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Summary

In this dissertation an original method of predicting the minimum induced drag
conditions in a conventional or innovative lifting systems is presented. The
procedure here shown is based on the lifting line theories and the small perturbation
acceleration potential. Under the hypothesis of linearity and rigid wake aligned
with the freestream, the optimal condition is formulated using the Euler-Lagrange
integral equation under the conditions of fixed total lifting force and wing span.
The Lagrange multiplier method is applied. Particular attention is paid to analyze
and solve the Hadamard finite-part integrals involved in the solution process. The
minimum induced drag problem is then formulated and solved numerically and
analytically when possible. Classical configurations and non-planar lifting systems
are extensively analyzed. In particular, the following configurations are examined:

e Classical cantilever wing and biplane
o Circular annular wing
o FElliptical annular wing

e FElliptical lifting arcs

For each system, the optimal circulation distribution and the minimum induced
drag are calculated. Munk’s theorems are also applied to verify the quality of the
solutions. Also, comparison with the theoretical and experimental reference values
is made.

In order to develop a nonlinear aeroelastic model, a structural nonlinear plate
model is formulated as well. It is based on the Principal of Virtual Displacement
(PVD), and the plate model adopted is the Classical Plate Lamination Theory
(CLPT). The unknown displacements are written as a product between known
functions and unknown coefficients (Ritz’s approach). The boundary conditions and
compatibility of motion between adjacent plate segments are imposed via penalty
function approach. Test results obtained by the present method for a variety of
plate structures show good correlation with published results and results by other
computer codes. A joined wing configuration is analyzed using this procedure as
well.



Preface

This dissertation should be a self-reading dissertation even for non expert readers.
In this thesis several theoretical problems are analyzed. Therefore, the necessary
basic concepts are introduced in the first chapters, while the "state of the art” part
is discussed in chapter 4. In order to facilitate the reading, a list of the dissertation’s
chapters and their contents are reported here.

e Chapter 1
The fundamental equations of inviscid fluids are presented. The concepts of
velocity potential, acceleration potential and small perturbation potential are
also introduced. Some elementary solutions of Laplace’s equation are reported
as well.

e Chapter 2

This chapter is mainly concerned with the mathematical issues encountered
in this thesis. In particular, the Gaussian quadrature formulae and the
Hadamard finite-part integrals are analyzed. A quadrature formula for
those hypersingular integrals is presented. A technique to solve the integral
equations and the Euler-Lagrange integral equation (that minimizes the
induced drag) is presented. The Lagrange multiplier method is extended for
these problems. A numerical method to solve the Euler-Lagrange equation is
also presented.

e Chapter 3
The basic ideas of the lifting line theories are introduced in this chapter.
A generic thin airfoil is studied with the velocity potential and acceleration
potential. Prandtl’s lifting line is presented. Weissinger’s approach is reported
as well. Also, the consistency of Weissinger’s approach is demonstrated.
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e Chapter 4

This chapter is mainly concerned with the induced drag and its physical
description and reduction. The ”state of the art” of induced drag and its
calculation /reduction is reported as well in this chapter. In particular, the
different methods of calculating the induced drag are summarized. The
problem of the wake modeling is also presented. Munk’s Stagger Theorem
and Munk’s Minimum Induced Drag Theorem are described in detail. The
non-planar wing systems are extensively studied. The attention is focused
on the circulation distribution in such systems, and the main differences with
the classical wing systems are illustrated. The concept of induced lift is also
covered. Some important properties of the closed systems are described as well.
The wing-grid idea is briefly reported. Finally, an Italian research project (the
Prandtlplane) is discussed.

e Chapter 5

This chapter introduces the procedure developed in this study. In particular,
using the small perturbation acceleration potential, the well known results of
the classical wing under optimal conditions are obtained. The biplane under
optimal conditions is extensively analyzed. It is demonstrated that, under
optimal conditions, the two wings (which have the same wing span) have the
same circulation distribution. In addition, the cases of both infinite distance
and infinitesimal distance between the wings are analyzed. The case with finite
distance is also considered, and it is shown that the optimal distribution is, in
general, not elliptical.

e Chapter 6
The annular wings are studied in detail. A closed form solution is found using
Weissinger’s approach. Using the small perturbation acceleration potential,
the expressions of induced velocity, total lifting force and induced drag for
circular and elliptical annular wings are determined.

e Chapter 7
The elliptical lifting arcs are analyzed using the small perturbation acceleration
potential and Weissinger’s approach. The equations for the lifting force and
induced drag are obtained.

e Chapter 8
A few numerical issues related to the solution of the integral equations are
reported here. In particular, the convergence of the collocation method is
demonstrated. Moreover, five numerical techniques to calculate the induced
drag are presented and discussed together with some results. All tests
are conducted studying an elliptical annular wing subjected to a twist
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corresponding to a rigid rotation of the ellipse along the axis representing
the wing span. Furthermore, a few numerical problems related to the aspect
ratio are discussed.

Chapter 9

In this chapter, the circular and elliptical annular wings are analyzed under
optimal conditions, and the Euler-Lagrange equation is solved analytically and
numerically. The expressions of the optimal circulation, coefficient of minimum
induced drag and the normalwash are determined. Munk’s Minimum Induced
Drag Theorem is verified in each case examined. It is also shown that the
solution is not unique (general property of the closed wing systems). It is
demonstrated that, in a circular annular wing, the optimal twist corresponds to
a rigid rotation of the wing with respect to the axis representing the wing span.
The elliptical annular wing and the biplane, both under optimal conditions,
are compared. It is demonstrated that, for small aspect ratio, the elliptical
annular wing and the biplane have almost the same efficiency. Additionally,
a comparison with some experimental results obtained by Alenia Aeronautica
(Turin, Ttaly) is also reported.

Chapter 10

The Euler-Lagrange equation is presented and numerically solved for the
elliptical lifting arcs. Good correlation with some results available in the
literature is reported. It is proved that a C-wing has almost the same induced
drag as can be found in a closed system. The optimal circulation distribution
along the lifting line is determined and compared with the corresponding closed
system.

Chapter 11

A plate structural model is described here. The wing is divided into plate
elements (wing segments) and the boundary conditions are imposed via
penalty function. Moderately large displacements are considered in the model.
The unknown displacement field is discretized using Ritz’s approach. The
nonlinear structural code is tested with some results available in the literature
and with the commercial codes NASTRAN and ADINA. A nonlinear analysis
of a joined wing configuration is performed and the results are compared with
the displacements obtained using NASTRAN.
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Aerodynamic and Mathematical
Tools



Chapter 1

Equations for Ideal Fluids and
Aerodynamic Tools

1.1 Introduction

The fundamental equations of ideal fluids (i.e., inviscid fluids) and some important
concepts are introduced in this chapter. In particular, the derivations of the velocity
potential and acceleration potential are introduced. All derivations reported here are

based on [1], [2] and [3].

1.2 Euler Equations

In this section the Euler equations are recalled.

e Continuity Equation:
dp

o

1Dp

-V - (pV) or oDi -V-V,

where p is the fluid density, V' = V,4+V, j +V.k is the velocity vector

%)

(1.1)

9 s the

Fuler derivative and % = % +Vey + Vya% + VZ% is the Lagrange derivative.

For constant fluid density™:

V-V =0
e Equation of Motion*:
DV 1 oV V2 1
or v Y (2) =P

!This means that p = po everywhere.

(1.2)

(1.3)

2In aeronautical applications this equation has no other terms. But in some applications, like

meteorology, other contributes have to be included.

2
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where p is the pressure. If the fluid is incompressible (i.e., p = py is a
known constant), the continuity and motion equations form one system of
four equations with four unknowns V,, V,, V, and p. If the density is not
constant, two other equations are required. These two equations are reported
below.

e Energy Equation:
De D (1
— =—-p—= |- 1.4
Dt Dt (,0) ’ (L4)

where e is the thermal energy for unit mass. e is also proportional to the
temperature T":
e=c,T,

where ¢, is the specific heat for unit mass and with constant volume.

e Constitutive Equation (for ideal gas)

S =RT 1.5
) (1.5)

where R* is the gas constant. If the fluid is air, R* = 287KgJ—K.

1.3 Velocity Potential

In most aeronautical studies it can be assumed that the curl of the velocity is zero®.
Therefore, it is possible to define a scalar function @ called velocity potential, whose
gradient is equal to the velocity:

V = V. (1.6)

From the equation of motion and equation (1.6) the equation of the velocity potential
can be derived as

v - [82@+8(v2)+vv<v2ﬂ — 0, (1.7)

where ¢ = ¢(V') = ¢(P) is the speed of sound.
If the fluid is incompressible, the equation becomes Laplace’s equation:

V29 = 0. (1.8)

3If the aeronautics bodies are well designed, the vorticity is confined in the boundary layer and
in the wake (very small). Therefore, if curved shock waves are not present, the assumption of zero
curl of the velocity is acceptable.
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It is important to notice that equation (L.7) is nonlinear while equation (1.8) is
linear. Since irrotational, incompressible flow is governed by Laplace’s equation,
which is linear, it can be concluded that a complicated flow pattern for an
wrrotational, incompressible flow can be synthesized by superimposing a number of
elementary flows which are also irrotational and incompressible. This technique will
be used in coming chapters.

1.4 Acceleration Potential

The velocity potential @ has been defined. Similarly, the acceleration potential [4]
can be defined. Using the equation of motion (L.3):
DV 1
— = ——Vp. 1.9
D VP (1.9)

If the entropy is assumed constant, the relation p% = const” is valid, and it is possible

to prove the relation
1 dp dp
vp:v< ):v( +Gt>. 110
; /5 /e (1.10)

The goal is to write the relation (1.9) in the form of

DV
A, v/ 1.11
ot =V (1.11)

By combining the relations (1.11), (1.10) and (1.9), the expression of the acceleration

potential ¥ can be found:
d
wz—/ﬁ—aw. (1.12)

p

Here, G (t) is a function of time ¢ and furnishes the value of ¥ at the start of the
integration domain.

1.5 Boundary Conditions
In aeronautics it is common to have an airplane moving in an infinite field. Under

the hypothesis of the viscosity ¢ = 0 and p = const, two requirements have to be
satisfied”:

4 If the fluid is air, v = 2 =14.
5If these hypothesis are removed, the requirements are different.

4
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e Requirement 1

Far away from the body (toward infinity), in all directions, the flow approaches
the uniform freestream conditions. Let V., be aligned with the z direction in
a reference coordinate system, at infinity the following relations have to be
satisfied:

Vx = Voo >

V,=V,=0.
This condition is the Boundary Condition on Velocity at Infinity (BCVI).

(1.13)

e Requirement 2
If the body has a solid surface then it is impossible for the flow to penetrate
the surface. The relative velocity at the surface can be finite, but, because the
flow cannot penetrate the surface, the relative velocity of the fluid must be
tangent to the surface. This is the Wall Tangency Condition(WTC).

1.6 Thin Wings: Linear Theory

1.6.1 Boundary Conditions

Consider a thin wing, meaning that the wing has small curvature and thin thickness.
Let V. be aligned with the x direction. The velocity can be expressed as

V=Ve+uv,)i+v,J+v.k Vg, Uy, 0, << Vi, (1.14)

where v,, v, and v, are the components of the perturbation velocity. Obviously, this
equation satisfies the BCVI requirement.

The aim is to formulate a theory in order to calculate the lifting force and the
induced drag of a wing system. It is well known from the aerodynamic theory that
the thickness does not produce a lifting force. Therefore, consider the wing as a
surface without thickness. Indicating the equation of wing surface with z = f(z,y),

the vector of of of
_9f, 0F . Of
oz + 8y'7 0z’
is perpendicular to the wing surface. In steady conditions, the WTC can be imposed
in the following manner:

n (1.15)

V-n:O:>(VOO+vx)g‘£—|—vyg‘£—vZ:0. (1.16)

Suppose that the curvature is very small (small perturbation theory). Under this
condition, the terms Ux% and v, 91 are negligible and equation (1.16) becomes

dy
of B v, Of
%_”Z_Oivm_ax‘

Vi (1.17)
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This equation represents the WTC for thin wings.

1.6.2 Small Perturbation Velocity Potential

Under the small perturbation hypothesis, it is possible to introduce the small
perturbation velocity potential ¢ as

¢ =0 —Vyx. (1.18)
From that equation it is possible to write:

o)
Uac:a*i:vx_vom

0
vy =G0 =Vy, (1.19)
UZ:%:‘/Z_

In this case the Laplace’s equation
Vi =0 (1.20)

is valid.

1.6.3 Acceleration Potential and Pressure Perturbation

From its definition (see equation (1.12)), by using the isentropic relation, the
acceleration potential expression can be demonstrated as

1/y
A [ G-1/7 _p(v—l)/v} _ (1.21)
Y =1 poo

The quantities with the subscript oo are referred to the freestream far ahead of
the body. Suppose it is possible to use the linear theory (i.e., to have very small
perturbations) then the pressure can be written as

PD=DP(1+€) (e6—0). (1.22)

Using equation (1.22) and the Taylor expansion truncated at the first order yields

-1
p('y—l)/'y _ p((;(y)—l)/'y (1+ 5)(%1)/7 _ pg—l)/v <1 + WV) (pp — 1)) ) (1.23)

Substituting (1.23) into relation (1.21), the obtained result is

p=lx"P (1.24)
Poc

6
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This expression is very important. Consider a very thin wing” (see figure1.1). Using
the superscript + for the upper surface and the superscript — for the lower surface,
the relation between the local load L(y) and the small perturbation acceleration
potential can be written as’

Poo (77 (1) =07 () = P&V (y) = L (). (1.25)

If the hypotheses used to obtain equation (1.25) are satisfied, and if the fluid is

Wing A4
+ | LO)

- C—>~

L) =puVe by (y)

AA x

EN
EN

X

Figure 1.1.  Acceleration potential and local load Ap (y).

incompressible (i.e., p = poo), by using the local Kutta-Joukowski theorem

L(y) = pocVooI (y), (1.26)

it is possible to relate the local circulation I' (y) with the quantity AW (y) as

- A&”(y)_

I(y) = . (1.27)

This formula will be used later to switch I" (y) and the dipole intensity distribution
m (y).

5The wing must be thin in order to use the linear approach.
"Consider that Weissinger’s approximation is valid. Only one load L(y) for each y is considered.
This concept will be further explained in chapter 3.

7
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1.6.4 Acceleration Potential and Small Perturbation
Velocity Potential: Relations and Concepts

For the steady case, it can be demonstrated that Laplace’s equation is valid also for
the acceleration potential. Therefore, the following expression is valid:

V2 = 0. (1.28)

This relation is, in a formal point of view, the same equation that the small
perturbation velocity potential has to fulfill. Hence, it is possible to superimpose a
number of elementary solutions®.

Why is the acceleration potential important?

e Reason 1
It is directly related to the local load (see equation (1.25)).

e Reason 2
In a simplified model for wings (like Prandtl’s lifting-line theory), the vortices
in the wake do not have to be considered if the acceleration potential is used.
This is useful if the geometry of the wing is complex and the Biot Savart law
is not easy to apply.

e Reason 3

In the lifting line theories, the final equation is not an integral-differential
equation but only an integral equation if the acceleration potential is used.
This helps greatly in the numerical approach, when the circulation distribution
on the wing has to be found: only the unknown distribution (and not its
derivative) has to be discretized. But, if the acceleration potential is not used
then an integral-differential equation has to be solved”. In subsequent chapters
this aspect will be studied more in depth.

To correctly impose the WTC, the velocity is needed. However, the velocity is
the gradient of the velocity potential. Therefore, the small perturbation velocity
potential as a function of the acceleration potential has to be expressed. The wanted
relation for steady flow can be demonstrated as

x

0
¢ = ¢ (r,y,2) = Vl / v (&y,z) dE. (1.29)

R
v@x -

8Similar operation is done when, for example, the vortices are used to analyze a wing: this is
possible because they singly solve Laplace’s equation and because it is linear.

9 However, in that case, it is possible to use the integration-by-part rule and obtain an integral
equation only. An example reported in chapter 3 will clarify the concept.

8
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1.7 Some Elementary Solutions of
Laplace’s Equation

Laplace’s equation is linear. This property will be used in subsequent chapters to
study non-conventional wings.

In this section a few elementary solutions of Laplace’s equation are analyzed. Only
the small perturbation velocity potential expressions will be obtained, but it has to
be clear that, because of the linearity, these expressions are valid for both the small
perturbation velocity potential and the acceleration potentiai".

1.7.1 Two-Dimensional Case
The Source

Consider a two-dimensional, incompressible and steady flow. If all the streamlines
are straight lines emanating from a central point O, and if the velocity changes
intensity inversely with distance from point O, the flow is called a source flow. The
velocity and the velocity potential expressions can easily be demonstrated as

- @
V=V.=o—, (1.30)
¢s = ;iln?“. (1.31)

Q = [m?/s] is the intensity of the source. If the value is negative then it is called
sink.
The source flow has the following properties:

e Property 1
V -V =0 for all points except point O, where V -V — oo.

e Property 2
The curl of the velocity is zero on all points: V x V' = 0.

Figure [1.2 shows the source flow and sink flow.

The Doublet

There is a special, degenerate case of a source-sink pair that leads to a singularity
called a doublet (see figure [1.3)).

10Remember that under the hypothesis of linearity both the small perturbation velocity potential
and the small perturbation acceleration potential satisfy Laplace’s equation.

9
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v A
Source flow Sink flow

Figure 1.2. Source and sink flows.

The doublet expression is obtained by considering one source and one sink of equal
strength ) separated by a distance d. With a limit process (as will be seen in the
three-dimensional case), the potential of a doublet M can be demonstrated as

Gq = —QJ\:T cos (¥ — a) . (1.32)

When a = 7, the previous relation becomes

M z

_ 1.
2w 12 + 22 (1.33)

$q =

The doublet flow has the following properties:

e Property 1
V -V =0 for all points.

e Property 2
The curl of the velocity is zero on all points: V x V = 0.
The Vortex

Consider a flow where the streamlines are concentric circles about a given point O.
Moreover, let the velocity along any given circular streamline be constant, but let it
vary from one streamline to another inversely with the distance from the common

10
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A\ Z

Doublet flow

P(x,z)

Doublet axis Doublet axis

Doublet of strength M

$a = —2L cos(9 - a)

2nr

Figure 1.3. Doublet flow.

center O. Such a flow is called a vortex flow (see figure [1.4).
It is possible to demonstrate the following relations:

r

= 1.34

Vﬁ 27T7"’ ( 3 )
I

by = —0. (1.35)
2T

Figure 1.4. Vortex flow.

The vortex flow has the following properties:

11
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e Property 1
V -V =0 in every point.

e Property 2
The curl of the velocity is zero on all points except point O,
where V XV — oc.

1.7.2 Three Dimensional Case
The Source

In a cartesian system, let the origin of the system be called O. If a source of intensity
Q[m?/s] is positioned at that point, because of the symmetry, the potential is a
constant function over a sphere which is centered at point O. () must always be the
same and independent from the sphere cosidered. For that reason and because the
velocity is radial (symmetric flow), @ can be written as

42 Q@
Q=4mrV, =V, = g (1.36)
The velocity V,. is also the derivative of the velocity potential. This yields
Q _ 00 Q
= - =y = ———. 1.37
dwr?  Or ¢ 4mr (1.37)
Therefore, the velocity potential for the source is
¢ (1.38)

R R

Obviously, even if the source is not in the origin of the system, the previous formula
is still valid, but now the cartesian distance from the point P(z,y,z) and the source
positioned at point Ps(xs,ys,2s) appears in the expression of the velocity potential:

tr(@ — 2P+ (y— 9 + (2 - 2)°

Ps (1.39)

The Doublet

Consider two sources™ with intensity +@Q and —@, respectively (see figure [1.5).
Because of the linearity, the small perturbation velocity potential at point P(z,y,z)

HUHere the generic term ”source” is used, but it is clear that when the intensity is negative it
becomes a sink.

12
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cosd=tn
d=dn
r=rt

y

Figure 1.5. Potential of a dipole from two sources.

is the summation of two contributes'® written as

e @ Q0 ny

— 1— =
Adrr  4dmwa  4nr a

(1.40)

in which equation (1.37) has been used. The unit vectors ¢ and n are written in the
following manner:

t="14+ 475+ 2k,

) ) (1.41)
n = ngt+ NdyJ + ndzk.

From figure [1.5, by applying the Carnot’s theorem, the following relation can be

written:

2 _ 2 2 2 2

a° =r°+d° —2rdcost =1r"+d°—2r-d. (1.42)

Using the relations
d=dn=d (nd$z + ndyj + ndzkz) s
] ) (1.43)
rzﬁzr(%'&%—%]—i—sz),
yields
a® =1* + d* — 2d (Ngp + Nayy + ng.2) . (1.44)

Suppose now that d is very small. Under that condition, d? is negligible and the
previous equation becomes

2 9 9 _1
a2:T2—2€:>a=1—€:>r:<1—6> a1+ S e— 0. (145)
r? r2 a

2Now the subscript d is used because the expression will lead to writing the potential of a dipole.

13
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Using the last equation and relation (1.40)), the obtained result is

by= b =

Ay r? 473

(Ndz® + Nayy + ng22) . (1.46)

Now consider the following operations at the same time:

d—0
Q — o0 (1.47)

Qd = M finit value, neither zero nor infinity.

Equation (1.46) becomes

M
4qrp3

Gg = — (Naz® + Nayy + Naz2) (1.48)
where M is the strength of the dipole positioned in the origin of the reference
cartesian coordinate system and with direction n.

In a general case, the dipole is positioned at a generic point Py = (x4,y4,24). In that
case, the previous equation becomes

b (1.4,2) = - Mg, (x — 24) + nay (y — Ya) + na: (2 —3Zd)' (1.49)

(@ —2a)* + (v —va)* + (2 — 22)°]

Observation 1 It is possible to derive the velocity potential of a dipole, with a
formal derivative operation from a velocity potential of a source positioned at the
same point. The derivative direction has to be the negative dipole direction —n.
This operation is also valid in the two dimensional case.

To prove that, consider a simple case, where the dipole M is positioned at the origin,
and where its axis n is directed along —z. The expression of the velocity potential

1S
M —z M z
®d (%?/,2) = T ir 3 A 3 (1-50)
7T[£C2+y2—|—22]2 7T[x2_|_y2+22]2

Consider now a source () positioned at the same point. Its potential velocity is

Q 1
47 [x2 + 12 +22]§

¢s (%%2’) = -

(1.51)

It is easy to see that calculating a partial derivative % of the last relation and
formally changing the symbol @ with M yields the relation (1.50).

14
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Observation 2 The formal operation seen above may greatly help to write the
velocity potential of a dipole in complicated geometries. However, it is a delicate
process in some cases. The writer’s advice is to always use the relation (1.49) to
avoid possible problems.

To explain what has been said, consider the following example.

Consider a circumference and suppose that the goal is to find the velocity potential
at point P(R,p) of a distribution m of dipoles positioned on that circumference and
with orientation along the radial direction n (see figure [1.6). It is possible to start

n = dipole direction

Figure 1.6. Example of potential of a dipole distribution.

from a source distribution ¢ positioned on the circumference and use the formalism
based on the derivative operation along the radial direction. Therefore, the potential
of the source Q (pq) = q (pq) Rydeg positioned at point A (see figure [1.6) is

_ 1 g(pa)Rwdpad __ 1 q(¢a) Rwde _
d¢s — _E ( d)Dw d _E — 2( dl U d T = RwX (152>
\/RwX +R2+R2 —2RRy, cos(p—pq)

In the previous equation relation (1.39) was used. Now, because the dipole directions
are opposite of the radius directions (n = —IN), the potential of the m distribution
is the derivative with respect to R of the previous expression (with the formal change
q — m) as follows:

dog = 1 m(pq) Rydpa (R — Ry cos (¢ — ¢a))
47 (R2X?2+ R?+ R2 —2RR,, cos (¢ — ©q))

(1.53)

N

15
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Now, under the hypothesis of linearity, it is possible to integrate over the
circumference:
2

i / m (¢a) R (R — Ry cos (¢ — ¢a))

P =

o (R2X24+ R?2+4+ R2 —2RR, cos (¢ — ¢q))?

But this expression is not correct. By using the general formula (1.49) a different
result is obtained™:

2w

¢d — 1/ m (de) Rw (RCOS (()0 - de) - Rw)
4m o (R2X24+ R?24+ R2 —2RR,, cos (¢ — ¢q))

dea. (1.55)

e

Only equation (1.55) is correct. Where is the error in equation (1.54)7 Why is the
result incorrect? The error is in the derivative operation: the directional derivative
with respect to the opposite direction of the dipole is not % alone, as it has been
done in the wrong derivation (equation (1.54)). Now the correct approach is shown.
From equation (1.52)), the gradient in the polar coordinate system™* can be written
as

1 Ruwq(pa)deq
4 (224 R2+R2 —2RR,, cos(—p+p4))

x component : (—x),

NI

.1 Ruwq(pd)dpa _ .
R component :  — - T2 oot [—R+ Rycos(p —wa)l, (1.56)
1 Ruwq(pa)dea

. 1 1
¢ component :  —;- rne onh oo T F [—R,Rsin (¢ — ¢q)] .

In accordance with the formal method shown in observation 1, the derivative has to
be performed along the N = —n direction because the dipole is directed along the
n direction. By using the well known equation of a directional derivative along the
unit vector IN of a function f,

of

S =VI-N. (1.57)

the derivative can be written as

d%:;RM&mw %)me@@ﬁww (1.58)
T (224 R?>+ R2 — 2RR,, cos (¢ — ©q))?

Here in equation (1.58), equations (1.57), (1.52)), (1.56) and the fact that (see figure

1.6) N = —n = cos (¢ — @q)tr —sin (¢ — ¢q)t, have been used.

Now, because of the linearity, the final expression is easily written by integrating

over the circumference. Thus, it can be understood that the correct equation is

relation (1.55).

13See chapter 6.
4Remember the formula V£ (z,R,p) = af(:g’f’@)i + 8f(‘g’£’¢) ip+ %%j’wi@.

16
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Observation 3 All the equations written in this section have been demonstrated
by using the velocity potential. It has already been explained that in the linear
case the acceleration potential satisfies Laplace’s equation as the velocity potential.
Therefore, all of these relations are also valid for the acceleration potential.

Thus, it can be written that:

v, = — _ 9 _ , (1.59)
471—\/(1‘ - xs) + (y - ys) + (2 - Zs)
Uy (x,y,2) = —%ndfc (@ = 2a) + nay (Y = ya) + na: (2 _,Zd). (1.60)

4 3

I N A e e N
Obviously, the unit of measure of Q and M have changed. For example, M = [m*/s?]
instead of M = [m?/s] if the velocity potential is used. Similarly, now Q = [m?3/s?]
instead of Q = [m3/s].

1.7.3 The Vortex Filament, the Biot-Savart Law,
and Helmholtz’s Theorems

The straight vortex filament extending to 00 has been analyzed and the expressions
for the velocity and for the potential ¢, have been written.

Now consider a general case, where the vortex filament is curved. By referring to
figure (1.7, it is possible to demonstrate the Biot-Savart law"":

I'dlxr

dV = —

A |r3|

Now applying the Biot-Savart law to a straight filament of infinite length (see figure
1.8), the expression

(1.61)

_r
- 27h
can be derived. Similarly, considering a semi-infinite vortex filament which starts
from a point A (see figure [1.9)), the expression
r
V=—
4dh

(1.62)

(1.63)

5Drawing an analogy with the electromagnetic theory, in the Biot-Savart law, the magnetic field
dB induced at point P by a segment of the wire dl with the current I moving in the direction of

dl
/lelxr

A |rs]
where p is the permeability of the medium surrounding the wire, can be recognized. Indeed,
the Biot-Savart law is a general result of potential theory, and potential theory describes
electromagnetic fields as well as inviscid, incompressible flows.

dB =

17
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Biot-Savart law

_ I dixr
dV= ype _\r3|

Vortex filament
of strength I’

Figure 1.7. Vortex filament and Biot-Savart law.

Straight vortex filament
of strength I' +00

P

r IV
—* v L
2rth

Figure 1.8. Velocity induced at point P by an infinite vortex filament.

can be obtained. Helmholtz’s theorems are the following:

e Theorem 1
The strength of a vortex filament is constant along its length.

e Theorem 2
A vortex filament cannot end in a fluid; it must extend to the boundaries of

the fluid (which can be +00) or form a closed path.

18



1 — Equations for Ideal Fluids and Aerodynamic Tools

Straight vortex filament
of strength [ +00

Figure 1.9. Velocity induced at point P by a semi-infinite vortex filament.

Observation 4 From these theorems, it can be understood that a vortex filament
can be divided into two or more filaments, but, if the generic strength is indicated
with I , the following relation must be satisfied:

SLi=T (1.64)

The property shown in equation (1.64) will be used in the lifting-line theories (see
chapter 3).

19
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Nomenclature

P fluid density

1 fluid viscosity

P pressure

T temperature

t time

\4 velocity vector

M doublet strength

Q source strength

m doublet distribution

q source distribution

r vorticity

BCVI Boundary Condition on Velocity at Infinity
wrc Wall Tangency Condition

¢ velocity potential

0] small perturbation velocity potential
v acceleration potential or small perturbation acceleration potential
Vg x-component perturbation velocity
vy y-component, perturbation velocity
v, z-component perturbation velocity
V. x-component velocity

Vy y-component velocity

V., z-component velocity

1,3,k unit vectors

e thermal energy for unit mass

Cvs Cp specific heat for unit mass

R* gas costant

c sound speed

% Euler derivative

% Lagrange derivative

Subscripts

o0 freestream conditions

w wing

20



Chapter 2

Mathematical Tools

2.1 Introduction

In this chapter a few important mathematical tools, used in the rest of the
dissertation, are introduced. In particular, some properties of quadrature formulas
and integral equations will be discussed. Particularly relevant and important will
be the concepts of hypersingular integrals (see [5]).

2.2 Brief Description of the Quadrature Formulas

Most of the integral can not be solved analytically. Therefore, approximate methods
have to be used. Several formulas, such as Newton-Cotes formulae and Gaussian
quadrature are available. In this section, only a few of these formulae are discussed
and analyzed. More details can be found in ([6]) and ([7]).

2.2.1 Gaussian Quadrature

b
Numerical quadrature involves estimating [ f(z)dz using a formula of the form

M

/f(x) dr ~ 3 cif (). (2.1)

i

A quadrature formula, whose nodes (abscissas) z; and coefficients w; are chosen to
achieve a maximum order of accuracy, is called a Gaussian quadrature formula. The
integrand usually involves a weight function w. An integral in = on an interval (a,b)
must be converted into an integral in ¢ over the interval (A,B) specified for the
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weight function involved. This can be accomplished by the transformation
t= (bé:‘;f ) 4 (l(gb__a;m. Gaussian quadrature formulae generally take the form

Juw @) as Y wf). (2.2)

Presented below are some of the classical Gaussian quadrature formulas.

e (Gauss-Legendre Quadrature
+1 M
[ I a~y wi ).
-1 i=1

o Gauss-Jacobi Quadrature

+1 M

/(1 SO A+ f ) At wif () af> -1
-1 =1

e Gauss-Laguerre Quadrature

—+00

/e*tf(t) dt = Yo wif (8).

o Gauss-Hermite Quadrature

+oo

/e—t2f(t) at~ Y wif (t).

—00

Now consider the Gauss-Legendre quadrature®

[ ae=3"nst). (2.3)

The expression for the weights® h; = w; (see [0]) is
—2
(M + 1) Pypaa (1) Py (8:)

Tn this dissertation the Gauss-Legendre formula will be used often. In some cases, the adaptive
quadrature is applied, and only for the Hadamard finite-part integrals a particular quadrature
formula is required.

2In the Gauss-Legendre formula, the notation h; = w; is used for the weights. This is required
because the quadrature formula for the Hadamard finite part integrals already has the symbol w/.

hi:

(2.4)
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where the nodes t; are the zeros of the Legendre polynomial Py(t). To complete
this brief introduction, reported below is the recursive formula for the Legendre
polynomials:

(n+1) Py () = 2n+ 1) tP, (t) —nP,_1 (t) n=12.. '
and the first five polynomials are:
Py =1,
Pl - t7
2_
p, = ) (2.6)
Py =513 — 3¢,

Py=3¢t— 5424 3

2.2.2 Adaptive Quadrature

Here, the basic concepts of adaptive quadrature method are shown. For more details
see [8] and [9]. The concept is to divide the interval of integration into subintervals.
If the assigned precision has not been achieved yet, the subintervals will be divided
into more parts with an iterative algorithm until the integral is calculated with the
desired accuracy. Figure 2.1 shows this concept. As can be seen in the figure, if the
function has a very high gradient, it is very hard to calculate the integral. In such
cases, even the Gaussian quadrature is not very good and an adaptive formula is
required.

y4 High value of the gradient

»
P>

X

Figure 2.1. Basic concepts of the adaptive quadrature.
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2.3 Integrals With Strong Singularities:
Hadamard Finite-part Integrals

This section analyzes integrals with strong singularities (hypersingular integrals, see
[5]). Such integrals exist only if they are defined in a proper sense’, and usually
they are called finite-part integrals. The concept of finite-part integrals was first
introduced and examined by Hadamard in 1923 [10].

To introduce the concept of finite-part integral, consider the integral*

bodt

J t—s

a<s<b. (2.7)

In a standard way, this integral is obviously not defined because, when t — s,
the denominator reaches zero with order 1. To correctly evaluate the integral, its
definition has to be changed. Therefore, the symbol

7£ (2.8)

is introduced. Thus, equation (2.7) becomes

bt

a<s<b. (2.9)
J t—s

To proceed, consider the following standard non-singular” integrals:

Sf_st% =lne—1In(s—a),

| (2.10)
J 2 =In(b—s) —Ine.

s+e

By using the previous expressions” (equation (2.10))), the following definitions can
be introduced.

Definition 1

[odt At
% = lim [/ —lne] =—In(s—a), (2.11)
t—s =0 t—s

3Tn a ”classical” point of view, such integrals cannot be calculated.

4 The case in which s coincides with one of the endpoints of the integral is not encountred in
this dissertation.

S¢ is a positive number.

6Notice that the definitions are obtained by elimination of the singular term Ine in equation
(2.10). This operation is done by summing or subtracting the term Ine.
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Podt rodt
%t_szlg%[/t_sﬂne —In(b—s), (2.12)
S s+€
b s b
dt dt dt (b—s)
_ — . 2.13
at—s at—s+st—5 n(s—a) ( )

In order to formulate definition 2, consider now an integer p > 0. Consider also the
following standard integrals:

S—e€

dt 1 1 1
a/ (t=s" " p [(a —s) (—e)P] ’ (2.14)

! (lﬁ—d;t)p+1 - 117 [_(b—ls)p + 6113] : (2.15)

Eliminating the singular terms, definition 2 is obtained (see below).

Definition 2

roodt Tt 1 1
Ay / - , 2.16
Zé (t—s)P e L - p (—E)p] p(a—s)’ (210
b b
dt dt 1 1
— lim / = 2.17
Zé (t —s)Ptt =0 LE (t — s)P*! peP] p(b—s)’ (2.17)

Foodt T rodt 17 1 1
Zé(t—s)’”1 _Zé(t—S)p*1+Zé@—sf“__p [(b—s)p_(a—s)p]' (2.18)

From equation (2.18)), it is easy to understand that

dt 1 1 1
Zé (t—sP p-1 [(b— s (a— S)P—I] : (2.19)

Because the identity

i (oo e )l e

"p will be an integer in this dissertation, and in some demonstrations this condition will be
used. In the original work of the Prof. Monegato (see [0]), p can be a real number.
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is valid, equations (2.19) and (2.18) lead to writing:

b
d
T S S -

Now consider a function f(¢) of class C?. Because the identity

Ft ij (t—s)" + ij O (s) (t — s)F (2.22)

= K
is valid, the following quantity can be defined.

Definition 3

P k) k P (k) k
b b f(t)— > L (- s) by LB )
t k! ~— k!
f @fi))w I e AL

or equivalently

F(t) b f(t) — ka (t_s)k

F -

a

dt.

p+1 k

(o
~+
\
|
<l

o
\‘%
t
(o
~
+
\H\@

(2.24)

Observation 5 Notice that p has been assumed as an integer; thus, equation (2.24)

contains the term
b

1% (s) 74( L g (2.25)

p! t—s)

Because of the hypothesis a < s < b, the integral in the previous expression could
be interpreted in the Cauchy principal sense®. By using the definitions formulated
avove, the finite-part integral could be generalized as

s—e1(e)

b
dt dt dt b—
— lim / n / 2T i S (2.96)
t—s =0 t—s t—s s—a 0  gy(e)
a ste2(e)

Assuming that
timn S — e, (2.27)
e—0 3D} (5)

81f the singularity is in an endpoint, the Cauchy integral is not defined, and the integral has to
be defined as Hadamard finite-part integral.
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then”

b b
dt dt
= ) 2.2
%t—s ft—s—i_c ( 8)

a

Observation 6 It should be noticed that the integral in equation (2.24)

/b )= 2 S5 (- o) ) -
t 2.29
(

] t:— S)p—H

15 not singular.

Observation 7 From the definitions analyzed before, it is possible to obtain the

following relation™:

d% f(t) dt:p%(tf(t)dt (2.30)

ds J (t — s)p _ S)p+1 :

Using this formula, it is possible to write:

b b
f(t) o lar o f(@)
ZL Y e ]l dt. (2.31)

— 5Pt T pds? S (t—s)

Hence, it can be said that Hadamard finite-part integrals can be seen as the derivative
of an integral interpreted in the Cauchy sense.

Observation 8 From the previous definitions, it immediately follows that

b b b

7écuf(t)Jrazg(t) dt = ay 7@(f<t)dt+a2 %@g(t)dt (2.32)

(t o S)p—i-l t— S)p—i-l . 8)p+1 .

a a

Therefore, it can be understood that the operator = is a linear operator as the
operator [.

9Remember that the integral interpreted in the Cauchy sense is

b

][ dt b—s
=In .
t—s s—a

a

10 Remember that p is an integer and a < s < b. Only these conditions allow the use of this
formula.
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Observation 9 By using the expressions analyzed in this section, it is possible to
show that'!

%gwdt:‘l o f@ ]+174 ORI

N [ T I RO

a

Hence, it can be said that in Hadamard finite-part integrals the integration by parts
rule s still valid.

Observation 10 Consider the following Hadamard finite-part integral'*:

72]” (s) 72 (tf ®) 5 dtds. (2.34)

_ S)
The following properties are valid:

e Property 1
If the function is zero in both endpoints, the external integral can be defined
as a normal integral. Therefore,

fro f

Moreover, it is possible to change the variables of integration or switch the
variables (see appendix A).

S dtds / (s 74 ))thds. (2.35)

e Property 2
If the function s not zero in both endpoints, but the curve is a closed path,
the following equation is valid:

ff(s)zé(t

Even now it is possible to change the variables of integration or switch the
variables (see appendix A).

5 dt ds ][f 7! >)2dtds. (2.36)

1 Even in this case, this formula is valid because p is an integer and a < s < b.
12This is the only case that will be considered in subsequent discussions.
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2.4 Summary and Examples of
Hadamard Finite-part Integrals

In the previous section Hadamard finite-part integrals were introduced. Summarized
below are the properties of Hadamard finite-part integrals when a < s < b and p is
an integer.

e Property 1
They can be seen as a derivative of an integral interpreted in the Cauchy sense.

e Property 2
They are linear operators.

e Property 3
The integration by parts rule is valid.

As an easy example, consider the finite-part integral
e
%ﬁdt —1<s<+1. (2.37)
g, (t—=s)

By using equation (2.31), the integral can be written as

+1 +1 +1 t2

t? 2 1 d3
%Mdt :_71[ Y Gae f ot (2.38)

-1 -1

In order to calculate the Cauchy principal value contained in equation (2.38)), the
following indefinite integral is required:

t2 1
/(t_s)dt:ts—l—t2—|—521n(|—t+s|). (2.39)

2

The Cauchy principal value definition is:

+1 t2 S—e€ t2 +1 t2
dt =i / dt / dt| . 2.4
_71[<t—s> ) T R (240)

From equation (2.39)

S—€ t2 . l 2 2 o S—€
I gt = [ts + 312 + s*In (|t — s])]
=357 —2se+ 12+ s’ Ine+s— 5 —s*In(s+1),
(2.41)
+1 1

2 1
{ oyt = [ts + 32 + s In (|t - s|)L+€ -

=35 —2sce — 22 — Plne+ s+ 3 +s°In(l—s).
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Substituting these expressions into equation (2.40)

+1

2
1—
][ ! dt =25+ s?In ( 8). (2.42)
/ (t—s) (1+5s)
Observing that
d? 3+ s
—(2s+s*In(1—s)—s*In(l+s)) =4 , 2.43
1 (1=9)=Wm(+s) =45 (243)
and recalling equation (2.38)), the following result is obtained:
+1
£ 1 3+ s° 2 3+ s
# =4 AR TY L (244)
Jo(t=s) 3 (s=1)"(s+1)° 3(s—1)°(s+1)

Observation 11 Practically, the Hadamard finite-part integral can be calculated
in a simple way. Consider the antiderivative of the function under the Hadamard

integral:
2

2 1 1
/<4dt:— i 5 . (2.45)

t—s) 3(t—s) (t—s)° t—s

Calculating the Hadamard finite-part integral by ignoring that the integral in s is
singular, and applying the “standard” rule for the integrals, the result is

+1
t2

74 Ldt =

LT

This result is the same as what was found in equation (2.44).

Therefore, if the antiderivative F of the function in a Hadamard finite-part integral
is known, the value of the integral will be the quantity F(b)— F'(a). In a formal point
of view:

3452
(s—1)7°(s+1)>

Wl N

(2.46)

/(tf(t)dt:Fi%(tf(t)dtzF(b)—F(a)- (2.47)

o S)p+1 S)p—i-l

This property will be used often when the condition of minimum induced drag in
the elliptical and circular annular wings is found.

It should be clear that, in general, the antiderivative is not known. Appropriate
quadrature formula is then required.
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2.5 Hadamard Finite-part Integrals:
a Quadrature Formula

In this section, a quadrature formula for the Hadamard finite-part integrals is
described. Only the case in which a < s < b and p = 1 is considered. Consider the
following hypersingular integral®:

+1

71[ @j;i))Q dt. (2.48)

It is possible to calculate the integral by using the following formula*:
+1 v
t
i=1

t—s

The last relation contains the following quantities:

e The nodes t;. They coincide with the zeros of the Legendre polynomial Py(t).

M—1 )
o The weights: w! (s) =h; ¥, d; P (t;) [Qj (s)} :
j=0
e The Gauss weights h;.
. . +1 2 2
e The integrals of the Legendre polynomials: d; = 7f1 P7(t) dt = TR

e The derivative of the integrals interpreted in the Cauchy'” sense:

/ +1 .
Q) (s) = £ (s) = & F P ar

130nly the case a = —1 and b = +1 will be analyzed because, in the case examined here, p is an
integer and the singularity is not in an endpoint. Therefore, it is possible to change the variables
of integration in such a way as to have a = —1 and b = +1, as is usually done when calculating
the standard integrals using the Gaussian quadrature rule.

14This is only a particular case of a general method that is possible to find in paper [5] written
by prof. G. Monegato.

15Tt has been seen that the Hadamard finite-part integrals are the derivative of the Cauchy
integrals. Thus, it is obvious that in the quadrature formula Cauchy integrals appear as well.
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Using the definitions formulated in section 2.3, the explicit form of the quantities
(); and their derivatives can be expressed as follows:

Operating in a similar way:

sS—e +1

s+e

Qi(s) =1 +sn(]l —s])) = (=1+sn(|-1—s)).
Because a = —1, b = +1 and a < s < b, the previous equations can be rewritten as:

Qo(s)=—In(1+s)+In(l—ys), (2.50)
Q1(s)=(1+sln(1—-35))—(=1+sln(l+s)). '
A recursive formula is possible to use to determine the quantities @; (s) and Q; (s)
as follows:

Qj (s) = (aj8 +b;) Qj-1(s) — ¢;Qj-2(s), (2.51)
where
a; = T, b]' = 0, Cj = ——. (252)

Substituting this relation into equation (2.51)), the final expressions for the integrals
interpreted in the Cauchy principal value sense can be written as

Q; (5) = sZ2Q;1 (5) — 551 Qj-2 ()

s g . 253
Q;(s) = s*52Q_1 (5) = 5Q) 5 (5) + 27Q; 1 (). (259

This equation leads to calculating the weights w!(s) and, as a result, the assigned
Hadamard finite-part integral.
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2.6 Integral Equations

This section contains a general analysis of the integral equations (see [6]) without
demonstrations. Several types of equations will be introduced.

2.6.1 Definitions

Consider the following integral equation:

hs)m(s) = f(s) + A / K (s,8) Gm (1) ;4] dt. (2.54)

Definitions:
o K(s,t): kernel.
e m(s): function to be determined.
e h(s),f(s): given functions.

e /: eigenvalue.

2.6.2 Classification of Integral Equations

The classification is:

e Linear GIm(s); s] = m(s).
e Volterra b(s) = s.
e Fredholm b(s) = b.
e First kind h(s) = 0.

e Second kind h(s) = 1.
e Third kind h(s) # 0,1.
e Homogeneous  f(s) = 0.

e Singular a=—00,b=+o00.
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2.6.3 Classification of Kernels

e Symmetric K(st) = K(t,s)

e Separable/degenerate K (s,t) = jl a; (s)b; (t), n<oo
e Difference K(st)=K(s—1).

e Cauchy K(st) =5

e Singular K(st) »o0ast—s

bb
Hilbert-Schmidt JJIK () dsdt < oo

2.6.4 Integral Equations Involving Hadamard Finite-part
Integrals

A general analysis of the integral equations was presented in previous sections. In
this section one particular case is analyzed: an integral equation with a symmetric®
kernel and with an integral interpreted as Hadamard finite-part integral (p = 1).

In subsequent chapters, a few integral equations of the following type will be derived:

b b
a(p) =g(p) (/ m (pa) K (p,04) dpa+ 74 m (a) Y (p,04) d90d>, (2.55)

where K (p,p04) and Y (p,p4) are the kernels of the equation, a (¢) and g (¢) are
known functions, and m (p4) is the unknown function. How can this equation be
solved? Because the kernel Y (¢,p4) is singular’, the numeric approximation must
be performed carefully. One good method consists of the following steps:

e Step 1
Changing of the variable of integration in such a way as to obtain the endpoints
-1 and +1, respectively. In this case this is possible either because the function
is zero in both endpoints or because the curve is a closed path.

e Step 2
Decomposition of the function m in a series of known N functions multiplied
by the unknown constant coefficients c.

16This hypothesis is not used here, but in this dissertation only this type of equations are used.
"The second integral is defined in the Hadamard finite-part sense. m is considered as a non-
singular function. Therefore, the kernel Y (¢,p4) is singular.
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o Step 3
Application of the collocation method: the integral equation has to be satisfied
exactly in N points. Thus, a set of linear algebraic equations™™ can be written
and the unknown coeflicients ¢; can be found.

Observation 12 In order to obtain the best results, it is important to know, with
good accuracy, the coefficients of the linear system that lead to determining the
unknown c¢;. As can be seen in the following example, this affirmation means that
the integrals (”classical” and interpreted in the Hadamard finite-part sense) have to
be calculated with a sufficient precision using an efficient algorithm (for example, it
is possible to use the method seen in section 2.5).

Example 1: Numerical Solution of a Simple Case

Consider the following integral equation”:

+1

(1—2s) 2s [ m(t) B .
e (R _71[@_8)2 dt —1<s<+l. (2.56)

It is easy to see that equation (2.50) is one of the types shown in equation (2.55),
where:

1. (1=9) 2s
a(s)=In (1ts)  (1-s)(1ts)’
s) =1,
g(s) (2.57)
K (t,s) =0,
_ 1
Y (t,s) = T

Now the procedure described above is applied:

e Step 1
This operation has already been done (the integral in equation (2.50) has
endpoints -1 and +1).

o Step 2
The function m is decomposed in a series of known N functions multiplied by
the unknown constant coefficients c;,. The Legendre polynomials®’ are chosen:
k=N—1
mt)= > cPe (2.58)
k=0

8These linear equations will have coefficients dependent on some integrals, as can be seen in
the example below.

19Tt is supposed that the original variables have already been transformed into the new variables
t and s in order to have the integrals with endpoints -1 and +1.

20This is not the only possible choice that can be made.
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The Hadamard finite-part integral becomes:

k=N—1
+1 3 by k=N-1 tLp
3

[ om) &
f(t—ifdtzf G ckjlé(t_s)zdt.

Just to explain the method, consider a simple case where N = 2:

m(t) ZCOP0+(:1P1,

-1 -1

Obviously, the Legendre polynomials are:

Step 3

%mdt—co %@it)(ig)zdtJrcljf&dt.

(2.59)

(2.60)

(2.61)

(2.62)

Application of the collocation method: the integral equation has to be satisfied
exactly in N points. A good choice is to take the zeros of the Legendre
polynomial Py. Let s; and sy be called the zeros of Py(s). The collocation

method consists of the following N (remember that in this case N

equations:
Tom) . (1—s) 251
%Wdt_ln (1+s1) B (1—=s1)(1+s1)
Tom) . (1—s) 289
%Wdt_ln (1+s2) - (1 —s2)(1+s2)

Using equations (2.61) and (2.62):

i i (1—s1) 25,

t
©F e e T ) TG e

o W 1— 82) 282

t L ( B
SR AT A S e s (R}

Observing that

1 2
L dt=— ,
71[ (t — 3172)2 (1—512) (14 5122)

36
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+1

t 281 2 (1 — 51 2)
_ _dt=— : 4 ln o002 2.68
VR L e oy RULE ey (2.68)

the following linear system is obtained:

0 (~asre) + o (0653 — i) =065 — et
o (~mmre) o (05 — o) =ty — <1—sf>5<21+82>2' o
The linear system has the solution: 209
Z] ) (1) (2.70)
Therefore, the unknown function m(t) is:
m(t) = coPy + 1 P =t. (2.71)

Thus, the integral equation is solved. Notice that in this example the function
m (t) =t exactly satisfies the integral equation. Usually, it is necessary to use
more terms in the m expansion. Practically, N = 20 <+ 30 is sufficient in most
applications (see chapter 8 for more details).

Observation 13 In this example, the Hadamard integrals are calculated
analytically, though in practical applications they are calculated numerically
by using the algorithm seen in section [2.5.

Example 2: Numerical Solution of a More General Case
Consider an integral equation which has an integral of the type
+1 ]

I—%m(t)l_cos(w(t_s))dt —l<s<L (2.72)

-1

Clearly, the integral has to be interpreted in the Hadamard finite-part sense, because
when t — s, the denominator of the integrand function is an infinitesimal function.
It is easy to show that, when ¢ — s, the denominator can be written by using the
Taylor expansion as

1 — cos (7 (t — 5)) ~ (;ﬁ) (=4~ (= )" (2.73)
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The previous expression suggests that the original integral can be transformed into

a form =f % To achieve this result, it is sufficient to multiply and divide the
function®! m by the quantity (& — s)°:
+1 ] +1 1
Jzzém(t) ey ek :jléH(t,s)Wdt, (2.74)
where
H(t) = m(t) =3 (2.75)

1—cos(m(t—s))

Using the Legendre polynomials to expand the unknown function m(t), the obtained
result is:

N-1 (t _ 8)2 N-1
m(t) = Py (t) = H (t,s) = cp P (1) (2.76)
kz_% 1—cos(7r(t—s))kz:%
Substituting this formula into the integral I:
+1 71_6(&2(;2:_5)) Nil Py (t) N-1 ] %p’ﬂ (t)
I :7[ k=0 dt=Y ¢ 7[ Leos(wts) B g (2.77)
= T 0y

-1

By observing equation (2.77), it can be understood that, when the collocation
method is applied, the integral

t1__ (=) p
—Cos(T(l—sS k
112%1 (xt—s) ) 4 (2.78)
(t—Sl)

has to be calculated numerically. Clearly, s; is the [*! zero of the Legendre polynomial
Py(s). To calculate the previous integral, the algorithm seen in section 2.5/ can be
used:

+1 (t—s1)2 P.(t M 2
1—cos(m(t—s;)) k( ) d I (tz - Sl)

t=> w; (s Py (t;), 2.79
_71[ (t—sl)2 ; Z(l)1—(:0.'5(77(1;—51)) i () (2.79)

where e
w] (s1) = hi Y di' Py (1) Q) (s1)] - (2.80)

§=0

2INotice that % is not singular because lim;_, % = %
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It is very important to notice that t; are the zeros of the Legendre polynomial Py,
and that, in general, M # N. In this dissertation, N = 20 and M = 200 will be
used very often (see chapter 8). This condition is required in order to solve the
integral equation with sufficient accuracy.

(ti—s1)” 5 is in the form %. To avoid

Observation 14 If ¢; = s;, the function Tcos(r(ti=))
numerical problems, under that condition, it is better to use the Taylor expansion

as

(ti — s1)° L2 (ti — ) N 72t — )" N ™ (t; — )° N 7 (t; — 5)°
1—cos(m(t; —s;)) 2 6 120 3024 86400
(2.81)

2.7 Euler-Lagrange Equation Involving Hadamard
Finite-part Integrals

This is one of the most important tools used in this dissertation. The mathematical
derivation is not obtained in a very rigorous way because the purpose of this section
is only to help the reader better understand the next chapters.

Presented here is an original extension, proposed by the writer, of the well known
Euler-Lagrange equation (see [11]) in a particular case, where the integral has to be
interpreted in the Hadamard finite-part sense. Consider the following integral““:

J=0 / m (s) (7[ m )Y (ts) dt) ds, (2.82)

where C; is a constant and where the kernel Y (¢,s) is the following symmetric
function®*:

Y (ts) =Y (sit) = (2.83)

(t—s)"
Suppose that the goal is to minimizes J. Consider, also, a condition of the following

type:
+1

c=0, / m(t) g (1) dt, (2.84)

-1

22If the external integral is either a Cauchy integral or a Hadamard finite-part integral, the
procedure reported below does not change.

23 In this dissertation, only Y (t,s) = ﬁ or a different expression referable to this will be
found.
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where C' is an assigned constant and ¢ (s) is a known function. Obviously, the
function m has to satisfy the boundary conditions

m (—1) = my,

(1) = o (2.85)

In order to achieve the goal, consider now a function d;(¢) that satisfies the condition
5 (=1)=4d(+1)=0. (2.86)

With this function, a solution for the problem can be found using the following
relation™:
m(-) = Mopt (+) + 0071 (+) oce(—11). (2.87)

Notice that in the previous equation m satisfies the boundary conditions (2.85), if

Mopt (1) = mo, (2.88)

Mept (+1) = my.

Notice, also, that mp is the candidate function to minimize J. In order to apply
the Lagrange multiplier method, condition (2.84) has to be manipulated. It can be

written as
t

L(t) =Cy / m(s)g(s) ds=1(t) = Com (t) g (t) =0, (2.89)
where,
[(+1)=C,
(2.90)
[(—1)=0.

As can be seen in [I1], in order to apply the Lagrange multiplier method, the
following steps must be taken:

e Step 1
Substitution of m(-) = mgp () + 001 (-) into the expression of J, and
calculation of the derivative with respect to o. The derivative has to be
evaluated for o = 0.

o Step 2
Substitution of I (-) = 1 (+),,+002 (-) and m (-) = mept (+)+0d; (+) into equation
(2.89). Notice that dy (+1) = da (—=1) = 0, lops (+1) = C and o (—1) = 0.
After the substitution, the derivative with respect to ¢ has to be calculated
and evaluated for o = 0.

24The subscript "opt” indicates the optimal condition: J is minimized.
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The result of the first step is:

+1 +1
T (Mo () + 001 (1) = C1 [ (g (5) + 704 () ( F (o () + 001 (1) Y (£,5) dt) ds.
-1 —1

(2.91)
From this expression, it is easy to calculate the derivative with respect to o:

LT (Mopt () + 001 () = Cljfll 91 (s) <;€1 (Mopt (1) + 061 (1)) Y (t,9) dt) ds +

+ 01_?1 (ops (5) + 761 (5)) ( :jell 5 (DY (1,5) dt) ds.
(2.92)
The derivative, calculated for o = 0, is:
+1 +1
89 O )+ 001 )]_y =819 ( F o 00 () ) s+
- - (2.93)

+1 +1
+ Cl,fl Mopt (5) <5‘i 0 (1) Y (t,s) dt) ds.

The two integrals seen in equation (2.93)) are equal to each other (see appendix A
for the demonstration). Thus, it can be deduced that

ldC};J (Meopt (+) + 06 ())] B = 20171151 (t) ({élmopt (s)Y (t,s) ds) dt.  (2.94)

Now, calculating the derivative for the condition written in equation (2.89), it is
possible to write:

[(fa ((lopt (t) + 009 (t))’ —Cy(m(t)+061(t))g (t))] = 8 (£) — Cady () g (t) = 0.

UO (2.95)
Multiplying this expression by A (), integrating by parts the term which contains
the derivative of ;" and summing the result with equation (2.94), the resulting
expression is:

+1 +1 +1 +1
20, / 51 () (7[ Mopt (5) Y (£,5) ds) dt— / N (1) 8y (t) dt—Ch / A(£) 8y (1) g (1) dt = 0.
B B B B (2.96)

Z5Remember the condition for dz: d5 (+1) = 2 (—1) = 0.
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Observing that 0, () and 09 () are independent and arbitrary functions, é; = 0 and
02 = 0 can be imposed separately. Imposing d; = 0:

5i=0= — / N () 0y (1) dt = 0. (2.97)

Because 0 (t) is an arbitrary function, to always satisfy the previous relation, the
following condition is required:

N (t) =0 = X\ = const. (2.98)

Using this result and imposing d; = 0, from (2.90), it can be deduced that:

+1
by =0= 201/ 5y (t (7[ Mopt (5) Y (L,5) ds) dt — Cy\ / 51 (1) g (t) dt = 0. (2.99)

The previous equation can be rewritten as

/ 5 () (201 7£ Mopt (5)Y (£,5) ds — Co)g (¢ )) dt = 0. (2.100)

Again, the function ¢; (t) is arbitrary. Therefore, in order to solve equation (2.100),
the following equation has to be satisfied:

2C4 %mopt )Y (t,5) ds — CoAg (t) = 0. (2.101)

This is the Euler-Lagrange equation, which, in usual problems, is a differential
equation. Here, in this particular problem, it is an integral equation.
Obviously, the condition for the function mgypy

C=0, / Mg (1) g (£) dt (2.102)
1
has to be satisfied as well as the Euler-Lagrange equation.

2.7.1 Numerical Solution of the Euler-Lagrange
Integral Equation

The Euler-Lagrange equation was just introduced in previous section. How can it
be solved numerically to find mg,:? By observing the linearity of the equations, the
procedure reported below can be followed.
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o Step 1
The value of A is arbitrarily chosen: A = Agyess 7 0.

o Step 2
The Euler-Lagrange integral equation (2.101) is solved by using the collocation
method and by expanding the function, for example, with Legendre polyno-
mials. Let mguess be called the solution.

o Step 3
Mguess 1 substituted into equation (2.102)
+1
Cness = C2 [ Mg () 9 (1) . (2.103)
21
o Step 4
Because of the linearity of the Euler-Lagrange equation, it can be concluded
that: -
C
mopt = mguesséi. (2104)
guess

In subsequent chapters, this method will be applied often“".

26In some cases, an analytical solution is possible. See chapter 9.
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Nomenclature
P;, P,, Py Legendre polynomial
h; Gauss weights used in the Gauss-Legendre quadrature
w; Gauss weights used in the generic Gauss quadrature
t; nodes used in the quadrature formulae
F Hadamard finite-part integral
£ integral defined in the Cauchy principal value sense
w! weights used in the quadrature of hypersingular integrals
F antiderivative of f

+1
Q; ;e

1

o
d; _fl Prdt
K regular kernel
Y singular kernel
J functional
m unknown function
Mopt solution of the Euler-Lagrange equation
01(t), d2(t) arbitrary functions
o parameter with the property o € (=1, + 1)
A Lagrange multiplier
g, known functions
C1,Cy, C constant parameters

t

L(t) Cy £ m(s)g(s)ds
Sy ™ zero of Py(s)
Subscripts
guess related to the numerical solution of the Euler-Lagrange equation
opt related to the solution of the Euler-Lagrange equation
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Chapter 3

Basic Concepts of Lifting-line
Theories

3.1 Introduction

This chapter introduces some classical theories of airfoils and wings under the
hypotheses of ideal incompressible fluid and small perturbations (linear theory). The
fundamental concepts of Weissinger’s assumption and Prandtl’s classical lifting-line
theory are treated as well.

3.2 Classical Thin Airfoil Theory

It is not of interest to determine the velocity field around the airfoil. The only
interest is to calculate the lifting force!, thus, only the camber line” with vortices
is considered. The concept of vortex sheet is more than a mathematical method
to study the problem; it also has physical significance. In reality, there is a thin
layer on the surface, due to the friction between the surface and the airflow (called
boundary layer), which is a highly viscous region in which the velocity gradient is
large. Because of this gradient, a vorticity is produced. The idea to use the vortices
is one method to take into account the viscosity effects in the inviscid fluid (see [1]).
Since the airfoil is thin, it can be assumed that the vortices are all positioned along
the z axis (the axes are chosen as shown in figure [3.2). The small perturbation
velocity potential at a point P (x,z) is:

dr’ dr
¥ = ——— arctan SA— (€ arctan

o 27 . 2 m—ﬁdg' (3.1)

do (z,2) =

1Under the assumption made before, the drag is zero. See [I] and [2] for details.
2In [1], [2] and [3] it is demonstrated that the thickness does not effect the lifting force.
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Vortex sheet Edge view of sheet

Figure 3.1. Vortex sheet.

dr=7()dé

Figure 3.2. Thin airfoil and vortices along x.

Because of the linearity, the total small perturbation velocity potential is:

I
¢ (r,2) = _217r /7 (&) arctan
0

V4
el
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It is easy to show that the potential is not a continuous function. In particular, in
the wake?, for x > [

lim, .o+ ¢ (x> 1,2 — 07) =0,

I (3.3)
lim, o~ ¢ (¢ > L,z — 07) = —& [7 () 2ndé = — T
0
From these equations:
Ap(z>10)=¢(z>12—0")—¢(z>12-0) =1 (3.4)

It can be concluded that the discontinuity of the potential is equal to the circulation
I'. From the potential, it is possible to obtain the following velocities:

l
Ux(x,Z):%:ﬁofV(f)mdf,

l (3.5)
— 9 _ 1 i S
(% (JI,Z) — 9z 2 bf’}/(f) (x—§)2+z2 df
It is possible to demonstrate (see [3]):
I
_ (@) 1
v (@) =+ (@) = 5 g[ Tt (3.6)

The integral equation in the unknown + (£) is written by the imposition of the WTC.
Let the equation of the camber line be called f(z). The WTC is now:

( lyf
v, (z,2) = ——
2
0

It is well known that the solution of equation (3.7) is not unique. To avoid this
problem, the Kutta condition (Vi = V5, as shown in figure [3.3) is used. This
condition is equivalent to*

af
*da

(3.7)

(1) = 0. (3.8)
Now consider a flat plate (see figure 3.4). The integral equation (3.7) becomes:

l l
Loy, df 1 [
—%g[x_fdf—Voodx— voooz:»a—%voog[ Spde (39)

31t is correct to say that the position of the wake is known and coincident with the x axis only
under the small perturbations hypothesis. See chapter 4 for more details.
4 Notice that y(I) = 0 is also equivalent to Ap(l) = psVaoy(l) = 0.
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Finite angle Cusp

V)

Kutta condition at point a: Kutta condition at point a:

Vi=Vy=0 Vi=V, +#0

Figure 3.3. Kutta condition.

Jx) = —o(x —x4)
Zﬂ X4
——
g o A X
| ! ‘

Figure 3.4. Flat plate with incidence «.

It is possible to demonstrate that the solution is:

l—x
=2V, .
v () o —

From this relation, the total circulation I is:

(3.10)

l l
r= /7 (€) d¢ = 2Vma/1/l_f d¢ = QVOOozl;T — Valn. (3.11)
0 0

xp/ly(x) dx—/ly(x)xd:z;.
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Observation 15 Is it possible, for a flat plate, to concentrate all vortices at a
point xp such that the total circulation I' is the same? It is possible. Obviously, the
following condition has to be satisfied:

(3.12)
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Using equation (3.10), and observing that

/ l—x I
dr = — )
/ —Sdr =, (3.13)
0
T 1’r
/ . rdr = 5 (3.14)
0
the obtained result is )
lm  I*7w {

Observation 16 By using the concentrated vortex, what is the point where the
WTC is exactly satisfied? In other words, if the concentrated vortex I' = Vol is
positioned at xp, for what point is v, = =V, a? The answer is simple. The induced
velocity by the vortex [ is:

() e — 1
v, (x) TP (3.16)
By imposing v, (zwrc) = —Veoou:
r 3l
27 (iIZ'WTC — l‘p) “ twre 4 ( )

3.3 An Alternative Thin Airfoil Theory Using the
Small Perturbation Acceleration Potential

From [3], it is possible to see an alternative formulation which is based on the
small perturbation acceleration potential rather than the small perturbation velocity
potential. Consider the same airfoil studied in the previous section and a distribution
mq(z) of doublets” on the z axis. Suppose that all axes are parallel and directed
along z. The small perturbation acceleration potential of the doublet distribution

1S:
l

Virz) = =g [ma© ¢

e dé. (3.18)

5The subscript a means ”airfoil”, to distinguish m, from m, which is the doublet distribution

1
on a wing (m = {ma (€) d¢).
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This equation is formally the same as the first expression in equation (3.5) from
which v, (2,0) = :i:@ was found, and, in a similar way, the following result can be
obtained:

W (2,0) = :Fm“;x). (3.19)

Under the hypothesis of small perturbations, the relation
Ap = —poc AV (3.20)
is valid, hence, it can be inferred that
Ap (1) = —poo [W (x,()’) 4 (x,O*)} = —Poca (T) . (3.21)

In order to impose the WTC, the velocity is needed. Therefore, it is useful to write
the small perturbation velocity potential from the small perturbation acceleration
potential. Recalling

o (r,2) = ‘/to / v (1,z) dr, (3.22)

and using equation (3.18), the small perturbation velocity potential is:

l T

ezs(x,z):—%lvoo [mte) [ mdfdé (3.23)

0 —00

By calculating the integral® and the velocity v, = g—‘f, the WTC can be imposed.
By solving the integral equation, m,(z) can be found. When m,(z) is determined,
Ap (z) can be calculated.

6 Observe that [ —2— dr = arctan 7=5; therefore,
(r=€)7+2? z
xr
z T — T—
/ ——————d7 = arctan § — lim arctan 5.
(r—€7 + 2 2t 2

Now, observing that lim,_,_ ., arctan 77_5 = const, the following relation can be written:
x

| e

— const.

T
dr = arctan

Thus, it is deduced that

I
¢(x,z) =— 271/00 /ma &) (arctan w ; & const) d¢.
0

(Continued on page 51)
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Observation 17 By using the doublet distribution, it is possible to concentrate the
doublets at a point z,,, as it was proved for the vortices in section 3.2. Repeating
the same procedures, the following expressions can be demonstrated:

] —
mg (1) = —2V2a . x) (3.24)
l ! ¢
m = /ma (€) d¢ = —2v;a/,/— ¢ = —VZ2alr. (3.25)
0 0 $
It is also possible to demonstrate the following relations:
l 3l
rr = Tm — Z, ITwrTe — Z (326)

3.4 Prandt!l’s Classical Lifting-line Theory

Now Prandtl’s approach to predict the aerodynamic properties of a finite wing will
be analyzed. In Prandtl’s scheme, the wing is studied by using the scheme shown
in figure (3.5). The velocity du, at a distance y induced by a vortex v(yq) dyg is
needed. Using the Biot and Savart law (see figure 3.5)":

+buw dl'(yq)

dyq
= = —_— . 2
un (y) P p— dyq (3.27)

¥ (Ya) dya

dunly) =35 (Ya —v)

w

Each airfoil is considered independently. Therefore, applying the Kutta-Joukowski
theorem:

dL = pos VoI (y) dy = ;pooVél (y)2m[a(y) — ai(y) — ar=o (y)]dy.  (3.28)

(Continued from page 50, footnote 6)

This expression is the same as the expression (3.2) if it is observed that arctan IZ;E = §—arctan _= 3

and if the following relation is used:

"The induced velocity u, (y) is assumed positive if it is directed along z.
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Horseshoe vortex

Y(a)dya
Ya)dya

"’N
\

BZ

Lifting line T (ra)
T +dva) = Tra) + T2 dya

‘ I'(yq +dya) >é;d
W Ta+dya) +Ya)dva=T(ya)

S\
b=
\V d e
2b., ©
R
3

Figure 3.5. Prandtl’s scheme.

- u()
z ai(y) = ==~

a(y) —a:(y)

Figure 3.6. Induced angle of attack.

Using equation (3.27) and the expression of the induced angle of attack («a; (y) =

_U‘T;O(oy)>

by dl;(yd)
Yd
%C 47 (yq—y) dya

1 B
pooVooF(y)=§pooVil(y)2W aly) +=—;

—ap—o(y)| - (3.29)
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Simplifying, the fundamental equation of Prandtl’s lifting-line theory is obtained:

I (y) 1 g
= — ar— Y dy,. 3.30
Vool (y) T & (y) ar=0 + 47TVOO ¥ (yd — y) Ya ( )

The solution of this equation, I', leads to calculating the lift and, as will be better
seen later, the induced drag.

Observation 18 In Prandtl’s lifting-line theory, the lifting-line is positioned in a
non-imposed abscissa.

Observation 19 Consider Prandtl’s fundamental equation. In that formula, the
only unknown is the circulation I'(y), which appears also in the derivative form. It
is possible to modify the equation in such a way as to have only the unknown I'(y)
and not its derivative. To achieve that, observe that the circulation /" must be zero
at the tips. This is because there is a pressure equalization from the bottom to the
top of the wing (precisely, at y = +b,,), and, hence, no lift is created at these points.
By using these conditions, it is possible to integrate by parts the Cauchy integral:

o dﬁif’d) Iyg) 17 o (a) o (Ya)
Ly — n 7£ 2 W) gy, :7£ 2V dy, (3.31)
J (ya—y) Wa=9] 0, | (a—y) o (Wa—y)

Using this relation, Prandtl’s fundamental equation becomes:

+bw

ry L P I
Tt~ oot g g e (332)

w

This equation is much easier to solve numerically.

3.5 Weissinger’s Lifting-line Theory

The airfoil theory has shown that, for a flat plate, the WTC is exactly satisfied in
rwrc when the vortex is positioned at zp.

Weissinger’s approach (see [12] and [13]) is based on this concept: the vortices
are concentrated in a single vortex I (like in Prandtl’s theory). Unlike Prandtl’s
theory, the vortex is now positioned at xr(y). The WTC condition is then imposed
on Twrc(y).

In order to show Weissinger’s approach, the integral equation is obtained by using the
small acceleration potential and a flat plate®. Consider a wing without a sweep angle

81n a flat plate, ap—g = 0.
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and with the property [(y) = const. It is possible to translate the coordinate system
to have xp = x,, = 0°. Obviously, in that coordinate system, zyrc = const = é
To achieve the goal of writing the integral equation using Weissinger’s method, the
following steps must be taken:

o Step 1
Writing the expression of the small perturbation acceleration potential of the

doublet distribution along the line z,, = 0. The axes of the doublets directed

along +2z can be chosen'".

o Step 2
Writing the expression of the small perturbation velocity potential from the
small perturbation acceleration potential by integration.

o Step 3
Imposition of the WTC on zyrc. The resulting equation will be Weissinger’s
integral equation.

The above operations will be performed in the following subsections.

3.5.1 Writing of the Small Perturbation Acceleration
Potential

Consider a doublet M (yq) = m(yaq) dya positioned at a point P;(0,y4,0). The small
perturbation acceleration potential at a generic point P(x,y,2) is:

m (yq) dyq Z
i {IQ +(y —ya)* + 22}

dv (zy,2) = — : (3.33)

[SI3Y)

Now, because of the linearity, the potential of all doublets can be written by
integrating the previous equation:

+bw
1 z
U (ry,z) = i / m (ya) ; + dya. (3.34)
—by {172 + (y o yd) + 22] 2

9 Unlike the general case, because of the made assumptions, x,, is not a function of y.
10Tt is possible to make the opposite choice. The method is formally the same.
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3.5.2 Writing of the Small Perturbation Velocity
Potential

As was seen in chapter 1, this operation is easily done by using the formula
1
o (x,y,2) =y /LT/ (1,y,2) dT. (3.35)

Substituting in the expression of ¥:

+b T
1 . z

m (yq) 5 d7 dyg. (3.36)
Voo —byy —00 {7‘2 + (y — yd)2 + 22} :

And, calculating the integral, the small perturbation velocity potential expression
becomes:

¢ (fL’,y,Z) ==

+bw
z X
¢ (z,y,2) + 1| dya.
e / w2 -+ 2) d
(3.37)
3.5.3 Imposing of WTC and Writing of Weissinger’s
Integral Equation
In this particular case, the WTC is easily expressed as
B w1 [0 (xy,2)
a(y)—ai(y)ﬁa(y)——%——%l o =5 (3.38)
=73

The derivative of the small perturbation velocity potential calculated at z = 0 and

— 1 ;e
x—le.

96 (2.4,2) L m (5)
[ 0z ] =0 47rVoo_7£ (v — va) \/(é) +(y— yd)z
(3.39)

In order to use the quadrature formula for the Hadamard finite-part integral, it is
convenient to isolate the singularity. To achieve that, notice the identity

1
=3

1 () ) -1 2
_ 2 + 1 - + — 3.
(=) (\/G)Q*(yyd)Q <(§)+\/(§)2+(yyd)2> \/(%)ZJr(y*yd)Q (=)

(3.40)
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Substituting into the equation that represents u,(y) and using equation (3.38), the
final expression of Weissinger’s integral equation is obtained:

a(y) = 2,,%/2 ;léw (;n_(gjgz dyq — ﬁ +f’w m(yg) dyq.
= e = e <§+\/((§)2+(y—yd)2)) \/((§)2+(y—yd)2)
(3.41)

Observation 20 What is the difference between Weissinger’s integral equation and
Prandtl’s integral equation? To answer this question, consider Prandtl’s equation
written for the same case:

+bw

I (y) 1 I" (ya)
oo = aly) T+ 7[ dyg. 3.42
Vool (y) 7 ) Voo T (ya—y)? " (342)
Observing that
miy
— Poom (Ya) = pVool (ya) = I (ya) = — ‘ﬁ d), (3.43)
it is deduced that the corresponding Prandtl’s equation is:
+b1U
m (y) 1 m (yq)
aly)=—75-+ 5 % 5 dyq. (3.44)
Vilr  4AmnV2 ks (ya — )

Comparing this formula with Weissinger’s equation (3.41)), it is clear that Weissinger’s
equation is much more accurate. That is for two reasons:

e Reason 1
Weissinger’s equation contains a term dependent on [.

e Reason 2
The imposition of the WTC in zj = z,, has a physical meaning, as seen in
the airfoil theory.

3.5.4 An Alternative Demonstration of Kutta-Joukowski
Theorem: Consistency of Weissinger’s Scheme

In this section, the writer proposes an alternative demonstration for a particular

case of the Kutta-Joukowski theorem. This is not a very general demonstration, but

it shows some interesting aspects of Weissinger’s scheme. Consider an infinite wing
(see figure 3.7). Assume [ = const and a = const. The y axis is coincident with
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Angle of attack =0 = const

Figure 3.7. A two-dimensional wing.

the position of zp. The doublet*" distribution m(y) must be constant for symmetry

reason. Because of that, the small perturbation acceleration potential is:

+oo
m z z

A dyg = —m——— .
4t v "Mon (22 + 22)

U (zy,2) =

N

e [552 +(y—ya)’ + 22}
The small perturbation velocity potential is'*:

O(eyz) = v | ¢(ryz) dr = —5- 2 [arctan 7" =

—00
—__1 m z 1 m,
=~ arctan > + DY const.
The integral equation is now:
o= —-L [(99(zy:2) —_ 1 [ 1 m = — _1m1
T Ve 0z x:% T Vo [2Vie m 22422 x:% V2wl
z=0 z=0
Thus, it has been demonstrated that
_ 2
m = —IlnV .

In the airfoil theory, it has also been shown that

I' =V alr.

Tt is assumed that all doublets have axes directed along +z.

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

I21f it is supposed that z > 0, the constant is +3. If it is supposed that z < 0, the constant is
—%. Notice that in this demonstration the constant value is not important, because the expression

of the potential will be derived to obtain the velocity.
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Substituting:
m=—InVia=—Vy,I. (3.50)

Remembering that the lift for unit of length is L = —pm, the obtained results is:
L= poVoor. (3.51)

Therefore, the Kutta-Joukowski theorem has been obtained. This shows that
Weissinger’s scheme is consistent.
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Nomenclature

+ Hadamard finite-part integral

£ integral defined in the Cauchy principal value sense
p fluid density

Ap pressure jump

m doublet distribution

r circulation

ol distributed vorticity, distributed trailing vorticity
wTC Wall Tangency Condition

) small perturbation velocity potential

v small perturbation acceleration potential

YAV small perturbation acceleration potential jump
Uy x-component perturbation velocity

vy y-component perturbation velocity

v, z-component perturbation velocity

l chord

f equation of the chamber line

« angle of attack

Q; induced angle of attack

Qar— angle of attack corresponding to the condition of zero lift
Uy, normalwash

2by, wing span

Subscripts

00 freestream conditions

a airfoil

r position where the vortex is concentrated

m position where the doublet is concentrated
wrc position where WTC is imposed
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Chapter 4

Induced Drag

4.1 Introduction

This chapter introduces the fundamental concept of induced drag.

The induced drag is an important issue in the aeronautic field. At present, airlines
pay hundreds of millions of dollars in fuel costs annually, and the environmental
impact of aircraft is closely tied to the amount of fuel consumed, therefore, the
accurate estimation and reduction of this drag is of great interest.

It is well known (see [14]) that the induced drag is 80%-90% of the entire drag at
takeoff!. The takeoff phase is a small portion of the entire aircraft mission, but
the design constraints of the engines are critical constraints in the aircraft design.
Hence, the induced drag reduction is very important to optimize the entire design
of an airplane. Moreover, the induced drag is directly tied to takeoff noise, and a
reduction of its amount is very desirable.

4.2 Physical description of the Induced Drag

<

In an ideal fluid (i.e., a fluid without viscosity), an airfoil has no drag” (see [1], [2]).
Physically, the result of zero drag makes no sense. It is known that any aerodynamic
body immersed in a real flow will experience a drag. Why is this possible? It is
possible because the viscous effects, which generate frictional shear stress at the
body surface (skin friction drag) and which cause the flow to separate from the
surface on the back of the body (form drag), thus creating a wake downstream, are
not taken into account.

Now consider a finite wing. 1t is well known that even if the fluid is inviscid the drag

!The induced drag constitutes approximately 40% of the total drag of typical transport aircraft
at cruise conditions (see [14]).
2This is the well known D’Alambert’s paradox.
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1s not zero. How is it possible? To explain this concept, consider the mechanism
that creates the lift. In a wing the lift is generated by the net imbalance of the
pressure distribution around the airfoil. This pressure distribution creates also a
flow around the tips (see figure 4.1). It is not difficult to understand that trailing
vortices are created. This is the difference with the two-dimensional case: in the
three-dimensional case there is the wake and it induces a vertical velocity” called
downwash. That is why each airfoil of the wing is now subjected to the velocity
Vo and to the downwash velocity (see figure 50). As a consequence, the relative
velocity is no longer V., and the effective angle of attack is aey = o — ap—¢ — ;.
The component dD; of the aerodynamic force dF' is the induced drag. For a very
good overview of the theory related to induced drag, see [L4]-[17].

Observation 21 As seen in chapter 3, the induced velocity depends on the gradients
of the circulation. This is the mathematical explanation of the physical generation
of the induced drag (see figure 4.1): at the tips the circulation must be zero® and,
therefore, the gradient of the circulation is large. Consequently, the induced drag is
generated.

Based on this fact, the induced drag can be reduced by reducing such high gradients
(C-wings, winglets, non-planar wings, closed wing systems, wing-grid concepts; see
for more details [14]).

Voo

Streamline
Low pressure

(= =)

High pressure

4

Streamline

%

Figure 4.1. Aerodynamic of a finite wing.

3A classical cantilever wing is implicitly considered. In general, the induced velocity is not
vertical.

4The circulation is related to the jump of pressure, and at the tips it has to be zero. Thus, the
circulation has to be zero as well.
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aeri(y) = a(y) —ar-0(y) — ai(y) ai(y)
a;(y) » —u;—w
- dL{ [dF = pV()I(v)dy

a(y) —ai(y)

Figure 4.2. Induced drag and induced angle of attack.

4.2.1 Wake Description

It has been shown that the wake has an important role in the induced velocity and,
therefore, in the induced drag. As described in [18]-[22], two different approaches
can be used (see figure 14.3)).

e Approach 1
Wake aligned with freestream.

e Approach 2
Wake not aligned with freestream.

Wake aligned with freestream

Veo T~

Wake not aligned with freestream (real case)

Figure 4.3. Wake models in a wing.
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Clearly, in the real case, the wake is not aligned with freestream. This last case is
much more complicated (see [18]) because the final position of the wake is not known
and has to be determined (see [21]). Therefore, the problem becomes nonlinear even
if the flow governing equations are linear.

The wake modelization is well described in the Ph.D. dissertation of Smith [20]
and in [21]. Summarizing, Smith takes a control volume around the wing. From

S3 S4
S Se
S S
Ve 7 Wake
—_— %r
So
N _Wake trace wt
2

|

Figure 4.4. Control volume (from [20]).

momentum conservation, he derives, in a steady flow, the following induced drag
expression (referred to the surface Sg, see figure 14.4):

D, =— / (P — Poo) ds — /pvx (Voo + v;) ds. (4.1)

Smith also uses the small perturbations second-order accurate Bernoulli’s equation
(isentropic flow):

1
P = Poo = 5P (21}1‘/00 + (1 — Mgo) v2 + U; + vg) : (4.2)
and a similar expression for the density p’' = p — poo:
1 M2
P = —gpern (2vaVie + (1= (2= 7) MZ) 02+ 02 +02) . (4.3)

Using these relations, he obtains:
Di = Lpoc [ [(v2 402+ 02) + (M2 — 2) 02 + 222 ((y - 2) M202 + 02 +07)] ds.
Se
(4.4)
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This expression is valid for both wake models (either aligned with the local flow or
aligned with the freestream). Introducing the small perturbation velocity potential
¢ and using the Laplace’s equation and Gauss’ theorem, Smith obtains the induced
drag expression:

Di:%pm{A¢(%) dz+;poosf( Qs 1 (M2 — 1) 02+
w 6

—l—iMé::’: ((7 —2) MZv2 + v + U?) > ds.
In the last expression, the following properties are satisfied:

e Property 1
In the line integral along the wake trace from tip to tip, the potential jump
Ao, from the upper side to the lower side of the wake, is present.

e Property 2
The velocity potential is discontinuous across the wake, but the normal velocity
9¢

3 1S continuous.
mn

e Property 3
The induced drag expression also contains the v, perturbation and its
streamwise gradient %.

When the rear surface (Sg in figure 4.4) of the control volume is moved far
downstream of the lifting system, the v, perturbation produced by the bound
vorticity becomes diminishingly small, leaving only the perturbations produced by
the trailing wake”.

Now it is possible to see the effect of the wake model. If the wake is considered to
be rigid and aligned with the freestream, no v, component can be produced, and
equation (4.5) leads to the well known expression for the induced drag:

1 Y
Di = mel Ad (an> dl. (4.6)

If the wake is modeled like depicted in figure 4.5, a v, component is produced and
the correct expression for the induced drag is equation (4.5). The quantity v, in
figure 4.5 is the induced velocity on the wake.

5When the surface Sg is moved far from the lifting system, it is traditionally referred to as the
Trefftz plane (see [23] and [24]).
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Wake aligned with freestream
Section 4 -4

Ve C& {] ve =0

Velocity induced by the wake

Wake not aligned with freestream (real case)

Section 4 -4

£3

va;
Vy = v tang = ———+

ydy
Velocity induced by the wake

Vx

Figure 4.5. v, perturbation in the wake.

4.3 Induced Drag Calculation

There are several methods available in the literature to calculate the induced drag.
A very good overview of these procedures is given in [14], [I8] and [21]. As reported
in [18], to calculate the induced drag generated by a lifting surface, it is required that
all, or at least a portion, of the velocity field has to be determined in the vicinity of
the wing. Linear potential flow methods generally solve for the velocity over only a
small part of the flow field and save a tremendous amount of computational time.
In the present thesis, this approach will be used, introducing a new and original
technique to calculate the minimum induced drag in planar and non-planar wing
systems.

Some methods used to calculate the induced drag are briefly described here.
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e Method 1
Lifting-line theories

e Method 2

Vortex lattice methods

o Method 3
Linear panel methods

4.3.1 Lifting-line Theories

As was seen in chapter 3, the lifting-line theory analyzes the flow field as a potential
field with the wing modeled as a singularity in the form of a line vortex strength
located at the wing in an undefined or defined position ([1], [2], [13], [18] and [25]).
Helmholtz’s theorem requires that the spanwise change in vorticity of the lifting line
be shed into a sheet of distributed trailing vorticity. Typically, the trailing vorticity
is assumed to be aligned with the free-stream velocity and extended downstream to
infinity. As seen in chapter 3, the strength of the trailing vortex sheet at any point
is equal to the spanwise change in vortex strength at the corresponding point on
the lifting line. The sheet of trailing vorticity is assumed to be rigid and does not
deform under its own induced velocity. Referring to figure 56, the velocity w, that
the trailing vortex sheet induces on the lifting line is used to calculate the induced
drag of the wing. Here, it should be noticed that the lifting-line model ignores the
effect of the chordwise distribution of vorticity on the downwash distribution, since
it collapses all of the vorticity generated at a given spanwise location to a single
point. Also, the effect that the deforming wake might have on a wing performance is
neglected. An interesting lifting-line theory has been formulated by Eppler [20].
Eppler used the lifting line located at the trailing edge of the planform. The
advantage of the method is that it has the simplicity of Prandtl’s lifting-line model,
but it includes some planform effects in the form of the trailing-edge shape.

4.3.2 Vortex-lattice Methods

The vortex-lattice methods are very useful: it is possible to capture the effect of
the chordwise loading on the overall wing aerodynamics. It is based (see [1], [3],
[18] and [27]-[38]) on the concept used in the lifting-line theories. The difference
is that, now, the vorticity along the wing is a function of x and y (lifting surface).
From a numerical point of view, the vortex-lattice method uses an array of horseshoe
vortices with spanwise segments bound to the wing and streamwise segments trailing
downstream from the trailing edge parallel to the free-stream velocity. The strength
of each vortex is determined by satisfying the condition that the flow has to be
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tangent to the wing (considered as a surface without thickness) at a number of
control points equal to the number of vortices used. This constraint defines a system
of simultaneous linear equations which are solved for the vortex strength. The
strength of the streamwise trailing vortex filaments are taken as the sum of the
strength of the horseshoe vortices distributed over the chord at a given spanwise
position. This method is shown in figure 4.6, Induced drag is normally calculated

Control point

Figure 4.6. Vortex-lattice system in a finite wing.

in the vortex-lattice method by applying the Kutta-Joukowski law on the spanwise
bound vortex segments under the influence of the local downwash. As is said in [18],
if the bound vortex segments are aligned perpendicular to the free-stream velocity or
aligned in some other direction depending on the wing planform shape, the solution
can be significantly different.
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4.3.3 Linear Panel Methods

Panel methods (see [39] and [40)], for example) discretize wing’s upper and lower
surfaces into source, doublet, or vortex panels which induce a perturbation (see
previous chapters) on the uniform velocity field. The advantage of these methods
is that the wing thickness is taken into account. The strength of each panel is
determined by satisfying the flow tangency condition at a number of control points
equal to the number of panels used. A linear system of equations has to be solved
in order to find the unknowns. The shape of the freely deforming wake can also
be computed by discretizing the wake into panels and calculating the flow velocity
at each panel. If the wake is not oriented with the local velocity vector then the
panels in the wake are reoriented. An iterative process has to be conducted until the
convergence is reached. In the panel methods, the induced drag can be calculated by
taking the streamwise component of the product of surface pressure and panel area
and summing over all of the wing panels. The problem with this approach is that
the error in the calculated pressure distribution affects the induced drag calculation.
More details can be found in [2] and [L§].

4.4 Munk’s Induced Drag Theorems

One of the most important contributes to the induced drag calculation and
minimization was given by Munk in one of his papers, [41]. In this section, Munk’s
two famous theorems will be analyzed.

4.4.1 Munk’s Stagger Theorem

The total induced drag of any three-dimensional system of lifting elements 1is
independent of the positions of the various elements in the direction of the freestream
velocity V.

This theorem is valid under the hypothesis of small perturbations, incompressible
fluid and rigid wake aligned with the freestream velocity. This theorem is very
useful. If all the lifting elements of a system are translated, parallel to V., into a
single plane normal to V,,, while the initial circulation is maintained constant, the
induced drag of the resulting two-dimensional system will be exactly the same as
that of the three-dimensional system. In figure 4.7, this theorem is explained with
an example. In particular, it is shown that the swept wing has the same induced

drag as the wing with straight lifting line (contained in a plane perpendicular to
Veo)-
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Lifting line
Lifting line

% If the circulation is the same, %

these lifting systems have the same
induced drag (Munk’s Stagger Theorem)

Figure 4.7. Munk’s Stagger Theorem.

4.4.2 Munk’s Minimum Induced Drag Theorem

When all the elements of a lifting system have been translated into a single plane
(Munk’s Stagger Theorem), the induced drag will be minimum when the component
of the induced velocity normal to the lifting element at each point is proportional to
the cosine of the angle of inclination of the lifting element at that point.

This is Munk’s most important theorem. Incredibly, it is often ignored in the
literature. For that reason, the contents of this theorem are analyzed in detail.
In order to demonstrate the theorem®, consider the lifting line representing a non-
planar wing, as depicted in figure 4.8. Suppose that the distribution of circulation is
optimal, and, therefore, the induced drag is the minimum. Now consider an arbitrary
variation in the circulation distribution represented by 617 and 6I%. The local
aerodynamic load will be represented by poo Vo0l and po,Veod s, respectively. As
a result, the variation of the lifting contribute (see figure 4.8)) is

0L = poo Vo011 €08 ¥ + poo Va0 cos Vs, (4.7)

5The demonstration reported here is not the original demonstration used by Munk.
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Corresponding induced drag: Corresponding induced drag:

)

Uny u

poV STt (=) PV oudT 2 (— 72

PoV0l2cos 32
wVx0l'1 cos9
P R W) o poV6Ts

Munk’s Minimum Induced Drag Theorem
Un o Uny Un
cosd;  cosS cos &

= constant

Figure 4.8. Munk’s Minimum Induced Drag Theorem in a non-planar wing.

Variations of circulation that do not change the lift are considered. Consequently,
0L has to be zero:

0L = poo Vo011 €08V + poo Vo015 cos g = 0. (4.8)

Now, because the initial condition is optimal, the variation of induced drag has to
be zero too:

Uu u
5D, = poVoeS T (—”) Vil (—") 0. 49
p A 2~y (4.9)

Thus:

0L =0= 0l cos + 0l cost)y =0,
(4.10)

5Dz =0= 5F1un1 + 5F2un2 = 0.

Clearly, if u,, = kcosty and u,, = kcosvy (k is a constant), the previous system
is satisfied. This last statement demonstrates Munk’s Minimum Induced Drag
Theorem”.

Observation 22 Using Munk’s Minimum Induced Drag Theorem, interesting prop-
erties can be observed in conventional and non-conventional wing configurations. For

"Notice that if other conditions are imposed (like the structural weight) this theorem is no
longer valid (see [42], [43] and [44], for example).
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example, in a classical cantilever wing cos? = 1 everywhere. Therefore, the induced
velocity must be constant along the longitudinal direction under optimal conditions.
It is also well known that when the circulation distribution is elliptical the induced
velocity is constant. Hence, the elliptical distribution is the optimal one. Another
example is the box wing (see Figure 4.9): in the vertical parts ¥ = 7/2. For that
reason, u, has to be zero in order to have the minimum induced drag®.

g F(s}{ﬁ f.(Y(S)ds
7/

/d /

re N A f,(y(s) ds
?

The induced velocity pependicular to the vertical part
of the box has to be zero in order to satisfy
Munk’s Minimum Induced Drag Theorem

Figure 4.9. Munk’s Minimum Induced Drag Theorem in a box wing.

More details about this theorem and its applications can be found in [15] and [1§].

4.5 Induced Drag Reduction: Non-planar Wing
Systems

As was said in the introduction, a reduction of the induced drag is of great interest
in the aircraft design. The non-planar wing system can influence a larger mass of air
than a classical wing with the same wing span and it can tmpart, to this air mass, a
lower average velocity change and, therefore, it has less drag. Biplane, multiplanes,
winglets, C-wings and closed wing systems are examples of non-planar wing systems.
Prandtl in [40] studied the multiplanes, and he outlined the following conclusions:

e Prandtl’s Conclusion 1
The biplane has less induced drag than a monoplane.

8The distribution over the horizontal parts is not discussed here. Details can be found in [45].
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e Prandtl’s Conclusion 2
The triplane has less induced drag than a biplane and so forth.

e Prandtl’s Conclusion 3
The wing system with minimum induced drag is the box wing system (see
figure/4.9 and, for more details, [45]). It was called best wing system by Prandtl.

It is evident that nonplanar wings have a better performance than classical wings
with the same wing span and total lift. Several authors have studied non-planar
wings. The most important contributes have been made by Kroo ([14]) and Cone
([15] ). They studied several non-planar wing configurations and showed the high
efficiency of those systems. An interesting example of non-planar wing is the wing-
grid tip device (for more details see [47]-[51]). In figure 4.10/and 4. 11 a few examples
of the wing-grid concept are reported.

Wing tip device:
wing-grid \\\\\\
o
\
<

Figure 4.10. Wing-grid concept.

4.5.1 Non-planar Wing Systems: The Induced Lift

Induced lift is an important concept in non-planar wings, but it is often not
considered in the theoretical approaches. Consider a non-planar wing system (see
figure 4.12). As well explained in [L5], the generic vortex positioned at point A
induces a velocity dur at point B. As result of this induced velocity, an induced
lift dL; is produced at point B. The concept of induced lift is interesting when two
different wings with the same induced drag and total lift are considered. In some
cases the induced lift is positive and in other cases it is negative. As reported in
[15], for a lifting segment represented using an arc,

the induced lift is positive when the local aerodynamic force F' acts towards the local
center of curvature of the arc and negative when this force is directed outward from
the center of curvature (see figure (4.13)).
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Figure 4.11. Wing-grid examples (figures from [47]).

Figure 4.12. Induced lift in a non-planar wing.

Under the assumption of small velocities, uy can be neglected in comparison with
V. Therefore, In this dissertation, the induced lift effects are not considered.

4.5.2 Non-planar Wing Systems: Closed Wing Systems

A simple closed wing system is shown in figure[4.9. A possible practical closed wing
system could be a joined wing configuration as shown in figure 4.14. Why is a closed
system useful? There are several interesting properties that involve different fields
(aerodynamic, structures, flight mechanics, aeroelasticity and so forth) that should
be analyzed in order to answer this question. Here, only the aerodynamic point of
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Induced lift negative

Induced lift positive

z

Voo

Figure 4.13. Induced lift. Relation with the local aerodynamic force.

4

———

Figure 4.14. Closed wing system example: a joined wing configuration

view of the problem is analyzed. For more details see [52] and [53].
The main aerodynamic characteristics of a closed wing system are the following:

e Characteristic 1
The optimal induced drag is smaller in such wings than in a classical cantilever

wing with the same wing span and total lift. This property, for the annular
wings, will be demonstrated in chapter 9. Interesting considerations can be

found in [14] and [15].
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e Characteristic 2
It is possible to add a constant circulation vortexr to the system without

changing the wake. Such a constant strength vortex distribution does not add
any lift and the induced drag does not change. It may be used to manipulate the
section lift coefficients in a desirable way. This property, often not considered
in the theoretical derivations, will be used in chapter 9.

These characteristics will be extensively analyzed later. Here they are analyzed in

an intuitive way using graphical examples.
Consider the first property mentioned above. Why is the induced drag in a closed
wing system smaller? In order to answer the question, consider figure 4.15. As it is

Closed

Lifting System E—
YA f.( v(s)ds

Classic y
Lifting System Vo : /{
v()dy
re)
Ve
— /

/

A

ro) 1O

A possible circulation A possible circulation
distribution distribution Small gradient of T(s)
I'(s)
re) S
dre)
O >>1 (‘B C'B

S y

»
-b/2 b/2

Figure 4.15. Circulation distribution in a classical and closed wing systems.

easy to see, the circulation gradients are higher in the classical wing systems where
the circulation must be zero at the tips. In a closed wing system, there is not a
particular point where the circulation has to be zero, thus, the wing can be designed
to have a circulation distribution which has less induced drag (with the same lift). It
will be demonstrated that in an elliptical annular wing, the induced drag is smaller
than in a classical wing, even under optimal conditions for both wings”.

9This is true if the wing span and the total lift are the same.
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Now consider the second property. Because the induced drag is related to the
circulation gradients, it is clear that if a constant circulation is added, no lift or
induced drag are added (that property will be demonstrated for the elliptical annular
wing in chapter 9). This is very useful, since the circulation distribution (therefore
the lift distribution) can be modified as desired or needed without induced drag
penalty and without changing the total lift. For a box wing system, the property is
illustrated in figure 4.16.

‘ Initial circulation distribution ‘

Final circulation distribution
r'(s) D with the same total lift and
induced drag

& b o T
@

=
+ ==

T°(s)
4 P ™
® &

- b |/

‘Constant circulation distribution ‘

Figure 4.16. A property in a closed wing system.

Using the previous property, it is easy to show ([14] and [54]-[55]) that a C-wing has
an optimal induced drag similar to the "best wing system” (see also chapter 10). It
is possible to add a constant circulation distribution" in such a way as to reduce
the load in the upper wing and increase the aerodynamic load in the lower wing
without changing the total load and induced drag . As can be seen in figure 4.17,
after this ideal operation the upper wing is almost with no load which explains, in a

10The initial circulation distribution corresponds to the optimal distribution (Prandtl’s best wing
system), see [45] for more details.

HUNotice that, in figure [4.17, the optimal circulation distribution in the box wing system is still
considered.
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‘ Initial circulation distribution ‘ Box wing and C-wing have
almost the same optimum

induced drag
T(s)
@

@D ®

() b

U

T'(s) I

Final circulation distribution
with the same total lift and
induced drag

Constant circulation distribution

Figure 4.17. Box wing and C wing. An intuitive comparison.

qualitative way, the similar efficiency between the box wing and the C-wing found
by Kroo.

Closed Wing Systems. An Italian Research Project: the Prandtlplane

Following Prandtl’s idea of the best wing system, many scientists studied new
configurations (see, for example, [52]). One of these, the Prandtlplane, is a joined
wing configuration which consists of two swept wings (with opposite swept angle)
and is closed by two vertical additional surfaces. A comprehensive study of a similar
configuration was first performed by Lange [56]. The aeroelastic phenomena was
found to be a weak point of the considered analyses. Extensive use of composite
materials along with aeroelastic tailoring could be conveniently employed to this
purpose. For this reason, the configuration is nowadays very interesting. It
could increase the payload considerably and reduce the induced drag. In Italy,
five universities (Universita di Pisa, Politecnico di Torino, Politecnico di Milano,
Universita La Sapienza and Universita Roma 3) and the aerospace company Alenia
Aeronautica have been working on this project. Several papers can be found in
literature (see, for example, [57]-[68]) covering aerodynamic, flight mechanics and
structures of the Prandtlplane. Particularly interesting are the wind tunnel tests

7



4 — Induced Drag

conducted in Alenia Aeronautica company and Politecnico di Torino. The wind
tunnel models are reported in figures 4.19 and [4.20. The logo of the italian research
is shown in figure 4.18%.

UNIVERSITA DI PISA

Politecnico Politecnico
di Torino di Milano
I v
s 4
4

s=
I8
:5
g
E:

™

La Sienza
Roma

“y
L 4

| J
Prandtiplan

EAlenia

AERONAUTICA
Torino

€

Figure 4.18. Italian research project on Prandtlplane. Logo.

Figure 4.19. Alenia’s Prandtlplane model (figure from [68]).

12The logo has been designed by the writer.
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Figure 4.20. Politecnico di Torino’s Prandtlplane model.
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Nomenclature
« angle of attack
Q; induced angle of attack
Qr—o angle of attack corresponding to the condition of zero lift
p fluid density
! perturbation density
Uy x-component perturbation velocity
vy y-component perturbation velocity
v, z-component perturbation velocity
vl induced velocity on the wake
M, Mach number (freestream conditions)
0] small perturbation velocity potential
A small perturbation velocity potential jump
wt wake trace
r circulation
or arbitrary variation of I'
v ratio of specific heats, distributed trailing vorticity
U, normalwash
2by, wing span
) angle of inclination of the lifting element
L lift
L, induced lift
D; induced drag
oL arbitrary variation of lift
0D; arbitrary variation of induced drag
F aerodynamic force
U induced velocity in the direction of V,
Subscripts
00 freestream conditions
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Chapter 5

Validation of the Present
Optimization Method: Cantilever
Wing and Biplane

5.1 Introduction

This chapter demonstrates the well known result concerning a classical wing: the
elliptical circulation distribution is the optimal distribution, and the induced velocity
is constant along the wing span (Munk’s Minimum Induced Drag Theorem).

This operation is done using the methods exposed in previous chapters: lifting-line
theory (Weissinger’s lifting-line model) for the aerodynamic part and Hadamard
finite-part integral equation for the mathematical aspect of the problem. The
optimum is found using the Euler-Lagrange integral equation obtained using the
Lagrange multiplier method.

The same procedure proposed by the writer is applied in another classical (but non-
planar) wing: the biplane. It is an interesting case often not well considered.
Commonly, it is believed that, in a biplane, the optimal circulation distribution
is an ellipse. As will be shown, this is true only in two particular cases: wings
indefinitely distant from each other and wings indefinitely close together.

5.2 Classical Cantilever Wing. Minimum
Induced Drag

In this section, the classical cantilever wing will be studied. Its study is the easiest
and clearly shows the minimizing procedure used in this dissertation.
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5 — Validation of the Present Optimization Method: Cantilever Wing and Biplane

5.2.1 Geometrical Derivation of the Induced Velocity and
Induced Drag

Considering figures 5.1/ and 5.2, it can be understood that the induced velocity
(positive when oriented along the z axis ) is

1 +bw dF(’yd)

dyg
n = — —— — dy,. 5.1
U (y) 47T,b (y yd) Yd ( )

Integrating by parts and observing that I" (+b,) = I' (—b,) = 0:

Lifting-line

yxdya

F(yd) +dI’ F(yd)

J Y= RS,
yo = -4 P %R%
RS

Figure 5.1. Lifting-line model in a classical wing.

+bw

1 I" (ya)
w) = o F 2 ay, (5:2)
47T_bw (y — yd)2
The consequent induced incidence is «;(y) = —"{;—S’), and the induced drag” is
+bw +bw
1 I (ya)
D; = / poVio | =T (y) 74 LWy, | dy. (5.3)

IThe distributed trailing vorticity is indicated by 7, instead of 7 to clarify that the velocity Vo
is directed along x.

2The external integral is not defined as Hadamard finite-part integral because the circulation I"
is zero at both endpoints (the tips).

83



5 — Validation of the Present Optimization Method: Cantilever Wing and Biplane

du,(y)
Y xdya
_ N
Vs yd Y=y
<y7d

< 7

_ yxdyg
Q) = Fm;

Figure 5.2. Induced velocity by the vortex ~, dyg.

With a few simple algebraic manipulations, the expressions of the lift and induced
drag coefficients are obtained:

C :_;Jrpr( )gﬁ“’md d
D; V2 byl e Yy sy (y—ya)> Yqa aY,

(5.4)

+bw

CL:@ [ I'(y) dy.

w

The previous expression can easily be rewritten using the small perturbation
acceleration potential and a doublet distribution along the lifting line” (with the
positive direction along —z):

Cp, = —mlw m (y)ji Toun)? Wady,

(5.5)

+bw
CL = @ { m (y) dy.

5.2.2 Euler-Lagrange Equation

The goal is to find the minimum Cp, under fixed C',. As have been seen in chapter
2, the Euler-Lagrange equation® is:

+bw

204 % Mopt (Y)Y (ya,y) ds — Cag (ya) = 0. (5.6)
_bw

3Remember that poo Voo I'(y) = pem(y)-
4Tt should be observed that in this case Y (yq,y) = m, g(ya) =1, Cy = —m and

Cy = %, where Y (y4,y), g (ya), C1 and Cs are defined in chapter 2.
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In explicit form:

+bw

1 % 1
Mept (Y) ————— dy — A =0, (5.7)
2rV2 L (g = ga)”

with the condition

+bw
— 1
CL= T /“n%m<y)dy. (5.8)
oo W “bu

Now, the fact that the optimum distribution is an ellipse, will be verified. Thus,
consider a solution in the form

Mopt (Y) =T | 1 — gj (5.9)

Substituting this expression into (5.7) and (5.8):

b1
2mV% abg (v—va)° dy+Ar=0,
e (5.10)
Cr=rvzma | 1 -izdv

w

With the substitution y = b, sin @ and y,; = b,, sin @4, the system becomes:

m 2 cos? O d A
27V2 by #ﬂ (sin ©—sin Oy)> O+ A= 0,
2
o (5.11)
2
A _ o m 2 _ mm
Cr = 2 fwcos 6 do = 5V2]
-2
With a few algebraic operations” the result is:
V2N
m = ==(Cp,
_ (5.12)
A = Crl
by
5Setting u = tan %, v = tan %:
2
u:tan%, v :tan%, cos© = %,
sin® = %7 sin®y = %, de = u%ﬂdu.

The Euler-Lagrange equation becomes

i (1)
m 2 1+u?
d A=0.
27TVo2obw % u2 + 1 ( 2u 2v 2 v

14+u? 1402

85



5 — Validation of the Present Optimization Method: Cantilever Wing and Biplane

The system is satisfied, and, thus, the distribution mep (y) = my/1 — 1%2 =

%f’%léL 1-— 1%2 is the optimal distribution. This can be verified by observing

that wu, is constant for that distribution, satisfying Munk’s Minimum Induced Drag
Theorem. In completeness, the minimum induced drag coefficient is:

2

ref 2y

|:(CDi)0pt:|

(5.13)

The subscript "ref” indicates "reference” and has been placed with Cp, because the
classical wing will be used as a reference case and all wings will be compared with
the classical cantilever wing.

5.3 Classical Biplane Wing System. Minimum
Induced Drag

In some publications, it is said that the minimum induced drag in a biplane is
obtained when the distribution of each wing is elliptical and when the wings have
the same load distribution. This statement is false. The misunderstanding is from
article [46], where Prandtl assumed the elliptical distribution for each wing in a
biplane and obtained that, under this condition, the best biplane had wings with
the same wing span. But Prandtl never said that the elliptical distribution is the
optimal distribution for a biplane. This chapter will demonstrate that the elliptical
circulation distribution is the optimum only if the distance between the two wings
is either near zero or infinity.

Consider a biplane (see figure 5.3”) with wing span 2b,, and distance between the

(Continued on page 86)
(Continued from page 85, footnote 5)

Now, observing that

= ()

(1+0?) (2v — u — v?u) vin|—v+wul  vin|—1+ vul
5 5 = —arctanu + —
u +1( 2u 2v )

4v (v —u — v2u + vu?) —1+ 0?2 —1+0?

)

1+u? 1402

and remembering the Hadamard finite-part integral definition, the Euler-Lagrange equation

becomes: -
m crl
27TV020bw T - Thay

SEven if the wings have sweep angles, the biplane depicted in the figure is useful because Munk’s
Stagger Theorem can be applied (see chapter 4).
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zh

Ve

H/2

H/2

Figure 5.3. Biplane. Geometry and notations.

wings H. Clearly, the upper wing (here called wing 1) is positioned at z = +4,
while the lower wing (here called wing 2) is positioned at z = —4 in the reference
system shown in figure [5.3.

5.3.1 Writing of the Integral Equations

As seen in chapter 3 and 4, the lifting-line theory can be used to describe the wings.
If the small perturbation acceleration potential is used, the writing of the integral
equations” can be accomplished using the procedures shown in the following steps:

o Step 1
Writing of the small perturbation acceleration potential of the dipole distribu-
tion over the wings.

e Step 2
Writing of the small perturbation velocity potential by integration of the small
perturbation acceleration potential.

o Step 3
Imposition of the WTC using Weissinger’s approach.

"As will be seen, in this case there are two integral equations containing the unknown dipole
distributions on the wings 1 and 2.
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Small Perturbation Acceleration Potential

In order to start this procedure, the distance between a generic point in space with
coordinates x, y, z and a point on wing I with coordinates 41, Y41, 241, in which a
generic doublet is positioned®, has to be calculated. It is easy to obtain

D, = \/(x —za) + (v —ya)’ + (2 — za). (5.14)

The reference coordinate system is chosen in such a way as to have the lifting lines
contained in the y — z plane, so x4, = 0. Moreover, z4; = % Using these relations:

2 H\?
Dy =\|22+ (y — ya1)” + <Z — 2) . (5.15)
Similarly for the wing 2:
2 H\?
Dy =\|22 + (y — ya2)” + (z + 2) : (5.16)

Next consider wing 1. The generic expression for the small perturbation acceleration
potential is

m1 (Ya1) AYar Nare (T — 2a1) + nary (Y — Yar) + narz (2 — 2a1)

i (zy,2) = = 4 2 2 25
(@ —2a)’ + (= ya)* + (z = 2a0)*]?
(5.17)
Now, choosing the doublet axis to be directed along +z, it can be deduced that
Naiz = Naiy = 0 and ng, = 1. Substituting into the previous equation and
remembering that z45 = +%:
H
d 2= 5
A, (,,7) = — W) Qo (-%) . (518)
47 ) 9 7\2]2
{1‘ + (Y — yar) +(Z—5) }
Now, because of the linearity, it is possible to integrate over wing 1:
+bu H
Z —_—
i (g = [ - %) sy (5.19)
7 9 2 H 2|2
e 22+ (y—ya)’ + (2 = §)
The same operations can be repeated for wing 2:
+by H
A
Uy (2,y,2) = / —migﬁ) hk ) 3 Waz- (5.20)
2
b [452 +(y — ya2)* + (z + %)

8The subscript ”1” indicates that wing 1 is being considered.
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+bw

b )= |

It is possible to think that the integration process is done in such a way as to have
Ya1 = Yao- Calling y; the common value, the previous expressions become:

H
Z —_ =
—mﬁd) (%) sy (521)
2
a2+ (- o + (2 - &)
+bu H
2y
b (ry) = [ -T2 ke R S
v 9 2 H 2|2
~bw x+(y—yd)+(2+z”
Small Perturbation Velocity Potential

The small perturbation velocity potential has the expression

1 7 1 7
¢ (l’,y,Z) = Vi / Wl (7_7y72) dr + Vi / lp2 (Tayaz) dr = ¢l + ¢27

(5.23)
where ¢; and ¢5 are the contributes of the wings 1 and 2, respectively. Therefore,
the following can be written:

gbl (l’,y72) = é f U (Tayaz) dr =

o +bw
- 47 Veo

L (-5) ]

(5.24)
: — drdya,
[T2+(y—y4)2+(z—§)
?2 (x?yvz) = i IRz (7-73/72) dr =
+by T (525)

- _47r%/'C>o f ma (yd) (Z + % f 1 ) % deyd.

b - {72+(yfyd)2+(z+%)

Observing that

i /

— 00

dT:fx—i-\/(xQ—l—g) _f
(v79)

Fl_= ).
gy (@ +g) 9 \/(#*+9)
the previous expressions become:

(bl (l’,y,Z) =

(5.26)

o e e (%)
Voo 3 (y—ya)*+ (x4




5 — Validation of the Present Optimization Method: Cantilever Wing and Biplane

1 +bw mz(yd)(er%) =

T 4nVeo by (y_yd)2+(z+%)2 \/<z2+(y_yd)2+(z+§)2)

G2 (7,y,2) = +1| dya. (5.28)

WTC Imposition Using Weissinger’s Approach

The WTC have to be imposed on both wings. Thus:

Op(x,y,z
—Q (y,2’1) = é (%) zZ =2
X Zo
(5.29)
0p(x,y,z
—ay (Y,22) = v (%) 2=2
T =X

where g = é Calculating the derivative of the small perturbation velocity potential

o1

% 1 0 +fbwm1 (Ya) i G ) = +1] dyat
R )\ e aY)
gt 3&(2_%)2
+i [ ma(Ya) ; 3 W
~bw ((y—yd)2+(z—%) ><w2+(y—yd)2+(z—%) )
(5.30)
And, similarly, for ¢,:
2= —m +fbwm2 (ya) v~ (o+4) 7 - + 1| dyat
: ™o 4, (w-var+(=+4)*) \/ (e +mva+(+ £)°)
+bu 22+ H)?
tae J oma (ya) ; (-+%) 3 Wa.
—bw ((y—yd)2+(z+%) )<$2+(y_yd)2+(z+%> )
(5.31)
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Calculating the derivatives on the wings” at x = zg and isolating the singular term*":

{%} —__1 +fbw —mi (ya) dya+
01 z2=2x Voo 3, (xo+\/(x3+(y—yd)2))\/(w3+(y—yd)2)
r = Xy
+bw
1 2m1 (ya)
AmVoo —flﬁj (y—ya)® dya,
+by 2 2
b2 _ 1 m (y=ya)"—H o + 1) dy,+
R P Rl e (wxaﬂyyd)w) "
To
+ -1 m ol 7 dya,
AmVoe _}{w 2 (va) ((yfyd)2+H2)(:v8+(yfyd)2+H2)% v
+byw
Ao 1 [ —m2(ya) d
z = - ™ Yat
[ 0 } Z= %2 Ve 3, (xo+\/(:v§+(y—yd)2))\/(w8+(y—yd)2)
r = Xy
+bu
1 2ma (ya)
AV j}i (y—ya)® dya
+by 2 2
O¢1 _ 1 (y—ya)"—H g
oo = — m + 1| dyg+
{ 0z } Z = 2y 4TVoo 7{1” 1 (yd) ((y—yd)2+H2)2 <\/(:L‘g+(y—yd)2+H2) ) Yd
r = Xy
+bu )
- m 2o dy,.
Voo —{w 1 (va) ((y—yd)2+H2)(I3+(y—yd)2+H2)% v

(5.32)
Substituting these quantities into equation (5.29), the integral equations containing
the unknown m; and ms representing the doublet distributions on wings 1 and 2
are obtained. It should be noticed that there is no condition that imposes m; = mo,
since the wings can have different aerodynamic properties (for example, the twist);
hence, in general, m; # my. It is important to see that the integral equations (5.29)

9That means z = —&—% over the wing 1, and z = —g over the wing 2.
10To do that, the following identity is used:
1 -1 2
0 +1] = +

(v = ya)” \/(x% +(y- yd)2)
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can be used to solve the direct problem: what are the unknown doublet distributions
my and my over the wings 1 and 2 under the velocity V., and with the twist laws
a(y,z1) and a(y,z2)? Applying the numerical methods explained in chapter 2, it is
possible to solve the integral equations and find m; and msy. The direct problem
will not be solved here.

5.3.2 Normalwash

The expression of the induced drag has been seen. The normalwash u,, is involved
in its formula. Now the expression of the induced velocity over the wings will be
determined. From the definition of small perturbation velocity potential, for the
wing 1, the induced velocity has the expression

(%1 a¢2
tn1 = [a] e=n t [a] R (5.33)
z=0 z=0

Using the previous expressions, the normalwash for the wing 1 is determined:

+bw +bw 2
1 ma (Ya) (y — ya)” — H?
wn () = 7~ dys = [ ma2 () dyar
AV e (y — yd)2 4V e ((y . yd)2 4 H2>2
(5.34)
Similarly for the wing 2:
+bw +bw 2
1 ms (Ya) (y — ya)” — H?
Un2 (y) = — % dys — —— | m1 (ya) dya.
4V ke (y —ya)’ A7V 5 ((y — )’ + H2)2
(5.35)

Observation 23 The normalwash can also be determined geometrically. Obvi-
ously, the final expressions must be the same as the expressions found in (5.34) and
(5.35). Supposing that the circulation distributions on the wings are known, and
using the Biot-Savart law, the normalwash is computed geometrically in appendix
B.

5.3.3 Induced Drag

Consider the upper wing. The doublets have axes directed along +z. Hence, the
aerodynamic force is

Fy (ya) = —posta (ya) - (5.36)
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The induced incidence on the wing 1 is

[tn1 (Wa)lao

(6751 (yd) = — VOO s (537)
while the induced drag on the same wing is
+buy +bw
Dix (ya) = / F (ya) tan (a1 (ya)) dya ~ / F1 (ya) oni (Ya) dya- (5.38)
b ~bu
Using the previous expressions:
Poo my (y y—va) —H
Dn=—1"75 / mi (Ya) f #)2 dy + / ma (y) : d)2 7 dy | dya.
® by by (U~ Ya) by ((y —Ya)” + H2)
(5.39)
Repeating the same procedure for the wing 2:
+ba +buw 2 2
0o m — —H
Dy = _47’;‘/2 / ms () 7( _ma(y) S dy + / (y yd)2 _dy | dya.
> b, e ya)” “bu ((y —ya)" + HQ)
(5.40)

Obviously, the total induced drag is the summation of the contributes of the wings
1 and 2; thus,

+by +b
P v m1(yd)m1(y) [m1 (ya)m2(y)+ma (y)ma(ya) (y ya)’— )
Dz T 4AnvE 7‘1{;} 7%%1} < (y—vyq ) + ((y va) +H2)2 dy dyd
ma(y)ma(ya)
_47r€/02Q vy ( 2(y y2 - dy) dyd

(5.41)

5.3.4 Total Lifting Force

It is very simple to calculate the total lifting force. Recalling the expressions of the
aerodynamic forces, the expression for total lifting force can be written as

+bw +b

L=L+Ly= { Fy (ya) dya + _bwag (ya) dya =
o o (5.42)
= —Poo { m1 (Ya) dya — poo { ma (Yq) dya-
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5.3.5 Derivation of the Euler-Lagrange Equations

The purpose is to minimize the induced drag under the condition of fixed total lifting
force and wing span. To achieve this goal, the methods explained in chapter 2 have
to be used. The functional is reported in (5.41). Setting:

my () = (ma)y,, (-) +0d1 (- o€ (—1,1),
1 (1) = (ma) gy () 1 () (=1,1) (5.43)
ma (1) = (M) (+) + 062 () o€ (-1,1),
the functional becomes
T (1) g () + 001 () 5 (M2) g (1) + 002 (-)) =
+bw +buw
_ _ _Pso [A1 ()] [A1 (v)]
T 4Anv2 7{1” 75;; (y—yq ) dy dyd+
+bu +bu (5.44)
_ _Poo [A1 (ya)[A2(y)]+[A1 (y )}2[142( Ya) o 22\ dud
IV Z _{w _{w (v +12) ((y Ya) ) y dyq+
+bu +buw
_ P [A2(y ][Az )]
ArV2 _{w _zi} (yd Ya ) dy dyd7
where
At (Ya) = (M) o (Ya) + 061 (ya) ,
Ar (y) = (ma) o () + 001 (y),
5.45
Ag (ya) = (ma) () + 062 () (5:45)
A2 (y) ( >0pt ( ) + 052 (y)

Following the procedure used in chapter 2 (see appendix C for details), the Euler-
Lagrange integral equations are obtained:

+b 2 2
b (m1) opt e TR (m2)oy(v) ((y—ya)®—H?) _
27rV2 5& dy V2 _{w ((yfyd)2+H2)2 dy + poo)\ = 0. (546)
+b +b 2_pg2
g e @) o pe TR (1) W) (v—va)®—H?) _
2V _ﬂbi (v-va)* b V% —{w ((y*yd)2+H2)2 dy + pocA = 0. (5.47)

It can be observed that:

e One equation is identical to the other if the subscripts 1 and 2 are switched.
This implies that, under optimal conditions, the distributions on the wings
must be the same: (my),, = <m2>0pt. This result makes perfect sense, since, in
a physical point of view, there is no reasonable motivation to suppose (ml)opt +

(m2)opt'
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e The induced velocity over the wings must be constant '

e Munk’s Minimum Induced Drag Theorem is satisfied, and it can be observed
that ¥ = 0 = consty; and u,, = consty, in both wings.

It has been demonstrated that the doublet (or circulation) distributions over the
wings are the same. Hence, the equations can be summarized as'*:

+b +b +b 2_p2
oo v W (M) ot (Y) W (M) oot (W) (Y—ya) —H
(D)o = =525 | () () (# Plos®) g, 4 7 (a0 >dy) Qs

—bu 7 (y—va)® by ((y*yd)2+H2)2

(5.48)
+by

L=—=2p / (1) ot (¥) dy, (5.49)
—by

po M @) pe ) ) (0~ ) — 1) )
B 2V 2 % 2 dy N 21wV 2 / 2 2 dy + pOO)\ — 07
00 (y_yd) S ((y_yd) +H2)
(5.50)

where the last expression is the Euler-Lagrange equation. Notice that it no longer
contains two equations.

5.3.6 Optimal Doublet Distribution: H — 0 Case

When H — 0, the equations become:

D e +byy +bw (m)opt(y) d d 5 51
( i)opt - _7TV020 _f <m>opt (yd) _317& (y—yd)2 y yd7 ( . )

+bw
L==2ps [ (M) () . (5.52)

—by

+bw
m

P 7@ (M) (y2) Q- ph =0, (5.53)

Va4 (=)

It will be demonstrated now that under this particular condition (H — 0 case) the
optimal distribution s elliptical and the induced drag is the same as an optimally

See the expressions of u,; and u,2 and compare with equations (5.46) and (5.47).
12Tt has already been demonstrated that, under optimal condition, the distribution over the wing
1 is equal to the distribution over the wing 2. Therefore, the optimal doublet distribution along

wing 1 or wing 2 is indifferently indicated by (m) opt-
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loaded classical wing with the same total lift and wing span. Consider an elliptical

doublet distribution:
m 2
(ﬁ#w:,l—;. (5.54)

Using the same procedure seen in the classical cantilever wing and operating the
same techniques to solve the integrals, yields:

. L
M= — , (5.55)
PooT by
= \2 o —2
Poo L T L
D). . = L 5.56
(Di) o V2 <poo7rbw> 2 2mpubiV2 (5.56)

Thus, the same induced drag as an optimally loaded cantilever wing has been found.

5.3.7 Optimal Doublet Distribution: H — oo Case

When H — oo, the equations become:

D e TP HMMd d 7
( i)opt__QﬂVgoif (m)opt (yd> 7#; (y—ya)? Yy Yd, (55)
+bw
Yj::—2pm./ (M) o () dy, (5.58)
—buw
e ;Z%m)opt(y)d R 5.50)
27V2 ] (y—g)? T '

It will be demonstrated now that wunder this particular condition (H — oo case)
the optimal distribution s elliptical and the induced drag s % of an optimally loaded
classical wing with the same total lift and wing span. Consider an elliptical doublet

distribution:
m 2
()Z’T(w — |1 —ZQ : (5.60)

Using the same procedure seen in the classical cantilever wing and operating the
same techniques to calculate the integrals, produces the following results:

m=— Lb : (5.61)
PooThy,
2
L
(Di)opt = 47Tpoob2 V2 : (562>

Thus, % the induced drag of an optimally loaded cantilever wing has been found.
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Observation 24 This result can be understood in a different way. Consider a
biplane with an elliptical doublet distribution in both wings. Suppose that the wings
have the same total load (L; = Ly = £) and that their distance from each other is
infinite. Now, because the distance between the wings is infinite, the wings can be
considered as two identical and independent classical wings. Therefore, the induced

drag can be considered only as a sum of two contributions without interaction:

But in a classical wing it is known that the induced drag is proportional to the
square of the lift':

Dy =kLi=k(L)",

) (5.64)
Dp=kL3 =k (%)
Thus,
L\* I?
A classical wing with the same load has the induced drag
D; = kL. (5.66)

Comparing the last two expressions, it is clear that the induced drag in a biplane,
with H — oo and under optimal conditions, is % of the induced drag in an optimally
loaded classical wing with the same wing span.

5.3.8 Optimal Doublet Distribution: H # 0,00 Case

Is the optimal distribution elliptical? In order to answer the question, it is useful
to change the variables and manipulate the Euler-Lagrange equation. Setting s =
ﬁ = y = Sb,, t = g—i = yg = tb, and h = %, the Euler-Lagrange equation
becomes:

1 / (M) opr (5) (= 5)° = 1?) 1 7*5<m>om <§>

d
by V2 .

ds—A=0. (5.67)
S (-9 h2)2 2mb, VE S (t—s)

Suppose that the optimal distribution is elliptical. Then, the distribution (m)
should be:

opt

(M)t (8) = MV — 52, (5.68)

13The constant k must be the same because the wings are exactly identical and the lift
distribution is the same.
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Substituting this expression into equation (5.67), equation (5.67) has to be satisfied.
Now consider the Lagrange multiplier: it is constant. The Hadamard finite-part
integral is constant as well, because the distribution is elliptical'*. It is evident that
equation (5.67) can be satisfied under elliptical distribution only if

5 5 5 3 ds = constant.
L T R N (R

7(m)0pt (s) ((t—5)" = h?) o 71 VI = ((t—s)* = h?)

(5.69)
In other words, for a fixed value of the parameter h, the integral must not be
dependent on the value of the variable t. For example, consider h = m = 1. It
is easy to see that the integral is not constant with t. For example, using ¢t = 0.2 or
t = —0.5, yields different values':

H1Vi=s2((0.2—5)2-1)
el ((0.275)2“)2
H1VI=s2((—0.5—5)%—1)
1 ((—0.5—5)2—5—1>2

ds = —0.8869751615

(5.70)

ds = —0.7188925775 # —0.8869751615.

Thus, it has been demonstrated that, under optimal condition, the doublet distribu-
tion is not elliptical if the distance H between the wings is finite (not zero). This
will be further demonstrated in the next section.

5.3.9 Numerical Evaluations

In previous sections the optimization problem in a theoretical point of view was
analyzed. Here, a few numerical solutions to the optimization problem are analyzed.
The Euler-Lagrange equation is solved using the collocation method and guessing
the initial value of the Lagrange multiplier A (see chapter 2).

Consider a biplane with the following parameters'®: Cj, = 1.0, % = 12. The effect
of the parameter % is now discussed. The following cases are analyzed:

e Case 1
H — 0 case. It is studied considering Hl = 10~*

o (Case 2
H — oo case. It is studied considering Hl = 10**

14n a classical wing under optimal conditions, the Hadamard finite-part integral is constant, as
it has been seen. For a biplane with elliptical distribution, the Hadamard finite-part integral has
the same formal expression as the classical wing case; therefore, it has to be constant as well.

5The integrals have been calculated using MAPLE.

16The reference surface for the non-dimensional coefficients of lift and induced drag is 4b,!.
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e Case 3
H # 0,00 case. It is studied considering Hl = 6

The optimal non-dimensional doublet distribution along a wing'” is plotted against
the elliptical distribution'® in all three cases (see figures 5.4, 5.5/ and [5.6). In the
numerical solution of the Euler-Lagrange equation, 20 collocation points are used. It

m(t) C.=1.0 ;
0.1 |Vl (Cb1) g =2.66-10 t
\ Real distribution |
02 |\ — Elliptical distribution /
0.3
0.4
0.5
0.6
0.7 t

-1.0 -0.8 -0.6 -04 -02 0 0.2 04 06 08 1.0

Figure 5.4. Optimal doublet distribution when H — 0. Comparison with the
elliptical distribution.

is clear that the previous theoretical considerations are correct: in the general case,
the optimal doublet (or circulation) distribution along a wing in a biplane is not
elliptical. The optimal distribution s elliptical only when the distance between the
wings s near zero or infinity. Comparison of figures 5.4, 5.5 and 5.6, shows that the
least induced drag in a biplane occurs when the wings are indefinitely distant and,
in that case, its value is 1/2 the induced drag of an optimally loaded classical wing
with the same wing span and total lift. The behavior of the induced drag is more
clear when figures 5.7/ and [5.8 are analyzed. In particular, the optimal induced drag
starts from the same value as the classical wing and it decreases as H increases™’.
From figure 5.8*") it is clear that, when H/b, = 0.4, the induced drag coefficient is

!"TRemember that, in the biplane, the optimal distribution is the same over the two wings.
Therefore, it is not important to specify the wing in which the distribution is considered.

8Notice that if the total lift is fixed and the distribution is elliptical, the amplitude of the load
(the semi-axis of the ellipse) does not change if the parameter H is changed. For that reason, in
all three figures 5.4, 5.5/ and 5.6, the elliptical distribution is always the same even if the distance
H changes.

9This is a general result for non-planar wings.

20For that analysis, b, = 10, [ = 1 and C, = 1.0 have been considered.
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0] c=lo
0.1 | Val (Cp,) o =1.33-10 ';
‘\ Real distribution ’
0.2 \ — Elliptical distribution /
0.3 \
0.4
0.5
-0.6
0.7 ¢

-1.0 -0.8 -06 -04 -02 0 0.2 04 06 08 1.0

Figure 5.5. Optimal doublet distribution when H — oco. Comparison with the
elliptical distribution.
{
;"T(l) C.=1.0
0.1} Ve (Cp,) oy =1.87-107
02 Real distribution
' — Elliptical distribution
-0.3 .
2
-0.4
-0.5
-0.6
0.7 d
-1.0 -0.8 -0.6 -04 -02 0 0.2 04 0.6 08 1.0
Figure 5.6. Optimal doublet distribution when H # 0,00. Comparison with the

elliptical distribution.

1.36 times smaller than the value obtained for H/b, = 0.0 (this is the same as the
optimally loaded classical wing with the same wing span and total lift). This result

has been found also by Kroo [14].
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0.032 The same induced drag
as the optimally loaded
classical wing

0.028
(Cb;) %
8

0.024 g
b
0.020 be
0.016 | H Asintotic limit // — oo
by
0 02 04 06 08 10

Figure 5.7. Optimal induced drag coefficient versus H/b,,.

H/b., 100 (Co)yy | H/bw 100 (Cb),y,
0.00 3.18 0.50 2.25

0.01 3.11 0.55 2.21
0.05 2.95 0.60 2.17
0.10 2.81 0.65 2.13
0.15 2.70 0.70 2.10
0.20 2.61 0.75 2.07
0.25 2.53 0.80 2.04
0.30 2.46 0.85 2.02
0.35 2.40 0.90 2.00
0.40 2.34 0.95 1.97
0.45 2.29 1.00 1.95

Figure 5.8. Optimal induced drag coefficient versus H/b,,.

5.4 Conclusion

The absolutely general minimization procedure has been used in the classical
cantilever wing and in a biplane. The well known results of optimum, under
elliptical distribution, for the classical wing have been found, and it has been
demonstrated that, for a biplane under optimum conditions, the wings have the
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same doublet distribution, which in general, is not elliptical, as reported in some
papers. In subsequent chapters, closed wing systems and other non-planar wings
will be analyzed, and it will be shown that the procedure used here is general and
valid under the used hypotheses.
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Nomenclature

~NEeD™ 9 0

Yz

SEN%S%%@

B

opt

3

o=

Subscripts

angle of attack

induced angle of attack

fluid density

small perturbation velocity potential

small perturbation acceleration potential
vorticity

distributed trailing vorticity

normalwash

wing span

angle of inclination of the lifting element
chord

distance between wing 1 and 2 (biplane case)
doublet distribution

doublet distribution which minimizes the induced drag
doublet distribution constant

lift

induced drag

coefficient of lift

coefficient of induced drag

aerodynamic force

fixed value of the lifting force

fixed value of the coeflicient of lift

coefficient of minimum induced drag in a cantilever wing
coefficient of minimum induced drag
minimum induced drag

arbitrary functions

parameter with the property o € (—1,+ 1)
Lagrange multiplier

auxiliary variables
H

buw
velocity (freestream conditions)
Hadamard finite-part integral

freestream conditions
wing 1
wing 2
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Chapter 6

Closed Wing Systems: Annular
Wings. Analytical Formulation

6.1 Introduction

Using the analytical procedure developed and tested in previous chapters, the
following closed wing systems will be analyzed:

o System 1
Circular annular wing with the wing span representing its diameter™.

e System 2
Elliptical annular wing with the wing span representing its major axis®.

o System 3
Elliptical annular wing with the wing span representing its minor axis”.

For each wing, the following quantities will be found:

e Quantity 1
The twist expressed as a function, which will be an integral equation, of the
doublet distribution.

e Quantity 2
The expression of the induced velocity (normalwash).

e Quantity 3
The expression of the induced drag.

! In this case the radius is indicated by R, ; thus the wing span is 2R,,.
2 In this case the major semi-axis is indicated by b,,; thus the wing span is 2b,,.
3 In this case the minor semi-axis is indicated by by; thus the wing span is 2b,.
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e Quantity 4
The expression of the lift.

Both configurations are
closed wing systems

h R ( i

Figure 6.1. Joined wing and elliptical annular wing.

Why is studying the annular wing useful? Referring to figure 6.1], it is clear that
both wings are closed wing systems and, therefore, they have similar aerodynamic
properties. Thus, the results of the annular wings can not be considered exact
for a joined wing, but, qualitatively, they can show some interesting properties of
the closed wing systems and, as will be shown in chapter 9, they can have good
correlations with the experimental results.

6.2 Circular Annular Wing with Wing Span
Representing its Diameter

The geometry of the wing is displayed in figure 6.2, In figure 6.3, the reference
coordinate system and a few useful notations are reported.

6.2.1 Coordinate Transformation

Because of the geometry of the wing, it is clear that a good coordinate system that
is useful for this study is:

y = Rcosy 0 < ¢ < 2m,

z= Rsingp R > 0. (6.1)

Practically, each point which in the y — 2z plane was characterized by the coordinates
(y,2), is now characterized by the coordinates (R,p). The circle representing the
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Radius R,

Chord [/

Doublet distribution 771
Reference

surface S = 4Rwl

Figure 6.2. Circular annular wing.

Figure 6.3. Circular annular wing: reference coordinate system.

wing has the equation:

y=Rycosp  0<¢<2m,

2= Ry,sing R, >0, (6.2)

where R, is the radius of the circular lifting line used to represent the wing.
Differentiating equation (6.1):

dy = cosp dR — Rsin o dy,

dz =sinpdR 4+ Rcospdep. (6.3)

Squaring and summing;:

ds* = dz® + dy? = h5,dR* + hidgp2 = dR? + R*dy* (6.4)
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Clearly, on the wing, R = R,, = constant = dR = 0. Hence:

de = RwdQOd. (65)

6.2.2 Small Perturbation Acceleration Potential

In order to write the acceleration potential, the distance between a generic point
P(z,y,z) in space and a point Py(z4,y4,24) on the lifting line w (the point is
characterized by ¢ = ¢,), where a generic doublet is positioned (see figure 6.4),
is needed. The distance is:

D= (@2’ + (y— ya)* + (= — 20" (6.6)

The lifting line is contained in the y—z plane, thus x4, = 0. Using the transformation
Z A

Axis of the doublet
Lifting line

Ya RW

Zd

Qa R,

Figure 6.4. Positive direction of the doublet’s axis.

seen above:

D= \/(H?UX2 + (Rcos @ — Ry cos pg)” + (Rsing — Ry, sin gpd)2>. (6.7)

The previous relation can be written in a different way:

N

D = [A (X>R><PaRwa90d)] ) (68)
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where

A=RX*+ R*+ R2 —2RR,, cos (¢ — ¢q) - (6.9)
Using the generic formula (1.49), the small perturbation acceleration potential of a
doublet M = m (sq) dsg, positioned at a point on the lifting line characterized by
© = Qq, 1S:

v— 1 Mnd:c(l'—$d)‘l‘ndy(y_yd)—{_ndz(z_zd)‘

(6.10)

A 3
S R e R R CE i
It is very easy to see that
Ndx = 07
Ndy = — COS Pq, (6.11)
Ng, = — sin @g.

Hence, the expression of the small perturbation acceleration potential of a doublet
is:

dw (X,R,@,Rw) m(pq) — cos pg(R cos p— Ry, cos god) sin g (R sin ¢— Ry, sin cpd)R dSOd

4 AQ
(6.12)
Integrating over the circle representing the lifting line yields:

) (Fcos (@ — ¢a) — Ru)
+1—2—cos(gp god))

(NI

47TR / X2

6.2.3 Small Perturbation Velocity Potential

In order to write the integral equation, Weissinger’s condition has to be imposed.
Therefore, the velocity perpendicular to the lifting line is needed, but, to get this
velocity, the small perturbation velocity potential is required.

The relation that can be used to derive the velocity potential from the acceleration
potential is:

1 T
O (@R ) = = [ V(ERpR,) de. (6.14)
Changing the variables in order to use the non-dimensional variable X instead of x:
§ dg
_ - > = 1
E=RyT=>T R = dr R (6.15)
r X
O (XRep ) = o [ W (rRoRy) dr. (6.16)
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Recalling the small perturbation acceleration potential:

1 7 m(ﬂmmw—%wﬁw

¢(X,R,@,Rw) == 2 dQOd dr.
Voo S dmlt, 0 <T2 + o + 1— 2— cos (p — god)>
(6.17)
Changing the order of integration:
T X
1 m Rcos(p — — R,
B foo< + 5= +1—2—Cos(g0 cpd)>2

The inner integral of expression (6.18) is of the type

/ I 4=y XX rg) f( (X )+1>, (6.19)

e <\/7'2+g> g\/ (X% +g) X?2+yg
where
f=m(pa) (Rcos (¢ —pq) = Ru),
: (6.20)
g = %+1—2R—icos(g0—god).
Substituting:
2
_ 1 (@d)(RCOS(@ da)—Ruw) .
¢(X’R’(‘0’R“’) T 4dnVoRuw Of R22 +1— 2 cos(go ©d)
(6.21)
X +1 d(pd.
\/(X2+§§]+12}£U cos(gofgod))
6.2.4 Imposition of Weissinger’s Condition
Weissinger’s condition consists of the WTC imposed in Xy = ﬁ:
1 1 00 (X,R,p,R,
—a(w)zv (h ( 5B )> : (6.22)
R X=X0; R=Ru
The small perturbation velocity potential is written in the form
1
X,R.o.Ry) — 7/ Roo.0a.Ruy) - 6.23
(X ReR) = o [mlea) fi (Reppa ) (6.23)

'f2 ( P Spda ) f3 (X R;QO QOd,R )d(pda
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where:

fl (Rv(p790d7Rw) = (RCOS (SO - QOd) - Rw) )
f2 (R>90790d7Rw) = 1 - (R,W,{Pdva)’

2
32 +1-24% cos(p— ea)

f3 (X7R790790d7Rw> = X +1= X + 1.
\/<X2+§§J+1—21§,, COS(‘P_SOd)) VX2 +D(Rppa, Ru)

(6.24)
Therefore, to calculate the small perturbation velocity potential derivatives, the
following quantity is required:

0 0 0 0
laR(fl'fz'f:z)] [ i “fofs+ h f2f3+f1f26£] .
R=Ry; X=X, R=R,; X=X,
(6.25)
It is easy to show that

[fl]R:Rw = _Rw (1 — COS (50 - (;Od)) )

[fQ]R:Rw - % 1fcos(1<p7god) ’

[f3] — - - all + 17
R=Ry,X=Xo \/(Xg+2(1—cos(<p—god)))

28], =eose— ).

[%} -1 1

OR | R=R,, 2Ry (1—cos(¢—¢a))’
dfs _ _ 1 (1—cos(p—wa))
{a}%}R:Rw,XzXO - X 3 (6.26)

Ry 0(\/(X§+2(1_cos(<p—90d)))>

afy _ 1 (49 ©d) Xo
— 1 +1/,
[ f2f3} ReRuy X=Xo 2 1 cos(p—pq) (\/(Xg+2(1—cos(<p—sod))) )

9 _
[fl f2f3}R:Rw,X:XO B (\/ X3+2(1—cos(p—¢a))) ’ 1) |

(1—cos(p—wa))

15
2 (\/ X2+2(1 cos(p— god)))>3'

Notice that the term {% fa fg} ) is singular when ¢ = 4.

R=R,,, X=X
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Treatment of the Singular Term

The singular term can be isolated through some algebraic manipulations. To achieve
this, the definition

of cos (¢ — @a) F (Xo,0,04, R
[aleQf?’] _ (901 a) F (Xo,0.04,Ruw) (6.27)
R=Ruw, X=X — cos (¢ — ¢a)
where
1 X
F (Xo,p,04,R) = 3 ( 0 + 1) , (6.28)
VX3 +2(1 = cos (v — ¢4))
is used. Summing and subtracting the term F' (Xo,p,0,Ry):
cos(p—pa) F(Xo.,pa,Fw) _ cos(p—pa) (F(Xo.ppd, Fow) —F(Xo,0.0,Rw)) |
1—cos(p—a) 1—cos(v—¢d)
(6.29)
+COS(‘P_SOd)F(XO7SO7SO,Rw)
1—cos(¢—q) ’
where
1 X
F (X(]?SOaSO?Rw) = 5 ( 0 + 1) =1. (63())
VIXE +2(1 = cos (9~ ¢)))
Simplifying equation (6.29):
ofr _ _ F(Xo0,0,04,Rw)—F(Xo,¢,p,Rw) cos(p—pq)
[aé f2f3} Rehy X—x, 08 (¢ — ¢a) ld—cos(go—cpd) + (1_COS(¢_;d)).
(6.31)
But: ( ) .
cos (¢ — @q
=—-1+ , (6.32)
(1 — cos (¢ — wa)) (1= cos (¢ — wa))
and

F <X07S0790daRw) - F (X07S07907R’w) -
— —(1—cos(p—pq)) . (6.33)
<X0+\/(Xg+2(1—cos(<p—<pd)))> \/(Xg—l-Z(l—cos(cp—god)))

Thus, it can be concluded that

%f f _ — cos(p—wpa) +
2J3
[8R ]R:Rw,XZXO <X0+\/<X§+2(1—COS(<P—4Pd)))> \/<X§+2(1—COS(<P—<Pd))> (6.34)
1
—I+ ey

Using this last relation, Weissinger’s condition leads to introducing the integral
equation reported in the next section.
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6.2.5 Integral Equation with the Variables ¢, ¢,

Using the relations found in the previous section, the integral equation containing
the unknown doublet distribution m is:
2

— — 1 £m (pq [ — cos(¢p—wa) +
(90) 47VZ Ry 4 (90) <X0+\/(Xg+2(1—cos(4p—zpd))))\/(Xg+2(1—COS(LP—(Pd)))

SN [ W i | ~ +h+
(1—cos(p—a)) 2 (\/(Xg+2(1—cos(g0—<ﬂd)))

+%X0 (1—cos(¢p—wa)) 3] dey.
QT ———)

(6.35)
Notice that, since the equation contains a singular term (as shown inside the box),
the integral has to be defined as Hadamard finite-part integral.

6.2.6 Integral Equation with the Variables ¢, s

For numerical approaches, it is useful to extend the integration domain between -1
and +1. Therefore, the following transformations are used:

pa=m(t+1),p=7m(s+1), (6.36)
dpg = mdt,
p—pa=m(s—1).
Substituting into the integral equation obtained in the previous section:

(6.37)

11 — cos(m(t—s))

i Emo)|
4VZ Ry i} (X0+\/(Xg+2(1—cos(7r(t—s)))>) \/(X§+2(1—cos(7r(t—s))))

1+ | e |+ 3 X0 +1]+
(1—cos(m(t—s))) 2 (\/<X§+2(1—cos(7r(t—s))))

+%XO (1—cos(m(t—s))) 31 dt.
<\/(Xg+2(1fcos(7r(tfs)))))

—a(s) = +

(6.38)

6.2.7 Total Lifting Force

Remembering the convention for the positive sign of the doublet axis, the aerody-
namic force which acts outward from the center is (see figure [6.5):

F(pa) = — (—poem (¢da)) = poomm (pa) - (6.39)
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The local lifting force is:

Lifting line

F
Lo Goe’ v Ru

gy R,

Figure 6.5. Calculation of the lifting force.

L (pq) = F (pa) sin pa = poom () sin 4. (6.40)
The total lifting force is obtained by integrating™:

L= / L (s4) dsa. (6.41)
il
Using the expression ds; = R,,dpg:
27 27 27
L= / Ry L (pa) dpa = / Poo R (Pa) S0 Qadipa = poo Rl / m (@a) sin @ad@a.
0 0 0
(6.42)
Introducing the coefficient of lift (reference surface defined as S = 4R,10):
C L ! 7 (a) sin pq d (6.43)
= = m sin . :
P T (AR, VE T vz | TRt
Expressing equation (6.43) using variables ¢ and s yields
+1
m .
CL = _QZVOQO_/m (t) sin (7t) dt. (6.44)

1

411 indicates ”lifting line”.
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6.2.8 Normalwash [u, (¢)]y_,

Recalling the definition of the small perturbation velocity potential, the normalwash

1S:
1 8¢ (X,R.p,Ru
[un(sf))]x_():(hR 2 aRSO )> : (6.45)
R=Ru; X=0

Notice that this expression is formally similar to the expression used in Weissinger’s
condition. Hence:

n (PN co = v £ (0a):

Jdimy o { [ — cos(p—pa) +
(x4 v/ r2(—cos(o—va)) ) V(X2 2(1cos(o—pa))

(6.46)

14141 X
1+ (1—cos(p—wpa)) T2 (\/(X2+2(1—C05(€0_4Pd))) * 1> *

+ly (1—coslp—pa)) 31 } deq.
2 (\/(X2+2(1—cos(<p—99d))))

Simplifying:

L[ m(ed
[ (D=0 = g7 74 (R —t (6.47)

Observation 25 It is easy to show that
1
i (Dm0 = 5 [t ()] (6.19)
The following comments can be made about this relation:
e Comment 1
The result was predictable because the wing is positioned in a vertical plane”.

e Comment 2
This is also a verification of the theory: the formulation leads to correct results.

6.2.9 Normalwash [u, (5)]yx_,

Using the expression of u,, found in the previous section, it is easy to show that
_l’_

B S I
lun ()]0 = 8Voo Ry _71[ (1 —cos(m(t—s))) dt. (6.49)

5This result is valid also in a classical wing, where it is well known that the induced velocity in
the Trefftz plane is twice the induced velocity on the wing [2].
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6.2.10 Normalwash [u, (¢)]y_,: a Geometrical Approach

Suppose that the circulation I" (¢) on the lifting line is known. Referring to figure
6.0, the modulus of the induced velocity in a point on the circle characterized by the
angle ¢ is indicated by V., . This velocity is induced by the trailing vortex 7,dsq
positioned in correspondence to the angle ;. Moreover, the radial component of
the induced velocity is indicated by du, . From figure [6.6, it is clear that®

S

Az
/du@"/

x bz nw\ \n,
. ds
74(s0)ds rsadsy 27
)
V(pa) V()
< Pd
)
[(sa) e

o0

LAY

Figure 6.6. Induced velocity by the vortex ~,dsg.

du,, =V, cosg. (6.50)
Writing the induced velocity in an explicit form:
du,, = Y (54) cos ¢ dsg, (6.51)
Ay

where r is the modulus of the vector r. r is obtainable as the difference between the
position vectors as follows:

r=V (o) =V (pg) = (Rycosp — Ry cospq) j+ (Rysing — Ry, sinpg) k. (6.52)

6Clearly, the positive direction for u, acts toward the centre. Notice that in the previous
analytical derivation the convention was the opposite.

115



6 — Closed Wing Systems: Annular Wings. Analytical Formulation

Therefore, the modulus is

r— W — Rw\/Q(l — cos (¢ — ©a)). (6.53)

Clearly, n,, has the expression

L —ix r_ (sin p — sin @y) i (cos  — cos g) I (6.54)

T 21— cos(p—a) T /2(1— cos(p — a))

The vector with unitary modulus acting toward the center and characterized by ¢
has the expression:

n

n, =—cospj—sing k. (6.55)

Therefore, it is possible to determine cos¢ as a scalar product of n,, and ng:

o . _ (sin p—sin py) _ (cos p—cos pq) e _
COSS =T, My = — o) Ot oy (S0P) (6.56)
sin(p—pa) '

V/2(1—cos(p—¢a))
Substituting into equation (6.51):

dun:ww( sin (¢ — va) )ds. 657
dor \\o(T—cos(p—wa)) (037

Notice that, here, the induced velocity is considered positive when it acts toward
the center. Considering figure [0.7:

Y, (s.)ds,

I'+dl’

Figure 6.7. Bounded Vortex and trailing vortex.

_ _ dl'(sa)
Ve (8) = =55, (6.58)
dsg = R,dpy.
Using the expression used for r:
_dr(eq) )
du,, d¢g sinlp—ga) __ o, (6.59)

T 4nRun/2(1cos(o—pa)) /21 —cos(p—pa)
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Integrating over the circle:

2 dI(ed) in (o —
Pd
U, = — deg o ) deg. (6.60)
8T R, / (1 —cos (¢ — pa))
Using the identity (:iélo(;p(;f‘gd)) = — +=57» yields
2
1 2r  dI'(paq)
Up = — 1 dep,. (6.61)

8TR,, / tan £524

Changing the variables in a way to calculate the integrals in the interval -1,4-1:

1 dl;(t)
n = ; dt. 6.62
= 5oy | s (062

-1

Now it has to be demonstrated that equation (6.62)) is the same as the normalwash
formula (equation (6.49)) reported below™:

+1

1 1
12 (5))x=0 = 5777 71[ m (t) ( Ty S)))> dt. (6.63)

Integrating equation (6.63) by parts:

1 oAy 1
[tn (8)]x—o = [m (t) (—Wﬂ_l - 3& ot <_7rtan(”“;”> : (6.64)

But m (—1) = m (+1) in the annular wing, thus, expression (6.64) becomes

_ 1 Ham - — 6.65
[Un (S)]XZO — 8Voo Ru _#1 dt 7 tan (m(t—s)) . ( . )

2

Observing that m and I are directly related:
m(t) = =V I (1), (6.66)

and remembering the sign convention used for w,, it is clear that the expressions
(6.62) and (6.49) are the same. Therefore, the geometric approach yielded the same
equation for normalwash as was obtained using the analytical procedure.

" In equation (6.63), u, is positive when it acts outward from the center, while in equation
(6.62) u,, is positive when it acts toward the center.
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6.2.11 Evaluation of the Induced Drag

As seen in chapter 4, under the assumption made, the local contribute of the induced
drag is

D; (pa) = F (pa) tan (i (va)) = F (0a) @i (0a) , (6.67)
where
F(pa) = = (—posm (a)) = poom (a) - (6.68)
The induced incidence is

; (pa) = —M"f’)])‘zo, (6.69)

where [u, (¢4)]x—o has been calculated before. Integrating over the entire lifting
line™:

D; = ][F (sa) @ (s4) dsqg. (6.70)
il
Using the expression of dsg:
i [ (pa)]
D; = pooRu ][m (a) (—%) dea. (6.71)
0 (o9}

The corresponding coefficient of induced drag is

1
Cpi =gy

3
o0

Fm(@a) (= lun (9] x—o) A (6.72)

The coefficient of induced drag expressed with the variables t and s is:

+1

Fm(0) (= fun ()], . (6.73)

-1

T
Cp, = 2AV3

Observation 26 Notice that the external integral in the expression of the induced
drag has to be defined in the Cauchy sense. The reason is that the curve representing
the lifting line is closed and, thus, the singularity is always inside the interval of
integration. This last property guarantees that the external integral can be defined
as a Cauchy integral instead of a Hadamard integral.

811 means that the integrals have to be calculated over the lifting line representing the wing.
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6.3 Elliptical Annular Wing with Wing Span
Representing its Major Axis

The analytical procedure that will be used here is similar to the procedure adopted in
the circular annular wing case. However, the mathematical expressions are different.
Therefore, for the aim of completeness, the details of the derivations are not omitted.
The reader not interested in mathematical derivations, could skip to chapter 7.

The geometry of the wing is shown in figure 6.8. In figure 6.9, the reference

o

Voo

Major semi-axis bw
Minor semi-axis
Chord [

Doublet distribution 771

Wing airfoil

Reference
surface

S=4,1 '

Figure 6.8. Elliptical annular wing with by, > a,,.

coordinate system and a few useful notations are reported. Like the circular annular
wing, the calculation of the normalwash is important. Thus, the derivatives along the
perpendicular directions of the ellipse are required. This is done using a particular
transformation of coordinates shown in the next subsection.

6.3.1 Coordinate Transformation

Is it possible to transform the coordinate system in order to define the same point
using two directions which are tangent and perpendicular to an ellipse? The answer
is yes. It is sufficient to write

y = ccosh 1 cos ¢ 0 < ¢ < 2m,

z = csinh Y sin p Y > 0. (6.74)
It can observed that the ellipse with semi-axes a,, and b, is obtainable when
Gy = csinh ¥, (6.75)

by = ccosh 1),,.

119



6 — Closed Wing Systems: Annular Wings. Analytical Formulation

A

Y
%%
AN

Figure 6.9. Elliptical annular wing: reference coordinate system.

S

From the last equations:
=0 —ad2,

cosh? 1, = bgff”agﬂ. (6.76)
The ellipse representing the lifting line” is
Yy = cc.oshww cos ¢ 0 < ¢ < 2m, (6.77)
z = csinh i, sin ¢ Yy > 0.
Now consider the generic ellipse. It is easy to show that
dy = c¢sinh ¢ cos ¢ dip — ccosh 1) sin p dyp, (6.78)

dz = ccosh ¢ sin ¢ dy + csinh 1 cos ¢ dep.
Squaring and summing;:
ds? = dy? +d2* = &2 (cosh2 ¥ — cos? go) (dw2 + d<p2) = h? (d1/12 + dgo2) . (6.79)

From this equation, it is not difficult to understand that, for the ellipse representing
the lifting line, the infinitesimal arc has the length'":

dsg = C\/COSh2 Wy — cos? o dipy. (6.80)

9That ellipse is obtained by setting ¥ = 1),.
100n the ellipse w (the lifting line), 1 = 1, = const = di) = 0. Notice, the subscript d is used
because a doublet will be positioned on the infinitesimal arc (see next derivations).
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In figure 6.10, the transformation of the coordinate system can been seen. Each

Z A R

y =ccoshy cos@
z =csinhy sing
0<9<2n

V>0

— Lifting line

Figure 6.10. Transformation of the coordinate system.

point is uniquely determined as the intersection of an ellipse (each curve with ¢ =
const is an ellipse) and a hyperbola (each curve with ¢ = const is a hyperbola).
Notice that in each intersection of an ellipse and a hyperbola, the tangent of the
ellipse is perpendicular to the tangent of the hyperbola. This is shown in appendix
D.

6.3.2 Small Perturbation Acceleration Potential

In order to write the acceleration potential, the following quantities are needed:

e Quantity 1
The distance between a generic point P(z,y,z) in space and a point Py(x4,Yq,%q)
on the lifting line w.

e Quantity 2
The cosine direction of the normal on the lifting line. The normal acts toward
the local center of curvature.

These quantities are calculated in appendix E. Using the generic formula (1.49), the
small perturbation acceleration potential of a doublet M = m (s4) dsg positioned at
a point on the ellipse characterized by ¢ = g is:

AW (2,1),,0b,) = "o0020 T (6.81)
2

4me H
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where
H, = cos pg sinh 1, (cosh ¢ cos ¢ — cosh i, cos pg) +

+ sin g4 cosh 1y, (sinh 1 sin ¢ — sinh ), sin ¢g) ,

(6.82)
Hy = X? + (cosh ) cos ¢ — cosh 1, cos god)2 +
+ (sinh ¢ sin ¢ — sinh 1, sin @g)° .
In equation (6.81)), the following relations have been used:
Tg = 07
yq = ccosh ¥, cos g,
zq = csinh ¥, sin g,
6.83
y = ccosh ) cos ¢, ( )
z = csinh v, sin ¢,
ds,, = C\/COSh2 1y, — €082 padipy.
Finally, using the relation
3 (sinh (¥ + 9y cos (¢ — pa) — sinh (¢ — ) cos (¢ + pa) — sinh 2¢y,) =
= (cos pg sinh 1,,) (cosh 1) cos ¢ — cosh 1, cos pg) + (6.84)
+ (sin g cosh 1) (sinh ¢ sin ¢ — sinh ¥, sin ¢g) ,
and integrating over the lifting line yields:
2m
4 (907@/)7%071%) = ﬁ Of m (@d) % dﬁPda (685>
4

where

Hj = (sinh (¢ + 1) cos (¢ — @a) — sinh () — ) cos (¢ + @a) — sinh 2¢y,) ,

Hy = X? 4 sinh? 1) 4 cos? p — cosh (¢ — 1,,) cos (¢ + ©q) +

— cosh () + ) cos (¢ — pg) + sinh? 1, + cos? pg.
(6.86)
Equation (6.85) represents the small perturbation acceleration potential of all
doublets positioned on the elliptical lifting line.
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6.3.3 Small Perturbation Velocity Potential

Using the procedure adopted for the circular annular wing, it is possible to obtain
the small perturbation velocity potential:

2

¢ = srve Of m (pa) 17, 252 (\/LH*4 + 1) dipg. (6.87)

This expression is very useful, because by deriving it, the velocity perpendicular to
the ellipse can be written and, therefore, Weissinger’s condition can be imposed.
This operation is done in the next subsection.

6.3.4 Imposition of Weissinger’s Condition

Weissinger’s condition consists of the WTC imposed in Xy = ﬁ:

1 10 Xa 1 Fw
_O‘(‘O):v<h ¢ ( aifbsow)

) . (6.88)
X=Xo0;v=1vw

The explicit form of the derivatives and the treatment of the consequent singular
term are given in appendix F.

6.3.5 Integral Equation with the Variables ¢, ¢,

Using the relations found above, the final expression of Weissinger’s condition can be
written. It is represented by an integral equation containing the unknown function
m(p), which is the doublet distribution on the elliptical lifting line. Thus'":

2w

—a(p) = 1 £m (pa) ([255

+
8mcV2 \/(cosh2 Py —cos?2 go) 0 :| Y=1),X=X0o (6 89)

T ([%} f3>¢:¢w,X:XO ) dea,

I Notice that the integral has to be defined as a Hadamard finite-part integral because the

integral contains the singular term ———2——.
1—cos(¢—¢a)
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where
dfs _ Xo cosh® 1y, sinh® ¥y, (1—cos(p—pq
{fz } _ ? 2w ( ( )
0% Jp=yp,, X=X (Hs)(Hs)? ’
)~ (875), ... (17
3 3 3 )
(8190, = (18°0) +(%T8),
dfa s ) _ cosh? 1., cos(p—pq) —cos @ cos pg . . cosh(Zde)_l_
<[3¢} fs bmthur X=X (Hs) fi (Hs)
2
+ 17(:08(9&7()011) ! (6 90)
ok ) _ sinh®yycosh® oy | ( Xo |
<[aw} Is Y=1pu,X=Xo (Hs)” (\/}TG ) ’
fr = —2(Hs)
7 (Xo+Vils) VG
H; = sinh? 1, + sin? %,
He = X2 +2 (sinh2 1, + sin? %) (1 —cos (¢ —pa)) -
The term inside the box is the singular term.
6.3.6 Integral Equation with the Variables ¢, s
The new variables t and s are defined as
pa=7(t+1),p=7(s+1). (6.91)
Observing the previous equation, it can be deduced that:
ngd = ndt
SO_QOd:ﬂ-(S_t)7
cos (m(s+ 1)) = cos(ms +m) = —cos (7s) , (6.92)
cos (m (t+ 1)) = cos (nt + m) = — cos (nt) .
Substituting into the integral equation yields:
+1
—a(s) = g - Fm () (| f252 +
8 VOQC \/<COSh2 1/1“;—COS2(7I'S)) 1 ( |: a’t/)]zp:ww,X:Xo (6 93)

+ ([%%} fg)iﬁ:ww,xzxo )dt7
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where

{f2 afg} — Xo cosh? ), sinh? 4y, (1—cos(m(t—s)))
Y=thu X=Xo (Hs)(Ho)?

(1), = (1 0) L+ (10°0)

dfa s _ cosh? 4y, cos(m(t—s))—cos(ms) cos(mt) . _ cosh(2¢y)
<[a¢} f3>¢wwx M (its) Jr =Gyt

)

2
+ 1—cos(w(t—s)) |’

(1)°8) g, = =5 )

(6.94)

fr= —2(Hs)
17 (Xo+vHs ) VH3
H; = sinh? 1, + sin ( (HS)) ,

He = X2 +2 (smh Yy + sin ( (t+s)>) (1 —cos(m(t—s))).

6.3.7 Total Lifting Force

Remembering the convention for the positive sign of the doublet axis, the aerody-
namic force, which acts outward from the local center of curvature, is

F(pa) = — (—poem (¢da)) = poomm (¢a) - (6.95)

The local normal direction is the aerodynamic force direction. Recalling the
expression of the unit vector which acts outward from the local center of curvature:

€08 g sinh 1y, . sin @4 cosh 1y,

Nd = —1Ng = k, (696)
\/ cosh? 1, — cos? @ \/ cosh? 1, — cos? @g
it is easy to obtain (see figure 6.11)*
) b,
Gin§ = (N, = —>mpacoshtn (6.97)
\/ cosh? 1, — cos? @y
The local lift is:

cosh ¥, sin @q (6.99)

L (<Pd) =F (SDd) sin 3 = peem (SOd) \/ L2 " 5
cos w — COS* (04

2Notice that vector Ny has modulus equal to one.
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Z A
L(pa) Fpa)

Lifting line

Zd

A

Figure 6.11. Calculation of the lifting force.

The total lifting force is determined by integrating

L= / L (s4) dsg. (6.99)

But it has been demonstrated that ds; = C\/ cosh? 1, — cos? ¢4 deg; thus™

2m 2
L=c[L(pa) \/COSh2 Y — €08% 9adpg = pocbu [ M (¢a)sinpadpa.  (6.100)
0 0

Using the variable ¢ instead of ¢ :

+1
L = —poomhy, /m (t) sin (7t) dt. (6.101)
1
The corresponding coefficient of lift (using the reference surface S = 4b,1) is
L x 7
Cr= 155 = —2”/020_/1771(75) sin (nt) dt. (6.102)

6.3.8 Normalwash [u, (¢)]y_,

The induced velocity perpendicular to the lifting line is very important in the induced
drag calculation. It is not difficult to analytically determine the expression of the
induced velocity. It is sufficient to use the small perturbation velocity potential as

following;: o6 (x
(@l = (220520
—th; X=0

BNotice that c¢cosh ), = by,.

(6.103)
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Obviously, the positive direction of the induced velocity acts outward from the local
center of curvature. Using the previous expressions, the normalwash equation is
obtained:

fun ()] o = . Fmen) ([£2]

8rcVoo \/(cosh? u—cos? ) ¢:¢w7X:0+ (6.104)
Ofa
({ } f3)¢:¢w,xzo) dga,
where
{f 2 8f3}w=ww,xzo -
of of o1
(%] 9),yp= (0 0) (%)
Jfa S o lCosh(21j)w) 1 (6105)
<[315} f3>7/)ww7X 0 - (sinh;ww—i—sin2 %) + 1—cos(p—pq) |’
dfa R ) — sinh? )., cosh? 1y,
([8111} f3 b=, X =0 (smh2 ro+sin2 ¢+wd)
Expressing the normalwash equation with the variables ¢ and s yields:
+1
o (3)] e = 1 #m (1) ([£%] +
B Voo cosh? ¢y —cos2(ms)) — P=1)yy,X =0
sty (e vt (6.106)
of
(|: 2:| f3>¢=ww,X=0) dt’
where
of:
2]y 0=
8f2 8f2 % S
|5 } )w P, X=0 ({&p} f3>w=qu,X=0 ™ ([aw} f3>w:¢w7X:0=
(6.107)

) = sinh? Yw cosh? Yw
Y=1),,X=0 (Sinh2 Yo 4-sin2 ( w ) ) 2

8f2 — _ = cosh(2¢w) n n
=1y, X=0 (sinh2 ¢w+sin2(w» (1—cos(rw(t—s))) |

Observation 27 The normalwash satisfies the following relation:

1

5 [un (D)5 o (6.108)

as was shown in the circular annular wing case.

[un (P)x—0 =

127



6 — Closed Wing Systems: Annular Wings. Analytical Formulation

Observation 28 The induced velocity can be easily determined geometrically as
has been done for the biplane and the circular annular wing. Details can be found
in appendix G.

6.3.9 Evaluation of the Induced Drag

Under the assumption made, the local contribute of the induced drag is:

D; (pa) = F (pa) tan (i (va)) = F (0a) @i (a) , (6.109)

where
F(pa) = = (—=pesm (¢a)) = pocm (a) - (6.110)

The induced incidence is

[Un (@d)]X:O.

@; (¢a) = — i (6.111)

Integrating over the entire lifting line:
D; = ][F(sd) a; (sq) dsg. (6.112)

i
Using the expression of dsgy, the equation of induced drag is obtained:
[ [n (2)]
Up, _

D, = ][poocm (pa) (—f/d“> \/cosh2 1y — €082 g dpy. (6.113)

0 (o]

The corresponding coefficient of induced drag is

2

F m(pa) Veosh? b = co5? g (= [a (ea)]x—y) A (6114)

Cc

CT 2,IV3

Cp

Expressing the coefficient of induced drag with the variables ¢ and s:

+

Cp, = 2bchvoz _]1[ m (1) \Jcosh® 1, — cos? () (= [un ()] o) dt.  (6.115)
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6.4 Elliptical Annular Wing with Wing Span
Representing its Minor Axis

The geometry of the wing is shown in figure (6.12. The reference coordinate system

Major semi-axis ,,

= \  Minor semi-axis O
Chord /
Doublet distribution 771

Wing airfoil
Reference

surface
S=4b,1

Figure 6.12. Elliptical annular wing with b,, < a,.

is similar to the reference coordinate system seen in previous cases. Here, the
transformation of variables is different. The same transformation used when b,, > a,,
can not be used. In particular, now

y = csinh cos ¢ 0 < ¢ < 2m,

2z = ccosh sin Y > 0. (6.116)

It can be observed that the ellipse with semi-axes a,, and b,, is obtainable when

a,, = ccosh ),

b, = csinh,,,. (6.117)
From the last equations:
&= -1,
cosh? vy, = %%, (6.118)
sinh? 1, = a%)biub%u .
The ellipse representing the lifting line** is
y = csinh ), cos 0 < ¢ < 2m, (6.119)

z = ccosh ), sin Yy > 0.

M That ellipse is obtained by setting 1) = 1.
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As has been done for the case in which b,, > a,,, it is possible to find the relation
ds® =dy® +d2? =2 (sinh2 Y + cos? 4,0) <d¢2 + dg02) = h? (d@[)2 + dgpQ) . (6.120)

Now consider the ellipse w. It is easy to show that the infinitesimal arc has the
dimension

dsg = C\/sinh2 Y+ cos? ¢ dey. (6.121)
Figure [6.13 shows the transformation of the coordinate system. Each point in the
A
z
R
A
s
Q
y = csinhy cos@ 0,04 -
z =ccoshysing -
0<p<2r y
¥>0
— Lifting line

Figure 6.13. Transformation of the coordinate system.

plane y — z is uniquely determined as the intersection of an ellipse (each curve with
1) = const is an ellipse) and a hyperbola (each curve with ¢ = const is a hyperbola).
Notice that in each intersection of an ellipse and a hyperbola, the tangent of the
ellipse is perpendicular to the tangent of the hyperbola, as it was for the ellipse with
by > Q.

6.4.1 Small Perturbation Acceleration Potential

In order to write the acceleration potential, the following quantities are needed:

e Quantity 1
The distance between a generic point P(z,y,z) in space and a point Py(z4,Y4,%q)
on the lifting line w.

e Quantity 2
The cosine directions of the normal to the lifting line. The normal acts toward
the local center of curvature.
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These quantities are calculated in appendix H. Using the generic formula (1.49), the
small perturbation acceleration potential of a doublet M = m (s4) dsy positioned at
a point on the ellipse characterized by ¢ = ¢, is

AV (2,1),p,0hy) = MHELL21 T (6.122)
2

where
H; = cos g4 cosh iy, (sinh ¢ cos ¢ — sinh 1, cos pq) +

+ sin g sinh 1y, (cosh ¢ sin ¢ — cosh ¥, sin ¢g) ,
(6.123)
H, = X2 + (sinh ¢ cos ¢ — sinh 4, cos @) +

+ (cosh 1) sin ¢ — cosh 1y, sin @g)” .
In equation (6.122)), the following relations have been used:
xq =0,
yq = csinh ¥, cos @q,
zq = ccosh ), sin g,
y = csinh v cos p, (6.124)

2z = ccosh i, sin g,

ds; = c\/sinh2 Yy + cos? g dpg.

Integrating over the lifting line yields the small perturbation acceleration potential
of all doublets positioned on the elliptical lifting line:

2
R [ m (a) %(hpd, (6.125)

4

where
Hj = (sinh (¢ + ) cos (¢ — @a) + sinh (¢ — ) cos (¢ + @a) — sinh 2y, ,
Hy = X? + sinh® ¢ + sin? ¢ + sinh? 4, + sin? @+

— cosh (¢ + 1) cos (¢ — wa) + cosh (¢ — 1y cos (¢ + @a) -
(6.126)

6.4.2 Small Perturbation Velocity Potential

Using the procedure adopted in the previous sections, it is possible to obtain the
small perturbation velocity potential:

2

¢ =g Of m (¢q) ﬁ(ﬁi + 1) depg. (6.127)
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6.4.3 Imposition of Weissinger’s Condition

Weissinger’s condition consists of the WTC imposed in Xy = i:
1 (1 99 (X h,0,%w)

—a(p) = v\ (6.128)

h aw >X:XO§¢:ww '

The explicit form of the derivatives and the treatment of the consequent singular
term are given in appendix I.

6.4.4 Integral Equation with the Variables ¢, ¢,

Using the relations found above, the final expression of Weissinger’s condition can be
written. It is represented by an integral equation containing the unknown function
m(¢), which is the doublet distribution on the elliptical lifting line. Thus:

2m
N _ 1 1 ofs
a(p) 8rcVZ \/<Sinh2 ot ) ?)'r:m (¢a) ( [fQ W}w:%,xzxo + 6.129)
0fs
(18] P, ) 00
where
{f %} _ Xo cosh? 1)y, sinh? 4y, (1—cos(p—pg))
200 =g, X=X (Hs)(Ho) # ’
of _ (21" AN )
(152] f3)¢:ww,X:X0 ([&p} f3) e ({Bw} Js) . x|
dfa S _ cosh? 4y, cos(p—pq)—sin psin pg4 . __ cosh(2¢y)
([aw} f3>w:¢w,X:X0 = (71s) Jr = Gt
+ —cos2 — )
af 1" _ sinh2? 4y cosh® ¢y (X,
<[3’A fg)w—¢w,x_xo = g (G + 1),
f _ —2(Hs)
L™ (Xo+vils) Vs

Hs = sinh® b, 4 cos? ££84,
Hg = X2 +2 (sinh2 Y + Ccos? “’—‘;‘P—d> (1 —cos (v —®a)) -

The term inside the box is the singular term: when ¢ — ¢4 the term becomes
infinite. In the next section, the same equation written in terms of the new variables
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t and s, which have the property to transform all intervals of integration in the

manner: [0,2r] — [—1, + 1], will be seen.

6.4.5 Integral Equation with the Variables ¢, s

The new variables ¢ and s are defined as
pa=m({t+1),p=m(s+1).
Observing the previous equation, it can be deduced that:

ngd = ’/Tdt,

gO—gOd:ﬂ'(S—t),
sin (7 (s + 1)) = sin (7s + 7) = —sin (7s),
sin (7 (t+ 1)) = sin (wt + m) = —sin (7t) .

Substituting into the integral equation yields:
+1

—a(s) = ! Fm(t) ([£2

8cV2 \/ sinh? 1), +cos2 (7rs)) -1

(Pb} f3)w:ww,X:X0 ) dt,

L/; =10, X=X0o T

where

{f 8f3:| _ Xo cosh? 4y, sinh? 4y, (1—cos(7(t—s)))
209 L=y X=X (Hs) (Ho) ™" ’

(R I (2 A N () N

dfa S _ cosh? 4y, cos(m(t—s))—sin(ms) sin(mt) __ cosh(2¢w)
Gaw} f3>w XX (17s) Jr= "y

2
+ (1—cos(m(t—s))) |

(1)°8) o, == )

fr = —2(Hs)
17 (Xo+vHs ) VHg

Hy = sinh? Uy + COs ( (HS)) )

He = X2 +2 (sinh2 ty, + cos? (W(t;s)» (1 —cos(m(t—3s))).

133

(6.131)

(6.132)

(6.133)

(6.134)



6 — Closed Wing Systems: Annular Wings. Analytical Formulation

6.4.6 Total Lifting Force

Recalling the convention for the positive sign of the doublet axis, the aerodynamic
force, which acts outward from the local center of curvature, is

F(pq) = — (=pm (@q)) = pm () - (6.135)

The local normal direction is the aerodynamic force direction. Recalling the
expression of the unit vector, which acts outward from the local center of curvature:

cos ¢g4 cosh 1, it sin g sin Y, k. (6.136)
\/ sinh? 1, + cos? ¢g \/ sinh® 1), + cos? @q

Nd: —1Ng =

It easy to obtain (see figure (6.14)":

sin 8 = (Ny), = ——S0Pasin g (6.137)

\/Sinh2 1y, + cos? god.

The local 1ift is:

A

Z
Lifting line
Floa)
L(pa) B Yd
Zd
¥
<
Y

Figure 6.14. Calculation of the lifting force.

sin g sin i,

(6.138)

L(pa) = F (pa)sin f = poom (pa) ——=
\/ sinh” v, + cos? pq4

B Notice that vector Ng has modulus equal to one.

134



6 — Closed Wing Systems: Annular Wings. Analytical Formulation

The total lifting force is determined by integrating

L= /L(sd) dsa. (6.139)

But it has been demonstrated that ds; = C\/sinh2 Y + cos? g dpg; thus'®,

2m 27
L=c [ L(pa) \/Sinh2 Yo + €082 pgdpa = pocby | M (pa) sinpadpa.  (6.140)
0 0

Using the variable ¢ instead of (g :

+1

L= —puhe / m (t)sin (rt) dt. (6.141)

The corresponding coefficient of lift (using the reference surface S = 4b,10) is

B L
 3PxSV2

+1
m .
Cr = _ZZVO%_/lm<t) sin (7t) dt. (6.142)

6.4.7 Normalwash [u, (¢)]y_,

The induced velocity perpendicular to the lifting line is very important in the induced
drag calculation. It is not difficult to analytically find the expression of the induced
velocity. It is sufficient to use the small perturbation velocity potential:

109 (X ,zb,so,ww)) , (6.143)
P=1)yy; X=0

i @0 = (32255

Obviously, the positive direction of the induced velocity acts outward from the local
center of curvature. Using the previous expressions, the normalwash equation is
obtained:

[un (9)] x—o = vaoo\/m %{?m (¢a) ( [fQ%b:ww,X:o +
+ ({8@7{;} f3)¢:¢w,X:0) dga,

6Notice that csinh ), = by.

(6.144)
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where
UQ 8f3}¢:¢w,xzo -
(58] 5) o= (8 8) (8 8)
([%}Sﬂ”)w:ww,x:o - _(smh};ﬁiziwggw) . 1_005(1<P_90d) ’

() -
o0l 3 Wmp, X0 (sinh? gucos? £524 )7
Expressing the normalwash equation with the variables ¢ and s yields:

+1

[ ()] x—0 = SCVoo\/Sinh21¢w+coSQ(7Tt) fﬁl m(t) ( [f 2 afﬂzp:wwx:o +
({afﬂ f3)¢:¢w,xzo) dz,
where
{f2af3}¢ Yo, X=0

_ %cosh(%ﬁw) i 1
=1y, X =0 (sinh2 1/Jw+0052(w» (1—cos(n(t—s))) |

6f 2
£ > = sinh? ¢y, cosh? ¢y,

= y
Y=1py,, X =0 (Sinh2 hw+cos? ( w ))

(
(L5
(&

Observation 29 It is easy to demonstrate that

i ()0 = 5 [t (D

as has been found for the other cases.

6.4.8 Evaluation of the Induced Drag

[8f2} )w o ([%ﬂ f3>w=¢w,xzo+<[?9{ﬂsf3>w=¢w,x=o’

(6.145)

(6.146)

(6.147)

(6.148)

Using the same procedure adopted for the other annular wings, it possible to obtain

the induced drag and the coefficient of induced drag equations:

D; = ][Poocm (¢a) <_W> \/sinh2 Y + cos® padig,
0 (e.¢]
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6 — Closed Wing Systems: Annular Wings. Analytical Formulation

27

o ¢

0

Expressing the equation with the variables ¢ and s yields:

+1
Cp, = QJVO% ]1[ m (£) \/sinh? ¢, + cos? () (= [ty ()] y_o) dt.
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6 — Closed Wing Systems: Annular Wings. Analytical Formulation

Nomenclature

Q@ angle of attack

Q; induced angle of attack

P fluid density

) small perturbation velocity potential

4 small perturbation acceleration potential

r circulation

Ve distributed trailing vorticity

Uy, normalwash

2by, wing span

[ chord

M doublet

m doublet distribution

L lift

D; induced drag

Cr, coeflicient of lift

Cp, coefficient of induced drag

F algebraic expression, aerodynamic force

t,s auxiliary variables

Voo velocity (freestream conditions)

£ Hadamard finite-part integral

+f integral defined in the Cauchy principal values sense
b semi-axis elliptical annular wing

oy semi-axis elliptical annular wing

R, radius of a circular annular wing

ds, dsy infinitesimal length

R, coordinates used in the circular annular wing
U, @ coordinates used in the elliptical annular wing
¢ Vb2 — a2, Ja2 — 12,

X % !

X SBT3

D distance between a generic point and a point on the wing
1,3,k unit vectors

Ty, Ty, unit vectors

ng, Ny unit vectors

wrc Wall Tangency Condition
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6 — Closed Wing Systems: Annular Wings. Analytical Formulation

Subscripts

o0 freestream conditions

d doublet

w quantity referred to the wing
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Chapter 7

Elliptical Lifting Arcs. Analytical
Formulation

7.1 Introduction

Chapter 6 introduced the theory related to the annular wings. But it is interesting
to see, from an aerodynamic point of view, what happens if a closed wing system with
a non-planar wing system like an arc is compared. To illustrate this concept, the
differences between the elliptical annular wing (see wing 1 in figure 7.1)) and elliptical
lifting arcs (see wings 2-4 in figure [7.1)) should be understood. In this chapter, the

|
S5 rh b

? )
@/) ”@

lellll

lel

lellll

| )
@”L @

Figure 7.1. A few examples of elliptical annular wing and elliptical lifting arcs.

elliptical lifting arcs obtained from an annular wing with b,, > a,, will be analyzed.
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7 — Elliptical Lifting Arcs. Analytical Formulation

Obviously, the formulation reported here is extendable to the cases in which b, = a,,
or b, < a,". Notice that with this mathematical model winglets and C-wings can
be described as well. It is important to know that future analyses are valid only
from an aerodynamic point of view. Other aspects of the design (aeroelasticity, for
example) have to be taken into account when studying a wing system [14].

7.2 Convex Elliptical Lifting Arcs

The convex elliptical lifting arcs (see figure [7.2) can be studied similarly, as have
been done for the other wings. This means using a doublet distribution, writing

Bi = 3n—er B A Corresponding
. elliptical annular wing
Pr=3m+en ,
. - 7 - aw ~ ~ N
// \\
/7 N
/ \
/ 3 \
/ 3 ST +En \
4 l' D, Pa 2 e bw ‘l
\ 1
Yy \ 1
\ /
\ /
AY //
AN
h &n en ”
Wing Lifting line

Figure 7.2. Convex Elliptical Lifting Arcs. Geometry and notations.

the small perturbation acceleration potential, imposing Weissinger’s condition and
finding the integral equation. But there is a simple way to achieve the same goal:
the same equations (opportunely modified) used for the corresponding annular wings
can be used. Consider an annular wing. It has been found that the total lift and
induced drag have the expressions:

2T
L= poobw/m (¢q) sin g deq, (7.1)
0

!Clearly, the corresponding annular wings will be circular and elliptical (with b, < a),
respectively.
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7 — Elliptical Lifting Arcs. Analytical Formulation

27 2 . 12 2 1 cosh(2¢
Di = =gz [ m(pa) [ m(p) < sinh_tbeg COSH oy, _ g cosh(2w) )> dp dpg+

0 0 (sinh? tsin? £524)°  (sinh? utsin? 2524
2 2
—ghvr %Cm ) ?JE o dp dipy.
(7.2)
What is the difference between the annular wing and the elliptical arc wing? Because
of the supposed linearity, the difference is only in the integration domain. Therefore,
it can be concluded that for elliptical arcs (see figure [7.2)*:

B2
L= Poobw/m (a) sin g dpa, (7.3)
B1

B2 B2 o 2 1 cosh
R ) sinh® 1, cosh” ¥, _ 5 COS. (2¢w)
D= e ﬁ{ m(pa) Jm (2) <(sinh2 P Fsin? <p+2¢d>2 (sinh? gy, +sin? 2524 ) dp depat

51
B2 B2 m(p)
—gkvz | m(ed) F =osiopy dr dva,

B1 51

(7.4)
where ,
61 = T —E&m,

2 (7.5)

By = %71' + €.

For a numerical analysis, it is useful to convert the domain of integration. Thus®:

Qa = 3T+ emt,

(7.6)
_ 3
Y = 5T+ ETS.
With this transformation, it can be concluded that
+1
L = —empooby / m (t) cos (emt) dt, (7.7)
-1
+1 +1 1
L poo627r sinh? Doy cosh? Y - 3 cosh(2tw)
Di= —tggg® J o) [ ) (et - oSy ) e
2r Ve m(t
_pBV{_:OQO K m(s) jfl l—cos(egr)(t—s)) dtds.
(7.8)

2Notice that, now, the external integral in the expression of D; is neither a Hadamard finite-part
integral nor a Cauchy integral because the doublet distribution must be zero at the tips.
3The variables ¢t and s are not the same variables ¢t and s used for the elliptical annular wing.
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7 — Elliptical Lifting Arcs. Analytical Formulation

The corresponding coefficients of lift and induced drag are, respectively,

2emh "
Tt Oy
CL=— S /m (t) cos (emt) dt, (7.9)
* 1
+1 +1 . 1
_ e2r sinh? Y cosh? Y _ §C05h(2¢w)
CDi T 4SVE J; m (S) J; m (t) ((sinh2 Py +cos? (EWHTS))Q (sinh2 hu-cos? (Eﬂhgs))) dt ds+
2T ¥ mn
T 4SvE —fl m(s) EEI 1—cos(em(t—s)) S

(7.10)
S is the reference surface, and it can be chosen as the projection of the wing on
plane z — y:
S = 2lb, sinem if e < %,
S = 2lb, ife > 1.

S can also be chosen to be equal to 4b,!, in order to have an easy comparison with
the elliptical annular wing.

(7.11)

7.3 Concave Elliptical Lifting Arcs

The concave elliptical lifting arcs (see figure [7.3) can be studied similarly, as in the
previous section. In a formal point of view, equations (7.3) and (7.4) are still valid.
Only the definition of 5 and (s (see figure [7.3)) are different:

5123_87-‘-7

(7.12)
By = g + em.
The new variables t and s are now defined as
g = = +emt,
2 (7.13)
p =3 tems.
Therefore, the expressions for the lifting force and induced drag are
+1
L = empooby, /m (t) cos (emt) dt, (7.14)
1
+1 +1 _ 1
o Pooelm sinh? 1, cosh? 1, _ 2 cosh(2¢w)
D= =" Jm () [ ) (Gt ettt ey — (et gy ) Q0o+
en ! 1 m(t
_pSVOQO E (8) ?El 17COS(€(7T)(t78)) dt ds.
(7.15)
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7 — Elliptical Lifting Arcs. Analytical Formulation

Wing z Lifting line
e
, e N
4 \
/ T \
,/ 5 + e \
Yoo . k
4 1 P-94 bw ‘I
! 1
! T oen I
\\ /
/
\ /
\\ 7
\\ ///
~N 7
SS N Aw _- -
- % _er | T TTm=-- r—-" - .
=3 Corresponding
Br= % +em elliptical annular wing

Figure 7.3. Concave Elliptical Lifting Arcs. Geometry and notations.

Notice that in the expression of the lifting force only the sign is changed, while in
the expression of the induced drag nothing is changed. Thus, the non-dimensional
coefficient will be the same as before, except the fact that now the sign of the
coefficient of lift is changed. Also, the reference surface expressions are the same
(see equation (7.1T)).
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7 — Elliptical Lifting Arcs. Analytical Formulation

Nomenclature

P fluid density

[ chord

m doublet distribution

L lift

D; induced drag

Cr, coefficient of lift

Cb, coefficient of induced drag

Voo velocity (freestream conditions)

F Hadamard finite-part integral

£ integral defined in the Cauchy principal values sense
b semi-axis of the corresponding elliptical annular wing
(o semi-axis of the corresponding elliptical annular wing
Y, p coordinates used in the elliptical annular wing

€ see figures 7.2/ and 7.3

01, (o see figures 7.2 and 7.3

Subscripts

00 freestream conditions

d doublet

w quantity referred to the wing
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Chapter 8

Numerical Validation

8.1 Introduction

In chapter 6 the analytical expression for the total lifting force and induced drag
of annular wings were obtained. Also, from Weissinger’s condition, the integral
equation containing the unknown doublet distribution on the lifting line representing
the wing was obtained. It is clear that the present approach for solving the
aerodynamic problem consists of the following steps:

o Step 1
Writing of Weissinger’s condition and the integral equation containing the
unknown m (see chapter 6 for the annular wings and chapter 5 for the biplane).

o Step 2
Solving of the integral equation which contains Hadamard finite-part integrals
(see chapter 2).

o Step 3
Determining of the total lifting force using the calculated doublet
distribution m.

e Step 4
Determining of the induced drag using the calculated doublet
distribution m.

In the discussion of biplane and minimum induced drag conditions in chapter 5, not
all related issues were explicitly considered. This chapter will analyze those issues
and show how they can be solved.
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8 — Numerical Validation

8.2 Integral Equation: Numerical Solution

Consider the elliptical annular wing with b, > a,*. As was seen in chapter 6, the
integral equation with the unknown doublet distribution is in the form of

+1

—a(s) = m (1) (fix (£5) + fiog (5)) dt, (8.1)
8CVO%\/(COSh2 1y — cOs? (77'8)) —71[ ( )

1

where ffi and f2, are the regular and singular® functions, respectively. In chapter 2,

the numerical methods available to solve that equation were discussed. In particular,
the collocation method and a few particular techniques to manipulate the Hadamard
finite-part integrals were discussed.

When using the collocation method, the functions ff and f, have to be calculated
at some points. Thus, the integrals® must be calculated numerically. Particularly
difficult is the calculation of the reqular integrals involving function f£  because this
function shows very high gradients; hence, the Gaussian quadrature is not always
very accurate. In order to analyze this problem in more detail, consider an elliptical

annular wing with the following data®:

=1, Voo=2, by, =12, a, =10, * =12 — a2 = 44,

2, — b 36 Gnh2eh — % — 25 1l _ 1
cosh® ¢y, = o = 77, sinh™y, = oy = 37, Xo =5, = V1L

(8.2)

In figures 8.1land 8.2, the behavior of the function f& versus the variable ¢ with fixed

s is illustrated. As can be seen, the Gaussian quadrature is not a very good method
to integrate this function. This problem is particularly evident in the induced drag
computation. Therefore, an adaptive subroutine (H2A1D from the ABACI library)
has been used.

8.2.1 Collocation Method: Numerical Study

The collocation method has been discussed. But the important question to answer
is: how many points are required in order to have a good accuracy? As will be
seen later, 20 points give sufficient precision of the results. In order to show that,
consider the following case.

!The numerical issues that will be analyzed are, also, valid for the other annular wings, elliptical
lifting arcs, biplane and, in general, for all wings studied using the present procedure.

2See chapter 6 for their explicit form.

3Regular integrals for the function fZ and Hadamard integrals for the function f3,.

4All lengths are expressed in meters.
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Elliptical Annular Wing with Twist Corresponding to a Rigid
Rotation Along the y Axis

The elliptical annular wing with twist a(p) corresponding to a rigid rotation {2 along
the y axis will be analyzed. Recalling the expression

sin  cosh ¢,
\/ cosh? ¢ — cos? g07

and considering figure [8.3, the twist corresponding to the rigid rotation {2 can be
found:

sin f = (8.3)

sin ¢ cosh 1,
\/ cosh? ) — cos? ¢

Now consider the particular case in which 2 = 1°. The convergence test for two

a(p) =2sinf =N (8.4)

Z A

Qsinf
Lifting line

Aw

A

Figure 8.3. Incidence corresponding to a rigid rotation {2 along y.

different cases (ellipse and ellipse close to a circle”) is shown in figure 8.4, As
illustrated in figure [8.4, 20 collocation points are sufficient in practical applications.
Notice that in the biplane study (see chapter 5), 20 points were used as well.

8.3 Numerical Evaluation of the Induced Drag

Once the doublet distribution is found via integral equation solution, the lifting
force can be calculated using a simple integration. Usually, this operation is not

5Because of the unitary value of §2, the coefficient of lift could be seen as an angular coefficient
of lift.

6Notice that the circular annular wing can be studied as a particular case of an elliptical annular
wing in which a,, — b,,.
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_m_ 3 . m 3
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Figure 8.4. Convergence test when §» — % and 9= = 5.

difficult and the integral expressing the lift can be numerically computed using the
Gaussian quadrature formula. For the induced drag, the calculation is less simple.
In order to better understand the problem, consider the coefficient of induced drag
in an elliptical annular wing with b,, > a,,":

2w 27

1 h w
D; = —<2= [ m(pa) | m(p) 2 o)
>0 0

sinh? Yy cosh? Yy
(sinh2 o +sin? ‘P+24Pd ) ) ng ngd—l—

2
( (simh2 o +sin? %)

2 2
ST Of m (¢q) f% dpdpg.

(8.5)
Observing the integrand function inside the inner integral, it can be understood that
it is of the same type of the integrand function appeared in the integral equation
(figures 8.1 and 8.2] illustrate the behavior of that function). Therefore, it can be
understood that:

e The Gaussian rule is not a good method to evaluate the inner integral due to
high gradients of the function.

e The induced drag is a very small number compared to the magnitude of the
other quantities (for example, C1). Thus, a small error in the calculation of
the doublet distribution m can create significant errors in the evaluation of
the double integral used for the induced drag coefficient.

"Note that, here, the Cauchy integral is not used. The reason is that this dissertation analyzes
only two cases: annular wing with a twist corresponding to a rigid rotation along y and annular
wing under optimal conditions. In both cases, the doublet distribution is zero at both endpoints
of the integral; as a result, the Cauchy integral becomes a standard integral.

150

1



8 — Numerical Validation

Several different numerical approaches and techniques could be applied in this case.

e Approach 1

The singular term in the integral equation (8.1) (now, m is a known function
and, therefore, all integrals are easily calculable) is eliminated. In this method,
the Hadamard integral does not have to be addressed, and this is the main
advantage. But there is the numerical cancellation issue (round-off error),
since, as it is possible to see, two terms with the same order of magnitude are
algebraically added.

Using this approach, three different methods have been developed:

— Method 1
Both of the integrals in the Cp, expression are seen like integral in one
variable and are calculated using an adaptive method (see chapter 2).
The precision of the computation is very good®, but the CPU usage, in
terms of time, is slightly expensive.

— Method 2
The internal integral (which contains the non-smooth function) is cal-
culated using the adaptive procedure, while the external integral is
calculated using the classical Gaussian rule. Compared to method 1,
this method is faster in terms of CPU time.

— Method 3
The internal and external integrals are calculated using a subroutine
designed for double integrals (H2B2A from the ABACI library).

o Approach 2
The Hadamard integral is not eliminated. This method is the only possible
method if there is no interest in the solution of the direct problem” or if it
can not be solved. A typical case is the minimum induced drag problem: the
function «(s) is not known a priori; therefore, it can not be used to eliminate
the Hadamard integral'’. Using this approach, two different methods have
been developed:

— Method 4
Both of the regular integrals (internal and external) are calculated using

8But the cancellation problem is more severe because the Hadamard integral is eliminated using
the integral equation.
9The direct problem is represented by the integral equation (8.1).

10The Hadamard integral is not eliminated, but the cancellation issue is still present (but less

. n . . sinh2 1, cosh? 1 1 cosh(2
significant), because equation (8.5) contains the term -5 Yuwcosh tu - 2 cosh( w“’g —.
(sinh2 Yoy +sin? ”7;’(1) (sinh2 oy +sin? T")

which presents cancellation problem.
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an adaptive procedure’*. The Hadamard internal integral is calculated
using the method shown in chapter 2.

— Method 5
The internal integral (the regular part) is computed using an adaptive
procedure, while the external integral is calculated using a Gaussian rule.
The external integral in the double integral that contains the Hadamard
integral'® is calculated using a Gaussian rule with a number of points
coinciding with the number of the collocation points?. In the biplane
study (see chapter 5), this method has been used.

Now consider a practical case in which the annular wing has $* — %, % = 12,
w

N =1landa(p) = Q%. In figure 8.5, the results of all five methods' are
COS —COos“ @

reported. From figure 8.5, it can be understood that, with the present formulation,

o 2 =12 10C,
Method 1 2.83
Method 2 2.83
Method 3 2.81
Method 4 2.87
Method 5 2.83

Figure 8.5. Coefficient of induced drag calculated using five different methods.

the coefficient of induced drag has two digits accuracy. This is not a problem if
the nature of this dissertation is considered: the aim is to formulate an innovative,
analytical approach for non-planar wings, and, for this objective the accuracy of the
present method is acceptable. For more accurate results the concepts exposed in
chapter 4 should be applied.

"' The subroutine H2A1D was used.

20bviously, the Hadamard integral is computed using the method shown in chapter 2.

13Because, in the Gaussian rule, the nodes are the zeros of the Legendre polynomials and because
the collocation method with the points calculated as zeros of the Legendre polynomial was used,
it can be understood that using the Gaussian rule can minimize the error in this case.

14In the Gaussian quadrature formula, 200 points were used, except in case 5, where, for the
external integral containing the Hadamard integral, 20 points were used (notice that in the
collocation method as well 20 points were used). 200 Gauss points were used because, with
the matured experience for these particular analyses, using the empirical relation Ngauss Points =
10 - Ncollocation Points yielded good results. The required high number of Gauss points is clear if the
complexity of the functions that have to be integrated is considered.
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8.4 Effect of the Aspect Ratio

In this section, the effect of the aspect ratio on the induced drag as well as a few
related numerical problems will be analyzed.

When the ratio of §* decreases, the function fE nearly becomes smgular. Clearly,
this creates a problem in the evaluation of the lift and induced drag'”. This problem
can partially be avoided by increasing the number of collocation points, but when
@y /by 18 too small even this method does not work well.

Figure 8.0/ illustrates the effect of the aspect ratio, when the incidence is corre-
spondent to an unitary rigid rotation of the ellipse along the y axis (in all cases,

bu — 12). As can be seen, the induced drag increases as 7% becomes smaller. Tn
w

aw/by ¢, 10C,

812 492 39
9/12 485 3.6
10/12 477 33
11/12 470 3.0
12/12 4.63 28

OO0000

Figure 8.6. Coefficient of lift and induced drag. Aspect ratio effects

theory, it could not be concluded that the aerodynamics of the ellipse is worse
when ¢ becomes smaller, because the comparison is not done with fived lift. But,
observmg the numbers in figure 8.6 shows that the coefficient of lift increases from
4.63 to 4.92 (difference: +6%). From a qualitative point of view, considering a
quadratic dependence from the lift, a variation of the coefficient of induced drag
should be expected to be % = 13%. But this is not true; as shown in
figure 8.6, the coefficient of induced drag increases from 0.28 to 0.39 (difference:
+39%>13%).

A comparison between the two different aspect ratios is reported in figure8.7. Notice
that, in a rigorous point of view, the curves in figure 8.7/ could not be superimposed,
because the variables ¢t and s are different in such cases.

5Fortunately, these problems are less evident when the wing under optimal conditions is studied.
This is because the analytical expressions are much simpler.
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Figure 8.7. Aspect ratio effect on the doublet distribution

Nomenclature

p fluid density

l chord

m doublet distribution

L lift

D, induced drag

Cr, coefficient of lift

Cb, coefficient of induced drag

Voo velocity (freestream conditions)

= Hadamard finite-part integral

b semi-axis of the elliptical annular wing

a semi-axis of the elliptical annular wing

U, @ coordinates used in the elliptical annular wing

c b2 — a2

G, 2 see figure 8.3
R regular function in the integral equation (direct problem)
5 singular function in the integral equation (direct problem)

Subscripts

00 freestream conditions

d doublet

w quantity referred to the wing
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Chapter 9

Annular Wings: Minimum
Induced Drag

9.1 Introduction

In chapter 6, the analytical formulation for the annular wings was discussed.
Chapter 2, also, discussed the procedure to find the Euler-Lagrange equation and
its numerical solution. In chapter 5, the procedure studying the classical cantilever
wing and the biplane was validated.

For all annular wings examined in this dissertation, the following quantities can now
be calculated analytically and numerically:

e Quantity 1
Optimal doublet distribution.

e Quantity 2
Coefficient of minimum induced drag

e Quantity 3
Induced velocity (normalwash) under the condition of minimum induced drag

Munk’s Minimum Induced Drag Theorems will be applied to test the quality of the
solutions, and a comparison with some available results [15] will be done.

The same analytical procedure is used in all cases. However, the mathematical
expressions are different. Therefore, for the aim of completeness, the details of the
derivations are not omitted.
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9.2 Minimum Induced Drag in a Circular
Annular Wing

The coefficient of induced drag has the expression:

;élm ) < ! = S>)> dt ds. (9.1)

.
Cp =~ 16Rwlvo‘é_]1[ m(s) 1 —cos(m

The goal is to minimize the coefficient by considering the following conditions:

e Condition 1
The coefficient of lift is fized:

M —

o / m (t)sin (rt) dt = O}, (9.2)

21

e Condition 2
The wing span 2b,, = 2R, is fized

Before proceeding, the following important observation can be made.

Observation 30 When the biplane under optimal condition was studied in chapter
5, it was found that the wings had the same doublet distribution, which was zero
at the tips. If, with an ideal experiment, it was possible to curve the wings
symmetrically, an elliptical annular wing could be obtained. It is intuitive that
this process would lead to an unknown doublet distribution, but it is reasonable to
think that it has to be zero at the points y = £b,,*. If this hypothesis is considered,
the external integral can be considered as a normal integral, but the final distribution
must satisfy the conditions seen above: m has to be zero at y = +b,.

Observing expression (9.1)), it can be understood that it is of the same type of the
functional minimized in chapter 2. Now, the kernel is
— 1
Y (t,s) = .
(t:9) 1 —cos(m(t—s))

(9.3)

To use the procedure developed in chapter 2, the kernel has to be in the form
1
(t—s)"

In chapter 4, it was shown that in a closed wing system a constant distribution can be added
without drag penalty. If the arbitrary constant is assumed zero (under that condition the doublet
distribution is called fundamental distribution) and the wing has some symmetries (like an elliptical
annular wing) then the fundamental doublet distribution has to be zero at y = +£b,,.

Y (t,5) = (9.4)
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But it is not difficult to understand that multiplying and dividing equation (9.3) by
(t — s)?, a kernel of the type (9.4) is obtained. Therefore:

1 B (t —s)° r (t —s)°
l—cos(m(t—s)) 1—cos(m(t—s))(t—s)® 1—cos(m(t—s))

Y (t,s). (9.5)

Now it has been shown that the same procedure shown in chapter 2% can be used.
Observing expressions (9.1) and (9.2) and comparing them with equations (2.82)
and (2.84), it is deduced that, in this case,

Cl:_m’ 02:_ﬁ’ (9 6)
C=0CpL, g(t)=sin(nt).
Using equation (2.101)%, the Euler-Lagrange equation is obtained:
+1 —
2C) F Mopt (5) Y (t,5) ds — Corg (t) =0 =
- (9.7)

=

™ Mopt () - . .
T BRLIVE T 1—cos(p7:(t—s)) ds + leo%)‘sm (mt) = 0.

Therefore, this concludes that, in order to find the optimal distribution mp, the
system shown below has to be solved:

+1
1 Mopt () ; —
4R, V2 i 1—cos(7|t'(t—s)) ds — Asin <7Tt) - 07

“ (9.8)
“avz flmOpt (t)sin (wt) dt = C'p.

9.2.1 Analytical Solution of the Euler-Lagrange Equation

Observing the system of equations (9.8), notice that the function sin (7t) appears
explicitly in both equations. Moreover, this function has the property to be a
continuous and periodical function, as it should be for mgp. Furthermore, the
function is zero when t = —1 and ¢ = 0 (which corresponds to y = =+b,), as
is expected. Therefore, the aim is to verify whether this function satisfies the
system (9.8)). From a practical point of view, the following expression of the optimal
distribution can be used:

Mept (t) = ksin (7t) k real number. (9.9)

- 2This is possible because the property demonstrated in appendix A is valid also for the kernel
Y (t,s). B
3In this case Y (t,s) has to be used instead of Y (t,s).
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Substituting equation (9.9) into the system (see appendix J) yields:

Ic
A= WRL, (9.10)
2AV2C
k= _M_ (9.11)
T

Because the system has been satisfied, it can be concluded that the optimal doublet
distribution is:

2AV2C
Mgpt (1) = ——2" gin (rt) . (9.12)
™
In the original variable:
Mept (@) = 7QZV%6L sin () | (9.13)

It is possible to calculate the normalwash under optimal conditions® as:

Mops (t 1 AV2C,
[(u >°pt}X 0 8V R (1 —cos(m t— s))) 8V Ry [ T sin(rs)
(9.14)
Simplifying:
WVCr .
{(un)opt}xzo =~ 9R L sin(rs). (9.15)
In the original variables:
(Un)ops] g = =5k sinep | (9.16)

The coefficient of minimum induced drag is™:

U 1
{(CDJOPJ by " 16R, i / Mopt ( %mom (1 —cos (m (t — S))) dtds.

(9.17)
Calculating the integral (see appendix J for the Hadamard integral):
IC;
CDop) ey = 577 (9.18)

4See appendix J for the value of the integral.
5The subscript 2—w = 1 is used to underline that the coeflicient is referred to the circular annular

wing, where a,, = b, = Ry,.
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The corresponding induced drag is®:

-2

_ L
((Di)opt] e, = iy ¢ (9.19)

Aw

while the aerodynamic efficiency is

T w 2
[(E)OPJMZ1 = mg(Ru) | (9.20)

aw

Now consider a classical cantilever wing with the same total lifting force and the
same wing span 2b,,". The efficiency under optimal condition is":

mq (2b,)°
(Blept] o = = (9:21)
Hence, it is deduced that
[(E)opt]biwzl
(G (522)

This last result shows the great aerodynamic advantage of the closed wing system.
It is also in perfect accord with the known value found by Cone [15].

The Euler-Lagrange equation can be solved numerically by following the steps
illustrated in chapter 2. The comparison between the analytical and numerical
solutions is shown in figure 9.1. As can be seen, the numerical solution shows good
correlations with the analytical results.

9.2.2 Verification of Munk’s Minimum Induced Drag
Theorem

If the doublet distribution mgp is effectively the optimum distribution, Munk’s
Minimum Induced Drag Theorem has to be satisfied (see figure 9.2)). Thus:

[(Wn)ops] _y _ —25Cge v O
OPU] X =0 2w Ry oL

= = — = t. 9.23
cos sin 21 Ry, cons ( )

6 indicates the dynamic pressure: q = % P V2.
"Notice that b, = R,, for circular wing.
8The subscript "ref’ indicates that the classical wing is used as a reference wing.
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Ry

/

10
15
20
25
30
50
100

100 - [(CDi)OPt ]f,’—w—l
Analytical ~ Numerical
1.59 1.59
1.06 1.06
0.80 0.79
0.64 0.64
0.53 0.53
0.32 0.32
0.16 0.16

Figure 9.1.  Circular annular wing: coefficient of minimum induced drag (Cp, = 1).

Circular annular wing Z“' =1
W

Az

Munk’s Minimum
Induced Drag Theorem

[(u")ﬂpl}xzo

w050 = const

Figure 9.2. Circular annular wing and Munk’s Minimum Induced Drag Theorem.
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9.3 Minimum Induced Drag in an Elliptical
Annular Wing with b, > a,

The coefficient of induced drag has the expression”:

+1 +1
7T _
Cp, = =377 /m(s) %m(t)Y(t,s) dt ds.
| -1
Y (t,s) is the symmetric kernel:
N o sinh? Y cosh? Y _ 1 cosh(2¢u) 1
Y{08) = it gt (1)) (ot s () T oot

(9.24)

(9.25)

The goal is to minimize the coefficient of induced drag by considering the following

conditions:

e Condition 1
The coefficient of lift is fized:

+

1
_ T )
CL = —2”/020_/1771(15) sin (7t) dt.

e Condition 2
The wing span 2b,, is fized.

Using the usual notation (see previous sections and chapter 2):

- ____ T - __T
¢ = 16b, VA Ca 2AVZ)

C=Cp, g(t)=sin(nt).
Using equation (2.101), the Euler-Lagrange equation becomes:

+1 —
207 F mept (5) Y (t,5) ds — Caodg (t) =0 =
1

+1 _
= VL _3% Mopt (5) Y (¢,5) ds + sivz Asin (mt) = 0.

(9.26)

(9.27)

(9.28)

9Considered here is the particular case in which the doublet distribution is zero at y = %b,,,
as has been done above for the circular annular wing. Therefore, the external integral is not a

Cauchy integral.
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Therefore, it is deduced that, in order to find the optimal distribution mgp, the
system that has to be solved is

+1 o .
vz F Mope ()Y (1) ds — Asin (1) = 0,

» B (9.29)

— j;mopt (t)sin (nt) dt = C.

9.3.1 Analytical Solution of the Euler-Lagrange Equation

Observing the system of equations (9.29)), and thinking as has been done for the
circular annular wing, the following optimal distribution candidate is used:

Mopt (t) = ksin (7t) k real number. (9.30)

Substituting equation (9.30) into the system (see appendix K) yields:

21C,
A= ———— 31
V2
k=— Cr. (9.32)
T
Thus, it is deduced that the optimal doublet distribution is:
20VEC
Mgpe (1) = ——2" gin (rt) . (9.33)
7T
In the original variable:
_ 2AVACp
Mops (17) = 2205 i ()| (9.34)

In figure 9.3, the optimal doublet distribution is shown. It is possible to calculate
the normalwash under optimal conditions (see appendix K for details about the
integrals I4, Ip and I¢):

{(u”)om]xzo - ! (Ia—Ip+1c). (9.35)

- SCVOO\/(COShQ Yy — CcOs? (7TS>)

Simplifying:

sin (7s) cosh 1), Voo Cr (cosh i), — sinh )

[(U")OPJX:O - \/( cm '

cosh? 1, — cos? (7?5))

(9.36)
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2 0 % (Cp,),,, = 0.44

opt

Figure 9.3. Elliptical annular wing with b,, > a,. Doublet distribution under

optimal conditions.

In the original variables:

sin ¢ cosh 1, Voo C'1, (cOsh 1), —sinh 4y,

\/(cosh2 Py —cos? go) er

{(u”)opt} x=0

The coefficient of minimum induced drag is'":

=2 +1
. lOL . IA (S) ]B (S) ]C (8)
busy = 47wa_1 sin (7s) ( ’ ? + p ds.

|:(CDi>Opti|

Calculating the integral (see appendix K for details about the integrals):
2
_ lc;
>l 7 (by + )

[(CDi)opt]

The corresponding induced drag is:

72
[(‘Di)opt} %>1 = Wq(b%,%)(2bw)2 )

while the aerodynamic efficiency is

ﬂq(bwﬂ)(zbw)?

|:(E)opt} - bwz

=
bw >

(9.37)

(9.38)

(9.39)

(9.40)

(9.41)

10The subscript 2= > 1 is used to show that the coefficient is related to the elliptical annular

A

wing with by, > a,,.
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Using the expression of efficiency in a classical cantilever wing with the same total
lifting force and the same wing span 2b,,:

[(E)opt} b7w>1
A — bw"!‘aw — Ay
ol — e L] 42

[(E)opt] @>1

Observation 31 From the previous equation, it is clear that 1 < W < 2.
opt|yef

It is also clear that
lim “E)opt} bwsy
Bl o
e Bl

The elliptical annular wing with by, > a,, has the same induced drag (under optimal
condition) as a cantilever classical wing when a,, — 0. Moreover, the elliptical
annular wing with by, > a,, has the same induced drag (under optimal condition) as
a circular annular wing when a,, — by,.

=1, (9.43)

b
bw >

(9.44)

The Euler-Lagrange equation can also be solved numerically. Figure 9.4 shows the
comparison between the analytical and numerical solution (in all cases, bTw =1 and
CL=1).

9.3.2 Verification of Munk’s Minimum Induced Drag
Theorem

If the doublet distribution mp is effectively the optimum distribution, Munk’s
Minimum Induced Drag Theorem has to be satisfied (see figure 9.5). Therefore™:

cosh Yy sin lVooaL (cosh 1y —sinh 1qy)

[(u”)opt]X:o _ B \/cosh2 ¢w7cos2 %2 e —_ lVooéL (COSh TZ)w_Sinh /l/}'w) — t
cos - cosh 1y sin ¢ - TC = const.
cosh?2 Yw —cos? ®
(9.45)

Thus, the theorem is satisfied and the doublet distribution is effectively the
distribution of minimum induced drag.

HNotice that b s
cosh ¢, sin ¢

\/cosh2 1y — CO82 99.

cos? =sinf3 =
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b 100 - [(Cp)), ]b_1
Analytical ~ Numerical
12/1 2.45 2.45
1272 2.27 2.27
12/3 2.12 2.12
12/4 1.99 1.99
12/5 1.87 1.87
12/6 1.77 1.77
12/7 1.67 1.67
12/8 1.59 1.59
12/9 1.51 1.51
12/10 1.45 1.44
12/11 1.38 1.38
12/12 1.33 1.32

Figure 9.4. Elliptical annular wing with b,, > a,,. Comparison between analytical
and numerical results.

Elliptical annular wing b, > a,,

Az

Munk’s Minimum
Induced Drag Theorem

[ (un )opt ]X:()

cos9

= const

Figure 9.5. Elliptical annular wing with b,, > a,, and Munk’s Minimum Induced
Drag Theorem.
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9.4 Minimum Induced Drag in an Elliptical
Annular Wing with b, < a,

The coefficient of induced drag has the expression“:

+1 +1
7T _
Cp, = =377 / m (s) 7£ m ()Y (t,5)dt ds. (9.46)
whreo 4y 21
Y (t,s) is the symmetric kernel:
_ sinh? 1., cosh? 1)y, 3 cosh(2tpw) 1
V{08) = i puteost(Fa D) (b reost (2G0)) T Teostrwy (947)

The goal is to minimize the coefficient of induced drag by considering the following
conditions:

e Condition 1
The coefficient of lift is fized:

+

1
_ T .
CL=55m _/1 m (t) sin (rt) dt (9.48)

e Condition 2
The wing span 2b,, is fized.

Using the usual notation (see previous sections and chapter 2):

Cr = —mlvr C2 =~z
e 16b,,1VE 2AVZ (9.49)
C=0Cr, g(t)=sin(nt).
Using equation (2.101), the Euler-Lagrange equation becomes:
+1 _
207 F mept (5) Y (t,5) ds — Caodg (t) =0 =
- (9.50)

+1 _
= VL _3% Mopt (5) Y (¢,5) ds + sivz Asin (mt) = 0.

12Considered here is the particular case in which the doublet distribution is zero at y = +b,,, as
has been done above for the other annular wings. Therefore, the external integral is not a Cauchy
integral.
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Therefore, this deduces that, in order to find the optimal distribution mgp, the
following system has to be solved:
+1 —
F Mopt (5) Y (t,5) ds — Asin (7t) =0,
1

1, VZ

(9.51)

+1 B
gtz | mope () sin (1) dt = 1.

9.4.1 Analytical Solution of the Euler-Lagrange Equation

Observing the system of equations (9.51)), and thinking as has been done for the
circular annular wing and the elliptical annular wing with b,, > a,,, the following
optimal distribution candidate is used:

Mept (t) = ksin (7t) k real number. (9.52)
Substituting equation (9.52)) into the system (9.51) (see appendix L):
210},

A= ——7——"— .
T (b + )’ (9.53)
20V2 __
k=— VOOC’L. (9.54)
T
Thus, this deduces that the optimal doublet distribution is:
20V2C
Mpt (t) = —%L sin (7t) . (9.55)
In the physical variable:
Mope () = *=CL sin (p) | (9.56)

It is possible to calculate the normalwash under optimal conditions (see appendix L
for details on integrals I4, Ip and I¢):

1 1
8cVoe \/(sinh2 1y, + cos? (7‘(’8))

(In— I +1c). (9.57)

{(un)opt}XZO

Simplifying:
sin (7s) sinh 1), Voo Cr (cosh i), — sinh t,,)

[n)ons] .y = T = |

sinh® ¢, + cos? (7TS))

(9.58)
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In the original variables:

sin @ sinh 1y, Vo C'1, (cOsh 1), —sinh 4y, (9 59)
sinh? 1, +cos? <p) en

{(u”)opt}xzo - \/(

The coefficient of minimum induced drag is**:

b = -
™ dmb, J

. Ia(s) Ip(s)  Ic(s)
sm(7rs)<Ak - + Ck >ds. (9.60)

|:(ODi)Opt:|

Calculating the integral (see appendix L for details on the integral):

ic;
|:(CD2>0pti| Z%<1 - T (bw + aw) . (961)
The corresponding induced drag is:
_ z’
[(Di)opt] %<1 - 7rq(bwl:—j.w)(2bw)2 9 (962)
while the aerodynamic efficiency is
_ ma(e) o
[(E)opt}%<1 =M T | (9.63)

Using the expression of efficiency in a classical cantilever wing with the same total
lifting force and the same wing span 2b,,:

[(E)Opt}@
aw <1 — bw+aw — aw
[(E)opt]ref bw 1 + bw [ (964)
1 3 : . [(E)OPt]@<1 .
Observation 32 In the previous equation, notice that 2 < W < 0o, It is
also clear that Pt ref
[(E)Opt:| bw 1

lim =2 (9.65)

QA —0w [(E)Opt:| ref

|:(E)0pt:| b7w<1
llm aw = Q. (966)

oo {(E)opt} rof

13The subscript 2—‘“ < 1 is used to show that the coefficient is related to the elliptical annular

wing with by, < a,,.
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The elliptical annular wing with b, < a,, has the same induced drag (under optimal
condition) as a circular wing when a,, — b,. Moreover, the elliptical annular wing
with by, < ay has infinite efficiency when a,, — 0.

But this does not mean that, effectively, this condition can be reached, because other
aspects of the problem should be considered. For example, the weight of the wing
was not taken into account. If it was then, clearly, the condition a,, — oo would
imply infinite weight and this is not acceptable. However, these analyses show that
the aerodynamic of the closed wing system is very good.

As has been done for the other cases, the Euler-Lagrange equation can also be solved
numerically.

9.4.2 Verification of Munk’s Minimum Induced Drag
Theorem

If the doublet distribution mgp is effectively the optimum distribution, Munk’s
Minimum Induced Drag Theorem has to be satisfied (see figure 9.0).

Elliptical annular wing by, < @y,

Az

Munk’s Minimum
Induced Drag Theorem

[(Un Dopt }X:O

cos9

= const

Figure 9.6. Elliptical annular wing with b,, < a,, and Munk’s Minimum Induced
Drag Theorem.
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Therefore'*
__ sinhywsing Voo C 1, (cosh 1y —sinh ey .
[(un)OPt]X:O o \/sinh2 Y +cos2 o TC _ lVooCL(COSh e —sinh ww) . t
cos Y - __sinhysing - P = const.

(9.67)

Thus, the theorem is satisfied and the doublet distribution is effectively the
distribution of minimum induced drag.

9.5 Doublet Distribution of Minimum Induced
Drag. Non-uniqueness of the Solution

Is the optimal doublet distribution unique? Remembering the contents of chapter
4, the answer is: no. The solution is not unique. In particular, if mgp; is a solution
for the minimization problem, the distribution mopt = Mgpt + const is a solution too.
This property can be verified for the annular wings*”

9.5.1 Circular Annular Wing Case

In order to demonstrate the property, it is sufficient to show that for a constant
doublet distribution the lift and induced drag are zero. The first verification is very
simple and is omitted here. The second property, however, will be verified.
Suppose that m = const = m. The induced drag is'®:

+1 41
= dtd .
b 16R lV4 ][ 7[ <1 —cos (7 (t — 5))) > (9.68)

But the indefinite integral can be calculated as:

/ ((1 — cos (; (t — s)))) dt = _W- (9.69)

2
Using this result, the Hadamard integral becomes zero. Because the internal integral
is zero, the following is found:

Cp, = 0. (9.70)
Thus, the property is demonstrated.

M Notice that
sinh ¢, sin ¢

cost =sin 3 = )
V/sinh? ¢, 4 cos? ®

15This is another way to demonstrate that the formulation is correct.
6Now the external integral must be defined as a Cauchy integral. That is because the doublet
distribution is not zero at the endpoints of the integral.
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9.5.2 Elliptical Annular Wing Case

Consider the case in which b, > a,, (similar to the method for the case b, < a,).
This case is a little more complicated than the previous one. If m = m, the coefficient
of induced drag can be written as

Cp, = —mefw ;flug 41l ds, (9.71)
* 1
where:
. 4]11 (sinlj;ni f;;gz}i?)))z ds = sinh? ), cosh? 1, J]ll e wwﬁ; 2(@))2 ds,
I, = +11 (i i:i:g?%)) ds = %cosh (wa)z1 i ¢w+s§n2(@)) ds, (9.72)

=4 — 1 s
C __1 (1—cos(m(t—s))) ’

I}, has already been calculated and has been shown that it is zero. The other two
integrals (i.e., I3 and I/,) are calculated in appendix M. Referring to appendix M:

=1, = cosh (2¢,,)

B ™" sinh by, cosh ), (0.73)

therefore, C'p, = 0. Thus, the property is demonstrated.

9.6 Annular Wings and Classical Wings.
Comparison Under Optimal Conditions
The obtained results are summarized in this section. The ratio between the

aerodynamic efficiency of the annular wings and the efficiency of the classical
cantilever wings is reported in figure [9.7.

9.7 Annular Wings Under Optimal Conditions.
Twist of Minimum Induced Drag

What is the twist that creates the optimal doublet distribution? In order to answer
this question, m = mp, should be inserted into the integral equation to find the
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©, A
(E ) ref
[€0)op o, = 70
Didopt [bwsy = atbutan)
C e
2 |:( Di)opt]%:l = 27R, O
| Circular annular wing
by ,
o i _ g
- by [(CD')OPI]Z—:KI T butan) O

Elliptical annular wing J \ Elliptical annuCl'jlr wing
b b

—“’>IO ar <1

aw aw

Figure 9.7. Efficiency of annular wings under optimal conditions.

twist «(s). But, from a practical point of view, observing figure 8.6 and applying
the formula )

c;

[(CDi)opt}%d = (b + )

almost the same coefficient of induced drag is found. Thus, from a practical point
of view, if a, = by, the twist corresponding to a rigid rotation of the ellipse along
the y axis is the twist of minimum induced drag. Figure 9.8 illustrates this concept.
As can be seen, the optimal distribution and the distribution corresponding to a
rigid rotation along the y axis are almost the same if b, ~ a,. This figure also
shows that the optimal distribution has lesser gradient than the distribution in the
rigid rotation case, in correspondence to the points ¢ = £1,0. Notice that the two
curves are almost coincident when a,, — b,,, but when a,, is different than b,, this
is no longer true. Concluding, the twist corresponding to a rigid rotation is not the
optimal incidence law if b s small.

9.8 Elliptical Annular Wing and Biplane.
Comparison Under Optimal Conditions

The annular wings and the biplane have been analyzed. The conditions that
guarantee the minimum induced drag were found under fixed wing span. But it

is interesting to understand when an elliptical annular wing is better than a biplane
(both under the condition of minimum induced drag). First of all, it must be decided
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m(?)

'
W

2b,,
O b

Vo

Optimum

Rigid rotation

t

1208 -06 04 02 0

Figure 9.8.

02 04 06 038

1

W

m(t)

Voo

Optimum

by _
T 12 Rigid rotation
by _ 12
aw 11
2by

O

t

-1 -0.

8§ -06 -04 -02 0 02 04 06 08 1

Comparison of doublet distributions.

which is the best ellipse to compare with the biplane. Considering the fact that the
ellipse has curved extremities, a biplane with the distance between the wings equal

to H can be compared with an elliptical annular wing with a,,

H (this is not

the only possible choice). The geometry of the wings is reported in figure 9.9. The

Elliptical annular wing

Az
ayy
Yy by,
Figure 9.9.

Biplane
blw =10 Az
C,=1

<); H= Ay
2bw

Geometry of the wings.

comparison between the wings is reported in figure 9.10. From figure [9.10), it is clear
that, for small aspect ratio, the annular wing and biplane show similar behavior,
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0.032 tuoad drac of
Ing
Classical wing - @
Vm;‘-
0.028
0.024
0.020
0.016 | 4 w H . Half induced drag of
b_ 4 b — a classical wing
w w
0 0.2 0.4 0.6 0.8 1.0

Figure 9.10. Biplane and elliptical annular wing under optimal conditions
(Cr, =1). Coefficient of minimum induced drag.

while for high aspect ratio the tendency is the opposite’.

9.8.1 Closed Wing System and Biplane.
An Experimental Comparison

The results shown above have a simple experimental verification. Consider the
wind tunnel model of the Prandtlplane made by Alenia Aeronautica (see chapter
4). The model was built with the main purpose of better understanding the
difference between joined wing and the corresponding biplane obtained by removing
the vertical joining wings. As shown in figure 9.11, the induced drag in the closed
system is practically the same as the induced drag of the corresponding biplane.
This is in perfect accord with figure [9.10: for the range of aspect ratio used in the
test (0.23 and 0.34), the closed wing system and biplane do not show big difference
in their induced drag™®.

1"The biplane has a minimum value of induced drag equal to 1/2 the induced drag of a classical
wing (when the wings are indefinitely distant), while an elliptical annular wing does not have this
limit.

BNotice that Alenia’s model was not tested under optimal conditions. Therefore, the results
shown in figure [9.10/ can not be applied in the real case. However, they can be accepted in a
qualitative way.
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Figure 9.11.

Biplane

Alenia’s Prandtlplane model.

0.32
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Coefficient of induced drag versus

Co,
H
E =0.34
g |
B =0.23
C,
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Prandtlplane

coefficient of lift (see [68]).
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Nomenclature

o twist

p fluid density

Uy, normalwash

2Dy, wing span

) angle of inclination of the lifting element

l chord

m doublet distribution

m constant doublet distribution

L lift

D; induced drag

Cr, coefficient of lift

Cb, coefficient of induced drag

F aerodynamic force

L fixed value of the lifting force

C fixed value of the coefficient of lift

A Lagrange multiplier

Voo velocity (freestream conditions)

q aerodynamic pressure

+ Hadamard finite-part integral

£ integral defined in the Cauchy principal values sense
H distance between wings 1 and 2 (biplane case)

E aerodynamic efficiency

Y)Y kernels

Subscripts

00 freestream conditions

ref referred to a cantilever wing with the same lift and wing span
opt optimal condition (minimum induced drag)

Z—Z’} <1 referred to an elliptical annular wing with Z—Z <1
Z“;’] =1 referred to a circular annular wing with R,, = b,, = a,,
2’: > 1 referred to an elliptical annular wing with Z—Z > 1
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Chapter 10

Elliptical Lifting Arcs: Minimum
Induced Drag

10.1 Introduction

The analytical formulation for the elliptical lifting arcs was seen in chapter 7. In this
chapter, the condition corresponding to a minimum induced drag will be studied,
as was done for the annular wings (see chapter 9). The results will be compared
with the classical cantilever wing and with the corresponding annular wing. It will
be understood which is the most advantageous point to close the wing and what are
the differences between annular wings and C-wings.

Some theoretical considerations can be found in [I4], [15] and in chapter 4.

The following quantities will be calculated:

e Quantity 1
Optimal doublet distribution.

e Quantity 2
Coeflicient of minimum induced drag.

Kroo’s results will be confirmed: the C-wings have similar induced drag to that of the
closed wing systems. But note that the purpose of these analyses is to demonstrate
that this formulation is a good tool for the preliminary study of a new configuration.
Also, very interesting properties of the annular (and, in general, closed) wings will
be found.
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10.2 Minimum Induced Drag in a Convex
Elliptical Lifting Arc

The coefficient of induced drag has the expression (see chapter 7)*:

_ __ _e°m sinh? ¢y, cosh? ¢ o 3 COSh(2¢w)
CDi T 4SV4 7f1 m (5) f m (t) ((smh ¢w+cos2(€ﬂ,t+s))2 (smh ¢w+cos2 (67Tt+s))> dt ds+

1 +1 —
— 50 fm( )im(;)(t_s))dtds— T fm( ) Fm ()Y (t,s) dtds.

-1

(10.1)
The goal is to minimize the coefficient of induced drag by considering the following
conditions:

e Condition 1
The coefficient of lift is fized:

2emh,, " —
~ e /m (t) cos (emt) dt = C. (10.2)
1

e Condition 2
The wing span 2b,, is fized.

Observing expression (10.1), it is clear that the expression is of the same type of the
functional J minimized in chapter 2. Observing expressions (10.1) and (10.2) and
comparing with equations (2.82) and (2.84), it can be deduced that, in this case,

2

€ 2emh
G =—gvz, G2 =~z

_ (10.3)
C=Cp, ¢g(t)=cos(ent).
Using equation (2.101), the Euler-Lagrange equation becomes:
+1 _
2C7 F Mmopt (5) Y (t,5) ds — Corg (t) =0 =
- (10.4)
+1 —
= —gepr F Mopt (5) Y (t,8) ds + 2;@2“’)\005 (emt) = 0.
5

IIf bw < @y, the following equation is almost the same. Only cos? (ext£®) has to be substituted

with sin (e7r sy,
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Therefore, it is deduced that in order to find the optimal distribution mgp, the
system that has to be solved is:

+1

gor F Mopy (5) Y (t,5) ds — 2b,A cos (emt) = 0,
- (10.5)

+1

— 2T [ Mgy (t) cos (emt) dt = C'p.
o

Unlike the annular wings, this system can be solved only numerically, which will be

performed later.

10.3 Minimum Induced Drag in a Concave
Elliptical Lifting Arc

The coefficient of induced drag is the same as the case of a convex arc. The coefficient
of lift is the same except for a sign. Therefore, this concludes that in order to
determine the minimum induced drag, the system that has to be solved is:

+1 —
st F Mopt (8) Y (t,8) ds + 2by, A cos (emt) = 0,
o

(10.6)

+1
+2§€i)2: flmopt (t) cos (€7Tt) dt = C7y.

Observation 33 Consider the systems (10.6) and (10.5). Let the optimal distribu-
tion in a concave arc be indicated by [Mopt] . cave @0d the optimal distribution in a
convex arc be indicated by [mopt].. ... Comparing the lift constraints (the second
equation in both systems) deduces that

[mOPt]concave = [mOPt]convex : (107)

Substituting the last expression into the Euler-Lagrange equation of a concave arc
(system (10.6)), in a formal point of view, the Euler-Lagrange equation of a convex
arc (system (10.5))) is the obtained result. This concludes that the convexr arc and
the concave arc have the same optimal induced drag. Obviously, the two arcs must
be perfectly identical (i.e., € must be the same). The only difference between the
two cases is in the induced lift not considered here (see chapter 4 for details).

10.4 Results

First, the present method is validated using a result from [I5]. In that paper, Cone
investigates circular arcs using conformal transformations. Cone plots the efficiency
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(E)opc a
(E)rcf b
procedure shows very good correlation. In figure [10.2, the arcs with % ~ 1 are

w

ratio against the ¢ ratio. As shown in figure [10.1, the present optimization

1.5

(£) opt
E . Analytical (Cone)
1.4 * Analytical (present)
1.3 5
be sl
1.2
b
1.1 Z ¢ ;
a
1 b

0 01 02 03 04 05 06 07 08 09 1

Figure 10.1. Elliptical lifting arcs. Comparison with the literature results.

studied. In particular, the efficiency ratio with the angle 2e7 is analyzed. Clearly,
when 2em & 0, the curvature effects are negligible, and the efficiency is almost the
same as the optimally loaded classical wing. But when the angle is increased, an
increment of the efficiency can be observed. This is particularly evident in the
range %W < 2em < %’/T, where the efficiency ratio increases by 33%. Moreover,
it can be noticed that, when the arcs tend to be a closed curve, the induced drag
is practically the same as the induced drag of the corresponding circular annular
wing”. Now it is of interest to answer the following questions: how does the optimal
doublet distribution change when the angle 2e7 is changed? What is the difference
between the doublet distribution in the annular wing and the arc with 2em ~ 277
In order to answer these questions, consider figures [10.3, [10.4] [10.5, [10.6/ and [10.7.
The following results can be noticed”:

o Result 1
The elliptical lifting arcs (and, in general, all arcs) have the same efficiency
(under optimal conditions) as an optimally loaded classical wing when ¢ is

2Remember that, in figure (10.2), % ~ 1.
3If it is not said otherwise, consider, in all cases, C'r, = 1.
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0
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Case A Case B
(E)opt . (E)opt _
E)rr 1.30 Bt 173
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Figure 10.2. Elliptical lifting arcs under optimal conditions. Comparison with a

classical wing with the same lift and wing span.

small. Moreover, the doublet distribution is almost elliptical (figure [10.3).
This is an intuitive result: when € — 0, the curvature effects are negligible
and the elliptical lifting arcs are practically a classical wing.

Result 2

When ¢ is not small, the efficiency increases and the doublet distribution is not
an ellipse anymore (figures [10.4, [10.5, [10.6/and [10.7). This is particularly true
when the arc is almost a closed curve (figures [10.6 and [10.7). This behavior
does not change if the 2—3 ratio is changed (figures [10.6 and [10.7).

Result 3

When the arc is almost a closed curve (but still an arc) the induced drag is
the same as the induced drag of the corresponding annular wing (figures [10.6
and [10.7).

Result /

The optimal doublet distribution is always different than zero, except at the
tip of the wing. This is a very different situation with respect to what have
been seen in the annular wings, where the distribution was sinusoidal. This
property is also valid when the arc is almost a closed curve.
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Figures [10.8), [10.9 and [10.10/ show the non-dimensional optimal doublet distribution
on the lifting arcs®.

m(t)

-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

0.7 ! 0.7 t
"1 08 06 -04 -02 0 02 04 06 08 1 -1 08 06 -04 02 0 02 04 06 08 I

Figure 10.3. Optimal doublet distribution. 2em = 1515—077 and 2em = f%)oﬂ' cases.

4The reference surface used to calculate the coefficient of lift is the following:

S = 2lb,, sinemw ife < %,

S = 2lby, ist%.
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Figure 10.4. Optimal doublet distribution. 2em = %ﬂ' and 2em = %ﬂ cases.
0 0

m(?) m(?)
0.1 |\ v2l 0.1 \Vél

_ 180 : 240
2em = 5 2em = g 7
02 by _ 10 02 bTM =10
/
by by
-03 — =~ 1 03 — =~ 1
(E) (E)
ot 150 T =1.88
.04 (E) ot -0.4 (E) ref
-0.5 -0.5
-0.6 -0.6
t
-0.7 0.7 !
-1 =08 -06 -04 02 0 02 04 06 08 I -1 08 06 04 -02 0 02 04 06 08 1
Figure 10.5. Optimal doublet distribution. 2em = %ﬂ' and 2em = %ﬂ' cases.
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Figure 10.6. Optimal doublet distribution. 2em = %ﬂ' and 2em = %ﬂ' cases.
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Figure 10.7. Optimal doublet distribution. 2em = %TF case.
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Figure 10.8. Optimal doublet distribution. 2em = %ﬂ case.

15 10 5 0 -5 -10 -15

Figure 10.9. Optimal doublet distribution. 2em = %TF case.
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-15 -20

Figure 10.10. Optimal doublet distribution. 2em = %7‘( case.

Nomenclature

2Dy, wing span

m doublet distribution

Cr, coeflicient of lift

Cp, coefficient of induced drag

a aerodynamic force

C fixed value of the coefficient of lift

A Lagrange multiplier

Voo velocity (freestream conditions)

E aerodynamic efficiency

Y kernel

S reference surface

Subscripts

00 freestream conditions

ref referred to a cantilever wing with the same lift and wing span
concave referred to a concave lifting arc

convex referred to a convex lifting arc

opt optimal condition (minimum induced drag)
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Chapter 11

A Nonlinear Structural Model for
the Nonlinear Aeroelastic Analysis
of Joined Wings

11.1 Introduction

The work reported in this chapter is a result of the collaboration between the
universities Politecnico di Torino (Turin, Italy) and University of Washington
(Seattle, USA) about the joined wing analyses and studies.

A structural nonlinear code has been developed by the writer with the supervision
of professor Livne. Here, a few details of this work (see, also, [7()]) are reported.

A structural/structural-dynamic method for the modeling of general assemblies
of thin plate segments is described. The method is based on Ritz functions
approximations using complete polynomials as generalized coordinates per plate
segment. A penalty function approach is used to impose boundary conditions and
compatibility of motion between adjacent segments. The method is flexible in that
it allows configuration-dependent selection of large segments with high order Ritz
functions or small segments with low order Ritz functions or combinations of both
for the efficient modeling of different configurations. No numerical integration is
required. Test results obtained by the present method for a variety of plate structures
show good correlation with published results and results by other computer codes.
As is widely recognized by now, structural nonlinearity has a major effect on the
aeroelastic behavior of Joined-Wing configurations. When significant compressive
loads are present in the rear wing (which supports the main wing) its effective
stiffness (linear + geometric) varies. Aeroelastic mechanisms can involve buckling
(or divergence) of the rear wing or flutter. As axial loads in the rear wing change,
when the airplane maneuvers, its effective stiffness varies, and with it its flutter
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11 — A Nonlinear Structural Model for the Nonlinear Aeroelastic Analysis of Joined Wings

mechanisms. The nonlinear structure might develop limit cycle oscillations or other
nonlinear dynamic mechanisms. The fact that the two wings (rear and main) are
joined complicates things. The type of joint and its location will be important. And
then, of course, whether linearized or nonlinear aerodynamic modeling is used might
make a difference too, depending on how large the deformations of the configuration
are.

The fundamental nature of such questions, and the lack of thorough understanding of
joined-wing aeroelasticity issues, call for basic research using mathematical models
that can capture the important physics of the problem and that yet are simple
enough to allow quick and user-friendly generation and provide guidance during the
development of possible simple scaled-models for experiments.

Here, a simple and efficient nonlinear structural modeling capability developed for
the fundamental study of simple plate-like lifting surface configurations undergoing
moderate nonlinear deformation and oscillation is presented. General 3-dimensional
configurations made of lifting surfaces and control surfaces can be modeled. The
discretization of the differential equations describing the structure is based on a Ritz
technique, using global function bases for the different lifting surface segment. With
the capability to calculate deflections and rotations at any point on the structure
using the global Ritz functions, the problem of transformation between structural
and aerodynamic grids - one of the fundamental problems of Aeroelasticity - is
greatly simplified.

11.2 Description of the Structural Model

The mathematical model is built by assembling nonlinear solid-plate elements
(denoted as wing segments). Boundary conditions and compatibility constraints
used to connect different segments to one another are imposed by a penalty function
method [71]. The physical meaning of the weights used for the penalty terms is that
of physical springs. This discretization is shown in figure [11.1. Wing segments are
modeled as solid thin plates, with planar cross sections remaining planar and staying
perpendicular to the plate’s reference surface. Nonlinear behavior is studied using
the von-Karman plate theory for moderately-large displacements:

_ 1,2
Exz = U, + W7,
_ 1,,2
Eyy =V, T 3W, 5 (11.1)
1 1
g'ry = § <u7y _I— ,Uyz) + §w7zw»y

In accordance with the Classical Plate Theory, it is also assumed that each layer
(lamina) of the plate is in plane strain:

Erp = sy = €, = 0. (11.2)

189



11 — A Nonlinear Structural Model for the Nonlinear Aeroelastic Analysis of Joined Wings

Joined wing Boundary conditions
imposed by springs

Figure 11.1. Joined wing discretization using trapezoidal wing segments.

For the displacement field, CLPT (Classical Plate Theory) is based on:
u(z,y,2,t) = uo (z,y,t) — 2wy, (z,y,t) ,
v (2,y,2,t) = vo (v,y,t) — zwo, (T,y,1) (11.3)
w (x,y,2,t) = wo (z,y,t) .

Multiplication of the equations of equilibrium by virtual displacements, and
integration over the plate’s volume lead to the virtual work principle in the form

/Uij5€ij dv —i—/pﬁi(Su,- dv = /Tiéui ds, (11.4)
v v 5
where T; is the traction force per unit of area. For the layer-by-layer plane stress
case, the last equation can be written as

J (0200€00 + 0yydeyy + T2y07ay) dv + [ p (idu + 60V + Wow) dv =

v v

(11.5)
= [(Tyou + T,0v + T,6w) ds.
5

Using a general linear material law for plane-stress®, the previous equation becomes:

/5€T§sdv + /pé’u,T'i'Ldv = /5uTTds. (11.6)
\% \%4 S
1 The Hooke law is: o
o = Qe¢,
where:

o = [04s Oyy Uzy]Tv € = [exa Eyy %y]T7

Qu Qi Qi

6 = @12 @22 @26
Qs Qa6 Qs
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The strains can be written as (equations (L1.1) and (11.3))

€ =€, — 261, + Ens (11.7)
where:
1,2
uO::c wo,:cx 5 O,Z
_ _ 12
€y = Vo,, , € = Wo,,, , Epl — iw()’y . (118)
U, + vo,, 2wy, W, Wo,,

Carrying out the volume integration, first with respect to z and then with respect
to x and y and using the matrices:

A= [Qdz,

L (11.9)
D = [2°Qdz,

I3

yields, in the case of symmetric layups?,

/5€T@€ dv = /&:%Aslo dazdy + /5€£A€nl dal:dyjt/(kZDe'-:l1 dazdy +
J

T,y T,y x,y
/ b, Ay, drdy + / de) Ay drdy. (11.10)
x,y T,y

11.3 Ritz Discretization

Solutions for the displacement field are sought by using a set of Ritz functions as
generalized coordinates:

ug (2,y,t) = F{' (2,y) qu, (1) + F5' (2,y) qus, () + . + F (2,9) quy, (1)
vo (@,y,t) = FY (2.y) qu, () + F3 (2.9) qus () + . + FR, (3.9) Guy, (1), (11.11)
wo (z,y,t) = F1" (2,Y) qu, () + F5° (2,Y) quy (1) + .. + FY (2,Y) quy, (1) -

Here, following [72]-[77], polynomials of the type z5y" are used as Ritz functions to
create complete-polynomials.

It is well known that simple polynomials lead to ill-conditioning when used as Ritz
functions, as terms with high powers r and s are present alongside low-order terms.
However, simple polynomials lead to a greatly simplified problem formulation, and,
if a configuration is divided into small segments where low-order polynomials are

2The reference plane z,y is the middle plane of the plate.
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used, ill-conditioning is not a problem.
Using a more compact notation, the displacement field (equation (I11.11)) is
expressed as

ug FTooT v a.
vo | =|oT F'T ovT |.| q, |. (11.12)
wo OuT OvT FwT q,

Substitution into equations (11.8) and (11.10) leads to
/5€TQ€dU = 0q"Ki,q +0q" K g+ 6q" Ki,1,q +
14

+ 6¢"K,1,9 +6q¢" Kinq. (11.13)

The details of the computation of the different stiffness matrices are given in
appendices N and O. Because of the simple-polynomial nature of the Ritz function
used, all volume integrals over trapezoidal plate segments can be carried out
analytically without any need for numerical integration.

For a symmetric layup and uniform density, the inertial terms are

/péqu dv=6q" Mg + 6q" M?g. (11.14)
7

The virtual work equation (equations (11.10) and (11.13)) now takes the form
5qT [Klol() + Klonl + Kl1ll + Knllo —+ Knlnl] q—l—(qu [Ml —+ MQ} q = 5[/5, (1115)

where 0L, is the external virtual work.

11.4 Imposition of the Boundary Conditions

Stiffness and mass matrices are calculated for each wing segment separately in local
coordinate axes for the segment. In assembling a configuration from segments,
boundary conditions have to be imposed as well as compatibility conditions between
segments. The following boundary conditions have to be imposed:

e Boundary Condition 1
Displacements and rotations between two adjacent wing segments must be the
3
same”.

3 There is an important exception. In some joined wing studies, it could be interesting, for
example, to impose only the same displacements in the joint and compare the results with a case
where the rotations are also imposed.
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e Boundary Condition 2
Displacement and/or rotations have to be zero at points or along the lines
attached to the ground.

One of the essential features of the finite element method is that generalized
displacements are actual physical displacements and rotations of element nodes. By
adding to the proper locations on the global stiffness and mass matrices stiffness and
mass contributions of elements that share the same nodes, compatibility of motion is
guaranteed at those nodes. But compatibility of motion is not guaranteed along the
common edges of elements, and what convergence characteristics ”compatible” or
”incompatible” various plate elements have is one of the most challenging problems
of plate and shell finite elements.

By using a penalty function technique (Ref. [71]) to impose compatibility along
the sides of adjacent plate elements, relating the Ritz functions to nodal motions is
not needed. Any order of Ritz functions can be used over a plate segment, while
element-to-element attachments are enforced by lines of stiff springs - the physical
meaning of the penalty terms used to enforce the compatibility constraints.

To do that, it is sufficient to put adequate number of springs along the edges between
two adjacent wing segments. In order to impose compatibility of the rotations
between two wing segments, if only translational springs are used, it is sufficient to
place translational springs in different positions along the thickness.

Consider a simple case where two points, 14 on wing segment A and 1z on wing
segment B, have to be linked by springs (figure [11.2). The procedure is based on
these steps:

o Step 1
The displacement field at point 1,4 in the local coordinate system on the wing
segment A is considered.

o Step 2
The global coordinates of the same point are determined by multiplying the
local coordinates by the geometric transformation matrix from local A axes to
global axes.

o Step 3
The same procedure is applied to point 1z on the wing segment B.

o Step 4
The potential energy of springs linking the x — y — 2z motions of points 1,4 and
1p is written as
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Wing segment 4

X4

Figure 11.2. Imposition of boundary conditions by springs.

T

. Up 4 Ul k’; 0 0 Uy 4 Urg
U= 5 V14 — Vig 0 k; 0 V1,4 — V1p
W1 4 g Wig g 0 0 k’; Wy 4 g W1 p g
(11.16)

The subscripts ¢ in the previous equation indicate that the displacements have
to be referred to the global coordinate system.

Step 5

Substituting the Ritz function series approximations for the displacements of
14 and 15 in axes A and B, respectively (equations (L1.11) and (11.12)), and
using the subscripts A and B for the generalized coordinates on the wing
segments A and B, the potential energy can be rewritten as

U= [ah (Ko an+ ah (Ks) @ + af (K3) @+ @b (K3) ?B] :
11.1
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The quantities K%,, K%, K%, and K%, are the stiffness matrices that
have to be added to the total stiffness matrix in locations corresponding to
generalized coordinates q 4 and qp (figure [11.3).

Nea N Nya Nyg Ng Nyg Ny Noe Noe

Figure 11.3. Example of imposition of boundary conditions by springs.

11.5 Analytical Integration

One important advantage of the usage of Ritz functions in the form z*y" is that it
is possible to use analytical integration to calculate the integrals over a trapezoidal
domain (the middle surface of the wing segment).

Consider a wing segment in which two edges are parallel to the local z axis®, as
shown in figure [[1.4. The front and rear (aft) lines depend on the coordinates of
the vertices of the trapezoid and are defined by the equations:

rr (y) = Fiy + F,

(11.18)
z4(y) = Ay + A,
where:
F) = “ER=2ZFL
YrR—YL ’
F, = LFLYR—TFRYL
R (11.19)
Ay = TAR=TAL
YR—YL
Ay = ZTALYRZTARYL
YR—YL

4Tt is always possible to divide the wing into segments with this characteristic without losing
generality.
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Figure 11.4. Analytical integration.

The integral of any simple-polynomial term with powers r and s over the wing is of
the type:

Y=YR TJC:»’CA(Z/) s 1 Y=YR . si1 541
I (rs) = [y [ wdady=25 [y [wa@)™ —ae ()] dy =
y=yr  z=zp(y) Y=yL

Y=YRrR v=yn
B Sﬂ%l Sy (Auy + AT dy—s—l—% [y (Fy+ F)* ™ dy =

Y=yL Y=yL
Y=yr Y=yr
= é J oyt (A + Az)s dy — % Syt (Fy+ FQ)S dy.
y=yL y=yL

(11.20)
The last two integrals can be calculated by using the recursive formulas:

R (Ayy + Ay)° SA _
RA A Sd :y 1 2 2 /RA A Sld
/y(1y+ 2)” dy TSt RS o1 Y™ (A + Ag) Y,
(11.21)
B+ (Fyy + Fy)° SF,
R(p FSd:y (1y 2 2 /RF stld‘
/y (Fiy + F2)” dy Rist1 ‘ThRiss1/v Py rh) o dy
(11.22)

A table of integrals of simple-polynomial functions of increasing order is prepared
once for each trapezoidal segments at the start of a simulation run up to the highest
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order needed. Integrals of x* y" over the trapezoid are then taken from such tables
in the stiffness and mass matrix assembly process.

11.6 Solution of the Nonlinear System

Several methods are presented in literature for the integration and solution of fully
nonlinear structural analysis problems ([78]-[87]). In the formulation used here for
the moderately-small deformations of plates, the direct iteration method and Newton-
Raphson method are adopted. While the linear parts of the stiffness matrix are
computed once, the nonlinear parts, which depend on the motion g, have to be
repetitively calculated during simulation. This is done by pulling out of the integral
tables needed integrals of polynomial functions and using them to compute new
nonlinear stiffness matrices (appendices N and O).

11.7 The Selected Test Problems

A number of test cases were selected for evaluation of the nonlinear structural plate
analysis described here. Results of the present capability are compared with the
reported results from literature and with MSC-NASTRAN solutions. In all MSC-
NASTRAN cases, CQUAD4 plate elements were used. The following cases are
analyzed:

e Case 1
Isotropic cantilever plate under uniform pressure (figure [11.5). Static loading.
This case is used to study the convergence of the present method. It is also
used to study the effect of the stiffness of the constraint springs on final results.

o Case 2
Isotropic squared plate supported along its circumference (figure [I1.5). Static
loading. All edges have ug = vg = wy = 0. A uniform pressure load is applied.

o Case 3
Isotropic rhombic cantilever plate (figure [11.0), on which uniform pressure is
applied. The analysis is linear.

e Cuase /
Typical joined-wing configuration (figure 11.0). Linear and nonlinear behavior
are analyzed under uniform loading, as shown in figure [11.6. Natural modes
are also calculated.
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Case 1

Figure 11.5.

Squared plate (edge a)
Isotropic material (v = 0.3)

Boundary conditions:
uo = vo = wo = 0 on all four edges

Case 2

Case 1 and case 2: geometry and notations.
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Figure 11.6.
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Case 4

Case 3 and case 4: geometry and notations.
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11.8 Convergence Test

As shown in figure [11.7, an increased number of wing segments with low-order Ritz
polynomials per segments lead to results that are more close to a solution obtained by
the ADINA code [76] and [77]. It should be noted that the ADINA solution is fully

0.7

W=

0.6

f
0.5 —&—— Present (3 wing segments) ”””’
’ —— Present (12 wing segments) l!lll!l!ll!l!”!

— — — = Present (27 wing segments)

0.4 ——e—— Present (48 wing segments)
ADINA [76], [77]

0.3

0.2

0.1

0 5 10 15 20 25 30 35 40 45 50

Figure 11.7. Case 1: effect of the number of wing segments.

nonlinear and allows large deformation. That is, nodes are allowed to move when
the load is increased. The present solution, based on von-Karman’s plate theory,
assumes fixed local coordinates for segments, and, thus, as expected, it cannot follow
the large-deformation case beyond a certain load level. In the cases shown in figure
11.7, the present modeling technique captures the nonlinear behavior of the plate
up to a normalized load factor of about K=7.

In figure 11.7, 6 Ritz functions are used for the displacements ug, vy and wq of each
segment. Hence, the Ritz function used are F|' = FY = F\* =1, F}) = F} = F}’ =z,
Fy = FY = FyY =y, F = Fp = F = 2% F* = FY = F¥ = xy and
FY =FP = FY =9

Figure [11.8 shows the effect of the stiffness of the springs used for boundary
conditions and compatibility enforcement. As is evident, the solution is not sensitive
to the stiffness of the springs, as long as the springs (penalty weights) are stiff enough
but not too stiff to cause ill-conditioning [71].

Values of k, = k, = k., = aF are, thus, used for all springs. Figure [11.9 shows
that selection of the order of expansion used is very important. A good correlation
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Figure 11.8. Case 1: effect of springs’ stiffness.

with ADINA is obtained by using 12 wing segments, where, for each segment, 6
Ritz functions (quadratic complete polynomials) are used for uy and vy and 15 Ritz
functions are used for wy (4" order complete polynomial).

Note the difference in results between ADINA and MSC-NASTRAN, due, possibly,
to a difference between the plate element formulations used.

11.9 Comparison with Published Results

In figures [11.10 and [11.11) results obtained by the present capability are compared
with results presented in the literature ([88]-[92]). In figure11.10), four wing segments
are used, with 6 Ritz functions for uy and vy and 15 Ritz functions for wq of
each segment. Results obtained by the present capability are denoted by ”Present
MATLAB”. In figure 11.11, the same Ritz functions are used, but nine wing
segments had to be used to have a good convergence for the linear case of the
rhombic wing.
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Figure 11.11. Case 3: linear displacements.

11.10 Structural Analysis of a Joined Wing
Configuration

Fourty two wing segments (21 for each wing) have been used to model the Joined-
Wing configuration of case 4 (figure [11.6)).

Six Ritz functions for ug and vy and 15 Ritz functions for w, were used.

Figures 11.13, [11.14/ and [11.15/ show the natural modes and frequencies obtained by
the present capability and NASTRAN. The correlation is good up to quite a high
natural frequency.

Comparison of static linear and nonlinear displacements under tip load between the
present capability and MSC-NASTRAN is shown in figure [11.12]

Results by NASTRAN and the present code deviate slightly from one another,
starting with the linear case, due, possibly, to the differences in modeling classical
plates between the CQUAD4 element formulation and the formulation used here.
This is not surprising given the sensitivity of nonlinear structural simulations to
element selection, especially in the case of plates and shells. Overall, the present
capability captures the nonlinear deformation quite well.
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11.11 Conclusion

The structural model presented here is capable of well capturing displacements
(linear and nonlinear) and natural modes and frequencies of multi-segment plate
configurations. Several different geometries have been analyzed. In all cases, results
obtained in present study showed good agreement with the published results and
NASTRAN runs. The present capability can capture vibration modes and nonlinear
deformation, including buckling of joined wings configurations. It is general in that
it allows modeling using different sizes of wing segments (from small to large) and
different orders of Ritz polynomials per segment (from high order to low-order).
Some experimentation with paneling (division into segments) and Ritz function
order selection per panel is required when a new configuration is studied for the first
time to determine the best paneling/Ritz function order necessary.

0
0.01 w Present NASTRAN
- Present MATLAB
-0.02
-0.03
-0.04
-0.05
1 ml/
6 g=21-10*N/m 10+ . q
-0.06
0 0.5 1 1.5 2 2.5

Figure 11.12. Case 4: nonlinear results.
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X
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Figure 11.13. Case 4: modes 1, 2, 3 compared with NASTRAN.
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Figure 11.14. Case 4: modes 4, 5, 6 compared with NASTRAN.
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Figure 11.15. Case 4: modes 7, 8 compared with NASTRAN.
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Nomenclature

t

u (z,y,2,t)
v (x,y,2,t)
w (x,y,2,t)
ds

o,
<

SN <D 8 & o

>
g

>
<

e
83

q
FUT,FUT,FwT
M=M"+M*
KlolmKllll
KlonlaKnllo
Knlnl

do

Subscripts

time

x-component displacement
y-component displacement
w-component displacement
infinitesimal area
infinitesimal volume

2%u

ot?

2%

o2

92w

o2 . .

material density

volume

surface

modulus of elasticity

Poisson’s ratio

potential energy

spring stiffness

generalized coordinates

Ritz functions

mass matrix

stiffness matrices

stiffness matrices (linear dependence from q)
stiffness matrix (quadratic dependence from q)
distributed constant pressure

derivative with respect to «

derivative with respect to y

second derivative with respect to x
second derivative with respect to y
referred to the middle surface of the plate
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Appendix A

Exchange Property in a Double
Integral Defined in the Hadamard
Finite-part Sense

Reported here is an original demonstration of the following property:

721(;1 ({8&,::))2 dt) ds :721 (721 ({(_@::)L ds) dt. (A1)

-1 -1

To achieve this goal, the integrals defined in the Cauchy principal value sense have
to be considered (see next section).

A.1 Proof for Integrals Defined in the Cauchy
Principal Value Sense

The following property has to be demonstrated:

7(?5?? dt) ds = 71(+1~’;(f’z) ds) dt. (A.2)

-1

Suppose that the function f is not a constant. Suppose also that f is not constant
with respect to variable . Adding and subtracting the term f (s,s), it is possible to
write

J(Frea o ] (] (22 w0 § L)

-1 -1 -1 -1
(A.3)
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A — Exchange Property in a Double Integral Defined in the Hadamard Finite-part Sense

Notice that the assumption of f being not constant with respect to variable t does
not reduce the generality of the demonstration. Even if the function was constant
with respect to t, but not with respect to s, instead of expression (A.2)), the following
equivalent statement should be demonstrated:

7( ;[1]; (f? ds> dt = 71(“]; (fz) dt) ds, (A.4)

-1 1

and instead of equation (A.3), the following identity should be considered:
+1/ +1 +1/ +1 +1
J (f e q ) dt=J < J (191D as 4 f (1) F L d ) (A5)
1\ S\ 1 21

Back to equation (A.3). The first double integral is regular, therefore, the order of
integration can be exchanged:

+1 /41 +1/ +1 +1
< ft(i’z) dt) ds= [ < ) (7’%’31:5(8’3)) ds) dt + [ (f( )3‘1% ) s.
S\ S\ 1 =
(A.6)
But
+1 1
][Edtzln|1—s|—ln|—1—s|, (A7)

-1

and using the fact that ¢ and s are included in the interval -1,1:
+1 +1 Cf(s.s +1 s
f (jl {(ts) dt) ds = _fl (_fl (%) ds) dt +_j; f(s,s)Ini72ds.  (A8)
Elaborating the first integral:

+1 [ +1 +1 41
i (f f{2) dt) ds= [ dt f fbe)

—1 \—1 -1

1 g
—_fl dt _;,Cl =2 ds+

" (A.9)
+ ) In {2 ds,
_flf(ss)an S

T ) I(t:) et
fl s Ldt ) ds = f dtgC ds—if1 aiflf(s,s)ln|t—s| ds | dt+

+,f1 f(s,8)In 1—;2 ds.
(A.10)
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A — Exchange Property in a Double Integral Defined in the Hadamard Finite-part Sense

Hence:

1/ +1 +1 41 +1 +1
f( ft(t’j)dt> ds:fdtgﬁft(t’j)ds—lff(s,s)ln|t—s|ds} -

! - -1 (A.11)
+ [ f(s,8)In = ds.

1+s

Rearranging:

/ (;[ SS dt) ds = 7dt +1C(f’z) ds. (A.12)

-1

This relation demonstrates that exchanging the variables of integration is correct if
the function is not a constant. Now consider f (¢,s) = const = a. Hence:

/(][t_sdt) ds—a/ln

-1 1

ds =0. (A.13)

Similarly:

/(;[115 ) dt = 0. (A.14)

-1

Thus, it has been demonstrated that

+1 /7 +1 1 /41
/ ( J; (fss) dt) ds = / ( "; @z) ds) dt (A.15)

in all cases.

A.2 Proof for Integrals Defined in the Hadamard
Finite-part Sense

In this case, it has to be supposed that f(¢,s) is not constant, and verify with
direct calculation that the exchange of variables is possible when f(t,s) is constant.
Suppose f(t,s) is not constant. Summing and subtracting the term f (s,s), yields a
Cauchy integral:

—_

+

?(;el(f dt) ds = }1<3cf<“> S5 dt) ds+ (f( $) # il dt) ds.
(A.16)
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A — Exchange Property in a Double Integral Defined in the Hadamard Finite-part Sense

But it has previously been demonstrated that the exchange operation is possible for
the Cauchy integrals, therefore:

1 [ 41 f(t +1 f(t ) +1 +1
| F ds= [ jl )=I(5) qs ) di+ F f(s,s) L dt) ds.
S\ s S 1 o (t=9)
(A.17)
Now a few algebraic manipulations are reported:
11 +1 [ 41 +1 /41
£ (4& L) dt) ds =F <3e s, ds) dt— F (59 fesds ) dt+
21 S1\-1 S1\ -1 (A18)
+1 +1
v ¥ (f (5.5) £ o zdt) ds,
1 S
+1 [/ +1 +1 /41 +1 +1
F(F 8 dt) ds=F [ F [2%ds) dt+ [ L £LYds) de+
-1 —1 (tfs) —1 —1 (tfs) _ dt —1 (t S)
» (A.19)
+ _3% f(S,S) 5£ (t_ls)Q dt) dS,
Vi) () P g
:ji 5% . dt | ds zgli —Tﬁl - ds | dt + g‘i = ds| +
- - -1 (A.20)

Hence,

%(; — ) dt, (A.21)

-1 1

at least for non-constant functions. Now suppose f(t,s) = a. The integral becomes:

7[(% e dt) ds=7f (_1+§;(1+8> ds = —In2. (A.22)

-1

Similarly:

f(jll(tfs)zds) dt:zé (—1+§)a(1—l—t) dt=—m2.  (A23)

-1

Thus, the property is demonstrated for all cases.
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A — Exchange Property in a Double Integral Defined in the Hadamard Finite-part Sense

Observation 34 If the function f is zero at both endpoints, the following property

is valid:
+1

/ (7421 ({Efaj))Q dt) ds = 71 (7421 ({85’(:))2 ds) dt. (A.24)

-1 \~1

This is possible because the external integral is not singular at the endpoints (the
function is zero at those points). Therefore, the external integral does not have to
be defined as Hadamard finite-part integral.
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Appendix B

Normalwash in a Biplane. A
Geometrical Approach

Consider figure B.1. At point P on wing 1, vortex 7o, (yq) dyg induces the velocity

A
% z
| Yu
<5 T dy Lifting line wing 1
a ifting line wing
Ze
- Y H
o
Lifting line wing 2
y2x(yd )dyd

Figure B.1. Induced velocity calculation using geometric method.

Vo = Yoo dygi X 5 = —— 2 <_ H__ 54 v k)d.
Vz2 Yz2 AYq 47r 47r\/(y—yd)2+H2 \/(y—yd)2+H2J \/(y—yd)2+H2 Yd
(B.1)
At the same point, vortex vy, (y4) dyg induces the velocity
v1d
_ a1 %Yd (B.2)

T A (?J - yd)
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B — Normalwash in a Biplane. A Geometrical Approach

From these relations, it is deduced that:
dun (y) = V'YxQ : k + V'Yarl’ (B3)

where du,, is directed along +z. Using the previous equations:

duy (y) = Va2 dyam + Va1 dYa :
A7 ((y — yd)2 + H2) 47 (y — Ya)
Remembering that v,, = —dﬁigd), Va2 = —Mji;gd), and integrating:
+bw +by Al (yq)
U () = s / (y — va) dl” (ya) dyg — 1 7[ dyilzd dyq. (B.5)
Ar ) ((y—va)’ + H?) dya Am J (Y — )
Integrating by parts:
+buw +bw
(y—ya) _ dI'(ya) _ (y—ya)
_{w (—ya)*+H?) dyamr dya = [F (va) ((y—ya)*+H?) —buw "
B.6
o +fwa (y ) ((y_yd)z—H2> dy ( )
S Y (et T
+by Al (yq) by  Fbu
By = l I'(ya) r 4 Ty, (B.7)
(v =wa) v=va)l o, 4 —wa)°
The circulation is zero at the tips and the following relation® is valid:
my
PV () = —pm () = T () = ~ "2, (B3
As a result,
+by +bw 2 2
Gt 1) 41 (ya) dys = R (ya) ((y o ) dyas, (B.9)
= 5 dya, .
“bu ((y —ya) + H2> dya Voo 3, ((?J —ya)' + H2)
+bw +b’w
1 dl (ya) 1 1
dya = — 7[ m (Ya) ——3 dya- (B.10)
_7{0 (v — ya)  dya Voo | (v — ya)*

Substituting equations (B.9) and (B.10) into (B.5), the same relation as (5.34) is
obtained. The same procedure can be applied for the velocity induced on the wing
2.

!Notice that the doublets have been chosen with axes along +2z. This explains the negative sign
in the next expression.
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Appendix C

Minimum Induced Drag in a
Biplane: Euler-Lagrange
Equations

The functional is

J ((ml)opt (-) + o001 (+), (m2)opt (-) + 06, ()) _

+bw +b’w
_ __ _Poo
- 4wV f

[(m1) o1 (¥0) +061 (ya) | [(M1) i (W) +061 ()]
(y—ya)®

dy dyq+

w _bw

o -‘rfbw +bw [[(ml)opt(yd)JrU& (yd)][(mz)opt(y)+062(y)]+[(m1)opt(y)+a61(y)] [(mg)opt(yd)+g52(yd)”
A by —by ((y*yd)2+H2)2

Fow bw [(my), () +062(y)] [(ma2) g, (va)+002(ya)
((y—a)® = H?) dydya— 15 | F (2l Q?y]_[yd; o) o200

(C.1)

2
[e%]
—Yw _bw
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C — Minimum Induced Drag in a Biplane: Euler-Lagrange Equations

The derivative with respect to ¢ of the functional is:

LT (M) () + 001 () (m2) g () + 002 (1)) =

e +fbw ;gw 81(ya) [((m1)ope () +081 (1)) |+ [(mnopt(yd)wa(yd]al (v) dy dyg+

4nVZ by b (y—ya)®
+bw +bw _61<yd)[(mz>o (W) +082(y)|+](m1), t(yd)w&(yd)]«my)_ 5
_ _poo ! 3 i L ((y — ya)® — H?) dy dyg+
4TV2 b —bu ((y—yd)2+H2)2 ((y yd) ) Yy dyq
b+ [ 5100 [(2) e )02 0) |11 (0) 81 ()] B2 0)| N
_47[;\/020 7{10 b ] ((y—yd)2+H2)2 - ((y —ya)" — H ) dy dyq+

oo T ow ;gw <62<yd>[(<m2>opt(y>+aaz<y>)] [<m2>opt<yd>+oaz<yd>]6z<y> d ) dya.

T 4nv2 b b (y—va)?
(C.2)
Setting o = 0:
Fhw Hbw 51 () (m1) g (8)+ (1) g (9231
d — _ P 1(Yd 1)opt\¥ 1otyd1
(5], = it 1 F T ) dy dya+
_ b *j’w B0 (81 (9a) (12) g (8)+ (1) g (82) 32 () 401 (1) (702 g (Ua)+ (M0 ()02(a)]
VS b ((v—va)*+H2)"
+bw +bw 5 m )+ (m2) oy (ya)d2
. ((y _ yd)2 _ H2> dy dyd . 47/1?%/0020 f b < 2(ya)(m2),p ((;/) yi) 2)opt (¥d)02( dy> dyd

(C.3)
But it is easy to demonstrate the following equations (see chapter 2 and appendix

A):

[ ”"“fi,’”;() Dop W) 4y qy, = " 22 (;( va >°L dydys, (C4)
Fow b 5y (ya) (m2) s (v) + (2)opy (4a)2(4) Fow tbe 5 (ya)(ma) o,
_{w _?,i (Y—va) dy dya = _fw _3& 2W dydya,  (C.5)
+bfbw +bfbw [51(yd)(mQ)opt(y)"F(ml)opt(yd)62(y)'g(éyl(_yy)j';zz_);;;zd)-i—(ml)Opt(y)()’Q(yd)]((y_yd)2_H2) dy dyy —
Fow Hbw 151 (ya) (m2) e (1) +02(5a) (1) o ()| ((—va) 2~ H?)
N —{w —{w ’ ] ((y—yd)%rH;)2 dy dya.
(C.6)
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C — Minimum Induced Drag in a Biplane: Euler-Lagrange Equations

Therefore, the derivative is

How b (5 () (ma)o () | S2(ya)(ma), (1)
d — _ _Poo 1(Ya)(m1)ope (Y 2(Ya)(m2) o, (¥
[do’ J] o=0  27VZ 7{1” 7fw ( (y*yd)z + (yfyd)Q > dy dyd+

(C.7)
e D B 51 (ya) (ma2) o (1) 402 (va) (1) o3 ()] (y—va) = H?)
Ve ((y—va)*+H2)’

dy dyd .

w _bw

Now the condition of fixed total lift is taken into account using the Lagrange
multiplier method. The condition has to be manipulated as reported below:

_ +bw +by
L= —pu _f m1 (Ya) dya — poo _f my (Ya) dyq =
L) = =pe | M@ A7 = p | ma(@) a7 > (©8)
' (Ya) + poctmi (Ya) + poomz (ya) = 0.
Settin
o L) =10t 08 () o€ (-L1),
m (+) = (M) () +001 () o€ (-11), (C.9)

ms ()

the condition becomes

(M2) gp () + 002 (*) oe(=11),

U (Yd) oy, + 0% (Ya) + Poo | (M1) oy (Ya) + 001 (Ya)| + Poo | (M2) gy (a) + 702 (ya)| = 0.
(C.10)
Its derivative with respect to ¢ and calculated for o = 0 yields:

03 (Ya) + Pooli (Ya) + pocda (ya) = 0. (C.11)

Multiplying this expression by A (y4), integrating by parts® the term containing
0% (ya), and summing with equation (C.7), the result is:

+bw +bay

. pe 61(Ya) (M) oy (¥)+02(ya) (M2) o ()
0= 2nVE, _{w _?i (v—va)* dy dya-+
Fow Fbw 61 (ya) (m2) o (8) 462 (5a) (m1) oy )] (—va) >~ H2) Hw
_ _Px opt opt _ !
+bu +bu
+poo [ A(Ya) 01 (Ya) dYa + poo { A (Ya) 02 (Ya) dya.

(C.12)

Notice that | (¥ = b,) = L and [ (§ = —b,,) = 0.
2 Notice that d3 (+by,) = 63 (—by) = 0.
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C — Minimum Induced Drag in a Biplane: Euler-Lagrange Equations

The Euler-Lagrange equation leads to a system of three equations containing the
unknown functions A (ya), (m2),,, and (m1),,. It can be observed that the functions
01 (Ya), 02 (ya) and O3 (y4) are arbitrary functions. Thus, it can be written that

(52 (yd) = 51 (yd) =0= )\ (yd) =0= A (yd) = cost. (Cl?))

Using this result:

Fow 0w 5, () (m1) e (¥)+02(ya) (M2) e ()
— _ _Px 1Yd 1)opt\Y 2\Ya 2)opt \Y
0= 27VZ, b _?i (y—ya)? dy dya+

. +fbw 0w 61 (ya) (m2) s (V)82 (ya) (1) o ()] (W) — H?) dy dya+ (C.14)

27VE b (w—va)*+82)’
FPooA [ 01 (Ya) AYa + Poc { (ya) 02 (ya) dya-

Now imposing 95 (yq) = 0:

+bw [+bw 01 (yq)(m1),. (v) +bw 81 (yq)(ma) (y)((y—yd)Q—HQ)
Poo M opt
2V —{w (—?i (y—ya)® dy + _{w ((—ya)*+H2)’ dy | dya+

o (C.15)
+PooA { 01 (ya) dyq = 0.

Elaborating this expression yields

+b, +b +b 2 2
w g RE )@ 4 pe TP (ma)en ) (y—ya)*—H?) B
_{w 01 (ya) K 2mVZ _t (y—ya)® dy = 5z _{ ((y—ya)?+H2)" dy ) + poch| dya = 0.

(C.16)

Because the function §; (y4) is arbitrary, in order to satisfy the equation, the quantity
in brackets must be equal to zero:

+b +b 2 2
e R m)en®) 1 pe TR (ma)ep ) (y—ya)*—H?) _
2V —:{i (w—va)* dy 2V —‘z{ ((y—ya)*+H2) dy + pocA = 0. (C.17)

w

Now imposing d; (y4) = 0 and using similar algebraic manipulations:

+b +b 2 2
_ _Pco W (Mm2)opt (¥) _ pe w (m1)opt(y)((y—yd) —-H ) _
2V —i (v-va)® dy 2V —{ ((yfyd)2+H2)2 dy + pocr = 0. (C.18)

w

The last two expressions are the Euler-Lagrange equations for the biplane.
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Appendix D

Elliptical Annular Wing with
by > ay. Orthogonality of the Used
Coordinate System

In order to demonstrate this property, the tangent vectors at the intersection of
an ellipse and a hyperbola have to be calculated, and the fact that they are
perpendicular to each other have to be shown.
Consider the curve 1) = 9. It is an ellipse of equation

2 2

Y < 2
= — =" D.1
cosh? ¥ * sinh? ¥ ¢ (D-1)

Notice that the previous equation is always defined because 1) > 0. Setting ¢ = @
and supposing ¥ # k7, a hyperbola of equation
2 2

Y < 2
T — D.2
cos?p  sin’p ¢ (D2)

is defined. The ellipse and hyperbola intersect at point

7 = ccosh 1) cos @,
7 = csinh ¢ sin p. (D3)
The equation of the tangent of the hyperbola at that point is
27 2z
— -7 —-z)=0 D4
re =l e S CRLR ] (D.4)
while the equation of the tangent of the ellipse at the same point is
27 2z
—==W—7 — zZ) = 0. D.5
COSh2 ¢ (y y) + Sinh2 ¢ (Z Z) ( )



D — Elliptical Annular Wing with b,, > a,,. Orthogonality of the Used Coordinate System

The vectors parallel to the tangent lines are, respectively,

Vi = <5=j + —4-k,

sin? @ cos?p

~ (D.6)
VEZ - 51112}1Z2 ﬂ‘] - coszli/QE ’
Their scalar product is
52 7
Vi Va =4 — — = . D.7
hop : <sin2 Psinh®¢Y  cos?@cosh? ¥ (D7)

Using the expression of 7 and Z:

sinh?¥sin?%  cosh? ¢ cos? @

Vhyp Vg = 4¢? ( ) =0 VE o) 75 kg (DS)

sin psinh®y  cos? B cosh® Y

Thus, the orthogonality is demonstrated for all cases”.

In the particular condition of B = k%, there are horizontal or vertical lines, and they are
perpendicular to a generic ellipse. Hence, the orthogonality is valid in all cases.
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Appendix E

Elliptical Annular Wing with
by > ay. Some Useful Derivations

Cartesian Distance

In order to write the small perturbation acceleration potential, the cartesian distance
between a generic point P(z,y,z) and a point Py(4,y4,24)" on the lifting line w,
where the generic doublet is positioned, is needed. The distance is

D= /(w—2a)’ + (y — ya)* + (= — )" (E1)

The lifting line is contained in the y — z plane, thus x4 = 0. With the position
x = cX and using the new coordinate system:

D= c\/(X2 + (cosh 1 cos o — cosh 1y, cos pg)* 4 (sinh 1 sin ¢ — sinh 1, sin gpd)z),

(E.2)
where the relations valid on the lifting line w have been used:
Ya = ccosh 1/}10 COS Yq 0< Pd < 27T7 (E 3)
zq = csinh ¥, sin g4 Uy > 0. '
The cartesian distance can be written in another way:
1
D=c [A (X>¢790>¢w7€0d)] 2 y (E4)
where
A = X% 4sinh®¢ + cos? ¢ — cosh (¢ — 1by,) cos (¢ + pg) +
— cosh (¥ + 1by) cos (¢ — @q) + sinh? 4, + cos? @g. (E.5)

!The point Py is characterized by ¢ = @g4.
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E — Elliptical Annular Wing with b,, > a,,. Some Useful Derivations

Cosine Directions of the Normal to the Lifting Line

The lifting line is studied considering a doublet distribution m. Each doublet has
axis which has inward direction to the ellipse and is perpendicular to the lifting

line (figure [E.1).

Axis of the doublet

Zd

A

Z A

The straight line perpendicular to the ellipse, where the generic

Lifting line

Figure E.1.

doublet is positioned, has the equation

Positive direction of the doublet’s axis.

2y4 224
— — — = 0. E.6
o o (Y =) + o (2 — za) (E.6)
From that relation, a vector perpendicular to the ellipse has the expression
<d Yd
Via= k. E.7
T sin? v~ cos? g (E7)
Using relation (E.3):
csinh ¥, siny,. ccosh, cos
V= CSnhGusinga w2 Py (E.8)
SIm™ Qg COS” ©q
Therefore, the vector
inh ¢, h v,
Vi = Sy €Oy (E9)
sin g COS Pq

is perpendicular to the ellipse at the point characterized by y = yg, * = x4 = 0,
z = z4 and ¢ = ¢y4. Normalizing the vector expressed in equation ([.9):

VJ_el =

\/ cosh? ¢, — cos? ©d_

|sin g [cos @4l
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E — Elliptical Annular Wing with b,, > a,,. Some Useful Derivations

Slll.’lh P cosh 1y
\Va _ sinpg s COSPd e s
- Vi " Vie
V., — |sin g [cos @q|  sinh )y, , |sin @g| [cospg|  coshiby, k. (E11)

\/ cosh? i), — cos? g sin g \/ cosh? i), — cos? pg €05 ¥d

From this equation, it can be deduced that vector ng, perpendicular to the ellipse
where the doublet is positioned, is

ny— —_ Cospasinhdy o sinpgeoshyy o (E.12)

\/ cosh? 1, — cos? @, \/ cosh? 1y — cos? g

It is easy to verify that the direction of vector ng is in accord with figure . 1. Clearly,
from the previous expression, it can be written that:

Ndy = 07

inh 4,
gy = — cos pg sinh 7 (F.13)

\/ cosh? b, — cos? @
sin g cosh ¥y,

\/ cosh? 1), — cos? c,pd.

Ng. = —

Now, the small perturbation acceleration potential can be written.
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Appendix F

Elliptical Annular Wing with
by > aqy. Weissinger’s Condition

F.1 Mathematical Derivation

Weissinger’s condition is

1 (100 (X 3h,p,00)
—a(p) = K (h o0 >X2X0;¢:ww , (F.1)

where X, = i In order to calculate the derivative of the small perturbation velocity
potential, the small perturbation velocity potential is written as

2

1
O(Xipthn) = oo [ Mg o (ptha) - fo (Xpiosb) dpa,  (F2)
0
where:
£y = (sinh(-+ ) cO3(p—pa) —sinh () cos(p-+pa) —sinh 2, _ N
2 sinh? 1)+cos2 p—cosh(Y—1)u ) cos(p+pq) —cosh (Y-+ihuy ) cos(@—pq)+sinh? ¢, +cos? g D>

fs = ﬁ + 1,
N = (sinh (¢ + ¢ cos (¢ — @a) — sinh (Y — ¢y) cos (@ + @a) — sinh 2¢,),
D = sinh? ¢ + cos? o — cosh (¥ — 1)) cos (¢ + pg) +

— cosh (1 + 1) cos (@ — pg) + sinh? b, + cos? @g.

(F.3)
In the derivative of the small perturbation velocity potential, the following quantity
appears:
0 0 0
[W (f2- fB)] = laj;f 3+ fzaf?)] : (F.4)
Y=1u; X=Xo w P=1hw; X=Xo
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F — Elliptical Annular Wing with b,, > a,,. Weissinger’s Condition

Now, the principal algebraic operations are shown:

[Ny—y,, = —sinh (2¢) (1 = cos (¢ — ¢a)) ,

¢:¢w
[D],_y,, = sinh? ¢y, + cos? @ — cos (¢ + pq) — cosh (2¢y,) cos (p — @g) +
+sinh® ¢, + cos? o3 = 2 (Hs) (1 — cos (¢ — pq)) ,

_ —sinh(2¢w)
[foly=y, = 2(Hs)

[fslympux=xo = 78 + 1

_%—Jlb:% =2 (cosh2 €08 (p — gq) — oS p cos gpd) :
82] oy, = sinh (20) (1 —cos (p = pa) = = [N],_y,,
%} _ cosh? 1), cos(p—pg) —cos @ cos pg + sinh? 1, cosh? ¥y,
L OV Jp=rp, (Hs)(1—cos(¢—¢a)) (Hs) ’
{%} __ __ Xocoshiy sinh ¢wgl—cos(gp—cpd))

¥ Jp=gpu, X=Xo (He)2 ’
{fQ%} _ Xo cosh? 9y, sinh? ww(llfcos(goftpd))

O | =y, X=Xo (Hs)(Ho)? ’

(55 18] o, = (IR s (g + 1)

H; = sinh? 1, + sin? %,

He = X2 +2 (Sinh2 1y, + sin? %) (1 —cos (¢ —wa)) -

(F.5)
Notice that the term {8f2f Lp XX contains the singular term inﬁ (when ¢ = @y,
it reaches infinity). Thus, [af 2 fa Lp o XX is rewritten in the form
“Yw,A=A0

% . % o [ah‘| R
[8¢ 31 Y=1)w,X=Xo N ([0@0] f3) V=, X=X * ( 877ZJ f3 S ’ <F6)

where the superscripts ”S” and "R” indicate "singular” and "regular”, respectively.
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F — Elliptical Annular Wing with b,, > a,,. Weissinger’s Condition

F.2 Treatment of the Singularity

s
The is to isolate the singularity from the term <[%{j] f3> . That term is:
=, x=X
dfa S _ cosh? 4y, cos(p—pg)—cos pcos g [ X
([81/;} f3>w:¢ N—x a (Hs)(1—cos(p—¢pa)) (\/136 ™ 1) : (F.7)
w,X=Xq

In a compact form:

S 2
ofa __ cosh® vy, cos(p—pg)—cospcospg  [f3(Xo0,0:%w,Pd)
<[37/1:| f3) bty X =Xo - (Hs) 1—cos(p—pq) (FS)

Using the following identity:
f3 (XO,SO,@bw,SOd) _ f3 (X0790a¢w790d) - f3 (X0790a¢w790) + f3 <X07907¢w?(10)

— ., (F.9
1 —cos (¢ — ¢a) 1 —cos (¢ — a) 1 —cos (¢ — ¢a) (£-9)
where
f3 (Xoa%l/fw#) = 27 (FlO)
X w) - X Wy Pws
fs (Xopwipa) = f3 (XKoo thurp) _ (F11)
1 —cos (¢ — ¢a)
. =2(Hs)
f[ - (X0+¢m)ma (F].Q)
thus,
X ) b w
1 —cos (¢ — ¢a) 1 —cos (¢ — ¢a)
Using expression ([.13), equation (F.8) becomes:
Ofa Sf) _ cosh? 4y, cos(go—gpd)—cosapcoswdf
3 = 7+
(L’W} b=thu, X=X (Hs) (F.14)

+92 cosh? 1)y, cos(p—pq)—cos ¢ cos pg
(Hs)(1—cos(p—pa))

The second term, which appears in the previous equation, can be simplified more.
Considering the identities

9 cosh? 4, cos(p—pg)—cos pcos pg 2 cosh? 1, cos(yp—pq)—cos @ cos pg—(Hs) + 2
(Hs)(1—cos(p—pa)) o (Hs)(1—cos(p—wpa)) 1—cos(p—¢q)’

(F.15)
cosh? 1, cos (¢ — @q) — cospcos pg — (Hs) = _(COSh(ww))(Ql_COS(“”_‘“)), (F.16)

it can be deduced that

cosh? 1y, cos (¢ — @q) — cospcos g —cosh (2¢,,)
(Hs) (1 — cos (¢ — ¢a)) - (Hs) 1 —cos (p — )
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Finally, equation (['.14) is rewritten as

39 () (Hz) | T-cos(opa)
(F.18)

({%}ng) _ cosh? 1)y, cos(¢p—pq)—cos @ cos pg . f[ _ cosh(2tw) + 2
Y=, X=Xo
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Appendix G

Normalwash in an Elliptical
Annular Wing with b, > a,. A
Geometrical Approach

Suppose that the circulation I' (p) is known. The normalwash at a point on the
ellipse induced by the vortex -, is

2 (S
747<r7°d> cos ¢ dsg, (G.1)

du,, =

where r indicates the distance between the point characterized by ¢4 (where the
trailing vortex v, (sq) dsy is positioned) and the point characterized by ¢ (where the
induced velocity is calculated). For more details see figure (G.1.

But the following well known formula (see figure (G.2) is valid:

B drI’ (Sd)
de

Ve (8a) = ; (G.2)

recalling the relation dsy = C\/ cosh? Yy — c0s? pg dpg, equation (G.1) becomes

dI'(¢q)

du, = —% cos ¢ dpy. (G.3)

The following is a step by step calculation of all terms that appear in equation ((.3).
o Step 1
Finding of the expression of distance r.

It is seen as the modulus of the vector that links the points (see figure (. 1).
This vector is the difference between the position vectors as reported below:

r =V (p) = V(pa) = c(coshtp,) (cos p — cos pa) j+

(G.4)
+ ¢ (sinh ¢, (sin ¢ — sin p,) k.
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S
A Z
i\ \
X bz n.\ \n,
«(sq)ds
s (sa)ds Yx(sa)dsa
F(Sd) o (0F]
; 3
xR %V&
Figure G.1. Induced velocity by the vortex v, (sq) dsq.
Y. (s.)ds,
I'+dr
Figure G.2. Bounded vortex and trailing vortex.
Hence:
. . +
r= c\/Q (smh2 1y, + sin? 90290d> (1 —cos (¢ —®a))- (G.5)
o Step 2
Writing of the unitary vector n,,.
n, = i x ; _ (sinh 4 ) (sin p—sin ¢4) .]"_

(cosh 4y ) (cos p—cos pq)

\/2(sinh2 ty+sin? % ) (1—cos(p—¢q))

+
\/2(sinh2 y+sin? % ) (1—cos(p—¢q))
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G — Normalwash in an Elliptical Annular Wing with by, > a,,. A Geometrical Approach

o Step 3
Writing of the unitary vector n, perpendicular to the ellipse in "

n, = — cos @ sinh ¢, o sin ¢ cosh ¢, L @7)

\/ cosh? 1, — cos? ¢ \/ cosh? 1, — cos? ¢

o Step 4
Calculation of cosg.
cos ¢ is determined using the scalar product of the unitary vectors n,, and ng:

— sin 2p+sin(p+pq)—(cosh 29y, ) sin(—p+p4)

24/ cosh? 4y, —cos? Lp\/Q(sinh2 thy+sin? W%) (1—cos(e—pa)) . (Gg)

COSC =1y, ‘N, =

Substituting these quantities into the expression of the induced velocity:

ar . . .
do- (= sin2p+sin(p+¢q)— (cosh 2¢y) sin(—p+¢q))
du,, = — deg dyg. .

" 167r5\/c0sh2 Yoy —C0Os2 a,p(sinh2 Yy +sin? %)(l—cos(w—cpd)) Y (G 9)

Integrating over the lifting line:
2m AL (— sin 2p-+sin(p+pq) —(cosh 24by, ) sin(—p+pq))
= - 1 deq dpg.  (G.10
Un 16770\/cosh2 Yw—cos2p | (Sinh2 Yy +sin? %) (1—cos(p—waq)) vd ( )

Now the variables ¢ and s are changed because they are useful in the numerical
approach and because the notation is more clean. Thus?,

1 4ar . . .
_ 1 i (= sin 2ms+sin 7(t+s)+(cosh 2¢.,) sin w(s—t)) dt G11
Un 167r¢:\/cosh2 Wy —cos?(ms) i (sinh2 Py +sin? ( w ) ) (1—cos(m(t—s))) ’ ( ’ )

Now what remains is to show that the theoretical expression of the induced velocity
(see chapter 6) leads to the equation reported above (equation (G.11)).
In chapter 6, the following expression was found:

Uy = 1 1 :}1 m (t l sinh? P cosh? P +

8cV. ) . o m(t+s) )2
o cosh? Yy —cos?(mws)) —1 (Smh P +sin (7))
Vi ) ) (G.12)

cosh(2tq) 1
2 (sinh? ysin? (2EET)) T (1—cos(7r(t—s>))] dr.

Notice that the vector acts towards the local center of curvature. This is the opposite of the
convention used in the theory.
2Remember that the normalwash is considered positive if it has the same direction as ng.
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Integrating by parts and after a few algebraic operations:

1
1 1 m() — sin(27s)+sin 7(t+s)+cosh 24)y, sin w(s—t) + +

~ 8V \/<cosh2¢w—C052(7rs)) 27r(sinh2ww+sin2(@))(1—005(71’(1&—3))) _1

Unp,

1 1 %21 dm(t) —sin(2ws)+sin w(t+s)+cosh 2e,, sinw(s—t)

" 8cVeo \/(cosh2 ww—cos2(7rs)) 1 dt 27r(sinh2 1/Jw+sin2(@))(1—005@@—5)))

(G.13)
But it is obvious that m(—1) = m(+1)?. Using this result, equation (G.13)
becomes:

U — — 1 —}1 dm(t) —sin(27s)+sin 7 (t+s)+cosh 2¢),, sin w(s—t)
" 8¢cVoo \/<cosh2 Uy —cos? (7r5)) -1 dt 27r<sinh2 ¢w+sin2(ﬂ(tT+S)))(1—C05(ﬂ'(t_s)))
(G.14)
Remembering the relation found in chapter 1:
PVl (pa) = —pm (pa) = m (va) = —VooI (a) , (G.15)
and substituting into equation (G.14)), expression ((G.11)* is obtained.
3 Therefore, the term | - ]'_H, which appears in equation (G.13)), can be written as
m (1) —sin(27s)+sinw(14-s)4-cosh 29, sinw(s—1) —sin(27ws)+sin 7(—1+s)+cosh 29, sin7w(s41) -0
27r(sinh2 ww+sin2(@))(1700%#(175))) 2‘/1'(sinh2 ww+sin2(W))(lfcos(ﬂ'(flfs))) ’

because the following identities are valid:

—sin (27s) +sinm (1 4+ 8) + cosh 2¢)y, sin7 (s — 1) =

= —sin (27s) +sinw (=1 4 5) + cosh 2, sin 7 (s + 1) = —2sin7s cos s — 2 cosh? 1, sin 7s;
27 (sinh2 Yy + sin’ (@)) (I—cos(m(l—13s)))=

=27 (sinh2 y, + sin? (W)) (1 —cos(m(—1—19))) =

12 ‘12
= 27 sinh” v, + 27 sinh” 1), cos s + 27 cos? %WS + 27 cos? %ws COSTS.

4Remember that, here, a different sign convention for w,, is used.
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Appendix H

Annular Wing with b, < a,. Some
Useful Derivations

H.1 Cartesian Distance

In order to write the small perturbation acceleration potential, the cartesian distance
between a generic point P(x,y,2) and a point" Py(x4,ya,24) on the lifting line w,where
the generic doublet is positioned, is needed. The distance is:

D= (& —wa)’ +(y — ya)* + (= — 2a)". (H.1)

The lifting line is contained in the y — z plane, thus x4, = 0. Setting x = ¢X and
using the new coordinate system:

D= c\/(X2 + (sinh 4 cos ¢ — sinh 1, cos pg)* 4 (cosh 1 sin ¢ — cosh 1y, sin gpd)z),

where the relations valid on the lifting line w have been used: )
yq = csinh ), CO8 Pa 0 < g < 2, (H.3)

zq = ccosh )y, sin gy U > 0.

The cartesian distance can be written in another form:
D = c[A (X buspa)] (HA)

where

A = X?4sinh® 9 + sin? ¢ + sinh? ¢, 4 sin? ¢4 +
— cosh (¢ + ¢y) cos (¢ — @a) + cosh (1 — ) cos (@ + pa) . (H.D)

!The point Py is characterized by ¢ = @g4.
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H.2 Cosine Directions of the Normal to the Lifting
Line
The lifting line is studied considering a doublet distribution m. Each doublet has

axis which has inward direction to the ellipse and is perpendicular to the lifting line
(figure H.1). Consider a point where the generic doublet is positioned. The straight

A
z

Lifting line

Axis of the doublet
Yd

\<A

Figure H.1. Positive direction of the doublet’s axis.

line perpendicular to the ellipse at that point has the equation:

2y, 224

cos? @4

(y — ya) + (2 — 24) = 0. (H.6)

sin? g

From that relation, a vector perpendicular to the ellipse has the expression

Zd Yd
Via= H.7
T §in? wq~  cos? g (H.7)
Using equation (H.3):

ccosh iy, siny,. csinhy,, cos
Via= ¢2 LA ¢2 Py (H.8)

sin® g4 cos? @g

Therefore, it is not difficult to understand that the vector

cosh,,. sinh,

V lel = w J + w k (Hg)

sin pg COS ©q
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is also perpendicular to the ellipse at the point characterized by y = y4, * = x4 = 0,
z = zg and ¢ = 4. Normalizing that vector:

\/ sinh? ¢),, + cos? ©d_

Via = - (H.10)
|sin g [cos @q]
co.sh L sinh 1
Vi = sin g i COSPd s
‘ Via ! Vi
V., |sin g [cos pgq|  coshy, , n |sin gl [cos g sin by, k. (H.11)

\/ sinh? 1, 4 cos? @ sl g \/ sinh? 1y, + cos? g €05 ¥Pd

From this equation, it can be deduced that vector ng perpendicular to the ellipse,
where the doublet is positioned, is:

b, . int,
n, = cos @4 cosh ¥ i sin g sin I (H.12)

\/ sinh? 1, + cos? @ \/ sinh? 1y, 4 cos? g

It is easy to verify that the direction of vector ng is in accordance with figure H.1.
Clearly, from the previous expression, it can be written that

Ndz = 07
h
gy = — cos g cosh 1, , (H.13)
\/ sinh? 1, + cos? ¢g
sin g sinh 1,
Ng. = —

\/ sinh? 1, + cos? gpd‘
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Appendix 1

Elliptical Annular Wing with
by < aqy. Weissinger’s Condition

I.1 Mathematical Derivation
Weissinger’s condition is:

1 (106 (X b,00u)
—a(p) = K (h o0 )XXOWww , (I.1)

where Xy = é In order to calculate the derivative of the velocity potential, the
following definition is used:

2

1
(b (quugoﬂ/}w) = S / m (Spd) ’ f2 (¢7g07¢w) : f3 (Xﬂ/}ﬁ@ﬂpw) ngd, (12>
81V J
where:
£y = (inh(-+ ) cO3(p—pa) +sinh () cos(p-+pa) —sinh 2, _ N
2 sinh? 1p+sin? +sinh? 1, +sin? g —cosh(y+1)y, ) cos(w—pq)+cosh(p—ipy, ) cos(o+pa) D>

f3= ﬁ +1,
N = sinh (¢ + 1y,) cos (¢ — @q) + sinh (¥ — 1) cos (¢ + @q) — sinh 2,  (1.3)
D = sinh® 1) + sin? ¢ 4 sinh? 1)y, 4 sin® g — cosh (¢ + 1b,,) cos (o — @q) +

+ cosh (¢ — ¢y cos (@ + @a) -

In the derivative of the small perturbation velocity potential, the following quantity

appears:
[5; (fs- f@] 0fs

%3

+f2%

. 1.4
oy ] p=1hw; X=Xo ( )

Y=1u; X=Xo |~
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Now, the principal operations are shown:
[N]y—y,, = —sinh (2¢y,) (1 — cos (¢ — ¢a)),

(D], = 2(Hs) (1 = cos (¢ = ¢a)) ,

[f2]¢:1pw = _Sgi?;l]:;ﬁwa

fslympux=xo = 7o + 1

_%}w:% =2 (COSh2 Uy cos (p — @g) — sin @ sin gpd> ,

‘o )
50],_,, = sinh (204) (1= cos (p = @) = = [N],_, ,
%} o (COSh2 P COS((p—gOd)—SiIl @ sin (pd) sinh? Yo cosh?2 o
L0V Jp=py (Hs)(1—cos(p—¢a)) (Hs)? '
%} _ _ Xocoshpy sinh ¢y (1—cos(p—¢a))

b L p=apu, X=Xo (Hg)3 ’
f 8f3} _ Xo cosh? 1)y, sinh? 4y, (1—cos(p—pg))

0% Jp=y,, X=X (Hs)(Ho)? ’

_8f2 o cosh? 1y, cos(p—pgq)—sin psin pg sinh? 1y, cosh? ¥y, .
50 3} Y=t X=Xo (e eoinca (Hs)? ) (% 1)

Hj = sinh® i, 4 cos? ££24,

Hg= X2 +2 (sinh2 1y + cos? %) (1 —cos (¢ —¥q)) -

(I.5)
; Ofs ; ; Xo _
Notice that the term { fgh} X=X contains the singular term i (when ¢ = ¢q,
it reaches infinity), Thus, [6f 2 fg} is rewritten in the form
P=1)yy,X=Xo

bl ()
[ sl (a Bl I £ . (L6)

where the superscripts ”S” and ”R” indicate ”singular” and "regular”, respectively.
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I.2 Treatment of the Singularity

S
The goal of this paragraph is to isolate the singularity from the term ([%’ﬂ f3)

Y=, x=Xx,
That term is:
dfa S _ cosh? 4y, cos(p—pg)—sin psin @ (X
(bﬂ f3) _ = gt (e + 1) (L7)
Y=, X=X,
In a compact form:
fs S - (cosh2 Yu cos(cp—gpd)—sincpsincpd) - f3(X0,0%w,04)
([81;} fg)w—l/)w,X—Xo - (Hs) 1—cos(p—pq) * (18)
Using the following identity:
f3 (X0790777Z)w7§0d) _ f3 (X0790777Z)w7(;0d) - f3 (X07Q0a¢w7@) + f3 (XOaQD/éZ)wa(;D) (I 9)
1 —cos (¢ — ¢a) 1 — cos (¢ — @) 1 — cos (¢ — pa)’
where
f3 (Xo,%?ﬂw,@) =2, (IlO)
X w> - X » ¥ Pws
f3 (Xo,0:0w,0d) — f3 (X0, 0w,) — f1, (1.11)
1 —cos (¢ — ¢a)
__ —2(Hs)
thus,
X w
f3< 0790’77D Spd) :fI+ ) (Il3)
1 — cos (¢ — a) 1 — cos (¢ — ¢a)
Using expression ([.13), equation (L.8) becomes:
af S . (cosh2 Y cos(go—god)—singosingod)
(e s), ., = = St
=t X=Xo (L14)
19 (cosh2 1w cos(p—pg)—sin psin <pd)

(Hs)(1—cos(p—¢a))

The second term which appears in equation ([.14) can be manipulated more.
Considering the identities

92 (COSh2 Y cos(p—pg)—sin @ sin <Pd) . 2<:osh2 Y cos(p—pg)—sin psin pg—(Hs) + 2
(Hs)(1—cos(p—pa)) - (Hs)(1—cos(p—q)) 1—cos(p—wq)’
(I.15)
cosh? 1y, cos (¢ — @q) — sinpsin g — (Hs) = _(COSh(w“’))(Zl_cos(“"_“”d)), (1.16)
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it can be deduced that

cosh? by, cos (¢ — pq) — sin @ sin @g ~ —(cosh (2¢,))

2 = + . (L7
(H5) (1 — cos (¢ — ¢a) () Toemlp—pa 17
Finally, equation ([.14)) is rewritten as:
Ofa S _ cosh? 4y, cos(p—pg)—sin psin g . __ cosh(2tw) 2
({&p} f3)¢=ww,X:Xo B (Hs) Ji (Hs) 1—COS(<P—<PZ; '18)
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Appendix J

Circular Annular Wing.
Analytical Solution of the
Euler-Lagrange Equation

The following system of equations has to be solved:

+1
1 - Mopt (5) ; —
TR VZ ﬁ eosta(i—sy 48 — Asin (rt) =0,

+1 _
—avz j; Mept (t) sin (7t) dt = C'p,

under the assumption of

Mept (t) = ksin (7t) k real number.

Using the following identities:

3 J— 2
sina = {7s
. —tan? %
cosa 1+tan? §
it can be deduced:
2tan Lt 2
J— 2 _ U
sin (1) = . T T
12
cos (1t) = 150z,
. 2tan 52 )
— 2 _ U
S (7'('8) 1+tan2 52 7 14020
1—v2
cos (ms) = 1707



J — Circular Annular Wing. Analytical Solution of the Euler-Lagrange Equation

where
u = tan % 2 ,
v=rtanZ 7

Observing that

1 —cos(m(t—s)) =1—cos(rt)cos(ms) — sin (7t) sin (7s) ,

yields
1—u?l—? 2u  2v

l—cos(m(t—s)) =1~ T+u2l+02 14+u2l4o?

Using the same method:
2v

ksin (7s) = kl el

v:tan%s = dv = g <tan22+1> ds.
Elaborating the previous expression:
T, B 2
dU—§(/U +1)d8$d8—71_<v?_‘_]_)dv

The integral expressed using the new variables becomes:

2k(1+u 1

5 dv.
1 —1—02 (v —u)

But*

w2

(uit2u2+1)
1+v2)2(u +2u?+41)
v dv =1 ( - 2 +
f 3 AUV = In T 1 s warctan v
e (1402) 26274 et

1
[(v—u)| ut+2u+1
+1In l —

(=) w2071

T ) ow

Calculating the integral in the Hadamard finite-part sense:

1 2mu
5 dv = R —
K 1+v2(v—u) ut 4+ 2u® 41
Therefore:
21{:(1 + u?) 1 q 2mu 2k (1 + u?)
v = — — —
1+v2(v—u)2 ut +2u?2 +1 T

'For the analytical evaluation of the integral, the website [69] has been used.
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Remembering the definition of w:

2
ok — oksin(nt). (J.15)

1+ u?
Thus, it has been demonstrated that, under the hypothesis of mqp (s) = ksin (7s),

+1
Mopt (s)

7[1—cos(7r(t—s))

-1

ds = —2ksin(nt). (J.16)

Using this result, the Euler-Lagrange equation becomes

—2ksin wt

BV T Asin (7t) = 0. (J.17)

But the condition of coefficient of lift assigned has to be satisfied. Hence,

+1
m / , —
— =5 [ Mopt (t) sin (7t) dt = O, (J.18)
vz J
which now is:
7 17
ZZVO%_/ bsin? (nt) dt = —3 ok = . (J.19)

1

Therefore, from the previous equation, it can be deduced that

g AVaCr (J.20)
T
Substituting into the Euler-Lagrange equation:
QQZVO%@L
4Rw“VO% —A=0. (J.21)
Simplifying: -
l
A= RZ, . (J.22)
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Appendix K

Elliptical Annular Wing with

by > a. Amnalytical Solution of the

Euler-Lagrange Equation

The following system of equations has to be solved:

+1

3E Mept (5)Y (t,8) ds — Asin (7t) = 0,

4by V2

+1 B
gtz | mop () sin (1) dt = 1,

where

Y (t,5) = sinh? ¢y, cosh? Yy, L cosh(2¢uw)

1
(sinh2 oy +sin? ( W))Q (sinh2 oy +sin? ( w)) - (1—cos(m(t—s)))

The candidate optimal doublet distribution is:
Mept (t) = ksin (7t) k real number.
Substituting (IK.3) into the first expression in equation (K.1):

1 k sin(ms) sinh? 4, cosh? ww ds — 1 +f1 7k’ sin(7s) cosh(2¢)
4by, V2, 1 (smh2 Yr-+sin? <ﬂ(z+s))> 4by, V2, 1 (smh2 Ywtsin (w(t+s)

))d—i-

ksin(s)
+4bw1V020 2 (1—cos(m(t—s) dS — Asin (ﬂ-t) 0.

Expression (K.4) can be written in a compact form:

1 1 1
Iy — I+ —— I — Asin (xt) =
wovz T vz let gy le —Asin(mt) =0,
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where
+1 . . 2 2 +1 .
T4 — k sin(ms) sinh” 1., cosh® 1y, = ksi h2 h2 sin(7s) d
A= ) (g7 15 = SR oS | T e (T 4
11 1k sin(rs) cosh(2¢w) k cosh(21)4,) 11 sin(ms)
— 2 — w
To = ] G o () = 727 G (2 49
+1 : +1 .
_ ksin(ms) _ sin(7s)
lo = _fl —cos(n(i—s))) 45 = k_J; T—cos(r(i—3))) 95"
(K.6)
K.1 Elaboration of [4
Using the identity
. (m(t+s) . ms wt 7wt 7s
sin [ ————= | = sin — cos — + sin — cos — K.7
( 2 ) 2 2 2 27 (K.7)
it is possible to write:
.o (T (t+s) Lot oms . ,mSs w1 . ,
sin® [ ——= | = sin” — cos” — + sin“ — cos” — + —sin (7t) sin (ws). (K.8
(", oot ™ sin? o ™ 4 Lain (tysin (rs). (K.9)
Setting
_ t
u = tan 7, (K.9)
v = tan 77,
the following can be written:
s 2wt tan? Tt o 2
S5 = fanz 7T7t24r1 o ug+1’
2wt _ 1 _ 1
Cos % T otan? ZE41 T w410
L 2ms tanQ% _ v2
S 75 tan? 2241 v2417 (K]_O)
2 s __ 1 _ 1
COS™ 5 = wan? TH T 4D
. . 2tan Tt 2
sin (7t) = — %t2+1 = 2
. 2tan T2
sin (71'8) = tan? %2-‘1-1 = v22-1‘y]-1'
Substituting (K.10) into (K.8):
2 (mts)) w1 21 1 2u 20 _ _ (v+w)?
Sl ( 2 ) = 2 T e e T 2w i © @) (K.11)
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The differential is:

v=tan = dv =73 (1+tan2%) ds=Z(1+v*)ds=ds = mdv. (K.12)
Thus,
+oo 2v 9
T4 = ksinh? by, cosh? b, / v+ dv.  (K.13)

12 wtw? 27 (1 4 v2
—00 (Slnh ’d]w + m) ( )

With a few algebraic manipulations:

o 4k sinh? 1, cosh? ww(u2+1)2 +oo v
IA — p= _{o ((u2+1)(v2+1) sinh2 ¢w+(v+u)2>2 dU. (K14>

The corresponding indefinite integral (sinh),, = a, for brevity) is:

2 2 2,2

] e ory = W@ bt st TR |
UTv (L2’U a2u2v
uarctan(m)
203(1442) 3 (14u2)?
(K.15)
Observing that
: —a2—u2—a2u2—uv J—
thHiOO 202 (1+a2?)(1+u2)? (a24+u?+a2u+2uv+v2 +a2v2+a2uv?) O’
u arctan wtvta®vra®uy (K16>
lim _ av/1+a2(1+u2) —
vkeo 2a3(14a2)3 (1442)® | 4a3(1+a2)? (14u2)?’
the integral in equation (K.14) becomes:
e v U
/ Sdv = — . - (K.17)
e ((u2 +1) (v2 + 1) sinh® ¥, + (v + u)z) 2a% (1+a?)? (1 +u?)

Returning to the original variables:

—+00

v U
/ 12 22dv:—2.h3 3 2)3"
e ((u2—1—1) (v2 4+ 1) sinh® 9, + (v + u) ) sinh” ¢y, cos® ¥y, (1 + u?)
(K.18)

Therefore:
4k ™

1 2sinh by, cos iy (1 + u?)

Iy = (K.19)
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K — Elliptical Annular Wing with b,, > a,,. Analytical Solution of the Euler-Lagrange Equation

But sin (7t) = ugj‘rl; hence,

(K.20)

K.2 Elaboration of Ip

Using the same changing of variables seen in the previous section (elaboration of
14), it is possible to write:

+oo 2v

_ kcosh (2¢n) /( v 2. (K.21)

. v+u 2 2
2 sinh? ¢, + 7@23-;;(1;)%1)) ™ (14 v?)

B

Simplifying:

+o0o v

vi+1 . :
T _ZO ((u2 + 1) (v2 + 1) sinh? ¢, + (v + u)z) dv. (K.22)

2k cosh (2¢p,) (u? + 1)
Ip =

The corresponding indefinite integral is:

v£;1
f ((u2+1)(v2+1) sinh? ww+(v+u)2) dv

cosh 24y u+v+v(1+u2) sinh? 4,
arctan v — S CT arctan (2 ST () + (K.23)

2u
(u?+1)?

u2—
(1+v2) W
i (((u2+1)(U2+1) sinh? ¢w+(v+u)2) .

Considering that

s 2 2
. 2, _ cosh 2y u-+v+wvsinh ¢w(1+u ) .
limy, 4o @117 [arctan V= Snhau arctan <2 ST RSy =

— f_um (1 . cosh2¢w) ’

(u2+1)2 sinh 24,
(K.24)
lim In (1+0%) 221" _
v—oo ((u2+1)(v2+1) sinh? ww+(v+u)2)
u2—1
_ 1 u2+41)2
=In (e O
it can be deduced that:
+00 5
v2+41 _ 2um _ cosh2y,
_£o ((w241)(v2+1) sinh? Yo+ (v4u)?) dv = (u2+1)* (1 Sinh2ww) : (K.25)
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K — Elliptical Annular Wing with b,, > a,,. Analytical Solution of the Euler-Lagrange Equation

2u .
Finally, remembering that sin (7t) = ek
) cosh 2,
]B = 2k sin (7Tt) cosh (2¢w> (]. — S]nh2/¢w> . (K26)
K.3 Elaboration of /-
It has already been demonstrated that':
/ s
in (
ds = —2sin (7t) . K.27
714 1 —cos (m t—s))) ° sin (1) ( )
Thus, it can be concluded that
Io = —2ksin (7t) . (K.28)

K.4 Swubstitution of 14, Iz, /o into the
Euler-Lagrange Equation

Using the expressions of 14, Iz and Io obtained in previous sections, the Euler-
Lagrange Equation becomes:

sin 7 k sin 7t cosh(2 w COS w . .
_21)1,Jk\/<)20 sinh 2sz - 22,0\/020( ) (1 - sinlkllgzb/}w) - Qbf\/o% sin (mt) — Asin (7t) = 0,
(K.29)
while the constraint is:
_ +1 +1
CrL=—g1= f m (t)sin (7t) dt = —575 [ ksin® (nt) dt = —szh =
> -1 (K.30)
= k= -7,
Substituting the last formula into (I.29):
IC
A= bL (cosh 2¢p, — sinh 2¢p,, + 1) . (K.31)
™
Remembering the relations:
cosh 21, = 2 cosh? ¥, — 1 = 2% —1= Zzﬂfzzﬂ,
w w w w (K.32)

: _ : _ bw aw _ Awbw
sinh 24, = 2 cosh ¢, sinh ¢, = 2 T e Qba il
w w w w

!See minimum induced drag of a circular annular wing in chapter 9.
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K — Elliptical Annular Wing with b,, > a,,. Analytical Solution of the Euler-Lagrange Equation

The Lagrange multiplier is obtained:

20C
A= —— K.33
7 (by + ay) ( )
Notice that, if b, — a, = R, (circular annular wing), A = gi , as has been found

for the circular annular wing.
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Appendix L

Elliptical Annular Wing with

by < ay. Amnalytical Solution of the

Euler-Lagrange Equation

The following system of equations has to be solved:

+1

L F Mopt (5) Y (t,8) ds — Asin (7t) = 0,

IORTERNEN

+1 B
gtz | mop () sin (1) dt = 1,

where

v _ sinh? 1., cosh? 9y, _ % cosh(2¢q) 1
Y (t,S) o (sinh2 Yoy +cos? ( w ))2 (sinh2 Wy +cos? (w )) +

The candidate optimal doublet distribution is:
Mept (t) = ksin (7t) k real number.
Substituting (L.3)) into the first expression in equation (L.1):

1 1 k sin(s) sinh? 1)y, cosh? 1y, ds 1 +1 %k sin(7s) cosh (2t )
g —

WuwV =) (sinh? gy +eos? (D)) 4w VE Y} (sinh? gy, +cos? (T ) ds+

4 1 +1 k sin(s) ds — \si ( t) —0
4by V2, X 1—cos(m(t—s)) S sin (wr) = V.

Expression ([..4) can be written in a compact form:

1 1 1

Iy — I+ ——
W2 AT vz BT g

I — Asin (nt) =0,
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L — Elliptical Annular Wing with b,, < a,,. Analytical Solution of the Fuler-Lagrange Equation

where
+1 2 +1 i
k sin(s) sinh? 4y, cosh? ww —k h2 h2 sin(7s) d
fl (smh ¢w+cosg( (t;s))) s = ksin ¢w COSs @Z)w fl (sinh2 ww-i-cosz(@))z S,
11 —k:sm (ms) cosh(2¢pw) _ kcosh(2¢y) 11 sin(ms)
R ol R B e ) R
+1
_ ksin(ms) sm(Trs
o j; 1—cos(m(t— s) =k f 1—cos(w(t—s)) ds.
(L.6)
L.1 Elaboration of I4
Using the identity
t t t
Ccos <7T<2+8)> = cos?cos% — sin%sin g, (L.7)

it is possible to write:

T(t+ s s Tt Tt s 1
COSz(( )>:cos2 2 2 2

cos + sin sin® — — —sin (7s) sin (7t) . L.8
2 2 2 2 2 2 (7s) (mt) (L-8)
Setting
u = tan
o (L.9)
v =tan 3,
the following can be written:
. tan? It 2
sin® = — 2 = U
2 tan 7+1 u 417
2wt _ 1 1
COS™ 5 = fan? S TN
. tan2 I 2
sin’ B = —pee = o,
an 7+1 ve+1
o T ) o (L.10)
2 7 tan? TH T 4D
. 2tan Tt 2
_ 2 — U
S (Wt) T otan? ZE4l T w41
. 2tan %2
sin (7s) = 2 2

tan? 241 T 241"

Substituting (L.10) into (L.8):

2 (m(t+s)) _ 1 1 w2 v 1 2u v (UU*1)2
cos ( 2 )_ waea Tt

u2+1 v2+1 2u241v2+1 — (v241)(u+1) " (Lll)
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L — Elliptical Annular Wing with b,, < a,,. Analytical Solution of the Fuler-Lagrange Equation

The differential is:

v=tan% = dv =7 (1—|—tan2 %) ds =% (1+0v?*)ds=ds = mdv. (L.12)
Thus,
“+oo 221} 2
I, = ksinh? ¢, cosh® ¢, / Cai® do. L.13
! Bt | g+ ey
o w (v2+1)(u2+1)
With a few algebraic manipulations:
4k sinh? 1)y, cosh? 1)y, (u2+1)2 +oo
Iy = v dv. L.14
4 ™ _{O ((u2—|—1)(112—|-1)sinh2 ww—i-(uv—l)z)2 v ( )
Using sinh v, = a for brevity , yields:
v dv =
f ((uz—l—l)(1}2—5-1)(12-1—(7“1—1)2)2 v
warctan < —u+a2v+u2v+a2u2v>
— —1-a?—a?u?+uv aV/1+a2(1+u?)
T 2a2(1+a2?)(1+u?)? (1+a2+a2u? —2uv+a?v? +uv2 +a?uv?) + 2a3(1+a2)%(1+u2)3
(L.15)
Observing that
: —1-a?—a’u’+wv _
lim, oo 202 (14a2)(1+u2)? (1402 +a2u? —2uv+a?v2+u2v2+a2uv?) 0,
—uta?vtuvta?uv <L16)
hm uarctan( :/71-;2(1-;2) ) . j: wr
ke 2a3(1+a2)%(1+u2)3 N 4a3(1—|—a2)%(1—&—u?)37
the integral in (L.14) becomes
e v U
/‘ s dv = . ~. (L17)
o (2 + 1) (2 + 1) sinh® by, + (uv — 1)°) 2a3 (1 + a?)? (1 + u?)

Returning to the original variables:

—+00

(% U
/ dv = — .
o (2 + 1) (v2 + 1) sinh® by, + (uv — 1)2)2 2sinh? ¢y, cos® ¢y, (1 + u?)’

(L.18)
Therefore: m
Tu
Iy=— . L.19
A7 1 2sinhaby, cosy, (1 + u?) (L.19)
But sin (7t) = uQZf‘H; hence,
sin (7t)
Iy =2k———+. L.2
A7 " sinh 24, (L.20)
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L — Elliptical Annular Wing with b,, < a,,. Analytical Solution of the Fuler-Lagrange Equation

L.2 Elaboration of Iy

Operating similar positions used for the calculation of [4:

I = dv, (L.21)

k cosh (21),,) 70 vgil 2

2 (smh2 Yo + et Bk )77(1 +?)

o0 T D

) + v
2k cosh (2¢,) (u? + 1) v211 dv. (L.22)

Ip = m _[o ((u? + 1) (02 4+ 1) sinh® ¢, + (uv — 1)°)

But

2+1
f ((u2+l)(v2+l)smh2ww+(uv 1) )dU

2u

_ cosh 21,
(u2+1)?

sinh 24y,

—u+v sinh? Y +ulv+ue sinh? Py )] +

arctan ( sinh 1, cosh ¥y, (u2+1)

[— arctan v +

(L.23)

u2—1

(1+sinh2 Y +u2 sinh? ww72uv+v2 sinh? Y +u2v2 44202 sinh? ¢w> 2(1+u2)2

(1+v?)

+1In

Considering

: 2u _ cosh 214, —u~+vsinh? ¥y, +uZv+u2v sinh? ¢y, _

lim, 4o BLD)? { arctanv + 5= o arctan ( Sinh Gy cosh T (21 1) =
_ cosh 21,

:l:( 2+1) ( 1+ sinh 2¢w)

u2—1

2(14u2)?

(1+sinh2 P +u2 sinh? Y —2uv+v? sinh? Y +u2v2+u2v? sinh? 1/Jw)
(1+v?)

lim, 4o In

(u271

=1In ((1 + u?) sinh® ¢, + u2) 2(14u2)”
(L.24)
it can be deduced that

+o0 ——
vetl _ _ 2um _ cosh 29,
_{O ((@2+1)(02+1) sinh? gy +(uv—1)2) dv = 210 ( L+ sinh21/)w) : (L.25)

2u
(u?+1)%"

Finally, remembering that sin (7t) =

(L.26)

Ip = —2ksin (7t) cosh (2¢y,) (1 - COShMD) .

sinh 2,
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L — Elliptical Annular Wing with b,, < a,,. Analytical Solution of the Euler-Lagrange Equation

L.3 Elaboration of I

It has already been demonstrated that (see minimum induced drag of a circular

annular wing ):
1

71[ 1— cos t =) ds = —2sin (7t) . (L.27)

It can be concluded that

Ie = —2ksin (7t). (L.28)

L.4 Substitution of I4, Ip, [0 into the Euler-
Lagrange Equation

The Euler-Lagrange Equation is:

k sin 7 k sin 7t cosh(2t)4,) cosh 210y, k : . _
%y VZ sinh 2¢t;w + 2w V2 (1 - sinh2:fw) ~ 2p,vz S (t) — Asin (7t) = 0,
(L.29)
while the constraint is:
al 1 . T AV2
Cr=—gpz | m(t)sin(rt) dt = —55= [ ksin® (nt) dt = 2162 k=k=—-==C|.
| |
(L.30)
Substituting the last formula into (L.29):
IcC
A= _TL (cosh 2¢,, — sinh 20, — 1) . (L.31)
Remembering the relations:
a2 b2 +a2,
cosh 2¢,, = 2 cosh? Uy — 1 = 2a?ujbw —1= a2+b2 ,
inh 2¢,, = 2 cosh ¢),, sinh ¢, = 2—% = 2-uby (L-32)
sinh 24, = 2 cosh v, sinh ¢, = e \/aaszu =22,
the following result is obtained:
20C,
A= ———7—. L.33
7 (b + @) (L.33)

Notice that, if b, — a,, = R,, (circular annular wing), A\ = %, as has been found

for the circular annular wing.
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Appendix M

Elliptical Annular Wing with
by > ay. Integrals I'y, Iz for a
Constant Doublet Distribution

The goal of this appendix is to find the following integrals:

+1
‘1.2 2
Iy = sinh” ¢, cosh” v, j; e, +sii2(”<”s>))2 ds,
- w z(tte) /
» (M.1)
;1 1
[B — 9 COSh (277Dw) _‘]; (sinh2 ¢w+sin2(7r(t2+s))) dS.
M.1 Elaboration of I,
With the transformation
u = tan %t,
b o (M.2)
= e
integral I’y becomes:
Iy = (u2 +1)* 2 sinh? ¢, cosh? ¥ +fo (v2+1) > dv. (M.3)
A ™ v w_oo ((uQ—i—l)(vQ—l-l)sinh2 ww+(v+u)2) '
Setting a = sinh? 1, the corresponding indefinite integral is:
(”2+1) _ ut2a?utv+a?v—a?u?v
f dv = 2a2(1+a2)(l+u2)(1+a2++112u2)(JZLQiuQ+a2u2+2uv+v2+a2v2+a2u21)2)+

((u2+1)(v2+1)a2+(v+u)2>2

2 2.2
14+2a2) arctan | ¥tyte vta u"y
( ) |: ay/ 1+a2(1+u2)

3
2a3(1+a?)2 (1+u?)?

(M.4)
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M - Elliptical Annular Wing with by, > a,,. Integrals I'y, Iy for a Constant Doublet Distribution

Observing that

: ut+2a?utv+a’v—auv _
limy, 00 2a?(1+a?)(1+u?)(1+a?+a?u?) (a?+u+a?u?+2uv+vi+avi+au?v?) 0,

2 2,2
142 2 t utv+a“v+a“uv
( +2a ) arctan |: ay\/ 1+a2(1+u,2) (1+2a2)

203(14a2) 3 (14u?)? T 2a3(14a2) ¥ (14u2)? (+3).

hmvﬂ:too

it can be deduced that

+f<>° (v2+1) Sdv = (1+2sinh2 4,

“oo ((@H1)(v24+1) sinh? h +(v+u)* ) 2sinh® g, (1+sinh? by, )

[SIC R

(1+u2)? .
Therefore, the integral I’ is:

j cosh 2,
~ sinh), cosh )y,

M.2 Elaboration of I}

Using the transformation adopted for 4, Iz can be written as

“+00

[ 2 (u? + 1) cosh (2¢),,) / 1 do.

B= 2 S (@4 1) (02 + 1) sind® g, + (v +w)?)

The corresponding indefinite integral is:

u+v+a2v+a2u20
av/14a2(1+u?)

/ (w2 +1) (02 +1) @ + (v +u)?) e aV1+a? (14 u?)

1 arctan

Thus,

i 1 s
_Zo (@ +1) (2 + 1) a2 + (v +u)?) e av1+a®(1+u?)

Finally, integral I; can be written as

. — 2 (u2+1> cosh(2¢w) T _ cosh(2¢w) _ cosh(2¢w)
BT x 2 av1+a2(1+u?) = av14a? sinh 1, cosh ¥, *
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Appendix N

Details About the Nonlinear
Matrices

This appendix expressly shows one of the terms of the K,,;,; matrix. That matrix
can be written as

Kuyu=K, + K, +K)  +Kpy,+K + K+ K+ K+ Ko

nln nln nln nln nln
(N.1)
The term K2, , is:
OuouT OuovT OuowT
K9 B @ ovor?T ovovT ovowT

0vouT ovor” [ |FUFvT 4+ FUFYT| q,qf [FUFT + FUFYT| dady
m?y
(N.2)
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Appendix O

Transformation of the Integrals to
Perform their Analytical
Computation

The integrals that appear in the nonlinear stiffness matrices have to be transformed
in order to perform the analytical calculation. This operation is required because
the table of integrals calculated once is preferred. To illustrate the method, one of
the integrals in the first term K, , is analyzed:

nln
[ FuF27q,q F e dray. (0.1)
T,y
It is easy to see that the terms
F“'q,,
’ (0.2)
q,F",
are scalar quantities. For this reason, they can be written as:
F''q,=qLF",
’ T (0.3)
q™F' =F""q,.
By using the previous expressions, the integrals become:
| FUF""q,qLF"F" dzdy = | F" [F""q,| [¢LF"| F*"dzdy =
z,y z,Y
I [Fngqw] FYFvT [quj;] drdy = [ [ng};{] FUFeT [Fngqw} dz dy =
.y .y
f [C]w Ew ngw} F,q:zw F:]w {Fafzw Gw lw} dx dy = f Gw kw F:fkw F:zw F::}jw F:flw quwdx dy =
z,y T,y
Qw ke Quw L, f F:q;uk F*. ij le dzdy Kwslwiw,Jw = 1y s Ny
Zy w YT T YT Ja yx Ly
(0.4)
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O — Transformation of the Integrals to Perform their Analytical Computation

This expression is useful because the integrals contain only Ritz functions, and,
because the polynomials x°y" were used, it is possible to use the analytical
integration, as seen in chapter 11.
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