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The A-subgraph of a simple graph G is the subgraph of G induced by the vertices 
of maximum degree A = d(G). We show that a non-empty simple graph H can be a 
A-subgraph of a graph G, which is critical with respect to the chromatic index, if 
and only if H has no vertices of degree 0 or 1. 0 1989 Academic Press, Inc. 

1. INTRODUCTION 

In this paper we consider simple graphs (that is, graphs which have no 
loops or multiple edges). An edge-colouring of a graph G is a map 
4: E(G) -+ %?, where V is a set of colours and E(G) is the set of edges of G, 
such that no two incident edges receive the same colour. The chromatic 
index, or edge-chromatic number, x’(G) of G is the least value of \%‘:I for 
which an edge-colouring of G exists. A well-known theorem of Vizing [3] 
states that, for a simple graph G, 

d(G)dx’(G)dd(G)+ 1, 

where d(G) denotes the maximum degree of G. Graphs G for which 
240 

0095-8956189 $3.00 
Copyright 0 1989 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 



THE d-SUBGRAPH OF A CRITICAL GRAPH 241 

d(G) = x’(G) are said to be Class 1, and otherwise they are Class 2. The 
degree of a vertex v of G is denoted by d,(v) (or d(v)). 

A graph G is critical if it is Class 2, connected, and, for each edge e of G, 
x’( G\e) < x’(G). In his “adjacency lemma,” Vizing showed that, in a critical 
graph, each vertex v is adjacent to at least two vertices of maximum degree. 
Let A = A(G) be the maximum degree of G, and let GA, the A-subgraph of 
G, be the subgraph of G induced by the vertices of maximum degree. Thus, 
from Vizing’s adjacency lemma, it follows that, if G is critical, then G, has 
no vertices of degree 0 or 1. Critical graphs are not well understood, and so 
it is natural to ask whether G, has to have any other property, for 
example, must G, be connected? We show here that the answer to such 
questions is “no.” 

THEOREM 1. Let H be a non-empty graph. There is a critical graph G for 
which G, = H if and o&y if H has no vertices of degree 0 or 1. 

In fact we argue not so much in terms of critical graphs, but rather in 
terms of overfull graphs. A graph G is said to be overfiIZ if it satisfies 

[E(G)/ 2 A(G). F + 1. 
1 1 

If there is equality here then G is called just overfull. An overfull graph 
necessarily has odd order. Since no colour class can consist of more than 
Ll V(G))/2_1 edges, it follows that, if G is overfull, then G is Class 2. Thus if 
a graph is overfull, then it cannot be critical unless it is just overfull. 
However, not all graphs which are just overfull are critical: an example is a 
graph formed from Petersen’s graph by deleting a vertex and then joining 
two vertices of degree 2. We propose the following conjecture, linking these 
two ideas. 

CONJECTURE 1. Let A(G) 2 $ V(G)]. Then G is critical ifand on@ ifG is 
just overfull. 

The connection we use between the two ideas is the following result of 
Chetwynd and Hilton [l, from Theorems 6 and 71, which establishes the 
conjecture under quite a wide circumstance. 

LEMMA 1. Let G be a graph with r vertices of maximum degree. Let 
n = LI V(G)1/2J. Let 

A(G)Bn+$-2. 

Then G is critical if and only if G is just overfull. 
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2. PROOF OF THEOREM 1 

Necessity. If G is a critical graph for which G, = H, then, by Vizing’s 
adjacency lemma [4], H has no vertices of degree 0 or 1. 

SuJkiency. Suppose that H has no vertices of degree 0 or 1. Let 
r = ( V(H)\. Then Y > 3. Let n > {Y - 5. Choose A so that 

2n-r+c(H)>A>2n-r+3, 

where 

r(r- 1) 
r- 

2n-k1-r ; 1) 

here 6(H) denotes the minimum degree of H. This is possible since 
b(H) >, 2, so that 1 + 6(H) > 3, and since 

r(r - 1) r2 

Y-2n+l-r’r-2n+l-r 

Y2 
--*,- 7’ 

L 
>r--L 

4 

since n > 4r - 5, 

since r >, 3, 

We construct a just overfull graph G of order 2n + 1 with A(G) = A and 
G, = H. We start with the graph H on the vertex set V(H), and with the 
further set F’(G)\ V(H) of 2n + 1 - r vertices. Place edges between V(H) 
and V(G)\V(H) in such a way that there are altogether A edges on each 
vertex of V(H) and such that the numbers of edges on the vertices of 
I/(G)\ V(H) are within one of each other. This can be done since 
) V(G)\ V( H)J + 6(H) = 2n + 1 - r + 6(H) 2 2n - r + E(H) > A. The number 
of edges added in at this stage is 

rA - 2lE(fOI, 

and so the maximum degree of vertices of T/(G)\k’( H) is at this stage 

rA - 21E(H)( 

1 2n+l-r ’ 
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Now to make up the required number, nd + 1, of edges, add in a further set 
of nA - rA + IE(H)I + 1 edges on the vertex set V(G)\V(H) in such a way 
that the degrees in G of the vertices of V(G)\V(H) are within one of each 
other. If possible, do this in such a way that there are no multiple edges. 
Note that, when this is done, then the degree in G of each vertex of 
V(G)\V(H) is either L8_l or Fe], where 

l9= 2n+21 -r {nA -rA + IE(ff)I f l> +2n+11 -r irA-22/E(WI) 

Since A32n-r -t 3, it follows that A-232n + 1 -r, so each vertex of 
V(G)\V(H) has degree at most A- 1. It is now easy to see that there need 
be no multiple edges, since 

A-1<(2n-r)+(c(H)-1) 

~(IUG)\Wf)I - l)+ 
rA - 21E(H)I 

2n+l-r 1 

which is the sum of the maximum degree of a simple graph on 
1 V(G)\ V(H)\ and the maximum degree of the vertices of V(G)\ V(H) after 
the first stage. This completes the construction of G. Note that 

(E(G)1 = (nA - rA + /E(H)/ + 1) + (rA - 21E(H)I) + /E(H)/ = nA + 1, 

so G is just overfull. It clearly has all the other properties required of it. 
Since n > sr - 5 it follows that 2n + 3 - r > n + $r - 2, and so we have 

A>n+$-2. 

Therefore, by Lemma 1, since G is just overfull, it follows that G is critical, 
as required. 

3. FURTHER REMARKS 

The critical graphs constructed in Theorem 1 are all just overfull. They 
have the further property that the number of vertices of maximum degree is 
relatively small. The known graphs which are critical but riot overfull all 
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have a relatively large number of vertices of maximum degree. It seems very 
unlikely that Theorem 1 would remain true if “critical” were replaced by 
“critical but not overfull”; however, we do not see how to prove this. 

In this connection, it is perhaps of some interest to note the following 
graph G* of order 2n+ 1, with d(G*) =n+ 2, where G: has order n+ 1 
and could be made to be disconnected. Here d(G*) is relatively low and 
the number of vertices of maximum degree is high. The graph G* is just 
overfull and is critical. 

THEOREM 2. Let G* be a simple graph constructed from K,,,+I by 
inserting on the set of n + 1 independent vertices a regular graph of order 
n + 1 and degree 2. Then G* is critical. 

ProofI It is easy to verify that G* is just overfull and so is Class 2. Let e 
be an edge of G*. We must show that G*\e is Class 1. Let the independent 
sets of vertices of K,,,+l be A= {a,, . . . . a,} and B= {b,, . . . . b,,,}. 

Suppose first that e joins two vertices of B. Extend the graph G*\e by 
adding a further vertex b* and join b* to all vertices of A and to the 
vertices at each end of e. Then we obtain a Kn,n+Z with a regular graph of 
order n + 2 and degree 2 inserted on the independent set B* = B u {b* } of 
n + 2 vertices. We show that this extended graph is Class 1. First colour the 
n + 2 edges on B* with the colours ci, . . . . c,,~, using each colour exactly 
once. Now construct a bipartite graph J with vertex sets (b;, . . . . bh+ 1, b*‘} 

and {ci, . . . . cL+~}, j oining b’ to c’ if c is not used on b in the extended 
graph so far. This graph J is bipartite and regular of degree n; it can 
therefore be edge-coloured with n colours a;, . . . . ai. Now if b’c’ is coloured 
a’ in J, then in the extended graph colour ab with colour c. This yields an 
edge-colouring of the extended graph with n + 2 colours, and so G* \e is 
edge-colourable with n + 2 colours, as required. 

Next suppose that e joins a vertex a0 E A to a vertex b,, E B. Let e, = b,bl 
be an edge within B adjacent to e. Proceed as before to colour G\e,. Let ci 
be the colour on the edge of the extended graph joining b* and bl. When 
colouring J, ensure that the edge c; bb is coloured ah. Then in the extended 
graph the edge e = aOb, is coloured c,. In G\e,, colour ci is missing at b,, 
so we can remove edge e and insert edge e, coloured ci. 

This proves Theorem 2. 

Given n, let C(n, p) be the set of integers E for which there exists a critical 
graph of order n, maximum degree p with E edges. Clearly if n is odd, 
max C(n, p) <pLn/2 _I + 1. A number of questions can be asked about 
C(n, p). Is C(n, p) an interval? Is max C(n, p) =pLn/2] + 1 for all p > 2 and 
for all odd n ap + 1 ? What is the value of min C(n, p)? Investigation of the 
set C(n, p) might help to throw much needed light on the nature of critical 
graphs. 
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