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The purposeof my work1 hasbeento find a classicaltheorecticalbasisthat would
furnish thepoint of departurefor researchon thedifferentialequationsthat, in wave me-
chanics,could representthe interactionof two chargedparticles.To date,progressin the
new mechanicshasbeenobtainedby reformulatingcertainformulastaken from theclas-
sical mechanicsof point massesinto a quantumformat. But, from the point of view of
relativity, onehashadto stopat theproblemof a singleparticleimmersedin a givenex-
teriorfield, becausethereis no appropriatetheoryfor themotionof two chargessubjected
to theirmutualinteraction.

Recall the relativistic equation,which hasbeenintroducedin QuantumMechanicsby
DIRAC. Let eV bethepotentialenergy of anelectronin anelectromagneticfield, andlet
e
�
a
�
c be thecorrespondingvectorpotential.Let p0 � �p be theenergy-momentumvectorof

the electron(we respectthe conventionthat p0 carriesa minussign). Now, onehasan
integralof themotionin anequationthatexpressestheconstancy of thescalarmassof the
electron:

mc � K � � �
p0 � eV � 2

c2 �	� �p 
 e
c

�
a�� � �p 
 e

c

�
a���

Theexpressionconstitutesthecentralfunctionof thecanonicalequationsof motion.By
takingds asthearc lengthfor intervalsof dt � d �x, theequationsof motionarewritten then
asfollows:

dt � ds
∂K
∂p0

� d
�
x � ds

∂K
∂
�
p
�

dp0 � � ds
∂K
∂t � d

�
p � � ds

∂K
∂
�
x
�

It is from this functionthatDIRAC’s theoryfollows. For ourpurpose,wemustnow find
ananalogousfunction.We anticipatethatfor two chargedparticles,therewill betwo such
functions,thatis, onefor eachparticle.

Let usdefinethesystemwith whichweareconcerned.Themotionof two particlescan
berepresentedby two linesin a

�
1 
 3� -dimensionaluniversecomprisingtime andspace.

The time of the first particleshall be designatedby x0, while its positionby x1 � x2 � x3,
i.e.,

�
x, [or asa

�
1 
 3� -vector:x � ; andfor thesecondparticley.

We mustestablisha correspondencebetweenthe instantsof eachline in sucha way
that it is unambiguousandinvariantunderLORENTZ transformations.We shall saythat
correspondinginstantsarethoseconnectablewith light rays.A light signaldepartingfrom
apointon thesecondparticle’s trajectory, arrivesatapointon thefirst particle’s trajectory
subsequentin time, which shallbedenotedasthe ‘correspondinginstant.’ We take it that

1Presentedat: l’AssembĺeeGéńerale del’Union InternationaldePhysique, Brussels,11July1931.
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x and y for the trajectoriesare given as functionsof a parameterin sucha way that a
particularvalueof this parameter, denotedasu, enumeratescorrespondinginstants.Also,
onehas,in all cases,that

R2 � c2
�
x0 � y0 � 2 � � �

x � �
y��� � �x � �

y��� 0 �
andby differentiatingthisexpressionby u, wefind that

R � ẋ � R � ẏ �
whereR � x � y, andẋ � dx

�
du, andR � ẋ indicatesthe

�
1 
 3� -dimensionalinnerproduct.

TheretardedL I ÉNARD-[WIECHERT] potentialat thespace-timepoint x, generatedby
themoving chargee� � foundaty is determinedby:

e� �
4πc

dy
R � dy

�
Reciprocally, the potentialanticipatedat y, generatedby the moving chargee� at x, is

determinedby
e�

4πc
dx

R � dx
�

As I have shown in previousreports2, onecanusethesepotentialsin orderto form the
term,thatin avariationprinciplefor mechanicscorrespondsto themutualinteraction.The
following

e� e� �
4πc

dx � dy
R � dy

� e� e� �
4πc

ẋ � ẏ
R � ẏdu �

is just this termfrom which expressionsfor themutualforcesareextracted.
It is important to remarkhere, that this term is fully symmetricwith respectto the

velocitiesof bothcharges,becauseonecanreplaceat one’s fancy the factorR � dy in the
denominatorwith thefactorR � dx.

On theotherhand,onemustrecognizeda certainasymmetrywith respectto direction,
soto speak,of theaction,asthefirst chargemovesundertheinfluenceof aretardedpoten-
tial from thesecondcharge,while it movesundertheadvancedpotentialof thefirst charge.
I mustadmitthatonecanfind this factinconvenient.It is thepricethatI proposepayingto
havea problemthatis preciseanddistinct,andit is neededto getconciseformulas.

Themassesof theparticlesarem� andm� � . Intervalsdefinedby dx anddy aredenoted
ds� andds� � . Thecoefficientsthatappearin

ds� 2 � ∑
i � j gi jdxidx j � c2dx2

0 � d
�
x � d �x � dx0dx0 
 3

∑
k

dxkdxk �
areconstants,andhenceforth,thosewhich satisfy

∑
j

g j � idx j � dxi �
aredesignatedwith a lower index.

Theequationsof motionarecapturedby thevariationalprinciple

0 � δ � 2

1 � � m� cds� � m� � cds� � 
 e� e� �
4πc

dx � dy
R � dy � � δ � 2

1
Ndu �

2‘Wederkeerigheidin dewerkingvangeladendeeltjes,’ Physica, 9, 33(1929);‘Ein invarianterVariationssatz
für dieBewegungmehererelektrisherMassenteilchen,’ Z. f. Phys.58, 386(1929).
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To abbreviatenotation,let

e� e� �
4πc

� γ � 1
R � dẋ

� 1
R � dẏ

� ρ �
Now, onefindsfor thecomponentsof theenergy-momentumvector:

px � ∂N
∂ẋ � py � ∂N

∂ẏ
�

It is herethatoneencountersa peculiartrait. We have alreadynotedthatoneis freeto
write eitherR � ẋ or R � ẏ in thedenominatoror theelectromagneticterm;thus,if oneuses
R � ẋ, thenonegetsa contribution � γρ2

�
ẋ � ẏ � R �

for the energy-momentumof the first particle. If, on the other hand,one writes R � ẏ,
thenonegetstheenergy-momentumfor themotionof the secondparticle. As a

�
1 
 3� -

dimensionalvectorit hasadirectionfollowing thelight raywhichconnectsthecorrespond-
ing instantsof thetwo particles.Thereis noreasonto attributeit to oneparticleratherthan
theother. Onemayattributeit, to asortof immaterialradiationfield, to aethersoto speak.
Nevertheless,aetherdoesnot enterat all into our action integral. This is why we may
distributetheportionsof thetotalenergy-momentumbetweenthetwo particlesin thepro-
portionsα � β � �

α 
 β � 1� , wherewe shalldeterminethevalueslaterat our convenience.
For themoment,we write for thedynamicalvariables

px � m� cdx
ds� 
 γρẏ � αγρ2

�
ẋ � ẏ � R �

py � m� � c dy
ds� � 
 γρẋ � βγρ2

�
ẋ � ẏ � R �

Now, we seekthe expressionsthat give the scalarmassesm� and m� � in the relative
coordinatesandtheir dynamicalvariables.

If we let

m� cdu
ds� � µ m� � c du

ds� � � µ� � �
weget

m� 2c2 � µ� 2ds� 2
du2 � µ� 2ẋ2 � m� � 2c2 � µ� � 2ẏ2 �

Let usseeknow ẋ2 andẏ2 asfunctionsof px andpy. This taskis facilitatedby thefact
that the scalarproductof the factors,of px andpy, which containγ, that is to say, from
which themutualinteractionfollows,cancelout.�

px

µ��� 2 � ẋ2 
 �
ẋ � ẏ � 2γρ

µ� � β � α
γρ
µ� � 
 ẏ

γ2ρ2

µ� 2 ��
px � py

µ� µ� � � � ẋ2 γρ
µ� � 
 �

ẋ � ẏ � � 1 � β
γρ
µ� � � α

γρ
µ� � 
 ẏ2 γρ

µ� � ��
py

µ� � � � ẋ2 γ2ρ2

µ� � 2 
 �
ẋ � ẏ � 2γρ

µ� � � α � β
γρ
µ� � � 
 ẏ2 �

As for thequantityρ, notethatit appearshereeitherdividedby µ� or µ� � .
Thus,multiplying themomentaby theactionrayR, onegets:

R � px � µ�
ρ


 γ �
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suchthat:
ρ
µ� � 1

R � px � γ � ρ
µ� � � 1

R � py � γ
�

Now it is herethatwe makeuseof theliberty to settheproportionα
�
β. We let

β � α
γρ
µ� � α � β

γρ
µ� � � k �

from whichwe get

α � µ� � µ� ��
 γρ �
2µ� µ� � 
 γρ

�
µ� 
 µ� � � � 1

2

 1

2

�
µ� � µ� ��� γρ

2µ� µ� � 
 γρ
�
µ� 
 µ� � � � β � 1 � α �

and

k � µ� µ� � � γ2ρ2

2µ� µ� � 
 γρ
�
µ� 
 µ� � � �

Thevaluesof α � β � andk areinvariantunderLORENTZ transformation.
Thismakesobtainingexpressionsfor ẋ2 � ẋ � ẏ andẏ2 in termsof p2

x � px � py andp2
y much

simpler. Onefinds:

ẋ2 � � px
µ� � 2 � γρ

µ� � px � py
µ� µ� � �

1 � γ2ρ2

µ� µ� � � ẏ2 � � py
µ� � � 2 � γρ

µ� � � px � py
µ� µ� � �

1 � γ2ρ2

µ� µ� � �
Finally, thesoughtrelationsfor themassesare:

m� 2c2 � px � � py � γρ
µ� � py �

1 � γ2ρ2

µ� µ� � � m� � 2c2 � py � � px � γρ
µ� px �

1 � γ2ρ2

µ� µ� � �
Thesquarebracketsin theseexpressionsconformwith theexpressionsfor asinglemass

for which wehave thetranslationin DIRAC’s theory.
Therelationsγρ

�
µ� andγρ

�
µ� � give us therelationsof themassof electrostaticenergy

of the respective particles.They arevery small. On seeshow themutualactionentersin
thefirst instancein thedenominatorsasacorrectionterm.

Briefly, to conclude,we notetheimportanceof thesefunctionsfor thecanonicalequa-
tionsof motion. Thevariationprinciplecanbetaken in theform givenby MAUPERTUIS

asa principleof leastaction. We denoteQ asthecanonicalcoordinatescorrespondingto
x, andP ascanonicalmomentacorrespondingto px, sothatMAUPERTUIS’ principle in a
relativistic sensetakestheform:

δ � P � dQ � 0 �
wherethevariationadmittedfor P andQ mustsatisfycertainconstraints:

m� c � F
�
P � Q � � m� � c � G

�
P � Q � �

and,in this case,aswell asthedefinition:

R2 � R � R � 0 �
Thus,thevariationintegral,afteranintegrationby parts,canbewritten:� δP � dQ � � dP � δQ � 0 �

whereonetakesit, in view of therulesof thecalculusof variationsconsideringtheimposed
constraints:

dQ � dχ
∂F
∂P


 dλ
∂G
∂P


 dν
∂R2

∂P �
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dP � � dχ
∂F
∂Q � dλ

∂G
∂Q � dν

∂r2

∂Q �
whereχ � λ � ν enterasLAGENDRE’s indeterminantmultipliers,which canbe functionsof
theintegrationparameteru.

In this case,theseequationsbecome:

dx � ds� ∂F
∂px


 ds� � ∂G
∂px

�
dp � � ds� ∂F

∂x � ds� � ∂G
∂x � dν

∂R2

∂x �
of whichoneseesquickly thatthey arerationalgeneralizationsfor thecanonicalequations
of motion.

Translatedby A. F. KRACKLAUER c
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