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DICHOTOMIC FUNCTIONS AND BELL’S THEOREMS

A. F. KRACKLAUER

ABSTRACT. It is shown thatcorrelationsof dichotomicfunctionscannot conformto re-
sultsfrom QuantumMechanics.Also, it is seenthat theassumptionsattendantto optical
testsof Bell’s Inequalitiesactuallyareconsistentwith classicalphysicssothat in conclu-
sion, Bell’s Theoremsdo not precludehiddenvariableinterpretationsof QuantumMe-
chanics.

The analysisattendingBell’s Theoremsimposeson hiddenvariableformulationsof
QuantumMechanics(QM) therequirementthatthey beableto correlatedichotomicfunc-
tions(representingspin)soasto duplicatetheresultfrom QM:

(1) Pa � b � �
ρ � λ � A � a � λ � B � b � λ � dλ ��� cos� a � b ���

wherecontentandnotationaretakenfrom Bell.[1]
Note,however, that,inter alia, only theright sideof Eq.(1) is aharmonicfunction.This

meansthattheequationitself is anabsurdity. To seethis,considerthederivativeof theQM
expectationexpressedasacorrelationof dichotomicfunctions,Da � b, whichchangesignat
thepointsx j , (δ is theDiracdeltafunction):
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(The sign of individual termsin the above seriesdependson the specificform of Da � b,
which, for presentpurposes,is not required.)A furtherdifferentiationby τ yields:

(3) cos� τ ��� 0 �
a falseequation.

Nothingwasin play herebut the dichotomicnatureof the functionsD; it is clearthat
suchfunctionssimply cannot becorrelatedto yield harmonicfunctions.[2] Obviously, if
dichotomicfunctionscannotyield theQM result,thenQM is doingsomethingotherthan
correlatingthem.If this bethecase,thena hiddenvariablealternative to QM neednot be
requiredto socorrelatethemandthelogic of Bell’s Theoremis broken.

Likewise, the famousresult from Greenburger et al. [3] showing that the correlation
of threeor moredichotomicfunctionsrepresentingthreeor moreparticlesis never; i. e.,
even for perfectcorrelations,compatiblewith the harmonicfunctionsgiven by QM, is
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attributableto thesamestructuralcause.This is mosteasilyseenby expressingmultiple
correlations(for threeparticles,say) in termsof dichotomicsequencesA � B � C 

�
 (i. e.,
datapoints)asfollows

(4) � cos� τ � θ � � 1
NM

N �M
∑
j � k A j � kB j � k � τ � Cj � k � θ ���

where(ignoring for themomentobviousanalyticabsurdities)it is clearthatevenfor τ �
θ � 0 or π; i. e.,for perfect(anti)correlations,theequationcannotholdbecauseodd(even)
multiples of � 1 do not (do) cancel. This exposesan internal contradictionin no need
of empiricalverification. (Degeneratecasesoccurringfor even multiplesof dichotomic
functionsdo not invalidatethe principle. Moreover, for thosewith strongintuition, it is
clearthat“n-chotomic”functionsof any rankwill resultin analyticproblems.)

Thequestionarises:if QM is notdoingthemathematicallyimpossible,whatis it doing?
For thecaseof polarized“photons,” usedvirtually exclusively for testingBell’s Inequali-
ties,QM is in factgiving a classicalresult. Theanalysisof opticalanaloguesof theEPR
eventartificially associatesanunpolarizedwith ananticorrelatedstateby defining[4] the
“coefficientof correlation”to be

(5) E � a � b ��� P��������� P������� � P������� � P���������
wheretheP’s arethe“quantummechanicalpredictions”for detectioncoincidences;i.e.:

P������� � P������� � 1
2

cos2 � a � b ���
P������� � P������� � 1

2
sin2 � a � b ���(6)

sothatEq. (5) becomes:

(6) Eoptical
��� cos2 � a � b � 


Note, however, that the P’s just give the intensity of polarizedlight as measuredwith
respectto anaxisdifferentfrom theaxisof polarizationaccordingto Malus’ Law—a non
quantumrule. Of course,theP’s mustbesuitablyinterpretedto correspondultimately to
“click” probabilitiesin experimentsperformedat minimal intensity, wherethe statistics
within eachpolarizationstatemayrequiremorethantraditionalphysics.

This is in total accordwith the fact that creation/annihilationoperatorsfor photonsof
differentstatesof polarizationcommute. As is well known, QM differs from classical
physicswhereandonly whereconjugateoperatorsdo not commute. (This observation
conformswith work reportedelsewherein theseproceedings[5] whereinsupposedQM
polarization(or spin)correlationswereobtainedfrom a modelinvolving rubberbandsor
“randomgun” andnoPlanck’sconstant!)Thus,teststo plumbtheontologicalimplications
of QM; e. g., nonlocality, cannot bemadeon thebasisof opticalexperimentsinvolving
polarizationstates.As the creation/annihilationoperatorsfor photonsof differentcolors
alsocommute,theseargumentsextenddirectly to experimentsexploiting parametricdown
conversionandsoon.

QM multiparticlecorrelations,suchasEq.(4) or its n-particlegeneralizations,asnoted
elsewhere[6], makecontactwith theBell-Kochen-SpeckerTheorem.Althoughanalysisof
suchequations,restrictedasit is to consideringperfect(anti- )correlations,is lessgeneral
thanthe full Theorem,it is moretransparentbecauseit is just trackingfactorsof � 1. In
addition,it is herevery clearthat dependenceon variablesin additionto τ andθ; e. g.,
by investingA � B � C with nonlocality, cannot circumventinconsistency which resultsonly
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from their dichotomicvalues.Again, however, Eq. (4) canberenderedrigorouslycorrect
andphysically sensiblein any n-particle generalizationif dichotomicsequencesA � B � C
etc. arereplacedby cosinesandsumsconvertedto integrals;i.e., by consideringclassical
polarizationcorrelations.

In conclusion,it is seenthatademandthathiddenvariabletheoriesshouldcorrelatedi-
chotomicfunctionsto getaharmonicresultis ill founded.Whenthisstipulationis relaxed,
thentheextractionof Bell’s inequalitiesdoesnotgo throughandthereforehiddenvariable
theoriesduplicatingQM polarizationcorrelations;e. g., [7], arenot precludedin princi-
ple. Moreover, becausethemathematicsdescribingspincorrelations;i. e., their interstate
structure,is isomorphicto that for classicalpolarization,the underlyingphenomenaalso
mustbeclassicalin essence.

In otherwords,it is clearthatBell’sTheoremsestablishbeyonddisputethatselfconsis-
tent, intuitively clearhiddenvariabletheoriescannot duplicateall of QM. Indeedsuch
alternatives will be (and shouldbe) unableto replicatethosevery aspectsof QM that
have beenthe sourceof confusionandcontestfrom the beginning,namelythe measure-
ment projectionhypothesisand an underrestrictive identificationof vectorsin relevant
Hilbert spacesasphysically realizablestates;e. g., pureand“cat” statesandespecially
“photons.”[8] Thesetwo featuresof orthodoxQM leadnot only to the logical contradic-
tions exposedby Bell’s Theoremsbut appearessentiallyuntestablein all but certain“n-
chotomic”circumstanceswhereaclassicalexplanationfits anyway. Theseobservationsare
not hereunique. Many roadsleadaway from “Copenhagen,” anothersuch,for example,
endsin LA.[9]

REFERENCES

[1] J. S. Bell, Speakableand unspeakablein quantummechanics, (CambridgeUniversity Press,Cambridge,
1987).

[2] P. ClaverieandS.Diner, Israeli J. Chem.19, 54 (1980),make thesameobservationin a differentcontext. (I
thankprofessorsA. M. CettoandL. dela Pe� ˜nafor this reference.)

[3] D. M. Greenburger, M. A. Horne,A. Shimony andA. Zeilinger, Am.J. Phys. 58 (12),1131(1990).
[4] A. Aspect,P. Grangier, Proc. Int. Symp.Found.of QM, (Tokyo, 1983),pp.214-224.
[5] B. Coecke,B. D’HoogheandF. Valckenborgh, TheseProceedings,pp.103-108.
[6] M. D. Mermin,Rev. Mod.Phys.65 (2), 803(1993).
[7] A. O. Barut in WavesandParticlesin Light andMatter, A. vanderMerve andA. Garuccio(eds.)(Plenum

Press,New York, 1994),pp.9-18.
[8] T. W. Marshall,TheseProceedings,pp.231-246.
[9] E. J.Post,QuantumReprogramming, (Kluwer AcademicPublishers,Dordrecht,1995).


