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ABSTRACT 

We propose a new method f o r automated theorem p r o 
v i n g i n f i r s t o r d e r modal l o g i c . E s s e n t i a l l y , the 
method c o n s i s t s i n a t r a n s l a t i o n o f modal l o g i c i n 
t o a s p e c i a l l y des igned t y p e d f i r s t o r d e r l o g i c c a l 
l e d Path L o g i c , such t h a t c l a s s i c a l modal systems 
( f i r s t o r d e r Q, T , 0 4 , S4, S5) can be c h a r a c t e r i 
zed by s e t s o f e q u a t i o n s . The q u e s t i o n of modal 
theorem p r o v i n g t hen amounts to c l a s s i c a l theorem 
p r o v i n g i n some e q u a t i o n a l t h e o r i e s . D i f f e r e n t me
thods can be i n v e s t i g a t e d and in t h i s paper we con 
s i d e r R e s o l u t i o n . We may use R e s o l u t i o n w i t h Pa ra -
m o d u l a t i o n , or a c o m b i n a t i o n o f R e s o l u t i o n and 
R e w r i t i n g t e c h n i q u e s . I n b o t h cases , known r e s u l t s 
p r o v i d e " f r e e o f cha rge " a f ramework immed ia te l y 
a p p l i c a b l e t o Path L o g i c , w i t h completeness t h e o 
rems. C o n s i d e r i n g e f f i c i e n c y , the R e w r i t i n g method 
seems b e t t e r and we p r e s e n t here in d e t a i l s i t s 
a p p l i c a t i o n to Pa th L o g i c . I n p a r t i c u l a r we show 
how i t i s p o s s i b l e t o d e f i n e a s p e c i a l k i n d o f 
s k o l e m i s a t i o n and d e s i g n a u n i f i c a t i o n a l g o r i t h m 
wh ich i n s u r e s t h a t two c lauses w i l l a lways have a 
f i n i t e se t o f r e s o l v e n t s . 

INTRODUCTION 

In the s o - c a l l e d p o s s i b l e w o r l d s semant ics f o r Mo
d a l L o g i c , modal o p e r a t o r s are i n t e r p r e t e d as quan 
t i f i c a t i o n s over " w o r l d s " , c o n s t r a i n e d by some 
" a c c e s s i b i l i t y " r e l a t i o n . But i n the language o f 
modal l o g i c , w o r l d s are no t e x p l i c i t e l y named, i . e . 
t h e r e i s no s y n t a c t i c i t e m , such as v a r i a b l e s o r 
c o n s t a n t s , d e n o t i n g them. We c o n s i d e r t h a t much of 
the success o f Modal Log i c comes f rom t h i s f e a t u r e , 
s i n c e the v a r i a b l e l e s s ope ra to rsoand o can be c l o 
s e l y r e l a t e d w i t h c u r r e n t language o p e r a t o r s l i k e 
" n e c e s s a r y " , " a l w a y s " , o r " I b e l i e v e t h a t " . But 
f rom a theorem p r o v i n g p o i n t o f v i e w , i s t h i s c h o i 
ce a p p r o p r i a t e ? T h i s is n o t t h a t obv ious : j u s t 
observe the d i f f i c u l t i e s encoun te red b y d i f f e r e n t 
a u t h o r s who t r i e d t o ex tend Rob inson ' s R e s o l u t i o n 
method t o f i r s t o r d e r modal theorem p r o v i n g [ C i a l -
dea 86] [Abad i Manna 86] [ K o n o l i d g e 8 6 ] . Indeed i t 
i s c e r t a i n l y no t easy t o cope w i t h the dependencies 
between o b j e c t s o f t he d i s c o u r s e domain and w o r l d s , 
wh ich are i n f a c t s p e c i f i e d b y a f i r s t o r d e r modal 
f o r m u l a , in a f o r m a l i s m wh i ch avo ids naming the 
l a t t e r . 

* T h i s work has been p a r t i a l l y suppor ted by the 
GRECO-PRC "P rog rammat ion " 
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A we l l - known way of r e s t o r i n g , say , a s y n t a c t i c 
s t a t u s t o the wor lds and the a c c e s s i b i l i t y r e l a t i o n 
i s t o t r a n s l a t e modal fo rmu las i n t o a f i r s t o r d e r 
c l a s s i c a l l o g i c w i t h a b i n a r y r e l a t i o n symbol t o 
denote the a c c e s s i b i l i t y r e l a t i o n . Th is d i r e c t i o n 
has been proposed by s e v e r a l au tho rs i n the A . I . 
f i e l d ( f . i . [Moore 8 0 ] ) . But i t seems t h a t w e loose 
much o f the s t r u c t u r e o f the i n i t i a l l y g i v e n modal 
fo rmu las i n the process o f t r a n s l a t i o n , and t h i s i s 
to be pa id i n terms o f e f f i c i e n c y . 

In t h i s paper we propose another method f o r mo
d a l theorem p r o v i n g . Th is method is based on a 
t r a n s l a t i o n i n t o a f i r s t o rde r c l a s s i c a l l o g i c , b u t 
the t a r g e t l o g i c i s t a i l o r e d t o b e t t e r f i t the 
s t r u c t u r e o f modal f o r m u l a s . 

We c a l l t h i s l o g i c Path L o g i c . I t possesses 
t h r e e types A, W and I ) . Ob jec ts of type I) a re those 
of the d i scou rse domain. Ob jec ts o f type W rep resen t 
w o r l d s . Concern ing A, we can see i t as the type of 
o p e r a t o r s on o b j e c t s of type W. The idea is to cap
t u r e the n o t i o n o f a c c e s s i b i l i t y r e l a t i o n i n the 
f o l l o w i n g way : " t h e w o r l d w f is a c c e s s i b l e f rom w" 
w i l l be expressed by the sentence "w* is o b t a i n e d 
f rom w by a p p l i c a t i o n o f an o p e r a t o r in A " . Through 
our t r a n s l a t i o n i n Path L o g i c , the v a r i o u s systems 
o f modal l o g i c are mapped i n t o e q u a t i o n a l t h e o r i e s 
exp ress ing some c o n s t r a i n t s on the system of o p e r a 
t o r s . P r o p o s i t i o n 1 p rov ides the correspondance f o r 
Q, T , Q4, S4 and S5. 

The q u e s t i o n of modal theorem p r o v i n g then 
amounts to c l a s s i c a l theorem p r o v i n g in some equa
t i o n a l t h e o r i e s . D i f f e r e n t methods can be i n v e s t i 
gated and in t h i s paper , we cons ide r Reso lu t ion .We 
may use R e s o l u t i o n w i t h Paramodu la t ion l i k e in 
[Wa l ther 8 7 ] , or a combina t ion of R e s o l u t i o n and 
R e w r i t i n g techn iques l i k e i n [ P l o t k i n 72] and [ F a 
ges 8 3 ] . Both these t h e o r i e s p r o v i d e " f r e e o f c h a r 
ge" a framework immedia te ly a p p l i c a b l e to Path Log ic 
w i t h completeness theorems ( p r o p o s i t i o n 3 ) . Cons ide
r i n g e f f i c i e n c y , P l o t k i n - F a g e s method seems b e t t e r 
and we p resen t here i n d e t a i l s i t s a p p l i c a t i o n to 
Path L o g i c . 

In p a r t i c u l a r , we must face the f o l l o w i n g p rob lem. 
The e q u a t i o n a l t h e o r i e s cons idered f o r some modal 
system (Q4,S4)possess an a s s o c i a t i v e o p e r a t o r , and 
a s s o c i a t i v e u n i f i c a t i o n in genera l i s known as a 
d i f f i c u l t q u e s t i o n [Fages, Huet 86] [Pecuchet 8 4 ] . 
The d i f f i c u l t y is overcome here by d e f i n i n g a spe
c i a l s k o l e m i s a t i o n ( " s t r o n g s k o l e m i s a t i o n " i n the p a 
per ) . A u n i f i c a t i o n a l g o r i t h m based on these r e s u l t s 
has been d e f i n e d and proved c o r r e c t ( p r o p o s i t i o n 5 ) . 

S i m i l a r approaches are proposed by L. F a r i n a s and 
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Let us c a l l E- reso lu t ion the deductive system 
cons is t ing of one inference ru le which, given two 
clauses C1 and C2 al lows to i n f e r any E-resolvant 
of C1. and C2. As usual a r e f u t a t i o n is a proof of 

the empty c lause. 

Theorem 2 ( P l o t k i n , Fages) : 
A c lausal formula is E-unsat is f iab le i f f there 
ex is ts a r e f u t a t i o n of t h i s formula by E-resolu
t i o n , 

Let us apply t h i s r e s u l t to Path Logic, We can 
introduce in the s ignature S skolem funct ions of 

the convenient a r i t i e s and types and associate, in 
the standard way, w i t h every formula H of L(S) a 
c lausal formula H' equivalent to H w i th respect to 
L ( S ) - s a t i s f i a b i l i t y . Combining t h i s process wi th 
the t raduc t ion T thanks to p ropos i t ion 1, we can 
associate w i t h every modal formula B of S a formu
la B' of L(S) in c lausa l form such that B' is L (S) -
unsa t i s f i ab l e i f f B is S -unsa t i s f i ab le . Then we 
have : 

Propos i t ion 3 : 

Let B any modal formula, S any system among Q, T, 
Q4, S4, S5, and B' the skolemized of T(B) . B is 
S-unsa t i s f iab le i f f we can re fu te B' by E(S)-reso-
l u t ion . 

2.2 Strong skolemisation 

We r e c a l l some d e f i n i t i o n s . Given some set T of 

terms, a Complete Set of Un i f i e r s (CSU) fo r T is a 

set S of u n i f i e r s of T such that fo r any u n i f i e r 
a of T, there is some T in S such that T is more ge
neral than a : there is some u such that 0 = T U. 

In order to automatise the search fo r r e f u t a 
t ions of sets of clauses, i t is qu i te desi rable 
(but not s t r i c t l y necessary) to be sure that any 
un i f i ab l e family {t , . . . , tk , } of terms admits a f i 
n i t e CSU. In the empty theory, f . i . E(Q), we know 
that such sets ex is t and are in fac t reduced to 
singletons (most general u n i f i e r s ) , and we know 
algorithms to produce them. It is easy to check 
that there also ex is t f i n i t e CSU's in the case of 
E(T), and to exh ib i t a u n i f i c a t i o n procedure. But 
in E(Q4), E(S4) or E(S5) we have an a s s o c i a t i v i t y 
axiom for *, and complete sets of u n i f i e r s are in 
general i n f i n i t e . 

there is no f i n i t e complete set of E -un i f i e r s . 

It is possible to enumerate the members of a 
complete set of u n i f i e r s , f . i . using the "narrowing" 
procedure [Fages 83] [Fay 79 ] . But there is a be t 
ter way on. We can take advantage of the p a r t i c u l a r 
s t ructure of the formulas obtained in L(S) by trans 
l a t i o n from S, and perform a skolemisation f i n e r 
than the standard one, which w i l l ensure the d e s i 
rable f in i teness property. This is what we c a l l 
strong skolemisat ion. At the present time i t is de
f ined for the modal systems Q, T, Q4, S4, so that 
they are the only systems under considerat ion in 
th i s sec t ion . 

Since the process of strong skolemisation is a 
b i t complex, we rather present here the resu l t 
T"(B) of applying it to the t r ans la t i on T(B) of a 
modal formula B. 
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2* RESOLUTION FOR PATH LOGIC 

A Path Logic L(S) is a typed f i r s t order equat io-
na l theory . We can apply Resolut ion w i th Paramodu-
l a t i o n : f o r ins tance, the techniques presented in 
[Walther 87] immediately apply. Or we can use a 
combination of Resolut ion and Rewri t ing t echn i 
ques,j and t h i s is what we present now. 



semi-decis ion procedure fo r the modal systems un
der cons idera t ion . The a lgor i thm is given in [Auf-
f r a y , En ja lber t 88] and proved cor rec t in [Auf f ray 
89 ] . 

3. EXTENSIONS - DISCUSSION 

Extensions 

Our method can be extended to deal w i th log ics w i t h 
several d i f f e r e n t modal i t ies (or multimodal log ics ) 
such as epistemic l og i c w i th many agents. If no 
r e l a t i o n is spec i f ied between the modal operators , 
we j u s t need to consider subtypes of type A corres 
ponding to the d i f f e r e n t modal operators , and the 
c h a r a c t e r i s t i c set of equations fo r each one. We 
can also deal w i t h r e l a t i ons between modal i t ies 
spec i f ied by axiom schemas l i k e A —D A, by 

s e t t i n g some order on the subtypes. Again Walther 's 
techniques immediately apply, and we are studying 
the extension of Plotkin-Fages ones. 

Discussion 

1 - The Unique P r e f i x Property cons t i tu tes a cha
r a c t e r i s a t i o n of a subset of the set of formulas 
of Path Logic in which Modal Logic can be embed
ded. This feature d is t ingu ishes our t r a n s l a t i o n 
from the " t r i v i a l " one envolving a b inary r e l a t i o n 
symbol to denote the a c c e s s i b i l i t y r e l a t i o n . We 
consider that i t ind icates that t r a n s l a t i o n from 
modal l og ic to path log ic is a good compromise 
keeping par t ot the s t ruc tu re of modal formulas 
whi le adding what is necessary of ext ra mathema
t i c a l s t r uc tu re . 

Also i n the " t r i v i a l " t r a n s l a t i o n , proper t ies 
of the a c c e s s i b i l i t y r e l a t i o n would be expressed 
by clauses at the same l eve l than the other ones 
charac te r i z ing the problem to be solved. This s i 
t ua t i on would be very s im i l a r to the treatment of 
equa l i t y which consists in adding a predicate 
symbol " = " w i t h clauses to express i t s proper t ies ; 
t h i s is known to be the wrong way to do . Further 
on, the use of Rewr i t ing techniques seems l i k e l y 
to give be t te r e f f i c i e n c y than Paramodulation : see 
[ P l o t k i n 72] fo r t h i s d iscuss ion. 

2 - In t h i s paper we considered Resolut ion, but 
other c l a s s i c a l theorem proving techniques could 
be used fo r Path Logic. Fo instance techniques 
based on r e w r i t i n g [Hsiang, Dershowitz 83] could 
be of i n t e r e s t . 

3 - A nice feature of our theory is that the t r e a t 
ment of modal i t ies is f i n a l l y reduced to u n i f i c a -
in an equat ional theory. Unfor tunate ly i t i s l i k e l y 
that not a l l modal systems can be d e l t w i th that 
way : consider a system l i k e G where the property 
o f the a c c e s s i b i l i t y r e l a t i o n is o f topo log ica l 
na tu re , or some Temporal Logics w i th the same 
c h a r a c t e r i s t i c . But noth ing p r o h i b i t s to mix the 
techniques of t h i s paper w i th other ones, induc
t i o n f o r example. This remains to be inves t iga ted . 
Also the quest ion of S5 must be considered. 

On the other hand we can ask which semantical 
p roper t ies can be n i ce l y expressed in the language 
of Path Logic. 
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