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Given a reduced, cycle-free context-free grammar G = (@, 2, P, y,), the following
statements are equivalent.
(i) G is nonexpansive;
(i) the structure generating functions of the grammars G,=(®,X,P,y)),
»; € @, are rational.
Furthermore a helpful theorem for proving certain context-free languages to be
inherently ambiguous is given.

1. INTRODUCTION

In Kuich (1970), one of the authors introduced the concept of the
structure generating function of an unambiguous ¢-free context-free grammar
or language and showed that the structure generating function of an unam-
biguous nonexpansive ¢-free context-free grammar is a rational function. He
conjectured that the structure generating function of an unambiguous e-free
context-free language, which cannot be generated by an unambiguous nonex-
pansive context-free grammar, is always nonrational (see also Salomaa and
Soittola, 1978, Exercises 1V.3.6 and 1V.3.7).

A simple example similar to that of Jones (1970) shows that this
conjecture is false.

ExampLE 1. Let D(a, @) be the Dyck language over the alphabet {a, a}.
Then it is well known that D(a, ) is a deterministic context-free language
and hence {a, a}* — D(a, @) is again a deterministic context-free language.
Hence both languages are generated by unambiguous context-free grammars
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and so is L = D(a,a)J ({b, b}* — D(b, b)) — {&}. The structure generating
function of L is given by the rational function z/(1 — z).

Using almost looping grammars (Maurer, 1969; Gruska, 1969) and the
result that D(a,d) cannot be generated by a nonexpansive context-free
grammar (Salomaa, 1969; Salomaa, 1973, Chap. V1.10), it is easily proved
that L cannot be generated by a nonexpansive context-free grammar.

In the sequel, G=(?,2,P,y,) with @ ={y ..y}, E={z{pz,}
denotes a reduced, context-free grammar and G, = (9, Z, P, y,).

Let /,(w), w € Z*, be the number of distinct leftmost derivations for w
according to G,;(/,(w) = 0 iff w &€ L(G))), i.e., the ambiguity of w according to
G; and assume [;(w) < co.

Then the power series g; € N{Z*), 1 i< n, are defined by

g= 2 Lww.

wex*

Denote by ¢(X*) the free commutative monoid generated by X and by 4, the
natural homomorphism mapping Z* into c(Z*).
Then the power series h; € N{e(2*)), 1 < i< n, are defined by

hi = hc(gi)s

i.e., the coefficient of zi1z} ... zIm in h; equals the number of distinct leftmost
derivation for all w according to G;, such that the Parikh vector of w is
()

Denote by z a complex variable and by h: c(Z*) - z* the homomorphism
defined by A(z;) =z, 1 i< m.

Then the power series f; € N(z*)), 1 <i< n, are defined by

[ve]

fie)=Y w2,

i=0

where u,(n)=3",, -, i(w), i.e, u,(n) is the number of distinct leftmost
derivations for words w € L(G,;) of length n according to G;.
The homomorphisms %, and 4 are nonerasing and

fi=h(h)=hoh(g), 1<i<n.

We denote f,(z) by f4(z) and call it structure generating function of G
(Takaoka, 1974).

We call G cycle-free if, for each nonterminal y,, 1 i n, y;=%y; is
impossible.
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Then we show, that the power series g;, 1 <7< n, and hence A; and f; are
well defined if G is cycle-free. This leads to the following characterization
result:

Let G be cycle-free. Then G is nonexpansive iff
h, € N {e(Z*)) for all i, 1 <ign

The rest of the paper deals with unambiguity of context-free grammars and
inherently ambiguous context-free languages.

2. THE CHARACTERIZATION OF NONEXPANSIVE GRAMMARS

The algebraic system induced by G is defined by
Yi=Pi Pi€EN{(PUI)*), 1<ign,

where p; is the polynomial formed by the right sides of the productions for
Ji-

Since G is cycle-free, the induced algebraic system has a strong solution
by Lemma 3 of Kuich (1981) and this strong solution equals (g ..., g,).
Hence the power Series gy,... s Aysees Hys fiseosf, are in NSCMalBg sy,
INsemi-aleo(Z) Y, INSemalE(z%Y  respectively, by Theorems IV.6.4 and
1V.3.3 of Salomaa and Soittola (1978) and the fact that the homomorphisms
h and #, are nonerasing.

The dependence graph D(G) of the context-free grammar G is defined to
be the directed graph with vertex set @, such that there is a line from y; to y,
iff y; - ay; B is a production of G.

If y; and y; are points in a strong component of D(G), then there exist
a1y, 158, € (@ U Z)* such that y;=* a, y;a, and y,=* B, y; 8,.

A strong component of D(G) is called expansive, if it contains vertices
Yis¥;, ¥, and there exist a, a,,a; € (@ U X)* such that y,=* a, y,a, y,a;.
Otherwise it is called nonexpansive.

The context-free grammar G is called expansive, if there exists an y, € @
and o, a,,a; € (@UZ)* such that y,=*a,y,a,y,a;. Otherwise it is
called nonexpansive.

LEMMA 1. G is expansive iff at least one strong component of D(G) is
expansive.

Proof. If D(G) has an expansive strong component, then there exist
ViV ¥ and ey, 05,05,8,,8,, 7.0, € (U Z)* such that y,=*
oy Y0, Yy, ¥; =% By Bys Y= ¥, ¥:7, and hence G is expansive.
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If G is expansive, then there exist y; and a,, @,, a; € (@ U X)* such that
yi=%a,y,0,y;a0, and hence the strong component containing y; is
expansive.

In the sequel let C,, C,,..., C, with vertex sets @,, D,,..., @, be the strong
components of D(G). Then we define the following partial order over the set
of strong components of D(G): C, > C; iff there exist y; € @;, y;, € ®; and
a;, 0, € (@UL)* such that y; =*a,y,a,. If C;>C; and C;# C; then
C:>C;.

THEOREM 1. Let G be cycle-free. Let C be a strong component of D(G)
such that all strong components D of D(G) with D £ C are nonexpansive.
Then h; € N™{c(Z*)) for y; a point of D, D < C.

Progf. Without loss of generality, let C,,C,,..,C, be the strong
components of D(G) such that i <j implies C; < C; or C; and C; are incom-
parable. Let C=C;. By Lemma 1 the y,-productions of G, y;, € @,, are
linear in the variables of @, 1 <k <1

Hence the commutative variant of the algebraic system induced by G has

the form
-GGG
Pl=f +(5 : (E>,
Yl Pl OQI Yl

where Y; and P, are of dimension |®;|X 1 and Q; are of dimension |®;| X
I¢j|9 1 <./ < r.

The components of P, and Q,, 1 <k </ are in Nc(FUP,U-.- U
D,_)*)), the components of P, [<k<r, are in N{c(Z LU P, U --- U
@,_)¥)) and the components of Q,, | <k r, are in N{c((ZU @, U -+ U
2,)%))-

By Kuich (1981), the strong solution of this system is H = (k,,..., 4,,)-

We now proceed by induction on the index of the strong components of
D(G).

(i) Let k= 1. Consider Y, =P, + Q,Y,, P,, Q, € N{c(Z*)). Since G
is cycle-free, @, has the form Q, = (Q,,¢) + S, S, quasiregular matrix and
(Q,, ¢) nilpotent matrix. Hence 4, € N™{c(Z*)), y, € D,.

(ii) Let 1 < k< I Consider the subsystem
Y =P+ QY.

By induction hypothesis h; € N™{c(Z*))) for y,€ &, U --- UP,_,. Since
H is solution of the whole system, Hy = (;),,cq, is solution of

Y,=H-P,+H-Q,Y,.
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Since P, 0, EN{((F VP, U..- UP,_)*)), H-P, and H-Q, are in
N {e(Z*)). H-Q, can be written in the form H.Q,=(H-Q,,&)+
(H-Sy), H- S8, quasiregular matrix and (H - Q,, ¢) nilpotent matrix. This
implies ; € N™'{c(Z*)), y; € @,.

COROLLARY 1. Let G be cycle-free and nonexpansive. Then the structure
generating function f4(z) is in N™'{z*)).

Next we need a few technical lemmas.
Let G be cycle-free and let R; be the radius of convergence of fi(z),
1<ign.

LEMMA 2. Let G be cyclefree. If y;=* a,y;a,, then R; < R;.
Proof.  Analogous to the proof of Lemma 3 of Kuich (1970).

LEMMA 3. Let G be cyclefree. If y; and y; are vertices in a strong
component of D(G), then R;=R,;.

Proof. Since y; and y; are vertices in a strong component, there exist
ay, &y, f1, B, such that y,=*a, y,a, and y;=>* 8, y; §,. Hence by Lemma 2
R;<R;and R; <R,

Let I>2 and

— . kq k,
Yi= Z pi;kl,...,k,,,(ulb'--’ un5z)y1 Vs
0Kkt +Hkp<l

pi;kl,...,km(ulﬁ'"’ Uys Z) € |N<C({u1,..., Uy, z}*)>’

1<ig<m, 0Kk, + -+ k,<! be an algebraic system of equations. The
dependence graph of this system has vertex set {y,,...,y,,}. There is a line
from y; to y; iff there exists a py;;, . (U500 U5 2) % O with k; > 0.

LEmMMA 4. Letl>2 and

. ky k,
Yi= Z pi;kl,...,km(ub"" un’z)yl Vs
0Lk + v e k<]

1 i< m, be an algebraic system of equations with the following properties:
(V) Piokyy oty Urseens 3 2) € NCC({tty oy, 2}¥)) for all 1<i<m,
0k i+ +k, <L
(2) There exists an index i and 1,,..., 1, such that I, + --- + 1, > 2 and
pi;ll ..... I,,,(ulﬂ"'7 un;z)aéO.

(3) The dependence graph of the system of equations is strongly
connected.
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(4) u;(z) EN"(z*), uz)#0, with radius of convergence p;> 0,
1<j<n
(5) The system of equations has a strong solution (f1(z)s...,[,,(z)) with
fi(z) € Nsemirale %% £(2)# 0, 1 i< m, such that all fi(z), 1 <i< m, have
a common radius of convergence p with 0 < p < min{p;| 1 <j<n}

Then there exists an index i, 1<i< m, such that f(z) € N {z*) or
fiz)y=ljforall 1 i< m.

Progf. For proof by contradiction assume f;(z) € N™*'{z*)), 1 i< m.

(a) 0<p<+oo.

According to Pringsheim’s theorem, each power series with center z =0
and coefficients in N and radius of convergence 0 < p < +00 represents a
function which has a singular point at z =p (see also Salomaa and Soittola,
1978, Theorem I1.10.1). Together with (5) this implies

fu(@) @)

f[i@) =t 2;>0,
O = o - fal@)
for 0 <z <psfi1(z)af;'2(z) € IR<Z*>’ 1 < l< m
Pringsheim’s theorem and (4) imply
u;(2) (Z)
ufz)=——2L— ) >0, keIl
O=@e-o Y% W@’

at least for 0 < z < p, u;(2), u;(z) ERZ*), 1 <j<n

Hence
Julz2) — hyi(2) hyi(2) >0
[a@)p—2)' hp@E)p—2)° ,z(Z)
for 0 <z p, hyy(2), hip(2) € R{z*), 1 i m, with

o;>max{k, - A, + - +ky- 4, |0<k + - +km<l,p,-;kl,___,km9é0}.

Since A;=0; for all 0k, + - +k, <! with p;,
At k, Ay 1Ki<m.

This implies 4, =1,=--- =4, =1. For proof by contradiction assume
without loss of generality

.....

A=di= =4, <Ay, KAppa <o KAyy I

Then A2 (ky+ - +k) Atk A1+ +kn Ay, 1<i<t, implies
kipy==k,=0 for all 0k, + - +k,<I with py. o @,
U, 2) é 0, contradicting (3).
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Hence 12 (k, + -+ +k,)A.
By 2) A > 24, Wthh implies A = 0, contradicting p < +o0.

(b) p=+oo.

Then fi(z) € N(z*), 1 <i<m, and by (4) and (§) u; € N(z*), 1 j<

For g(z) € N{(z*), let [q] denote the degree of gq. Then by (4) and (5)
[fi]>0’ I<igm, [uj]>05 1<j<n9 and [.f;]>k1 : [f1]+ +km ' [fm]
forall 0k, + -+ +k, <Iwithp,, . #£0,1<i<m

Similar to (a) this implies [f]=---=][f,]=0. Hence f;(z)EN,
1<igm.

Let fi(z)=a; >0, 1 <i<m. Then u;(z) EN, 1 j< n, and

a;>af - agr
forall 0 <k, + -- +km\lw1thp,k ,,,,,
Similar to (a) this implies ¢; = -.- = a, = 1.

THEOREM 2. Let G be expansive and cycle-free. Then there exists an
index i, 1 <i< n, such that fi(z) & N (z*).

Proof. Since G is expansive, there exists a smallest strong component C
that is expansive. Hence if D < C, then D is nonexpansive. By Theorem 1
h, € N {c(Z*)) and hence f; € N™'{z*}) for y; vertex of D, D < C.

We are now in the position to apply Lemma 4: y,,..., y,, are the vertices of
C, uy,.,u, are the structure generating functions corresponding to the
vertices of the strong components D, D < C. The system of equations is
induced by the y;rules of G, y; vertex of C. Condition (1) is trivially
satisfied, (2) is implied by the fact that C is expansive, (3) is satisfied since
C is a strong component, (4) is implied by Lemma 2 and Theorem 1 and (5)
is implied by Lemma 3 and the fact that G is reduced. Since G is cycle-free,
(2) implies that fi(z) = 1, 1 < i< m, is no strong solution. Hence there exists
an y;, y; a vertex of C, such that f; & N (z*)).

COROLLARY 2. Let G be expansive and cycle-free. Then there exists an
index i, 1 <i< n, such that h; &€ N"™{c(Z*)).

Proof. Since f;=h(h;), h nonerasing, the Corollary is implied by
Theorem 2 and Theorem 1V.3.3 of Salomaa and Soittola (1978).
We are now in the position to characterize nonexpansive grammars.

THEOREM 3 Let G be reduced and cycle-free. Then G is nonexpansive
if for all i, 1 <i< ny by € N Le(Z*)).

COROLLARY 3. Let G be reduced and cycle-free. Then G is nonexpansive

iff for all i, 1 i n, f; € N z* ).
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Let G be cycle-free and denote 4, by k. Let L < 2* be a formal language
and denote the commutative variant of char L by 4;. Then we can formulate
the following conjecture:

(A) Let G be cycle-free and expansive. Then hg & N™{c(Z*)).
This would imply at once:
(B) Let G be unambiguous and expansive with L = L(G). Then &, &
N @)D
Hence together with Theorem 1 this would imply:
(C) Let G be unambiguous with L = L(G). Then G is nonexpansive iff
hy € N™(e(Z*))-

3. INHERENTLY AMBIGUOUS LLANGUAGES

Let L be a formal language and v(n), n > 0, be the number of distinct
words of length n in L. Then the function f; (z) of the complex variable z

[ee)

@)=Y vn)z"

n=0

is called structure generating function of L.

The next theorem was noted by several authors (Kuich and Maurer, 1971;
Semenov, 1973; quoted in Salomaa and Soittola, 1978, Chap.IV.5;
Takaoka, 1974).

THEOREM 4. Assume that L is a context-free language and G is a
context-free grammar of which it is known that L(G) 2 L.
Then f,(z) =f5(z) iff G is unambiguous and L(G)=L.

The next theorem is useful in proving context-free languages of a certain
form to be inherently ambiguous.

THEOREM 5. Let G, and G, be unambiguous context-free grammars with
L,=L(G,) and L, = L(G,).

Then L,JL, is an inherently ambiguous context-free language if
fupu2) € ZmHECZ,

Proof. Since  fy, 1, (2)=/1,(2) +/1,2) —f1,~,(2)  f1,(2)  S1,(2) E
INsemi-aleqz# % and f; ~ (z) & Z°™ *'8(z*}), Theorem IV.3.1 of Salomaa and

Soittola (1978) implies f; & Z°*™*"¥(z*). Hence TheoremIV.1.6 of
Salomaa and Soittola (1978) implies that L, U L, is inherently ambiguous.
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COROLLARY 4. Let G, and G, be unambiguous context-free grammars
with L, = L(G,) and L, = L(G,).

Let fy ~ (2) = Y0 a,z" with lim,_, k,/n= +c0.

Then L, U L, is inherently ambiguous.

Proof. Exercise IV.5.8 of Salomaa and Soittola (1978).

EXAMPLE 2 (due to Ginsburg and Spanier (1971)). Let L, = {ba'ba’*?|
i>1}*ba*b and L,=ba*{ba’ba'**|i>1}*b. Then L, and L, are unam-
biguous context-free languages and L, N L, = {ba’ba’h --- ba*** b | k > 0}.

Hence f;  (2) = Y2, z***P” and by Corollary 4 L, UL, is inherently
ambiguous.

EXAMPLE 3 (due to Kemp (1980)). Let L, =a{bla’|i>1}* and L,=
{a@'b*|i>1}*a*. Then L, and L, are unambiguous context-free languages
and L, ML, = {ab*a’h*a* --- b*a® |k > 1} U {a}.

Hence f; ~ (z) = S'® . z%**=3 and by Corollary 4 L, UL, is inherently
ambiguous.

Since the languages L, and L, of Examples 2 and 3 are generated by
nonexpansive context-free grammars the following theorem holds.

THEOREM 6. There are reduced cycle-free nonexpansive context-free
grammars G with L = L(G) S Z* such that h; & N™{c(Z*)).

Hence in Conjecture (C) “unambiguous” cannot be replaced by “cycle-
free.”
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