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Abstract 
A simple local smoothing filter is defined for curves 
or surfaces, combining the advantages of Gaussian 
smoothing and Fourier curve description. Unlike Gaus- 
sian filters, the filter described here has no shrinkage 
problem. Repeated application of the filter does not 
yield a curve or surface smaller than the original, but 
simply reproduces the approximate result that would 
have been obtained by a single application at the largest 
scale. Unlike Fourier description, the filter is local in 
space. The wavelet transform of Meyer [7] is also shown 
to have these properties. 

1 Introduction 
The most popular linear smoothing technique, Gaus- 
sian filtering [8] [9] [14], has the well known difficulty 
that it causes shrinkage of the data to which it is ap- 
plied. For instance, an image smoothed a large number 
of times using a Gaussian filter will eventually converge 
to a uniform grey. Similarly, Gaussian smoothing of a 
circle (i.e., of each coordinate function x, y indepen- 
dently) produces a smaller circle. 

Recently, Lowe [4] proposed a smoothing method for 
curves that corrects for this problem. His method uses 
standard Gaussian smoothing, and then estimates from 
the curvature of the smoothed curve how much shrink- 
age occurred at each point along the curve. Finally, the 
curve is inflated to correct for the estimated shrinkage. 
This method works to the extent that the curvature 
rate of change is small. It does not generalize easily to 
surface smoothing. An earlier approach to the shrink- 
age problem for curves is that of Horn and Weldon [3]. 
However, their method, based on the extended Gaus- 
sian image, is apparently limited to convex curves. 

In this paper a new method [IO] of smoothing is pro- 
posed which has several advantages over previous meth- 
ods: 1) The method introduces no curve shrinkage, and 
therefore needs no shrinkage correction. 2) It is easily 
applied to both curves and surfaces. 3) The method 
is (approximately) reproducible. Thus, a curve that 
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has been smoothed at  one resolution will remain un- 
affected if smoothed at a much finer resolution. Also, 
any sequence of smoothing operations will yield approx- 
imately the same result as simply smoothing once at  the 
lowest resolution used. Lowe's method, since it involves 
an approximate shrinkage correction, does not have this 
property. 

For simplicity, we describe our method in the context 
of smoothing image (i.e., planar) curves. An example of 
surface smoothing will be presented later. The method 
is related to previous work on Fourier descriptors of im- 
age contours [2] [ l l ]  [12] [15]. These have been studied 
primarily in the context of data compression and curve 
representation rather than smoothing. 

2 Curve Smoothing with a High 
Frequency Cutoff 

In the Gaussian approach, a curve is represented by 
functions z(t) and y(t), where t is usually taken to be 
the arc length. The smoothed curve is given by con- 
volving: 

The smoothing scale U determines the effective window 
size of the convolution. 

The reason why Gaussian smoothing causes curve 
shrinkage becomes clear when the curve is trans- 
formed to the frequency representation. Applying the 
Fourier transform to the above equations results in 
(?s, ys)(k) = exp(-u2ka/2)(z, y)(k) at frequency k. 
Smce the exponential kernel is always less than one 
for non-zero k, the amplitudes of all frequency com- 
ponents are reduced in the smoothed curve. The high 
frequency components should be reduced, to eliminate 
the fine structure of the curve. However, the low fre- 
quency components should ideally be preserved without 
change-the smoothed curve should reproduce the large 
scale behavior of the original without modification. The 
shrinkage in Gaussian smoothing is due simply to the 
reduction in the the low as well as the high frequency 
components. 
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Consider the example of a perfect circle represented 
by. (2, y)(t) = (~in(2z-t)~ cos(2z-t)). Both z and y con- 
tam only a single non-zero frequency-the lowest or 
fundamental frequency of the curve. Nevertheless, after 
Gaussian smoothing, the amplitude of this frequency is 
reduced, so that the smoothed circle is smaller than the 

The solution to the shrinkage problem is clear. We 
implement it with the process: 1) Fast Fourier trans- 
form the coordinate function (z ( t ) ,  y(t)), yielding the 
frequency representations (~(k), y(k)). 2) Define the 
frequency representation of the smoothed curve by 
(zs,ys)(k) = (z,y)(k) for lkl 5 l/al and zero other- 
wise, where U is the smoothing scale. 3) The smoothed 
curve is given by the inverse Fourier transform of 
(zs(k) ,  ys(k)). Because the low frequency compo- 
nents are unchanged, this method clearly satisfies re- 
producibility, in the sense above. 

The process above is equivalent to filtering with a 
hard low pass filter F,(t), where F, has the Fourier 
transform F,(k) = rect[ka/2], and F,,(t) = sinc(t/a). 
A potential disadvantage of this filter is that it falls off 
slowly with distance: it is non-local. This is clear in 
Figure 1. For ideal smoothing, non-locality is exactly 
what is wanted: for the best separation of large scale 
structure from small scale, information from the whole 
curve must be used. On the other hand, if locality is 
important, then the filter can be modified to achieve 
this. 

A local smoothness filter is obtained by defining a 
function Ga(k) similar to  F,(k), but with a smooth 
transition from 1 to 0 in frequency space. Thus, 
G,(k) = 1 for Ikl 5 Kr, N l / ~ ,  G,(k) = 0 for 
IklL Kv 3 KL +6, and 
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in the transitional region Kr, < lkl < Kv. where 
Kh, Ku, C are adjustable constants. Because G,(k) 
is Cm, its Fourier transform GB(t )  falls off at  large t 
more rapidly than any power of t ,  and is local. We 
show this as follows: the Fourier transform of G:(t) is 
also Coo, since it can be represented as a convolution of 
G,(k) with itself, and G,(k) has compact support. In 
particular, it is Cm at k = 0. This implies that G%(t) 
has finite moments of arbitrarily high order; therefore, 
it falls off more rapidly than any power of t .  However, 
the falloff of G:(t) cannot be exponential: if it were, 
G,(k) would have to be analytic in a strip along the 
real frequency axis.  

Because G,(k) is exactly unity at  low frequencies, 
convolving with G,(t) will preserve the low frequency 
structure of the original curve exactly. Thus no shrink- 
age will occur. Reproducibility, also, wil l  still hold a p  
proximately, since G,(k) is 1 or 0 except in a small 
frequency window. 

Because the filters G, and F, are oscillatory in 
space, they display the Gibbs phenomenon. However, 

this should not be a disadvantage for smoothing image 
curves, since curves typically have just tangent discon- 
tinuities; moreover, these are often significant features 
that should not be smoothed over. The filter should 
mainly be applied to curve segments whose underlying 
form is expected to be smooth apart from noise corrup 
tion. 

The original wavelet representation discovered by 
Meyer [7] is very similar to our filter G,. In fact, it gives 
a smoothing technique that is by its construction repro- 
ducible, and can be shown easily to have no shrinking 
problem. This representation is associated with a mul- 
tiresolution approximation scheme [6]. A sequence of 
approximation schemes can be defined at  increasingly 
finer resolutions, corresponding to projections onto a 
hierarchy of vector spaces, with lower-resolution vector 
spaces contained in higher-resolution ones. Since the 
approximation or smoothing operation is just a p r e  
jection, it is clearly exactly reproducible. Unlike the 
filtering approach, smoothing cannot be done at  an ar- 
bitrary scale but only at  a sequence of discrete scales, 
typically differing by factors of two. 

Explicitly, the smoothing of a function f is given by 
161 : 

where the resolution is determined by the integer 2j. 
Fourier transforming yields: 

r m  

J - m  

f$(-w' + 2"f(2j(w' + 27" )  }. 
m=-m 

The sum over m could be taken inside the integral be- 
cause Meyer's function 4(w)  has compact support. The 
sum of the product 4 f over m gives a periodic function 
on w' E (-a, a), while summing the exponential factor 
over k gives the 6 function on this interval. Thus: 

Meyer's function $(() satisfies I$(() = 1 for < E [-T + 
e, a - e], and is zero outside the interval [-T - E ,  T + e], 
where T > 6 > 0. Therefore, for 4 sufficiently near 0, 

€ €  fj(€) = 4(S)+(-s)f(€) = 12f(O* 

Fkom the discussion of the previous section, this implies 
that there is no shrinkage. 
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Several filters exist for which the shrinkage problem 
is significantly reduced compared to a Gaussian filter. 
The standard Butterworth filter, with frequency depen- 
dence IB(w)I2 = 1/(1 + (w/w,JZN), is approximately 
flat in w near w = 0; it therefore produces little shrink- 
age, and is nearly reproducible. The function 4 as- 
sociated with the wavelet representation discovered in 
[5] and [l], when considered as a filter, also has these 
properties. In contrast, the smoothing filters F, and 
G,, and Meyer's wavelet transform, solve these prob- 
lems exactly. 

3 Curve Smoothing: Experimental 
Results 

Before the smoothing filter is applied in the continu- 
ous case, the original curve should be reparameterized 
in terms of arc length. Similarly, in the discrete case, 
the curve should be evenly resampled; otherwise the 
variations in sampling frequency may be confused with 
the frequencies inherent in the geometric shape of the 
curve, which is the real interest. The resampling is 
done by first creating a continuous curve consisting of 
straight line segments joining successive points from the 
original curve. The continuous curve is then sampled at 
constant distance intervals. For greater speed in Fourier 
transforming, the total number of resampled points can 
be set to a power of two. The choice of a resampling 
mainly affects the high frequency spectrum of the curve, 
and does not have a significant effect on smoothing in 
our experiments. 

The filter G, was chosen after some experimentation 
by setting the constants in eq. 1 at KL = a-'-4, Ku = 
KL + 18, C = 81, in units where k and t are integral. 
This choice gave smooth interpolation between 0 and 1 
in the frequency domain, and rapid decay at  large t in 
the spatial domain, as shown in Figure 2. 

Our experiments were carried out on closed and open 
segments of two curves. The first represents an outline 
of Florida, and the second is a fractal shape. Figure 3 
displays the Florida curve. The original curve has 360 
points, and the resampled curve 450 points. 

For dosed curves, the filters G, or F, can be applied 
either in the frequency or coordinate domains. Figure 4 
shows the result of smoothing the closed Florida curve 
with a hard cutoff filter and a-1 = 20. Thus, only the 
lowest twenty frequencies are retained in the smoothed 
curve; the spatial averaging is effectively over a window 
that is 2/20 of the whole curve. Figures 5 and 6 shows 
the result of smoothing with the exact local filter G,, 
with, respectively, a-1 = 40, 20. 

Figure 7 demonstrates the approximate reproducibil- 
ity of the G, filter. The result of smoothing four times 
using G1llo is superimposed on the result of smooth- 
ing once with this filter. The two curves are nearly 
indistinguishable; the slight difference is due to the rel- 
ative reduction of frequencies components in the win- 
dow KL 5 w < Kv after multiple smoothing. For 

comparison, Figure 8 shows a similar superimposition 
of curves obtained by Gaussian smoothing, again with 
a-1 = 10. There is a clear difference between the result 
of smoothing once and the multiple smoothing result: 
the multiply-smoothed curve has shrunk. In Fignre 9, 
two smoothed curves are again superimposed: the first 
is obtained by smoothing with GlIlo, and the second by 
smoothing twice, first with Gq40, and then with Glllo. 
Since there is no overlap between the interpolating fre- 
quency windows of these two filters, the resulting curves 
are exactly the same, as is dear in the Figure. In this 
case reproducibility is exact. 
In all these Figures the filtering was done in the 

Fourier domain. In Figure 10, the result of smooth- 
ing directly in space is shown. The filter G l / l ~  was 
truncated at  a distance of 40 points from its central 
maximum (i.e., set to zero beyond this distance), and 
also renormalised so that its sum over all points was 
1. This distance is enough to contain essentially the 
whole mass of the filter. The result is superimposed on 
the curve obtained by smoothing with the exact filter 
G1p0, calculated in the frequency domain. The two 
curves are essentially indistinguishable. 

3.1 Open Curves 
Linearly smoothing a function means computing a t  each 
point a weighted average in some neighborhood around 
the point. Averaging must be done on both sides of 
the point; otherwise the result will be biased towards 
the side that is averaged over. Thus, to smooth at one 
end of an open curve, the curve must be extrapolated 
past the end-an ill-posed problem. Probably, the cor- 
rect approach is to consider smoothing as a r e p l a h a -  
tion or modeling procedure (e.g., [13]), in which the 
original data is to be explained in terms of a smooth 
model corrupted by noise. This implies that extrap+ 
lation past a curve end should be done for the smooth 
model curve, instead of extrapolating the original data 
and then smoothing, as done by Lowe [4]. 

We do not attempt to solve the extrapolation prob- 
lem in this paper. Instead, we have used a number 
of simple techniques for dealing with curve ends. In 
one, the open curve is first converted to a dosed one 
by subtracting a straight line joining its two endpoints. 
More precisely, from each point on the original curve 
the corresponding point on the straight line is vector 
subtracted, where Corresponding points are at equiva- 
lent fractions of the total arc lengths of the curve or line. 
The closed curve is then smoothed and the straight line 
added back. A straight line is used for the subtraction 
since it has no scale other than its length, and thus 
introduces minimum bias into the frequency represen- 
tation of the closed curve. 

With this approach, smoothing can be done in the 
frequency representation, Fving a potential speed ad- 
vantage. A disadvantage U that structure can propa- 
gate from one end of the curve to the other. Also, con- 
necting the curve ends usually introduces a false tan- 
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gent discontinuity, which is due to the original curve 
having different tangents at each end. This discontinu- 
ity introduces high frequency components, and smooth- 
ing it can cause distortion. However, when a local filter 
is used, smoothing of the interior of the curve is not 
affected by the problems at the ends. This is shown in 
Figures 11-13. The original curve, in Figure 11, con- 
sisted of a 180 point segment of the Florida curve; the 
resampled curve had 250 points. Figure 12 shows the 
curve smoothed using G1/201  and Figure 13 shows the 
result of smoothing a fractal curve segment. Surpris- 
ingly, even when a hard, non-local filter is used, the 
smoothed curve seems to be a good approximation to 
the original except very near the curve ends. One might 
expect smoothing to fail at a fractional distance CT from 
the curve end, since 0 gives the effective half-width of 
the smoothing filter. However, the smoothing appears 
good to well within this distance. This may be due to 
the fact that a tangent discontinuity is relatively mild- 
the corresponding high frequency components fall off 
like a power. An alternative approach to open curves, 
which avoids the extrapolation problem, is to smooth 
directly in space with a truncated filter, but with re- 
duced smoothing near the curve ends so that the filter 
never overhangs the ends. Figure 14 shows the result 
of smoothing in this way with G l ~ l o .  

4 Surface Smoothing 
Figure 15 displays a 256 x 256 image, which can also be 
thought of as a surface z (z ,  y) = I ,  where I is the inten- 
sity. The definition of G ,  is extended to two dimensions 
by simply taking IC in eq. 1 to refer to the length of the 
two dimensional frequency vector: k E ( I C :  + I C ; ) ’ / ’ .  
For simplicity, the filter is applied in frequency space 
by treating the image as periodic, with no allowance 
made for the image boundaries. The smoothing will be 
correct in the interior of the image since the filter is 
local. 

To illustrate the elimination of shrinkage, the image 
was smoothed four times using as shown in Fig- 
ure 16. The multiply smoothed image had a dynamic 
range of 221 and a standard deviation of 33.6, com- 
pared to the original 222 and 37.6. For comparison, the 
image was Gaussian smoothed four times at the same 
scale (Figure 17). The resulting image had a reduced 
dynamic range of 128.6, and a standard deviation of 
27.1. 
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Figure 1. Filters F(t) (top) and F(k). 
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Figure 2. Filters G(t) (top) and G(k). 
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Figure 3. Florida Curve. Figure 4. F filter: 20 frequencies. Figure 5. G filter: 40 frequencies. 

Figure 6. G filter: 20 frequencies. Figure 7. G filter: repeated smoothing. Figure 8. Gaussian smoothing. 
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Figure 9. Repeated smoothing. 

Figure 12. G filter 10 frequencies. 

Figure 10. Spatial smoothing. 

Figure 13. Smoothed fractal. 

Figure 1 1. Florida segment. 

Figure 14. Spatial smoothing. 

Figure 15. Road image. Figure 16. G filter: repeated smoothing. Figure 17. Gaussian smoothing. 
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