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Saha Equation™

The Saha equation gives a relationship between free particles and those bound in
atoms. To derive the Saha equation, choose a consistent set of energies. Also

choose E = 0 when the electron velocity is zero, so Fi = =J for n = 1. Ignore

the energy of the higher n levels, since if an electron has enough energy to
reach n = 2, it needs only 1/4 more energy to ionize completely, by the Bohr
energy equation
E T
E=—(-136eV). )

TE

Let S(N., N} be the probability that the gas has N, electrons out of N

particles in a given ensemble. The partition functions for each class of particles

are
Z, = 3 e EOI/GD) -
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So the probability function, assuming indistinguishable particles, is
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The sums in the partition functions are actually integrals, since the particles have
a continuous momentum distribution. Therefore, for #, and Z,,

< T
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where i is either e or p. Using
d'p = 4mp’ dp )

gives
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Let
2
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2ydy = ——dp (10)
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then
drg, V e I 3 o2
Zi — (2mkT)"/ f (2mkT)y“e ¥ dy
¥ 0
TV e ey
4——(2mkT)*/ ye ¥V dy
h o
TV a2 VT
= (2mkT)*/ T
giV’ e
= %3 (2mmkT )32 (12)
Since electrons and protons are both fermions,
.qE = .q_i'.l — 2-, (13)
and
2V o/
Z. = 5 (2mm, kT)? (14)
2V o /e
Zy = Sy(2mm,kT)*2. (15)
The derivation is identical for &, except that the binding energy term is
carried through and gz = 4, resulting in
4V af2 I/(kT
I = 3 {E:rrm;;kT}‘r"r el/ (kT (16)
X

We want to find the most probable state, so we should differentiate (2).
However, because In is monotonic, In f( ) will have a maximum at the

same place as f(x). Taking the log of (5) and using Stirling's approximation (=]
and 1t 2 1

Inn!=nlnn —n,
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the result is

InS = NelnZ.+ NyInZ, + NglnZpy — N.In N,

+Ne =Ny In Ny + N, = Ngln Ny + Np. (18)

Using the definitions
Ne = N (19)
Ny = N - N, (20)

and taking the derivative of (18)
d(In S)
dN,

=InZ,+InZ, —InZy
—InN, —In N, +In(N = N.) =0. 1)

The resulting relationship is

2
ZeZp _ _Ne 22)
Zn N =N,

Plugging in (14)-(16) into (22),

[::;V(::;m;;k:r}*”} [w{zm;,;ﬂ‘}” 2] A2
= ., (23)
[wq:::;m;;; ﬁ:T}“”] eI/ (kT) N =N,
Canceling and taking 7rijy == iy ,
v afz2 —I/(kT N-E
F{Emﬂ.ng} / [ / (KT} = m 24)
a2 . I/ (kT 2
(2mm kT) .a" e~ 1/(KT) _ o me 25)
h n—1,
Defining the ionization fraction as
X = ”—E, (26)
i
then
X2 1 ot
=% = m{ﬂsrrm.:_.kT}‘**'r'af:_f”kT}. 27
EZXTA ionization
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