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Institut de Mathématiques de Toulouse,
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ABSTRACT

Topological asymptotic analysis provides tools to detect
edges and their orientation. The purpose of this article is
to show the possibilities of anisotropic topological gradient in
image restoration. Previous methods based on the topological
gradient used isotropic diffusion to restore images. These
methods are improved here by using anisotropic diffusion
and differentiating between principal and secondary edges. A
texture detector is also used to increase the diffusion outside
textured regions. Numerical results are presented, including
a comparison with the Non-Local Means method. The algo-
rithms presented here lead to results similar to the Non-Local
Means (in terms of quality), and shorter processing times.

Index Terms— Edge detection, topological gradient, im-
age restoration, anisotropic diffusion.

1. INTRODUCTION

A classical way to restore an image u from its noisy version
v defined in a domain Ω ⊂ R2 is to solve the following PDE
problem {

−∇.(c∇u) + u = v in Ω,

∂nu = 0 on ∂Ω,
(1)

where c is a positive constant or a tensor [1] and ∂n denotes
the normal derivative to ∂Ω.

Topological optimization provides tools to detect cracks
[2]. These tools were adapted to detect edges [3]. An im-
age can be viewed as a piecewise smooth function and edges
can be considered as its set of singularities. A major ad-
vantage of topological gradient is the computing time. Only
O(N. log(N)) operations are needed to solve the image pro-
cessing problem, where N is the number of pixels.

The topological gradient can also be used in image edge
analysis, image classification, inpainting problems and in seg-
mentation [3, 4, 5]. This technique can be applied to gray
level and color images, but also to three-dimensional images,
or movies.

In the work [3], c is an isotropic tensor taking only two
values, c0 in the smooth part of the image and a small value ε

on edges. The objective of the present work is to take ad-
vantage of additional informations provided by topological
asymptotic analysis: the edge orientation and jump ampli-
tude. This allows to define the tensor c in a way more adapted
to the image content. An anisotropic restoration algorithm is
presented. This simple algorithm is compared to the previous
isotropic restoration algorithm and to the Non-Local Means
method.

In section 2, we recall the topological gradient method for
image restoration. Our restoration algorithms are presented in
section 3. In section 4, we present numerical results in image
restoration and some comparisons.

2. TOPOLOGICAL GRADIENT FORMULATION

Let Ω be an open bounded domain of R2 and v a given func-
tion in L2(Ω). The image restoration problem is defined on
the domain and reads as follows: find u ∈ H1(Ω) such that{

−∇.(c∇u) + u = v in Ω,

∂nu = 0 on ∂Ω.
(2)

Fig. 1. Cracked domain.

At a given point x0 ∈ Ω, we insert a small insulating crack
σρ = x0 + ρσ(n) where σ(n) is a straight crack and n is a
unit vector normal to the crack. The perturbed domain created
by the insertion of this crack is Ωρ = Ω\σρ . The perturbed
solution uρ ∈ H1(Ωρ) satisfies

−∇.(c∇uρ) + uρ = v in Ωρ,

∂nuρ = 0 on ∂Ω,

∂nuρ = 0 on σρ.
(3)



Fig. 2. Ellipse representation: parts of noisy Barbara image
3. From left to right, scarf, books and table.

Our edge detection method consists in looking for a crack
σ such that the energy j(ρ) = Jρ(uρ) = 1

2

∫
Ωρ
‖∇uρ‖2 is

small. In [2], it is proved that the cost function j has the
following asymptotic expansion

j(ρ)− j(0) = ρ2g(x0, n) + o(ρ2), (4)

where the topological gradient g is given by

g(x0, n) = −πc(∇u(x0).n)(∇p(x0).n)− π|∇u(x0).n|2,
(5)

and p0 is the solution to the adjoint problem:

{
−∇.(c∇p0) + p0 = −∂uJ0(u) in Ω,

∂np0 = 0 on ∂Ω.
(6)

The topological gradient can be written as g(x, n) =
nTM(x)n, where M(x) is the 2 × 2 symmetric matrix de-
fined by

M(x) = −πc∇u0(x)∇p0(x)T +∇p0(x)∇u0(x)T

2

− π∇u0(x)∇u0(x)T .

(7)

For a given x, g(x, n) takes its minimal value when n is
the eigenvector associated to the lowest eigenvalue λmin(x)
of M(x). This value is the topological gradient associated to
the optimal orientation of the crack σρ.

The contours are located at points x where λmin(x) is the
most negative and their orientation is given by the correspond-
ing eigenvector.

Figure 2 shows parts of noisy Barbara image with a uni-
form additive noise. The ellipses represent the topological
gradient tensor M(x) at each pixel of the image. The edge
orientation is given by the associated eigenvector. Note that
the ellipses are oriented in the same direction as the texture
edges.

3. ALGORITHMS FOR IMAGE RESTORATION

3.1. Isotropic topological gradient

Let us first recall the algorithm for isotropic topological
gradient presented in [3]. It consists in inserting small

Fig. 3. Noisy image of Barbara and detected edges.

heterogeneities in regions where the topological gradient
is smaller than a given threshold δ < 0 (typical value :
δ ∈ [−1500,−250]).

• Initialization: c = c0.
• Computation of u0 and p0, solutions of direct (2) and

adjoint (6) problems.
• Computation of the 2 × 2 matrix M(x) and its eigen-

values at each point of the domain.

• Set c(x) =

{
c0/10 if x ∈ Ω and λmin(x) < δ
c0 otherwise

• Computation of u solution to problem (2).

3.2. Anisotropic topological gradient

It is well known that the diffusion equation (1) can lead to bet-
ter restoration results if c is defined as an anisotropic tensor: it
should be elongated in the edges direction. A diffusion coeffi-
cient c1 << 1 is used in the direction given by the eigenvector
associated to λmin.

• Initialization: c = c0.
• Computation of the solutions u0 and p0 of the direct (2)

and adjoint (6) problems.
• Computation of the eigenvalue decomposition of M as
M(x) = (PDP−1)(x).
• Extraction of the valleys of λmin: they represent the

edges.
• Set

c(x) = P (x)

(
φ(x) 0

0 c0

)
P−1(x)

φ(x) =


c1(λmin(x)) if x ∈ Ω, λmin(x) < δ

and x is in a valley,

c0 otherwise
(8)

• Computation of u solution of (2) with the new c.

3.3. Secondary edges and smoothing

Texture may contain edges with smaller amplitude. We call
them secondary edges. To take these into account, we use a
second threshold δ′ > δ. In the definition of φ (equation (8)),
we add the condition:

φ(x) = c2(λmin(x)) if δ < λmin(x) < δ′ and x is in a valley.



Fig. 4. Noisy and ATGS+ restoration of boat and Barbara
images

(a) Original (b) Noisy

(c) ITG (d) ATGS+ (e) NLM

Fig. 5. Parts of original boat image, noisy one, ITG, ATGS+
and NLM restoration.

Figure 3 shows an example of primary and secondary edges.
Finally, texture is detected on u0 with a SVD (Singular

Value Decomposition) detector [6]. Isotropic smoothing is
applied by diffusion with a high coefficient c′0 > c0, on pixels
that are not considered as texture.

4. NUMERICAL RESULTS

Notations: NLM stands for the Non-Local Means, ITG for
the isotropic topological gradient, ATG for the anisotropic
topological gradient. ITGS and ATGS are the same as ITG
and ATG except that they take into account secondary edges.
ITGS+ and ATGS+ make use of the texture detector.

We compare our methods with the Non-Local Means [7].
For the comparative work, we use the toolbox provided by
[8]. Our algorithms were coded in Matlab.

(a) Original (b) Noisy

(c) ITG (d) ATGS+ (e) NLM

Fig. 6. Parts of original Barbara image, noisy one, ITG,
ATGS+ and NLM restoration.

Boat Barbara
PSNR SSIM Time PSNR SSIM Time
22,53 0,444 # Noisy 19,85 0,374 #

26,93 0,721 4,48s ITG 25,36 0,644 4,40s
27,01 0,723 4,78s ITGS 25,46 0,655 5,25s
27,27 0,764 6,20s ITGS+ 25,93 0,751 6,12s
26,99 0,722 4,52s ATG 25,41 0,646 4,45s
27,09 0,724 5,18s ATGS 25,78 0,663 5,22s
27,38 0,764 6,25s ATGS+ 26,27 0,758 6,28s
27,72 0,772 13,1s NLM 25,23 0,789 36,5s

Table 1. Boat and Barbara results.

We compare quantitatively the different restorations on
gray level images using PSNR (Peak Signal to Noise Ratio)
expressed in dB and the SSIM (Structural SIMilarity) [9]. We
give the CPU time in seconds for each algorithm.

Table 1 presents the results on two images: boat (512 ×
512) and Barbara (512× 512) see Figure 4. The noise used for
the boat image is a Gaussian additive noise. The noise used
for Barbara image is an additive noise following a uniform
distribution.

Figure 5 (c) and (d) compare the results of ITG and
ATGS+ restoration. The restoration of contours is more ac-
curate using anisotropic restoration, although the quantitative
estimators do not reflect this improvement (see Table 1).

Figure 6 (c) and (d) compare the results of ITG and
ATGS+ restoration. The aim is to show that the texture is bet-
ter reconstructed in the new restoration. Adding anisotropy
and secondary edges clearly improves the results on Barbara
image (see Table 1).

A comparative study with the NLM was performed. With
a Gaussian noise, we obtained similar results for images
which are not composed of self similar textures. On Barbara
image corrupted with Gaussian additive noise, the results
provided by the NLM outperform our diffusion method.



Fig. 7. Noisy Mandrill image.

Mandrill
PSNR SSIM CPU

Noisy 20,16 0,552 #
ATGS+ 22,79 0,698 17,2s
NLM 22,63 0,708 29,6s

Table 2. Mandrill results.

This is sensible since in the NLM algorithm, the denoised
value at a pixel x, is a mean of the values of all pixels whose
Gaussian neighborhood looks like the neighborhood of x. So
the efficiency on a self similar image was predictable.

Figure 7 shows the noisy Mandrill (512× 512× 3) color
image. The three channels (RGB) were treated separately.
The NLM and ATGS+ restoration provide similar results in
terms of quality (see Table 2 and Figure 8 (c) and (d)). ATGS+
is faster (see Table 2).

5. CONCLUSION

An algorithm was presented to take into account the orienta-
tion of the edges detected by topological asymptotic analysis.
The diffusion tensor used to restore an image is anisotropic on
the edges, with a small diffusion coefficient on primary edges
and a larger one on the secondary edges. This algorithm was
compared to the Non-Local Means method. Similar perfor-
mances were obtained for smaller computing times.
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