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The purposeof my work! hasbeento find a classicaltheorecticalbasisthat would
furnishthe point of departureor researcton the differentialequationghat, in wave me-
chanics,could representheinteractionof two chagedparticles. To date,progressn the
new mechanichasbeenobtainedby reformulatingcertainformulastaken from the clas-
sical mechanicof point massesnto a quantumformat. But, from the point of view of
relativity, onehashadto stopat the problemof a single particleimmersedn a given ex-
terior field, becausehereis no appropriateheoryfor the motion of two chagessubjected
to their mutualinteraction.

Recallthe relativistic equationwhich hasbeenintroducedin QuantumMechanicsby
DIRAC. Let eV bethe potentialenegy of anelectronin anelectromagnetidield, andlet
ed/c be the correspondingectorpotential. Let po, f be the enegy-momentunvectorof
the electron(we respectthe corventionthat pg carriesa minussign). Now, one hasan
integral of themotionin anequatiorthatexpresseshe constanyg of the scalarmassof the

electron:
v _ [(po—ev)? e e
mC—K—\/T— (p+23)- (p+a).
Theexpressiorconstituteghe centralfunctionof thecanonicakquation®f motion. By

takingds asthe arclengthfor intervalsof dt,dX, the equationsof motionarewritten then
asfollows:

oK oK
dt =ds=—, dX=ds—,
9po op
oK oK
dpo_—dsﬁ, dﬁ_—ds&.

It is from this functionthatDIRAC’s theoryfollows. For our purposewe mustnow find
ananalogougunction. We anticipatethatfor two chagedparticles therewill betwo such
functions,thatis, onefor eachpatrticle.

Let usdefinethe systemwith whichwe areconcernedThe motionof two particlescan
berepresentedly two linesin a (1+ 3)-dimensionaliniversecomprisingtime andspace.

The time of thefirst particle shall be designatedy xg, while its positionby x1, X2, X3,
i.e.,X, [or asa (14 3)-vector:x]; andfor thesecondarticley.

We mustestablisha correspondencbetweenthe instantsof eachline in sucha way
thatit is unambiguougndinvariantunderL oRENTZ transformations.We shall saythat
correspondingnstantsarethoseconnectablevith light rays. A light signaldepartingfrom
apointonthesecondarticle’strajectory arrivesat a point onthefirst particle’strajectory
subsequernin time, which shallbe denotedasthe ‘correspondingnstant. We take it that
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x andy for the trajectoriesare given as functions of a parametetin sucha way that a
particularvalueof this parameterdenotedasu, enumeratesorrespondingnstants.Also,
onehas,in all casesthat

R =c(x0—y0)* ~ (R—¥)- (X-¥) =0,
andby differentiatingthis expressiorby u, we find that
R-x=R-y,
whereR = x—y, andx = dx/du, andR - X indicateghe (1+ 3)-dimensionainnerproduct.

TheretardedL IENARD-[WIECHERT] potentialat the space-timgooint x, generatedy
themoving chage€’ foundaty is determinedy:

¢ dy
4TCR-dy’

Reciprocally the potentialanticipatedat y, generatedy the moving chage€ atx, is
determinedy

€ dx
4TcR-dx’

As | have shavn in previousreport, onecanusethesepotentialsin orderto form the
term,thatin avariationprinciplefor mechanicgorrespondso themutualinteraction.The
following

ge'dx-dy €é' x-y
ACR-dy 4Ry
is justthis termfrom which expressiondor the mutualforcesareextracted.

It is importantto remark here, that this term is fully symmetricwith respectto the
velocitiesof both chaiges,becausene canreplaceat ones fang/ thefactorR - dy in the
denominatowvith thefactorR - dx.

Onthe otherhand,onemustrecognizech certainasymmetrywith respecto direction,
soto speakof theaction,asthefirst chagemovesundertheinfluenceof aretardedpoten-
tial from theseconcchage,while it movesundertheadvancedotentialof thefirst chage.
| mustadmitthatonecanfind this factincorvenient.It is the pricethatl proposegpayingto
have a problemthatis preciseanddistinct,andit is neededo getconciseformulas.

Themasse®f the particlesarem’ andnY’. Intervalsdefinedby dx anddy aredenoted
ds andds’. Thecoeficientsthatappeain

- 3

d$? = 3 gijdX dxl = ZdhE — AR dRX = dxod® + dekdxk,
I7J

areconstantsandhenceforththosewhich satisfy

Zgj’ide = dX@,
J

aredesignateadvith alowerindex.
Theequation®f motionarecaptureddy the variationalprinciple

2 ge’ dx-dy 2
_ _ ! A —
0_6/l { mcds —m’cdd +3 R-dy} 6/1 Ndu.

2‘Wederleerigheidn dewerkingvangeladerdeeltjes, Physica 9, 33 (1929);'Ein invarianterVariationssatz
fur die BewegungmehererelektrishetMassenteilchenZ. f. Phys.58, 386(1929).
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To abbreviatenotation,let

e’ 1 1
e’ Rk Ry o
Now, onefindsfor the component®f the enegy-momentunvector:
oN oN
Px = a_)-(; py = W

It is herethatoneencounters peculiartrait. We have alreadynotedthatoneis freeto
write eitherR - x or R -y in thedenominatoiwor the electromagnetiterm; thus,if oneuses
R - X, thenonegetsa contribution

—Y*(x-§)R

for the enegy-momentumof the first particle. If, on the otherhand,onewritesR -y,
thenone getsthe enegy-momentunfor the motion of the secondparticle. As a (1+ 3)-
dimensionalectorit hasadirectionfollowing thelight raywhich connectshecorrespond-
ing instantsof thetwo particles.Thereis noreasorto attributeit to oneparticleratherthan
the other Onemayattributeit, to a sortof immaterialradiationfield, to aethersoto speak.
Neverthelessaetherdoesnot enterat all into our actionintegral. This is why we may
distributethe portionsof the total enegy-momentunbetweerthetwo particlesin the pro-
portionsa, B, (a+ p = 1), wherewe shalldeterminethevalueslaterat our corvenience.
For the momentwe write for thedynamicalvariables

mfc +pr ayp?(X- V)R,

Py = m(’cdg, +ypXx — Byp?(X- V)R.

Now, we seekthe expressionghat give the scalarmassesn’ andm’ in the relative
coordinategndtheir dynamicalvariables.
If welet
nfc— =u m'c dS” l1//)
we get

I‘T’{ZCZ — p'IZd_SIZ — HIZXZ n.{IZCZ _ p'//2y2
du? ’
Let usseeknow x? andy? asfunctionsof py andpy. Thistaskis facilitatedby thefact
thatthe scalarproductof the factors,of px andpy, which containy, thatis to say from
whichthe mutualinteractionfollows,cancelout.

(p—> =2+ (k-9) 2 {B— —}ery2p

Ll' plz )
Px- P ¥p Y ¥ ¥p
( Lxl'u”y> B Zu_+(x y){l_B7 W }+y2u”’

() -+ enip {o-pip) o2

As for the quantityp, notethatit appeamereeltherdlwded by | or /.
Thus,multiplying themomentéby theactionray R, onegets:
/

RpX:%+Ya



4 A. D. FOKKER

suchthat:
p__ 1 pP__ 1
W Repe—y 1 Repy—y
Now it is herethatwe make useof theliberty to setthe proportiona /p. We let
YpP YpP
B-ay=a-By=k

from whichwe get

__ HW+y) 1 - B=1_a
U+ YP(H +1Y) 2 20 +yp(W + 1) ’
and
ulull —V2p2

2Ny )
Thevaluesof a, 3, andk areinvariantunderL ORENTZ transformation.
This makesobtainingexpressionsor X, x -y andy? in termsof p, px - py andp? much
simpler Onefinds:

2\ o [ Pxby oy \% v (Pxby
) 2 _ Lll IJI u’u" i 2 _ u" IJ” u’u”

Finally, the soughtrelationsfor the massesre:

wzz = PPy =Pl o Py Pi— e
1-— yop? ’ 1_ ¥2p? ’
i b

Thesquaredracletsin theseaxpressiongonformwith theexpressiongor asinglemass
for which we have thetranslationin DIRAC’s theory

Therelationsyp/| andyp/l” give ustherelationsof the massof electrostatienegy
of the respectie particles. They arevery small. On seeshow the mutualactionentersin
thefirst instancan thedenominator@sa correctionterm.

Briefly, to conclude we notethe importanceof thesefunctionsfor the canonicalequa-
tions of motion. The variationprinciple canbetakenin the form givenby MAUPERTUIS
asa principle of leastaction. We denoteQ asthe canonicalcoordinatesorrespondindo
X, andP ascanonicalmomentacorrespondingo px, sothatMAUPERTUIS’ principlein a
relativistic senseakestheform:

G/PdQ:Q
wherethe variationadmittedfor P andQ mustsatisfycertainconstraints:
mc=F(P,Q), m’c=G(P,Q),
and,in this case aswell asthe definition:

RP=R-R=0.
Thus,thevariationintegral, afteranintegrationby parts,canbewritten:

/éP-dQ—/dP-ESQ:O,

whereonetakesit, in view of therulesof thecalculusof variationsconsideringheimposed

constraints:

F G _ IR
0Q = dx 35 + =2 +dv =,
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oF 0G or?

dP=—-dx=—=—dA-= —dv——<

X5a ™" " Vaq

wherex,A,v enterasL AGENDRE's indeterminanmultipliers, which canbe functionsof
theintegrationparameteu.

In this casetheseequationdecome:

dx = dg OF 4 e G
opx Opx

_ JOF 0G| OR
dp=—ds= —ds' =2 —dv——,

of which oneseeqyuickly thatthey arerationalgeneralization$or thecanonicakquations
of motion.
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