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w xIn this paper, the results given in 2 have been generalized and a new simpler
proof is given. Q 1999 Academic Press
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w xIn 2 , the Carleman’s inequality was generalized. In this note, the
w xresults given in 2 can be further generalized and a new much simpler

proof can be given.
Ž w x.The following Carleman’s inequality is well known see 1, Chapt. 9.12 .

THEOREM A. Let a G 0, n s 1, 2, . . . , and 0 - Ý` a - `. Thenn ns1 n

` `
1rna a ??? a - e a . 1Ž . Ž .Ý Ý1 2 n n

ns1 ns1

w xRecently, 2 gave an improvement of Theorem A, and the following
result was proved.

Ž w x.THEOREM B see 2, Theorem 3.1 . Let a G 0, n s 1, 2, . . . , andn
0 - Ý` a - `. Thenns1 n

` ` 11rna a ??? a - e 1 y a . 2Ž . Ž .Ý Ý1 2 n nž /2 n q 1Ž .ns1 ns1
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In this note, we shall prove the following theorem.

THEOREM 1. Let a G 0, n s 1, 2, . . . , and 0 - Ý` a - `. Thenn ns1 n

y1r2` ` 11rna a ??? a - e 1 q a . 3Ž . Ž .Ý Ý1 2 n n1ž /n q 5ns1 ns1

To prove Theorem 1, we first prove the following Lemma.

w Ž .xnLEMMA 1. Let x s 1 q 1rn , thenn

1r2 1r21 1
x 1 q - e - x 1 q 4Ž .n n1 1ž / ž /n q n q5 6

for e¨ery positï e integer n.

Proof. We make the following auxiliary function

1 1 1
wf x s x ln 1 q q ln 1 q , x g 1, ` . 5Ž . Ž ..1ž / ž /x 2 x q 5

It is easy to see that

1 1 1 1
f 9 x s y q ln 1 q yŽ . 6 1ž /x q 1 x 2 x q x qŽ . Ž .5 5

w .and for x g 1, q̀ , it can be shown that

1 1 1 1
f 0 x s y q yŽ . 2 2 21 6x x q 1Ž .x q 1Ž . 2 x q 2 x qŽ . Ž .5 5

y5x 25x 2 q 10 x y 7 y 72Ž .
s - 0.2 22 1 61250 x x q 1 x q x qŽ . Ž . Ž .5 5

Ž . w . w .Therefore, f 9 x is decreasing on 1, q̀ . Then for any x g 1, q` , we
Ž . Ž . Ž . w .have f 9 x ) lim f 9 x s 0, thus, f 9 x is increasing on 1, q` , andx ªq`

Ž . Ž . w . Ž .f x - lim f x s 1 for x g 1, q` . By the definition of f x , itx ªq`

w Ž Ž ..x1r2turns out x 1 q 1r n q 1r5 - e.n
Similarly we make the following auxiliary function

1 1 1
wf x s x ln 1 q q ln 1 q , x g 1, q` . 6Ž . Ž ..1 1ž / ž /x 2 x q 6
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YŽ . w . XŽ .A direct calculation shows that f x ) 0 for x g 1, q` . Thus, f x is1 1
w . w . XŽ .increasing on 1, q` . Then for any x g 1, q` , we have f x -1

XŽ . XŽ . w . Ž .lim f x s 0, therefore, f x is decreasing on 1, q` , and f x )x ªq` 1 1 1
Ž . w . Ž .lim f x s 1 for x g 1, q` . Obviously, the definition of f xx ªq` 1 1

w Ž Ž ..x1r2 Ž .implies that x 1 q 1r n q 1r6 ) e. Hence 4 is true for everyn
positive integer n. This completes the proof of Lemma 1.

Remark 1. By a direct calculation, we have

y1r2 y1r26n q 2 1 1 2n q 1
- 1 q - 1 q - 7Ž .1 1ž / ž /6n q 5 n q n q 2n q 26 5

w xfor every positive integer n. Thus, Theorem 2.1 in 2 is contained in
Lemma 1.

Proof of Theorem 1. Assume that c ) 0 for m s 1, 2, . . . . By them
arithmetic]geometric average inequality, we have

1rn` ` c a ? c a ??? c a1 1 2 2 n n1rna a ??? a sŽ .Ý Ý1 2 n ž /c c ??? c1 2 nns1 ns1

`
y1ra 1rns c c ??? c c a ? c a ??? c aŽ . Ž .Ý 1 2 n 1 1 2 2 n n

ns1

` n11rnF c c ??? c ? c aŽ .Ý Ý1 2 n m mnns1 ms1

` ` 1 y1rns c a c c ??? cŽ .Ý Ým m 1 2 nnnsmms1

` ` 1
s c a ?Ý Ým m n n q 1Ž .nsmms1

m` `1 1
s c a s 1 q a .Ý Ým m mž /m mms1 ms1

By Lemma 1, we obtain

y1r2` ` 11rna a ??? a - e 1 q aŽ .Ý Ý1 2 n m1ž /m q 5ns1 ms1

Ž .Thus, inequality 3 is proved.
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Ž .Remark 2. With the inequality 7 , Theorem 1 implies Theorem 3.1 in
w x2 .

Ž . w xFinally, we point out that 3.5 in 2 should be

n11rnc a ? c a ??? c a F c a .Ž . Ý1 1 2 2 n n m mn ms1

Ž . w xOtherwise, the equality 3.6 in 2 is not true.
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