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Generic properties of the spectrum of the Stokes system
with Dirichlet boundary condition in R?
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Abstract. Let (SDgq) be the Stokes operator defined in a bounded domain € of R? with
Dirichlet boundary conditions. We prove that, generically with respect to the domain €2 with
C5 boundary, the spectrum of (SDgq) satisfies a non resonant property introduced by C. Foias
and J. C. Saut in [16] to linearize the Navier-Stokes system in a bounded domain ) of R?
with Dirichlet boundary conditions. For that purpose, we first prove that, generically with
respect to the domain Q with C® boundary, all the eigenvalues of (SDg) are simple. That
answers positively a question raised by J. H. Ortega and E. Zuazua in [25, Section 6]. The
proofs of these results follow a standard strategy based on a contradiction argument requiring
shape differentiation. One needs to shape differentiate at least twice the initial problem in the
direction of carefully chosen domain variations. The main step of the contradiction argument
amounts to study the evaluation of Dirichlet-to-Neumann operators associated to these domain
variations.
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1 Introduction and main results

In this paper, we consider the eigenvalue problem for the Stokes system with Dirichlet bound-
ary conditions defined in a bounded open subset  of R? with C* boundary, ¢ > 4,

—A¢p+Vp = Ao in (),
dive = 0 in €2,
(SDq) ) = 0 onoQ,

/Q p(a)dz 0.

Here we use ¢ € R3 and p € R to denote respectively the velocity field and the pressure. It is
well-known that (SDg) admits an increasing sequence of positive eigenvalues (\,),>; tending
to infinity as n goes to infinity.

The purpose of this paper is to prove genericity results on the spectrum of (SDgq) with
respect to domains of R3. We start by clarifying the notion of genericity considered below.
Recall that the set of bounded domains of R? with C* boundary denoted by D} can be endowed
with the following topology: the base of open neighborhoods is (essentially) given by the sets
V (€, €) defined, for any domain € D and € > 0 small enough, as the images of Q by Id + u,
with u € WH(Q, R3) and ||ul/yesie < € (cf. [20] and [29]). Then € is chosen so that
Id + u: Q — (Id + u)(9) is a diffeomorphism. As shown by A. M. Michelleti in [24] (see also
[20, Appendix 2]), a neighborhood V (Q, ) of Q2 € D? as defined previously is metrizable using
a Courant-type distance, denoted by dgy1, and each (V (€, ¢), dyy1) is complete and separable.
For any domain ) € D}, we use D}(12) to denote the Banach manifold obtained as the set of



images (Id + u)(2) by u € W h2(Q R3), which are diffeomorphic to 2. A property (P) will
thus be referred to as “being generic with respect to € D}” if, for every Q € D}, the set of
of domains of D} (2) where (P) holds true contains a countable intersection of open and dense
subsets of D3 ().

The main contribution of this paper consists in proving a conjecture formulated by C.
Foias and J. C. Saut in [I6] on the generic non-resonant character of the spectrum of the
Stokes operator with Dirichlet boundary conditions. Note that the non-resonance condition
plays a crucial role in linearizing the Navier-Stokes systems to obtain a normal form, and
then computing a useful asymptotic expansion for its solutions (cf. [16], [I2] and [13]). This
situation is analogous to the classical Poincaré’s normal form theorem for ordinary differential
equations (cf. [5, Chapter 5]) although the proof is more involved. See also [14] for a recent
development in the spirit of [16]. As noticed in [16], non-resonance does not occur for periodic
boundary conditions. However, the authors conjectured that non-resonance should be generic
for Dirichlet boundary conditions. In this paper, we confirm that conjecture in Theorem [l
Let us first recall the following definition (cf. [16, Definition 1]).

Definition 1.1. We call resonance in the spectrum of (SDgq) a relation of the type

k
Aol = ij)\j, where m; € N, 1<j<k (1)

j=1
If no resonance occurs in the spectrum of (SDg), then (SDg) will be called non-resonant.

Theorem 1.1. Generically with respect to 0 € D3, the spectrum of the operator (SDgq) is
non-resonant.

In order to prove Theorem [T, we need first to establish another genericity result on the
spectrum of the Stokes operator known as generic simplicity.

Theorem 1.2. Generically with respect to Q € D3, all the eigenvalues of (SDgq) are simple.

Remark 1.1. In [25], several properties for the Stokes system with Dirichlet boundary con-
ditions (in particular the simplicity of the spectrum) were proved to be generic for domains
in R2. Moreover, in the same paper, the three dimensional case was considered in Section 6,
pointing out why techniques developed in [25] could only handle the two dimensional case. In
this regard, Theorem answers positively the open question of Section 6 in [25].

Theorem is of course a particular case of Theorem [Tl but will allow us to work only
with simple eigenvalues in the main step of Theorem [L.I[s proof. This reduction is essential
in our arguments. We now describe the strategy of the proofs. As it is standard since [I], the
reasoning goes by contradiction and is based on shape differentiation.

We start with a description of the proof of Theorem Fix a domain Qo € D}. For every
integer k, we define Ay as the (open) subset of D3()y) whose elements (2 verify that the & first
eigenvalues of (SDg) are simple. Clearly, by Baire’s lemma, proving Theorem amounts to
show that Ag,; is dense in Ay for every k£ > 0. We argue by contradiction and assume that
there exists an integer k, a domain 2 with C* boundary in A; and € > 0, such that, for every
u € WHL(Q, R?) with ||ul|jyes100 < €, the domain (Id + )€, or simply € + u, belongs to Ay
but not to Ay 1. Let m > 2 be the multiplicity of A, the value of the (k + 1)-th eigenvalue of
(SDq) and ¢;, i = 1,--- ,m, orthonormal eigenfunctions associated to A. Finally, let n be the
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outward unit normal vector field on 02. By computing the shape derivative of the (n + 1)-th
eigenvalue of (SDg), J. H. Ortega and E. Zuazua obtained in [25] that, at every = € 952, one
has, for 2,5 =1,--- ,m, and 7 # j,

09; 0pi  0¢; 0bi o 10052
e i = || ==L}, 2
. . . 09;
If m > 2, then there necessarily exists 1 < ¢ < m so that = 0 on 0F) and one reaches a

contradiction using a unique continuation result due to Osseg (cf. [27]). However, in order to
obtain generic simplicity (m = 1), it was not clear how to pursue the reasoning by contradic-
tion, i.e., showing that relations in (2]) do not hold true generically with respect to the domains
of R? if m = 2. Note that, for questions involving scalar PDEs, if one wants to prove generic
simplicity of the spectrum of a self-adjoint operator with Dirichlet boundary conditions, then
it is standard to follow the lines of the above mentioned contradiction argument and to reach
Eq. ([@). The second equation there is now a product of real numbers and a contradiction
follows readily by unique continuation, cf. [I] and [20]. Therefore, the difficulty for showing
the generic simplicity of the spectrum of (SDqg,) stems, at this stage of the argument, from the
vectorial character of ¢;, i.e., the fact that we are dealing with a system of PDEs.

In this paper, we push further the contradiction argument by computing the shape deriva-
tive of the (k + 1)-th eigenvalue of (S)q., at every u € W L°(Q, R3) with |luyerie < €
small enough. The relations obtained in Eq. () for Q are now valid for every domain €2 + u
with u small enough. At this stage, we are not able to derive a contradiction. So we again
take the shape derivative of the above relations on 02 and end up with expressions of the type

M) =~ m)@) 2 ), 2 e o 3)

for ||ul|yye+1.0 < € and where

L L L
on 7 On On’ on on "

Taking into account the expression of M, its shape derivative M’(u) can also be expressed
in terms of Neumann data of the shape derivatives of the eigenfunctions whose values on
0f) have the regularity of u - n. By standard elliptic theory, if u - n belongs to the Sobolev
space H*(0Q), M'(u) a priori belongs to H*~1(9€). Then, the key observation is that a
gap of reqularity exists between the two sides of Eq. (B) since the right-hand side trivially
belongs to H*(0), for s < 1 and ¢ > 4, the latter assumption needed to assert that aj\g_r(Lo)
is continuous on 0f). The whole point now comes down to use that gap of regularity in
order to reach a contradiction. In this paper, we reformulate the issue at hand as follows:
how to extract pointwise information (i.e., for z € 9Q) reflecting the aforementioned gap of
regularity and thus allow us to pursue the reasoning by contradiction. This rather elementary
line of attack, first considered in [9] and also applied in [6], consists in choosing appropriate
variations u “localized” at an arbitrary point x € 0€). We note that problems treated in
[9] and [6] concerned planar domains and, therefore, equations of the type (Bl were valid on
closed C? curves of R2. In that case, the localization procedure is easier to handle. Indeed,
the strategy adopted in [9] and [6] consisted in extending M’(u) for variations u defined on
0%) as continuous functions except at some point = € 0€). More particularly, v = u, can be

taken as a Heaviside like function admitting a single jump of discontinuity at x. In order to
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exploit the gap of regularity, the singular part of M’(u,)(-) at x (in the distributional sense)
had to be computed, to eventually obtain the following expression,

M/ (u)(0) = My p.v. (%) + R(0),

where o denotes the arclength (with o = 0 corresponding to ) and R(-) belongs to H'/27¢(9)
for every e > 0. Plugging back the above expression into Eq. (@), one deduces that My(-) =0
on 09. In [9], the previous relation provided additional information and allowed to conclude
the contradiction argument. However, in [0], it turns out that My(+) is proportional to M (0)(+)
and hence is trivially equal to zero. To determine the first non trivial term in the “singular”
expansion of M'(u,) + (ug - n) 81\57(10) at z, in the distributional sense, a detailed study of
Dirichlet-to-Neumann operators associated to several Helmholtz equations was required.

In the present paper, the “localization” procedure, i.e., the choice of appropriate variations
u for any arbitrary point x € 0€), must be performed for functions defined on a surface 0f)
and not anymore on a curve, as in [9] and [6]. For that purpose, after fixing an arbitrary
point z € 0f), we will choose sequences of smooth functions w., approximating the Dirac

distribution at x. as e tends to zero, the point x. € 0€) being any point at distance ¢ of x. The

1
gap of regularity between the two sides of Eq. (8] will be now quantified in terms of powers of —

and not anymore measured in the distributional sense. We are therefore led to an asymptotic

1 1
analysis as — tends to infinity and, more precisely, the right-hand side of Eq. (@) is a O(=)
£ £

] 1
meanwhile we will establish that the left-hand side of of Eq. (3] is equal to w_3 +0(=), where
€ £

w, is bounded independently of €. Letting ¢ tend to zero, one deduces that lim. ,ow. = 0
and finally one concludes the contradiction argument and Theorem is established. Note
that the exact characterization of w. requires, as in [6], a detailed study of certain Dirichlet-
to-Neumann operators, but here, associated to the Stokes system. That study heavily uses
many technical results borrowed from [20, Chap. 7], not only for handling certain weakly
singular operators but also for the material which is necessary to evaluate integrals defined
on the surface 0€). It is noteworthy that, to perform the evaluation of the surface integrals,
we choose charts based at z. € 02 near the fixed point = € 02, but not exactly at . This
trick turns out to be crucial for handling the singularities in computations involving boundary
layer potentials. Of an equal importance, it also provides two degrees of freedom, namely the
distance and the angle (in local coordinates) between x. and z, and functions of these two
variables being equal to zero give additional information to yield a contradiction.

Let us now briefly mention how the argument for Theorem [T goes. Since the resonance
relations of the type ([Il) are clearly of countable number, we can start a contradiction argument
similar to the abovementioned one. Therefore, there exists a resonance relation of the type
(@) and denoted here by (RR), a domain  with C**! boundary, £ > 3 and & > 0, such that,
for every u € W*22(Q, R3) with ||ul|yer2 < &, the domain Q + u verifies (RR). Moreover,
since Theorem holds true, one can assume that the eigenvalues involved in (RR) are all
simple for Q + u with ||ul|yer20 < €. We then take the shape derivative of (RR) but we
are unable to derive any contradiction. Assuming thus that this shape derivative is equal to
zero for 0 + u with ||ul[yye+2. small enough, we again differentiate the shape derivative of
(RR) at uw = 0. We then consider the variations u. ,_ introduced previously and embark into
the characterization of the main term of the second shape derivative of (RR). After lengthy
computations (where an extra shape derivative is performed and this justifies the extra degree
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of regularity of the boundary as compared with the argument for generic simplicity), we get
a contradiction and conclude. It is interesting to notice the following difference between the
proofs of Theorem and Theorem [Tl respectively. Indeed, for the first result, one uses,
in the contradiction argument, the parameter defined by the angular part between z and x.
whereas for the second result, it is the radial part between x and z. which plays a crucial
role. Both parameters actually result from the vectorial character of our variations and that
enables one to adequately address the fact that (SDgq) is a system of PDEs. Therefore, one
should emphasize the flexibility of the approach proposed in this paper, which can be applied
to genericity questions for other systems of PDEs.

Before passing to the plan of the paper, we would like to make two remarks. The first
one regards the reference [20], which provides the best update for genericity questions related
to PDEs, where genericity is meant with respect to the domain 2. Moreover, many new
genericity results are proven there and in several situations, the author (essentially) arrives
to the same critical issue as the one explained previously, i.e., equations of the type ([@]). D.
Henry’s approach is based on transversality theory (see for instance Theorem 5.4 in [20, p.
63] instead of shape derivation. In his arguments, the main issue to contradict, “Ay,; is not
dense in A,” translates into the fact that a certain operator acting on the space defined by
w - n (i.e., the domain variation restricted to Q) is actually of finite rank. In the spirit of
pseudo-differential calculus, he pursues the argument by evaluating that operator for functions
u - n with rapidly oscillations of the type ~y(z) cos(wf(x)) where w tends to infinity (see [20),
Chap. 8]. The asymptotic analysis is therefore performed in terms of the phase w. Even
though the contradiction arguments follow two different view points, our approach and that
of Dan Henry both consider parameterized appropriate domain variations and an asymptotic
analysis with respect to the parameters. One must however notice that the technical details
to be handled in D. Henry’s approach are much more elaborated and complicated compared
to ours.

We close this introduction with a brief scope on the present work and, more generally,
on genericity problems regarding differential operators (not necessarily self-adjoint) admitting
only a discrete spectrum. The fact that a property is generic with respect to the domain
translates geometrically as a transversality property but the technics presented in this paper
only rely on real and functional analysis tools. We do believe though that they are flexible
enough to tackle similar problems for other systems of PDEs. For simplicity, we assume that
the differential operators are completed with Dirichlet boundary conditions. Assume that
the following two facts hold true. Firstly, one has a result of unique continuation for the
associated overdetermined eigenvalue problem, i.e., the zero function is the unique solution of
the eigenvalue problem where both Dirichlet and Neumann boundary conditions are satisfied
over the whole boundary. Secondly, there exists a “good” representation formula for the
Dirichlet-to-Neumann operator associated to the original operator, i.e., one is able to compute
with “good” precision the kernels of the required layer potentials. Since we only perform
computations localized in an arbitrarily small neighborhood of any point of the boundary,
one should (in principle) only need Taylor expansions of the appropriate kernels rather than
their explicit global expression. Once these two sets of information are available (unique
continuation result and “good” representation formula), our technics can come into play for
genericity questions.

The paper is organized as follows. In Section 2, we present the necessary material on the
Stokes system, shape differentiation and the result displayed in Eq. (2) and first established in
[25]. The third section is devoted to the proof of Theorem assuming that the expansion of



a Dirichlet-to-Neuman operator in terms of inverse powers of ¢ is available. Then, in Section 4,
the argument to achieve such an expansion is provided using technical results on representation
formulas for Dirichlet-to-Neuman operators gathered in Section 6. The proof of Theorem [Tl
is given in Section 5. Background materials on layer potentials and integral representation

formulas for the Stokes system as well as the proofs of computational lemmas are gathered in
Appendices A and B.

Acknowledgements The authors would like to thank E. Zuazua and J. C. Saut for having
suggested the problems.

2 Definitions and preliminary results

We start by defining precisely in Section 2.1] the topology for the set of domains in R? with C*
boundary, where d, ¢ > 2. The material is standard and borrowed from [20] and [29]. We then
recall in Section the definition of the Stokes operator and its spectrum. The presentation
adopted in this section is inspired by [15, Chapter II], [3T, Chapter 5] and [25]. Results on
the regularity of the eigenvalues and eigenfunctions of the Stokes operator with respect to
domain variations are derived in Section and essentially based on [22, Chapter 7] and [2].
Section 2.4l is devoted to the shape differentiation for the Stokes system following the strategy
of [29]. We finally recall in Section 2.51J. H. Ortega and E. Zuazua’s result obtained in [25] and
provide an alternative proof. This result will be the starting point of our proof for Theorems

(L1l and L2

2.1 Topology on the domains

In this section, we provide the basic definitions needed in the paper. We work in this section
in R, d > 2, even though we will only be interested by the case d = 3. A domain ) of R,
d > 2, is an open bounded subset of R?. We provide now the standard topology for domains
with a regular boundary. For ¢ > 2, the set of domains  of R? with C* boundary will be
denoted by D¢. Following [29], we can define a topology on D¢. Consider the Banach space
WLee () R?) equipped with its standard norm defined by

||w]|i41,00 := supess{||Du(z)|; 0 <a <141, x € Q}.

For Q € D¢, u € WL (Q RY), let Q + u := (Id + u)(Q) be the subset of points y € R?
such that y = z + u(z) for some z € Q and 9 + u := (Id + u)(0?) its boundary. For ¢ > 0,
let V(£2,€) be the set of all Q + u with u € W= (Q R?) and ||u||yer1, < g, small enough
so that Id +u : Q — (Id +u)(Q) is a diffeomorphism. The topology of D¢ is defined by taking
the sets V (€, ) with £ small enough as a base of open neighborhoods of €.

A. M. Michelleti in [24] (and also reported in [20, Appendix 2]) considered a Courant-type
metric, denoted dyyq in this paper, so that V(£2,¢) is metrizable and each (V(£2,¢),dpi1) is
complete and separable. For any domain 2 € DY, we use D¥(2) to denote the the set of
images (Id 4+ u)(Q2) by u € W>(Q,R?), which are diffeomorphic to Q. Then D}() is a
Banach manifold modeled on u € WL (9Q, RY) as proved in [20, Theorem A.10]. In the
sequel, we will sometimes identify, without further notice, the neighborhoods V' (€2, €) with the
corresponding open balls of W 1(Q R9) centered at 0.



Definition 2.1. We say that a property (P) is generic in D¢ if, for every € D¢, the set
of domains of D¥(Q) on which Property (P) holds true is residual i.e., contains a countable
intersection of open and dense subsets of D¢(€2).

2.2 Spectrum of the Stokes operator with Dirichlet boundary con-
ditions

The presentation here is inspired by [I5, Chapter II], [31, Chapter 5] and [25]. Let © be a
domain of RY, d > 1 with C* boundary. We use D(Q2) and D'(Q) to denote respectively the
space of C'*° functions with compact support in €2 and the space of distributions on 2. The
duality bracket will be denoted by (-, )p/xp.

Consider the following fundamental functional spaces for the Stokes system:

V(Q) = {ve (HJ(N)"|dive =0},
H(Q) = {ve (LX) |dive=0 inQ, v-n=0 on dQ}.

The space V() is equipped with the scalar product of (H{(£2))? defined by

ou’ Qv
uvv—/Vqu—Z/axjax] (4)

for u := (u',--+ ,u?) and v := (v',--- v?) in V(Q). The space H () is equipped with the
scalar product of (L?(€2))¢ which will be denoted by (-,-)g. Note that V() and H(Q) are
separable Hilbert spaces as they are closed sub-spaces of respectively (H}(Q2))? and (L?(2))%.
We use L2(2) to denote the subspace of L*(2) made of the functions f with zero mean, i.e.
/ f(z)dz = 0.

0
Remark 2.1. If we define V(Q) := {v € (D(Q))¢ | div v = 0}, one can show that V() is the
closure of V in (H*(Q))¢ (cf. [33, Theorem 1.6, page 18]), and H(fQ) is the closure of V(Q) in
(L*(Q))? (cf. [33, Theorem 1.4, page 15] and [I8, Theorem 2.8, page 30]).

Let f € H. Since the linear form on V() defined by ¢(v) := / f-o, forve V(Q),is

continuous, by Lax-Milgram’s Theorem, there exists a unique w € VSEQ) such that, for every
v e V(Q), (w,v)y =L(v) and ||Jw]ly < C(Q)| ||z, where the constant C'(£2) only depends on
Q). Therefore, the linear operator L from H () to H(2) defined by Lf = w is continuous.
As L is also self-adjoint and compact (cf. [8, Theorem IX.16, page 169]), then, by classical
spectral theory (cf. [8, Theorem VI.11, page 97]), the operator L admits a non-increasing
sequence of positive eigenvalues (y;);en tending to 0, and the corresponding eigenfunctions
(¢)ien can be taken so that they constitute an orthonormal basis of H. In particular, one has

/QV@-Vv:)\i/Q(bi-v, VoelV, (5)

1
where \; := —. Note that (\;);ey is a non-decreasing sequence tending to infinity. We use

m(A) to denote the multiplicity of the eigenvalue \.
For v € V, Eq. (#) is equivalent to

(Adi + Aigi, v)prxp = 0. (6)



Theorem 2.1 (de Rham-Lions). Let ¢ € (D'(Q))¢ such that
(q,v)prxp =0, Voe. (7)

Then, there ezists p € D'(Q) such that ¢ = Vp. As a consequence of Theorem[21], one deduces
from Eq. (3) that there exists p; € D'(Q) such that

Ag; + Nidi = Vp;. (8)

Remark 2.2. Note that p in Theorem 2] is unique up to an additive constant.

Remark 2.3. Theorem 21]is a consequence of a more general result due to de Rham (cf. [10]
Theorem 17’, page 95 |). The version adopted in Theorem 2] is due to Lions, also stated in
[33, Proposition 1.1, page 14]. A constructive proof can be found in [30].

Remark 2.4. There exists an equivalent presentation of the eigenvalue problem for the Stokes
system based on the Stokes operator Ts, which is defined as the operator defined on VNIW/2(2)
by Tsu € H being the unique element satisfying

Au+ Tsu = Vp,

for some harmonic pressure field p, cf. [15, Chapter I1]. Then, one has Ts = —PA where P is
the Leray projector. One then proceeds by standard functional analysis arguments.

The following regularity result holds for ¢; and p; (cf. [33, Section 2.6, page 38]).

Theorem 2.2 (Regularity). If the domain Q is of class C*, for an integer £ > 2, then, for
i €N, ¢; € H(Q) and p; € HY(Q). If Q is of class C>, then, for i € N, ¢; € C=(Q) and
pi € COO(Q)

We now summarize some computational results related to the Stokes system. We start
by providing several notions of “normal” derivatives used in this context. If ¢ = (¢")1<i<4,

(2

the Jacobian matrix of ¢ defined as —8¢ 1<i.i<qa Will be denoted by V¢. We use n to denote
0 7
x; T

the outward unit normal to 9 and the superscript 7 used below denotes the transpose of a
matrix. The corresponding normal derivative is given by

9¢
and we also have 96
S T .
IN - (Vo+ Vo) n. (10)
Finally, the conormal derivative g—f on Jf) is defined as follows
¢ 09
— = — —pn. 11
o~ oan " (11)

Moreover, we will use n, or n(z), with z € 01, to denote the value of the outward normal
vector at point z.



Definition 2.2. For a and b are C! functions defined on an open neighborhood of €2, we use
Va : Vb to denote the following function

1
Va: Vb= §(Va +V7Ta) - (Vb+ V'),

where - is defined in Eq. ({]) as the Hadamard product of two matrices.
We recall the following Green’s formulas (cf. [23, page 53]).
Lemma 2.3. Assume that d = 3. The formulas

b
/ a-a—:/Va:VbJr/a-(Ab—Vq), (12)
oo O Q Q

ob da
/aga.a_/mb-a:/Qa-((A+77)b—Vq)—/Qb'((A+77)a—Vp)a (13)

hold for every n € R and for every pairs (a,p) and (b,q) of C* functions defined on an open
neighborhood of Q, taking values in R3 x R and satisfying div a = div b = 0.

and

Remark 2.5. One has noticed that the dot “” has been used for scalar product a well as for
the Hadamard product in Eq. (). We will make that abuse of notation throughout the paper.

We also need the following obvious result.

Lemma 2.4. Let d > 2 be an integer, a € (CH(Q)? N (H(Q))? and Q C R? be an open

domain of class C*. Then,
da

Va= " on 0S. (14)

2.3 Regularity of the eigenvalues and eigenfunctions with respect
to the shape perturbation parameter

In this section, £ — 1 > d > 2. Let €2 be a domain in ]D)?. We consider perturbations v in the
space WHhoo(RY RY) with its standard norm ||« ||¢41.0. To study perturbations of eigenvalues,
we adopt the strategy described in [22) Chapter 7, Section 6.5, pages 423-425] and also follow
the developments of [2, Section 4, pages 1541-1548].

Recall that the eigenvalue problem associated to the Stokes system on €2 with Dirichlet
boundary condition is given by

—A¢p+Vp = ¢ in ),
dive = 0 in €,
(SDq) ) = 0 onoQ,

/Q pla)de = 0.

Consider any smooth map ¢t — T} defined for ¢ small enough so that Ty, = Id and 7} is a
diffeomorphism from 2 onto its image € := T;(€2). Let (¢, pr, Ar) be the solution of

—A¢+Vpr = Moy in
diV ¢t = O in Qta
(SDg,) oN = 0 ond%y,

/pt(yt)dyt = 0.
Q

10



By Theorem 2.2, ¢; € (H (%)) N (HL (%)) and p, € H 1) N L3(SY).
We next turn to the variational formulation of the above eigenvalue problem.
For every (w,q) € (H}(4))? x L2(Q), it comes

Vo, : Vw dy' — / pe div(w) dy +/ Tr(Vy)q dy' = / A dyw dyt.
Qt Qt

Oy Qt

We set ¢t == ¢, 0Ty € (H(Q))4N (H(Q))? and p! := p; o T, € HH(Q) N LE(Q). Define
the change of variables y* := T;(y) and set z(y) := (yt) and 7(y) := ¢(y"). Then, one shows
that (¢, p') satisfies the following identity

/QA(t)ng :Vz — /Qp Tr(B(t)Vz)y(t) +/QT1"(B(t)V¢> yry(t) = /Q)\t ¢ zy(t), (15)

where 7(t) = det(DT;), A(t) = v(t)(DT; Y*(DT; 1) and B(t) = (DT, ')*. For fixed ¢ (small
enough), all these functions defined on Q are of class C*.
It follows that (¢, p) satisfies

—div(A(t)Ve') +div(p'y (1) B(t)") = M ¢'y(t) in O,
Tr(B(t)Ve') = 0 in Q,
ot = 0 on 05, (16)

/Q p(y)y(t)dy = 0.

Let L2Tt be the Hilbert space equipped with the scalar product

- / ()b () (t) da, (17)

and define Lf 5, := {v cL*: / v(x)y(t)dr = O}. We consider C(t) and D(t) the two opera-
Q
tors on (H}(2))¢ given by

I
C(tyv = —%dlv(A(t)Vv), (18)
and
D(t)v = —Tr (DI ') Vo). (19)

For fixed t (small enough), the operators C(t) and D(t) have respectively coefficients of class
C* ! and of class C*. The following result holds true.

Theorem 2.5. (cf. [2, Lemma 4.2])

1. The operator C(t) is self-adjoint with respect to (-,-)r, and C(t)~! is coercive, i.e., there
exists C' > 0 such that, for every g € H (), one has (g,C(t)"'g) > C || g ||u-1-

2. The range of D(t) is closed and the adjoint D(t)* of D(t) with respect to (-, )1, is given
by

Drg(t) = %divm@». (20)

Moreover, the null space of D(t) is made of constant functions on ) and its range is
equal to L 1,(€2).

11



Using the operators C(t) and D(t), we rewrite System (Il as

C(t)o' + D)t = No', in Q,
D(t)p! = 0 in Q, (21)
¢ =0 on 9.

Since the operator C(t) : (H}(Q))4 — (H~1(Q))¢ is an isomorphism, we can write
¢' +C(t) D (t)p" = AC(t) ¢, (22)
and since D(#)¢! = 0, one has
D()C()~'D(t)"p' = AD(H)C(t) "¢

Thanks to the coercivity of C(¢)~!, one concludes that D(¢)C(¢)"'D(¢)* is continuous and
one-to-one in the space orthogonal to the null space of D(t)*. It follows that

pr=XN(DOCH)'D(E)*)

Finally, reporting this expression of p' into ([22]), we derive that

1

D(t)C(t) ¢

1

C()¢" + AD(1)" (D(C()"D(t))  D()C(t)'¢" = A, (23)

or equivalently

C(t)9" = MA(t)¢', (24)
where we have set

1

A(t) = [Id —D(t)* (PH)CH) D)) DE)C(Et) .

Assume now that ¢t — T; is analytic in a neighborhood of t = 0. We are therefore dealing with
the analytic perturbation problem described in [22, Equations (6.42) page 424 and (6.47) page
426]. Indeed, ([2I]) shows that the t-dependent operators A(-) and C(-) are defined on a fixed
(i.e., t-independent) Hilbert space. We also have that

e the operator A(t) is a closed operator with coefficients of class C*~*.

e The operators t — C(t) and t — C(¢)~! are analytic in a neighborhood of ¢ = 0, This
shows that the mapping ¢ — A(t) is analytic in a neighborhood of ¢ = 0. Furthermore,
A(t) is bounded when ¢ is sufficiently small.

We next prove the following theorem.

Theorem 2.6. Let Q C R? be an open bounded domain of class C*. Assume that X is an
eigenvalue of multiplicity m(\) = h of the Stokes system with Dirichlet boundary condition on
the domain Q. Then, there exist h real-valued continuous functions, u — \;(u) defined in a
neighborhood V' of 0 in W 12(Q, RY) such that the following properties hold,

e \(0)= M\, fori=1,.. h;

e for every open interval I C R, such that the intersection of I with the set of eigenvalues
of (SDq) contains only X\, there exists a neighborhood V; C V' such that, for every
u € Uy, there exist exactly h eigenvalues counting with multiplicity, A\;(u), 1 <i < h, of
(SDatuwyn) contained in I;

12



o for every u € WL(Q,RY) and 1 < i < h, consider the map

R x (H(QNH;(Q)" x (H7'nL§(Q))
(Ai(w), 5 (u), pi(u) )

with J C R an open interval containing 0, for 1 < i < h, ¢t(u) := ¢pi(u) o (Id + tu)
and pi(u) := pyi(u) o (Id + tu), where ¢y ;(u) and py;(u) are respectively eigenfunction
and eigenpressure of (SDqi,). Then, for 1 < i < h, VU, is analytic in a neighborhood
of t = 0. Moreover, the family (¢r1(u), ..., ¢ip(w)) is orthonormal in H}(Q + tu).

\I!i:J_)
t —

Remark 2.6. This result is actually the Stokes system’s version of [26l Theorem 3]. Tt is
important to insist on the fact that at ¢ = 0 the orthonormal family

(6150,1(“), R ¢o,h(u)),

of eigenfunctions associated to A does in general depend on u and continuity of the eigenfunc-
tions with respect to the shape parameter u does not hold true. Therefore, only directional
continuity and derivability with respect to u can be achieved and this is the object of the next
paragraph.

Proof of Theorem[2Z4. From [22, Chapter 7, Sections 6.2 and 6.5], we deduce that (), ¢*, p')
defined in (2I)) is analytic in a neighborhood Jy of t = 0. Moreover, if A = A(0) is an eigenvalue
of multiplicity A, by applying a standard Lyapunov-Schmidt argument (cf. for instance [22),
Chapter 7], [19] or [20]), one gets Theorem (Z6) when T} = Id + tu, with u € WL°(Q, RY),
except that the maps U,’s take values in R x (H(Q))? x LZ(Q).

Since the boundary 99 is of class C%, we now want to get that the maps t + (¢!(u), pt(u))’s
take values in (HY(Q)NH} ()4 x (H'NL3(Q)) and analytic (in a neighborhood of ¢ = 0) in
this space. It is sufficient to show the result for the map t — ¢!(u). To see that, consider the
power series ¢! (u) = Y, <, Agk) (u)t® which is convergent in Jy as element of H{(€2))%. Develop
all terms in Eq. (24]) as power series. A trivial induction shows that Agk) (u) € H}(2))? verifies
the equation C(0)A™ (u) = AA(0)A™ (u)+ R;, where Ry = 0 and Ry, involves the terms AY (u),
0 < j < k—1. By astandard argument (cf. [I7, Theorem 9.19, page 243] and [I1], Theorem
5, page 323]), one shows by induction that firstly Agk)(u) € (HY))? (since the operators
A(t) and C(t) of class C*~1) and secondly their (H*(£2))%norms verify the appropriate upper
bounds insuring that the map t — >, Agk) (u)t* takes values in (H*(©2))? and is a convergent

power series in some neighborhood J of t = 0 contained in Jj.
O

2.4 Shape differentiation

The subsequent developments follow a standard strategy (cf. [29, Theorem 2.13] for in-
stance) but seem to be new for the Stokes system with Dirichlet boundary conditions. Fix
u € WiLe(Q,RY) and set Ty = Id + tu for ¢ small enough. In this section, we define and
calculate the differential systems verified by the derivatives at t = 0 of the eigenfunctions
(¢ie(u), pir(u)) defined in Theorem 26l For that purpose, we must first consider the deriva-
tives of the maps ¢!(u) and p!(u). Since we perform such a computation along a fixed analytic
branch (Af(u), ¢ri(u), pri(u)), the index ¢ is omitted for the rest of the paragraph.
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According to Theorem 2.6, (¢'(u), p'(u)) is analytic in a neighborhood of ¢ = 0 and we set

oy de'(u) oy dp(u)
Pu) = —— o plu) = —— . (25)
We next proceed in a similar way as in [29] Theorem 2.13]. For every open set w whose
closure is included in €2, we consider (¢;(u))|, and (p;(u))|,, the restrictions of ¢;(u) and p;(u)
respectively to w. As compositions of two analytic maps in a neighborhood of ¢t = 0, (¢:(u))|.
and (p:(u))|. are also analytic in a neighborhood of t = 0 and their derivatives at t = 0 are
equal to (¢(u) — Vo - u)|, and (p(u) — Vp - u)|, respectively. It is then easy to see that these
formulas are actually valid over the whole Q and thus, if we use ¢/(u) and p'(u) to denote the

derivatives at t = 0 of ¢, and p; respectively, one finally gets that

¢ (u) = o(u) —Vo-u, p(u)=plu)—Vp-u, inQ. (26)
We refer to ¢'(u) and p'(u) as the shape derivatives in the direction u of the eigenfunction and
eigenpressure (¢, p) associated to A.

According to Theorem 28, ¢(u) and p(u) belong to (HY(Q) N HE(Q2))? and H ™' N L2(Q)
respectively. Therefore, they admit traces on 9 in H*='/2(9Q) and H*~3/2(0€2) respectively.
Since ¢ — 3/2 > d/2, these traces are continous functions on d€2, which are of course equal to
zero. From Eqs. (20) and ([IG]), we deduce at once, by using Eq. (Id) that p'(u) + div(up) €
L3(92) and

&' (u) + (un)g—z =0 on 99.

It remains to determine the relations satisfied by the derivatives ¢'(u) and p’(u) inside the
domain Q. For that end (see [2 Proposition 4.6] for more details), we take the derivative
with respect to time evaluated at ¢ = 0 of Eq. (). For arbitrary test functions (z,r) €
(D(Q))? x D(Q), we obtain

/Q (A’(O)V<;5 + v¢<u)) V2 — /Q (p(u)div(z) 4 pTe(B'(0)V2) + pdiv(z)y’(O))

T / (T(B(O)V) + div(d(w)) + div()7(0))r = / (N (o + 2d(w) + A67/(0)) = (27)

To simplify the previous equation, we use the following relations between time derivatives and
shape derivatives,

7'(0) = div(u), A'(0) = div(u)ld — (Vu + V7 u) and B'(0) = —V'w.

We first use the boundary conditions for ¢ and notice that the term multiplied by ~/(0) in the
integrand of Eq. (7)) is the PDE satisfied by ¢. Eq. (27)) then reduces to

/Q(V¢/(u)+V(V¢.u)_(vu+vTu>v¢> :Vz—/

g ((p'(u) + Vp-u)div(z) — pTr(VTqu))

_ /Q ()\'(u)gb + A (1) + AV - u)z
and

/ ( — Tr(VTuVe) + div(¢'(u)) + div(Ve - U))r _0
Q
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After some integrations by parts and using the boundary conditions, one deduces the two
identities

/Q Vo' (u) : Vz + /Q Vil (u) - 2 = /Q (N()o+Ad'(w)z  and /Q div(/ (u))r = 0.

These identities hold for every (z,7) € (D(Q2))? x D(2), and they yield to the equations which
are valid in 2
—(A+ M) (u) + Vp'(u) = =N(u)g,  div(¢'(u)) = 0.

In summary, the shape derivatives ¢/(u) and p'(u) satisfy the following inhomogeneous Stokes
system of PDEs

—(A+ N9 (w) +Vp(u) = —Nue¢ inQ,
div ¢'(u) = 0 in Q,
&' (u) + (u - n)g—i = 0 on 09, (28)
p'(u) + div(up) e LiO).

2.5 Ortega-Zuazua’s result

Our argument for establishing Theorem [[L2 requires the shape differentiation of the eigenvalue
problem (SDgq). The first step of the contradiction argument (i.e., assuming that the simplicity
of the spectrum is not generic) was already conducted by J. H. Ortega and E. Zuazua in [25].
We next recall precisely the main result they obtained and, for that purpose, we introduce the
following definition.

Definition 2.3. Let ¢, d be two integers such that £ — 1 > d > 2. A domain 2 € ]D)? verifies
Property (Poz)q if, for every A eigenvalue of the Stokes operator with Dirichlet boundary
conditions (SDg), one has m(A\) <d—1and if m(A\) =d—1,for 1 <i,57 <d—1andi#j,
the following three conditions must hold on 0f2,

Jo;
i = 0, (29)
0p; 09,
0¢; 0¢;
5] = |5 @)

where the ¢;’s, 1 <17 < d — 1 are orthonormal eigenfunctions associated with .
Then, the main result in [25] is the following.

Theorem 2.7. Let ¢, d be two integers such that ¢ —1 > d and d is equal to 2 or 3. Then
Property (Poz)a defined above holds true, generically with respect to ) € DY.

As an immediate corollary, it is proved in [25] that Property (Simple) holds true generi-
cally for domains in R?. Since we adopt a viewpoint different from [25], we provide below a
complete argument. We need to provide the following definition, similar to that of “minimal
multiplicity” in [20], page 56].

15



Definition 2.4. Let Q € D¢ and A an eigenvalue of (SDg). We use mgq()\) to denote the
liminf over the multiplicities m(\,,), where A, is an eigenvalue of (SDg, ) such that Q, — Q
and A, — A as n tends to infinity.

Several remarks are now in order with regard to Definition [2.4]

Remark 2.7. There exists a sequence of domains (£2,,) in D¢ and a sequence ()\,), where )\, is
an eigenvalue of (Sq, ), such that Q, — Q, A\, — X as n tends to infinity and m(\,) = mq(\)
(and it is also equal to mgq, (A,)).

Remark 2.8. Moreover, Property (Poyz)q for a domain ) € D¢ is clearly equivalent to the fact
that, for every \ eigenvalue of (SDg), mq(A) < d — 1, with the equality case described by

Egs. [29),B0),BI).
Proof of Theorem[2.7. Fix a domain Qy € DY. We define, for [ € N, the sets

Ap = Df(Q),
and, for [ > 1, consider
A= {Qo+u € Ag, u € WFL(Qy, RY), mg,(\) < d—1 for the first [ first eigenvalues of (SDg,1y)}.
Set A := (),cy Ai- Note that
A={Qo+u € Ay, u € WH>(Qy, RY), mg,1u(N) < d—1 if X is an eigenvalue of (SDg,4y)}

The proof is based on the application of Baire’s lemma to the sequence {A;}en. As A, is
open in Ay for every | € N, we only need to prove that, for [ € N, A;,; is dense in A;.

We proceed by contradiction. Assume that A;.; is not dense in A;. Then, there exists
u € A;\ A41 and a neighborhood U of u such that U C A;\ Ajyq. Set Q= Oy + u and let
A be the (I + 1)-th eigenvalue of (SDg). For s > 1, let A;(+) be the function which associates
to Q € DY the s-th eigenvalue of (SDgq). Note that A,(-) is continuous and A = A\ 1(€).
According to the contradiction assumption, one has m := mg(\) > d and then \(Q) < A.
As a consequence, if (€,) is the sequence in D¢ considered in Remark 27 and associated to
Q, then it has the following additional property: for n large enough, there exists ¢, > 0 such
that, for every ' with d(€',Q,) < e,, one has that

m(N1 () =m > d.

In particular, m(A;.1(+)) is locally constant, equal to m > d in an open neighborhood of €,
for n large enough. We will contradict that latter fact, i.e. the existence of a domain (2,
where m(A;41(+)) is constant and equal to m > d in an open neighborhood U, of Q.. For
simplicity, A is used to denote A;;1(€2) in the remaining part of the argument. Once for all,
fix an orthonormal family v = (vy,...,v,,) of eigenfunctions of (SDgq,) associated to A and
define the m x m matrix

a’l}i avj
M(v) = (/aﬂ(u ) on '8—n>1§i,j§m'

Note that M(v) is real symmetric. We next perform shape differentiation with respect to the
parameter u € U,. Using the notations of Theorem 2.6, we consider, for every u € U,, the m
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analytic branches ¢ — (A(u), ¢y:(u), pri(u)), for i = 1,...,m, given by Theorem We use
..., pm(u)) respectively to denote

o(u) == (d1(u), ..., pm(u)) and (py(u),...
(P01(w), .. Qom(uw),  (poa(w),....qom(u)),

the eigenfunctions and eigenpressures associated to A (i.e., which correspond to the values of
the ¢¢i(u)’s and pe;(u)’s at t = 0).

Since v and ¢(u) are orthonormal families of eigenfunctions associated to the same eigen-
value A, then, for every 1 < i < m, there exists S(u) € SO(m) such that ¢(u) = vS(u) (with
the convention that the ¢;(u)’s and the v;’s are viewed as column vectors of R™). One clearly
obtains that

M(d(u)) = S(u)M(v)S(u)". (32)

We now need the following standard result whose proof is given in Section [B.Il of Appendix.

Lemma 2.8. Using the notations defined above, then
diag(Xi(u))1<icm = =M (¢(u)) (33)
holds for every u € W >0(Q R?).

We next proceed with the proof of Theorem 2.7]

The fact that m(A\;41(+)) is constant and equal to m in a neighborhood of u = 0 is equivalent
to the fact that Aj(u) = Aj(u), 1 < 4,5 < m, for t small enough, implying that \j(u) takes
only one single value p as i runs from 1 to m. In other words, M(¢(u)) = —uld,, and then

one gets
M(v) = —pld,,,

thanks to Eq. (82). That yields the equations

o5 -

Lg(u.n)gg% = 0, for1<i,j<d—1,i+#j. (35)

2

O
! ) = 0, for1<ij<m, (34)

on

9v;
on

The integrals in the above equations define linear maps in (u.n) and are equal to zero in an
open neighborhood of v = 0. It thus implies that, for distinct 1 <i,5 < m,

8’02‘ an

‘ anll = 5 =0 on 09, (36)
8@2‘ 8Uj o
o B = 0 on 09.. (37)

Moreover, using Lemma (2.4)), one has, for 1 <i < m,

3 Vi
on

-n =0, on 0L,. (38)

on
v

zero. According to Eqs. ([B8), (87) and ([BS) , the (m + 1) vectors given by a—vj(xo), 1<ji<m
n

Assume now that there exists xy € 02, and an index i € {1,--- ,m} such that (x0) is not

17



and n(xg) are all non zero and two by two perpendicular. This is a contradiction because

U.
these vectors belong to a d-dimensional vector space. Therefore, 8—Z must be identically equal
n

to zero, for 1 <17 < m.

Thanks to a unique continuation type of argument due to Osses (cf. [27]) and which is
valid only for d equal to 2 or 3, one concludes that the v;’s must also be identically equal to
zero, which is in contradiction with the facts that the v;’s have L?-norm equal to one.

O

Remark 2.9. This argument is an adaptation of the original proof by J. H. Albert in [I] to the
Stokes system with Dirichlet boundary conditions, and the perturbation parameters being the
domains of RY. See also [20, Example 4.4] for a more general situation.

3 Proof of Theorem

For the rest of the paper, domains Q are bounded subsets of R? with C* boundary, i.e.,
d = 3 and ¢ > 4. We follow the classical strategy initiated by J. H. Albert in [I] for the
Laplace operator with Dirichlet boundary conditions. This strategy was in particular applied
successfully in [25] for the generic simplicity of the Stokes operator in two space dimensions,
and in [9] for other Laplacian-like operators. Fix a domain Qy € D3. We define, for [ € N, the
sets

Ay = D3 (Q),

and, for [ > 1,
Ay = {Qo+u, u € WHE2(Qo, R?), Qp+u € Ay and the [ first eigenvalues of (SDgq,4,) are simple}.
Set A := (),cy Ai- Note that

A= {uc W>(Qy,R?), Qy+u € Ay and the eigenvalues of (SDq, ) are simple}.

Again, the proof of the generic simplicity of (SDg) is based on the application of Baire’s
lemma to the sequence {A;};en. As A; is open in D}(§)) for every [ € N, we only need to
prove that, for [ € N, A;,; is dense in A;. We proceed by contradiction. Assume that A;;
is not dense in A;. Then, there exists u € A; \ A;y; and a neighborhood U of u such that
U C A\ A1 By Theorem [27] we can assume, without loss of generality, that there exists
Q = Qg + ug for some uy € U verifying the following: there exists an open neighborhood
V C U of 0 such that, for every u € V, then 2 4+ u verifies:

(i) the first [ eigenvalues A\j(u), ..., \j(u) of (SDgq4,) are simple;

(ii) the multiplicity of the (I 4 1)-th eigenvalue A\ji1(u) of (SDgqy,) is equal to 2 and, on
0 + u, one has

gf;z ‘n, = 0, i=1,2, (39)
Jp1 Opy
on, On, 0 (40)
Iy [efe
on, ’ on, ||’ (41)
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where n, is used to denote the outer unit normal at 92 + u and (¢4, ¢2) is any pair of
orthonormal eigenfunctions associated with A4 (u).

Remark 3.1. These conditions simply state that, for an eigenvalue X of (SDq) (say the (I+1)-
th), its multiplicity is larger than or equal to 2 and, for every variation v in W5 (Q+u, R3),
there are two equal directionnal derivatives (in the direction of v) of A\;y; at w. This fact
actually does not depend on the dimension d > 2 of the domain 2. In dimension two, the
above conditions immediately yield that

001 _ 062 _

on,  On,

for any pair of orthonormal eigenfunctions associated with A;y;(u), and one derives at once a
contradiction by the unique continuation result of [27], see also [25]. However, in dimension
d = 3, conditions (39), (@), and [@I) do not immediately yield a contradiction since three
non-zero two-by-two orthogonal vectors may exist in dimension d = 3.

3.1 Shape derivation of Equations (39) (40) and (41))

We begin with the following preliminary result.
Lemma 3.1. The shape derivative ¢ of ¢; in the direction V' satisfies
ap. 0P, 0p; 0 T ,
i 99 9P = . A 42
on  Ov +<8n’n>n+vn8n<<v¢l) n>+pzn, (42)

where we use V,, to denote the normal component V - n of the direction V' evaluated on OS).

Proof of Lemmal3dl From the fact that ¢; vanishes on 02 and satisfies div(¢;) = 0, one
knows that

(Voi)'n = 0. (43)
Taking the shape derivative of the two sides of Eq. ([A3]), one gets

(V)" n+ (Vo)™ n' + Vna% ((V@)Tn) = 0.

Since (V¢;)" = <% nT>T =n <a¢i)T, it comes that

on on
0¢; 0
N\NT sl ! e N\NT —
(Vo))" n+( o ,n'yn + Vn@n ((V(bz) n) 0,
hence
0¢; 0

(V)" n = (S = Vo ((V6) ).
The proof is finished once we report this expression in the definition of the co-normal derivative

of (bz
0

Proposition 3.2. If ¢; satisfies (39) and ({40), then we have, for j = 1,2,
9¢; 0¢; 99; 9¢:
<81/’ 8n>+<81/’ 8n>

- (GG T et G+ (Fvam ).
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Proof of Proposition[3.2. The shape derivative of Eq. ([B9) gives
O, O, d¢; 09 0 ()09, 0¢i
N =y (X : 4
<6n’3n>+<8n’6n> Vn0n<<3n’8n>> (45)
Cas
Since o "= 0, it comes from Lemma (B.I]) that

n
(350 = (oo Sy oo, 32,

hence we deduce that

<8¢>2 %>+<3¢} 8¢z~>

(5,8 (83801 (2 o0t 22+ 2o 2)
ov’ on v’ on "\\on" 7" on on' 77 onl)

From Eq. (@3]), we get after identification that

(o oo o) = la (o B )+ P G+ v, 521)

and this ends the proof of Proposition

U
3.2 Special choice of V,,
9¢i 9¢;
Let € 09 such that the vectors a—(az) and 8—(:5) span the tangent space T,(0%). Let
n n
U, be a neighborhood of z in 9 such that, for all y belonging to U,, the vectors %(y) and

%(y) span T,(09). For y € 0N near z, we write the parametrized form of 02 near z as a

graph over the tangent plane at = : if n = P,(y — x) is the orthogonal projection of y — z onto
the tangent plane T,(0€) with 7 sufficiently small, there exists an open neighborhood T,U,
of 0 in T,.(02) such that the map h, given by

hy : T.U, — U,

n '—>y:37+77—7/x(77)”x, (46)

is well-defined and is a diffeomorphism onto its image. For y near x, we have

1
ve(n) = gn" Ken +O(nf), asn =0,
where K, is the symmetric matrix representing the curvature operator at x. We fix once for
all § > 0 small enough so that |n| < 2§ implies that y = x + 1 — v,(n)n, belongs to U,.
One has the following standard relations where all the vectors are embedded in R? and (-)
denotes here the standard scalar product in R3.
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Lemma 3.3. Let n'.(n) = n,(n) € T,(09). We have

on
- A
’ 11 G
i (nmy—x) = —gn K+ O(nl’) asn—0,
B 1 (47)
’LZ'L) <7’L$,7’Ly> = W

1
= 1 §|Kgc77|2 + O(|n|3) asn — 0.

Proof of LemmalZ3 These equations are easily obtained by standard facts from the theory
of surfaces (cf. [7, Chapter 10]) and are explicitly given in [20, page 146]. O

Remark 3.2. We note that the inverse of the Jacobian of the change of variables h! :y —
n = h;'(y) from a neighborhood of  on 99 to a neighborhood of 0 in R? is equal to (n,,n,).

We are now ready to define V,,. Let ¢ << § be a positive real number. For ny € B.(0) C
T,(09), consider the points xy € U, which can be written as

o =T + 1Ny — Va(10) N

and set
Mo = To(cos b, sin QO)T,

where 6, € S and 0 < ry < e.
Our choice for V,, will be

Vn<y) = (()65777055) © hgl(y)7 (48)

where, for n € R? (identified with T, (92)),
1 [n—m |’
) = S expl =0

J
and (5(-) is a smooth cut-off function equal to 1 on B(0,34§/2) and 0 on R?\ B(0,24).
Lemma 3.4. If y = h,(n) with n € B(0,6), then we have

VValy) = W(ha(y)) — (W (ha(y)), vV, (ha(y)))na, (49)

where VV,(y) is used to denote the tangential gradient of V,, along 02 and W (h,(y)) € T,(082)

s given by

W(ha(y)) = Ve, (ha(y)) — Ve (ha(y)). (50)

Proof of Lemma[37 Recall that n = h,(y). By definition of V,,, one has, for every tangent
vector w € T,(9Q) with £ = dh, ' (y)w € T,.(09)

(VValy),w) = dV,(y)w = d(acy, o h; )( Jw daemo(n)dh;;l(y)w (51)
= do‘e,no(ﬁ)f - <Va€n0(n)a >

21



where da. ,,, denotes the differential of the scalar function c ,,. From Eq. (48]), one gets that

w=2¢&— (V.(n),{)n,. By a simple computation, one deduces that

§=w+ <V:;:<n)7 w>nl“7

i
where the latter inner product is taken in R®. According to the orthogonal sum R? = T,(99Q) @
Rn,, one has VV,,(y) = W (n)+ (V.(y), ne)n, for some vector W(n) € T,(992). Since VV,,(y) €
T,(09), on gets after taking the inner product of the decomposition of V,,(y) with n,, that

(Valy),nz) = —(W(n), v,(n))-

Plugging the two previous displayed equations into Eq. (&), one deduces that

W (n) + (W(n), v.(n)ve(n) = Vae,(n),

which in turns yields Eq. (B0) and hence Eq. ({9). O

Convention For the ease of notation, the gradient of a scalar function will be considered in
the following as a line vector instead of a column vector. This convention will allow us to use
the notation V for both scalar and vector-valued functions in a consistent way.

3.3 End of the proof of Theorem

The main technical result of the paper is summarized in the following proposition. The proof
is provided in Section [l

Proposition 3.5. Let x € 0 such that the vectors 0¢: (x) and %(:p) span the tangent space
n n

T,.(09). Use P, to denote the orthogonal projection onto T,.(0S2). Then, for € small enough,
one has, for every ny € B. C T,(02) and the corresponding variation V,, defined in Eq. (48],
that, for j = 1,2,

8(]5’» e—F% o L - L 8¢
P52 (@) = 25 (M3 (7o) + MM (o) — 7303 (7)) 2 (o)
e AL\, 00, _ 1
P2 DM (o) o, P )0+ Ol ), (52)
where Ty = @, o = oy = (cos(6),sin(0p))" and M (-), 2 < k < 5, are nonzero entire

function defined in Eqs. (83), (84), (I80) and (I83) respectively.

We can now conclude the proof of Theorem By conditions (29) and (B0), and Propo-
sition B.5 we have

o 0 Ot 0
(O (w), 2 @) + (92 ), S ()
e 7o 0 O

1
- _ Av(m N7, 1 = 272 —
= —— M (1) {7, 5~ (@)) {0, 5 =(2)) + O(5)
,fg 1
= == M (o) cos(6y — o) cos(6, — 60) + O( ),
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with %(SL’) = 14(cosb;,sin 6;)", for j = 1,2.
However, Proposition implies that
¢y | 992 by, 01, 1
), 22 ) + (E2(0), S w)) = O(55).

c2

Therefore, if we now fix 7y < 1 such that M;"' (7)) # 0 and recall that r4 > 0, we have, for
every 0, € S*,
cos(0y — by) cos(by — 6y) = O(e). (53)

By letting ¢ tend to zero, we deduce that
cos(0; — by) cos(fy — 6y) = 0, (54)

since 6y does not depend on €. Again, by conditions (29) and (B0), one has |0; — 0| = 7/2.
Then, by replacing the arbitrary angle 6y by 6y — 0; in Eq. (B3]), one derives that

sin 26y = 0, (55)

holding for an arbitrary angle fy € S'. This yields the final contradiction and Theorem is
established.

4 Proof of Proposition

This section is devoted to the proof of Proposition BAl The argument starts by applying (I62))
to ¢* = ¢, j = 1,2, solution of ([IGH)-(I6Y). The four terms of the right-hand side of (IG2)

correspond to four terms I/Vij , 1 <4 < 4 respectively. Since ¢ = —Vn% on 0f), it comes
that o0 "
8; () = W (z) + Wi(w) + Wi (z) + W] (), (56)
where we have in coordinates, for 1 < s <3, and ¢; = (¢}")1<m<s,
Wi@)] = —2pv. | Soem o Vi) ) do ), (57)
j _ - " PTo(z —y) 995"
W) = —((; (0] ) [ =2 | SoEm e S Vi) 5 ) do () (2]
= ([X |20y ] |wi) @, (58)
i) = (S I [ Pl —y) |, 0
i@ ==X |26 ]) | Sriave) @ 5w dow), (69
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and

W), = ~[r- (3 [20])] [pv. [ Tembo i) 20 i)

S

. [R—(g[(—Q)(KS)*r)] e D)5 ) doty). (60

1 h-1 _ p-L 2
We take V,,(y) = = exp[—| + ) = 2 (z0) |

term appearing in the right hand side of the equation quoted above. Our strategy is simple:
we show that the main term of the expansion is contained in WY, where appears the effect
of the hyper-singular operator. Next, we prove that all other terms W/(x), i = 2,3,4 are

actually remainder terms. These are the contents of Proposition 1] and Proposition E.IT]
respectively given in the next subsections.

| and tackle the asymptotic expansion of each

4.1 Expansion of W}

The goal of this subsection is to provide the main term in the expansion of W/ (z) defined in
Eq. (B1). More precisely, we prove the following.

Proposition 4.1. With the notations of Proposition [, we have, for e > 0 small enough
and 7 =1,2,

‘ —7g O -
PAWE ) = 2 (M )+ M1 ) = M 7)) 20
7 09, 1
2T MO ) (o, S (@) + O( ) (61)

4.1.1 Computational lemmas

We begin by studying the term W/ (z) defined in Eq. (B7). We start with the following lemma
whose proof is deferred in Appendix. For u = (u™)1<m<3 : 02 — R3 we will use E(u)(x) to
denote the value at x € 0€2 of the hypersingular operator

L,z —y)
E = p.V. —me 2" d 1 <s<3. 2
B)@)] = pv. | Sremee S ut(y) doy, 1S53 (62)
Lemma 4.2. Let o : 00— R and ¢ : 00 — R3 be C! functions. One has

5

ArE(a)(z) =) Ao, ) (), (63)

i=1
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Ml 0)@) = pv. [ 200 (w(y),0 = ) TTaly) + (Talle — 1)) )d (00)
Aafa,0)(o) = pv. [ S0 fgﬁy (Vo) + V7)) (@~ y)do,, (65)
Ao . /aQ ns, Y(y))Voly)(z —|$y)_;|<;/)(y),fv—yWOZ(y)nxnyd% (66)
Ay(09)(2) = pov. /moz (n,, Vw(‘x)_Z?’T@/}(y))(x—y»nyday’ (67)

~ |tV )ds, (68)

where 1(+,-) is a weakly singular operator of class C2(1) (see Appendiz[AZ for a definition).

O
Lemma will be applied with o = V,, and ¢ = %, j = 1,2. We will consider the
n

change of variables introduced in Section and, using these notations, we set

o cosf o cos b o cos By, o _ T
= ( sin ) » Tlo == To ( sin 6y ) s P(a) =y ( sin 0, ) ) Mo =2 Toi=

Recall that, with the conventions of Subsection B.2] one has 7y < 1. In the sequel, we will

provide an asymptotic expansion for each of the A;, 1 <7 < 5, using powers in the variable —.
€

1
— X;) and the other one of the

7

72
—7g

e
o X; (or

We will have two types of terms, one of the type

_o2
e 4e2

type YZ, where m; is an integer and X, Y; are vectors with bounded norms. For each A;,

=2
e~ "o 1
1 <7 <5, we will identify the term of the first type (i.e., —X; or —X;) with the largest
gmi gmi
value of m;, then gather them and consider all the others terms as a rest. For that purpose,

we will use repeatedly the following two lemmas whose proofs are deferred in Sections [B.3 and

B.4in Appendix B.

Lemma 4.3. With the notations above and for any non negative integer m, one has

(1) ;o C(m)
/3(05)\?7\ == s (69)

with C'(m) a positive constant only depending on m.

Lemma 4.4. With the notations abowve,

pv/ agv"O(ﬁ)ndn — €
RQ

0|3

5 (7)o, (70)

where M3 (+) is a nonzero entire function defined in (I82) or (I83) below.

25



We will provide detailed computations for A;(c,)(x) in the expansion of W/ (z) and will
only sketch the main steps for the other terms. In these computations, we will systematically
refer to the following procedures.

(P1) The first one consists of decomposing a C' vector-valued function F(y) in two parts as
F(y) = F(z) + G(z)(y — x), where G is a continuous matrix-valued function.

(P2) The second procedure consists of cutting an integral / - -doy, as
i)

o0 B(0,26) B(0,5) B(0,26)\B(0,5)

52

4¢2

and majorizing the second one by C; for appropriate constant C; and integer m;.

Finally, note that (¢(z),n,) = 0.

m;

(P3) In certain integrals of the type [, - doy = [, < dn, the term VV,(y) will be
expressed after changing variables as

Vae (1) + G0)Vaey, (n) + H(n)na, (71)

where G(n) denotes the non-positive symmetric matrix —% and H(n) is a real-
valued function. Note first that, for 7 small enough, one has that |G(n)| < C|n|? for

some universal positive constant C'. Thus the contribution arising from G(n)Va. ,,(n) in
/

; 1
the expression of 8—j(:c) will be shown below to be trivially a O(=). Moreover, in the in-
v £

tegrals abovementionned, only their contributions tangent to 7,(€2) are relevant, thanks
to Egs. (29) and (@4]). In conclusion, it is enough to only estimate the contribution of

Va.,(n) in Eq. ().
4.1.2 Asymptotic expansion of A;

We give in this paragraph the asymptotic expansion of A;(a,¢)(x) with respect to e. Recall
that

Al @) = pov. [ A2 (14(4) 0 — )V aly) + (Val) e = 9)00) ) doy

o0 |7 —y[?

Proposition 4.5. For e > 0 small enough, one has

Pl )(e)) = 2 (M5 (o) + MY () — TN (7o) ) ()

9 M () o, ()0 + O ) (72)

For the sake of clarity, we set Ay (v, $)(z) = Ap1(a, §)(x) + Ara(a, )(x) with
Aei)a) = p [ 10,0 - )T a)do, (73)
Maaw)(a) = p. [ 28 (Tat) o - )0, (74)

We will establish separately estimates of these two terms in Lemma and Lemma
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Lemma 4.6. For e > 0 small enough, one has

=2
e "o

P(Auao,)(2)) = 25 (M (o) o, o )to + M (i) +O(g), (75)

where M3 (-) and M (-) are non-zero entire functions defined by (83) and (83) respectively.

Proof of Lemma[{.0] Using the change of variables introduced in Subsection and taking
into account Lemma [3.4] and Remark 3.2, we have

_ 2. Qe o (M) (0 = Vi ()72, (1))
Peldualen9)(e)) = 5 '/B<o,25> <\77 2 + | va(n) \2)

Then, by taking into account Procedures (P1) and (P3),
Py(Ava(a, ) (@) = I (o, ¢) (@) + T (o, 90) () + R (0, 9),

(Idy + G(n))(n — no)dn.

Njw

with
2 . ,
Y a,) o= = PV /B(Oé)a’" (n‘);‘z w@»(n—no)dn, (76)
A1 . 3 O‘emo(ﬁ)O(Wz) N
J (aaw)(l‘) T 2 B(0) ‘n‘g (77 7)0)d77> (77)
R (0, )(z) = / (78)
B(0,26)\B(0,5)

where, in R411(a, 1) (), one has the same integrand (in local coordinates) as in A; (o, ) ().

Clearly, there exists a positve constant Cs only depending on ¢ such that, for £ small enough

with respect to 9, one has
52
-4

[R5 (o ) @) < Cs—

(79)
Moreover, one can apply Lemma B3 to J441 (o, 9)(z), one gets that

2 (C(1) + CO)ro

A11 -
|74 (0, ) @) < :

),

r
and since — = O(1), one finally deduces that there exists a positive constant C, such that
€

174 o, ) (@) < & (50)

J— 82 .
Note that, for € small enough the upper bound of (80) is larger than that of (79).
It remains to estimate 411 (v, 1))(x). First of all, notice that the norm of

2 a., ,P(x
2 LRI T——
€% JrR2\B(0,9) n|

Cse 12
84

is clearly less than or equal to for some positive constant Cs only dependent on § and

¢ small enough with respect to 9.
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We can therefore estimate, instead of 411 (v, 1) (), the quantity 141 (o, 1) () defined by

TA11 & ) = E v a€7n0(n)<n7w(l‘)>
Pl i)e) = 5 o [ 20l

(n — 10) . (81)
By using polar coordinates, one gets

I (o, 9) ()

€ sin 90

73 o 2 21 r cos 6
= 2 o qu/o exp(—?)dr/o cos(0 — 9¢)exp(227“o cos(6 — b)) (s1n9) db
e (costoY Tew(om), 7 (6 — 0,) exp(2-7g cos(6 — ) do
3 "\ gip 0o To P-V. 0 r : 0 cos ¥ CXP 67“0 o8 0
— e "0 [ M () cos(fy — By) cos by + M (o) sin(6y — 6,) sin b
g3 M1A1 (70) cos(Bp — 0y) sin by — MAI( 0) sin(fy — ) cos Oy
—26_30 1y cos(bo — Oy) (COS K

_ 26_77(2) ry [MlAl (f(]) foM?) 7’0)] (90 — ew) COS 90 -+ MAI( ) il’l(e(] — 91/,) sin 90
2 (MM (7o) — fOMfl (70)] cos(fy — By) sin g — Mz (7o) sin(fy — 6,) cos Oy
where
e’} 2
MM () = / exp(—rz)d'r/ cos® 0 exp(2r7g cos 0)d6, (82)
0 0
[e'¢) 2m
M3 () = / exp(—rQ)d'r’/ sin? § exp(2r7, cos 0)db), (83)
0 0
00 2 2
M () = % p.V./0 %dr/{) cos 0 exp(2rrq cos 0)d6.. (84)

The needed information about the functions MZ-A1 (1), =1,2,3, is gathered in the following
lemma, whose proof is given in Section in appendix.

Lemma 4.7. Fori=1,2, M1 (-) are entire functions. Moreover, the function M{"(-) defined
by the relation

M (2) o= g (MY (2) = M50 (2) — M3 (2) (85)

1S a nonzero entire function.

Using Lemma A7, we further simplify T {4 "1 as follows.

L (o)
e—ﬁ%r ([MlAl(o) 72 M3" (70)] cos (B — 0y) cos By + My (7o) sin(fy — ) sin 90>
(4

= 2 ]
el (MM (7o) — 72 M2M ()] cos(B — 0y) sin Oy — Mz () sin(y — 6, cos Oy

—72

e - cos By ﬂ Ay 2y [ cos by
= 2— = rwroM (7o) cos(by — by) ( in@o) + 2 = T My (T5) (sin@w

—72

2 M ) N+ 2 M (). (86)
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This ends the proof of Proposition .5l

O
Lemma 4.8. With the above notations, for € > 0 small enough, one has
2¢70 Ay —27 rA1 (= 1
Po(Arz(a, 9)(2)) = —5—(M5" (To) — ToM5™ (70))9 () + O(55), (87)

where M (-) is the non zero entire function defined as M{"'(-) + Mz (-).

Proof of Lemma[{.-§ We proceed similarly as in the proof of Lemma [L.6l Besides remainder
terms, one must the principal term given by

[A1’2<O{7'l/})< ) = p.v. 3 aemo(n)@?a?? - 770>dn b(@).

g2 n]3

Using polar coordinates, one gets

2 (a,9)(x)

(3 /2 %7'7;;'(77)0{77 522 p'v./ ac, 7]0(|77)|§n n0>d7)>¢(9€)

= =
2 - 2 2 -3 2 d

_ e 0/ / 2rrocos€ do dr — e 07’0 D.v. / / e2ro COS@CoSH do _,r)w(x)
r=0 r=0 r

= 2 8 0 (o) — M ),

where M;" (7y) and Mz (7,) are given respectively by (I82) and (I33).

4.1.3 Asymptotic expansion of A; for 2 < <5

We establish the following proposition for the asymptotic expansion of A; with ¢ = 2,...,5.

Proposition 4.9. Fori=2,...,5 and € > 0 small enough, one has
1
Po(Ai(a, ) () = O(55)- (88)

Proof of Proposition [{.9 We proceed similarly as in the proof of Lemma
For As(a,v)(x), we only need to estimate the following term:

R (0, 0)(x) = (90(a) + 700 po [ Sy
By Lemma [£4] one gets

R (0, 0)(x) = M (70) (Vi) + V7))o = O(L). (89)

g2 g2
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For As(a,1)(x), we first note that Va(y)n, = 0, and
(e, Y(y)) = (ne,d(x + 0= na(ng)) = (e, (@) + Vip(z)n + O(|nl*))
= (V(2) g, ) + O(nl?).

Thus, we need to estimate the following integral,

o)) = 5 [ (T

82 R2

(n =m0, m)dn ny.

One can clearly apply Lemma to R (o, v)(x) with m = 0,1 and one gets,

2 c(0
IR )l < e + SO0
and since 2—0 = O(1), one finally deduces that
1
R (a,v)(z) = O(5)- (90)

For Ay(a, 1) (x), we only need to estimate the following term:

R (o, ) (z) := < p.v./ ae’"(’gn)ndn, (Vi — VTw(x))nx>nx.
r |7
Using Lemma (4.4, one gets

e 1

e2

R (0,0)(x) = o MG () (V0 — V(@) madn, = O(). (o1)

For As(a,1)(x), one gets the estimate

R (a, ) ()

I
<
|

(92)
as a consequence of Lemma [4.10]

1
In summary, fori =2,...,5, P.(A;(a,¢)(x)) = O<_2)’ which ends the proof of Proposition
€
4.9l
]

Lemma 4.10. With the notations above, consider the function defined for x € OS2

R(x) = /a ) Vlaw)(g)do(y).

where r(-,-) is a C2(1) weakly singular kernel and - stands for a linear action of r on the
coefficients of V(a)(+). Then, there exists a positive constant C'r such that, for e > 0 small

enough and x € 0S), one gets

IP(RE@)) < . (93)
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Proof of Lemma[{.10. As done for estimating A;, we use the change of variables introduced
in Subsection and taking into account Lemma [3.4] and Remark B.2], it is easy to see that
the most ‘singular” part corresponds to majorizing

/ Vo (n) i,
B(0,5) i

Thus Eq. ([@3) follows readily from Lemma 3]

4.2 Estimates of the remainder terms W-j, 1=2,3,4and 5 =1,2.

7

In this subsection, we upper bound the remainder terms Px(VVZj(x)), i =2,3,4and j = 1,2,
defined respectively in Eqs. (BX), (59) and (58]). More precisely, we prove that

Proposition 4.11. With the notations above, we have, for € > 0 small enough, j = 1,2 and
i =234,
Po(Wi(2)) = O(5)- (94)
Remark 4.1. One must stress the similarity of our computations with those performed by
D. Henry in [20]. More precisely, the terms A; and Ay in W7 (-), which are (essentially)
the most ‘singular” part in the hypersingular operator F defined in Eq. (G3), correspond
to the operator J(-) defined in Theorem 7.4.1 of [20], page 135, with the specific choice of
Q(z,y, |y — x|) = V() |y — x| and n = 3. Also notice that our Lemma [4.4] corresponds to an
y—x y—x
explicit computation of the polynomial ¢(-) (cf. Theorem 7.4.1 of [20]) and follows the same
lines as the strategy proposed in page 137 in [20]. In particular, one gets from Theorem 7.4.1
of [20] that W (-) extends uniquely to a continuous operator on 9.

Proof of Proposition[{.11]. All the estimates to be established are consequences of (I73))-(I76)
obtained in Corollary B2l We rewrite it as follows. For u of class C? and x € df, one writes
4drEu(z) as the sum of two operators,

drEu(z) = Fu(z) + Lu(z) = p.v. . f(z,y) - Vu(y)do(y) + /(m l(z,y) - Vu(y)do(y), (95)

13 7

where stands for an action of the respective kernels which is linear with respect to Vu(-),
I(-,-) is a C3(1) kernel (of appropriate matrix size) defined in Appendix [A2] and the kernel

f(+,) defining the singular operator F' together with its action is given by

) My) = (M) + M) 5 el (M) = M)} =5, (96)
for  # v, points on dQ and M is C'! matrix-valued function defined on 9Q. We are then only
interested in the first term of the above sum.

In order to handle the remainder terms Pw(Wg )’s, i = 2,3, 4, one must handle the evaluation
at Vn% of the operators obtained as the composition of K} defined in (I57]) and its iterations
with W/. In fact, we will show next that all remainder terms P,(W/)’s, i = 2,3, 4 are O(%)
and to proceed, we will be only interested in the contribution of the “most” singular part
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in each term Wg 's, i = 2,3,4. For that purpose, we will perform several (and standard)
reductions. The first one consists in considering the operator K9 instead of K} since K — K
admits a C' kernel. Lemma already handles the term W?f . Next, recall K9 is a weakly
singular operator of class C?(1) (see Appendix [A2 for a definition). To handle the terms Wy
and W/, we first need the following result.

Lemma 4.12. The operator defined on C1(9Q) as the composition of K and F is a weakly
singular operator of class C2(1).

Thanks to the above lemma, the first term in the summation (G8) is controlled as O(Z).
For the other terms, it is now enough to see that they correspond to compositions of iterates
of K§ with K3 o F' and thus we can apply Theorem [A4 given below on the composition of
weakly singular operators of class C3(y) with v > 0. We deduce at once that every term
appearing in the summation (G8) corresponds to the evaluation at V(Vn%)(-) of a weakly
singular operator of class C?(y), with v > 1, and is therefore controlled as O(Z). The term
Wg is handled in a similar way and Proposition .11] is established.

O
We now give the proof of Lemma [4.12]

Proof of Lemma[{.13 The argument given below is already contained in Section 7.6 of [20],
which considers a more general situation (see, more particularly, the proof of Theorem 7.6.3
page 147, [20]). For sake of clarity, we reproduce the main lines. Let M be a C'! matrix-valued
function defined on 9. Then, the composition (KQ o F)[M](+) is defined, for x € 95, as the
sum

(Kq o F)[M](z) = Ry(x) + Ra(w),

where

Rl //MZXBQ r—Zz n(Z)) (.T—Z)(SL’—Z)T[M(y)—l-MT(y)] dO'y d(fz, <97)

| z—a ] Iz—y|3

and

(x —2,n(2))* (z—2) (n(2), [M(y) = M"(y)](z — y))
Ba(@) 47T / /amag

| z—z[t |2z 2=yl

do, do.

(98)
Thanks to (I60), the operator Ry is clearly more regular than R;. In the sequel, we only
provide details for R; and only give the estimate for Rs.
We next develop in coordinates the above expressions and obtain that, for ¢ = 1,2, 3,

(Rl( >@ = 43 zj: / (Y))w doy
/ [(x —z,n(2))(z — 2)i(x — 2 (2 —y)
19)

2= [° 2=yl

< x—z,n(2))(x —2);(z — 2), (Z_y)k] do,.

|z =z [? 2=yl
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The integrand of ([Q9) shows that R; is the contraction of M(-) and a tensor field of order
(2,1) defined (in coordinates) by the interior integral in ([@9)). In order to describe R; as a
convolution, we prefer to rewrite (@9) in a more elementary way, as follows,

Ri(@)) = —pv. [ Te(My)ez,y)) do,,
(#i), .

A7

where the kernel ¢;(z,y) is defined for z # y and 1 <1i < 3, as

_ N (e AT _ AT
T [ S Y = P
Ele! |z — x| |z—y| lz—y|
Let (e;)1<i<3 be the canonical basis of R®. Then one has ¢;(z,y) = d;(x,y) + di(x,y)?, where
dw.y) = v, [ w2y (e dor (101)
o0

i.e., d;(z,y) is the kernel corresponding to the convolution of KQ with kernel £°(-,-) given by

K (z.y) L (e—ynly) (z-y) -y

eyl Je-yP Jr-yllz-yl|
and the singular operator G* with kernel ¢'(-, ) given by
i ei(r —y)"
g'(x,y) = .
@3] 2=y

To perform that analysis, one writes (I0I]) in the chart h, defined in (@8] and only considers
the most “singular” term of the composition, which is given by

T 5 T

N Ken peéi(n—n

p.V./ 5 " ( y>3 dn. (102)
B(0,5) |7 | ‘77_771;‘

Here, €; is the orthogonal projection of e; onto 7,,0Q). In (I0Z), one clearly recognizes the

TK ~. T

convolution between the kernels 77| |3;777777T and |em| 5
Ui n

@ (1) where the components of @ are homogeneous polynomials of degree four defined on

St According to [20, Th. 7.3.1 p. 128] (which refers to [32] for more complete computations),
the Fourier transforms of these kernels are respectively equal to

The first kernel can also be written as

and

where 7, is a positive constant and the components of () are homogeneous polynomials of
degree four. We get that the Fourier transform of the operator whose kernel is given by (I02])
is equal the product of the two Fourier transforms written previously and, as a consequence,
that operator is weakly singular of class C3(1). The same conclusion holds true as well for R;.
A similar line of reasoning shows that Ry is weakly singular of class C3(2) and Lemma 10 is
finally proved.

O
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5 Proof of Theorem 1.1

In this section, we establish in full generality the Foias-Saut conjecture in 3D as stated in
[T6]. First of all, notice that there is a countable number of resonance relations as defined in
Definition [LT. To see that, simply remark that, for every positive integer N, there exists a
finite number of resonance relations of the type A\, = 2221 mjiA;, with A <--- <A < Ay, s0

that k + 22:1 m; < N. We use (RR),,, n > 1, to denote these resonances relations.
Fix a domain Qy € D} with ¢ > 5. We define, for n € N, the sets

AO = D?(Qo),
and, for n > 1,

Ap i ={Q0 +u, ue WH°(Q,R3), Qg +u € Ay

and the n first resonance relations (RR);, 1 < j < n, are not satisfied}.
Set A :=[),cy An- Note that
A={Qo+u, uec W-(Q,R?), Qo+uc Ay (SDg,.,) is not resonant}.

For n > 0, each set A,, is open and one must show that A, ,; is dense in A,,. Reasoning by
contradiction, assume that there exists n € N so that A, is not dense in A,, and fix (RR),1+1

to be equal to Ay = Z;Zl m;A\;, for some integers k,l,m; ---,m;. With no loss of generality,

we assume that there exists Q € D? and € > 0 so that, for u € W% with |Jul/s« < €, we have
(i) the k first eigenvalues A\j(u), ..., A\x(u) of (SDqy,) are simple;

(ii) the resonance condition holds true:

1
= mi\;(u). (103)
j=1
By Condition (i) and Eq. ([B3)), one has, for u € W% with |lur0 < e and 1 < j <k,

99
) == [ w5 (104)
09 on
where ¢; is the orthonormal eigenfunction associated to the eigenvalue A; of (SDg).
Taking the shape derivative of Eq. (I03]), we have

l

[ wmiGer = [ 23 my |95 P (105

Since Eq. (I03) holds true for all u small enough, we obtain

9 L 09,
1512 =D mill 5 2P =0 on o0 (106)

Jj=1
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Continuing the argument by contradiction, we assume that Eq. (I06) holds true in a
neighborhood of 2 and take again the shape derivative. By Proposition B2l we have, on 02,

l

o¢. 9o l 0¢; 0¢ 0 Oy ¢ 0 0¢; 0;
<a_uk 6—nk> Zm<ay 8n]> _<“’">[<a_na—A];’a—7f Z (anan an)- 107

=1 =1

We choose a variation u such that (u,n) = V,, with V,, defined in Section Using
Proposition together with Eq. (I06), since 7, is an arbitrary unitary vector of R?, we

obtain, on 0f),
Do (O L 0¢, 190
an(an) _;mjanJ(anj) =0 (108)

¢k( ) # 0. Recall that such an = exists by the result
n

of Osses in [27]. According to Eq. (I08]), there exists an open neighborhood O, of z on 0
such that, for 1 < j <[, there is a C? function ft; such that

From now on, fix z € 02 such that

0, Iy,
A . 1
o i, on O, (109)
In addition, one has,
I
1= mu? =0, onO,. (110)
=1

It is clear that all the equations from (I04]) to (II0) were obtain by assuming that Eq. (I03)
holds true in an open neighborhood of u = 0. As a consequence, these equations must also
hold true in an open neighborhood of u = 0 and thus, one can take the shape derivatives of
Equations (I08]) at u = 0 along any variation. We will perform such a shape derivation along
the variations V,, defined in Section [3.2] with this time the real number § > 0 chosen so that
the support of V,, is contained in O,. Using Lemma B.1], the shape derivative of Eq. (I08) is
equal to

) ) R G G o

+ (o G [(Ge) + '] - (s + G [n(52) + ]

J
l
~ogian () * o) ~Lmmlman () 5 (o) )

where the above equation holds on 0.
Moreover, on O,,, one deduces that

0 0¢; op; O
%% = V(i(Ven))n = a’”:; a‘b’“ + 14,V pp(n, ).
%VTqun = V(u;(Vign))n = %VT@JL + 1,V (VT pm)n = 1;V (V7 ppn)n.
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This implies that, on O,,
0 0p; O, ¢y,
onoON  On On
with vy, := V2¢r(n,n) + V(VT¢pn)n. Therefore, one has on O,,

+ v, (112)

88@(&%) +6¢k<68¢k) _im [88¢g(8¢k) +%<3%>T}

on ON \ On on \on ON — on ON \ On on \on ON
0 0 op; Opy 10
- 1_27"]“1 (gif) ¢kT_QZ ”al:ai%aﬁ)
_ Opj Oy ( Oy,
B _QZ ity 8nj on (871) ' (113)

Plugging Eqs. (I09), (II0), and (II3)) into Eq. (III]), we obtain on O, that

/ ! ’
() () =Sl () + ()|

(o= St )+ 5]
J=

o 8:“] 8¢k a¢k
B QVZ ]]871671(871)' (114)
On O,, set
l 8(}5/ agb;
dk = ijuj lu] 8V 8V ) (115)
j=1

The main part of the rest of the argument consists in deriving the main term of the

asymptotic expansion of P,(dy) at x, in terms of the powers of —. The first step will be
€

1
to establish that P,(dx(z)) = O(-) and, in the second step, we will compute precisely the

€
coefficient d' defined as )

Pdi(a) = &+ o),

where the coefficient d' will depend on the parameters involved in the special variation V,.
Once this is performed, we will resume the contradiction argument using the information
contained in d.

To prepare these computations, we first rewrite Eq. (I14) using again Eq. (II10) as

() St (= ) o)+ ]

Zm; 2y, 90 (90T (116)
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0
Multiplying Eq. (II6)) from the left by ( ;k) and from the right by %, we obtain the
n n

following scalar equation which will be used to achieve a contradiction.

() = [3 moms ]V, ()

J=1

We now prove the following lemma.
1
Lemma 5.1. With the notations above, one has P,(d(z)) = O(=).

€
Proof of LemmalZd. Set ¢ := ﬂ and, for y € O,
on

= mej(x)(uj () = (). (118)

Then, one has 8(y) = O(]z — y|?). More precisely, if we use the parameterization defined in
Eq. (@g]), we obtain (in local coordinates)

0
50) = 5 (S " Kan + " Hon) + Onf*) = g Fen +- O, (19

where H, denotes the Hessian matrix of § at x. Note that by taking twice tangent derivatives
of Eq.([IT)), we know that H, is a negative semi-definite matrix.

Consider now the representation formula of dj as described in Eq. (I62). Note that, in
P,(dy), two contributions give rise to the term of order of O(-), namely these coming from
€

b and ™ respectively.
The term corresponding to b(°) in that equation is equal to

P BV 2% ). (120)

Thanks to the estimate of g in ([[I9)), it is clear, by proceeding as in Subsection 2]
1

that all the other terms of the representation formula of P,(dj) are indeed of the type O(-).
£

Therefore, one has only to determine the asymptotic expansion of the term given in Eq. (I20).
According to Lemma 2] it amounts now to estimate the five terms P,(A;), 1 <7 < 5, and
after elementary or standard computations using systematically Eq. (I19) , we obtain

P 00)w) = 1 [ ST Eon (). ) (=) + -y (o) ) +O(D), (121

4Ae? In|3

Pala(o pu)(w) = -3 [ S (0 (0t ) Ean) g+ 0Q), (122)

and, for 3 < j <5, A;(a, 8)(x) = O(1).
Let us now treat the terms given by e, Note that the presence of these terms reflects the

fact that ¢; and ¢, correspond to different eigenvalues of the Stokes operator. Using Lemma
[AT] we define the operator A*(«, 1)) as follows

M) — A [ /i 0, o3

87 Jg2 1] 1]
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It is clear that

Therefore, with above notations, we have

Po(di(x)) = Ar(e,9)(x) + Apla, 0) (@) + Y (A% (o, 0) () — AN (o, py00) () + O(1)

J=1

— 0(=). (124)

€

This ends the proof of Lemma [5.1]
]

Let us now pursue the proof of Theorem [Tl Since the value of the right-hand side of Eq.
(IIT) at z is given by the following expression

ijﬂj 8,u] )} ¢ :O<i)a

g2 g2
we conclude that
Zm],u] 8’“ (z) =0, ie, %(x) =0, (125)
which implies that
(% (2), () =0, (120)

In order to get additional information from Eq. (I20), we compute explicitly the numerical

1
coefficient in front of — in the asymptotic expansion of P,(d(x)). It is enough to have a closer

£
look at the representation formula of P,(dy) as described in Eq. (I62). From Eq. (I24), we
have

P, (di(z)) = a1 + az + paz + O(1), (127)
where
o = i [ Ea(W@ 0 - m) = met))dr, (128)
o = — [ O“jf‘? ()™ Fen + (b(a). m) Fo ), (129)
- _%/ aa(n)<¢‘(;v‘),n/|nl>‘%dm (130)
p = ilmjuf(kk—&)- (131)

Notice that p > 0 since A\ > A; for 1 < j <[ and at least one of the integers m; is positive.
We now compute the coefficients a;, 1 < i < 3. For 6, € S, we set

0y —sinf
Rgo — (C?S 0 S1n 0)’ F R FRGO _( 00)@] 12-

sinfy cosf,
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For 1 <7 < 10, we define the functions M; as follows.

0 2
Mg(z) = / e_TQTZdr/ erzestp, (132)
0 0

M;(z) = / “r2dr 2”C‘)S‘gcos 0do, (133)
0

Mg(z) = / / %750 cogt 0, (134)

0

21

My(2) = / / 750 cos Odb), (135)
0

Mo(z) = / 'r’d'r’/ %20 cos3 0do. (136)
0

The expressions of ay, as, and a3z are summarized in the following lemma whose proof is
postponed in Section [B.6l of Appendix.

Lemma 5.2. We have

1 e 70
a = — <

)+ (Fy — F32)(Mao(7o) — 2Ms(To)) + (Fy, — 3F32) My (7o)
))(@/)@), o) + 2F9102(M9(770) — Mo (7)) (¥ (), 770L>]770
— 2F,2(Mq(7o) — Ms(Fo))ib(z) " 4 4F2 (Mq(Fo) — MS(fo))W(x),ﬁoWIoL)a (137)

a =~ { [FEM (o) + (B = F)M (7o) |v(a)

(M (o) = MY (o) () + (M (7o) = M (7o) (), o ) §. (138)

4 = —— [(M;‘l(fo)—M{‘I(fo))w<x)+(2Mf‘l<fo)—Mé‘%fo))(lb(:c),ﬁomo] (139)

Let us now finish the proof of Theorem [LII We choose 7y L ¢(x). Without loss of
generality, we also assume that 7, = (1,0)7 and ¢ (z) /| (x)| = (0,1)”. Recall that we have
chosen x such that ¢ (z) # 0. Then, we deduce from Eq. (I27) and Lemma [5.2] that

72
-7

de(w) = T (ar(@) + (@) + asF(a)), (140)
where,
ar = 2P Mg(Ro) + (2F," — 3F7)Mq(To) — (F,' — F2?)(Ms(Fo) + Mo (7o) — F3* Mo(7o)
—((F2+ 5)M;" () + (F}' = B2 = D)M{M (o)),
g = 2FP(My(7o) + Mg(7o) — Mig(7o) — M7(7)),
ay = — (M (Fo) — M (7).
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Plugging Eq. (I40) into Eq. (I26)), we obtain
ay + F2az = 0. (141)
The final contradiction will be obtained by showing that the two non zero entire functions

of 7o given by ay and ay cannot satisfy Eq. (([I4d])). For that purpose, we need to get more
explicit expressions. Eq. (([I4I)) writes

0 = 2F7Ms(7o) + (2F," — 3F7%) My (7o) — (F;' — F7?)(Ms (7o) + Mio(Fo)) — F> My (7o)
—(@F2 + 5)M () + (F) = 282 = DM (7))
= FM(2M7(Fo) — Ms(7o) — Mig(7o) — M{* (7))
+ F2(2Ms (7o) — 3Mz(7o) + Ms (7o) + Mio(Fo) — My(7o) — 2M2M (7o) + 2M7" (7))
+ LM (Fo) — M (7). (142)
Since the right-hand side of Eq. (I42) is an entire function, we deduce that all the coef-

ficients in its power series expansion are equal to zero. We need the following lemma whose
proof is deferred in Section [B7 of Appendix.

Lemma 5.3. The entire functions involved in FEq. ([I42) have the following power series
erpansions

2M7(z) — Mg(z) — Mip(2) — M1A1( )

0o 92p+1 1 2p2 + 4p o ) 22p+2 5
- r )1 o 1 a2 T 2p+1
= (2p) (b + ) loprr—5 5 pz Pt S apra 2
QMG(Z) —3M7(Z)+M8( )+M10( ) MQ(Z) 2MA1( )+2MA1( )
00 22p+1 1 6p + 16p + 7 00 92p+2 5 )
= I'p+ = I ol
pz:% (2p)! #+3) 21”(2p+2)(2p+4 pz ap ) p+3) w2

Using Lemma (5.3 and considering the coefficients of the odd powers of z in the power series
expansion of the right-hand side of Eq. (I42]), we deduce that

EM'(2p+3)+F? =0, for all p € N. (143)
This implies that
F'=F*=0. (144)
Therefore, using Eq. (I42)), we have
£ (M (7o) = M5 (7)) = 0. (145)

Recall that M (2) — M{*(2) is equal to M;"(z), then not identically equal to zero. Then

Eq. (I43) yields that
p =0,

which is in contradiction with the fact that

l
p="> mms (A= X) > 0.
j=1

Theorem [L.1] is finally proved.
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A Layer potentials and representation formulas

Most of the material presented here is borrowed from [4] B, 23] 20]. Let A be a non negative
real number. Consider ¢ and p satisfying the eigenvalue problem associated to the following
Stokes system
(A+XNp—Vp = h inQ
divg = 0 in Q

¢ = g on 0f)
/ p =0,
Q
under the compatibility condition
/¢~nds:(), (146)
r

where n is the outward unit normal to 0€2. Recall that, for such a pair of fields, the conormal

derivative denoted by % was defined in ([ITJ).

A.1 Layer potentials
We denote by 0; the operator % and by v/—\ the complex number iv/A. In this section,

we adopt the Einstein summation convention which omits the summation sign for the indices
appearing twice.

Fundamental tensors ~ We define the fundamental tensors I'* = (I'};)? ,_, and F = (F})}_,

as
P e e
" Arlz|  AnATT o (147)
Filz) = ——2
‘ 47r|x|?

In the sense of distributions, straightforward computations of the fundamental solution of
Helmholtz operator A 4+ X\ allow to get

(A + N — 9;F; = 6;;6(x), and 9,1} =0,

where we use §(z) to denote the delta distribution based at x € R®. The tensor I'Y, which is
the fundamental tensor for the standard Stokes system, is defined as

1 /6:: iz
0 (p) e 1 (i | T
51 = g (m " \x|3) ’

and one has, uniformly on compact subsets of R3,

0ii vV —A
IY(x) =Ty (x) — JGT +O0(N). (148)
Denoting that
A T
Aj(x) = T7(x) — P?j(x)v (149)
we have
0ii vV —A A
A _ Yy _ B 2
Ay(w) = =22 — LA (@) + O(JoP) (150)
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where A;;(+) is defined by

x
After simple computations, one gets the following useful result.
Lemma A.1. We have
62A)\($ - y) — _i |:<n$7 ny) ('I - y)(l‘ _2 y)T nyng ] + T)\, (152)
ON(x)ON(y)  8rlle—y|  |r—yl [z =y
where Ty is a kernel of class C'.
Single and double boundary layers In the sequel, we use the Einstein convention

for summation signs, i.e., we omit them for indices appearing twice. Let ¢ = (¢!, ¢?, ¢?) €
L*(02)3. The single-layer potential pair (S5, Fo) with density ¢ is defined, for z € Q, as

SAlBli(x) = /mrmx—y)w(y) do,, 1<i<3,

A (153)
Faléla) = [ Fle=n)o') do,
while the double hydrodynamic potential pair (D, Vo) with density ¢ is defined by
. or) .
Diloa) = [ (¢~ ) + Fe —9)ny(w) ) 65(y) do,, 1<i<3
o0 \ ON(y) (154)
or;

Volol(z) = -2 (z = )¢’ (y) mily) doy.

9} Oz

We quote from [23] that

ary, B Iy(x—y) T (x—y)
—Wy)(x-y)—( ooy, i >m<y>.

Some background results about the layer potential representations From [4], we
quote the following integral equations satisfied by ¢* and the associated pressure p*. First,
we have the following representation formulas,

) = —SA () + DA@), z e,
6¢A \ (155)
P) = —Falo—)(@) + Valé'|(@), z€Q

Applying the trace stress operators and taking into account the single layer potential as well as
the jump relations for the double layer potential across the boundary, we get for ¢ belonging
to L?(09Q)? the following relations,

Dyola) = GGI+EDEE), e onon
d 1 R (156)
S8el) = (—31+ (EA)l@), ae. on o0,
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where the kernel KJ[¢] is defined a.e. on 9 by its components,
Ty,
a0 ON(y)

Here, the notation “ p.v.” indicates the Cauchy principal value when the integrand is singular
at x, more precisely

KA8li(z) = pov. (z — y)#(y) do, + p.v. / Fi(x — y)é (y)n;(y) doy. (157)

o0

p.v./...:lim
r €20 Jo\B(x,¢)

where B(z,¢) is the ball centered at x of radius . The adjoint operator K" of K} is defined
similarly a.e. on 92 by its components
A* ory j j
K§ [¢)i(z) = p.v. (x —y)¢’(y) doy, —pv. | Fi(x —y)¢’ (y)n;(x) do,,  (158)
o ON(z)

0 [2}9]

for all functions ¢ belonging to L?(952)3. Let us recall that in the case of the standard Stokes
system (A = 0), we have
3 {(z—y,n(y)) (*—y o))

KQ[¢)(x) = I 89(37 —y) 2 —y|°

do,. (159)

An important fact is that the single and double layer potentials S and D} are compact
perturbations of the single and double layer potentials corresponding to the standard Stokes
problem.

From the C* regularity of the boundary I' with ¢ > 4, it comes that

(@ =y, 0()] < Cla —yl, (160)

hence, we deduce (cf. [23]) that the mapping K}[¢] : C*(9Q) — CFL(09Q) is in fact con-
tinuous. That shows that Kj[¢] has a weakly singular kernel and then that it is a compact
operator on L?*(9€)3. According to ([[48), the operators S — SO and D) — DY, are smoothing
operators.

Thanks to the integral representations provided in the preceding paragraph, we can use
the trace and the stress operators to deduce the second boundary integral equation satisfied
by the conormal derivative. Indeed, by using the same arguments of jump relations and the
integral equations satisfied by ¢*, we get

(o)l o -

)
. Lo ) (161)
G\ —Y) .
R LW

1
We cannot deduce directly the Neumann data (conormal derivative) since the operator (51 +

(K{;)*) is not invertible. We give, in the next paragraph, the recipes to get the solution of
the system by using the projector methods.
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A.2 Weakly singular integral operators of exponent o > 0

The rest of the paragraph follows Section 7.2 of [20]. Recall that the conormal derivative is
solution of Tx = f where T' = I + 2(K})* is a Fredholm operator with a nontrivial kernel.
We use R(T) to denote its closed image and N (T) its finite dimensional null space. We can
therefore find projections P and @ of finite rank such that there exists a unique operator S
satisfying T'S = I — Q and P.S = 0. Hence, the equation Tx = f has a solution if and only if
Qf = 0. In our context, we have T = [ — C' with C' = —2(K})*, which is a compact operator.
To proceed, we need some regularity assumptions on the operator 7. For that purpose, we
recall the following definition [20, Definition 7.1.1, p117].

Definition A.1. Let A be an open set in R?. A function K (z,y) defined for x # yin A x A
is a kernel of class C](a) in A (r non negative integer, and a > 0) if it is C" for x # y and for
any 0 > 0 and || + |j| + |k| < 7, one has

QL09(0, + 0, K (2,y) = O(L + |a — y|o =110,

uniformly for z # y in compact subsets of A. If a > m + [i| 4 |j], we require 9,07 (0, +
9,)*K (z,y) to extend continuously to {z = y}.

Assume now that 7' = I — (' is an integral operator where C' has a kernel belonging to
C7(«) for some a > 0. We may choose the projections P and @) to be integral operators with
C"™ kernels so that, if S is the operator such that

TS = 1-0Q,
S = I+R,
PS = 0,

then the resolvent kernel R is an integral operator with C” () kernel. In fact, R — (C' + C? +

-+ 4 () has kernel of class C7((j + 1)a) for each j > 1. Hence, for N sufficiently large, the
operator R — Eivzl C7 has a smooth kernel of class C” [28, Chapter ITI, p 79-94]. In summary,
one has the following result.

Theorem A.2 (Theorem 7.2.3, page 125 in [20]). We suppose Q regular of class C™1, for some
r > 0. If K a kernel of class CI(«), then we may choose the kernels P and Q of the projections
to be of class C™ and such that the resolvent kernel R belongs to C}(«). Furthermore, the kernel
of R— (K + K%*+...KY) is of class C" for N large enough.

We return to the study of Eq. (IGI). We introduce the vectors b©® (x) = (b§°’ (x)); and
eMN(x) = (e(/\)(:p)) where

o [ FTuE—y) o o
@) = [ SR do,

and where

0PNy (x —y)
eM(w) = o WW( y) doy.

Hence it comes that

[&b ] = O 4 Z KO (i K*)e™ 4 (R - i ER0O 1™y, (162)

k=1
With our specific choice of Dirichlet data, we will show that N = 1 is sufficient in our
context and that all the other terms in the sum will be absorbed by the remainder.
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A.3 Composition of weakly singular kernels

For applications to our result on generic perturbation of the boundary, we need to give an
explicit representation of the conormal derivative or at least, of its principal and subprincipal
parts as it is treated in the case of the Laplacian (for more details in the Laplacian case, one
can refer to [34]). Some preliminaries are required in order to study the resolvent kernels and
their regularity. We begin by recalling some results due to D. Henry (cf. [20]). It concerns
kernels K (x,y) of the form

K(w,y) =z —y " Q(zy, ﬁ) (163)

where Q(z,y, s) is of class C™ (r > 0) on R?. We will denote by K(r, ) the set of such kernels,
which is a subclass of C](«).

These kernels are in fact smoothing operators and we recall the main result of [20].

Theorem A.3 (Theorem 7.1.2 in [20]). Given a kernel K belonging to the class K(a,r),
a,r > 0, we denote by K the corresponding integral operator

Ruw) = [ Klz.puly) do,
Then we have
o K: Wirs WkP s q compact operator if 7 — %a >k — %;
o K: C% — C*7 is a compact operator if j +o+a>k+71, k<r andk < j+ .

_ As it was mentioned in [20], the above result can be summarized by the fact the operator
K is smoothing of order av. We will also need a result on the composition of certain weakly
singular operators. For that purpose, we first define the composition of corresponding kernels
as follows.

Definition A.2. Let K and L be kernels belonging to K(a, ) and IC(f3, ) respectively with
a, 3,7 > 0. Then K o L is defined by

(KolL)(z,y) = /R2 K(z,2)L(x, z) dz (164)

Then, one has the following property.

Theorem A.4 (Theorem 7.1.3, p. 119 in [20]). Let K and L be kernels belonging to K(c, )
and K(B,r) respectively, with o, 5,7 > 0. Then K o L is kernel of compact support belonging
to K(a+ B,7). Furthermore, if a« + 5 > r + 2, then K o L is of class C".

To these kernels, are associated integral operators u +—» / K(z,y) dS(y) where dS is the
o0

surface area measure on 9. In a first step, we begin to work in R?. To transfer all the results
to 0N (in particular, those provided above), one has to follow the classical steps: construct a
partition of unity and then define the integral by a local change of variables as it is precisely
performed in [20], Section 7.1].
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B Proofs of computational lemmas

B.1 Proof of Lemma 2.8
From Eq. (28], we get the following system

— (A +Nei(u) + Vpi(u) = X(u)gi(u) inQ, (165)
div ¢i(u) = 0 in Q, (166)

os(u) + (u - n)aqgflu) = 0 ondQ, (167)
pi(w) +div (up;(u)) € L5(Q). (168)

Multiplying (I6H) by ¢r(u) with 1 < k < m, integrating over €2 and using Corollary 2.3, we

have
Nwin = [ a8+ Nk - Vo] = [ ol

Hence, it comes that

(o) = — /a L n)a%‘f:‘) - a%’“i“). (169)

Moreover, by Lemma (Z4]), we have

O¢i(u) Odr(u)  Odi(u) Og(u)
. - ( + Vg (u)n — pr(u)n)
on ov on on
_ 06i(u) 0P (u) N 9¢i(u) <3¢k(u) YT = 0¢i(u) Oy (u)
on on on on on on

Therefore, we immediately get Eq. (33)).

B.2 Proof of Lemma

Lemma [£2 is derived from [2I], Lemma 2.2.3 Formula (2.2.34) and Lemma 2.3.1] by straight-
forward computations. For the reader’s convenience, we first summarize these results in the
following lemma and then give the proof of Lemma [£.2]

Lemma B.1. Let 99 be of class C* and u = (u')y=1 2,3 be a Holder continuously differentiable
function. Then the operator E defined in ([62)) can be expressed as follows

Bule) = _%(””C X Va)- /m E - o7 X Vy)ul)do(y) (170)
g [ Empe—)
27TM<8$7 ) /BQ 7 —y? M8y, ny)u(y)do(y)) (171)
1/ Z
+E (l;1 Mk (O, Nz ) /BQ m(mkj<ay, Ny ) U )(y)da(y))jﬂ,m, (172)

where the (™-column of the matriz (n, x V,)u(y) is given by the vector n, x V,u'(y), and the
Giunter derivatives M is given by the following matriz of differential operators

M<amanm> = (mjk:(a:v; n:v))j,k:l,Q,?; = (n:v,kazvj - n:v,jamk)j,kzl,?,?n

with N, = (nx,j)j:m,g.
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Corollary B.2. Under the assumptions of Lemma[B.1, we have

ArEu(z) = p.v. /ag % (Vu(y) + VTu(y)> (x —y)doy,

+ p. / ) (e, (Vuly) = V7u(y)) (@ — v))

|z —y?

nydo,

- [ SR (Vut) + ) s,

N /m <fv|x—_y;j;y> ([ Gyl —y

|z — y?

)T

)M(ay, ny)uly)do,.

Proof of Corollary[B.4 For (I70), we get

(ny x V) - /aQ - ! 1 V(1) do ()
1 ¢
= p.v. /ag(nx X me) “(ny x Vyu'(y))do(y).

For x # y, one has

(ng X me) - (ny x Vyu'(y))

T 1 T, ¢ . Wn 1 n
= (W) (Var V) = (T () (V)

T
r—y)n
ﬁvyuqy)nx.

T
N Ty

= Y WY+

Therefore, we have

1
(ngy x V) - /(99 P (ny x Vy)u(y)do(y)

— —p.v./ f;lx’zy‘gvyu(y)(x—y)day+p.v./ wvyu(y)nwday.
o0 |T —

o0 |l’ - y\3
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We compute now the second piece of (ITIl) and obtain for z # y

M(n,. 0,) (z—y)(x—y)" _ (Z (g, 0, (k — yw) () — yj)>i7j17273

lz —y? lz —y|?
3

— (Z(nwkﬁmz — Nz,i0z, ) (@ — )2 yj))i,j1,2,3

— |z —yl?

— an,k[—?) (2 — yi) (v — i) (25 — y;5) n dir(z; — yj) n (), — yk)]
|z —y3 |z —y|? |z —y|3

—n -[—S(xk — Y25 — b)) 4 (z; — ) n Okj (T — yn) )
’ |z —yl? |z —yl? 2=yl Vi=123
<nm,$_y> T ng;(l'—y)T (nx,x—y>
= 35 (e—y)lz—-y) + Iy
o —yP [z =yl [z =yl
Lglel@ = yg)T gl - y??T ng(r — yg)T
|z =y [z =y |z =y

T

- IR et

Therefore, we have

M@sns) [ EZIEZI 4@, oty
_ pwéﬂ%géj?(g—3@7§%2Ew »Mganwmmm%, (178)

keeping in mind that there is no principal value if one uses (IG0).

We finally turn to ([I72). One has, for = # y,

3

(22 00 ) =3 s By ) 0))

Pyt x —y j=1,2,3
3
Le—Ye Tk — Yk
(S (-t B ),
g,kzl 1<
(ne, (Vuly) = VTu)(z—y) _ (x—y.ny)
|z — y? Ty — |_7‘33/VTU(19)7%
r—y r—y
(g, ny)

Therefore, we have

(3 mutonn) /

(s (0, 1)) () do (y)

Lk=1 o0 [T =yl j=12,3
_ T o _
N p.v./ e (Vuly) = ¥ lf%(y))@ y»”yd"y - p-V'/ vau(y)nxddy
o0 |2 =yl o0 o=l
+ P.V./ (nx,nyz Viu(y)(z — y)do,. (179)
o0 [T — Y|
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Gathering (I77), (I'T8), and (I'79), Corollary [B.2]is proved.
U

Proof of Lemma[{.9 Recall that u = a1y with a : 9Q + R and v : 9Q — R3. We note that

V(i) = aVip +¢Va,. (180)

and

M(8y,ny) () (y (Zm@k 1y, Oy) () ¥y )))

1=1,2,3

= aly)IMDy,m)0 W) + (D (M (y) = nyidyea(y))ily))

— i=1,2,3
= aly)M(Dy 1)) + (ny, b)) VT aly) — (Valy)b(y)n,
— aly) M@y, )(y) — (Valy)d())n, (181)

Then, the expressions of A;, 1 <i < 4, simply result from developping Vu in (I73) and (I74)

of Corollary B2l and Aj collects (IT5) and (I76) as a weakly singular operator of class C2(1).
Hence Lemma follows.

O

B.3 Proof of Lemma

Using polar coordinates, we have

_In= no\

ottt L
05|71|1m B(0) T

d/e
= - / / exp (—r? + 2r7g cos 0)r"™drd6
e Jo Jo

—F3 0 p2m 2
. 5 / / exp (_r_2 + QCFO cos O)r"™drdf
ez Jo Jo € €

2T 0
2
= :km / / exp (—r” + 2r7g cos O)r < 511” (r + 7o) ™ exp (—r?)dr
o Jo

As 79 < 1, there exists a constant C'(m) > 0 depending only on m such that (69) holds true.

B.4 Proof of Lemma [4.4]

We use polar coordinates and get

Qe o (M) B e 7o e o ~ - cosf
p.v. /]R2 BT dn = > p.V./O . dr/o exp(2r7g cos(0 — b)) (sm@ do

—_72 0o _—r2 27
- ¢ 20 p.V./ ‘ dr/ cos 0 exp(2rrq cos 0)do (Cf)s 90)
€ 0 0

sin 6
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_ [cost

where we recall that 7y = 7y (sm 9 ) and where we have set
0

2

1 oo -7 2m
Mg (z) = 2 p.v./O c d'r’/o cos 0 exp(2rz cos 0)do.

r

Standard computations yield that

1 0 o—r?
MB() = /

4 oo —r 92 2p+1 .2p+1
/ e ( r)#Prlz
0

osk+1 0do

0

= — pv. A —— 2
z p-v r szo (2p+1)! 2p+2
> 22p+1 1
= 2 — I T )%
Z (2p+1)! op+2l'(p + 2)2

p=0

(182)

w/2 e
where [}, = / cos® 0df is the Wallis integral and I'(s) := / t*le7'dt is the Gamma
0 0

2p)!
function. Using the fact that I, = %g, we have
p!
M) =y D)
=i+ 1)

The radius of convergence of M;‘l is clearly infinite, since

Fp+3)p+Dp+2)!  (p+1)(p+2)

lim = = 00,
p=oe T(p+ 3)pl(p+ 1) p+3
where we have used the standard fact that I'(z 4+ 1) = 2I'(z) for

established.

B.5 Proof of Lemma 4.7

One has
M (= )

4 2w (97 )k E
= / / CoS Qexp (2rzcos6)df = / e " dr/ COSQQZ 7( Tk)' z
’ 0 0 k=0 :

0o 00 22p 2% 0o )
= / r oskJr2 0do = Z(Q—Z)'Igp+2\/ e " r?Pdr

k=0 =0 \“P) 0

22p+1 1
= —[2 F(p + _>Z2p
| D+2
2p)!
Using the fact that I, = %g, we have
T = (2p+2)(2p+ 1) 1,
MM (2) == ~)2%,
MO =L T G TPt )

(183)

R(z) > 0. Lemma L4 is thus

cos® 0do

(184)



. Ay . . . .
The radius of convergence of M is infinite since

2p+2)2p+1) (p+2))? T(p+3)

ot 2p 1 4)2p+3) (P + DT+ 5 +1)
Let MZ2(2) be defined by
00 2m
MM (z2) ::/ exp(—r2)dr/ exp(2rz cos 0)db. (185)
0 0
We have
" 00 27 o ) OO (27,, kzk 27
M (z) = / exp(—r2)d'r’/ exp(2rzcos 0)df = / e” drz / cos” 0do
0 0 o 0
= Y LI+ = Z
= (2p)! —

It is clear that the radius of convergence of M (-) is infinite. Since Mj'(z) = M (z) —
M (2), the radius of convergence of Mj'" () is also infinite.
We now prove that z — M;"(2) is well-defined and not identically equal to zero. Indeed,

M (z) — 2M3 (2) — M3 (2)

— 2M1Al(z)—7rzi(p 2),22”—22]\/[54%(,2)

— 0

—p+DEp+1) 1 Lo, D L,
= 7 - F'p+2)z? -7y —=T'(p—=)z?
2 G Tt T gt )
_ 3 T —g)
2~ (p+ 1))
Then, the function z — M (z) is defined by
37T +3
M (z) = — 2 L) 7, (186)
2 (p + 2 ((p+1))2

p=0

which is clearly a non zero entire function.

B.6 Proof of Lemma 5.2

We give in this section explicit expressions of a;, as, and a3 defined respectively in Eqs. (128,
(I29), and ([I30). The computations are lengthy but straightforward.

o1



We start by computing a.

Qe
/ —<3)nTFxn<w(w), nyndn
r |7
o0 27
— ce "0 Ry, / e_TQTZdr/ 700 (Fyl cos® 0 + 2F,” cos Osin 0 + F32(1 — cos®0))
0 0
2 .
( cos”f  sinfcos 9) 20 Rgo (2)

sinfcosf 1 — cos?6

) 2m
2 2 -
= ce TORGO/ e " Tzdr/ g2rrocos?
0 0

F3? cos® 0 + (F,! — F3?) cos' 0, 2F,? cos* 0(1 — cos® 0) 40
2F;2 cos* 0(1 — cos? 0), F3? + (Fy! — 2F3?) cos® 0 — (F,! — F3?) cos* 0
Rj, ().

The functions Mg(+), M;(+), and Mg(-) were defined in Eqs. (I32)), (I33]) and ([I34]) respec-
tively. Then, we have

a. . -
[ S Bt by = ce 8 B, M (o) 1), (187
with
M(7o)
_ <F9202M7(f0) + (Fy! — F3?) Ms(7o), 2F)2(M7(To) — Ms(7)) )
' 2Fy2(Mr(7o) — Ms(7o)), F32 M (o) + (Fy) — 2F32) My (7o) — (Fy' — F32)Mg(To) )
Then,
Roy M (7o) Ry,
My + ./\/lzgl. n My — Moy [cos20,  sin 20, M —sin26y cos 26,
n 2 2 2 sin 26, — cos 26, 12\ cos20, sin26, )’
with

M+ M 1 _ _

% — §(F€202M6<7«0) + (Fy! — F6202)M7(r0)>,

My — My 1 = B q
__7__:ﬂmﬁJﬁ%w—ﬂ%%@MW—%M%»

My = 2F2(Mq(ro) — Ms(To)).

We also note that

__r L
UOL 2[2+2 sin20, — cos 26,

1/0 —1 1 /—sin20y cos 26
I 1 o o
o' = 3 (1 0 ) . 2 ( cos 20y sin 290) ‘
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0 -1

We get RQOM(fQ)Rg; = MQQIQ + (Mu - Mzz)ﬁof]g - M12 (1 0

implies that

) + 2M12’f]é"f]g, which

/R 2 Oj;—?nTFme), n)yndn (188)

— e (Mzz@/)@) + (Mig — M) (), lo)ifo — Mzt ()™ + 2M 2 (1h(x), 770>770l>-

On the other hand, one has

/R 2 O];(Q)TITFMW(:C), ndn

[%S) 27 22 11 22 3
2 2 . F;?cosl + (Fy' — F;?) cos® 0
75 T r 2r7g cos 6 0o 6o 6o
= e "y (x)Rgo/O e Td?“/o e ( 2FL2 cos B(1 — cos? §) ) do.

The functions My(-) and Mio(-) were defined in Eqs. (I33]) and (I30]) respectively. Then,
we have

ac(n) 7 — T F202M9(f0) + (Flol - FZOZ)Mlo(fo)
L B = )R ( " SR (My(r0) — Mi(ro)) )

Since wT(x)RGO = (<’¢(l‘),ﬁ0>, <77/)(l‘), 773_>)’ we obtain

[ S Eanttahmdn = e ([ + (B~ )Mol (01e), m) 159)
£ 2R (Mo(ro) — Mio(0)) (6(2), 7))

One also gets

oo 2m
/]R2 OT?E?) n' Fyndn = ge’%/o er2r2d7’/0 e? o0 (Fyl cos® 0 + Fj? sin® 0)do

00 2m
— ge”g/ er2r2d7’/ e[ 4 (Fy! — Fy?) cos® 0)df
0 0
= €€7F8<F‘9202M6(f0) + (Felol — F9202)M7(f0))

Finally, one derives

a:(n
/ <3) (n" Fun)ndn
R2 |77|

o) 2 22 11 22 3
2 2 . Fy?cosf + (F,' — F;?)cos® 0
T r 2r7q cos 0 0o 6o 0o
= ¢ "0 Ry, /0 e rdr/o e ( 2F9102(cose ot 0) do

_ g, ((FaeMs(ro) + (Fy — F5) Mio(ro)
" 2F,2 (Mo (7o) — Mo(70)) '

Since ¢ Rg, = (1,0), we have

Qe\T) —72 = =
/ |n<|3)(nTFxn)<no,n>dn=8€ (F22My(o) + (FL) — F2)Muolro)). (190)
]R2

23



In summary, we get

1 e 7o

= (M) + (M = M) (). o — Mugto () + 2Maa (). o) i
—  [(Fg?My(ro) + (Fy| — F?)Mio(7o)) (W (), o) + 2F57 (Mo (7o) — Mao(7o)) (¥ (), iy )] 70
+  (Fp2(Mg(7o) — My(70)) + (Fy) — F32) (My(ro) — Mw(ﬁ)W@))
1 e
- =
[2F32 My (7o) + (2Fy, — 3F;2) Mz (7o) — (Fy, — F32) (M (7o) + Mo (Fo)) — Fi My (7)) ()
— [(F52 My (o) + (Falol F32) (Mo (o) — 2Ms (o)) 4 (Fy) — 3F37) M (7o)
+F3 Mg (7o) ) (0 (), Tlo) + 2F37 (My(7o) — Mo (7o) ((), 7y ) | o
—  2F,2(Mq(7o) — Ms(7o))ib(z) " +4F9102(M7(f0)—MS(fo))W(x),ﬁoVIoL)-

Let us now compute a,. Using the computations performed for the term a;, one has

—72 oo 27
/ OT(|Z) " Eyndn = ¢ 0/ G_TQdT/ e* 0 (Ful cos? O + Fi? (1 — cos®6))do
Ui € Jo 0
e "o
= B o) + (B - B ().

The other contribution in as is given by the following expression.

/ ) 110y, ) ey

2 \n\:
e e A PN A PRI
— 6;(2) F, Ry, <M{4(l)(fo) M () E MIAI(TO)) Ry ()
o o~ (228 )
e 7o

= T E (M (7o) = M (Ro)) o - (2D (o) — M5 (Fo) oy ) ()
Therefore, we have

1 e 7
Ay = 47-( g {[FGZMAl( )+(F€101_F9202)M1Al(,':0) @Z)(l‘)

P (M3 (7o) = M (7o) (@) + (M (7o) — M3 (70)) (4 (a), i ) |-

o4



Finally, as is computed as follows.

1 acm)@(x).n/nl) n
8 R2 |77| |n|

1 e R o cos? 0 sin 6 cos 0
- . - —r 7o cos 0 T
87 € Fa, /0 € d'r’/o ¢ (sin@cos@ (1 — cos? 9)) A9 Fg, ()

1e MM (7) 0 )
= O R, (M i ) RUy(e
o ("0 aa g ) B

as =

81 ¢

= T [ ) — M o)) + (M () — M (7)) (), o)

87 €

This ends the proof of Lemma

B.7 Proof of Lemma 5.3

Recall that

21 0o
2 1 1
/ cos? df = 41, / e " r?dr = ~T'(p+ =).
0 0 2 2

Then, one gets

00 ™ oo 2k 00 27
Mg(z) = /0 e” 2dr/ ezl g — ZE[/O e”27*k+2d7*/0 cos® fdf| z*
k=0
22p+1

Z< 3[2p2p

p=0

00 2 oo 2k 00 2
M;(z) = /0 eTQTQdT/O e?7¢50 cos? Odf) = Z p [/0 er27’k+2dr/0 cos** §df] 2
k=0

0 22p+1

= L(p+3)

2
[2p+2 z p’

00 27 co 2k 00 27
Mg(z) = /0 eTQTQdT/O 750 cost fdf) = Z T [/0 er27’k+2dr/0 cos* ™ §df] 2
k=0

S )
= r P+ 3 [2p+4 E2
(2p)! 2
p=0
00 ) 2m o 2k 00 ) 2m
My(z) = / e " rdr/ ¢80 cos 0dh = Z —'[/ e " rkﬂdr/ cos* ™ §df] 2
0 0 —~ ko 0
2 2p+1
— T T p
2 o ¢ g e
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and finally

e ) 2 > 2k 00 ) 2
My(z) = / e’ Td?“/ 780 cog 0df) = Z T [/ e” Tk+1d7“/ cos"? 0do) 2"
0 0 o v Jo 0

22p+2

2p+1 2

)IQp 4 Z?erl

“M8

Therefore, we obtain

2M7(z) — Mg(z) — Mip(2) — M1A1( )

>, 92+l 1 2p% + 4p — 3
= E I ) -~ =2 E by 2p+1
— <2p)' (p + 2) 2p+2 2p _'_ 3 — 2p _'_ 2) 2p+4 z )

iS]

2Mg(2) — 3M7(2) + Ms(2) + Myo(2) — My(z) — 2M2 (2) + 2MM (2)

~—

o0 22p+1 1 6p2 + 16p+ 7 e 22p+2 3 1
= I'(p+ = 2 20 R ST Y ey
pz:% (2p)! v 2> (2p+2)(2p+4) pz:% (2p+ 1) (p 2) w25 g
References

1]

2]

J. H. Albert. Genericity of simple eigenvalues for elliptic PDE’s.  Proceedings of the
American Mathematical Society, 48:413-418, 1975.

C. Alvarez, C. Conca, L. Friz, O. Kavian, and J. H. Ortega. Identification of immersed
obstacles via boundary measurements. Inverse Problems, 21:1531-1552, 2005.

H. Ammari, P. Garapon, H. Kang, and H. Lee. A method of biological tissues elastic-
ity reconstruction using magnetic resonance elastography measurements. Quarterly of
Applied Mathematics, 66:139-175, 2008.

H. Ammari and H. Kang. Reconstruction of Small Inhomogeneities from Boundary Mea-
surements, volume 1846 of Lecture Notes in Mathematics. Springer-Verlag, 2004.

V. I. Arnold. Geometrical Method in the Theory of Ordinary Differential Equations.
Springer, Second edition, 1988.

K. Beauchard, Y. Chitour, D. Kateb, and R. Long. Spectral controllability for 2d and 3d
linear schrodinger equations. Journal of Functional Analysis, 256:3916-3976, 2009.

M. Berger and B. Gostiaux. Differential Geometry: Manifolds, Curves, and Surfaces,
volume 115 of Graduate Texts in Mathematics. Springer-Verlag, 1988.

H. Brezis. Analyse fonctionnelle: Théorie et applications. Collection Mathématiques
appliquées pour la maitrise. Masson, 1983.

Y. Chitour, J.-M. Coron, and M. Garavello. On conditions that prevent steady-state
controllability of certain linear partial differential equations. Discrete and Continuous
Dynamical Systems, 14(4):643-672, 2006.

26



[10]

[11]

[12]

[13]

[14]

[15]

[19]

[20]

[21]

[22]
[23]

[24]

[25]

[20]

G. de Rham. Differentiable Manifolds, volume 266 of A Series of Comprehensive Studies
in Mathematics. Springer-Verlag, 1984.

L. C. Evans. Partial Differential Equations, volume 19 of Graduate Studies in Mathemat-
tcs. American Mathematical Society, 1999.

C. Foias, L. Hoang, E. Olson, and M. Ziane. On the solutions to the normal form of the
Navier-Stokes equations. Indiana University Mathematics Journal, 55(2):631-686, 2006.

C. Foias, L. Hoang, E. Olson, and M. Ziane. The normal form of the Navier-Stokes
equations in suitable normed spaces. Annales de l'Institut Henri Poincaré (C) Analyse
Nonlinéaire, 26(5):1635-1673, 2009.

C. Foias, L. Hoang, and J. C. Saut. Asymptotic integration of Navier-Stokes equations
with potential forces. II. An explicit Poincaré-Dulac normal form. Journal of Functional
Analysis, 260:3007-3035, 2011.

C. Foias, O. Manley, R. Rosa, and R. Temam. Navier-Stokes Equations and Turbulence,
volume 83 of Encyclopedia of methematics and its applications. Cambridge University
Press, 2001.

C. Foias and J. C. Saut. Linearization and normal form of the Navier-Stokes equations
with potential forces. Annales de ’Institut Henri Poincaré, Section C, 4(1):1-47, 1987.

D. Gilbard and N. Trudinger. FElliptic Partial Differential Equations of Second Order.
Springer, 1998.

V. Girault and P.-A. Raviart. Finite Element Methods for Navier-Stokes FEquations,
volume 5 of Springer series in computational mathematics. Springer-Verlag, 1986.

A. Henrot and M. Pierre. Variation et optimisation de forme, volume 48 of Mathématiques
et Applications SMAI Springer, 2005.

D. Henry. Perturbation of the boundary in Boundary-Value Problems of Partial Differ-
ential Fquations, volume 318. Cambridge University Press, 2005.

G. Hsiao and W. L. Wendland. Boundary Integral Equations, volume 164 of Applied
Mathematical Sciences. Springer, 2008.

T. Kato. Perturbation theory for linear operators. Springer, 1976.

O. Ladyzhenskaya. The Mathematical Theory of Viscous Incompressible Flow. Gordon
and Breach, 1968.

A. M. Micheletti. Metrica per famiglie di domini limitati e proprieta generiche degli
autovalori. Annali della Scuola Normale superiore di Pisa, 26:683-694, 1972.

J. H. Ortega and E. Zuazua. Generic simplicity of the eigenvalues of the Stokes system
in two space dimensions. Advances in Differential Equations, 6(8):987-1023, 2001.

J. H. Ortega and E. Zuazua. On a constrained approximate controllability problem for the
heat equation: addendum. Journal of Optimization Theory and Applications, 118(1):183—
190, 2003.

27



[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

A. Osses. A rotated multiplier applied to the controllability of waves, elasticity, and
tangential stokes control. SIAM Journal on Control and Optimization, 40(3):777-800,
2001.

W. Pogorzelski. Integration Equations and Their Applications, volume I. Pergamon Press,
1966.

J. Simon. Différentiation de problemes aux limites par rapport au domaine. Lecture
notes, Universidad de Sevilla, 1991.

J. Simon. Démonstration constructive d’un théoreme de G. de Rham. Comptes Rendus
de I’Académie des Sciences: série I, 1993.

J. Simon. Equations de Navier-Stokes. Lecture notes, Université Blaise Pascal, Clermont-
Ferrand (France), 2003.

E. Stein. Singular Integrals and Differentiability Properties of Functions. Princeton uni-
versity press, 1970.

R. Temam. Navier-Stokes equations: theory and numerical analysis. American Mathe-
matical Society, 2001.

S. A. Yang. Evaluation of the Helmholtz boundary integral equation and its normal and
tangential derivatives in two dimensions. Journal of sound and wvibration, 301:864-877,

2007.

o8



	1 Introduction and main results
	2 Definitions and preliminary results
	2.1 Topology on the domains
	2.2 Spectrum of the Stokes operator with Dirichlet boundary conditions
	2.3 Regularity of the eigenvalues and eigenfunctions with respect to the shape perturbation parameter
	2.4 Shape differentiation
	2.5 Ortega-Zuazua's result

	3 Proof of Theorem 1.2
	3.1 Shape derivation of Equations (39) (40) and (41)
	3.2 Special choice of Vn
	3.3 End of the proof of Theorem 1.2

	4 Proof of Proposition 3.5
	4.1 Expansion of W1j
	4.1.1 Computational lemmas
	4.1.2 Asymptotic expansion of A1
	4.1.3 Asymptotic expansion of Ai for 2i5

	4.2 Estimates of the remainder terms Wij, i=2,3,4 and j=1,2.

	5 Proof of Theorem 1.1
	A Layer potentials and representation formulas
	A.1 Layer potentials
	A.2 Weakly singular integral operators of exponent >0
	A.3 Composition of weakly singular kernels

	B Proofs of computational lemmas
	B.1 Proof of Lemma 2.8
	B.2 Proof of Lemma 4.2
	B.3 Proof of Lemma 4.3
	B.4 Proof of Lemma 4.4
	B.5 Proof of Lemma 4.7
	B.6 Proof of Lemma 5.2
	B.7 Proof of Lemma 5.3


