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Fast formulas for slowly convergent alternating
series

M.l.COOKER

1. A tale 0/ a tail
One day the Tortoise was discussing with mighty Achilles the behaviour

of infinite series. Achilles boasted that his mental powers were so fast that
he could exhaust any series summation problem by simply adding up
enough terms. But Tortoise was unimpressed:

'Is that so? What's the sum of this series, then?' With his tail he drew a
line in the sand, and wrote

K L (-Inn + 1)-(11+2)/(11+ I)

11=0

(1)

which is the same as

I
K = 1 - + - - + (2)23/2 34/3 4514

'I'll give you until tomorrow to find K to four significant digits!'
Achilles ran around the marks in the sand, then set to work. By the

following day he had added one thousand terms, but he was only sure of the
first three significant digits. He found that K == 1.32. Frustrated by his
computations he complained to himself:

'I keep adding and subtracting nearly the same slowly decreasing
quantity. And it's hard work calculating those powers of n, which are so
close to reciprocals!'

Then Tortoise arrived, and he was happy to see his rival's failure.
Defeated, Achilles exclaimed: 'Come on, what is the value of K?' But
Tortoise just withdrew his head, feet and tail into his shell.

2. Reflections on alternating series
I was interested to read T. J. Osler's recent Mathematical Gazette article

[l], about slowly converging alternating series. Alternating series are of the
form

S = L (-I)"/(n),
11=0

(3)

where / (n) > 0, and where / (n) decreases (slowly) to zero as n tends to
infinity, e.g.] (n) decreases like n-1 or n-1/2 In (n). Note that all the series to
be summed in this article begin with index n = O. The problem with slow
convergence is that we find that the sum (3) consists of successively adding
a quantity then subtracting almost the same quantity. This quantity only
slowly decreases to zero, so there's much wasted computational effort. Most

Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0025557200002928
Downloaded from https://www.cambridge.org/core. IP address: 207.241.231.83, on 04 May 2019 at 09:11:32, subject to the

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0025557200002928
https://www.cambridge.org/core


FORMULAS FOR SLOWLY CONVERGENT ALTERNATING SERIES 219

series cannot be summed in closed form and we need efficient methods of
computation, particularly if each term of the series is itself costly to compute
accurately. A general approach is to add up the first N terms (from n = 0
to n = N - 1), then to estimate the sum of the remaining terms of the
series, from n = N to n = 00.

N-I

S = L (-ltJ(n) + L (-ltJ(n),
n=O n~N

(4)
where the second summation is what we will call the tail, T, defined to be

T(N) = L (-ltJ(n)
n~N

(5)

and T (N) depends on N and the functionJ.
The following is the formula of Osler [1], in which we assume that N is

even:

T "" /2 (7J(N) + J(N + 1) - 2J(N + 2»). (6)

(If N is odd then the approximation to the tail must be subtracted instead of
added.) Unfortunately [1] contains a misprint in the derivation, but the
formula, reproduced in (6), is consistent with Osler's derivation in that the
final coefficient is 2 (not 1 as in his proof).

As an example of the application of this, consider Leibniz's series for n:
~ 4

S = n = L (-It--· (7)
n~O 2n + 1

There are extremely efficient methods of computing the digits of n - see
Borwein and Borwein [2] and Lord [3]. Our motivation for examining the
series (7) is precisely because it is slowly convergent and it tends to a
familiar decimal expansion, so that we can identify the accuracy of the
various approximation methods to come.

If we successively put N = 10, 100 and 1000, then the sum of the first
N terms (the so-called partial sum) is a very poor approximation to x, as
shown in Table 1.

N Estimate of it

10 3.04 183

100 3.13 159

1000 3.14059

TABLE 1: Partial sums (of the first N terms) from equation (7)
We adopt the convention that the decimal digits that are in bold font
coincide with those of the limit, in this case n, All the calculations were
done with the computer algebra package Maple, version 11. The story is
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even worse than it looks in Table I, because one needs I<t' terms to obtain
the Nth digit of lC correctly, so one must do ever more work to get the next
correct digit of the limit. As Woody Allen succinctly put it:

"The trouble with eternity is that it's really long, especially near the end."

Osler's formula estimates the contribution from the tail of the series.
Using (6), and again taking N = 10, 100 and 1000 the approximations are
shown in Table 2:

N Osler's estimate of lC

10 3.14 077 681 699

100 3.14159153071

1000 3.14 159 265 242

TABLE 2: Sum of first N terms of series plus Osler's tail approximation (6).
Comparing Tables I and 2, the three extra terms that estimate the tail
certainly help to sum the series to high accuracy.

My initial reactions to the approximation (6) were:
(i) How can the tail of the series be approximated so well by a linear

combination of just the next three terms after the truncation at
n=N-l?

(ii) What determines the coefficients 7/12, 1112 and -21l2 in Osler's
formula (6)?

(iii) How does the error in the approximation depend on Nand
f (n) = 4/ (2n + I) in equations (6) and (7)?

We will see that there is a history to this kind of approximation, and that
there are ways of making much more accurate formulas with different linear
combinations of three, four or more values of f (n), with n ~ N. We will
reduce the number of terms needed from the series from thousands down to
just N = 10 and, by using a high-order tail approximation, we shall be able
to achieve IO-digit accuracy when estimating the sum.

3. Analysis of some tail approximations
The following is a discussion of Euler's transformation of series. This is

treated in detail by Bromwich [4], but I follow a simpler discussion in
chapter 11 of Hartree [5, Chap. 11]. I have also found that H. V. Lowry [6]
wrote about the low-order approximations to the tail explained in the
following, but without examples. Girting [7] also obtained some results.

The tail of the alternating series (5) can be written using a forward-
difference operator 6. and a forward-step operator E, both acting on f (n).
We define these as follows, for any value of the index n:

6. (f(n») = fen + I) - fen) and E = 1 + 6. (8)
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so that

E(f(n)) = fen) + [{(n + 1) - fen)] = fen + 1). (9)

So E increases the index from n to n + 1; therefore E2 increases it from n to
n + 2; and so on. With this notation we can write the tail T of the series
(3), after the Nth term, as

T L (-I)nF:'(f(N)),
n~O

(10)

where N is even. This looks like a geometric series: instead of a common
factor, it has a common operator, -E. An ordinary geometric series with
common factor -r can be summed as follows: a - ar + a,l- ar3 + ar4...
= a(l + rrl. In the same way, we can 'sum' equation (10) by identifying
the first term asf (N) and the common operator as -E. Hence

T = (1 + E)-lf(N) = (2 + /:;.)-If(N), (11)

and we have used equation (8) which tells us E = 1 + S, We now take
out a factor t from the right-hand side:

1 ( t:,. )-1
T = "2 1 +"2 feN). (12)

The right-hand sides of eqs (11), (12) contain only formal expressions of
(inverse) operators acting on the series of terms f (N) ,f (N + 1), .... The
prime advantage of writing these formulas is that we can now re-expand the
last expression (12), because it is the expression for the sum of another
geometric series with a common operator equal to - t:,. / 2:

1 ( t:,. t:,.2 )
T = "2 1 - "2 + 22 - ••• f (N) . (13)

The first few powers of the forward-difference operator are to be interpreted
as follows:

t:,.(f(N)) = feN + 1) - feN)

t:,.2(f(N)) = feN + 2) - 2f(N + 1) + feN)

t:,.3(f(N)) = feN + 3) - 3f(N + 2) + 3f(N + 1) - feN), (14)

We have restrictedf such that for all n we have decreasingf(n) > O.
Hence f (n) - f (n + 1) is positive and small compared with f (n). With
these restrictions we can be sure that f is such that rM t:,.M (f (N)) decreases
quickly enough, as M increases, for the series (13) to converge.

Next we look at truncating the series (13) at low orders, in powers of the
t:,. operator. The first tenn alone of (13) gives T = To = f(N)/2, which is
a surprisingly good estimate: it is one of the terms that arises in the general
Euler-Maclaurin summation formula (see [1]). Next, at first order, (13)
gives
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so that

iV(N) - i[{(N + I) - f(N)])

I
-(3f(N) - feN + 1»).
4

(15)

This was as far as Lowry went in [6]. At second order (M 2) we obtain a
three-term approximation which has coefficients different from Osler's
three-term formula (6):

IV I I )T2 = - (N) - -[((N + I) - f(N)] + -[((N + 2) - 2f(N + I) +f(N)]
2 2 4

hence

I
T2 = g(7f(N) - 4f(N + 1) +feN + 2»). (16)

Then, with M = 3, the reader can check that, after simplification, the third-
order approximation to T is

I
T3 = 16 (I5f(N) - Ilf(N + I) + 5f(N + 2) - feN + 3)). (17)

The arithmetic work spent on increasing the order, M, of the
approximation gives a better return than just increasing the number N of the
partial sum of the series. Even with N = 10 (which puts the arithmetic
back in the realms of a pocket calculator), it is worthwhile using the M = 3
formula (17), or using a larger value of M. If we are already committed to
adding up the first ten terms, why not approximate T with say a tenth-order
(M = 10) formula? This seems to be a good division of labour between
arithmetic work on the partial sum and work spent on estimating T. With
straightforward computer algebra on equation (13), a tenth-order estimate
for the tail is:

I
TIO = 2048 [2047f(N) - 2036f(N + 1) + I981f(N + 2) - 1816f(N + 3)

+ 1486f(N + 4) - 1024f(N + 5) + 562f(N + 6) - 232f(N + 7)

+ 67f(N + 8) - I2f(N + 9) +feN + 10)]. (18)

All the above estimates Ti, T2, T3, ••• TIO are examples of Euler's
transformation of series. Why don't we increase the order M far beyond ten?
What happens to the coefficients of TM as M ~ oo? A consequence of
equation (10) is that they all tend to ±I, in such a way that the
approximation becomes indistinguishable from the tail!

To digress, other methods of approximating the tail exist. Cohen et al.
[9] derive an algorithm with four terms (on the way to much higher-order
approximations), which in our notation is equivalent to

T::: _1 (576f(N) - 544f(N + 1) + 384f(N + 2) -I28f(N + 3»). (19)
577
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In trials with Leibniz's series, I found that (19) is much less accurate than T3
in (17) for the same total amount of arithmetic. The optimal choice of
coefficients in the linear combination of successive terms from the series has
yet to be explored. Perhaps the (nearly geometrically-quickly converging)
alternating tail of (13) could itself be approximated! Or there may be some
other way of interpreting the operator (2 + t.rl and its action on j (N) in
(II).

4. What are the errors in using the approximations?
When N is fixed, the approximations Tb T2, T3, etc. for the tail T are

successively more accurate. The order of magnitude of the error in
truncating the approximation at order M is the same as the (M + I)th order
term in the series (13). Also the difference operator t. is close to the
derivative with respect to N. Typically, for slowly converging series, and
for large enough N, the value of j (N) is well approximated by c / NP where
the constants c and p are independent of (large) N, and they only depend on
the functional form of j. For slowly convergent series, the positive power p
is usually I or 2, (for ultra-slow series p is small compared with I). Suppose
p = 1, then from equation (14) asymptoticall~ as N --7 00 we have that the
error2-M-2t.M+1j(N) - ±c(M + l)!(2N)- -2. This means that at third
order (M = 3) the error from using (17) decreases like icN-5 as N --7 00.

If the sum is the same order of magnitude as the constant c, the relative error
decreases with increasing N as iN-5• Hence to achieve an accuracy of 10
significant digits one would need to set N = 150 in theory. In practice, e.g.
with Leibniz's series, N = 100 will do.

The reader can confirm from the above analysis that to obtain a
summation correct to 10 significant digits with the M = 10 approximation
(18), one only needs N = 14 in theory, or even fewer terms in practice.

Further details on the error can be found in Hartree [5, Chap. II], who
also explains that the factors that are powers of! in (13) can be modified for
certain j. However, apart from [6, 7] and [1], all the works that I have
examined discuss N = 1 alone.

5. Resultsjor Leibniz's series and the Tortoise problem
How does (16) compare with Osler's formula? When N = 1000, his

approximation gives rr =: 3.14159265242. Our second-order formula (16)
for the tail has different coefficients from Osler's formula (6). Since we also
use three terms, the computation involves the same total number of
arithmetic operations. Using (16), and taking N = 10, 100, 1000 the new
approximations are in Table 3:
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N M = 2 M = 3
10 3.14 154 976 385 693 844 3.14 158 657 085 026 717

100 3.14159264 652341 127 3.14 159 265 345 391 728
1000 3.14159265358904 772 3.14 159 265 358 979 175

TABLE3: Partial sum plus M = 2 and M = 3 tail approximations (16), (17).

These have 2 or 4 more correct digits than Osler's formula - see Table 2.
The third-order formula (17) needs just one extra addition compared with
the second-order formula (16) and gives two more digits that are accurate.

With N = 10, and using the tenth-order formula (18) we find
Jr "" 3.14 159 265 346 275 704, which is accurate to 10 decimal places.
This result should be compared with the previous results with N = 10, all
of which achieved only 5 or fewer correct digits. Even if we increase N to
20 to make the number of arithmetic operations similar for every test, the
lower order methods are far less accurate than the tenth-order scheme. If we
let N = 20 then (18) gives 13 decimal places, which also shows the small
benefit from the extra arithmetic of just increasing N.

Having established formula (18) as a tool, how well does it work on the
problem that Tortoise set Achilles? First, let's put the results in context.
With N = 10, 20, 30 the partial sums show only one correct digit:
K "" 1.20265, 1.26145 and 1.28232516. At N = 1000 poor Achilles
only determined that K "" 1.32480. By using Osler's formula, and
comparing it with Tz and Tw, using small values of N = 10, 20, 30, 40, we
obtain Table 4:

N Osler's formula M = 2 eq. (16) M = 10 eq.(I8)
10 1.32 530 048 604 026 503 1.32 612 420 132 699 567 1.32 616 651 980 726 186
20 1.32602269686715339 1.32 616 252 607 527 325 1.32 616 651 989 150424
30 1.32 611 931 440 390 355 1.32616560440913 899 1.32616651989174304
40 1.32614552 540970733 1.32 616 620 708 842 729 1.32616651989174776

TABLE4: Tortoise problem: approximations to f (-I)" (n + 1)-("+ 2)/(" + I),,=0

The last column is accurate to 10, 12, and 14 significant digits, after which
there is no further improvement, which suggests we must increase M above
10 to do better. Using M = 10 and N = 10 (so that there are just 20
additions in total) solves the Tortoise's problem: K "" 1.326 to 4 significant
digits.

6. Conclusions andfurther explorations
The results discussed in this article show that just truncating an

alternating series can lead to big errors, and that estimating the tail of a
series is worthwhile because it can involve little extra arithmetical effort,
especially when the terms of a series are costly to compute. Readers
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interested in exploring other ideas on alternating series should read the on-
line review by Gourdon and Sebah [8]. There's also scope for the reader to
improve on equation (19), by using the first of the algorithms described by
Cohen et at. [9].

The alternating series that we have treated are much better behaved than
slowly convergent series of positive terms. Sebah and Gourdon [8] describe
the following transformation, due to Adriaan van Wijngaarden [1916-1987]
whose original work on this I have not found. Suppose g (n) > 0 and that
we want the sum from n = 0 to <Xl of g (n), then

L g(n)
,,~O

L (-I)"f(n)
11=0

(20)

~
L 2kg{2k[n + 1] - 1).
k=O

where we suppose that g decreases quickly enough that the series in (21)
also converges. If so, then necessarily f (n) > 0, and we can safely use the
approximations described in this paper. Also if g decreases slowly then so
doesf. Gourdon and Sebah [8] show that sometimes (21) can be summed in
closed form, e.g. if g (n) = (n + 1)-2 then the reader can confirm that
f(n) = 2(n + 1)-2.

Now for some final speculations. The formulas are not restricted to
series of constants; they can be used to accelerate the convergence of
alternating power series. For example for x : 0 ..;;;x ..;;;1 the following
Maclaurin expansion is an alternating series, and we have approximated it
by truncating it at N = 4 and using the tail estimate T) from equation (17):

~ x"+1
ln t l + x) = L (-1)"--

,,=0 n + 1

where we define f(n) (21)

) x" + 1 1 (~ x6 x7 x8)L (-1)"-- + - 15- - 11- + 5- - - . (22)
,,=0 n + 1 16 5 6 7 8

The reader can confirm that this approximation is accurate to three
significant figures. More surprisingly the approximation (22) is also quite
good for x beyond the region of convergence of the Maclaurin series, for
x : I < x < 2. There is scope for exploration here.

Finally, the functionf(n) in equation (3) is defined for values of n that
are natural numbers. Suppose there exists a real-valued function, fl (x),
where x is a real variable, with the property that I,(n) = f (n) for all
n e N. The functionj", is an extension of the functionf, and it can usually
be identified easily for a given series. Indeed finding the function j'. (x) is
necessary to use the Euler-Maclaurin summation formula, in which there is
an integral to be evaluated with respect to x, of i,(x). Are there any good
approximations to the tail that deploy a linear combination of fl (x) at some
non-integer values of x?
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