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Abstract

The confluent Cauchy and Cauchy—Vandermonde matrices are considered, which were studied earlier by various authors
in different ways. In this paper, we use another way called displacement structure approach to deal with matrices of this
kind. We show that the Cauchy and Cauchy—Vandermonde matrices satisfy some special type of matrix equations. This
leads quite naturally to the inversion formulas and fast algorithms for matrices of this kind. (©) 2002 Elsevier Science
B.V. All rights reserved.
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1. Introduction and preliminaries

Let
C:(Cl,...,Cn) and d:(dl,...,dk) (11)

be two arrays of nodes with all ¢; and d; distinct pairwise. Associated with ¢ and d the (simple)
Cauchy matrix is defined as

1 n,k
Cle,d)= [ } : (1.2)

¢ —d, ij=1
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and the Cauchy—Vandermonde (CV) matrix is defined as

Cu(c,d)=[C(c,d) Vu(c)l, (1.3)
where
(1 ]
1 o !
Vae)=| . e cmm (1.4)

is the (simple) Vandermonde matrix corresponding to c.

One of the most important properties of Cauchy—Vandermonde matrices is their application to
rational interpolation with fixed poles. For a given array of interpolation data (c;,#;), we want to
find a proper rational function f(x)= g(x)/p(x) (degg(x) < deg p(x)) with p(x) = Hﬁzl(x —dj)
such that

f(cl):nla (121,,11) (15)
Let f(x) have a partial fraction decomposition of the form f (x):Zf:l i/(x —d,); then, the above
problem is equivalent to solving the following system of equations:

Cle,d)c=n, (1.6)

with &= (&y,..., &) and = (1, .,m0)"
If f(x) is not proper, then the Euclidean algorithm yields

k

Sx)= Zx J + &t Grpax + A G

—d:
Jj=1 /

and the above interpolation problem is equivalent to solving the linear system of equations

Cu(e,d)=n (1.7)

with & = (&1,...,&4m)" and 5 as above.

Cauchy and Cauchy—Vandermonde matrices appeared in a sequence of recent papers [9-11,1,3].
In [10,9] Miihlbach derived the determinant and inverse representations and the Lagrange—Hermite
interpolation formula for Cauchy—Vandermonde matrix. In [11] Vaviin gave the factorization and
inversion formulas for Cauchy and CV matrices in another way. The method in [10] is direct
computation and seems to be rather complicated. Although in [11] the relations between Cauchy—
Vandermonde matrices and rational interpolation problems were pointed out, the algorithm process
for interpolants was not given.

In the present paper we make use of another method called displacement structure approach to
deal with Cauchy and CV matrices. We point out that confluent Cauchy and CV matrices satisfy
some of the special matrix equations and deriving their inverses is equivalent to solving only two
linear systems of equations with Cauchy and CV matrices as coefficient matrices, and we also give
the fast algorithms for solving such kinds of linear systems.
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The concept of displacement structure was first introduced by Kailath et al. [5,6] for Toeplitz and
Hankel matrices using the Stein-type operator V(-) given by

V(R)=R — FRA. (1.8)

For details of displacement structure theory we refer the reader to the survey article of Kailath and
Sayed [7]. In general, the generalized displacement operator is defined by

Viaaray(R)=QRA — FRA, (1.9)

where Q,4,F and A are specified matrices such that Vg 4z 43(R) has low rank, say r, independent
of n. Then R is said to be a structured or a displacement structure matrix with respect to the
displacement operator defined by (1.9), and » is referred to as the displacement rank of R. A
special case of (1.9) will have a more simple form called an equation of Sylvester-type

Vieuy(R)= QR — RA (1.10)

which was first studied by Heinig [4] for Cauchy-like matrices.
Indeed, the Cauchy matrix C(c,d) is the unique solution of the following Sylvester-type matrix
equation:

1
D(c)C(c,d)—C(c,d)D(d)=| . |[1 1 --- 1], (1.11)
1
where D(c) = diag(c;)}_, and D(d) = diag(a’_,)j?:1 are the diagonal matrices corresponding to ¢ and
d, respectively.
Eq. (1.11) implies that the Cauchy matrix C(c,d) has displacement rank 1 with respect to the op-

erator Vyp) pa)(-)- When n=k, multiplying Eq. (1.11) by C(c,d )~! from both left- and right-hand
sides we get

D(d)C(c,d)™ ' — C(c,d) 'D(c) = —C(c,d)™! 1 11 - 1]1C(c,d)™". (1.12)

I
If we denote by u = (uy,...,u, Yl and v=(v,...,v,)T the solutions of the following two equations:
Cle,dyu=[1 --- 1" and v'C(c,d)=[1 --- 1], (1.13)

then Eq. (1.12) by elementwise comparison shows that

Cle,d)™ = — [df‘ffcr — _D(u)C(d,¢)D(v), (1.14)
i G

i,j=1
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where D(u) = diag(u;);_, and D(v) = diag(v;);_,, which implies that computation of the inverse of
the Cauchy matrix C(c,d) is equivalent to solving only two systems of equations and one system
in the symmetric case.

2. Confluent Cauchy and Cauchy—Vandermonde matrices: displacement structures and inversion
formulas

In this section, we shall derive the displacement structures and fast inversion formulas for confluent
Cauchy and CV matrices. Let us begin by recalling the definitions of confluent Cauchy and Cauchy—
Vandermonde matrices. Our definitions are in accordance with those in [11] and differ slightly from
those in [10]. Let

€ =(Cly..sC1,C25.0sCoyee ey CpyunsCp) (2.1)
—— ——— ——
ni ny np
and
d=(d,...,d,ds,...,d>,....dy,....dg) (2.2)
—— — N——
ki k2 kq

be two sequences of interpolation nodes with all ¢;,d; distinct pairwise and E;’; L ni=n, 23:1 ki=k.
With ¢ and d we associate two classes of matrices.

Definition 1. We call the n x k£ block matrix
C(e,d) = (C! (2.3)

i j=1
confluent Cauchy matrix corresponding to ¢ and d, where

nl-fl,k-fl i .
Cy=(Ci)losly € C™

DS A I S A R D S Gl DA
Yooslloxsoyt |[x —y s ) (e —dy et

y=d,

and

Definition 2. We call the n x (k 4+ m) block matrix

Cu(c,d)=1[C(c,d),Vu(c)] (m = 0) (2.4)
confluent Cauchy—Vandermonde matrix corresponding to ¢ and d, where
Vm(cl ) P ni—1,m—1
Viu(c) = : ,  with V,(c;) = KS) c,’-_s] , (2.5)
Vm(Cp) 5s=0,1=0

is the confluent Vandermonde matrix of size n x m corresponding to c.
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When m =0 we assume that Cy(c,d) = C(c,d).
As in the simple case, confluent Cauchy and CV matrices correspond to rational interpolation
problems with prescribed possibly repeated poles. Indeed, let p(x) = ?zl(x —d;)% and

q(x) L5 & L
S ZZ —y T2
j=1

1t0

Then the interpolation problem

1dfe)|
stodxs |, = i

(i=1,...,p, s=0,...,n; — 1) is reduced to solve the following system:
Cu(c,d)=n (2.6)

where

k-1

B col(col(&;),., 7‘=1 and = col[col(1;);", -

_ — is i=1"
col(&; )i,

Hereafter, col(a;) denotes the column vector with a; as components.

2.1. Displacement structures

In this subsection we derive the displacement structures for confluent Cauchy and CV matrices.
Our starting point is the following Lemma.

Lemma 3. Suppose that J(1) and J(u) are the m x m and n x n lower triangular Jordan blocks
with A # u, respectively, and

= ()50
is any m x n matrix. Then the Sylvester matrix equation

JO)X —XI(w' =T (2.7)
has the unique solution X = ()(St)T,Blgfgl given by

at B\ (1)
st ZZFS ot — [)’( o ) (/L—,LL)“'H}J'_I (28)
=0 =0

Note that when 4 # u, the uniqueness of the solution of Eq. (2.7) is a well-known fact since
J(4) and J(u) have disjoint spectra. If 4 and u have negative and positive real parts, respectively,
then the solution of Eq. (2.7) is explicitly given by

+0o0 . "
X =— / e/ re=/ W' 4y (2.9)
0
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(see, e.g., [8, Theorem 12.3.3]). In this case, straightforward calculation shows that the X in (2.9)
is the same as in (2.8). But here we point out that the assertion is also true for any pair of 1 # p.

Proof of Lemma 3. Denoting by S; the £ x £ lower shift matrix

0 0 0
1 0 - .o 0

Se=1. . . s (2.10)
0 0 1 0

we then have J(1) = Al + S, J(1) = pl + S,, and Eq. (2.7) is equivalent to (4 — )Xy + X1
si—1 =1g(s=0,....m—1, t=0,...,n — 1). Therefore, we have recursive relations

Xy =(A— .u)_l(rst + X1 — Xo—14)

with initial conditions X_;, =X, _; = 0. On the other hand, X, in (2.8) can be rewritten as

Xy=C= ) Ta+ Y Toarmp(=1)" (“ ! ﬁ) (= )y~

o=0 f=1

k
+ Y (1=
=1
Therefore, it is sufficient to prove that X, in (2.8) satisfies the following equality:

ersfa,tfﬂ(_l)a <a —:x_ ﬂ> (/1 - :u)_a_ﬁ

=0 f=1

Y Toad(=D(Gh— @)™ + Xoopy — Xy =0. (2.11)

a=1

If s resp. ¢ in (2.8) be replaced by s — 1 resp. t — 1, we obtain

X, 1,—ZZFS wi—p(—1)"" (‘”/3 )u Wl

o=1 =0

)(s,t—l == ers—az,t—ﬁ(_l)“ (OC + g -1 > (/L - ,u)iaiﬁ'

a=0 =0
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Substituting this into (2.11) shows that it is sufficient to prove the equality

ZZFS_OCJ_/;{(—I)“ (“Zﬁ) + (-1 (“:f; 1) 1y (o«+g— 1)}

a=1 =1

X(2 =W P T {1+ (A - )
a=1

t
+> (Tyuep = Torp)— p) P =0 (2.12)
p=1

The last two terms in (2.12) are obviously equal to zero, and the basic combinatorial equality

<oc+ﬁ>_<oc+ﬂ—l> <oc+ﬁ—1>

= +

o o—1 o

implies that the first term in (2.12) is also zero. This completes the proof. [

Let Z be a column vector of length n and let Z be partitioned in accordance with the sequence
of nodes ¢ in (2.1) as Z = col(Z;)7, with Z; = col(ZiS);”':_ol; Similarly, let ¥ € C* be partitioned
in accordance with d in (2.2) as ¥ = col(¥)]_, with ¥; = col(Yj,)il El. Also, let z = col(z;)?_, with
z=[10--- 0]" € C" and y = col(y;)%, with y; =[10 --- 0]" € C¥ be two fixed vectors. With
Z and Y we associate block diagonal matrices

L(Z) = diag[L(Z)],, (2.13)
where
[ Z 0 ces 0 T
Zil ZiO - o
LZ) = e crn
. . ) 0
| Zin—1 -+ Zin  Zi ]

is the lower triangular Toeplitz matrix with Z; as its first column and L(Y ):diag[L(Yj)]?:1 is defined
similarly. Following [2], we define the generalized Vandermonde matrix by

Vile,Z) = [2,J(c)Z,...,J(c)""'Z], (2.14)

where J(¢) = diag[J(¢;)]Z, and J(¢;) is the lower Jordan block of size n; x n; corresponding to ¢;;
J(d) is defined similarly. It can be easily shown that

Vu(c) = Vu(c,z) =[z,J(¢)z,...,J(c)" " 'z]. (2.15)

As an application of Lemma 3 we obtain the following theorem, which is very useful in the
analysis below.
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Theorem 4. Let Z and Y be given as above. Then the matrix equation

J()X —XJ(d)' =zY" (2.16)
has the unique solution

X =L(Z)C(c,d)L(Y) . (2.17)
Proof. Indeed, if X is partitioned as X = (X;))/%, with X; = (Xj/)/ o, ', then Eq. (2.16) is

equivalent to the following series of equations:

J(e)Xy — Xy J(d) = ZY], (2.18)
(i=1,...,p, j=1,...,q9). Applying Lemma 3 to Eq. (2.18) we obtain

st
X = ZZZi,s—oc (a ; ﬁ) (Ofcl%n,t—ﬁ-
2=0 =0 e

Rewritten in matrix form, this leads to

Xij = L(Zi)CijL(Yj)T,

which is equivalent to formula (2.17). This completes the proof. [J

Corollary 5. The confluent Cauchy matrix C(c,d) defined as in Definition 1 satisfies the Sylvester-
type matrix equation

J(c)C(c,d) — C(e,d)J(d)' =zy'. (2.19)

In other words, the confluent Cauchy matrix C(c,d) has displacement rank 1 with respect to
Viseary ()

Proof. The proof is trivial since L(z)=diag(L(z))/, = diag(l,,)_, =1,, and L(y)=diag(L(y;))}_, =
dlag(lk, )3:1 =I,. O

By introducing the matrix of order k + m

J(d) yel
Jm d’ - 9 220
d,y) o ST (2.20)
where e =[10 --- 0] € C" and v,S,, are defined as above, we are led to the following.

Theorem 6. The confluent CV matrix C,(c,d) defined as in Definition 2 satisfies the Sylvester-type
matrix equation

J()Cp(c,d) — Cplc,d)u(d, y)' =J(c)"zel, (2.21)

where e, =[0 --- 0 1]T € Cktm,
In other words, Cy(c,d) had displacement rank 1 with respect to V) (a1 ()-
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Proof. Indeed,
J()Cn(c,d) — Cule,d)u(d, »)"
=[J(c)C(c,d) — Ce,d)J(d)" = Vi(c)e—y", J(C)Vu(€) = Viu(€)Sul- (2.22)

Since V,(c)e_yT = zyT, then by Theorem 5, the first term in (2.22) is equal to zero, and also
according to (2.15) the second term

J(@)Wn(c) = Viu(e)Sy =10 --- 0 J(c)"z].

Summing up, the assertion follows immediately.

2.2. Inversion formulas

Let J; = diag(J,,)”_,, where

i=1°

[ |
‘]I‘l,':

is the n; X n; antiidentity matrix. In the same way, J, = diag(Jj, );?:1 is defined. Note that

LI =J@), Jr=u7"=u,
and similarly, JoJ(d)J, =J(d)", JF =J; ' = .
Theorem 7. Let C(c,d) be the confluent Cauchy matrix in Definition 1 and n=k, and let x,w be
the solutions of equations

[C(e,d)h]x=2z and o'[J,C(c,d)] =", (2.23)
respectively. Then the inverse of C(c,d) is given by

Cle,d)™ ' = —LL(x)C(d, c)L(w) ;. (2.24)
where L(x) and L(w) are defined as in (2.13).
Proof. Multiplying Eq. (2.19) by J; from the left and by J, from the right, we get

J()' [N C(e,d) ] — [/1C(e,d) ]I (d) = (Siz)(Jay)T
Hence,

J( DN C(e,d)T) ™" = [N1C(e.d)J] (o)

= — [LC(c,d) 'Z][y Cle,d) '] = —xo'.
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Then by Theorem 4 we have

[/1C(c,d) )]~ = —L(x)C(d, c)L(w)"
or equivalently,

Cle,d) ' = —LL(x)C(d,c)L(w) .

This completes the proof. [J

Remark 1. Theorem 7 shows that the inverse of a confluent Cauchy matrix is almost of the same
type of matrix (up to two block diagonal factors), and that it can be reduced to solve only two
fundamental systems of linear equations with C(c,d) as coefficient matrix. Therefore, inversion
formula (2.24) yields a fast inverse.

Following [3], for convenience by C(d,c,x,») we denote the matrix as

C(d,c,x,w) = L(x)C(d, c)L(w)". (2.25)
Theorem 8. Let C,(c,d) be defined as in Definition 2 and n =k + m, and let
X = [;C,l,] and e C"
(x' € Ck, X" = col(X; )L, € C™) be the solutions of the following two equations:
Cu(e,d)x=J(c)"z and "Cy(c,d)=el, (2.26)

respectively. Then the inverse of C,(c,d) is given by

—JzC(d, C,sz/,Jl(l))Jl

Cu(c,d) ' = (2.27)

HV (¢, Jy0)

where V,(c,Jiw) and C(d,c,Jox',Jiw) are defined as in (2.14) and (2.25), and

-X, - =X, 1
H=

—X,, :

1 0

Proof. Multiplying Eq. (2.21) by C,(c,d)™" from the left and right, we obtain
Iu(d, ) Cr(e,d) ™ — Cu(e,d) "I (c)

= — [Cu(c,d) T (c)"z][eL Crule,d) '] = —xa". (2.28)
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Let C,(c,d)! be partitioned into the form

Cul(c,d) ™' = [ g,l,] , (2.29)

where B’ € C¥*" and B"” € C"*"; then

J(d)'B' — B'J(c)= —x'o"
and by the same way as in Theorem 7 we get

B = —)C(d,c,hx',Jiw)J. (2.30)
Moreover, according to Eq. (2.28) we have

e_y'B' +8,B" —B"J(c)=—x"o'
and hence

e_yI(B'J)) + Su(B"J) — (B"J)J(c)' = =x"(Jiw)". (2.31)
Let B; denote the jth row of B”J;, then Eqgs. (2.31) gives us the recurrence relations

B =BiJ(c) —Xj(Jio)', j=2,...,m. (2.32)

From (2.29) and the second of Egs. (2.26) it follows that B,, = w'J,. Taking this into account,
Eq. (2.32) leads to

B"Jy = col(B))1_, = HV (¢, Jio)"
or equivalently,

B" = HV,(c,Ji)" . (2.33)
Substituting B’ in (2.30) and B” in (2.33) into (2.29) completes the proof. [

3. Fast algorithms for solving Cauchy—Vandermonde systems

As we have seen in Sections 2 and 3, we have to solve two systems of equations with CV
coefficient matrices [see, Egs. (1.6), (1.7), (2.6), (2.23) and (2.26)] when we want to solve rational
interpolation problems, thus deriving their inversion formulas. Since Cauchy and CV matrices satisfy
a class of displacement structure equations [see, Eqs. (1.11), (2.19) and (2.21)], these equations are
special cases of the following general Sylvester displacement equation:

Viaay(R1) =R — Rid, = G1By, (3.1)

where Q; and A4, are lower and upper triangular matrices, G; € C"*! and B; € C'*". We may use
the fast algorithm given in [2] to solve these linear systems. The idea of the algorithm is to derive
the LU factorization quickly by using the displacement equations, which, therefore, is a generalized
Gaussian elimination.
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Lemma 9. [2] Let the matrix

Ry = |
h R(zz)
satisfy Eq. (3.1). If ry # 0, then the Schur complement R, :RQQ —(1/r))yuy satisfies the following
equation:

Ry — Rydy = 6B, (3.2)

where Q, and A, are obtained from Q| and A, by deleting the first row and column, respectively,
and

1
0 1
=G — |1, 19, [0B]=B~-b |1l —ul, (3:3)
Gz - 11 r
1

where g1 and by are the first row of Gy and the first column of By, respectively.

Since R; has the triangular factorization of the form

R r uj ! 0 r uj
l = =
L R

1 =LU,
- 1 0 R
r
applying Lemma 9 we may write down an implementation of LU factorization for R; as below:

1. Compute the first row [ry u,] and the first column [;:] of Ry, respectively, which is equivalent
to solving two triangular linear systems

[ wl(ond —A41)=gi1B1, (&1 —anl) Ui] = Gby;

(w11 and ayy are the (1,1) entry of Q) and Ay, respectively).
2. Write down the first column [1111} of L and first row [r; ui] of U.

r
3. Compute the generator {G,,B,} for the Schur complement R, by using (3.3).
4. Repeat processes 1-3 for the displacement equation (3.2) R, satisfying.

The overall complexity of the above algorithm is O(n?) arithmetic operations. Finally, we point
out that we may consider block LU factorization when ¢ or d has multiple nodes. In this case, the
first step of the above algorithm is modified to solve two block triangular linear systems; accordingly,
the second step is modified to write down the first n; columns of L and first n; rows of U.
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4. Example

In the simple nodes case: n; =1, ¢ =(ci,...,¢,) and k; =1, d = (d,,....d,)

[(c1—d)™" (cr—da)™' o (a1 —dy)']

(c2—d))™" (ca—dr))™" o (ca—dy)!
C(c,d) =

L —d)™" (ea—d)™ o (ea—dn) ]

According to the algorithm given in Section 3, we may write down the kth column L; of L and
the kth row U of U in the LU decomposition of C(c,d):

- 0 -

L= H ck —d H Ck+1 — GCi |,
j= d i<k cp—¢

UGy —
Hk Ci — dj Cy, — Cj
j=1 ¢, —dj +4i<k ¢ — ¢

- I (e — e)(dx — dy) I (cx — e)(dn — )
Ue=10 0 = I e—dndi—ey " a—a Lo o —an, —e

and the generators of Schur complement Ry:

i<k ¢p —d;

Gk c Cn+1—k

:Cn—Ci

_Hi<k c, —d;
dyp —d; d,—d;

Bk:[Hdelli—ci Hi<kdn—cl~:|'

Here we assume that [[,_, =1 when k =1.
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