
A RELATIVISTIC L AGRANGI AN
FOR MULTIPLE CHARGED POINT-MASSES
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ABSTRACT. A LAGRANGian for multiple, charged,point-massesthat is invariantunder
LORENTZ transformationsis presented.It is distinguishedby employing both retarded
andadvancedpotentialsso thatmotion is fully time symmetric.Also, the resultingform
of conservation principlesfor momentumand energy are given and their consequences
discussed.

1. INTRODUCTION

Quantummechanicsfor singleparticleswasformulated,by employing thecorrespon-
denceprinciple,suchthat its structureparallelsthe HAMILTONian formalismof classical
physics. With respectto multiple interactingparticles,however, no completequantized
formulationhasbeenfound that is invariantunderLORENTZ transformations.For this
task,in fact,evenaclassicalfoundationis absent.

It would be, therefore,of useto introduceanddevelop a proposalfor a pre-quantum
dynamicsfor this purpose,1 thatcouldserve asthe foundationfor a quantumextentionin
theform of a HAMILTONian variationalprinciplethat takesaccountof mutualinteraction
of multipleparticleswithout introducingfields.2

2. RELATIVISTIC POINT-PARTICLE MECHANICS

To relativize theusualformulationof a variationalprinciple,namely:

δ
���

T � U � dt � 0 �
whereT is thekineticenergy andU thepotentialenergy, asis well known, in steadof T dt,
oneuses: � mc2 � 1 � v2

c2 � 1	 2
dt �
� mcds �

wherem is themass,v thevelocityof theparticle,andc thespeedof light.
To convert the expressionUdt to an invariant scalar, one recognizesthat the poten-

tial energy is just the time-componentof a 4-vectorwhosespacialpart is thenegative of
momentum� P, which, analogouslyto energy components,onecandenoteas“potential
momentum.” Thus,onemaywrite in placeof Udt:� Udt � P � dx � Udt � Pxdx � Pydy � Pzdz 


Date: 1 Oct. 1929.
1FOKKER, A . D. Physica 9, 33 (1929).
2A field formulationwasrecentlyproposedby HEISENBERG, W. andPAULI , W., Z. Phys. 561 (1929).
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Whenconsideringthemotionof acharge,thecovariantpotentialenergy-momentumvector
is givenby theproductof thechargewith thefield potential,wherethe3-vectorpotential
partis to bedividedby � c.

Let usconsiderthepotentialat thepointof interestX , with space-timecoordinates

x0 � x1 � x2 � x3 � t � x � y 
 z � t � x �
asaffectedby achargee, with space-timecoordinateswi � i � 0 � 1 � 2 � 3 asfunctionsof apa-
rameter, u. To find theform of thepotential,following L I ÉNARD andWIECHERT, identify
thosesourceor “affective” space-timepointsor eventsfrom which signalstravelingat the
speedof light reachthepointof application.They satisfy:

c2
�
x0 � w0 ��� �

x � w � 2 � R2 � 0 �
or

x0 � w0 � r
c
� r ��� �

x � w � 2 

If thevelocity of thesourcechargeon theline directedtowardsthepoint of applicationis
vr, thenthepotentialsϕ anda for thatchargecanbewritten:

ϕ � e
4π

1

r � 1 � vr
c � � a � e

4πc

dw
dw0

r � 1 � vr
c � 


In orderto constructa covariantvectorfrom theseexpressions,we write:

ϕ � e
4πc

c2dw0

c2
�
x0 � w0 � dw0 � �

x1 � w1 � dw1 ����� � e
4πc

dw0�
R � dw � �

andcorrespondingly� a
c
� e

4πc
� � dw
c2
�
x0 � w0 ��� �

x1 � w1 � dw1 ����� � e
4πc

dw�
R � dw � �

where,clearly,
�
R � dw � denotesthe4-vectorscalarproductof the‘interactionray’ R with

thedisplacementdifferentialdw.
Theabove expressionrepresentsa retarded potential,which is dueto the chargee lo-

catedatpoint w asthis chargewouldaffectanotherlocatedat thepoint x.
Let us considernow the trajectoriesof chargese2 � e3 ��
�
�
 asgiven by their coordinate

functionsyi
�
u ��� zi

�
v ����
�
�
 , asfunctionsof theparametersu � v ��
�
�
 , respectively.

To determinethesolution,xi, of theequationof motionfor chargee1 asit is influenced
by theothercharges,thefollowing LAGRANGian is to beused:

0 � δ � � � m1eds � e1e2

4πc

� �
dx � dy ��
R � dy � � e1e3

4πc

� �
dx � dz ��
S � dz � �����������

whereds � dx1 and R � S ��
�
�
 are the ‘interaction rays’ betweenthe location of dx1 and
dy � dz ��
�
�
 of theinfluencingchargesat their locations,where,moreover, themagnitudeor
modulusof theinteractionraysalwaysis to equalzero.SeeFigure:2.1.

It is essentialto require,thatthedifferentialdx1 for thechargee1 is to correspondto the
motionof theotherchargesonly underthecondition:

R2 � 0 � S2 � 0 ��
�
�
 etc

As aconsequenceof this stipulation,thefollowing alwayshold:�

R � dy ��� �
R � dx ��� �

S � dz ��� �
S � dx ��������� etc
��
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FIGURE 2.1

Werethemotionsof thechargese1 � e3 ��
�
�
 givena priori, andwerethe taskto determine
themotion of chargee2 with massm2, thenthe differentialdy  2 of this motion (with arc-
lengthds2) would correspondvia interactionrays,R  !� T  "��
�
�
 with differentialelementson
theothertrajectoriesdx � dz  "��
�
�
 , sothattheappropriateLAGRANGian would be:

0 � δ � � � m2eds2 � e1e2

4πc

� �
dy  #� dx ��
R  � dy � � e2e3

4πc

� �
dy  $� dz  %��
T  � dz  � ����������


Similarexpressionsobtainfor theremainingcharges.

3. A SYSTEM LAGRANGIAN

At this point, however, it seemsauspiciousto notethat, ratherthanhaving a variation
for eachparticle separately, it would be desirableto have a single unified variation for
an ensembleas a system. The following fact, however, thwarts this desideratum.The
interactionterm: � e1e2

4πc

� �
dx � dy ��
R � dy � �

accountsfor theretarded actionof e2 one1, but doesnotcorrespondto reciprocalretarded
influenceof e1 on e2. Nevertheless,because

�
R � dy ��� �

R � dx ��� this sameinteractionterm
in theform � e1e2

4πc

� �
dy � dx ��
R � dy � �

accountsfor exactly theadvanced interactionof e1 on e2.
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Onemaywell assert—byno meansherefor thefirst time—thatthehabitof preferring
to work only with retarded potentials,is simply anarbitraryprejudice.In view of theaim
to haveafully reciprocalinteraction,it mightbetaken,thate2 influencese1 to onehalf via
retarded, andonehalf via advanced interaction.Suchwould have asa consequence,that
the term in the LAGRANGian accountingfor the retarded actionof the secondchargeon
thefirst, alsoaccountsfor advanced actionof thefirst on thesecond.This in turn,permits
usinga single LAGRANGian function to determinetrajectoriesfor all particlesof asystem,
i.e.:

0 � δ � ∑ � � mi cdsi � ∑ eie j

8πc & �
�
dx � dy ��
R � dy � � e2e3

4πc

� �
dy  '� dx ��
R  � dx �)( ���

wherethefirst sumis overall particlesin theensemble,andthesecondis over theparticle
pairsfor which mutualinteractionis to betakeninto account.

This LAGRANGian is fully invariantunderLORENTZ transformations.It makesno use
of the notion of ‘field’ whatsoever. The reciprocity andsymmetryof the interactionis
complete.It canbesaid,that it pertainsmoreto a systemof motions,thanto a systemof
particles.

Theconceptof asystemof particleswouldrequireacertainorderingof thedifferentials
of motion. This orderingcanbeuniquelyspecified,but thenit would not beinvariant;or,
it canbe madeinvariant,but thenit would not be unambiguous,i.e., it is not possibleto
definea systemof particlesthat is simultaneouslybothinvariantandunambiguous.Thus,
unavoidably, onemustchoosea systemof motionsovera systemof particles.

4. CONSRVATION PRINCIPLES AND CONCLUSIONS

Now weconsideravariationof thetrajectoryof particlewith chargee1 for whichateach
space-timepointx, aninfinitesimalvariationδx shallbeintroducedinto theinteraction:� e1e2

8πc
δ
� �

dx � dy ��
R � dy � �

soasto calculatetheeffect of e2 on e1. By this variation,theestablishedcorrespondence
betweenthe differentialsdx anddy areto be retained:The interactionray, R, is to be a
light signal( *R *$� 0��� andthevariationδx shouldimply intrinsically thevariation:

δy � dy�
R � dy � � R � δx �

of themotionof e2. Thismotionchangesnothing,its only effect is to securethecorrespon-
dencebetweenthevariationdifferentials,i.e.,to assurethat

�
R � δy ��� �

R � δx � , andtherefore
alsoδR2 � 0. In addition,thecorrespondenceof thequantities:

�
R � dy ��� �

R � dx � remains
intact,sothatfor thevariationof thedenominatoronecantake thevariationof R � dx � .

Thus,wemaynow write:

δ

�
dx � dy ��
R � dy � � �

δdx � dy �+� �
dx � δdy ��

R � dy � � �
dx � dy � δ � R � dx ��
R � dy � � R � dx � 


One can integratethis expressionby partsand verify that variation at the limits of the
integral,vanishes.This leadsto anintegrand,keepingthevalueof δy in view:

∑
i ,m δxi - � d & dyi�

R � dy � � Ri

�
dy � dx ��

R � dx � � R � dy ��(� Ri
dym�

R � dy � d dxm�
R � dx � � dxi

�
dx � dy ��

R � dx � � R � dy � � Ri

�
dx � dy � 2�

R � dx � � R � dy � 2 . 
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Theexpressionin theparenthesisgivesanincreasein kineticenergyandsizeof themotions
(for i � 0 or i � 1 � 2 � 3), in short,theforceexertedon thechargee1. Oneseesthat,except
from thedependenceson velocity thatareusuallyignored,theforcedependspartially on
accelerationsof the sourcecharges,andpartially on termsindependentof accelerations.
The last term correspondsto electrostaticforcesand the so-calledradiationeffects (the
accurantandsubsequentterm).

In our formulationswehavealsoincludedtheadvancedinfluenceof e2 in theintegral

� e1e2

8πc

� �
dx � dy  /��
R  � dx � �
� e1e2

8πc

� �
dx � dy  /��
R  � dy  � 


Executingthe variation in the sameway asabove while taking accountof the fact that
δR  0� δy  #� δx, thenrequiresthevanishingof theintegral:

0 � d � m1c
dxi

ds1
� � e1e2

8πc
- d & dyi�

R � dy � � Ri

�
dy � dx ��

R � dx � � R � dy � (� d & dy  i�
R � dy � � R  i �

dx � dy  /��
R  � dx � � R  � dy �1(� Ri ∑ dym�

R � dy � d
dxm�

R � dx � � dxi

�
dx � dy ��

R � dx � � R � dy � � Ri

�
dx � dy � 2�

R � dx � � R � dy � 2� R  i ∑ dy  m�
R  � dy  � d

dxm�
R � dx � � dxi

�
dx � dy  /��

R  � dx � � R  � dy  � � Ri

�
dx � dy  /� 2�

R  � dx � � R  � dy  � 2 . 

Within the large parenthesis,which, broughtto the left sidewith minussignswould be
seenasa covariantvectorrepresentingtransferof energy andmomentumfrom e2 to e1,
therearesometotal differentials.

On could interpretthemasenergy andmomentumof e1 which is dueto the presence
andmotionof e2.

For theeffectof e1 on thesecondparticle,thereis a similarequationalsocomprisedof
two components.If wewrite thisequationfor thedifferentialdy  , (SeeFigure:4.1),which
via the interactionray R  2� 0 is boundwith thepreviously considereddifferentialdx and
with theinteractionray R   0� 0 is boundwith thedifferentialdx   , we get:

0 � d � m1c
dy  i
ds2

� � e1e2

8πc
- � d & dxi�

R  � dx � � R  i �
dy  #� dx ��

R  � dx � � R  � dy  �1(� d & dx   i�
R   � dx   � � R   i �

dy  � dx   ��
R   � dx   � � R   � dy  �1(� R  i ∑ dxm�

R  � dx � d
dy  m�

R  � dy � � dy  i �
dy  $� dx ��

R  � dy  � � R  � dx � � R  i �
dx � dy  3� 2�

R  � dy  � � R  � dx � 2� R   i ∑ dx   m�
R   � dx   � d

dy  m�
R   � dy  � � dy  i �

dy  '� dx   /��
R   � dy  � � R   � dx   � � R   i �

dy  '� dx   /� 2�
R   � dy  � � R   � dx   � 2 . 


It is importantto recognizehere,that the third row in this expressiontogetherwith the
lastrow of thepreviousexpression,constitutea total derivative. Bothof themrelateto the
mutualinteractionray R  betweendx anddy  . Togetherthey represent

e1e2

8πc
d & R  i �

dx � dy  3��
R  � dx � � R  � dy  ( 
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FIGURE 4.1

This expression,in turn, leadsthe way to an understandingof how the principlesof
conservationof energy andmomentumpertainin this formulation.To makethingssimple,
let usconsideronly two particles.

We mustconsidera sumof aprogressivezig-zagchainof interactionrays(See:Fig. 2)
linking differentialsof motionandtheir equations.

In this sum,eachvertex of the zig-zagchain,dependingon whetherit pertainsto the
actionof e1 one2, or visa-versa,correspondsto acontribution to thekineticenergy of one
or theotherparticle:

d � m1c
dxi

ds1
� � or d � m2c

dyi

ds2
� �

while for eachinteraction-ray, R  i betweendxi anddy  i therecorrespondsa contribution to
thepotentialenergy of:

e1e2

8πc
d & dxi�

R  � dx � � dy  i�
R  � dy  � � R  i �

dx � dy ��
R  � dx � � R  � dy  ��( 


If the motion is periodic, thenthe chainwill alsobe periodic,or very nearlyso, and
the sumthenwould extendonly over a singleperiod,asit closesbackon itself. In this
caseit constitutesatotaldifferential,sothatthereis aquantitythatremainsconstantalong
thechain. If onedividesthis constantquantityby thenumberof mutualinteractionsin a
period,onegetstheenergy, or themomentum,[of thesystem].

Thiscorraboratestheremarkmadeabove,thatenergyandmomentumcannotbedefined
for a systemof particles,but ratheronly for a systemof mutualmotions.
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Over andabove this fact,whenthe motion is not periodic,the sumdoesnot closeon
itself, andtherefore,doesnot yield a total differential. At the endsof the zig-zagchain
therewill alwaysremainexcludedcontributions. If they areignorednevertheless,andthe
sumis dividedby thenumberof interactionrays,anevermoreexactdefinitionof thetotal
energy andmomentumcanbegivenasthechainis takenlongerandlonger;but no matter
what,theenergy andmomentumata particularmomentwill remainundefined.

This is theprice for excludingfields from the LAGRANGian; yet, this featuredoesnot
conflictwith quantummechanics.

Translator: A. F. KRACKLAUER c
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