
Two New Four-Error-Correting Binary CodesPatri R. J. �Osterg�ard�Department of Eletrial and Communiations EngineeringHelsinki University of TehnologyP.O. Box 3000, 02015 HUT, FinlandE-mail: patri.ostergard�hut.fi
AbstratTwo four-error-orreting binary odes of length 21 and 22 and ofardinality 64 and 80, respetively, are onstruted. The odes onsistof a union of osets of linear odes with dimension 3 and were foundby a maximum lique algorithm.
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1 IntrodutionThe maximum ardinality of a binary ode of length n and minimum distaned is denoted by A(n; d). For a reent table of exat values and bounds on thisfuntion for small n, see [1℄. In this note, we present odes proving the lowerbounds A(21; 9) = A(22; 10) � 64 and A(22; 9) = A(23; 10) � 80; previouslyit has been known that 50 � A(21; 9) � 87 and 76 � A(22; 9) � 150, wherethe lower bounds are from [4℄ and the upper bounds are from [9℄ and [2℄,respetively.Reent results by Elssel and Zimmermann [3℄ inlude a proof of the boundA(25; 9) � 384, whih is attained by a ode onsisting of six osets of a binarylinear [25; 6; 11℄ ode. This inspired the urrent work: an extensive searh forerror-orreting odes onsisting of a union of osets of a linear ode. Theframework of [8℄ is onvenient when onsidering odes of this type.In partiular for linear odes with large minimum distane, one may on-sider all inequivalent linear odes with presribed parameters (whenever thenumber of these is reasonably small). Linear odes an be lassi�ed usingthe approah in [6℄. For eah suh ode, we onfront the problem of �nding amaximum lique in a graph where eah oset orresponds to a vertex and twoverties are onneted by an edge i� (the words of) the osets are at distaneat least d from eah other. Instanes of the maximum lique problem weresolved using the program Cliquer [5, 7℄.2 The CodesThere are seven binary [21; 3; d � 11℄ odes. (Reall that we onsider odesthat onsist of a union of osets of a linear ode.) The ode obtained thatproves A(21; 9) � 64 an be desribed by the generator matrix3



G = 26664 111111111100000000100111110000011111000010111001100011000111001 37775and the oset leaders 000000000000000000000;000101101101010110000;001010111000001111000;010101101010101001000;011000011111100100000;100001000110111100001;101001010101001010010;110100110000011010001:Sine the number of odewords in the new ode is 64 = 26, it might betempting to guess that a Z4-linear ode attaining A(22; 10) � 64 ould exist.However, an exhaustive searh revealed that there is no suh ode.There are thirty-one binary [22; 3; d � 11℄ odes. Sine, in studyingA(22; 9), these lead to instanes of the maximum lique problem that arefar too large to solve diretly, isomorph rejetion had to be arried out forunions of up to three osets, after whih the rest of the osets were found bythe maximum lique algorithm.The ode obtained that proves A(22; 9) � 80 an be desribed by thegenerator matrix G = 26664 111111111100000000010011111000001111100000101100011100111001100001 377754



and the oset leaders 0000000000000000000000;0001010001111010001001;0011011010110101000000;0011100101100100010001;0110100100010000011110;0110101001010011000001;1000111100010110001000;1010000010101011010001;1101110000100001011000;1110001000001101001100:Referenes[1℄ E. Agrell, A. Vardy and K. Zeger, A table of upper bounds for binaryodes, IEEE Trans. Inform. Theory, Vol. 47 (2001) pp. 3004{3006.[2℄ M. R. Best, A. E. Brouwer, F. J. MaWilliams, A. M. Odlyzko and N. J.A. Sloane, Bounds for binary odes of length less than 25, IEEE Trans.Inform. Theory, Vol. 24 (1978) pp. 81{93.[3℄ K. Elssel and K.-H. Zimmermann, Two new nonlinear binary odes,preprint.[4℄ M. Kaikkonen, Codes from aÆne permutation groups, Des. Codes Cryp-togr., Vol. 15 (1998) pp. 183{186.[5℄ S. Niskanen and P. R. J. �Osterg�ard, Cliquer user's guide, version 1.0,Teh. Rep. T48, Communiations Laboratory, Helsinki University ofTehnology, Espoo, Finland (2003).5
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