl/%)‘

Indeed, from the proof of Lemma 3.10 the measure of the set appearing on the right
hand side is bounded below by a small universal constant ¢;/2, while by Theorem 3.4
|F| < C/Klog(K) for all K > 2, hence

2C

F =~
Fie| = a1 K log(K

){C '1d < D*v < Cp1d} mSl/%’

Exactly as in the proof of lemma 3.11, by rescaling we obtain:

Lemma 3.14. Suppose u satisfies the assumptions of Lemma 3.11. Then,

Cy

D%l > @Y 018 1) < gyt

[{Cile < | D?u||} N S(x,t/0)],

for all K > 2.

Finally, as proved in the next Lemma, a covering argument shows that the mea-
sure of the sets Dy, defined in (3.27) decays as M~(112)%  which shows the desired
integrability.
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Lemma 3.15. There exist universal constants M large and € > 0 small such that
[ Dpy1| < M™% |Dy.

Proof. As in the proof of lemma 3.12, we use a Vitali covering of the set Dy with
sections S(x,t) of normalized size a = CoM¥*, i.e.

Dk+1 C U S(SL‘Z, ti), S(l‘l, tZ/H) diSjOiIlt sets.
Apply lemma 3.14 above for
K :=Cy'M,
hence a K = M**! and find that for each i

20,

D iati < —

’Dk M S(xz,tl/H)],

provided that M > Cy. Summing over i and choosing M > €“0 we get

2Cy

1
— | Di| < —|D
Mlog(M)| d | Dk,

D <
[Disa < <o
and the lemma is proved by choosing € = log(2)/log(M). O
Finally if we choose M so large such that also (3.29) is satisfied, the above Lemma
implies
[{z € By |DPu(e)] = MFY| < M—HI+29),

and we conclude as in the previous section.

3.3 A simple proof of Caffarelli W?” estimates

Using the technique of the previous Section we give a simple proof of celebrated Caf-
farelli W?2P estimates (see Theorem 2.20). More precisely we will prove the following

Theorem 3.16. For allp > 1 there exist a 6, and a constant C,, such that: ifu : U — R
is a C? solution of (2.1) with ||f —1|| <6, and By CU C By, then

/ | D?u||? < C,. (3.30)
1/2

The proof, which is briefly sketched in [F4], is, as the original one, again based on
a decay estimate of the type

{a € Byt | D2ua)] > M*Y| < MH0HD), (3.31)

Again we start with a “normalized” lemma:



64 Sobolev regularity of solutions to the Monge Ampeére equation

Lemma 3.17. Let v be a normalized solution (see (2.12)), then there exists a universal
constant Cy such that for every n there exists a § = 0(n) such that if |f —1|| <6

9

‘{D% > CyId} N Sl/g‘ < Con ‘{q;l 1d < D% < Co1d} N Sy a9

where 0 is the engulfing constant in Proposition 2.12 and Sy is as in Lemma 3.10.

The above Lemma is well known and it was a key step in the proof of [Ca2], see
also [Gu], and the dependence of § from 7 can be also quantified in a power like one
(6 < n7). Here we give a proof based on the results of Chapter 4 (which are independent
on the above lemma).

Proof. Again by the proof Lemma 3.10, the measure of the set appearing on the right
hand side is bounded below by a small universal constant ¢; /2. It will be hence enough
to show that for some universal constant Cj

‘{D% > Oy 1d} 051/2‘ =0

as  — 0 (uniformly in v). Choose a sequence d; — 0 and let v be a sequence of
normalized solutions defined on normalized sets Z;. By Lemma 2.10, Z}, converge in
the Hausdorff distance to a normalized set Z,, and v; uniformly converge in Z., t0 v,
a normalized solution of

{det D =1  in Zy

Voo = 0 on 7.

Thanks to Theorem 4.1 vy — v in VVI?)CI(ZOO) Since (with obvious notations) 5’52 —

Soo

172 they are definitely well contained in 5’5’74, hence

/k | D?vy, — D*vse|| < / | D?vy, — D*vsg|| — 0.

1/2 53/4

By Theorem 2.16, we know that the C? norm of v, on S§74 is bounded from above by
a universal constant C', thus

‘{D%k > 4C,1d} N Sfm’
< ‘{HD%OOH >2C1} N ~§74‘ + ’{”D%k — D*vs|| > 201} N S{“ﬂ’

~ 1
= ‘{HDzvk — D*vg| > 2C1} N Sf/Ql < 230, /gk | D?vy, — D*vse|| — 0,
1/2

proving the claim with Cy > 4C1. O
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Exactly as in the proof of Lemma 3.11 we obtain

Lemma 3.18. Assume S(x,2t) € U. If
S(x,t) has normalized size @,
then for all n there exists a § = §(n) such that if || f — 1]|coc < 8 then
D%l = &Co} 1 S, )] < Con | {Ca'a < |1D%ull} N S(,1/6)]
where Cy is as in Lemma 3.17.

Defining Dy, as in (3.27) (with M so big to satisfy (3.29)) and arguing as in the
proof of Lemma 3.15 we see that

| Diy1| < Conl| Dyl
from which it follows
{z € Byjp: | D?u(x)]| = M*}| < (Con)™™.

Since M is universally fixed, we can choose n (and hence 0) such that Con = M —(p+1),
obtaining the inequality (3.31).






Chapter 4

Second order stability for the
Monge-Ampere equation and
applications

A question which naturally arises in view of the previous results (and which has been
suggested to us by Luigi Ambrosio) is the following: choose a sequence of functions
fr with X < fr < 1/ which converges to f strongly in Ll (), and denote by u
and u the solutions of (2.1) corresponding to fi and f respectively. By the convexity
of uj and u, and the uniqueness of solutions to (2.1), it is immediate to deduce that
ur — w uniformly, and Vui — Vu in L{’OC(Q) for any p < co. What can be said
about the strong convergence of D?u;? Due to the highly nonlinear character of the
Monge-Ampere equation, this question is nontrivial.

In this chapter we report the results of [DF2] where, in collaboration with Alessio
Figalli, we addressed this problem. Our main results are the following

Theorem 4.1. Let Q; C R™ be convexr domains, and let up : Q. — R be conver
Aleksandrov solutions of

(4.1)

det D2uk = fi mn Qg
up =0 on 0¥,

with 0 < XA < fr < 1/X. Assume that Qi converge to some convexr domain § in the
Hausdorff distance, and firxq, converge to f in Llloc(Q). Then, if u denotes the unique
Aleksandrov solution of

det D?>u = f in Q
u=20 on 0f,
for any Q' € Q we have

lur — ullw21(y — 0 as k — oo. (4.2)
67
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Obviously, since the functions uj, are uniformly bounded in W?270(€)), this gives
strong convergence in W27 (V) for any +/ < 7o.

The consequences for what concerns optimal transportation are summarized in the
following theorem:

Theorem 4.2. Let Q1,2 C R” be two bounded domains with Qo convexr, and let
frs 9k be a family of probability densities such that 0 < XA < fr,gr < 1/\ inside 4
and Qg respectively. Assume that frp — f in L'(Q1) and gr — g in LY(Q2), and let
Te : Q1 — Qo (resp. T : Q1 — Qa) be the (unique) optimal transport map for the
quadratic cost sending fr onto g (resp. f onto g). Then T — T in VVI})JI(Ql) for
some v > 1.

If v: Q — R is a continuous function, we define its convezr envelope inside €2 as
Ly(z) :=sup{l(x) : £ <wvin Q, ¢ affine}. (4.3)
In case © is a convex domain and v € C?(Q), it is easily seen that
D?v(z) >0 for every x € {v =T,} N (4.4)

in the sense of symmetric matrices. Moreover the following inequality between measures
holds in © (ur, is the Monge-Ampere measure associated to I',, see Section 1.2):

pr, < det D2’U]~{U:Fv} dx. (4.5)

To see this, let us first recall that it is well known that if zp € Q \ {I', = v} and
p € Oy (zp) then the convex set

{freQ:Ty(z) =p-(z—z0) +Tu(wo0)}
is nonempty and contains more than one point (see for instance [DF3]). In particular
O, (Q\ {Ty =v}) C {p € R™ : there exist z,y € Q, x # y and p € Iy (x) N Ty (y)}.
and by Lemma 1.17 this last set has measure zero. Hence
|0, (Q\ Ty, =v})| = 0. (4.6)

Moreover, since v € C1(Q), for any z € {I', = v}NQ it holds AT, (z) = {Vv(x)}. Thus,
using (4.6) and (4.4), for any open set A € Q we have

pr, (A) = mFU(Am {Ly = v})‘ = ‘VU(AQ {ry = U})‘

< / | det D%v| = / det D%v.
AN{Ty=v} AN{Ty=v}
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(The inequality above follows from the Area Formula (1.15) applied to the C!' map
Vwv.) This proves (4.5).

We also recall (see Appendix A) that a continuous function v is said to be twice
differentiable at x if there exists a (unique) vector Vu(x) and a (unique) symmetric
matrix V2v(zx) such that

o(y) = (&) + Vola) - (g — ) + 5 V0(@)y — ) (g — o) + olly — ).

In case v is twice differentiable at some point z¢g € {v = I',}, then it is immediate to
check that

V2u(xo) > 0. (4.7)

By Aleksandrov Theorem, any convex function is twice differentiable almost every-
where. In particular (4.7) holds almost everywhere on {v = I',}, whenever v is the
difference of two convex functions.

Finally we recall that, in case v € mel , then the pointwise Hessian of v coincides
almost everywhere with its distributional Hessian (cp. Appendix A). Since in the sequel
we are going to deal with Wlicl convex functions, we will use D?u to denote both the
pointwise and the distributional Hessian.

4.1 Proof of Theorem 4.1

We are going to use the following result:

Lemma 4.3. Let Q C R" be a strictly convex bounded domain, and let u,v : Q — R
be continuous strictly convex functions such that p, = fZL" and p, = gL", with

frg € LL (Q). Then

e, < (177 = 9" Lummr, Ly da (4.8)
Proof. In case u, v are of class C?(f2), by (4.4) we have
0 < D*u(z) — D?v(x) for every x € {u —v=T,_,},

1/n

so using the monotonicity and the concavity of the function det on the cone of

non-negative symmetric matrices we get
2 2 2 \1/n 2 \1/n\"
0 < det(D“u— D v)g((detD u) " — (det D*v) ) on{u—v="T_},

which combined with (4.5) gives the desired result.
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Now, for the general case, we consider two sequences of smooth functions fi and gi
converging respectively to f and g in L'(€), and we solve (see [Gu, Theorem 1.6.2])

det D%y, = fi, in Q det D?vy, = g, in
Uk = Ug on 01, Vi = Vg on 012,

Where u (reps. 7)) are smooth approximations of of u (reps. v) on 9. In this way
uy (reps. vg) are smooth on Q (see Section 2.3) and, by [Gu, Lemmal.6.1], continuous
on  with a modulus of continuity which depends only on u (resp. v). Hence they
converge uniformly on Q to u (reps v). Thus, also 'y, —,, converges uniformly in O
to I'y—, (this easily follows by the definition of convex envelope). Moreover, it follows
easily from the definition of contact set that

lim sup 1{uk_vk:Fuk7vk} S 1{U—U=Fu—v}‘ (49)

k—o0

We now observe that the previous step applied to u; and vy gives

BTy -y, < (( det D2uk)1/n _ (det DQUk)l/n> 1wy —vp =Ty 0, } dx,

Thus, letting & — oo and taking in account Proposition 1.25 and (4.9), we obtain
(4.8). O

Proof of Theorem j.1. The L] _ convergence of uy, (resp. Vuy) to u (resp. Vu) is easy
and standard, see Lemma 2.10, so we focus on the convergence of the second derivatives.

Without loss of generality we can assume that € is strictly convex, and that ' €
(since Q — Q in the Hausdorff distance, this is always true for k sufficiently large).
Fix ¢ € (0,1), let I';,_(1_¢)u, be the convex envelope of u — (1 — €)uy, inside Q' (see
(4.3)), and define

=iz e s u(r) - (1—e)ur(z) =Ty_(1—oyu, ()}

Since uj — w uniformly in ﬁ’, Ly—(1—e)u, converges uniformly to I'c, = cu (as u is
convex) inside €. Hence, by applying Proposition 1.25 and (4.8) to u and (1 — &)ug
inside ', we get that

e" [ f=pr., ()
Q/

< liminfpp,_ ()
k—o0

1—e)uy

< lim; 1/n (1 _ 1/n n'
<limint /ﬂ » (£ = -
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We now observe that, since f; converges to f in L (Q), we have

loc
/ (fl/” —(1- E)f,i/n) - / e"f
Q’OAZ leAi

—0

<[

as k — oo. Hence, combining the two estimates above, we immediately get

f <lim inf/ 1,
Q/ k—o00 NAS

(£ = a=an") —eny

or equivalently

lim sup/ f=0.
koo JONAS

Since f > A inside  (as a consequence of the fact that fi > A inside ), this gives
klim 1\ A7 =0 Ve e (0,1). (4.10)
—00

We now recall that, thanks to Theorems 2.11 and 3.1, ug are strictly convex and belongs
to W21(€Y'). Hence we can apply (4.7) to deduce that

D*u— (1 —¢)D?u, >0  a.e. on A%
In particular, by (4.10),
Y\ {D*u> (1 —e)D*ui}| =0  as k — oo.
By a similar argument (exchanging the roles of u and wy)
Y\ {(1 —e)D?*u < D*ui}| -0  as k — oo.
Hence, if we call By}, := {:U e (1-¢)D*u, < D*u < %_EDQuk}, it holds
lim |Q'\ B| =0 Ve e (0,1).
k—o00
Moveover, by (3.2) applied to both uj and u, we have

/ | D% — Dy = / | D2 — D?uy + / | D% — Dy
o NBE QN\Bg

£
<

o [ IDPul 4 1D DP9\ B
=

IEr—

Hence, letting first k¥ — co and then sending € — 0, we obtain the desired result. [
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4.2 Proof of Theorem 4.2

In order to prove Theorem 4.2, we will need the following lemma (note that for the
next result we do not need to assume convexity of the target domain):

Lemma 4.4. Let Q1,99 C R™ be two bounded domains, and let fi, gy be probability
densities such that 0 < A < fr,gx < 1/X inside Q1 and Qg respectively. Assume that
fr — fin LY () and gp — g in LY (), and let Ty, : Q1 — Qo (resp. T : Q1 — Qo) be
the (unique) optimal transport map for the quadratic cost sending fi onto g (resp. f
onto g). Then

Ik . /
groTy goT

m Ll(Ql)

Proof. By stability of optimal transport maps (see for instance Theorem 1.14) and the
fact that fr > A (and so f > \), we know that T — T in measure (with respect to
Lebesgue) inside (.

We claim that po Ty — @ oT in L1(£2;) for all p € L°(£)3). Indeed this is obvious
if ¢ is uniformly continous (by the convergence in measure of Tj to T'). In the general
case we choose @, € C(Qz) such that [l — @y 11(q,) < 7 and we observe that (recall

that fkvf > )\a 9k, g < 1/>‘a and T#fk = Gk, T#f = g)
T
lpoTh—poTl< [ fogoTh—wgoTl+ | logoTi—woTkl7
951 (921 1951
f
+ lopoT —poT|<
o A
gk g
=/ IwnoTk—sonoTlJr/ Ison—solAJr/ lion =l
1951 Q2 Q2
2n
S/ |g0nOTk*()0nOT|+ﬁ
951

Thus

2
limsup/ lpoTy —poT| S—Z,
1951

k—o0

>

and the claim follows by the arbitrariness of n.
Since

k
/ngoTk—goTIS/ |9kOTk_goTk|Jj\+/ lgo Ty —goT|
Ql Ql

951

9k
[ la=9l%+ [ lgoTi-goT]
QQ Q1

1
< QH%—gumw/ goTh—goT],
A o
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from the claim above with ¢ = g we immediately deduce that also g o Ty, — go T in
LY().
Thanks to A < gr 0T, < 1/X and g o T}, — go T in L'(Q), it is immediate to see

that
1 1

%
gkoTy goT
Since also fr, — f in LP(€Q;) for every p, it follows that
fo
groTy  goT

in LP(€) for every p € (1,+00).

in LY(Q),

which is the desired result. O

Proof of Theorem 4.2. Since T}, are uniformly bounded in W17 (Q}) for some 7y > 1
and any ] € Q, it suffices to prove that T, — T in I/VI})CI(Ql)

Fix zp € Q1 and r > 0 such that B,.(z¢) € ;. By compactness, it suffices to show
that there is an open neighborhood U, of zy such that U,, C B,(xo) and

/ T = T| + VT — VT| = 0.
o

By Theorems 1.8 and 2.2 the maps T} (resp. T') can be written as Vuy (resp. Vu)
for some strictly convex function wuy : B, (xg) — R (resp. u : By(x9) — R). Moreover,
possibly subtracting an additive constant (which will change neither T} nor T'), one
may assume that ug(zo) = u(xo).

Since the maps Ty = Vuy are bounded (as they take values in the bounded set
Q2), by Theorem 1.14 we get that Vuy — Vu in L (B,(z0)). (Actually, if one uses
Theorem 2.1, Vuy, are locally uniformly Holder maps, so they converge locally uniformly
to Vu.) Hence, to conclude the proof we only need to prove the convergence of D?uy
to D?u in a neighborhood of .

To this aim, we observe that, by strict convexity of u (see Theorem 2.2), we can
find a linear function ¢(z) = a - z + b such that the open convex set Z := {z : u(z) <
u(zo) + £(2)} is non-empty and compactly supported inside B, 5(wo). Hence, by the
uniform convergence of uy, to u (which follows from the L{. . convergence of the gradients,
the convexity of uy and u, and the fact that ug(zo) = u(xo)), and the fact that Vu is
transversal to £ on 0Z, we get that Zy := {z : ug(2) < ux(xg) + £(2)} are non-empty
convex sets which converge in the Hausdorff distance to Z.

Moreover, by Proposition 1.23 the maps vy, := ug — £ solve in the Aleksandrov sense

kol

det D?vy, = L in 7,
v =0 on 0Zj.

Therefore, thanks to Lemma 4.4 we can apply Theorem 4.1 to deduce that D?u;, — D?u
in any relatively compact subset of Z, which concludes the proof. O






Chapter 5

The semigeostrophic equations

In this Chapter we use the Sobolev regularity of optimal transport maps proved in
Chapter 3 to show the existence of distributional solutions of the semigeostrophic equa-
tions, a simple model used in meteorology to describe large scale atmospheric flows.
The Chapter® is structured as follows: in Section 5.1 we introduce the model and
show how, thanks to a change of variable due to Hoskins, there is a natural “dual
equation” associated to it. This will also reveal the link between the semigeostrophic
equations and optimal transoprtation. In Section 5.2 we discuss the case of periodic
2-dimensional solutions, finally in Section 5.3 we discuss the case of 3-dimensional flows.

5.1 The semigeostrophic equations in physical and dual
variables

As explained for instance in [BeBr, Section 2.2] and [Loe2, Section 1.1] (see also [Cu]
and [MP]] for a more complete exposition), the semigeostrophic equations can be
derived from the 3-d Euler equations, with Boussinesq and hydrostatic approximations,
subject to a strong Coriolis force.

More precisely, with the appropriate choice of units, the semigeostrophic equations
can be written, on a domain 2, as

'&tuf + (ue - V)uf + Vpy = —Jus + myes in Q x (0,00)

ul = JVp;

Ormy + (ut . V)mt =0 in Q x (0,00) (5.1)
V-u =0 in  x [0,00)

us-vg =20 in 092 x [0, 00)

po = p° in Q.

'hased on [ACDF1, ACDF2] in collaboration with Luigi Ambrosio, Maria Colombo and Alessio
Figalli.
75
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Here p? is the initial condition for p, vq is the unit outward normal to 92, ez = (0,0, 1)7
is the third vector of the canonical basis in R?, J is the matrix given by

0 -1 0
J=111 0 0},

0 0 O
and the functions uy, p;, and m; represent respectively the velocity, the pressure and the
buoyancy of the atmosphere, while u{ is the so-called semi-geostrophic wind.? Clearly
the pressure is defined up to a (time-dependent) additive constant.

For large scale atmospheric flows the Coriolis force dominates the advection term,
hence the flow is mostly bi-dimensional, notice in fact that the third component in the
first equation of (5.1) is just the “hydrostatic balance” dsp; = my, see [Cu, MPI].

For this reason, in the next section, we start considering the technically simpler
case of the 2-dimentional periodic setting:

oud + (uy - V)ui + Vp = —Juy in T? x (0, c0)

uf(z) = JVpi(x) in T? x (0, c0) (5.2)
V- ui(z) =0 in T? x (0, c0) '
po = p° in T2.

This time J is the 7 /2-rotation matrix given by

0 -1
().
Let us now focus for a moment on the 3-dimensional case and on some formal
computation. If we introduce the “geopotential” (see [MP]])

1
P, :=p + 5(3}% + x3), (5.3)
equation (5.1), can be rewritten as

WVP;,+ (uy-V)VP, = J(VP, — x)
Vou =0

u-vg =0

Py=p° + L(2} + 23).

(5.4)

Cullen stability principle (see [Cu, Section 3.2]) asserts that for a physically admissible
solution P; should be a convex function for every time.

*We are using the notation f; to denote the function f(,-).
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VP,

*

S
Figure 5.1: The dual change of coordinates.

Now consider the measure® p; = (VP,)3.23, then for any test function ¢ € C! we
compute

;% o(z) dpy(z) = i/ wa(tm_/vwvam)ivaud
- [ VeV R - {w) D Pity) - JTP() ~ ) dy
. / V[p(VEW))] - unly) dy + /Q Vo(VPi(y)) - J(VP(y) — ) dy

/ch J(x — VP}(x))dpi(x).
In other words, p; solves the following “dual” equation:
Dipt +V - Upe) =0
U (x) = J(x — VP (x)) (5.5)
pr = (VP £
Here P} is the convex conjugate of P, namely
P (y) = sug(y -z — Py(x)) Vy € R,
xe

Let us rewrite p; = (V)23 as (VE);pr = £3. 1If we now assume that Q is convex,
we know from the discussion in Section 1.2 that P} is an Aleksandrov solution to the

3 43 denotes the normalized Lebesgue measure on 2

fSI_Q
12

in particular we can (and do) assume without loss of generality that |Q] = 1.
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Monge-Ampére equation:
det D*P} = p;.

Thus, we can rewrite (5.5) as

(%pt + V- (thpt) =0
U (z) = J(xz — VP (z)) (5.6)
det D2P; = py.

Notice that the above equation takes the form of a continuity equation where the
velocity field is coupled with the density through a time independent elliptic PDE. The
most famous equation of this form is, probably, the 2-dimensional incompressible Euler
equation in the vorticity formulation:

8twt + V- (vtwt) =0
vy = JViy (5.7)
Wt = A¢t

Incidentally we notice here that, in 2 dimension, if we “linearize” (5.6) writing p; =
1+ ew; + o(e) and P} = |z|>/2 + ey + o(e) and we perform a time scaling t — t/e,
then, formally, w; and 1y solve (5.7), (see [Loe2] for a rigorous discussion).

As we saw the coupling between the velocity field and the density in (5.5) is non-
linear, nevertheless thanks to the continuous dependence of optimal transport maps
with respect to data it is continuous (see Theorem 1.14). This allows for existence of
solutions through, for instance, an explicit Euler scheme. More precisely in [BeBr]
Benamou and Brenier (see also [CuG, CuFe]) proved the following theorem (actually
their theorem is under slightly different assumptions, however, the proof can be adapted
verbatim to the case of general probability densities, see the sketch of the proof below)

Theorem 5.1 (Existence of solutions of (5.5)). Let Q be a bounded set Py : R — R be a
convez function such that (VPy)3.45 < 3. Then there exist conver functions Py, P} :
R3 — R such that (VP)3.23 = p.3, (VP! )ypr = £35, Ui(z) = J(z — VP (2)), and
pt s a distributional solution to (5.5), namely

/ / Ao+ Voule)  t(@) fpule) dodt + / pol@p(@)dr =0 (58)

for every ¢ € C2°(R3 x [0, 0)).
Moreover, the following reqularity properties hold:

(i) pr? € C(]0,00), Pu(R3)), where P,(R3) is the space of probability measures
endowed with the weak topology induced by the duality with Cy(R3);

(ii) Pr— Pp(0) € L2 ([0, 00), Wh®(R3)) N C([0, 00), W-" (R3)) for every r € [1,00);

loc loc loc
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(iii) [U(z)| < |z| + diam(Q) for almost every x € R3, for all t > 0.

Sketch of the proof of Theorem 5.1. Say we want to prove the existence of a solution
of (5.5) up to time 7" = 1. To do this we fix h small such that 1/h € N, and divide
[0,1] in intervals of length h:

1/h

0,1 = [ J[(k = 1)h, k).

k=1

We define approximate solutions (VP;)" and p} inductively as follows: Suppose they
are defined up to time t < (k — 1)h, then for ¢t € ((k — 1)h, kh]

(VPt*)h = (VPI:h)h where [(VPI:;h)h] ﬂpl(lk_l)h _ gg’

Opl +V - (pfUy) =0
pl such that U =J(x— (VP
Pk = 1)) = Pl 1y

In other words, for ¢ € [(k — 1)h, kh], we define the function (VP;)" to be identically
equal to the optimal transport map between p?k_l) p, and .ZS and, once constructed the

(constant in time) velocity field in the natural way, we let evolve the density p?k_l)h
according for time h according to the continuity equation. Notice that we are not
assuming that p has finite second moment, nevertheless Theorem 1.13 ensures the ex-
istence of an “optimal map” (V P} )". We remark that to be sure about existence of
well behaved solutions of the continuity equation, one has to rely on the Ambrosio-Di
Perna-Lions theory of Regular Lagrangian Flow (see [DiPL, A1, A2]). Another possi-
bility, which is the one used in [BeBr], is to regularize all the data in an appropriate
way. Finally, passing to the limit as h goes to 0 we obtain a solution to (5.5), see the
above mentioned papers for details.

O

Observe that, by Theorem 5.1(ii), t — p;.Z> is weakly continuous, so p; is a well-
defined function for every ¢t > 0.

Up to now we have rigorously proven the existence of a (distributional solution)
associated to the dual equation (5.5). It is possible from this to recover a solution to
(5.1)? Given a solution (p¢, P;*) of (5.5), we can construct the convex conjugate P; of
P}. Then an easy (formal) computation shows that the couple (p;, u;) defined by

pi(a) 1= Pu(z) - [o/2 59)
wi(x) = [ VP|(VP(2)) + [D*P)(V Pi(x)) ] (Vi) — x)
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solves (5.1). To make this computation rigorous we have to give a meaning to the veloc-
ity field. Indeed, without any assumption on the domain {2, P/ is just a convex function
and its (distributional) Hessian is merely a matrix valued measure (see Appendix A).
Moreover we need also to understand the regularity of the term [0,V P/|(V P;(x)). This
will be done in the subsequent sections thanks to the Sobolev regularity of optimal
transport maps established in Chapter 3.

5.2 The 2-dimensional periodic case

In this section we establish the first rigorous result about existence of distributional
solution of (5.2) in the 2-dimensional periodic case.* Namely we prove that the velocity
field u; defined in (5.9) is a well defined L' function and that the couple (p;, u;) is a dis-
tributional solution of (5.2). Finally, in the last part of the Section, we also show that,
although u; is merely a summable vector field, associated to it there is a natural notion
of measure preserving flow, thus recovering the result of Cullen and Feldman [CuFe]
on the existence of Lagrangian solutions to the Semigeostrophic Equations in physical
space.

We now want to define the notion of distributional solution to the semigeostoprophic
equations. Notice that in the 2-periodic setting we cannot give a distributional meaning
o (5.4), indeed the function VP, should be thought as map from the torus into itself,
namely VP, = exp,(Vp:) (see Theorem 5.4 below). Since there is no natural notion
of duality with test functions for maps with value in a manifold, we prefer to write an
equation for vector fields for which is easier to give a weak meaning. Notice, instead,
that the notion of distributional solution to (5.5) introduced in Theorem 5.1 makes
perfectly sense on the torus since the term z — VP is actually a vector field, namely
the gradient of the map pj, the d%rconjugate of p¢, see Section 1.3 and Theorem 5.4
below. Moreover, thanks to Theorem 5.4, the proof of the existence of a (periodic)
solution to (5.5) is exactly the same of Theorem 5.1.

Substituting the relation uf = JVp; into the equation, the system (5.2) can be
rewritten as

8tJth + JDthut + th + Jut =0
po =1’

with u; and p; periodic.

Thus the natural notion of distributional solution is the following;:

Definition 5.2. Let p: T? x (0,00) — R and u : T2 x (0, 00) — R2. We say that (p, u)
is a weak Eulerian solution of (5.10) if:

4See however [Loe2] , where a small time existence result for periodic smooth solutions of (5.5) is
proven: it is clear from the proof below the smooth solutions of the dual equation can be transformed
in solutions to the original Equation (5.2)
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- |u] € L®((0,00), L' (T?)), p € L=((0, 00), W(T?)), and py(x) +|z[*/2 is convex
for any t > 0.

- For every ¢ € C2°(T? x [0,00)), it holds

/OOO /TZ Jth(x){c?tcf?t(x) + w(z) - VCbt(x)} — {th(x) + J’u,t(gj)}qﬁt(g;) da dt

+/ IVpo(x)po(x)dr =0. (5.11)
T2
- For a.e. t € (0,00) it holds

Vip(x) - u(z)de =0 for all ¢ € C°(T?). (5.12)
T2

We can now state our main result.

Theorem 5.3. Let py : R? — R be a Z>-periodic function such that po(z) + |z|?/2
is conver, and assume that the measure (Id+Vpg)sL? is absolutely continuous with
respect to £? with density py, namely

(1d +Vp)s-L? = poL>.

Moreover, let us assume that both py and 1/pg belong to L>=(R?).

Let p; be the solution of (5.5) given by Theorem 5.1 and let P; : R? — R be the
(unique up to an additive constant) convex function such that (VP,)3.2* = p.2? and
Py(z)—|x|?/2 is Z*-periodic (see Theorem 5.4 below), Py : R? — R its convex conjugate.

Then the couple (pt,us) defined in (5.9) is a weak Eulerian solution of (5.10), in
the sense of Definition 5.2.

Before starting the proof of the above Theorem, we recall the following key theorem,
due to Cordero-Erausquin [Co] about existence (and regularity) of optimal transport
maps for periodic measures. It is actually a corollary of the more general Theorem
1.29, but it can be also proven directly.

Theorem 5.4 (Existence of optimal maps on T2). Let u and v be Z2-periodic Radon
measures on R? such that 1([0,1)%) = v([0,1)2) = 1 and let u = pL? with p > 0 almost
everywhere. Then there exists a unique (up to an additive constant) convex function
P :R? = R such that (VP)yu = v and P — |z|*/2 is Z*-periodic. Moreover

VP(z+h)=VP(zx)+h  foraexzecR? YhecZ? (5.13)

2
|VP(z) — z| < diam(T?) = \2[ fora.e.z € R2. (5.14)
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In addition, if p = pL?, v = 0.2, and there exists a constant 0 < X\ < 1 such that
A< p,0 <1/, then P is a strictly convex Aleksandrov solution of

det D*P(z) = f(x), with f(x) = a(é(g()x))'

Proof. By Theorem 1.29 we know the existence of a unique transport map 7' = exp(Vp)
for some d2T2—convex function p. Since the exponential map on the torus is given by

exp,(v) =z +v mod Z?,

to prove the first part we only have to show that (identifying periodic functions with
functions defined on the torus)

P convex = d2,-convex
p:=P—|z[?/2 periodic b dre '
To see this, observe that, under our assumption, also p*(y) := P*(y) — |y|?/2 is Z?*-
periodic. Hence, since
P(z) = sup z -y — P*(y),
yeR?

we get that the function p(z) = P(x) — |2|?/2 satisfies

ple) = sup (-~ LE = gy« 1)

B2 2 2
ly + h — z|?
yes[g%? hS;lZ% < 2 P (y+ )
d2y(z,y)
_ B AN
= ysgﬂg ( 5 P (y)>,

where we used that p*(y) is Z2-periodic and that the geodesic distance on the flat torus
is given by
dr2(z,y) = inf |y —x + hl.
r2(2,y) = Inf [y \

This proves the claim and that p* is its d%z—conjugate. The fact the P; is a Aleksandrov
solution to the Monge-Ampere equation follows by the arguments of Section 1.2. [

Since P is an Aleksandrov solution to the Monge Ampere equation, the results in
Chapters 2 and 3 apply, yielding the following:

Theorem 5.5 (Space regularity of optimal maps on T?). Let p = p.£2, v = 0.2, and
let P be as in Theorem 5.4 with fTQ Pdx =0. Then:
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(i) P € CYP(T?) for some B = B()\) € (0,1), and there exists a constant C = C(\)
such that
|Plleas < C.

(ii) P € W*L(T?), more precisely there exist a constant C = C()\) and an exponent
Yo = Yo(A) > 1 such that

|D*P| dx < C.
T2

(iii) If p, o € CF*(T?) for some k € N and o € (0,1), then P € C*+2(T2) and there
exists a constant C = C(X, ||pl|cka, ||o]|cre) such that

HPHCk+2,a < C.

Moreover, there exist two positive constants c; and ca, depending only on A,
llpllco.e, and ||o||co.a, such that

cld < D*P(z) < cld  VzeT2

5.2.1 The regularity of the velocity field

The following proposition, which provides the Sobolev regularity of ¢t — VP, is our
main technical tool. Notice that, in order to prove Theorem 5.3, only finiteness of
the left hand side in (5.15) would be needed, and the proof of this fact involves only
a smoothing argument, the Sobolev regularity estimates of Chapter 3, collected in
Theorem 5.5(ii), and the argument of [Loel, Theorem 5.1]. However, the continuity of
transport map in the strong Sobolev topology proved in Chapter 4 allows to show the
validity of the natural a priori estimate on the left hand side in (5.15).

Proposition 5.6 (Time regularity of optimal maps). Let p; and P, be as in The-
orem 5.1. Then VP € VVl})’Cl(TQ x [0,00); R?), namely there exist constants C(\)
Yo = Y0(A) such that, for almost every t > 0,

270
/ pt| OV P |0 da
T2
<C(N) (/ pt| D* P} dx + esssup (p¢|Uy|?) / |D?P;| d:L‘). (5.15)
T2 T2 T2

To prove the above Proposition we need to understand, in the smooth setting, what
is the regularity of the map ¢t — VP,.

Lemma 5.7 (Space-time regularity of transport). Let k € NU{0}, and let p € C>°(T? x
[0,00)) and U € C*°(T? x [0,00); R?) satisfy

0< A< p(x) <1I/A< 0 VY (z,t) € T? x [0, 00),
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8tpt + V- (thpt) =0 m TZ X [0, OO),

and fTQ prdxr =1 for allt > 0. Let us consider convex conjugate maps Py and P} such
that Py(z) — |2|?/2 and P} (y) — |y|*/2 are Z*-periodic, (V P} )ypr = Lis, (VP)3L0% =
pt- Then:

(i) P — f412 P} € Lipioc([0, 00); C*(T?)) for any k € N.
(i) The following linearized Monge-Ampére equation holds:

V- (pe(D*PF) 'O,V P) = =V - (plhy). (5.16)

Proof. Let us fix T' > 0. From the regularity theory for the Monge-Ampere equation
(see Theorem 5.5) we obtain that P, € C°°(R?), uniformly for ¢ € [0, 7], and there exist
universal constants ¢y, co > 0 such that

c1ld < D?Pf(z) < cold Y (z,t) € T? x [0,T]. (5.17)

Since V P} is the inverse of VP;, by the smoothness of P, and (5.17) we deduce that
Py € C*(R?), uniformly on [0, T].

Now, to prove (i), we need to investigate the time regularity of P;" — fTQ Py. More-
over, up to adding a time dependent constant to P;, we can assume without loss of
generality that [1, P/ =0 for all . By the condition (VP})sp; = 3%2 we get that for
any 0 < s,t <T and x € R? it holds

ps(x) — pr(x) _ det(D?Pi(x)) — det(D*P/ (z))

s—1 s—t
2 1 * *
det 0;; P, — 04 P,
= 0det (| 2 pe(a) + (1 — 1) D2 () dr | 2525 @) = Ol (@)
= 0 0&; s—1
2,J=1
(5.18)
Recall that, given a symmetric invertible matrix A € R?*2,
ddet(A
9 _ pris(4), (5.19)
3

where M (A) is the cofactor matrix of A, i.e. the one which satisfies the identity
M(A) = det(A) AL (5.20)
Moreover, if A satisfies ¢qId < A < ¢o1d for some positive constants c1, co, then

c11d < M(A) < e 1d. (5.21)
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Hence, from (5.18), (5.19), (5.17), and (5.21), it follows that

Ps — Pt _ (/ M;j(rD2P? + (1 — 1)D*P} )d7> 0i; <P'°‘_Pt>, (5.22)

s—t s—1t

i,7=1
with .
c1ld < / M;;j(tD*Pf + (1 — 7)D*P})dr < c21d
0

Since D?P} is smooth in space, uniformly on [0,7], by classical elliptic regularity
theory® it follows that for any & € N and a € (0,1) there exists a constant C :=

C(ll(ps = pt)/ (s = )l cr.ar2x(0,77)) Such that

|- rrte e

s—1 Ch+2.0(T2)

This proves point (i) in the statement. To prove the second part, we let s — ¢ in (5.22)

to obtain )

Oipr = Y Mij(D?Pf (x)) 0,0; P (). (5.23)
i,j=1
Taking into account the continuity equation and the well-known divergence-free prop-
erty of the cofactor matrix

> 0iM;(D*Pr(x) =0,  j=1,2,
we can rewrite (5.23) as

(Uipr) = Z 0;(Mij(D*P; (x)) 0:0; P/ ().

i,j=1

Hence, using (5.20) and the Monge-Ampere equation det(D?P}) = p;, we finally get
(5.16). 0

Proof of Proposition 5.6. We closely follow the proof of [Loel, Theorem 5.1], and we
split the proof in two parts. In the first step we assume that

pi € C°(T? x R), Uy € C°(T? x R;R?), (5.24)
0<A<p<1/A< o0, (5.25)
Ohpt +V - Up) =0, (5.26)
(VP25 = pi25%, (5.27)

®Note that equation (5.18) is well defined on T? since P;; — P is Z*-periodic. We also observe that
Py — P! has average zero on T?.
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and we prove that (5.15) holds for every ¢t > 0. In the second step we prove the general
case through an approximation argument.

Step 1: The regular case. Let us assume that the regularity assumptions (5.24),
(5.25), (5.26), (5.27) hold. Moreover, up to adding a time dependent constant to P,
we can assume without loss of generality that sz P = 0 for all ¢t > 0, so that by
Lemma 5.7 we have §;P; € C*(T?). Fix t > 0. Multiplying (5.16) by 0;P; and
integrating by parts, we get

/2 p | (D2PF) Y20,V PF|? de = /2 iV P} - (D*PF) 19,V P} dx
T T

(5.28)
= —/ ptatVPt* . th dz.
T2

(Since the matrix D?P,*(x) is nonnegative, both its square root and the square root
of its inverse are well-defined.) From Cauchy-Schwartz inequality it follows that the
right-hand side of (5.28) can be rewritten and estimated with

o / ptatvpt* . (D2P15*)71/2(D2Pt*)1/2ut dr
T2

1/2 1/2 (5.29)
<< / pt|(D2Pt*)_1/28tVPt*|2dac) < / pt|(D2Pt*)1/2th]2d:U> .
T2 T2

Moreover, the second factor in the right-hand side of (5.29) can be estimated with
/ pid; - D* PfU; do < max (pt|l/lt|2) / |D?P}| da. (5.30)
T2 T2 T2

Hence, from (5.28), (5.29), and (5.30) it follows that

/ pe| (D*P) 129,V Py |? dx < max (pe[tde]?) / |D?P}| da. (5.31)

T2 T2
We now apply Young’s inequality
e 2 2
(ab)THo < C(a™° 4+ b%),

with @ = |(D?P;})Y/?| and b = |(D?*P})~Y/29,VP*(z)| to deduce the existence of a
constant C' such that

270
V|50 < C (DR + (D2 Py 20,V Py )

= C (ID*P/ [ +|(DP}) 20,V ).
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Integrating the above inequality over T? and using (5.31), we finally obtain
290
/ pt|ONV Py |70 dx
T2

<C 2 p* |0 2 px\—1/2 %2

< pe| DP | de + | p|(D°P;) 20,V P} |* dx (5.32)
T2 T2

<C (/ pie| D P[0 dzx + max (Pt|ut‘2) / |D*FY| d37> )
T2 T2 T2

which proves (5.15).

Step 2: The approximation argument. First of all, we extend the functions p; and
U, for t < 0 by setting p; = pg and Uy = 0 for every t < 0. We notice that, with this
definition, p; solves the continuity equation with velocity U; on R? x R.

Fix now o1 € C®(R?), g9 € CX(R), define the family of mollifiers (0™),cy as
o™(x,t) := n3o1(nx)oe(nt), and set

, _ (pU) x o™
Since A < p < 1/ then

A< pt<1/\

Therefore both p™ and U™ are well defined and satisfy (5.24), (5.25), (5.26). Moreover
for every t > 0 the function p! is Z2-periodic and it is a probability density when
restricted to (0,1)? (once again we are identifying periodic functions with functions
defined on the torus). Let P;* be the only convex function such that (VP}")y.Z2 = p}
and its its convex conjugate P;** satisfies [ P/"* = 0 for all ¢ > 0. Since pj" — p; in
LY(T?) for any t > 0 (recall that, by Theorem 5.1(ii), p; is weakly continuous in time),
from Theorem 1.14 it follows that

VP™ VP  in L'(T?) (5.33)

for any ¢ > 0. Moreover, by Theorems 5.4 and 5.5(ii), there exist constants C, 7o
depending only on A such that

[ e <,
T2
and by Theorem 4.1, it follows that (taking v slightly smaller than the optimal one):

/T DR e [ gD da (5.34)

/ |D2P/™| do — / |D?P}| d. (5.35)
T2 T2
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Finally, since the function (w,t) — F(w,t) = |w|?/t is convex on R? x (0, c0), by Jensen
inequality we get

" U Plloe = 1 (0"U", p") oo < llpIth]?|oc- (5.36)

It is clear that p?d; V P** weakly converge in L*(T? x [0, T]) to p;0;V P} for every T > 0.
Taking (5.34), (5.35), (5.36) and (5.37) into account, and applying Stepl to pi', U} we

deduce that, for every test functions ¢(t), ¢(x) with ¢ positive, [ "P|”° T dy <1,6

/ - o(t)p(x)pr0V P dxdt = lim o(t)p(x)py 0V P dxdt

n—oo T2

n—oo

T
< C(N) liminf/ ¢(7f)/ pm&gVPt”*]l“VO dxdt
0 T2

T
< C(\) liminf/ H(t) (/ PP D2 PP da + max (p,?yum?)/ |D2Pt”*|dx> dt
0 T2 T2 T2

n—oo

T
—C’()\)/ B(t) (/ ptyD2Pt*Woda;+max(pt\ut|2)/ |D2Pt*da:) dt.
0 T2 T2 T2
(5.37)

2o
An easy density argument based on the separability of L -1 thus implies that, for
almost every t € [0, 7],

/ epO VP dx < C(X) </ pi| D* P[0 dz + max (pt’ut‘Q) / |D*Fy| dx)
T2 T2 T2 T2

2
for all ¢ such that [ |<p|%d:c < 1, from which the desired result follows (see the
footnote at the end of the page). O

It is clear from the proof of Proposition 5.6 that the particular coupling between the
velocity field U; and the transport map P; is not used. Actually, using Theorem 5.5(ii),
and arguing again as in the proof of [Loel, Theorem 5.1], the following more general
statement holds (compare with [Loel, Theorem 5.1, Equations (27) and (29)]):

Proposition 5.8. Let p; and v; be such that 0 < A < p; < 1/X < 00, vy € LS
[07 OO)’RQ)) and

(T? x

loc

Otpt +V. ('Ut,()t) = 0.
Assume that [po prdz =1 for allt >0, let P; be a convex function such that

(VP Le = p L,

5Notice that, since A < pi* < 1/, all the Lebesgue spaces LP(pydx), LP(pidz) are isomorophic to
LP(dx) with constants depending only on A.
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and denote by Pj ils convexr conjugate.
Then VP; and V P} belong to I/Vlicl(”]I‘2 x [0,00); R?). Moreover there exists a con-
stants C(X\) and vo(X) > 1 such that, for almost every t > 0,

270
/ pe| OV P70 da
TQ

< C(N) (/T2 pt| DEPF dz + ess 8%121) (pelve]?) /T2 |D2P}| dﬂf). (5.38)

270
/ 10,V P,| 70 da
’]1‘2

< C(N) /pt]DQPtPOda;—i—esssup(pt]vtIZ)/ |D?Py|dz |. (5.39)
T2 T2 T2

Proof. We just give a short sketch of the proof. Equation (5.38) can be proved following
the same line of the proof of Proposition 5.6. To prove (5.39) notice that by the ap-
proximation argument in the second step of the proof of Proposition 5.6 we can assume
that the velocity and the density are smooth and hence, arguing as in Lemma 5.7, we
have that P, P} € Lipy..([0,00), 0% (T?)). Now, changing variables in the left hand
side of (5.31) we get

J.

Taking into account the identities

- 2
(PPN R)) VR (VR)| de < max (pforf?) / D?Pi|dz. (5.40)
T

[D*PY(VP) = (D*R)""  and  [0,VP(VP) + [D*F)(VE)&V P, =0

which follow differentiating with respect to time and space VP o VP, = Id, Equation
(5.40) becomes

((D?P,)~ Y28,V P, dz < max (pt|’Ut|2) / |D?P}| da.
T2 T? T2

At this point the proof of (5.39) is obtained arguing as in Proposition 5.6. O

5.2.2 Existence of an Eulerian solution

In this section we prove Theorem 5.3. In the proof we will need to test (5.5) with
functions which are merely W', This is made possible by the following lemma.

Lemma 5.9. Let p; and P; be as in Theorem 5.1. Then (5.8) holds for every ¢ €
WHL(T? x [0,00)) which is compactly supported in time. (Now @o(x) has to be under-
stood in the sense of traces.)
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Proof. Let ¢" € C>(T? x [0,00)) be strongly converging to ¢ in Wl so that ¢f
converges to o in L'(T?). Taking into account that both p; and U, are uniformly
bounded from above in T? x [0, c0), we can apply (5.8) to the test functions ¢" and let
n — oo to obtain the same formula with . O

Proof of Theorem 5.3. First of all notice that, thanks to Theorem 5.5(i) and Proposi-
tion 5.6, it holds |[D2P;|, |8;VF}| € L2 ([0, 00), L*(T?)). Moreover, since (VP,;);. 22 =

prLs, it is immediate to check the function w in (5.9) is well- deﬁned7 and |u| belongs
tO Lﬁi([o 00), L'(T?)).

Let ¢ € C°(R? x [0,00)) be a Z2-periodic function in space and let us consider the
function ¢ : R? x [0,00) — R? given by

eu(y) = J(y — VP ()6 (VP} (y)). (5.41)

By Theorem 5.4 and the periodicity of ¢, o:(y) is Z2-periodic in the space variable.
Moreover ¢, is compactly supported in time, and Proposition 5.6 implies that ¢ €
WHHR? x [0,00)). So, by Lemma 5.9, each component of the function ¢;(y) is an
admissible test function for (5.8). For later use, we write down explicitly the derivatives
of ¢:

Ovpr(y) = =JO VP (y)de (VP (y) + J(y — VP (y))[0ede] (VP (y))+
+J(y — VP ) ([Véd (PF(y)) - VP (y)),

)
Vi(y) = J(Id — D*P;(y))¢«(VPF (y) + J(y — VP (y) © (VT ¢ (P (y)) D2 P (y)).

(5.42)
Taking into account that (VFP;);%8 = p.Z% and that [VP](VP(z)) = = almost
everywhere, we can rewrite the boundary term in (5.8) as

/ co(y)poly) dy = / J(VPy(z) — 2)o(x) di = / IVpo(@)éo(x) de.  (5.43)
’[[‘2 ’]I‘Q ']T2

In the same way, since Us(y) = J(y — VP (y)), we can use (5.42) to rewrite the other
term as

/Oo T2 8t(pt(y) + Ver(y) ’ut(y)}pt(y) dy dt

/ /T TV P (VP(2)) i) + J(VPy(x) — 2)dh ()
+ J(VPi(z) — x)(Vou(x) - [0, VP|(VPi(x)))

+ [J(Id — D*P}(VPy(z)))¢e(2) + J(VPy(z) — x) @ (VI ¢e(2) D* P} (VPy())) ] J(VPy(z)

(5.44)

"Note that the composition of D? P} with V P; makes sense. Indeed, by the conditions (VP L% =
prLis < L, if we change the value of D P} in a set of measure zero, also [D?P;](V P;) will change
only on a set of measure zero.

)
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which, taking into account the formula (5.9) for u, after rearranging the terms turns
out to be equal to

/Ooo /Tz {IVpe(2)(8edt(2) + ue(z) - Vor(2)) + (=Vpe(z) — Jug(z)) ge(z) ) (5.45)

Hence, combining (5.43), (5.44), (5.45), and (5.8), we obtain the validity of (5.11).
Now we prove (5.12). Given ¢ € C°(0, 0) and a Z?-periodic function ¢ € C*®(R?),
let us consider the function ¢ : R? x [0,00) — R defined by
pi(y) = ¢) (VP (y)). (5.46)

As in the previous case, we have that ¢ is Z?-periodic in the space variable and ¢ €
WHL(T? x [0,00)), so we can use ¢ as a test function in (5.12). Then, identities
analogous to (5.42) yield

0= [ [ 10ei) + Terlo) -t} o)yt

_ /OOO & (1) /W@z;(x) de dt

+ / h B(t) / {vmx) -V P (VPy(z)) + VIep(x)D* P (VPi(x))J (VPi(z) — x)} da dt
0 T2

= / o(t) | Vi(z) - u(x)dzdt.
0 T2
Since ¢ is arbitrary we obtain
Vi(x) - ue(x)de =0 for a.e. t > 0.
TQ

By a standard density argument it follows that the above equation holds outside a
negligible set of times independent of the test function v, thus proving (5.12). O

5.2.3 Existence of a Regular Lagrangian Flow for the semigeostrophic
velocity field

We start with the definition of Regular Lagrangian Flow for a given vector field b,
inspired by [A1l, A2]:

Definition 5.10. Given a Borel, locally integrable vector field b : T2 x (0, 00) — R2,
we say that a Borel function F : T? x [0,00) — T? is a Regular Lagrangian Flow (in
short RLF) associated to b if the following two conditions are satisfied.

(a) For almost every z € T? the map t +— Fy(x) is locally absolutely continuous in
[0, 00) and

Fi(z) = o + /0 Cbu(Fa@))de Vi€ [0,00). (5.47)
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(b) For every t € [0,00) it holds (F})y %8 < CZ2, with C € [0,00) independent of
t.

A particular class of RLFs is the collection of the measure-preserving ones, where
(b) is strengthened to

Notice that a priori the above definition depends on the choice of the representative of
b in the Lebesgue equivalence class, since modifications of b in Lebesgue negligible sets
could destroy condition (a). However, a simple argument based on Fubini’s theorem
shows that the combination of (a) and (b) is indeed invariant (see [A1, Section 6]): in
other words, if b = b ae. in T2 x (0,00), then every RLF associated to b is also a RLF
associated to b.

We show existence of a measure-preserving RLF associated to the vector field u
defined by

wi(x) = [0 VP|(VP(2)) + [D*P|(VPi(2))J (VPy(z) — ), (5.48)

where P, and P; are as in Theorem 5.3. Recall also that, under these assumptions,
ful € Lz, (0, 00), LN (T2)).

Existence for weaker notion of Lagrangian flow of the semigeostrophic equations
was proved by Cullen and Feldman, see [CuFe, Definition 2.4], but since at that time
the results of [DF1] were not available the velocity could not be defined, not even as a
function. Hence, they had to adopt a more indirect definition. We shall prove indeed

that their flow is a flow according to Definition 5.10.

Theorem 5.11. Let us assume that the hypotheses of Theorem 5.3 are satisfied, and
let P, and P} be the convex functions such that

(VP) 3Ll = ppLite, (VP )yprlie = L.

Then, for u; given by (5.48) there exists a measure-preserving Regular Lagrangian Flow
F associated to uy. Moreover F' is invertible in the sense that for all t > 0 there exist
Borel maps Fy such that F}(Fy) = 1d and F,(F}) =1d a.e. in T2

Proof. Let us consider the velocity field in the dual variables U (z) = J(x — VP}(x)).
Since P} is convex, U; € BV (T?;R?) uniformly in time (actually, by Theorem 5.5(ii)
U, ¢ WhH(T?;R?)). Moreover U; is divergence-free. Hence, by the theory of Regu-
lar Lagrangian Flows associated to BV vector fields [A1, A2], there exists a unique
measure-preserving RLF G : T? x [0, 00) — T? associated to U. We remark that the
uniqueness of Regular Lagrangian Flows has to be understood in the following way:
if G1,Ga : T? x [0,00) — T? are two RLFs associated to U, then the integral curves
G1(-,z) and Ga(-,x) are equal for £?-a.e. x.
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We now define®
Fy(y) == VP (G{(VPo(y)))- (5.49)

The validity of property (b) in Definition 5.10 and the invertibility of F' follow from the
same arguments of [CuFe, Propositions 2.14 and 2.17]. Hence we only have to show
that property (a) in Definition 5.10 holds.

Let us define Q™ := Bx*c™, where B is a Sobolev and uniformly continuous extension
of VP* to T? x R, and ¢ is a standard family of mollifiers in T? x R. It is well known
that Q" — VP~ locally uniformly and in the strong topology of I/Vlicl (T? x [0, 00)).
Thus, using the measure-preserving property of Gy, for all T' > 0 we get

T
0= lim /2/ {]Q?—VPt*|+|8tQ?—6tVPt*|+|VQ?—D2Pt*\}dydt
T=J0

n—oo

T
— lim /T 2 /0 [1Q1(G) — VB (G| + 1QE)(G) — [V B (G

n—0o0

+[VQI(Gy) — [DZPg"](Gt)\} da dt.

Up to a (not re-labeled) subsequence the previous convergence is pointwise in space,
namely, for almost every = € T2,

T
/ {IQ?(Gt(x)) — VP (Gi(@))| + [[0:Q71(Ge(w)) — [0: VP |(Ge ()]
0 (5.50)

+ [VQEN(Gil(a)) — D) (Gel@))] | dt — .
Hence, since G is a RLF and by assumption
(VP) L < L2,

for almost every y we have that (5.50) holds at = V Py(y), and the function t — G(x)
is absolutely continuous on [0, 7], with derivative given by

%Gt(:c) =U(G(x)) = J(Gi(z) — VP (Gy(x))) for a.e. t € [0,T].

Let us fix such an y. Since Q" is smooth, the function Q7 (G¢(x)) is absolutely contin-
uous in [0,7] and its time derivative is given by

%(Q?(Gt(x))) = [0QY(Ge(2)) + [VQI(Gi(x)) J(Gi(x) — VP (Gi(x))).

8Observe that the definition of F' makes sense. Indeed, by Theorem 5.5(i), both maps VP and V P}
are Holder continuous in space. Morever, by the weak continuity in time of ¢ — p; (Theorem 5.1(ii))
and the stability results for Aleksandrov solutions of Monge-Ampere, VP* is continuous both in space
and time. Finally, since (VPo)ui”TQz < f%z, if we change the value of GG in a set of measure zero, also
F will change only on a set of measure zero.
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Hence, since J(G¢(x) — VP (Gi(z))) = U(G¢(x)) is uniformly bounded, from (5.50) we
get

lim 4 (Qr(Gu())) = [V EI(G()

n—oo dt
+ [D?*P/](Gi(2))J (Gi(x) — VB (Gy(x))) :=vi(y)  in L0, T).
(5.51)

Recalling that
Jim Q7 (Gu(a)) = VR (Gu(@)) = Fity) vt e 0.7,

we infer that F(y) is absolutely continuous in [0, 7] (being the limit in W1(0,T) of
absolutely continuous maps). Moreover, by taking the limit as n — oo in the identity

Q1 (Gifa)) = Qi(Gola)) + [ T (QHG(a) ar.

thanks to (5.51) we get

Fu(y) = Foly) + /0 vr(y) dr. (5.52)

To obtain (5.47) we only need to show that v.(y) = w:(Fi(y)), which follows at once
from (5.48), (5.49), and (5.51).
0

5.3 The 3-dimensional case

In this Section we study (5.1) (and its equivalent counterpart (5.10)) in the physical
space R3. The scheme of the proof is the same of the previous section and we will just
highlight the main differences through the proofs.

We start noticing the following difficulty in carrying over the strategy of the previous
section: if in (5.5) we start with a compactly supported density py, there is no reason
for the set {p; > 0} to be open. Indeed, a priori, U; is only known to be in BV and
this is not enough to ensure that {p; > 0} is open.

In order to overcome this difficulty we will consider probability measures pg =
(VPg)ﬁfé’ supported on the whole R and decaying fast enough at infinity. It turns
out that these conditions are stable in time along the evolution of (5.5) and allow us
to perform a suitable regularization scheme.

We conclude noticing that it would be extremely interesting to consider compactly
supported initial data py = (VPO)ﬁZS. However, overcoming the above mentioned
difficulties, seems to require completely new ideas and ingredients.

Let us start giving the definition of distributional solution in this case:
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Definition 5.12. Let P : Qx [0,00) — R and u : Q x [0,00) — R3. We say that (P, u)
is a weak Eulerian solution of (5.10) if:

- Ju| € L2 ((0,00), LL (), P € LS ((0,00),VVI£’(?°(Q)), and P;(z) is convex for

loc loc

any t > 0.

- For every ¢ € C°(2 x [0,00)), it holds

/000 /Q VPt(l"){atéf)t(x) + () - V¢t($)}
+ J{VPt(x) - x}d),g(x) da dt + /Q V Po(z)¢o(x) dz = 0. (5.53)
- For a.e. t € (0,00) it holds

/ Vip(z) - ug(x)de =0 for all p € C°(Q). (5.54)
Q

This definition is the classical notion of distributional solution for (5.4) except for
the fact that the boundary condition u; - v = 0 is not taken into account. In this
sense it may look natural to consider 1 € C*°(Q) in (5.54), but since we are only able
to prove that the velocity wu; is locally in L', Equation (5.54) makes sense only with
compactly supported . On the other hand, exactly as in Section 5.2.3 we can build a
measure preserving Lagrangian flow F; : 2 — ) associated to u;, and such existence
result can be interpreted as a very weak formulation of the constraint u; - v = 0.

As pointed out to us by Cullen, this weak boundary condition is actually very nat-
ural: indeed, the classical boundary condition would prevent the formation of “frontal
singularities” (which are physically expected to occur), i.e. the fluid initially at the
boundary would not be able to move into the interior of the fluid, while this is allowed
by our weak version of the boundary condition.

The following Theorem is the main result of this Section:

Theorem 5.13. Let Q C R? be a convex bounded open set, and let fg be the normalized
Lebesque measure restricted to ). Let py be a probability density on R® such that
po € L®(R3), 1/py € L° (R3) and

loc

lim sup (po(:v)|x|K) < 00

|z|—o0

for some K > 4. Let p; be a solution of (5.5) given by Theorem 5.1, P : R® — R the
unique convex function such that

Pf(0)=0 and (VPt*)ti(Ptgg) =75,

and let P, : R? — R be its convex conjugate.
Then the vector field u, in (5.9) is well defined, and the couple (Py,u;) is a weak
Eulerian solution of (5.4) in the sense of Definition 5.12.
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The proof of the above Theorem follows the same lines of the proof of Theorem
5.3. Indeed, once we have shown that the velocity field wu; is in Li () and the map

loc
(x,t) = VP (z) is in VVlicl, we can test (5.5) with the functions

or(y) = yde(VP (y) ¢ € C°(Q2 x [0,00)

and
er(y) = oWV (y) ¥ e (V).

The same computations of the proof of Theorem 5.3 show that the couple (P, u,) is a
distributional solution of (5.10). The rest of the Section is hence devoted to show the
above mentioned regularity, summarized in Proposition 5.17.

We start recalling the following classical Theorem for optimal maps between convex
sets. All the statements with the exception of the last one (which we comment below)
can be deduced by the results in Chapter 2 and 3.

Theorem 5.14 (Space regularity of optimal maps between convex sets). Let g, 1 be
open sets of R3, with Qy bounded and convex. Let p = p.2> and v = 0.2 be probability
densities such that u(Qp) =1, v(Q1) = 1. Assume that the density p is locally bounded
both from above and from below in £y, namely that for every compact set K C ) there
exist A\g = No(K) and Ao = Ao(K) satisfying

0< X <plx) <A VzekK.

Futhermore, suppose that \1 < o(x) < Ay in Q1. Then the following properties hold
true.

(i) There exists a unique optimal transport map between p and v, namely a unique
(up to an additive constant) convex function P* : Qo — R such that (VP* )y = v.
Moreover P* is a strictly convexr Aleksandrov solution of

det D*P*(z) = f(x), with f(x) = (%.

(ii) P* € VVfocl(Qo) N Cllo’f(Qo). More precisely, if Q € Qg is an open set and 0 <
A< plxr) <A< oo inQ, then for any k € N there exist constants C1 =
Cl(k‘,Q,Ql,)\,A,)\l,Al), B = 5()\,[\,)\1,/\1), and CQ = CQ(Q,Ql,)\,A,)\l,Al)
such that

/ |D*P*|logh |D*P*|dx < Oy,
Q

and
[1P*[c1s(0) < Co.
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(iii) Let us also assume that g, Q1 are bounded and uniformly convex, 0y, 0 €
C?*L pe CH(Qg), o € OV (), and Ng < p(z) < Ag in Q. Then

P* e C3*(Q) NC*Y(Qy) Vac(01),

and there exists a constant C' which depends only on «, Qo, 1, Ao, A1, ||pllcrs ||o]|cin
such that
[P [|cs.a(00) < C and 1P|l c2.o(my) < C-

Moreover, there exist positive constants c¢1 and co and Kk, depending only on
A0s A1, ||pllcoe, and ||o||co.a, such that

c1Id < D?P*(z) < cpld Ve Qo

and
v, (VP*(x)) -vg,(x) > Kk Yz € dp. (5.55)

Some comments are in order. The regularity up to the boundary and the oblique
derivative condition of the third statement have been proven by Caffarelli [CaT7] and
Urbas [U2], in particular the oblique derivative condition (5.55) shall be thought as a
“ellipticity “ condition up to the boundary. More precisely, under this assumption the
linearized operator associated to the second boundary value problem for the Monge-
Ampére equation:

det D?u = f in
VU(Ql) = QQ,

is strongly elliptic (see the proof of Lemma 5.15 below). This allows to use the conti-
nuity method outlined in Section 2.3 to find existence of smooth solutions of the above
equation, see [U2].

Finally we notice that in point (ii) we have only mentioned the Llog L integrability
of D?P* obtained in Theorem 3.1, clearly the optimal statement in view of Theorem
3.2 would have been:

(ii’) For every Q @ Qp and 0 < X < p(z) < A < o0 in Q, there exist y(A, A, A1, A1) > 1
and C(Q,Q1, A, A, A\, A1), such that

/ |D?u|” < C.
Q

However, due to the local bound logp € L., this leads to an exponent 7y which

depends on Q. and this makes the above estimates more complicated to use than (ii).
Here is the analogous of Lemma 5.7:

Lemma 5.15 (Space-time regularity of transport). Let Q C R? be a uniformly convex

bounded domain with 9Q € C*', let R > 0, and consider p € C*®(B(0,R) x [0, 00))
and U € C°(B(0, R) x [0,00); R?) satisfying

at,ot +V. (thpt) =0 m B(O,R) X [0, OO)
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Assume that fB(O R) PO dx = 1, and that for every T > 0 there exist Ay and Ar such
that
0<Ar <pi(x) <Ar < o0 Y (z,t) € B(0,R) x [0,T].

Consider the convex conjugate maps P, and P such that (VP,)3. 43 = pr and (VP})ypy =
£3 (unique up to additive constants in Q and B(0, R) respectively). Then:

(Z) Pt* - JCB([),R)RE* € Liploc([07 OO); 027a(B(07 R)))

(ii) The following linearized Monge-Ampére equation holds for every t € [0, 00):

V- (pt(D2Pt*)_18tVPt*) =-V- (ptut) m B(O, R) (5 56)

pe(D?*P}) 1O, VP; -v =0 on OB(0, R). '
Proof. Observe that because p; solves a continuity equation with a smooth compactly
supported vector field, [ B(O,R) Pt dx =1 for all ¢.

Let us fix T" > 0. From the regularity theory for the Monge-Ampére equation
(Theorem 5.14 applied to P, and P;) we obtain that P, € C3%(2) N C*%(Q) and
Py € C3*(B(0,R)) N C*%(B(0, R)) for every a € (0,1), uniformly for ¢ € [0,7], and
there exist constants ¢y, co > 0 such that

cald < D?*P(z) < eld VY (x,t) € B(0,R) x [0,T]. (5.57)

Let h € C*'(R3) be a convex function such that Q = {y : h(y) < 0} and |Vh(y)| = 1
on 99, so that Vh(y) = vo(y). Since VP € C1¥(B(0, R)), it is a diffeomorphism onto

its image, we have

h(VPH(z))=0  V(x,t) € dB(0,R) x [0,T]. (5.58)

As in Lemma 5.7, we investigate the time regularity of P — B, R)Pt*. Possibly
adding a time dependent constant to P;, we can assume without loss of generality that
fB(O’R) P} =0 for all t. By the condition (VP )yp, = 43, arguing as in Lemma 5.7,
we get that for any 0 < s,¢ < T and z € B(0, R) it holds

_ 3 1 * _ P
PPt 3 </ M;j(rD*P; + (1 — 1) D*P}) d7> &(PS b ) (5.59)
0

s—t = s—t
,j=1

where M (D?P?) is the cofactor matrix of D?P* which satisfies:
1
Ald < / M;;j(tD*Pf + (1 — 7)D*P})dr < c31d.
0

Moreover, from (5.58) we obtain that on 0B(0, R)
WV P (x) = h(VE (2))

s—t

- /1 Vh(rV P} (z) + (1 — 7)VF(z)) dr
0

0:

VP (x) - VP (@) (5.60)

s—t
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Also, from Theorem 5.14(iii) the oblique derivative condition holds, namely there exists
k > 0 such that

VMV P (x)) - vpor)(z) >k Yo cdB(0,R).

Thus, since
1
lim [ VA(rVP(z)+ (1 —7)VP(2))dr = VR(VP}(z))

s—t 0

uniformly in ¢ and x, we have that
! K
/ Vh(rVP!(z)+ (1 —7)VPF(z))dr - vB(o,R)(T) = B
0

for s — t small enough.
Hence, from the regularity theory for the oblique derivative problem [GT, Theorem
6.30] we obtain that for any « € (0,1) there exists a constant C' depending only on £2,

T, a, [|(ps — pt)/ (s = t)[lco.e(B(0,R)), Such that

Since dyp; € L>=([0,T], C%*(B(0, R))), this proves point (i) in the statement. To prove
the second part, we let s — ¢ in (5.59) to obtain, as in Lemma 5.7, Equation (5.56):

Py (x) — P/ (x)

<C.
s—t

C%(B(0,R))

-V (thpt) =V- (pt(DQPt*)_latVPt*).

In order to obtain the boundary condition in (5.56), we take to the limit as s — ¢ in
(5.60) to get
Vh(VP}(z))-0,VP(z)=0. (5.61)

Since h satisfies Q@ = {y : h(y) < 0} and VP; maps B(0,R) in , we have that
B(0,R) = {y : h(VP}(y)) < 0}. Hence vp(o r)(z) is proportional to V[h o VF}|(z) =
D?P;(z)Vh(V P (z)), which implies that the exterior normal to Q at point VP (z),
which is VA(V P} (x)), is collinear with p;(D*P;)~'vp (g ). Hence from (5.61) it follows
that

pe(D*Pf) " vpo.r) - VP =0,

as desired. ]

Lemma 5.16 (Decay estimates on p;). Let v; : R3 x [0,00) — R3 be a C* velocity
field and suppose that

sup |V - v(z)| < N, lvg(z)| < Alz| + DV (x,t) € R x [0, 00)

x,t
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for suitable constants N, A, D. Let py be a probability density, and let p; be the solution
of the continuity equation

Opi +V - (vip)) =0 inR® x (0,00) (5.62)
starting from pg. Then:

(i) For everyr >0 and t € [0,00) it holds

Iptlloo < €N*llpollso, (5.63)

—Nt; ) At et —1
pe(z) > e inf S po(y) : y € B(0,re™ +D I Vo e B(0,r). (5.64)

(ii) Let us assume that there exist dy € [0,00) and M € [0,00) such that
po(z) < L whenever |x| > M. (5.65)

Then for every t € [0,00) we have that

42K e(V+AK) At

-1
pe(z) < T whenever |x| > 2MeAt + 2D° T

(5.66)

(i1i) Let us assume that there exists R > 0 such that po is smooth in B(0, R), vanishes
outside B(0, R), and that vy is compactly supported inside B(0,R) for all t > 0.
Then py is smooth inside B(0, R) and vanishes outside B(0,R) for all t > 0.
Moreover if 0 < A < pg < A < 0o inside B(0, R), then

e N < py < Aet™N  inside B(0, R) for all t > 0. (5.67)
Proof. Let X;(x) € C*®°(R3 x [0,00)) be the flow associated to the velocity field vy,
namely the solution to

(5.68)

{ixmw=vw&u»
Xo(.’L‘) =xT.

For every ¢ > 0 the map ¢ — X;(x) is invertible in R?, with inverse denoted by X;*.
The solution to the continuity equation (5.62) is given by p; = Xy4po, and from the
well-known theory of characteristics it can be written explicitly using the flow:

pil@) = po(X; (@))es VU T @)y (g ) e RIx[0,00).  (5.69)
Since the divergence is bounded, we therefore obtain

po(X; H(@))e ™™ < pu(a) < po(X;  (@))e (5.70)
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Now we deduce the statements of the lemma from the properties of the flow Xj.
(i) From (5.70) we have that

pe() < eNpo(X; () < N sup po(a),
z€R3

which proves (5.63). From the equation (5.68) we obtain

d
| Z1Xu(@)| < 9:Xu(@)] < AlX(@)| + D
which can be rewritten as
d
— Al Xy(z)| - D < £]Xt(x)\ < Al Xy(x)| + D. (5.71)
From the first inequality we get
1— —At
[Xu(@)| 2 [afe™ " — D=——.
A
which implies
At el —1 -1
2l + DE—= > X7 @),
or equivalently
eAt — 1
X7 ({2l < v}) € {Jal < re + DZ——1]. (5.72)

Hence from (5.70) and (5.72) we obtain that, for every = € B(0,r),

pr(x) > e Nipo(X; )
> e Minf{py(y) : y € X; 1 (B,(0))}
At
> 6‘Ntinf{po(y)rIyléreAt+De 1 1},

which proves (5.64).
(ii) From the second inequality in (5.71), we infer

|

A )

|Xi(z)| < |zle + D
which implies
At 1
A

Thus, if |z| > 2MeAt + 2D6AZ_1, we easily deduce from (5.73) that | X' (z)| > M +
|z|e=4t/2, so by (5.65)

e

lz| < |X;Ya)|eM 4+ D (5.73)

dOeNt d02K6(N+AK)t

< )
T XS @ |z %

pir(z) < eMpo(X; ()
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which proves (5.66).

(iii) If v; = 0 in a neighborhood of dB(0, R) it can be easily verified that the flow
maps X; : R* — R3 leave both B(0, R) and its complement invariant. Moreover the
smoothness of v; implies that also X; is smooth. Therefore all the properties of p;
follow directly from (5.69). O

We are now ready to prove the regularity of VFP/, as we explained the proof of
Theorem 5.13 easily follows from this.

Proposition 5.17 (Time regularity of optimal maps). Let  C R? be a bounded,
conver, open set and let diam(Q)) be such that Q C B(0,diam(R2)). Let p; and P; be as
i Theorem 5.1, in addition let us assume that there exist K > 4, M > 0 and cg > 0

such that
co

Then VP € W (R? x [0, 00): R3). Moreover for every k € N and T > 0 there exists a

loc

constant C' = C(k,T, M, co, ||po|c0, diam(§2)) such that, for almost every t € [0,T] and
for all r > 0,t it holds

po(x) < whenever |x| > M. (5.74)

/ pt| 0V P | logh (|10, V P} |) da < 23k=D pi| D> P |log?* (| D*Py|) da + C
B(0,r) B(0,r)
(5.75)

Proof. Step 1: The smooth case. In the first part of the proof we assume that (2
is a convex smooth domain, and, besides (5.74), that for some R > 0 the following
additional properties hold:

pr € C®(B(0,R) xR), U; € C=(B(0,R) x R;R?), |V -U;| <N (5.76)
Mpo,r) (@) < po(z) < Alpgr)(z)  VaeR? (5.77)
opi +V-Uip) =0  inR®x[0,00), (5.78)
(VB )ipr = 243, (5.79)
U (x)] < |z| + diam(Q) (5.80)

for some constants N, A, A, and we prove that (5.15) holds for every t € [0,7]. Notice
that in this step we do not assume any coupling between the velocity U; and the trans-
port map VP/. In the second step we prove the general case through an approximation
argument.

Let us assume that the regularity assumptions (5.76) through (5.80) hold. By
Lemma 5.16 we infer that, for any 1" > 0, there exist positive constants Ar, A, ¢, M,
with M7 > 1, such that

Arlpo,r)(z) < pe(z) < Arlpor)(2), (5.81)
() < ’:% for [z > My,  forall t € [0, 7). (5.82)
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By Lemma 5.15 we have that 9, P} € C?(B(0, R)), and it solves

pe(D2P) 'O, VP; -v =0 in 9B(0, R). '
Multiplying (5.83) by 0,P; and integrating by parts, we get
/ pt‘(D2Pt*)71/28tth*’2 dr = / PNV F; - (D*P}) " O,V P} dx
(0,R) B(0,R) (5.84)

_ / POV P - U, de.
B(O,R)

(Notice that, thanks to the boundary condition in (5.83), we do not have any boundary
term in (5.84).) From Cauchy-Schwartz inequality

- / POV P} - (D?PY)~Y2(D2P)Y2U, dx
B(0,R)

1/2 12 (5.85)
<( [ wwrettovepan) ([ sl P s
B(0,R) B(0,R)
Moreover, the second term in the right-hand side of (5.85) is controlled by
/ pidy - D*PiU, de < max <pt1/ QyutP) / oV D2P}| da. (5.86)
B(0,R) B(0,R) B(0,R)

Hence we obtain, as in Proposition 5.6,
/ pul(D2P)) 20,V P 2 d < max (o *taif?) / p2|D*Pf|dx. (5.87)
(0,R) B(0,R) B(0,R)

Notice however that we will need to send R to infinity at the end of the proof, for this
reason we need a bound on the above quantity independent on R.
From (5.80), (5.81), and (5.82) we estimate the first factor as follows:

max (p}/* (@)t (2)[?) < A (M + diam(©))?, (5.88)
|z| <M

o (A O) < g | ST @), o3

and the latter term is finite because My > 1 and K > 4.
In order to estimate the second factor, we observe that since D?P}* is a nonnegative
matrix the estimate |D?P;| < 3AP; holds. Hence, by (5.81) and (5.82) we obtain

/ o2 D2 Py da </ o2\ D2 Py yd:c+/ o2 D2 Py | da
B(0.R) {le|<Mr) {le|>Mr)

< 3/ APAP; dx—i—S/ \/IC:T/QAPt da.
{Je|<Mr} {lz>Mz} 2]
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The second integral can be rewritten as

/ / AP} dz ds,
0 H{lz[>Mr}n{lz|~K/2>s}

[MT]*K/2
/ ds/ AP/ dx.
0 {lz|<s=2/K}

From the divergence formula, since |VFP;(z)| < diam(Q2) (because VP (z) € Q for
every & € R3) and My > 1 (so [My]~%/2 < 1) we obtain

which is bounded by

/ o2\ D2Py| dx < 3A§/2/ IV PF| dH?
B(0,R) {|e|=Mr}
[MT]fK/2
+ 3y/er / ds / |VP}| dH? (5.90)
0 {lz|=s—2/K}

1
< 127AY* M2 diam(Q) + 127 /e diam(Q2) / UK g
0

for all ¢t € [0,7]. Since K > 4 the last integral is finite, so the right-hand side is
bounded and we obtain a global-in-space estimate on the left-hand side.

Thus, from (5.87), (5.88), (5.89), and (5.90), it follows that there exists a constant
Cy = C (T, M, co, A,diam(€2)) (notice that the constant does not depend on the lower
bound on the density) such that

/ pe (D2P) V29,V P da < C. (5.91)
B(0,R)
Applying now the inequality (see Lemma 5.18 below)

k
ablogh (ab) < 2F71 [<k> +1] 0% + 2350 Da210g%*(a)  Va,b>0,
(&

with a = |(D?P})Y/?| and b = |(D?*P;)~1/20,VP;*(z)| we deduce the existence of a
constant Cy = C(k) such that

OV E; [1og (0, P7 1) < 256 D|(DEPy) 22 10g2 (D2 B))2R) + Gl (D2 PY) 20,V Py
= 20D |D2P; 1ogl (| D7) + Cal (D) /20,9 Py 2.
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Integrating the above inequality over B(0,r) and using (5.91), we finally obtain
| nlo P gt (0 Py ds
B(0,r)

< 93(-1) / ot D? Py 10g2F (D P} |) dar + Cs / ol (D2P) 120,V PF2 da
B(0,r) B(0,R)

< 23<’f—1>/( pt| D2 Py |log?* (|D* P} ) dx + O - Cs,
B(0,r
(5.92)

forall 0 < r < R.

Step 2: The approximation argument. We now consider the velocity field U given
by Theorem 5.1, we take a sequence of smooth convex domains €2, which converges to
2 in the Hausdorff distance, and a sequence (") C C2°(B(0,n)) of cut off functions
such that 0 < v, < 1, ¥™(x) = 1 inside B(0,n/2), |Vy"| < 2/n in R3. Let us also
consider a sequence of space-time mollifiers ¢” with support contained in B(0,1/n)
and a sequence of space mollifiers ¢”. We extend the function Uy for ¢ < 0 by setting
U, = 0 for every t < 0.

Let us consider a compactly supported space regularization of py and a space-time
regularization of U, namely

% O
o= P U = e

where ¢, 1 1 is chosen so that p{j is a probability measure on R3. Let p} be the solution
of the continuity equation

O} +V - (UpE) =0 inR®x[0,00)

with initial datum p{. From the regularity of the velocity field U} and of the initial
datum pf we have that p" € C*°(B(0,n) x [0,00)).

Since U, is divergence-free and satisfies the inequality [U,(z)| < |z| + diam(£2), we
get

. 1 .
Uil (@) < U+ 0"|(2) < Uell oo (Ba1/my) < l2]+ diam(Q) + = < |zf + diam(Q) +1,

2(n + 14 diam(2))

<3

VU (x) = |Us + 0") - VYT |(z) <

for n large enough. Moreover, from the properties of py we obtain that, for n large
enough,
260 460
o) < <
(lz| = 1/m)K = Ja|X

Viz| > M+ 2,
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€
o
Hence the hypotheses of Lemma 5.16 are satisfied with N =3, A =1, D = diam(Q2)+1,
do = 4cp. Moreover p} vanishes outside B(0,n), and by (5.67) there exist con-
stants A, = 6_3T\|1/p0|]230(3(0,n+1)) > 0, A == 2¢3T||po|loo, and Mji, ¢ depending
on T, M, ¢, diam(£2) only, such that

1
e < 2 a | <[] -
HpOHOO = HpOHOO an Loo(B(0,n)) — po L= (B(0,n+1))

An S pi(x) <A V(z,t) € B(0,n) x [0,T],
pi(z) < ‘;ﬁ whenever |z| > M;.

(Observe that A, depends on n, but the other constants are all independent of n.)
Thus, from Statement (ii) of Lemma 5.16 we get that, for all r > 0,

pr(x) > e 3T inf {pg(y) RS B(O,ret + (diam(92) + 1)[e’ — 1])}
V(x,t) € B(0,r) x [0,T]. (5.93)

If n is large enough, the right-hand side of (5.93) is different from 0, and it can be
estimated from below in terms of pg by

A= \(rT, po, Q) := e 3 inf {po(y) TS B(O,ret + (diam () + 1)[e’ — 1] + 1)} > 0.

Therefore, for any r > 0 we can bound the density p™ from below inside B(0,r) with a
constant independent of n:

A< pl(z) <A Y (z,t) € B(0,r) x [0,T]. (5.94)

Let now P{** be the unique convex function such that P/*(0) = 0 and (VFP}")sp} =
fén From the stability of solutions to the continuity equation with BV velocity
field, [A1, Theorem 6.6], we infer that

Pt — pr in L (R3), for any t > 0, (5.95)

where p; is the unique solution of (5.5) corresponding to the velocity field . Moreover
by the stability of optimal maps

VP™ — VP  in L} (R%) (5.96)

for any ¢ > 0. By Theorem 5.14 (ii) ¥ and (5.94), for every k € N

lim sup/ P | D? P |log (| D? P™*|) da < oo Vr >0,
B(0,r

n—oo

“Recall that by Theorem 2.2 the modulus of strict convexity of the (P*)™ depends only on the
limiting domain €2, in particular all the constants in the Llog L estimates remain bounded
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and by Theorem 4.1

lim pi|D* Bl log (| D*F{™|) da = / pe| D*P;log® (|D*Fy|) dx Y7 > 0.
=00 JB(0,r) o,r

(5.97)
Since (p}’,U}') satisfy the assumptions (5.76) through (5.80), by Step 1 we can apply

(5.92) to (pf,U}) to obtain

/| PO B 08 (97 P dr < 27 | DR g (DR do - C

B(0,r)

(5.98)
for all » < n, where the constant C does not depend on n. At this point we obtain
(5.75) from (5.98) and (5.97) arguing as in the last part of Proposition 5.6.

O

Lemma 5.18. For every k € N we have

k k
ab logi(ab) < gkt [(e) + 1| b + 23142 loggrk(a) Ya,b> 0. (5.99)

Proof. From the elementary inequalities

k

k
log, (ts) < log, (t) +log, (s), (t+s)F <2M 1tk + %), logh(t) < <e> t

which hold for every ¢, s > 0, we infer
b k
ablogﬁ(ab) < ab {long <) + 2log+(a)}
a
b
< 28 1gp [logi <) 4 2* logﬁ(a)]
a
NG
< 2kl [<> b2 + 2%ab logﬁ_(a)]
k
< gk-1 [<k> b2 + b2 + 22012 logik(a)] ,

which proves (5.99). O






Chapter 6

Partial regularity of optimal
transport maps

The goal of this chapter (based on a joint work with Alessio Figalli [DF4)) is to prove
partial regularity of optimal transport maps under mild assumptions on the cost func-
tion ¢ and on the densities f and g, Theorems 6.1 and 6.2 below.

We recall here our assumptions on ¢ (see Section 1.3 for a discussion about existence
and the main notation):

(C0) The cost function ¢: X x Y — R is of class C? with lellez(x xyy < oo
(C1) For any z € X, the map Y 5 y — —D, c(z,y) € R" is injective.
(C2) For any y € Y, the map X 5 2 — —Dyc(x,y) € R" is injective.
(C3) det(Dyyc)(x,y) #0 for all (z,y) € X x Y.
Our results can be stated as follows (cp. Theorem 1.30)

Theorem 6.1. Let X,Y C R" be two bounded open sets, f : X - RT andg:Y — RT
be continuous probability densities bounded away from zero and infinity on X and Y
respectively. Assume that the cost ¢ : X x Y — R satisfies (C0)-(C3), and denote by
T the unique optimal transport map sending f onto g. Then there exist two relatively
closed sets ¥x C X, Xy C Y of measure zero such that T : X \ Xx — Y \ Xy is
a homeomorphism of class CIOO’CB for any B < 1. In addition, if ¢ € Cfgz’a(X xY),
fe C'{Z’CQ(X), and g € C’{Z’?(Y} for somek >0 anda € (0,1), thenT : X\Xx — Y\Xy
CIIZJCrl,a
Theorem 6.2. Let M be a smooth Riemannian manifold, and let f,g : M — R be
two continuous probability densities, locally bounded away from zero and infinity on
M. Let T : M — M denote the optimal transport map for the cost ¢ = d?/2 sending
f onto g. Then there exist two closed sets YXx,Xy C M of measure zero such that
T:M\Xx — M\ Xy is a homeomorphism of class Cloo’f for any B < 1. In addition,
109

s a diffeomorphism of class
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if both f and g are of class O, then T : M\ ©x — M \ Sy is a diffeomorphism of

k+1,a
class Cy 7"

The Chapter is structured as follows, in Section 6.1, we show how both Theorem
6.1 and Theorem 6.2 are a direct consequence of a local regularity results around dif-
ferentiability points of T', see Theorems 6.5 and 6.11. Finally, Sections 6.2 and 6.3 are
devoted to the proof of this local result.

6.1 The localization argument and proof of the results

The goal of this section is to prove Theorems 6.1 and 6.2 by showing that the assump-
tions of Theorems 6.5 and 6.11 below are satisfied near almost every point.

The rough idea is the following: if Z is a point where the semiconvex function u is
twice differentiable, then around that point u looks like a parabola. In addition, by
looking close enough to Z, the cost function ¢ will be very close to the linear one and
the densities will be almost constant there. Hence we can apply Theorem 6.5 to deduce
that u is of class C™? in neighborhood of Z (resp. wu is of class C*t2 by Theorem
6.11, if c € C’{ZJCFQ’O‘ and f,g € C**). which implies in particular that T, is of class C

loc
in neighborhood of Z (resp. Ty, is of class C*¥*1® by Theorem 6.11, if ¢ € Chr2e

loc and

f.g € C{Z?) Being our assumptions completely symmetric in x and y, we can apply
the same argument to the optimal map T* sending g onto f. Since T* = (T,)~! (see

the discussion below), it follows that T, is a global homeomorphism of class C’loo’f (resp.

CkJrl,a)

loc outside a closed set of measure zero.

T, is a global diffeomorphism of class
We now give a detailed proof.

Proof of Theorem 6.1. As discussed in Section 1.3, if we introduce the “c-conjugate”
of u, that is the function u®:Y — R defined as

u(y) == sup { — c(z,y) — u(x)}.
reX

Then u€ is ¢*-convex, where
c(y,z) = c(z,y) and x € 0ruf(y) < y€ dou(x). (6.1)

Being the assumptions on ¢ completely symmetric in x and y, clearly also ¢* satisfies
the same assumption as ¢. By Theorem 1.28, the optimal map 7™ (with respect to ¢*)
sending ¢ onto f !, is equal to

Tue(y) = c*-exp, (Vuc(y))

Tn the sequel we will identify an absolutely continuous measure with its density.
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or equivalently
Dyc(Tuc(y),y) = —Vu(y). (6.2)

In addition (recall that f and g are bounded and strictly positive on their support),
Theorem 1.28 asserts that

Tue(Tu()) =2, Tu(Tue(y)) =y forae zeX,yevY. (6.3)

Since semiconvex functions are twice differentiable a.e., there exist sets X; C
X,Y1 C Y of full measure such that (6.3) holds for every z € X; and y € Y7, and
in addition u is twice differentiable for every x € X; and u® is twice differentiable for
every y € Y1. Let us define

X=X, N(T,) *(W).

Using that T, transports f on g and that the two densities are bounded away from zero
and infinity, we see that X’ is of full measure in X.

We fix a point € X’. Since u is differentiable at T (being twice differentiable), it
follows by (1.33) that the set d.u(Z) is a singleton, namely d.u(z) = {c-expz(Vu(z))}.
Set g := c-expz(Vu(z)). Since § € Y7 (by definition of X'), u¢ is twice differentiable at
g and T = T,e(g). Up to a translation in the system of coordinates (both in x and y)
we can assume that both  and ¥y coincide with the origin 0.

Let us define

i(z) := u(z) —u(0) + ¢(z,0) — ¢(0,0),

é(z,w) = c(z,w) — ¢(z,0) — ¢(0,w) + ¢(0,0),

u°(w) == u(w) — u(0) + ¢(0,w) — ¢(0,0).
Then % is a é-convex function, @€ is its é-conjugate, Ty = T}, and Tgze = Tye, so in
particular (Tﬁ)Ij f =g and (Tﬁa)jj g = f. In addition, because by assumption 0 € X',
 is twice differentiable at 0 and u° is twice differentiable at 0 = T5(0). Let us define
P := D?%i(0), and M := D,,¢(0,0). Then, since ¢(-,0) = ¢0,-) = 0 and ¢ € C? a
Taylor expansion gives

1
u(z) = §Pz -z 4 o(]z]?), &(z,w) = Mz -w+ o|z]* + |w|?).

Let us observe that, since by assumption f and g are bounded away from zero and
infinity, by (C3) and (1.38) applied to @ and ¢ we get that det(P),det(M) # 0. In
addition (1.37) implies that P is a positive definite symmetric matrix. Hence, we can
perform a second change of coordinates: z +— Z := P2 wis = —P~ Y20 M*w (M
being the transpose of M), so that, in the new variables,

w(z) :==u(z) = %|2|2 +o(|2%), E(2,W) = é(z,w) = —Z -0+ o(|2]* + |@]?). (6.4)
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By an easy computation it follows that (7% )y f = g, where?
F(2) = det(P~V2) f(P7122),  g(w) := det (M*)"1PY?) g((M*) 1P %w). (6.5)
Notice that
D:3:¢(0,0) = Dypwc(0,0) = 0p,xp, —D33¢(0,0) = 1d, D?u(0) =1d, (6.6)

so, using (1.38), we deduce that

F(0)  det (D2a(0) + D::8(0,0))
g(0) |det(Dz4(0,0))] =1L (6.7)

To ensure that we can apply Theorems 6.5 and 6.11, we now perform the following
dilation: for p > 0 we define

1 1

up(2) = ?ﬂ(pé), cp(Z,W) 1= ?E(pé,pﬁ)).
We claim that, provided p is sufficiently small, u, and ¢, satisfy the assumptions of
Theorems 6.5 and 6.11.

Indeed, it is immediate to check that u, is a c,-convex function. Also, by the same
argument as above, from the relation (7%)y f = g we deduce that T, , sends f (pZ) onto
g(pw). In addition, since we can freely multiply both densities by a same constant, it
actually follows from (6.7) that (T, )y f, = g, where

. f(?) oy . 9lpD)
fp(z) T f~(0) ) gp( ) ) .

In particular, since f and g are continuous, we get
|fo—1]+9p—1] =0  inside B3 (6.8)
as p — 0. Also, by (6.4) we get that, for any Z,w € Bs,
wp(2) = %\zﬁ Fo(l),  cp(E i) = =3+ o(l), (6.9)

where o(1) — 0 as p — 0. In particular, (6.20) and (6.21) hold with any positive
constants dg, 19 provided p is small enough.

2 An easy way to check this is to observe that the measures p := f(z)dz and v := g(y)dy are
independent of the choice of coordinates, hence (6.5) follows from the identities

f(z)dx = f(z)dz, g(y)dy = §(9)dy.
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Furthermore, by the second order differentiability of @ at 0 it follows that the
multivalued map Z — 0~ u(Z2) is differentiable at 0 (see Theorem A.5) with gradient
equal to the identity matrix (see (6.4)), hence

0 upy(2) C B,,(2) VZ € Bs,

where 7, — 0 as p — 0. Since J.,u, C cy-exp (0~ u,) (by (1.33)) and || cp-exp —Id |0 =
o(1) (by (6.9)), we get

ilde@cpup(é) C B(sp (2) VZz € Bs, (6.10)
with §, = o(1) as p — 0. Moreover, the c,-conjugate of u,, is easily seen to be
ug () = @ (p(M*) "1 PV 2w).

Since u€ is twice differentiable at 0, so is u,cf’ . In addition, an easy computation ? shows
that D?u;/(0) = Id. Hence, arguing as above we obtain that

dexu (W) C By (w) Y € By, (6.11)

with ¢/, = o(1) as p — 0.
We now define 4

Cl = El, CQ = 6cpup(Cl).

Observe that both C; and Cq are closed (since the c-subdifferential of a compact set
is closed). Also, thanks to (6.10), by choosing p small enough we can ensure that
By/3 C C2 C Bs. Finally, it follows from (1.33) that

(Tu,) ' (C2) \ C1 C (T,) " ({points of non-differentiability of uj’}),
and since this latter set has measure zero, a simple computation shows that
(Tup)ﬁ(fplcl) = 9plc,-

Thus, thanks to (6.19), we get that for any § < 1 the assumptions of Theorem
6.5 are satisfied, provided we choose p sufficiently small. Moreover, if in addition

3For instance, this follows by differentiating both relations
Dzcp(%,Tu, (%)) = —Vu,(2) and D@cp(Tu;'p (), w) = —Vu,’ ()

at 0, and using then (6.6) and the fact that VT e (0) = [VTu,(0)]"" and D?u,(0) = Id.
“We will use the following notation (see Subsection 1.2.2): if E C X then

dew(E) = | J dcu(z), 0 wE):= |0 u().

rzeFE z€E
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ce PP X xY), f e Ch¥X), and g € CP*(Y), then also the assumptions of
Theorem 6.11 are satisfied.

Hence, by applying Theorem 6.5 (resp. Theorem 6.11) we deduce that u, €
0175(31/7) (resp. u, € Ck+2’a(Bl/9)), so going back to the original variables we get
the existence of a neighborhood Uy of Z such that v € CY2(Uz) (resp. u € CFF2(Uy)).
This implies in particular that T, € C%%(Uz) (resp. T, € C**1%(Uz)). Moreover, it
follows by Corollary 6.8 that T, (Uz) contains a neighborhood of g.

We now observe that, by symmetry, we can also apply Theorem 6.5 (resp. Theorem
6.11) to uy’. Hence, there exists a neighborhood V; of § such that T,e € C%%(Vy).
Since T, and T),c are inverse to each other (see (6.3)) we deduce that, possibly reducing
the size of Uz, T), is a homeomorphism (resp. diffeomorphism) between Uz and T, (Uz).
Let us consider the open sets

X"=|J Uz, Y= | Tullp),
zeX/ zeX!

and define the (relatively) closed Xy := X \ X", 3y :=Y \ Y”. Since X" D X', X" is
a set of full measure, so |Xx| = 0. In addition, since ¥y =Y \Y” C Y \ T,,(X’) and
T, (X’) has full measure in Y, we also get that |Xy| = 0.

Finally, since T, : X \ ¥x — Y \ ¥y is a local homeomorphism (resp. diffeomor-
phism), by (6.3) it follows that T3, : X \ ¥x — Y \ Xy is a global homeomorphism
(resp. diffeomorphism), which concludes the proof. ]

Proof of Theorem 6.2. The only difference with respect to the situation in Theorem 6.1
is that now the cost function ¢ = d?/2 is not smooth on the whole M x M. However,
even if d2/2 is not everywhere smooth and M is not necessarily compact, it is still
true that the c-convex function u provided by Theorem 1.29 is locally semiconvex (i.e.,
it is locally semiconvex when seen in any chart) [FF,FG]|. In addition, as shown
in [CoMCS, Proposition 4.1] (see also [F1, Section 3)), if u is twice differentiable at x,
then the point T, (z) is not in the cut-locus of x. Since the cut-locus is closed and d?/2
is smooth outside the cut-locus, we deduce the existence of a set X of full measure such
that, if zyp € X, then: (1) u is twice differentiable at x; (2) there exists a neighborhood
Uy X V(o) € M x M of (w0, Tu(z0)) such that ¢ € C°Usz, X V1, (2,)). Hence, by
taking a local chart around (xo,T,(zp)), the same proof as the one of Theorem 6.1
shows that T, is a local homeomorphism (resp. diffeomorphism) around almost every
point. Using as before that T,, : M — M is invertible a.e., it follows that T}, is a
global homeomorphism (resp. diffeomorphism) outside a closed singular set of measure
Z€ro. O

6.2 C' regularity and strict c-convexity

In this and the next section we prove that, if in some open set a c-convex function u is
sufficiently close to a parabola and the cost function is close to the linear one, then
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is smooth in some smaller set.

The idea of the proof (which is reminiscent of the argument introduced by Caffarelli
in [Ca2] to show W?P and C** estimates for the classical Monge-Ampere equation,
though several additional complications arise in our case) is the following: since the cost
function is close to the linear one and both densities are almost constant, u is close to a
convex function v solving an optimal transport problem with linear cost and constant
densities (Lemma 6.3). In addition, since u is close to a parabola, so is v. Hence,
by [FK] and Caffarelli’s regularity theory, v is smooth, and we can use this information
to deduce that u is even closer to a second parabola (given by the second order Taylor
expansion of v at the origin) inside a small neighborhood around of origin. By rescaling
back this neighborhood at scale 1 and iterating this construction, we obtain that u is
C8 at the origin for some 8 € (0,1). Since this argument can be applied at every
point in a neighborhood of the origin, we deduce that v is C1? there, see Theorem 6.5.
(A similar strategy has also been used in [CaGN] to show regularity optimal transport
maps for the cost |x — y|P, either when p is close to 2 or when X and Y are sufficiently
far from each other.)

Once this result is proved, we know that 9~ u is a singleton at every point, so it
follows from (1.33) that

acu($) = c—expm(ﬁ_u(m)),

see Remark 6.6 below. (The above identity is exactly what in general may fail for gen-
eral c-convex functions, unless the MTW condition holds [Loe3].) Thanks to this fact,
we obtain that u enjoys a comparison principle (Proposition 6.10), and this allows us
to use a second approximation argument with solutions of the classical Monge-Ampere
equation (in the spirit of [Ca2,JW]) to conclude that u is C> in a smaller neighbor-
hood, for some ¢’ > 0. Then, higher regularity follows from standard elliptic estimates,
see Theorem 6.11.

Lemma 6.3. Let C; and Cy be two closed sets such that
Bl/chl,CQCBK (6.12)

for some K > 1, f and g two densities supported respectively in C1 and Co, and u :
C1 — R a c-convex function such that O.u(C1) C Bi and (Ty)sf = g. Let p > 0 be such
that |C1| = |pCa| (where pCq denotes the dilation of Co with respect to the origin), and
let v be a convex function such that Vvgle, = 1,c, and v(0) = u(0). Then there exists
an increasing function w : R™ — R depending only K, and satisfying w(8) > & and
w(0%) =0, such that, if

1f = 1elloo + 19 — 1eslloe <6 (6.13)

and
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then

lu—vlcos, ) < w(0).
Proof. Assume the lemma is false. Then there exist €9 > 0, a sequence of closed sets
CP, Ch satisfying (6.12), functions fy,, gj satisfying (6.13), and costs ¢;, converging in
C? to —x -y, such that

up(0) =vp(0) =0 and |jup — 'UhH00(Bl/K) > £,

where uj, and vy, are as in the statement. First, we extend up an v, to Bg as

up(x) = sup {uh(z) —cp(z,y) + ez, y)},
ZEC{L,yGBChuh(z)
vp(z) = sup {un(z) +p- (z —2)}.

zEC{‘,pE@‘vh(z)

Notice that, since by assumption 0., un(Ct) C By, we have O, un(Bk) C Bg. Also,
(Tw,)sfn = gn gives that [ fr = [ g, so it follows from (6.13) that

1/n
on=(lctl/icsl) " 51 ash oo,

which implies that 0~ v, (Bg) C B,k C Bok for h large. Thus, since the C'-norm
of ¢y, is uniformly bounded, we deduce that both uj and v, are uniformly Lipschitz.
Recalling that up,(0) = v, (0) = 0, we get that, up to a subsequence, uj, and vy, uniformly
converge inside Bi to s, and vy, respectively, where

Uso(0) =150(0) =0 and ||us, — UOOHCO(Bl/K) > gp. (6.15)

In addition fp, (resp. gp) weak-x converge in L™ to some density foo (resp. ¢oo)
supported in Bg. Also, since p, — 1, using (6.13) we get that Len (resp. 1ph63)
weak-* converges in L™ to f (resp. ¢goo). Finally we remark that, because of (6.13)
and the fact that C} Bk, we also have

In order to get a contradiction we have to show that us = voo in By k. To see
this, we apply [V, Theorem 5.20] (see also the proof of Theorem 1.14) to deduce that
both Vus and Vv, are optimal transport maps for the linear cost —x - y sending
foo ONto goo. By uniqueness of the optimal map we deduce that Vv, = Vi, almost
everywhere inside By /g C spt foo, hence uq = voo in By (since uq(0) = v (0) = 0),
contradicting (6.15). O

Here and in the sequel, we use N,.(F) to denote the r-neighborhood of a set E.
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Lemma 6.4. Let u and v be, respectively, c-convex and convez, let D € R™ ™ be a
symmetric matriz satisfying
Id/K<D<KId (6.16)

for some K > 1, and define the ellipsoid
E(xzg,h) :=={x: D(x — o) (z — x0) < h}, h > 0.
Assume that there exist small positive constants €, such that
lv=ullco@@ony <& e+ @ ylle2(B@on xocuE(won)) < 0 (6.17)
Then
Oeu(E(xo, h = vE)) € Niwis vz (O0(E(xo, b)) VO <e<h® <1, (6.18)
where K' depends only on K.

Proof. Up to a change of coordinates we can assume that zg = 0, and to simplify
notation we set Ej, := F(xg, h). Let us define

(x) :=v(z) + e+ 2ve(Dz-x — h),

=1

so that v > w outside Ej, and v < w inside Ej,_ ;. Then, taking a c-support to u in
E,_ sz (ie., a function Cyy as in (1.29), with 2 € E),_ 7 and y € O.u(x)), moving it
down and then lifting it up until it touches v from below, we see that it has to touch
the graph of ¥ at some point Z € Ej,: in other words °

deu(Ey_ z) C D:0(Ey).

By (6.16) we see that diam E}, < v/ Kh, so by a simple computation (using again (6.16))
we get

0~ 0(Ep) C Ny e (07 0(En)).

Thus, since .0(E},) C c-exp(0~v(E})) (by (1.33)) and || c-exp —Id [|co < 4 (by (6.17)),
we easily deduce that

8cu(Ehf\/E) - NK’((S—I—\/E) (87U(Eh))a

proving (6.18). O

® Even if ¥ is not c-convex, it still makes sense to consider its c-subdifferential (notice that the c-
subdifferential of ¥ may be empty at some points). In particular, the inclusion 9.9(z) C c-exp, (0~ v(x))
still holds.
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Theorem 6.5. Let C; and Cy be two closed sets satisfying
Bi/3 C C1,C2 C Bs,

let f,g be two densities supported in C1 and Co respectively, and let u : C; — R be a
c-convex function such that 0.u(C1) C Bs and (T,)sf = g. Then, for every B € (0,1)
there exist constants dg,mg > 0 such that the following holds: if

1f = 1eylloo + 19 = Lesloo < o (6.19)
||C(£C, y) +x- y||02(33><33) < 507 (620)
and .
u— —|xz|? < no, (6.21)
20 leogss)

then u € 01’6(31/7).
Proof. We divide the proof into several steps.

e Step 1: u is close to a strictly convex solution of the Monge Ampére equation. Let
v : R™ = R be a convex function such that Vuvsle, = 1,c, with p = (|C1|/|C2|)*/™. Up
to a adding a constant to v, without loss of generality we can assume that v(0) = u(0).
Hence, we can apply Lemma 6.3 to obtain

v — UHCO(BI/3) < w(do) (6.22)
for some (universal) modulus of continuity w : RT™ — R, which combined with (6.21)
gives
1
v 5’1’\2 < 1o + w(do)- (6.23)
CY(By/3)

Also, since [, [ = ¢, 9, it follows easily from (6.19) that |p — 1| < 3dp. By these
two facts we get that 0~ v(By/24) C Bisag C pCo provided dy and 7o are small enough
(recall that v is convex and that B /3 C Cs), so, thanks to Remark 1.24, v is a convex
Aleksandrov solution to the Monge-Ampeére equation

det D*v =1 in Byjgy. (6.24)

In addition, by (6.23) and Theorem 2.9 we see that, for dg, 1o small enough, v is
strictly convex in By /4. A simple compactness argument shows that we the modulus of
strict convexity of v inside By 4 is universal 6. So, by classical Pogorelov and Schauder

5To see this, suppose there exists a sequence of strictly convex functions vy satisfying (6.24) and
(6.23), but whose modulus of strict convexity inside By, is going to 0. By compactness, we can
find a limiting function ve. satisfying both (6.24) and (6.23) which is not strictly convex in By /4 (see
Lemma 2.10).Hence, there exists a supporting hyperplane £ t0 voo such that the set W := {ve = oo }
intersects By,4 and it is not reduced to a point. Then, by Theorem 2.9 we know that W has to cross
0B /24, but this is impossible if o and Jo are sufficiently small.
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estimates (see Section 2.3), we obtain the existence of a universal constant Ky > 1 such
that
[vlles (s, 5) < Ko, 1d /Ko < D*v < Kold  in Bys. (6.25)

In particular, there exists a universal value h > 0 such that, for all z € B, /79
Q(z,v,h) :={z: v(z) <v(z)+Vo(z) (z—x)+h} CC Byjg Yh<h.

e Step 2: Sections of u are close to sections of v. Given x € By/; and y € J.u(z), we

define
S(z,y,u,h) :={z: u(z) <u(z) —c(z,9) + c(z,y) + h}.

We claim that, if dg is small enough, then for all x € By /7, y € d.u(z), and h < h/2, it
holds

Q(z,v,h — K1y/w(do)) C S(z,y,u,h) C Q(xz,v,h + Ki\/w(dp)), (6.26)

where K7 > 0 is a universal constant.
Let us show the first inclusion. For this, take x € By 7, y € d.u(z), and define

Pz = —Dgc(x,y) € 0~ u(x).

Since v has universal C? bounds (see (6.25)) and u is semi-convex (with a universal
bound), a simple interpolation argument gives

pe = Vo(@)| < K'\[llu— vloos, ) < K'Veldo) VoeByr  (6.27)
In addition, by (6.20),
|y — pz| < | Dzc+1d[|co(ByxBy) < o, (6.28)
hence
|2 pet+c(zy)| S|z pr—z-yl+ ]z y+elzy) <200  Va,z€ By (6.29)

Thus, if z € Q(z,v,h — K1\/w(dp)), by (6.22), (6.27), and (6.29) we get

u(z) <wv(z) +w(d) <v(z)+ Vo(z)-(z—z)+h— Kiy/w(d) + w(dp)
<u(@) +pe-z—pe-x+h— Ki/w(o) + 2w(0) + 2K'/w(do)
<u(r) — c(z,y) + c(x,y) + h — K1v/w(do) + 2w(60) + 2K'+/w(8o) + 45
<wu(x) —c(z,y) + c(z,y) + h,

provided K7 > 0 is sufficiently large. This proves the first inclusion, and the second
one is analogous.
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e Step 3: Both the sections of u and their images are close to ellipsoids with controlled
eccentricity, and u is close to a smooth function near rg. We claim that there exists
a universal constant Ko > 1 such that the following holds: For every ng > 0 small,
there exist small positive constants hg = ho(ng) and dg = do(ho, 7o) such that, for all
T € By7, there is a symmetric matrix A satisfying

Id/Ky < A< KyId,  det(A) =1, (6.30)

and such that, for all yo € d.u(z),

A (B h0/8(x0)> C S(zo,yo,u, hp) C A (B\/%(xo)) )

(6.31)
A (B\/m(yo)) C deu(S(wo, Yo, u, ho)) € A7 (Bm(yo)) :
Moreover )
U = Clgyo = 5‘14_1(1‘ - 900)‘2 < noho, (6.32)
(A8 gy e0)))

where Cyyy, is a c-support function for u at zo, see (1.29).
In order to prove the claim, take hy < h small (to be fixed) and dyp < hg such that
Ki\/w(do) < ho/2, where K7 is as in Step 2, so that

Q(I'O’UahO/Q) - S(ﬂj‘o,yo,u,ho) - Q($07Ua3h0/2) cc B1/6' (633)

By (6.25) and Taylor formula we get

v(x) = v(zo) + Vou(xo) - (x — o) + %D%(wo)(x —xg) - (z — x0) + O(|z — x0]3), (6.34)

so that defining
1
E(xg, ho) := {:L‘ : §D2v($0)(:17 —xg) - (z —x0) < ho} (6.35)

and using (6.25), we deduce that, for every hg universally small,
E(zg,ho/2) C Q(x0,v,ho) C E(xo,2ho). (6.36)
Moreover, always for hy small, thanks to (6.34) and the uniform convexity of v
Vo (E(zo, ho)) C E*(Vo(zg),2ho) C Vo(E(zo,3ho)) (6.37)

where we have set

E* (7, ho) == {y : %[DQv(ﬂ)]fl(y -9)-(y—79) < ho}-
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By Lemma 6.4, (6.36), and (6.37) applied with 3hg in place of hg, we deduce that for
0o < hg < h

deu(S(z0,yo,u, ho)) C NK,/m(VU(E(xo,ShO))) C E*(Vu(zg), Tho). (6.38)
Moreover, by (6.27), if yo € O.u(xo) and we set py, := —Dgc(xo,yo), then
90 — V0(@0)| < [pay — Vo(0)| + | Dac + 1dllco(py ) < v/(d0) + bo.

Thus, choosing &g sufficiently small, it holds

E*(Vu(zg),The) C E*(yo,8ho) Yyo € dcu(xp). (6.39)
We now want to show that

E*(yo, ho/8) C deu(S(xo,y0,u,ho)) Vo € Oeu(wo).

Observe that, arguing as above, we get

E*(yo, ho/8) C E*(Vu(zo),ho/T) Vyo € cu(wo) (6.40)
provided dg is small enough, so it is enough to prove that

E*(Vu(x0), ho/T) C deu(S (20,0, us ho))-

For this, let us define the c¢*-convex function u® : B3 — R and the convex function
v*: Bs — R as

u(y) == sup {—c(@,y)—u@)},  v(y)= sup {z-y—v(z)}
zGBl/5 acGBl/5

(see (6.1)). Then it is immediate to check that
|u® — v*| < w(do) + do < 2w(dp) on Bs. (6.41)

Also, in view of (6.25), v* is a uniformly convex function of class C* on the open set
Vu(By5). In addition, since

F C du(Ocuf(F)) for any set F, (6.42)
thanks to (6.33) and (6.36) it is enough to show
O uS(E* (Vu(z0), ho/T)) C E(x0, ho/4). (6.43)
For this, we apply Lemma 6.4 to v and v* to infer

8C*UC(E*(VU($0), ho/?)) C NK/,,m(VU*(E*(VU($0), h0/7))) C E(xo, h0/4),
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where we used that
Vot = [Vo] 7t and D2 (Vo(xo)) = [D?0(xo)] L.

Thus, recalling (6.38), we have proved that there exist hy universally small, and Jy
small depending on hg, such that

E*(Vo(zo), ho/7) C dcu(S(zo,Y0,u, ho)) C E*(Vu(xo), Tho) Vo € Byr.  (6.44)
Using (6.33), (6.36), (6.39), and (6.40), this proves (6.31) with A := [D?v(xq)]~"/2.
Also, thanks to (6.24) and (6.25), (6.30) holds.

In order to prove the second part of the claim, we exploit (6.22), (6.20), (6.28),
(6.27), (6.34), and (6.30) (recall that Cy, 4, is defined in (1.29) and that A = [D?v(z0)]~/2):

1
U — Croyo — i‘Afl(m — xo)‘Q

CO(E(z0,8h0))

1
U — Cuoo — iDQU(xo)(m —xg) - (z — x0)

CO(E(z0,8ho))
< 2| = vllco(B(zosho)) T 1€ 90) + 2 - Yoll co(m(ag sh0)) T 160, 0) + 20 - Yollco (B (a0,8h0)

+ | (Yo — pay) - (2 — xO)HCO(E(xo,ShO)) + || (pzo — Vo(20)) - (2 — xO)HCO(E(xO,8hO))

_|_

v = v(z0) — Volzo) - (& — 20) — 5 Do(ao)(w — 20) - (& — o)

CO(E(;Uo,Sho))

3
< 2w(dg) + 350 + K'\/w(do) + K (Kz\/ 8h0) < noho,

where the last inequality follows by choosing first hg sufficiently small, and then dq
much smaller than hg.

e Step 4: A first change of variables. Fix xo € By7, yo € Ocu(wo), define M :=
—Dgyc(xo,y0), and consider the change of variables

T:=x— X
g =My —yo)

Notice that, by (6.20), it follows that
M —TId|+ M~ —1d| < 360 (6.45)

for g sufficiently small. We also define

&(7,9) = c(x,y) — c(x,y0) — c(xo,y) + c(w0, Yo),
u(7) = u(x) — u(wo) + c(x,y0) — (0, Yo),
u(y) = u(y) — u(yo) + c(xo,y) — (o, Yo)-
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Then 4 is é-convex, @° is ¢*-convex (where &* (¥, Z) = &(7, 7)), and
¢(+,0) =¢(0,) =0, D35¢(0,0) = —1d. (6.46)

We also notice that
dzu(z) = M~ (Ocu(Z + x0) — yo)- (6.47)

Thus, recalling (6.31), and using (6.45) and (6.47), for &y sufficiently small we obtain
A <B \/m) € 5(0,0,, ho) (6.48)
C O (co [0(5(0,0,1, h0))]) € A (Byarg )

A (Bymp) M AT (By)
C co [0:(S5(0,0, @, ho))]

c M AT (Bygrg ) € A7 (Buong)
Since (Ty)yf = g, it follows that Ty = c-exp(Vu) satisfies
(Ta)sf =g, with f(2) = f(z +20), g(y) = det(M)g(My+ yo)

(see for instance the footnote in the proof of Theorem 6.1). Notice that, since [M —1Id | <
do (by (6.20)), we have |det(M) — 1| < (14 2n)dy (for dp small), so by (6.19) we get

1F = Ley—solloo + 17— Lar-1(cyyoyllow < 201+ ). (6.49)

e Step 5: A second change of variables and the iteration argument. We now perform a
second change of variable: we set

Fi=—1A"1z
{~ Vho™ (6.50)
Y= ﬁAy,

and define

1
(&, §) == hfoewm VhoATLg),

0
c 1 2 _
uf (j) = ol (Vho A1)

We also define
A@E) = F(VhoAT),  g1(f) == g(v/ heAT9).
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Since det(A) =1 (see (6.30)), it is easy to check that (T3, )3f1 = g1 (see the footnote in
the proof of Theorem 6.1). Also, since (||A| + [|[A7!]|) vho < 1, it follows from (6.49)
that

Ifi—1+]g1—1 <2(1+n)d  inside Bs. (6.51)

Moreover, defining
1. _ (1. _

Cl = S(0,0,ul,l), CQ = Oclul(S(0,0,ul,l)),

both Cfl) and Cél) are closed, and thanks to (6.48)
B3 C CP,CS) C Bs. (6.52)
Also, since (T4, )sf1 = g1, arguing as in the proof of Theorem 6.1 we get
(Tul)ﬁ(fllcgn) = (gllcén),

and by (6.51)

1fitem = Tem oo + llg1Lem = Lomlloo < 2(1 +n)do.

Finally, by (6.46) and (6.32), it is easy to check that

o 1 .
ler(Z,9) + 2 - Jlle2(ByxBs) < 905 up — 5!3«"\2 < 1p.

C%(Bs)

This shows that wu; satisfies the same assumptions as u with dp replaced by 2(1 + n)dp.
Hence, taking dq slightly smaller, we can apply Step 3 to ui, and to find a symmetric
matrix A; satisfying

Id /K2 S A1 S KQ Id, det(Al) = 1,

A (Bm) C 5(0,0,u1,ho) © A1 (B )
ATt (B\/m> C D1 (S(0,0,u1,ho)) € AT (Byrg )

< nohyo.

1 -
up — §‘A1_1x|2
CO(Al (B(0,4/8ho))

(Here Ky and hg are as in Step 3.)
This allows us to apply to u; the very same construction as the one used above to
define uq from u: we set

1 1

co(7,7) == %cl(%Alsz, VEoAT'9),  ua() = h—oulw%m),
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so that (T, )sf2 = g2 with

F(@) = i(VhoA1Z),  g2(§) = 3(v/ ho ATD).

Arguing as before, it is easy to check that us, co, fa, g2 satisfy the same assumptions as
u1,c1, f1, g1 with exactly the same constants.
So we can keep iterating this construction, defining for any k£ € N

ck+1(Z,7) = ];ck(%Aki, \/%Alzlgj), Up+1(Z) == };uk(MAki),
where Ay is the matrix constructed in the k-th iteration. In this way, if we set
My :=A;-...- Ay, Vk>1,
we obtain a sequence of symmetric matrices satisfying
Id/KY < M, < K¥1d,  det(My) =1, (6.53)
and such that

Mk (B(ho/B)k/Q) C S(0,0,Uk,hé) C Mk; (B(8h0)k/2> . (654)

o Step 6: C'P regularity. We now show that, for any § € (0,1), we can choose hq
and &y = &p(ho) small enough so that uy is C*? at the origin (here u; is the function
constructed in the previous step). This will imply that u is C™? at xy with universal
bounds, which by the arbitrariness of zo € By /7 gives u € CLB(Blﬁ).

Fix 8 € (0,1). Then by (6.53) and (6.54) we get

B(m/mm)k C 5(0,0,u1,h) C B(KQM)k, (6.55)

so defining 7o := v/ho/(vV/8K>3) we obtain
2k
lutlleos ) < = (V8Karo) <%,
"0
provided hq (and so 7g) is sufficiently small. This implies the C'# regularity of u; at

0, concluding the proof. O

Remark 6.6 (Local to global principle). If u is differentiable at = and ¢ satisfies (CO)-
(C1), then every “local c-support” at x it is also a “global support” at z, that is,
Ocu(z) = c-exp, (0~ u(x)). To see this, just notice that

0 # dcu(x) C c-exp, (0~ u()) = {c-exp,(Vu(x))}

(recall (1.33)), so necessarily the two sets have to coincide.
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Corollary 6.7. Let u be as in Theorem 6.5. Then w is strictly c-convex in By 7. More
precisely, for every v > 2 there exist ng,dy9 > 0 depending only on v such that, if the
hypothesis of Theorem 6.5 are satisfied, then, for all zo € By7, yo € Ocu(wo), and
Crowo 0 in (1.29), we have

aBmf : {u—Cryyo} > cor” Vr < dist(xo, 0By 7), (6.56)
(o

with cg > 0 universal.

Proof. With the same notation as in the proof of Theorem 6.5, it is enough to show
that
gnf up > /8 ,

where u; is the function constructed in Step 5 of the proof of Theorem 6.5. Defining
00 := K2v/8hy, it follows from (6.55) that

2k
aifglf uy > h’g = (QO/(\/gKg)) > ng
k
0

provided hg is small enough. O

A simple consequence of the above results is the following:
Corollary 6.8. Let u be as in Theorem 6.5, then T, (B ,7) is open.

Proof. Since u € 01’5(31/7) we have that T, (B, /7) = O.u(B;7) (see Remark 6.6). We
claim that it is enough to show that if yo € 9.u(B,/7), then there exists ¢ = £(yo) > 0
small such that, for all |y — yo| < ¢, the function u(-) + ¢(+, y) has a local minimum at
some point T € By 7. Indeed, if this is the case, then

Vu(z) = —Dyc(Z,y),

and so y € J.u(z) (by Remark 6.6), hence B:(yo) C Tu(B1/7)-
To prove the above fact, fix » > 0 such that B,(zg) C By /7, and pick T a point in
B, (7o) where the function u(-) + ¢(-,y) attains its minimum, i.e.,
z € argmin {u(z) + c(z,y) }.
Br(x0)

Since, by (6.56),

min u(z) + c(z, > min u(z) + c(z, —elle
€08, (x0) { v} €D Bu(z0) { o)} —ellcllen

> U(IEO) + C(CL‘(), yO) + COT’\/ - €||C||Clv
while
u(xo) + c(xo,y) < c(xo,y0) + u(zo) +€l|c/ o1,

choosing ¢ < 77 we obtain that Z € B,(z9) C Bj,7. This implies that 7 is a local

2HCH
minimum for u(- ) + ¢(+,y), concluding the proof. O
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6.3 Comparison principle and C*“ regularity

Lemma 6.9. Let 2 be an open set, v € C%(Q), and assume that Vv(£)) C Dom c-exp
and that
D?v(z) + Dyye(z, c-exp,(Vo(z))) >0 V€ Q.

Then, for every Borel set A C €2,

| c-exp(Vu(A))| < / det (D?v(z) 4+ Dygc(z, c-exp, (Vo(x)))) .

A ‘det (Dwyc(x, c—expx(Vv(x)))) ‘
In addition, if the map x — c-exp,(Vv(x)) is injective, then equality holds.

Proof. The proof follows from a direct application of the Area Formula (1.15) once one
notices that, differentiating the identity (see (1.32))

Vo(z) = —Dgc(x, c-exp,(Vu(z))),
the Jacobian determinant of the C' map x + c-exp,(Vuv(x)) is given precisely by

det (D?v(x) + Dyye(z, c-exp, (Vo (z))))
|det (Dyye(x, c-exp, (Vo ()))) |

O]

In the next proposition we show a comparison principle between C' ¢-convex func-
tions and smooth solutions to the Monge-Ampere equation. As already mentioned at
the beginning of Section 6.2 (see also Remark 6.6), the C! regularity of u is crucial to
ensure that the c-subdifferential coincides with its local counterpart c-exp(9~u).

Given a set E, we denote by co[E] its convex hull.

Proposition 6.10 (Comparison principle). Let u be a c-convex function of class C*
inside the set S := {u < 1}, and assume that u(0) = 0, By/x C S C Bk, and that
Vu(S) € Domc-exp. Let f,g be two densities such that

1£/A1 = leogsy + [lg/ A2 = Ulcor,(sy) < € (6.57)

for some constants A\, 2 € (1/2,2) and € € (0,1/4), and assume that (T,)3f = g.
Furthermore, suppose that

e+ 2 ylle2BrxBr) < 0 (6.58)

Then there exist a universal constant v € (0,1), and d = 01(K) > 0 small, such that
the following holds: Let v be the solution of

{det(DQU) = A1/A2 in Nyv(co[S]),
v=1 on 8(N5'y (CO[S])).
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Then
|u —v]lcosy < Ck (6 + 5””) provided § < 61, (6.59)

where Ck is a constant independent of A1, A2, €, and § (but which depends on K ).

Proof. First of all we observe that, since u(0) = 0, v = 1 on 9S, S C Bg, and
e+ 2 ylle2pe) < 6 < 1, it is easy to check that there exists a universal constant
a1 > 0 such that

|Dyc(z,y)| > a1 Ve dS, y=cexp,(Vu(x)). (6.60)

Thanks to (6.60) and (6.58), it follows from the Implicit Function Theorem that, for
each x € 0S5, the boundary of the set

E,:={z€ Bk : c(z,y) —c(z,y) + u(z) <1}

is of class C? inside B, and its second fundamental form is bounded by Cxd, where
Ck > 0 depends only on K. Hence, since S can be written as

S = m E,,
z€0S

it follows that
S is a (Ckd)-semiconvex set,

that is, for any couple of points xg,z1 € S the ball centered at x5 := (zo + 1)/2 of
radius Cxd|z1 — xo* intersects S. Since S C By, this implies that co[S] C Ny 5(5)
for some positive constant C'- depending only on K. Thus, for any v € (0, 1) we obtain

Ny (co[S]) C Nuycr s (S).

Since v = 1 on (N (co[S])) and Ai;/A2 € (1/4,4), by standard interior estimates
for solution of the Monge-Ampere equation with constant right hand side (see for
instance [CaL, Lemma 1.1]), we obtain

oscgv < CF (6.61)
1-C%s/m<v<1  ondS, (6.62)
D%y > §/71d /CY in coS], (6.63)

for some 7 > 0 universal, and some constant C. depending only on K.
Let us define

v = (14 4e 4 2V0)v — 4e — 2V/0, v = (1—4e —V6/2)v+4e +V5/2+ 20567,

Our goal is to show that we can choose v universally small so that v~ > u > v™ on S.
Indeed, if we can do so, then by (6.61) this will imply (6.59), concluding the proof.
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First of all notice that, thanks to (6.62), v~ > u > v on 9S. Let us show first that
v <.
Assume by contradiction this is not the case. Then, since u > v™ on 95,

0+ 7Z:={u<v"}ccs.

Since v is convex, taking any supporting plane to v+ at x € Z, moving it down and

then lifting it up until it touches u from below, we deduce that
Vot (Z) C Vu(2) (6.64)

(recall that both u and v* are of class C!), thus by Remark 6.6
| c-exp(Vo™(2))] < [Tu(2)]. (6.65)

We show that this is impossible. For this, using (6.63) and choosing v := 7/4, for any
T € Z we compute

D?vT(z) + Dype(z, c-exp, (Vo' (z))) > (1+ V6 4 4e)D%v + VD% — 61d
> (14 V6 + 4e)D*v + (6/*/C% — 6)1d
> (1+ V6 +4¢) D%,

provided ¢ is sufficiently small, the smallness depending only on K. Thus, thanks to
(6.58) we have

det (D*v(2) + Dyge(, c-exp, (Vot(z)))) _ det (1 + V6 + 4¢)D?v)
‘det (Dwyc(x, c—expx(Ver(x))))‘ . 1446
> (14 V6 +4)" (1 — 26) A1/ X\
> (1 +4ne)Ai/Aq.

In addition, thanks (6.63) and (6.58), since §7/7 = /4 > § we see that
D%yt > [ Dezcllco(By x By Id inside co[S].

Hence, for any x,z € Z, z # z and y = c-exp, (Vv (z)) (notice that c-exp, (Vv (z))
is well-defined because of (6.64) and the assumption Vu(S) CC Dom c-exp), it follows
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where we used that Vo™ (z) + Dyc(z,y) = 0. This means that the supporting function
2+ —c(z,y) + c(z,y) + v (z) can only touch vt from below at x, which implies that
the map Z 3 z + c-exp,(Vv™(x)) is injective. Thus, by Lemma 6.9 we get

| c-exp(Vot(2))| > (14 4ne) A1 /2| Z]. (6.66)
On the other hand, since u is C?, it follows from (T},);f = g and (6.57) that

@ (14 )
T2 = [ o % S g

This estimate combined with (6.66) shows that (6.65) is impossible unless Z is empty.
This proves that v+ < u.

The proof of the inequality v~ < u follows by the same argument expect for a minor
modification. More precisely, let us assume by contradiction that W := {u > v~} is
nonempty. In order to apply the previous argument we would need to know that
Vo™ (W) C Dom c-exp. However, since the gradient of v can be very large near 95,
this may be a problem.

To circumvent this issue we argue as follows: since W is nonempty, there exists a
positive constant i such that w touches v~ + i from below inside S. Let E be the
contact set, i.e., £ := {u = v~ + fi}. Since both u and v~ are C', Vu = Vv~ on E.
Thus, if n > 0 is small enough, then the set W, := {u > v~ + i — 7} is nonempty
and Vv~ (W,) is contained in a small neighborhood of Vu(W,), which is compactly
contained in Dom c-exp. At this point, one argues exactly as in the first part of the
proof, with W, in place of Z, to find a contradiction. O

< (14 3)A1/Xe|Z].

Theorem 6.11. Let u, f, g,n9, 00 be as in Theorem 6.5, and assume in addition that
c € CH*(Bs x B3) and f,g € Ck""(Bl/g,) for some k > 0 and o € (0,1). There exist
m < mno and 61 < dg small, such that, if

Hf - 1C1||oo + ||g - 1C2Hoo < 4y, (6-67)
”C(ZE, y) +x- yHCQ(BgXB;;) < 617 (668)
and .
u— =]z <, (6.69)
20 lloogss)

then u € CM2%(By jq).

Proof. We divide the proof in two steps.

e Step 1: CY1 regularity. Fix a point g € By s, Yo = c-exp,, (Vu(zo)). Up to replace
u (resp. ¢) with the function u; (resp. ¢1) constructed in Steps 4 and 5 in the proof of
Theorem 6.5, we can assume that v > 0, u(0) = 0, that

Sp = 5(0,0,u,h) = {u < h},
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and that
Dyc(0,0) = —1d. (6.70)

Under these assumptions we will show that the sections of u are of “good shape”, i.e.,
B\/E/KCShCBK\/E Vh < hy, (671)

for some universal h; and K. Arguing as in Step 6 of Theorem 6.5, this will give that
u is Cb! at the origin, and thus at every point in By s.

First of all notice that, thanks to (6.69), for any h; > 0 we can choose n; = n1(h1) >
0 small enough such that (6.71) holds for Sy, with K = 2. Hence, assuming without
loss of generality that §; < 1, we see that

B miss © Nsyymr(colSul) € By,

where v is the exponent from Lemma 6.10. Let vy solve the Monge-Ampére equation

det(D?v1) = f(0)/9(0) in Ny, r(co[Sh,]),
v = hy on 8N5¥\/E(co[5h1]).

Since By3 C Na;m(CO[Shl])/\/hl C Bs, by standard Pogorelov estimates applied to

the function vy (v/h1x)/h1 (see Section 2.3), it follows that |D?v1(0)| < M, with M >0
some large universal constant.
Let hy := h12 % and define K > 3 to be the largest number such that any solution

w of
det(D?*w) = £(0)/g(0) in Z,
{ w=1 ? on 07, (6.72)

with By g C Z C By satisfies |D2w(0)| < M +1 7. We prove by induction that (6.71)
holds with K = K.
If h = h; then we already know that (6.71) holds with K = 2 (and so with K = K).

Assume now that (6.71) holds with h = hy and K = K, and we want to show that
it holds with h = hy41. For this, for any £ € N we consider uy the solution of

det(D?vy) = f(0)/g(0) in Ny z-(colSp,]),
v = h127F on aNaz\/a(co[Shk]),

"The fact that K is well defined (i.e., 3 < K < 00) follows by the following facts: first of all, by
definition, M is an a-priori bound for |D?w(0)| whenever w is a solution of (6.72) with By,3 C Z C Bs,
so K > 3. On the other hand K < +/M + 1, since the function

a3

M+1+x§+...+xi

o= (M 4 1)z; +

is a solution of (6.72) with By, sr71 C Z C B /757 and |D?w(0)| = 2(M + 1), see also Theorem 2.16
and the discussion below it.
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where
Ok = lle(z, y) + 2 - yllozs,, xTu(sn, ) < 01

Let us consider the rescaled functions

ug(zx) == u(\/ﬁx)/hk g (x) = vk(\/ﬁx)/hk

Since by the inductive hypothesis By z C Sy, := {ux < 1} C Bg, we can apply Lemma
6.10 to deduce that

@k — Ukllcoes,) < C’[—((gscf + osc g+ 5Z/n) < Cgr(6 + 51””). (6.73)

hk Tu(Shk)

This implies in particular that, if 01 is sufficiently small, By o5y C {0 < 1} C By
By Proposition 2.12 (ii) and Remark 2.14, the shapes of {v; < 1} and {7, < 1/2} are
comparable, moreover they are well included into each other: there exists a universal
constant L > 1 such that

By iy C{ox <1/2} C Byg, dist ({ox < 1/4},0{v, < 1/2}) > 1/(LK).
Using again (6.73) we deduce that, if 0; is sufficiently small,
By jorr) C{ux <1/2} C Bypg,  dist({u, < 1/4},0{uy <1/2}) > 1/(2LK)
that is, scaling back,

B jrerk) © S © Bapg i dist (Shy, s OShy.,) = Vhi/(2LK) (6.74)

This allows us to apply Lemma 6.10 also to g1 to get

k1 — Dkt llco(gy,q) < CQLK(SOSC f+ osc )g + (5%3) (6.75)

hk+1 Tu Shk+1

We now observe that, by (6.71) and the C# regularity of u (Theorem 6.5) it follows
that

diam (S, ) + diam (T, (Sh,)) < ChY'?,
so by the C%“ regularity of f and g, and the C*® regularity of ¢, we have (recall that

v<1)

afBy
oscf+ osc g+8/"<C i o= —— 6.76

Hence, by (6.73) and (6.75),

lak — vkl cogsyy + lluk+1 — Vktillco(s,,,) < C(Ck + Cori) AT,
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from which we deduce (recall that hy = 2hj41)

[or = vksallcogs,, , ) < ok = ulleogs,,) + lv = vkiallcogs,, , )
= hpllag — llcogs,) + Praallinsr — Trslloocs, o)
< C(Cg + Corg) By
Since vy, and vy 1 are two strictly convex solutions of the Monge Ampere equation with

constant right hand side inside S, ,, and since Sy, ., is “well contained” inside S, ,,
by classical Pogorelov and Schauder estimates we get

| D?vy, — D%kHHCO(ShM) < CLh] (6.77)
o—1/2
|1D%v, = Do lleogs,, ) < Cirhy /2, (6.78)

where C’}? is some constant depending only on K. By (6.77) applied to v; for all
j = 1,...,k (this can be done since, by the inductive assumption, (6.71) holds for
h = h; with j =1,...,k) we obtain

k
[D*041(0)] < |D*01(0)] + 7 1D%0(0) — D;11(0)
j=1

k
<M+ CRhy 2777
j=0
C
K
<M+ D h] <M +1,
provided we choose h; small enough (recall that hy = h127%). By the definition of K
it follows that also Sy, , satisfies (6.71), concluding the proof of the inductive step.

e Step 2: higher regularity. Now that we know that u € C'!(By/g), Equation (1.38)

becomes uniformly elliptic. So one may use Evans-Krylov Theorem (see [CaC]) to
obtain that u € C’fo’gl(Bl /9) for some o’ > 0, and then standard Schauder estimates to
conclude the proof. However, for convenience of the reader, we show here how to give
a simple direct proof of the C29" regularity of u with ¢’ = 20.

As in the previous step, it suffices to show that u is C2" at the origin, and for this

we have to prove that there exists a sequence of paraboloids Pj such that

sup |u— Pg| < Crg(ZJral) (6.79)
rg/c
for some rg, C' > 0.

Let vg be as in the previous step, and let Py, be their second order Taylor expansion
at 0:

Pu(2) = 0s(0) + Vor(0) - 2 + %D%k(o)x 2.
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We observe that, thanks to (6.71),
3/2
lor = Pell qogsommarey < ok = Prlloss,, ) < CllD vklloogs,, )b /2. (6.80)

In addition, by (6.78) applied with 5 = 1,...,% and recalling that hy, = h;27% and
20 < 1 (see (6.76)), we get

k
HD?)UICHCO(S;LHQ) < HDBUIHCU(ShS) + Z | D% — ngj+1\|00(shj+2)
=1
! (6.81)

k
( 4 Z h o— 1/2)) hg_l/Q.
7j=1
Combining (6.71), (6.80), (6.81), and recalling (6.73) and (6.76), we obtain
lu = Pelloos s ) < ok = Prlloogs,, ) + vk = ulleogs,, ) < Chyte,

o (6.79) follows with rg = 1/v/2 and ¢’ = 20.



Appendix A

Properties of convex functions

In this appendix we report the main properties of convex (and semiconvex) functions
which we have used in the previous Chapters.
A function u : R" — [—00, +00] is said convex if its epigraph:

Epi(u) := {(z,t) e R" xR : u(z) <t}

is a convex subset of R**!. In case u > —oo the above definition is equivalent to ask
that
u(te + (1 —t)y) < tu(z) + (1 — t)u(y), Va,yeR" tel0,1].

A convex function is said lower semicontinuous if Epi(u) is closed and proper if u(zg) >
—oo for some xg. It is easy to see that for a proper and lower semicontinuous function
{u = —oo} is empty. We define the domain of u as the convex set

Dom(u) = {u < o0}

and in the sequel we will always assume that Dom(u) has non-empty interior and that
u is proper and lower semicontinuous.

An important role in convex analysis is played by the subdifferential of a convex
function. A point x is in the domain of the subdifferential, x € Dom(9du), if there exists
a non-vertical supporting plane to Epi(u) at the point (z,u(x)). By classical theorems,
see [Ro, Chapter 12], it is easy to see that

Int(Dom(u)) € Dom(du) C Dom(u).

If € Dom(0Qu) the subdifferential of z at u is defined as the set of the slopes of the
supporting planes:

u(z) ={p e R": u(y) > u(z) +p-(y — =)}
In particular p € du(x) if and only if the function

y—u(y) —p-y
135
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has a minimum at z. Since the function u(y) — p - y is clearly convex, any local
minimum is a global minimum, thus the above observation leads to the following useful
characterization:

ou(z) ={peR": u(y) >u(z)+p- (y—z) for all y in a neighborhood of x}.

It is immediate to see that Ju(z) is a convex subset of R". Moreover, as subset of
R™ x R™, the graph of the subdifferential is closed:

xp —x, Ou(xg) dpr —p = x € Dom(du), p € Ju(x).
We also recall the following elementary estimate: if Q' € Q” C Dom(u) then

sup sup |p| < osCar i (A.1)

2 pedu(x) diSt(Q,a 89) ‘

Since convex functions are locally bounded on their domains (see [Ro, Theorem 10.1]),
thanks to the “non smooth” mean value theorem (Lemma A.l below) we see that
convex functions are also locally Lipschitz.

Given a proper and l.s.c. function wu its convex conjugate (or Legendre transform)
is the convex and lower semicontinuous function:

u*(p) = sup {p-x —u(z)}.
xER”

Since v is proper and lower semicontinuous one can verify that

(@) = sup {p- = — u(p)} = ulx).
peER™

In addition
p € u(z) < x € du™(p),

and in this case

u(z) =p-z—u’(p) and u*(p)=p z—u(z)

Indeed
p€ou(r) < uly)—p-y>ulx)—p-x Vy
— u'(p)=p -z —u(x)
= u'(p)—p-x<u(qg—qx Vg
< z € ou*(p).

In particular Ou and Ju* are (as multivalued maps) one the inverse of the other.
It is immediate to verify that if u is differentiable at = then du(z) = {Vu(x)}. To
show the converse implication we need the following.
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Lemma A.1 (Non smooth mean value theorem). Let u be a convex and finite function,
if z,y € Int(Dom(u)) then there evist z € (x,y) * and p € du(z) such that
u(y) —u(x) =p-(y —x)

Proof. Let © @ Dom(u) be a convex set such that [z,y] C Q and let us consider the
regularized functions

Uus(w) = /u(y)sos(w —y)dy

with ¢, a family of compactly supported mollifiers. Then u. are defined and convex on
a € neighborhood of © and u. uniformly converge to u in € (recall that any pointwise
bounded sequence of convex functions is locally bounded, see [Ro, Theorem 10.6]),
hence, since the wu. are smooth, (A.1) implies that u. are locally Lipschitz). By the
classical mean value theorem for smooth functions there exists a point z. € (x,y) such
that

ue () — ue(y) = Vue(ze) - (y — 2).

Passing to the limit as & goes to 0 we see that, up to subsequence, z. — z € [z,y] and
Vu(z:) = p € Ou(z). Hence

u(y) —u(x) =p-(y—z),  p€au(z), z €[z,y]. (A.2)

If z € (z,y) we are done. In case z = z, for instance, by the above equality it is
immediate to see that p € du(w) for all w € [z,y] and thus (A.2) holds also for some
Z € (z,y), proving the lemma. O

Lemma A.2. Assume that x € Int(Dom(u)) and that Ou(z) = {p}, then u is differen-
tiable at x and p = Vu(x).

Proof. We want to show that

u(y) = u(z) +p- (y — ) +olly — z|).
By Lemma A.1, there exists a point z € (z,y) such that

u(y) = u(x) +q:- (y—x) ¢ € Ou(z).

If y — 2 then also z — z and, by (A.1) and the closure of the subdifferential, ¢, — ¢ €
Ou(x). Since, by assumption, du(z) is a singleton, g, — p. Then

u(y) =uw(@)+p-(y—z)+(q—p) - (y—2) =u@)+p-(y —z) +o(ly — z|).

O

!(z,y) denotes the open segment with extremes 2 and y while [z, %] is the closed segment with the
same extremes.
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We have already shown that convex functions are locally Lipschitz, hence, by
Rademacher Theorem [EG], they are differentiable almost everywhere on their do-
main. Actually, thanks to the above lemma, one can give a more elementary proof of
this fact using the following ingredients:

e The restriction of a convex function to a line is a one-dimensional convex function.

e One-dimensional convex functions are differentiable outside a countable set (this
follows by the monotonicty of the incremental ratio).

e By Fubini Theorem a convex function admits partial derivative almost every-
where.

e If in a point a convex function is derivable along n independent directions, then
Ju(x) is a singleton.

By the above considerations, for every € Int(Dom(u)) the set of reachable gradi-
ents

V.u(z) = {p € du(x) : exists a sequence of differentiability points zy, z) — z, Vu(zy) = p}
is non empty. Actually they are enough to generate the full subdifferential:
Proposition A.3. If u is conver and x € Int(Dom(u)) then
Ju(x) = W.
Proof. Let
C =co [V*u(w)]

Being Odu(z) closed and convex C' C OJu(x). Let us assume that there exists p €
Ou(z) \ C. Since C' is a compact and convex (recall that, by (A.1), Qu(z) is bounded),
there exists a vector e € S"~! such that

e-p:=46>0>e-p VpeC.
Since C is compact there exists a small o such that for all v € B, (e)

v-p>3>i>v-p Vpel. (A.3)

Since the cone generated by B,(e) and the origin has positive measure we can find a
sequence v € By(e) and tp — 0 such that = + txvy — x and w is differentiable at
x + t,vE. Bu the monotonicity of the subdifferential (recall Theorem 1.6)

t(Vu(xg + tvg) — p) - vg > 0.

Up to a subsequence, vy — ¥ € By(e) and Vu(zg + tvg) — ¢ € Viau(z) C C. Then

q- v 2 ﬁ - v,
contarddicting (A.3). O
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We conclude this appendix investigating second order properties of convex func-
tions. The first observation is that distributional second order derivatives of convex
functions are measures (i.e. distributions of order zero). In particular the almost ev-
erywhere defined function Vu(z) belongs to BVj., see [AFP] for main properties of
BV functions.

The heuristic idea behind the proof is that for a (smooth) convex function D?u > 0
and that any positive distribution is a measure.

Proposition A.4. Let Q € Dom(u) then D*u is a symmetric matriz valued Radon
measure in (2.

Proof. Let Q € ' @ Dom(u) and u. be a sequence of smooth convex functions defined
on " uniformly converging to u in €' (for instance we can take as u. the convolution
of w with a family of mollifiers as introduced in the proof of Lemma A.1). Clearly

D%*u. — D*u
as distributions. By Riesz representation theorem, it is enough to show that

limsup/ |D?u.| < C.
Q

e—0

for some constant C' independent on €. To see this recall that, by convexity, | D?u.| <
nAu,, hence (assuming without loss of generality that €2 is smooth)

/\D2u€\<n/Au5—n/ Vu. - Vo

< H T (99) sup | V| < nH (962D [te]
Q

dist (92,000
Since ue converge uniformly to u on Q'

supgy [ul

li D2u.| < nH 1 (9Q) ——2
1msup/ﬂ\ ue| < nH"H(0 )dist(Q,aQ’)’

e—0

concluding the proof. O
By the Lebesgue- Radon-Nykodim Theorem D?u can be decomposed as
D*u = V*udZ + (D?u)’.
where V2u is defined as

2u(By(z
V2u(z) = %w ).

2 Tt is part of the theorem that the above limit exists almost everywhere. Notice that in particular
this implies that V?u is symmetric.
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A well know property of BV functions is that they are approximately differentiable
almost everywhere® (see [AFP, Theorem 3.83]). In particular Vu(z) is approximately
differentiable with approximate differential equal to V?u. The following theorem, due
to Aleksandrov, implies that actually Vu is differentiable almost everywhere.

Theorem A.5 (Aleksandrov). Let u be a convex function, then for almost every point
of differentiability x in the interior of its domain the following equivalent properties
hold true:
(i) u(y) = u(z) + Vu(@) - (y — ) + 5V2u(@)(y — 2) - (y — ) + o(ly — z]*)
(ii) du(y) = Vu(z) + V?u(z) - (y — ) + o(ly — z|).
Here in (ii) we mean that
p = Vu(z) + Vu(z) - (y —z) +o(ly — z|) for all p € du(y)

Proof. We first show the equivalence of (i) and (ii). To see that (ii) implies (i) one
simply applies Lemma A.1. Let us show that (i) implies (ii). For this assume, by sake
of contradiction, that there exists a sequence of points gy converging to x such that for
some pi € Ou(yg)

— — V2 —
Lo ok = V(@) = V() (e — o))

> 0. (A.4)
k—0 |y — x|

We can clearly assume that x = 0 = |Vu(z)|, let us write yx = tgvy with v, € SP1
and consider the convex functions
u(tpw
ug(w) = (t]; ) w € Ba.
k

By our assumptions uy — @ := V2u(0)w - w/2 locally uniformly in By. Up to subse-
quence vy — v. Moreover pi/tr € Oug(vg). Since uy are locally bounded by (A.1),
pr/tx is bounded, hence, always up to subsequence,

Oug(vg) 3 pr/te — p € 0u(v) = {V?u(0)v},

contradicting (A.4).
We now show that (i) holds almost everywhere. For this let = be a point such that

(D%u)*|(B,(z)) _ o
By 0 d fmyp V) - Viu@ldy 50 (A5)

3A function v is approximate differentiable at  if there exists a linear function L, such that

v(z 4+ rh) —v(x)

— Lzh

locally in measure. In this case L, is unique and it is called the approximate differential of v at =
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as r — (0. Notice that the above properties hold true for almost every z. Let us assume
that x = 0 = |Vu(z)|, our claim is equivalent to show that

t
lim u(tv)
t—0 12

= ivzu(O)v v uniformly in Bj.

Since the functions u(tv)/t? are convex, L' convergence implies local uniform conver-
gence, so it is enough to show

u(tv)

12 dv = 0.

lim
t—0 32

= %VZU(O)U v

By a change of variable the above is implied by

u(z) — 3V2u(0)z -z

5 dr = 0.

lim
r—0 B

r

To see that the above limit is zero let us introduce the regularization of u

ue(z) = / u(y)pe( — y)dy,

1 z
eel2) = o)
for some smooth and positive probability density ¢ supported in B;. Since u.(z) —
u(z) and Vus(0) — Vu(0) = 0 by Fatou Lemma:

where

u(z) — AV2u(0)z - o

lim sup][ 5 dx
r—0 . r
— Vu(0) -z — 4V2u(0)x -
Slimsupliminf][ us() us(0) ;: 3V u(0)e e dx. (A.6)
r—0 =0 Jp. r
By Taylor formula, Fubini Theorem, and a change of variable
— Vue(0) -z — 1 V2u(0)z -
limsupliminf][ ue(2) ue(0) ;E 3V u0)z -2 dx
r—0 e—0 r
— V2 .
< hmsuphrnmf DPue(sz)z x2 Vu@z @ (1 —s)dsdx
r—0 e—0 r
D2 e \T72 .
:limsuplimmf/ (1 —S)f ue(sz)2 1:2 Vu@z @ dxds (A7)
r—0 e—0 0 - T
1 D2 YR v ) .
:limsupliminf/ (1 —s)f Uy -y = Vul0)y -y dyds
r—0 e—0 sr (ST)2

< lim sup lim 1nf/ ][ 2u(y) — V2u(0)|dyds.

r—0 e—=0
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Now, for every radius p, by Fubini Theorem and the definition of ¢,

/ D2us(y) — V2u(0)|dy
By

_ / / oo (2 — y)d(D?u)* () + / pe( — ) (V2u(z) — V2u(0))da
By

< /B ( /B el - y)dy)duDZu)ﬂ(x)
+ /B EE —v2u(0)|< /B

< gp [Be0Bew) (

UJGBP+5 €

dy

Pe(r — y)dy> da

P

(D?u)*|(Bpye) + /

BP+5

|V2u(z) — V2u(0)|dm>

< O(n)™mlEL A" (|<D2u>8|<Bp+s> s - v2u<o>|dx) ,

n
€ Bﬂ+€

hence,

f Dus(y) — V2u(0)|dy
By

min{e™, p"}(p + )" ‘(D2U)S‘(Bp+€) 2 — VvV T
< C(n) (pe)n ( |Bp+{-;| * ép+g [Viute) = Viu(t)ld )

2u s -
< C(n) (W + ]{Bp+5 \V2u(z) — V2u(0)]dx>.

which, by (A.5), is uniformly bounded for ¢ and p small. Hence (as a function of s)
the integrand in the right hand side of (A.7) is uniformly bounded. Moreover, by (A.5)
and the above equation

lim sup lim sup][ |D?u.(y) — VZu(0)|dy = 0.
r—0 e—0 .

Recalling (A.6) and applying Dominated Convergence Theorem to the right hand side

of (A.7), we finally conclude the proof. O]

A function u is said C-semiconvex if u— C|z|?/2 is convex or, equivalently, if D?u >
C'Id in the sense of distributions, notice that the sum of a C-semiconvex function v and
of a C? function v is C'+||v||c2-semiconvex. It is clear that, since a semiconvex function
is a smooth perturbation of a convex one, all the above properties of convex functions
still hold true for semiconvex functions, in this case the role of the subdifferential is
played by the Frechet subdifferential

O u(x) ={peR": wu(y) >ulx)+p-(y—=z)+olly—=z|} (A.8)
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We conclude the appendix with the following useful interpolation inequality which is
the equivalent of (A.1) for semiconvex functions.

Lemma A.6. Let u: Q) — R be a C-semiconvex function and let K C € be a compact

set, then
0SCQ U
sup sup[pl < 2L 4 [0 osc Ao
€K ped—u(z) | | dlSt(K, 89) Q ( )

where C_ = max{—C, 0}.
Proof. Let z be in K and p € 9~ u(x), then by semiconvexity
u(y) = u(z) +p-(y —2) + Cly —z|* vy e Q.

Choosing y = = + tp/|p|, we obtain

p| < 0SCQ U

+ C_t, 0 < t < dist(K,090).

Minimizing in ¢ we obtain

osco U
dist (K, 0Q)
Ip| <

Vv C_ oscq u if /95 < dist(K, 09),

+CO_dist(K,09) i /2% > dist(K, 09)

from which the claim follows. O






Appendix B

A proof of John Lemma

In this appendix we give a proof of John Lemma, [Jo]. The proof we give is taken
from [How].

0\ 1/a p = (a,0)

Figure 2.1: The situation in the proof of John Lemma.

Theorem B.1 (John). Let C C R™ be a bounded convex set with non-empty interior.
Then there exists a unique ellipsoid E of mazximal volume contained in C. Moreover

this ellipsoid satisfies
EcCcCnE, (B.1)

where the dilation is done with respect to the center of E.

Proof. Existence of E is immediate. For the uniqueness just notice that the Minkowski
sum of two ellipsoids is still an ellipsoid and use the strict concavity of the map A —
det!/™(A) on the cone of non-negative symmetric matrices. Let us prove (B.1). Up
to an affine transformation we can assume that £ = B, the unit ball centered at the
origin. Let p be the farthest point of C, up to a rotation we can assume that p = (a,0),
a > 0, see Figure 2.1, and our goal is to show that a < n.

By convexity, the cone C generated by B and p is contained in C'. We will show that,
if @ > n then there exists an ellipsoid with volume strictly larger than |B| contained in
C, see Figure 2.2.
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Figure 2.2: If a > 1 then there exists an ellipsoid with volume strictly larger than |B)|
contained in C.

Let us consider, for A > 0, the flow of affine maps <I>f‘ generated by the vectorfield
v)‘(:cl,xl) = ((xl +1), —)\x').
An easy computation shows that
dMNxy,2) = (et(xl + 1), ef)‘txl),
so that, if A < 1/(n —1),
|2}(B)| = |B|eM =)t > |B] Vi > 0.

We want now to understand when ®}(B) C C for small ¢. For this notice that, by
similarity, the “straight” part of the cone touches 0B on the (n — 2) sphere

S ={a1=1/a, [2']° = (a® - 1)/a’},

see Figure 2.1. To prove that ®}(B) is contained in C for ¢ small, it is enough to
show that the vectorfield points inside 0B in the region where z; < 1/a. This means,
recalling that vgp(z1,2’) = (21, 2'),

0> vMay,2') - vop(z1, o) = 22 + 21 — N2/ |? (v1,2") € 0BN {x1 < 1/a}.

Since, on 0B, |7'|> = 1 — 22 the above equation is equivalent to ask that

1+t <A1 —2?) forall —1<2z; <1/a,
which is true if and only if A > 1/(a —1). In conclusion, if a > n, we can find a A such

that

1 1
—— A< —,
a—1 n—1

but then the ellipsoids ®}(B) are contained in C C C for small ¢ and have volume
strictly greater than the one of B, a contradiction. O
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