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The dynamics behaviors of Kaldor-Kalecki business cycle model with diffusion effect and time delay under the Neumann boundary
conditions are investigated. First the conditions of time-independent and time-dependent stability are investigated. Then, we
find that the time delay can give rise to the Hopf bifurcation when the time delay passes a critical value. Moreover, the normal
form of Hopf bifurcations is obtained by using the center manifold theorem and normal form theory of the partial differential
equation, which can determine the bifurcation direction and the stability of the periodic solutions. Finally, numerical results not
only validate the obtained theorems, but also show that the diffusion coefficients play a key role in the spatial pattern. With the
diffusion coefficients increasing, different patterns appear.

1. Introduction

Recently, business cycle, as one of the important economic
phenomena, has received attractive attentions due its widely
application in many fields such as economic decisions,
macroeconomic regulation, and market regulation [1-8]. In
order to understand the mechanisms of business cycle, many
models are proposed. One of the most famous business cycle
models is the Kaldor-Kalecki business cycle [9, 10], which is
described as
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where Y () is the gross product, K(t) is the capital stock at
time, « is the adjustment coeflicient in the goods market, g
is the depreciation rate of the capital stock, y represents the
propensity to save, and I(Y(t), K(t)) is the investment. Under
this model, the dynamic behaviors are widely studied such as

stability, Hopf bifurcation, codimension-two bifurcation, and
chaos [9-15].

It is well known that diffusion effects of economic
activities are widespread phenomenon that existed all over
the world. As a result of the impact of the growth pole,
the diffusion effects are the main interactions in economic
activities. So, the diffusion effect should be considered in the
business cycle model. However, to the best of our knowledge,
there are very few works on this field. Inspired by the
observation, in this paper, based on the Kaldor-Kalecki
model, we propose a novel business cycle with diffusion effect
and time delay under the Neumann boundary conditions,
which is as follows:

oY (t, x)
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with its initial and boundary conditions given as follows:
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w(tx) = (tx), i=12 te[-10,xeq O
v (£,x) = ¢; (£, %),

wherea > 0, 5> 0,9 € (0,1),y € (0,1), and Q is the market
capacity. There are three contributions of this paper:

t>0, x €0Q

i=1,2, te[-1,0], x€Q,

(1) Based on the Kaldor-Kalecki model, we propose a
novel business cycle under the Neumann boundary
conditions. Our model is a spatial-temporal model,
which is more general than the existing models.

(2) The time-independent and time-dependent stability
are investigated. Moreover, the conditions of the Hopf
bifurcation are obtained.

(3) Itis found that the diffusion coefficients play a key role

in the spatial pattern. With the diffusion coefficients
increasing, different patterns appear.

The rest paper is organized as follows. In Section 2, the
time-independent stability, time-dependent stability, and the
existence of Hopf bifurcation are obtained. In Section 3, the
normal form of Hopf bifurcation is obtained. In Section 4,
numerical results are given to validate the obtained theorems.

2. Local Stability and Hopf
Bifurcation Analysis

Let (Y*,K") be an equilibrium of (2) and u, (¢, x) = Y (¢, x) —
Y™, u,(t,x) = K(t,x) — K7, i(u(t, x)) = I(u(t,x)) — I", and
s =8 -S";(2) can be rewrite as

ouy (t, x)

T d,Au, (t,x)
+oa[i(uy (t,x)) = Pu, (t,x) — yuy (t,x)] W
4
ou, (t,x )
% =dyAu, (t,x) + i (uy, ((t - 1), %))
—(q+p)u, (t,x).
Taking the Taylor expansion of i at 0 yields
i(u)=cqu+cu’+cu’ +---, (5)
where ¢, = i'(0), ¢ = (1/2)i"(0), and ¢; = (1/30i"(0).
The linear parts of (4) are as follows:
w =dAuy (t,x) + a(c —y)uy (t,x)
— affu, (t, x)
— (6)
% = dyAu, (£, x) + g (= 7), X)

—(q+ﬁ)u2(t,x).
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Then, the characteristic of (6) is
Ay -DAy-L(e*y)=0, yedom(A)\{0}. (7)

Following the method of [16], we define ~k* (k € R, =
{0,1,2,...}) as the eigenvalue of A under the Neumann
boundary conditions on the X. Let f; = (y,0, )7, B =
(0,1.)" be the corresponding eigenvectors, where y, =
cos (kx), k = 0,1,2,.... We use {ﬁi,ﬁi}iﬁo to construct a
basis of the phase space X. Then, y can be expanded in the
following form of Fourier on X:

By
& B
y= ZYkT 3 |
par) B
fin
(8)
(3 Be)
(»Bt)
Yk = 3
<J’s ﬁk>
N
Then, we have
By ;
T ﬁi T Ii
Ll ¢ X =L(¢) s | keNe. 9
Bk x
By ¢
By (7)-(9), we can obtain
A+d K 0
det
0 A+ d2k2
(10)
[06(61—?) -af D
- At =0.
e -(q+p)
The characteristic equation of (10) is as follows:
A+d kK —a(c - «
I N E
—ce* A+d,k* +(q+B)

The characteristic equation of (11) is
F)=A+¢, (kA+g, (k) +afce™,  (12)
where
¢, (k) = (d; +dy) K> + g+ B—a(c - )
9, (k) =dyd,k* + (dyq+dy B~ dy (c, —y) )& (13)

~ (6 —y) (qe+ap).
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Lemma 1. If ¢, < y holds, the positive equilibrium of system
(2) is locally stable at T = 0.

Proof. For T = 0, (12) can be rewrite as F(A) = A+ @ (KA +
@, (k) +afc,. Asc, <y, a>0,B8>0,9€(0,1),and y € (0,1),
one can obtain Vk € N, ¢,(k) > 0 and ¢,(k) + afic; >
a(y — ¢)q + yq > 0 which means the roots of (12) have
negative part. Therefore, the positive equilibrium of system
(2) is locally stable at T = 0. The proof is completed.

Substituting A = iw into (12) and separating real parts and
imaginary parts yield

afc; cos wr = w” — ¢, (k)

(14)
afic sinwt = ¢ (k) w.
According to sin‘wt + cos*wt = 1, from (14), we have
F(w) ="+ ((pf (k) - 2¢, (k)) W + @2 (k) - (afc,)’ )
=0.
By simple calculation, we have
o1 (k) = 29, (k)
= (oc (y-q)+ dlkz)2 + (q +p+ d2k2)2 >0
(16)

3 (k) - (aBcy)’

—(a(y-q)+dik?) (q+ B+ k) = (ac,)’.

Asd; >0, i = 1,2, one can obtain

95 (k) - (afc,)’
= (a(y-q)+dik) (q+ B+ k) — (aBe)’  (17)
>a’ (y-¢)*(q+B)’ - (afey)’ .

Itis easy to see if (y—¢;)(g+ ) —(Bc;) > 0, (15) has no positive
roots. Combining with the Lemma 1, we have the following
theorem. ]

Theorem 2. If ¢, < yand (y —¢)(q+ ) — (Bc;) > 0, the
positive equilibrium of system (2) is locally stable for any T > 0.

In the following, one investigates the conditions of Hopf
bifurcation of (2). By (14), one can obtain

2
COS WT = i e 2%2) ®
afic,
(18)
k
sinwt = M

afc .

By simple calculation, one has

dw
dk
(46,1 + 2b,k + by ) @ + 8b,k7 + 6bsk° + 4bgk® + 2b,k  (19)
40 +2 (b k* + byk? + by) w

<0,
where

b = ag - 2ay,
b, =2(asas - ay),

2
by = ag + 2a;,

b, = af,
b; = 2a,a,,

2
bs = a; — 2a,a;,
by = -2aya;,

(20)

by = a32 - ai,
a; = dd,,

a,=dq+d,f-dyalc-7v),
a=a(g+p)(a-y)

a, = ofic;,

as =d, +d,,

ag=q+p-ale-y).

If ¢, < y, by simple calculation, one can obtain b, > 0, i =
1,2, ...,7, and then one has dw/dk < 0. From (18), one has

tan wt = M (21)
w?* — @, (k)
Taking the derivative of k in (21), one can obtain
6 4 2
Ez_ 1 e1w+ezk +esk™ +ek” + e
dk 1+e w
(22)

s )90 Lt re)
w)dk l+e " ° 77



where
(a5k2 + a6) w 0
= w? — a k* — a,k? + ay e

e, = ask® +ag >0,

e, =aas >0,

e; = a,as + a,dg, (23)
e, = a,as — a;as,

es = —a30¢,

es = 2ask,

e, = 2a,ask” + 4ayagk’ + 2 (a,a4 + asas) k.

If ¢, < v, one can obtain a; < 0; by simple calculation, one
cangete; > 0,i = 0,1,...,7. Combining with dw/dk < 0,
one has

dr

— >0, (24)

dk
which means 7 increase with the increasing of k. So, 7, must
exist in k = 0. Now, one considers the case k = 0. Let z = w?%;
(18) with k = 0 is as follows:

F(z)=2"+ (oc2 (y—cl)2 +(q+ﬁ)2)z
+o’ (y-a) (g+B)’ - (afa)’.

Since a®(y—¢;)* +(g+ B)* > 0, (25) has only one positive root
of (25) if (y — ¢))(g + B) — (Bc;) < 0. Let z be the positive root
of (25); then one can obtain w = \/z

w+$jﬂ, j=12.... (26)

(25)

1
TQ = —arctan
) w? — @, (0)

By (26), one can obtain 7, = 7.
Lemma 3 (see [16, 17]). Consider the exponential polynomial
P (/\, e, e_’\"")

=1+ PI(O)AVH ot Pfﬂ)l/\ + P,EO)

(27)
+ [Pf”)t"’l +-+ PV Pr(ll)] ey
+ [Pl(m))t"_1 +o 4 Py Pr(lm)] e,

where 7, > 0 (i = 1,2,...,m) andpy) (j =1,2,...,m) are
constants. As (1,, Ty, ..., T,,) vary, the sum of the order of the

zeroes of P(A,e ™%, ..., e”*™) in the open right half plane can
change only if a zero appears on or crosses the imaginary axis.

Theorem 4. According to Lemmas 1 and 3, one has the
following.

Ife, <yand(y-c¢)(q+ B)— (Bc) < 0 holds, system (2)
is asymptotically stable for T € [0, 7). System (2) undergoes a

Complexity

Hopf bifurcation at the origin when T = 1,; that is, system (2)
has a branch of periodic solutions bifurcating from the trivial
solution near T = 1,

Remark 5. By incorporate diffusion effect into the Kaldor-
Kalecki model of business cycle, a novel Kaldor-Kalecki
model of business cycle with diffusion effect and time delay
is proposed. Our model is a spatial-temporal model, which is
more general than the existing business cycle [8, 9].

3. Direction and Stability of
the Hopf Bifurcation

In this section, we give the normal form of Hopf bifurcation
of (2) by using the method of [16, 18]. Let 9 = 7 — 7, and
normalize T by t — t/7; (2) can be rewritten as

R(t)=1,DU (t) + L (7o) U (1)) + F(U (t),9),  (28)
where

D = diag(D,, D,),

L(1) (¢) = 7o (Bog (0) + By (-7)),
ah  -af
[ 0 —(q+ ﬁ)]

0 =

00
g 0
F(9,9) = 9DA@ (0) + L(9) (9) + f" (9, 9)  (29)
2 3
. ac,py (0) + acsp; (0)
P9 = (SROTnO)
691 (-1) + gy (-1)
¢ =10,
o=3i"0),
G = %i"' (0).
For ¢ = (¢,,9,)" € ( from Theorem 2, we know

A (—iwyTy, iw,Ty) are the eigenvalues of the linear part of
(28):

U(t) = 1yDu(t) + L(7,) (), (30)
z(t) = L(1) (2,), (31)

where L(7,) is one parameter family of bounded linear
operator in C := C([-1, 0]R?) into R>.

Following the method of [16], we define 1(6, 7) for 0 €
[-1,0], such that

0
U (@) e)= [ di@r)p®, geC (2
where
1(6.%) = (5 + 9) B ©) + BO@+ D). ()

6(0) is Drac-delta function.
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Let A(7,) be the infinitesimal generator of the semigroup
induce by the solution of (28) and A* denote the formal
adjoint of A(7;) under the bilinear pairing; we have

(v, 9) =y (0)-9(0)

o G4
- jowe-e)dq(e)«p(s)df,

o=-1J¢

for ¢ € C, v € C* = C([0,1],R?). Then A(r,) and A* are a
pair of adjoint operators.

Itis not hard to see that ityw, is an eigenvalue of A(7;) and
—iTyw, is an eigenvalue of A*. Define q,(0) = (1, ;)" e“0™®
and g,(0) = q;(0); then, one can obtain

Aq, (0) = iwyTyq; (0). (35)
Then, we have
ah —iw,T, )
o = T = Qqp Tk, (36)
where
o oah
11~
o
p (37)
_ _%%
Q= B

Define ¢ (6%) = (1, ) e ™% and q}(68%) = 7 (6");
then, one can obtain
A g (0) = —iwyT,q; (0). (38)

Then, we have

Bi = B +iPi2s (39)

where

ath cos wy Ty — Sin wyTyw, T,

ﬁu:_ >

G

(40)
Wy T, COS Wy T, + sin wyTyah

ﬁ12:_

a

Let u(0) = (u,(0),u,(0)) and v(9) = (v,(0), v2(9))T with

0) +q, (0
U, (0) = q; ( )2‘]2( )
_ (Re {eiwo‘roe} Re {(xleiwg‘rge})
( cos w, 7,0 )
- Ay, €os Wy 7,0 — Ay, sin w,y 7,0
(6) —4q,(0) )
u, (0) = ol 9

21

= (lim {ei“’OT“e} ,lim {ocleion"e})

sin w, 7,0
ayq Sin w70 + Ay, cos w0

5
for 8 € [-1,0] and
oy 4 (07)+4;(67)
v (07) = %
_ (Re {e—iwo‘roe* } Re { B e’ })
( cos w,Ty0" )
~ \ By, cos wy1,0" + Py, sin w0
(42)

o 4 (07)—q; (67)
v (07)= T

= (lim {e_inTOH*} ,lim {ﬁle_iw‘m’e* })

. *
- ( sin w, 7,0 )
- s * *
—B1;1 sinwy 70" + Py, cos w,T,0

for 0" € [-1,0].
In the following, we define (u,v") = (u;, v k=12
and construct a new basis v

v=(vpv,) = (v,u) v (43)

Let fi = (B Bi)andc- fo = fy+cf; fore=(a.q)" €l;
the center space of linear equation (30) is given by

PenG =u(nle, fi)) - fi ¢€l. (44)

And {* = Poy(" @ Q, where Q denotes the complement
subspace of Py (™ in ™.

As A(1,) is the infinitesimal generator induced by the
solution of (32), then (28) can be rewritten as

Ut) =AU @)+ X,F (U, 9), (45)
where
0, -1<6<0
X, (0) = (46)
I 6=0.

By using the decomposition {* = Poy¢* ® Q and (45), (30)
can be written as
X1 (t)

. (t)) S +h(x,x,,9), (47)

U(t)=U<

where (x; (), x,(t))" = (v, ({U(t), f)), h(x,x,,9) € Q, and
h(0,0,0) = Dh(0,0,0) = 0. By using center manifold, we can
obtain

x (t)
X, (t)

Let z = x, — ix, and q, = u; + iu,, from (48), we can obtain

U(t)zu( >-fk+h(x1,x2,0). (48)

R(t) = % (@2 +3.2) fu + W (7). (49)
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where It is easy to see (1/m) IOH cos’kxdx = 0 when k # 0.
- = Let(p;, p,) = v;(0)—iv,(0); compare the coefficients with (52);
W(z,z)=h <(Z_12LZ), ! (Zz Z), 0) we can obtain

2 =2
éWw(%) + Wizz + Wy, (%) e

Following [18], we have
z= inTOZ + g (Z, E) >
where

9(=2) = (v —iv,) (f U (1),0), fr)
22 =2
= 905 + 91122 + G5 T

for v(0) = (v,(0), v,(0))".
By calculation, from (52), we have

1 (" d 2
(f R(®),0), fi) = %; L cos’kx dx (d“> Z?

where
dy; = ac,

—iWy T
dip=ce ™,
dy = ac,
dzz — Cze—iworo
dy = ac,
d32 — Cle_inTO

dy = ac, <(2W1(11) 0) + Wz(é) (0)) cos kx, cos kx>

11,
+ —ac;— | cos kxdx
4 7 Jo
diy = ¢ {(2W) (0) ™ + W) (0) ™)

1 1 ("
- cos kx, cos kx> i J cos*kx dx

7 Jo
<Wl;' (0), cos kx> = 711 Lﬂ W (0) (x) dx,

i+j=2 n=1234

(50)

(51)

(52)

(54)

o

k=N

Go="11
{Z (dypy+dyup,) k=0

(=}

k=N

dn=" 1
{Z (dyapy +dpp,) k=0

(=)

k=N

9o =11
{Z (dyspy +dyp,) k=0.

T
9o = 5 (dyapy + drup,)

(55)

Because of W,,(0) and W;,(0) in the g,,, we need to

determine them. It follows from (52) that

W (2,2) = Wyozz + W), 2Z + W, 2Z + W2z

+ LN
. Z* P
A, W(z,2)= ATOWZ(,? + A, Wyzz + Arowoz?
+ e

According to [18], we have
W=A W+H(z2),
where
z* z
H(z,z) = Hzo; +H,zz + HOZE +oe-
= XOf (U (t) > 0)
—u(v, (X f U #),0), fi)) - fr-
By comparing (56), (58), and (59), we have
(A, = 2iwyTy) Wy (0) = —Hy, (6),
A, Wy (60) =-Hy, ().

Expanding (59), we can obtain
2

_ 1 _ z
H(z,z2) = 7 (4, (0) a0 + g, (0) 902] : fk?
1 _ _
3 [0, 0) g1, + (9)911] frzz e
According to (60), the following can be obtained:

0 keN
Hy(®)=1 1

3 (4, ©) gao + 4291, O)] - fo k=0

0 keN
Hy0)=1 1 _

> [9: ©) g1y + 92911 O] fo k=0

(56)

(57)

(58)

(59)

(60)

(61)

(62)
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According to (60), (62),and g, (0) = ¢, (0)e™™ we can obtain

1 [ igy 1950 ]
W,, (0) = = | =g, (6 0] -
20 (0) z[onoql()+3onoq2() S
+E162iw0709 (63)
1 [—-igy, igy ]
W, (0)==|——qg, (0 0)] - E,,
11 (0) Z[wOToql()+on0q2() fi t E;

where E; = (E,E?) € R E, = (E),E?) € R?, and
E,, E, are constant vector.

In order to seek appropriate E,, E,, we can obtain the
following by the definition of A, and (60)

Hy, (0) = 2iw,1oWh (0) — 7,DAW,, (0)
— L(1y) Wy (0) (64)

H,, (0) = —=1eDAW,; (0) — L(7,) Wy, (0),

where
H,, (0)
% (dyy>dy,)" cos’hex keN
o4, - L 3
Z( 1dn) - 5 (91 (0) g2 + 92 (0) Gp,| - fc k=0
(65)
H,, (0)
% (dyprdy,)" cos?kx keN
1 T 1 _
s (dipydy)” - 3 [4; (0) g1, + g, (0) 911] “fe k=0
Then, we can obtain
E,
1 [ 2iwy +d, k> —a(c, —y) af -
4 —c e 2T 2iwy + dyk* + (g + B)
d
. ( “) cos’kx
dy (66)
Ci(dR-ala-y) o\
P4 - dyl* + (a+8)
d
. ( 11> cos’kx.
dy

Now, we can calculate W,;(0) and W,,(0); g,, is also
expressed, and then the following important parameter can
be obtained

Cl (0) — 9

2,
__Re{C,(0)}

27 T Re N ()]

B, = 2Re{C, (0)},

Im{C, ()} + Im (X' (1)}

Wy Ty

(67)

)=

Theorem 6. By Theorem 4, one has the following results:

(i) The sign of w, can determine the direction of Hopf
bifurcation: if u, > 0 (u, < 0), the Hopf bifurcation is
supercritical (subcritical) and the bifurcating periodic
solution exists for T > 1, (T < Tp).

(ii) The sign of 3, determines the stability of the bifurcating
periodic solutions: if 3, < 0, (3, > 0) the bifurcation
periodic solutions are stable (unstable).

(iil) The sign of T, determines the period of the bifurcating
periodic solutions: if T, > 0 (T, < 0) the period
increases (decreases).

4. Numerical Simulations

In this section, two simulations are given to validate the
obtained theorems. Let d, = d, = 0.1, « = 3,3 = 0.2,

y =0.25,q = 0.05,i(Y(t,x)) = e’ /(1 + ') and system
(2) can be rewrite as follows:
aY (t, x)
ot

=0.1 %« AY (£, x)

Y (t,x)
+3<W -0.2Y (t,X) - 0.25K (t,x)) (68)

OK (t, x)
ot
eY(t,x)
=0.1 * AK(t,x) + m - 0.25K (t, x),

the Neumann boundary conditions of system (2) is as follows:

ou, Ov; Ou, Ov,
— = =——=—=0, 5 Q, 69
Jdx Ox Ox Ox 0. t>0, x€9 (69)

and the initial conditions is as follows:
u; (E,x) =v, (t,x) =u, (£, x) = v, (t,x) = 0.1. (70)

By simple calculations, we can obtain the equilibrium is
(0.498,2.489), ¢, < y (y —¢)(g + B) — (Be) = —0.0198 <
0, wy, = 0.366, and 7, = 2.3805. Consider 7 = 2.2 < 1,
by Theorem 4, system (2) is asymptotically stable, which is
verified in Figures 1 and 2.

Consider T = 2.6 > 1,; by Theorem 4, system (2) is unsta-
ble and a Hopf bifurcation occurs. By simple calculation, we
can obtain the parameter C,(0) = 7.0694 — 0.892020i, y, =
7.3686 > 0, and 3, = 14.1388 > 0 which means Hopf bifurca-
tion is supercritical since y, > 0. The simulations are shown
in Figures 3 and 4, which indicate that there is a stable limit
cycle.

In the following, we investigate the effect of diffusion on
the dynamics of system (2). Letd; = 0.1,0.5and 7 = 2.8 > 7,;;
the diagrams are shown in Figures 4-7. From Figure 4, we
can see that system (2) have a periodic solution when d; = 0.1.
With D increasing to 0.5, the periodic solution disappear,
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FIGURE 2: The temporal solution of system (2) with 7 = 2.2, x = 5.
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system (2) becomes divergent, which is shown in Figure 6.
Moreover, from Figures 5-7, we can see that the spatial
pattern with d; = 0.1 is different from the spatial pattern with
d; = 0.5. To summarize, it can be seen the diffusion coefficient
affects the pattern formation of system (2).

5. Conclusions

It is well known that diffusion effects of economic activities
are widespread phenomenon that existed all over the world.
As a result of the impact of the growth pole, the diffusion
effects are the main interactions in economic activities. So,
the diffusion effect should be considered in the business cycle
model. In this paper, we consider a Kaldor-Kalecki business
cycle model with diffusion effect and time delay under the
Neumann boundary conditions. First the time-independent
and time-dependent stability are investigated. Then, we find
that the time delay can give rise to the Hopf bifurcation when
the time delay passes a critical value. Moreover, the normal
form of Hopf bifurcation is obtained. Finally, numerical
results not only validate the obtained theorems, but also show
that the diffusion coeflicients play a key role in the spatial
pattern. With the diffusion coeflicients increasing, different
patterns appear.
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