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The purpose of this paper is to develop for semigroups the notions of radical
and semisimplicity similar to those which have been developed for rings. In 1961,
E. J. Tully, Jr. published a paper dealing with transitive and O-transitive operands
of a semigroup. We shall be using his definitions and notation as a starting point
in our considerations. The author wishes to express gratitude to Ancel Mewborn
for many valuable suggestions.

In this paper we shall first define the radical of a semigroup S and investigate
some of its properties. Just as in the case of rings, one finds that the radical of a
semigroup is a quasi-regular two-sided ideal which contains each quasi-regular
right ideal of the semigroup and that the radical of a semigroup contains each
nil right ideal of the semigroup. If a semigroup with zero satisfies the minimum
condition on left ideals and right ideals then its radical is also the left radical
of the semigroup. One also finds that if S, is the semigroup of all row-monomial
n X n matrices over S then the radical of S, is the semigroup of all row-monomial
n X n matrices over the radical of S. If T is a two-sided ideal of S then the radical
of T is the intersection of T and the radical of S.

In the latter part of the paper we shall study semisimple semigroups. If s,t€ S,
let spt provided that, if m is contained in some O-transitive operand of S, then
ms = mt. Thus p is a two-sided congruence called the radical congruence of S.
If the radical congruence of S is the identity relation then S is semisimple. Since
M is a O-transitive operand of S if and only if M is a O-transitive operand of S/p,
then it is easily seen that S/p is semisimple. If .S is semisimple and T is a two-sided
ideal of S, then T is semisimple. Finally, if S contains more than one element,
then S is semisimple if and only if S is isomorphic to a subdirect sum of a set
of semigroups each of which has a faithful O-transitive operand.

1. The radical of a semigroup. If each of « and B is a right congruence of an
operand M, then « is contained in [ provided mfn whenever man. The right
congruence « is maximal if o is not the universal relation and the only right
congruence which properly contains « is the universal relation.

If o is a right congruence on the operand M, x is a g-class, and s is in S, let xs
be the o-class containing the set {ms: me x}. With this definition the set of

Received by the editors March 30, 1964.
417

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



418 R. E. SLOVER [December

o-classes is itself an operand of S denoted by M/o. If me M then m, shall denote
the element of M/g which contains m.

THEOREM 1. If ¢ is a right congruence on S and e is an element of S such that
e,S = S/o, then either S|o is transitive or there is a maximal right congruence
which contains o.

Proof. Suppose that S/o is not transitive. If s,t€ S, let syt if either sot or
5,8 # S/o and 1,S # S/o. Thus y is a right congruence on S. Let x be an element
of S such that x,S # S/o and let J = {t: 7 is a right congruence on S containing
y such that e, # x,}. By Zorn’s Lemma, 7 contains a maximal element «. Since
e, # X,, then « is not the universal relation. Suppose that f§ is a right congruence
which properly contains a. If se S, since (xs),S = x,sS < x,S # S/o, then xyxs
and hence xfxs. Since B¢.7, then e; = x; and sz € ¢S = xS = x, for each se S.
Thus fis the universal relation and a is a maximal right congruence which contains a.

THEOREM 2. If M is a primitive operand of S which contains at least three
elements, then M is S-isomorphic to S| o (denoted by M = S|c) where o is some
maximal right congruence on S. Conversely, if ¢ is a maximal right congruence
on S, then S|o is primitive.

Proof. From [5], we know that M is either transitive or O-transitive. Let k be
an element of M such that kS = M. If 5,t€ S, let sot if ks = kt; thus o is a right
congruence on S. If me M, let m0 = {s: ks = m}. Thus 6 is an S-isomorphism
from M onto S/o. Suppose that 7 is a right congruence on S which properly
contains o. If m,ne M, let myn if each element of m6 is t-congruent to each
element of n6. Since 7y is a right congruence on M, then y is either the universal
relation or the identity relation. Since 7 properly contains ¢, there exist m and n
in M such that each element of m0 is t-congruent to each element of nf but
(mB) # (n@). Thus m # n, myn, and each of y and 7 is the universal relation.
Therefore ¢ is maximal.

Conversely, suppose that ¢ is a maximal right congruence on S and 7 is a right
congruence on S/o. If s,2€ S, let syt if s,7¢,. Since y contains o, either y =0 or y
is the universal relation. Thus 7 is either the identity relation or the universal
relation and S/o is primitive.

If M is a O-transitive operand of S then the zero element of M is that element m
in M such that mS = m.

THEOREM 3. Suppose that o is a right congruence on S and 7t is a right
congruence containing ¢ such that t© is not the universal relation. If S/o is
O-transitive with zero element x, then S|/t is O-transitive with zero element x,.

Proof. If se S, since x,5s < x,s and x,s = x, = X, then x,s = x,. Thus x, is a
zero element of S/ . Suppose that y is an element of S which is not contained in x,
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and that z is an element of S. Since y,S = S/, then there is a ¢ in S such that
y,t = z,. Hence ze y.t and yt =z, Therefore y.S= S/t and, since S/t has
more than one element, y, # x,. Thus y ¢ x, and x, = x..

An element s of S is in the radical N(S) of S if Ms is the zero element of M for
each O-transitive operand M of S. If S has no O-transitive operand then N(S)=S.

Let {o,: AeA} be the family of maximal right congruences o, on S with the
following properties: (a) there is a left identity modulo ¢, and (b) S/o; has a
zero element z;.

THEOREM 4. With the above notation, N(S)=(){z;: A€A}.

Proof. Suppose that r € N(S), o, is a maximal right congruence on S such that
S/ o, has a zero element z,, and e is a left identity modulo ;. Since S/ g, is 0-
transitive, then (S/o,;)r = z,. Since era,r and eree,,r = z,, then re z;.

Conversely, suppose that y is in n{z 1: A€A} and M is a O-transitive operand of S.
If z is the zero element of M, then zy = z. Suppose that m is an element of M such
that my # z. Since myS = M, let g€ S such that myq = m. If s,te S, let stz if
ms = mt. Thus 7 is a right congruence on S, 7 is not the universal relation, yq is a
left identity modulo 7, and M =~ S/7. If 0 is an S-isomorphism from M onto
S/, then S/t is O-transitive with zero element z. There is a maximal right
congruence y which contains t and S/y is O-transitive with zero element z6. The
left identity modulo 7 is also a left identity modulo y. Hence y € z6. Since yq isa
left identity modulo t, then (yq).S=S/7. But since yqe(z0)q =z0, then
S/t = (yq).S = (20)S = z0; which contradicts the fact that 7 is not the universal
relation. Therefore my = z for each m in M and y is in N(S).

If ee S, then e is a right quasi-regular element of S if there does not exist a
right congruence ¢ on S with the following properties: (a) S/ is a O-transitive
operand of S, and (b) e is a left identity modulo ¢. A right- ideal of S is
quasi-regular if each element contained in it is a right quasi-regular element
of S.

THEOREM 5. N(S) is a quasi-regular two-sided ideal which contains every
quasi-regular right ideal of S.

Proof. Suppose that ne N(S) and se S. If M is a O-transitive operand of S,
then M(sn) =(Ms)n < Mn=0 and M(ns) = (Mn)s =0s=0. Thus N(S) is a
two-sided ideal of S.

Suppose that r € N(S), o is a right congruence on S such that S/ o is a O-transitive
operand of S, and r is a left identity modulo o. Let 7 be a maximal right congruence
which contains ¢. Thus S/ is a O-transitive operand of S and r is a left identity
modulo 7. But by the previous theorem r is contained in the zero of S/7, which
contradicts the fact that 7 is not the universal relation. Therefore N(S) is quasi-
regular.
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Suppose that T'is a quasi-regular right ideal of S, te€ T, and M is a O-transitive
operand of S such that Mt 5 0. Let m e M such that mt # 0. Since mtS = M, let
se S such that mts = m. If u,ve S, let uyv if mu = mo. Then y is a right congruence
on S such that M =~ §/y, S/y is a O-transitive operand, and ts is a left
identity modulo y. Thus ¢s is not a right quasi-regular element of S, which
contradicts the fact that ¢s is an element of the quasi-regular right ideal T.
Therefore if M is a O-transitive operand of S, then Mt =0. Thus ¢ is in
N(S).

THEOREM 6. If S is a semigroup with zero and n is a positive integer, then
N(S,) = [N(S)]..

Proof. Let T = {t: t is an entry in some element of N(S,)}. Since N(S;)
is a two-sided ideal of S,, then T is a two-sided ideal of S. Suppose that T is not
quasi-regular. Let s, be the (k, m) entry of some element ((s;;)) of N(S,)) such that
Sgm 18 NOt right quasi-regular. Since s,,, is not right quasi-regular, let ¢ be a right
congruence on S such that S/o is a O-transitive operand of S and s,,, is a left
identity modulo a. If ((t;;)), ((p:))) € S»>» let ((t:;))t((piy)) if tjop,; for each j. We
shall now show that 7, is a right congruence on S,.

Suppose that ((¢;;))t((p;)) and ((v;;)) € S,. If the kth row of ((¢;;)) does not
contain a nonzero entry, then p,;00 for each j; thus p,v,;60 for each h and j
and ((t;))((0:))ul(Pi))(v:))- If 1y # 0 and py, # 0, then, since £,v,;06Pivs; for
each j, ((t:)) (0:))0((p:)) ((v;)))- If 1y # O and py,, = 0, then £,v4;0Pvs; = 0 for
each j. If g # h, since ((t;;)) is row-monomial, then p,.v,;64,.0,; =0 v,; =0 for
each j. Thus ((¢;))) (v;))t((p:;))) ((v;))) and 7, is a right congruence.

To see that S,/7, is a O-transitive operand of S,,, let ((x;;))., be a nonzero element
of S,/t and let ((¥;;)) € S, . If each element in the kth row of ((y;;)) is zero, then
((x:))0;))ti((y17))- Suppose that y, # 0. Since ((x;;))a# 0, then x,, is not o-
congruent to 0 for some g. Since S/o is O-transitive, let p be an element of S such
that x,,poyu. Let ((pi;)) € S, such that p,, = p and p;; = 0 if (i,j) # (¢, h). Since
XiqPan® Vi then ((x;))(P;))nil(y:))- Therefore S,/ is a O-transitive operand of S,

Now let ((r,;)) €S, such that ry = s, and r; =0 if (i,)) # (k,k); and let
((w;))) € S, such that Wy, = sy, and w; =0 if (i,j) # (m, k). Since N(S,) is a two-
sided ideal then ((z;)) = ((r;)) ((s:7)) ((w;;)) is in N(S,). One sees that ((z;))) is a
left identity modulo 7, . But S,/7, is a O-transitive operand of S, which contradicts
the fact that since ((z;;)) € N(S,), then ((z;;) is right quasi-regular. Therefore
T is quasi-regular, T = N(S), and N(S,) < [N(S)],.

Conversely, we shall show by induction that [N(S)], < N(S,). Clearly
[N(S)]; € N(Sy). Suppose that [N(S)], = N(S,) for some k, ((¢;;)) € [N(S)]k+1>
and ¢ is a right congruence on S, such that S,/ is a O-transitive operand
of Sy, with left identity ((¢;;)). Now suppose that the hth column of ((e;;)) con-
tains no nonzero entry. Let
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Since ((e;)) is a left identity modulo ¢ and since its hth column contains no non-

zero entry then ((e;))o((e:;))((e;) = (e ((i)a((fiy)- If ((t:) (s:)) € Sk,

let ((t;))e((sy)) if

".11 t.l,h-l 0 t.l,h t'lk
t.h—l,l t'h—l,h—l(.) t.h-l,h t.h-l,k
0 -0 0 0 .0

t.h,l oee t.h,h—l 0 t.h,h t.h,k
J.u . t.k,h—l 0 t.hh t.kk
'S.u 3.1,;:-1 0 s.l,h 5.11:
";h-l,l ~5:h—1,h—16 s.h-l,h S.h—l,k
0 0 0 0 .0

s.m s.h,h—l 0 Shh s-hk
Ls.kl s'k,h—l 0 s.kh s.kk

Show that 7 is a right congruence on S; with left identity

-

€11 €12
€h-1,1 €h-1,2
((a;)) =
€h+1,1 €h+1,2
L €r+1,1 €k+1,2

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

cee

oo

€1 ,h-1 €1 h+1

€—1,0~1 ©n—1,h+1

€h+1,b—-1  Ch+1,h+1

€x+1,h—1  Ck+1,h+1

eee

€1,k+1

.
.
.

€h-1,k+1

Cht1,k+1

.
.

€k+1,k+1 J



422 R. E. SLOVER [December

Since ((f;;))a((e;)) is not o-congruent to 0, then ((a;;)) is not z-congruent to 0 and
T is not the universal relation. Let a be a maximal right congruence on S, which
contains 7. If S;/a contains only two elements, 0 and ((a;})), , since ((a;;)),S; = Si/,
then S,/a is O-transitive. If S,/a contains more than two elements, then, since
Sy/a is primitive, S/« is O-transitive by (5). But ((a;;)) is a left identity modulo a;
thus ((a;;)) is not right quasi-regular. However, ((a;;)) € [N(S)], = N(S,), which
contradicts Theorem 5. Therefore each column of ((e;;)) contains a nonzero
entry. Since ((e;;)) is row-monomial, then each row and each column of ((e;))
contains exactly one nonzero entry. Thus some power of ((¢;)) is diagonal.
Let g be a positive integer such that ((e;)))* = ((c;})) where ¢;; =0 if i #j. If
((si)s ((:))) € Sk, let ((si))B((1;y) if there exist positive integers m and n such
that if p is a positive integer, then

Sipo S O ] tyy oty O
Skp vt S O G |ty by O
m+p nt+p
0 -0 i k+r 0 -0 if ks

Show that f is a right congruence on S with left identity
¢y O -0 N

((b;j)) =10 ¢ 0
LO 0 e Cpk

We shall now show that ((b;;)) is not f-congruent to 0. Suppose that each of m
and n is a positive integer such that

0.--- 0 O ]
(ci))"e { U }
L0 -+ 0 cfyq k1

Ifs, t €8, let syt if

0-- 0 0 0-- 0 0
[5 : 3]0[3 : ]
0-- 0 s L0+ 0 t

Thus ¥ is a right congruence on S with left identity ¢, ,4+,. Since
0.« 0 O
[ : : J o ((¢;)))"a((c;;)) is not o-congruent to 0,
0. 0 CFer,i+1
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then ¢, 4+ is not Y-congruent to 0. Just as we saw above for ((a;;)), C+1 x+1 18
not right quasi-regular. But c¢;.; 4+, € N(S), which contradicts Theorem 5.

Therefore ((c;;))™ is not o-congruent to

[0 .. 0 0 J
0 0 Feq a4t
for any m and n.

If there exist positive integers m and n such that

(c;; O -0 0 1 (0 0 O
0 c22... 0 0 O b 0 0
0 0 ¢y O 0-- 0 O
(0 0 -0 cfyisr ) (0 0 Chegper J
then
(¢;3 0 - 0 O Y (e 0 - 0 0 ]
0 Cypy o+ 0 0 0 C’an - 0 0
0 0 - ¢4 O 0 0 - en O
(0 0 - 0 Ghyx+r JLO O o 0 iy g4y
‘0 - 00 Y (el 0 -0 0 ) (0 0 ]
0.- 00 0 ¢5:-0 0 0-- 0
o | i i - =]
0. 00 0 0 «c?o0 0-- 0
L Ck+1,x+1 J L Crt1,k+1 J L Ck+1,k+1

which contradicts our previous work. Thus ((b;;)) is not B-congruent to 0.

Just as we saw above for ((a;;), ((b;;)) is not right quasi-regular but
((b;j)) € N(S}), which contradicts Theorem 5. Therefore ((e;;)) is right quasi-
regular, [N(S)]i+, is quasi-regular, and [N(S)];+1 S N(Sk+1)-

THEOREM 7. The radical of S|N(S) is zero, where S/N(S) is defined as in (3).

Proof. This follows from the fact that the set M is a 0-transitive operand of S
if and only if M is a O-transitive operand of S/N(S).
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Suppose that S has a zero element 0. The element s in S is nilpotent if there is a
positive integer n such that s” = 0. A right ideal of S'is nil if each element contained
in it is nilpotent. The right ideal T is nilpotent if there is a positive integer n such
that T" = 0.

THEOREM 8. If S has a zero element and s is a nilpotent element of S, then s
is a right quasi-regular element of S.

Proof. Suppose that s is nilpotent but not right quasi-regular. Let o be a right
congruence on S which is not the universal relation such that s is a left identity
modulo ¢. For each positive integer n, s"os. Thus s60, which contradicts the fact
that o is not the universal relation. Therefore s is right quasi-regular.

COROLLARY 8. If S has a zero element, then N(S) contains each nil right
ideal of S.

Proof. This follows from Theorems 5 and 8.

THEOREM 9. If T is a two-sided ideal of S and te T, then t is a right quasi-
regular element of S if and only if t is a right quasi-regular element of T.

Proof. Suppose that o is a right congruence on T such that T/g is a O-transitive
operand of T and ¢ is a left identity modulo ¢. If r, s € S, let rys if tspatrp for each
pin S. Thus y is a right congruence on S such that ¢ is a left identity modulo y.
Let z be an element in the zero of T/s. To show that z,S = z,, suppose that each
of s and p is an element of S such that zzsp is not o-congruent to ¢zp. Therefore
either (zsp)T=T/o or (zp)T =T/o. But if ne T, then zspne z,T=z, and zpnez, T
=z,, which is a contradiction. Thus tzspstzp for each sand pinSand z,S=z,. Let
7 be a maximal right congruence on S containing y. Since S/t is primitive, ¢ is a left
identity modulo 7, and z,.S = z_, then S/7 is a O-transitive operand of S. Therefore
each element of T which is a right quasi-regular element of S is also a right quasi-
regular element of T.

Conversely, suppose that ¢ is a right congruence on S such that S/g is a 0-
transitive operand of S and ¢ is a left identity modulo . If x, y € T, let xyy if xoy.
Thus 7 is a right congruence on T with left identity t. Let T be a maximal right
congruence on T which contains y. Thus T/t is O-transitive with left identity z.
Therefore each element of T which is a right quasi-regular element of T is also
a right quasi-regular element of S.

COROLLARY 9. N[N(S)] = N(S).

Proof. Since N(S) is a quasi-regular ideal of S then N(S) is a quasi-regular
ideal of N(S). Thus by Theorem 5, N(S) < N[N(S)].

LemMMmA 10. If each of S and T is a semigroup and 6 is a homomorphism
from S onto T then [N(S)]0 = N(T).
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Proof. Suppose that re N(S) and (r)0 is not a right quasi-regular element
of T. Let ¢ be a right congruence on T such that T /o is a O-transitive operand of T
and (r)0 is a left identity modulo ¢. If 5, pe S, let stp if (s)da(p)0. One sees that t
is a right congruence on S. If z € S such that (z)8 is contained in the zero element
of T/o, then z_ is the zero element of S/tr. Suppose that ne S and né¢z,. Since
(n,)8 is an element of T/g which is not [(z)0],, then [(n,)0]T = T/os. Suppose that
m e Sft. Let te T such that [(n,)0]t = (m,)0. Let se S such that (s)0 = ¢. Then
ns = m, and S/t is a O-transitive operand of S. If se S, since (rs)f
= (r)0(s)fa(s)0, then rsts. But this contradicts the fact that N(S) is a quasi-
regular ideal. Thus if r e N(S), then (r)0 is a right quasi-regular element of T.
Thus {(r)0} U {(r)0T} is a quasi-regular right ideal of T and {(r)0} U {(n0T}
< N(T). Therefore [N(S)]0 = N(T).

THEOREM 10. If T is a two-sided ideal of S, then N(T) = N(S)NT.

Proof. By Theorem 7, N[S/N(S)] is zero. Let @ =[T U N(S)]/N(S). Since
[N(Q)]Q = N(Q), then by Theorems 5 and 9, each element of [N(Q)]Q is a right
quasi-regular element of Q and of S/N(S). Thus [N(Q)]Q = N[S/N(S)] = zero.
Let P={p:p is an element of T U N(S) such that [p/N(S)]Q = zero}. Since
P/N(S) is an ideal of Q such that [ P/N(S)]*=zero, by Corollary 8, P/N(S) = N(Q).
Thus N(Q) = P/N(S). If R = {r: r € S such that [r/N(S)]Q = zero}, then R/N(S)
is a two-sided ideal of S/N(S) and N(Q) = [R/N(S)] N Q. Thus N(Q) is a two-
sided ideal of S/N(S). By the previous theorem, N(Q) is a quasi-regular two-
sided ideal of S/N(S). Therefore, by Theorems S and 7, N(Q) is zero. Let 0 be the
natural homomorphism from T U N(S) onto Q. By the previous lemma,
{N[T U N(S)]}6 = N(Q) = 0 = N(S)/N(S) and thus N[T U N(S)] = N(S).
By Theorems 5 and 9, N(T) is a quasi-regular ideal of T U N(S). Hence
N(T) € N[T UN(S) and N(T)= N(S)NT.

Since N(S) N T is an ideal of S, then, by the previous theorem, each
element of N(S) N T is a right quasi-regular element of N(S) N T. Thus
N(S)NT <= N[N(S) N T]. Since N(S) N T is an ideal of the semigroup T then,
by the above work, N[N(S)NT]< N(T)N[N(S)NT]=N(T). Thus
N(S)NT < N(T).

In a similar manner one can define a left operand of a semigroup and one can
prove the preceding theorems for this case. We shall denote the left radical of
S by L(S).

THEOREM 11. If S has a zero element 0, S satisfies the minimum condition
on right ideals and T is a quasi-regular right ideal of S then T is
nilpotent.

Proof. Suppose that T is not nilpotent. Let £ = {R:R is a right ideal of S
which is not nilpotent and R = T}. £ is nonempty since it contains T. Let P be
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a minimal element of #. Since P>’ # and P> < P, then P> =P. Let #/ ={M: M
is a right ideal of S such that MP # 0 and M < P}. Thus Pe.#. Let N be a
minimal element of .# and ne N such that nP # 0. Since (nP)P # 0, then
nPe #, nP = N, and therefore nP = N. Let pe P such that np=n. If 5, te S,
let sat if ns = nt; o is a right congruence on S with left identity p. If o were the
universal relation on S, then 0 = n0 = np = n, which contradicts the fact that
nP # 0. Thus there is a maximal right congruence T which contains ¢. Since p
is a left identity modulo 7, if S/t contains only the two elements p, and o,, then
S/t is O-transitive. If S/t contains more than two elements then, since S/t is
primitive, S/t is O-transitive. Thus p is an element of T which is not a right quasi-
regular element of S.

CoOROLLARY 11.1. If S is as in Theorem 11 and T is a nil right ideal of S,
then T is nilpotent.

Proof. Since N(S) is quasi-regular, then N(S) is nilpotent. By Corollary 8,
T = N(S); hence T is nilpotent.

COROLLARY 11.2. If S has a zero and satisfies the minimum condition on
left ideals and on right ideals, then N(S)= L(S).

Proof. Since N(S) is quasi-regular, then N(S) is nilpotent. By Corollary 8,
N(S) = L(S). Similarly L(S) = N(S).

2. Semisimple semigroups.

THEOREM 1. If S is semisimple and T is a two-sided ideal of S then T is semi-
simple.

Proof. Let p be the radical congruence of T, and t, s be distinct elements of T.
Since S is semisimple, then S has a O-transitive operand M which contains an
element m such that mt # ms. If n, je M, let noj if either n =j or nT =T =0,
thus o is a right congruence on M. Since mt # ms, then m, # 0,. Suppose that
that k,e M/o and k, # 0,. Then there is a ue T such that ku # 0. Thus
M/o = (kuS)/o = k,uS < k,T. Therefore M/o is a O-transitive operand of T. At
least one of mt or ms is nonzero. Suppose that mt # 0. Thus mtS =M. Let re S
such that mtr = m. Then 0 # mt = mtrt e mtT. Since m,t = (mt), # (ms), = m,s
then t is not p-congruent to s. Therefore p is the identity relation.

THEOREM 2. The semigroup S which contains more than one element is semi-
simple if and only if S is isomorphic to a subdirect sum of a set of semigroups
each of which has a faithful O-transitive operand. (Subdirect sum is defined as in
(2) and a faithful operand is defined in (5).)

Proof. Suppose that S is semisimple. If M is a O-transitive operand of S, let
Py be the two-sided congruence on S such that if s, t € S then spyt if ms = mt for
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each m in M. Thus S/p,, is a semigroup and M is a faithful O-transitive operand
of S/py.

Let 7 be a function from S into X, @ S/py such thatif seS and M is a 0-
transitive operand of S then M[(st)] = s,y. The image of 7 is a subdirect sum
of the set {S/py: M is a O-transitive operand of S}. Since M[(st)t]= (st)pm
= spytoy = M[(s)T]M[(¢)t], then (sf)tr = (s)=(f)r. Suppose that (s)T = (t7,).
Then 5,y = t,) for each O-transitive operand M. Thus spt where p is the radical
congruence on S. Since S is semisimple, then s =t and 7 is reversible. Thus S is
isomorphic to a subdirect sum of a set of semigroups each of which has a faithful
O-transitive operand.

Conversely, suppose that 7 is an isomorphism from S onto a subdirect sum of a
set {Sy : Sy is a semigroup which has a faithful O-transitive operand M}. Let p be
the radical congruence on S and s, t € S such that spt. If M is one of the above
O-transitive operands, m € M, and r € S, let mr = m[ M(rt)]; thus M is a O-transitive
operand of S. Since spt, then m[M(st)]= ms = mt = m[M(t1)] for each m in M.
Since M is a faithful operand of S,,, then M(st) = M(tt). Thus (s)T=(f)7. Since T
is reversible, then s =t and S is semisimple.
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